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Lay Summary

In the pure mathematical field of representation theory, we study an abstract algebraic structure
(e.g. finite groups) by describing its elements through matrices and its algebraic operations
through multiplication of matrices. Since the theory of matrices is well-understood, it allows to
obtain a better understanding of complicated objects.

In general, there can be many ways to represent an algebraic structure through matrices.
Moreover, we can combine representations or, in some representations, we can find special
subsets of the matrices that define representations on their own. The representations that do
not have such subsets are called irreducible representations. Finding the full set of irreducible
representations can give a fair understanding of the algebraic structure itself.

Furthermore, it is possible to find correspondences between different representations of al-
gebraic structures. One of the most fundamental results of Representation theory, known as
Schur-Weyl duality, connects the representations of the symmetric group with those of the group
of invertible matrices. The symmetric group S, is the group that consists of the permutation
operations that can be performed on d symbols, furthermore it has an insightful diagrammatic
description. Elements of the group can be presented as diagrams with d points on the top and
d points on the bottom. Every point on the top is connected to exactly one point on the bottom
(see an illustration below). Multiplication of diagrams is given by the concatenation fixing the
top d points and the bottom d points..

1 d

The Schur-Weyl duality gives a mysterious connection between irreducible representations
of the Symmetric group and group of invertible matrices with special diagrams called Young
diagrams. Intuitively, a Young diagram is a finite collection of boxes arranged in left-justified
rows, with the row lengths in non-increasing order (see an example below). Such diagrammatic
descriptions significantly simplify the study of algebraic structures.
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The Schur-Weyl duality was generalised in many different directions, where the group of
invertible matrices were replaced by other fundamental structures of the Representation theory
and the Symmetric group by the structures which similarly have insightful diagrammatic de-
scriptions. Furthermore, all these generalisations similarly have deep connections to the Young
diagrams.

Another way to study abstract algebraic structures, is to group their elements in certain
ways, and then work with each group separately. Such a procedure is called a grading. One can
define different gradings on objects. Identifying whether two gradings are the same can help to
combine different approaches and obtain much deeper understanding of the object.

In the first part of the thesis, we recall the algebras that first appear in the context of the
Schur-Weyl duality, called Brauer algebras, and describe two different gradings on them. The
main goal of that part is to prove that the two given gradings on the Brauer algebras are the
same, which gives a much richer understanding of the Brauer algebras.

In the second part of the thesis, we study another generalisation of the Schur-Weyl duality.
Namely, we construct new algebras and connect their representations with representations of an
abstract object that has a particular interest in Algebraic Geometry.
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Abstract

In this thesis we study algebras that appear in different generalisations of the well-known Schur-
Weyl duality. This classical result gives a remarkable connection between the irreducible finite-
dimensional representations of the general linear and symmetric groups. In this work we are
interested in the algebras appearing in similar correspondences for the orthogonal/symplectic
groups and their quantum analogues.

In the first part of the thesis, we work with Brauer algebras. These algebras were first in-
troduced by Brauer to obtain a better understanding of the irreducible finite-dimensional repre-
sentations of the orthogonal/symplectic groups. Afterwards, it was shown that Brauer algebras
are also important examples of graded cellular algebras. Moreover, two completely different
approaches were considered to give a grading on the Brauer algebras. Our goal is to show that
the two constructions give the same grading on the Brauer algebras. Namely, we give an explicit
graded isomorphism between two constructions.

In the second part of thesis, we discuss generalizations of the quantised version of the pre-
vious construction, where the Brauer algebras are replaced by BMW algebras and symplec-
tic/orthogonal groups are replaced by its quantum groups. In particular, to study specific rep-
resentations of D-modules on the quantum group corresponding to the sympletic groups, we
introduce double affine BMW algebras. Furthermore, we give some representation of these
algebras and give its combinatorial description.
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Chapter 1

Introduction

In this thesis we study algebras that appear in different generalisations of the well-known Schur-
Weyl duality. This classical result gives a remarkable connection between the irreducible finite-
dimensional representations of the general linear and symmetric groups. In this work we are
interested in the algebras appearing in similar correspondences for the orthogonal/symplectic
groups and their quantum analogues.

In the first part of the thesis, we work with Brauer algebras. These algebras were first
introduced by Brauer to obtain a better understanding of the irreducible finite-dimensional rep-
resentations of the orthogonal and symplectic groups. Later, it was shown that Brauer algebras
are also important examples of graded cellular algebras. Moreover, two completely different
approaches were considered to give a grading on the Brauer algebras. Our goal is to show that
the two constructions give the same grading on the Brauer algebras. Namely, we give an explicit
graded isomorphism between these two constructions.

In the second part of thesis, we discuss generalizations of the quantised version of the pre-
vious construction, where the Brauer algebras are replaced by BMW algebras and symplec-
tic/orthogonal groups are replaced by its quantum groups. In particular, to study particular
representations of D-modules on the quantum group corresponding to the sympletic groups,
we introduce double affine BMW algebras. Furthermore, we give some representation of these
algebras and give its combinatorial description.

1.1 Classical Schur-Weyl duality

Let us first briefly recall a classical setting, which served as motivation to study the algebras
discussed later.

Theorem 1.1.1 (Double centraliser property, [21,42]]). Let A, B be two subalgebras of the alge-
bra EndE of endomorphisms of a finite dimensional vector space E, such that A is semisimple
and B = EndAE. Then

o A = EndgE (i.e., the centralizer of the centralizer of A is A).
e B is semisimple.

e As a representation of A® B, E decomposes as

E={view,

iel
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where V; are all the irreducible representations of A and W; are all the irreducible rep-
resentations of B. Furthermore, W; = Homy(V;, E) and, in particular, we have a natural
bijection between irreducible representations of A and B.

One of the (non-trivial) special cases of this theorem is the well-known Schur-Weyl duality,
which gives a remarkable correspondence between the irreducible finite-dimensional represen-
tations of the general linear and symmetric groups. Let us recall the setup.

Let us fix d,n € N and let V = C" be the fundamental representation of GL,. On V& we
have two natural actions: the left action of the general linear group GL,, which acts diagonally
and the right action of the symmetric group S, which permutes the factors. Let ¢,y be the
corresponding natural representations

¢ : (S — End(V®), ¥ : GL, — End(V®%).

It is immediate to see that these two actions commute. Moreover, the following holds.
Theorem 1.1.2 (Classical Schur-Weyl duality, [9,/13,40,45,49]). We have

a) ¢((S)?P) = EndGLn(V®d), and if n > d then ¢ is injective, and hence an isomorphism onto
Endgr, (V®9),

b) ¥(GL,) = Endy,(V*?),

c) as a (S 4, GL,)-bimodule, we have the decomposition

ved = @Sﬂ ®L,
A

where the summation is taken over partitions of d, S , are the Specht modules for S 4, and
L, are some distinct irreducible representations of GL, or 0.

Recall that Specht modules form a complete set of irreducible representations of S,. The
basis in each S ; can be labeled by the set of standard tableaux of shape A (see Definition [2.1.9).
Moreover, the vectors of this basis are eigenvectors for the subalgebra generated by the Jucys-
Murphy elements x; of S ;, where

k—1
X = Z(l,k), k=1,....d.
=1

and ([, k) € S, is a transposition.

Let S be the category of finite-dimensional representations of the symmetric group S, and
G be the category of finite-dimensional representations of the general linear group GL,. Define
a functor

F:G6— S (1.1.1)
M + Homg (1, M ® V&), (1.1.2)
It can be shown (see e.g [2]]) that the functor is exact and takes irreducible GL,-modules to

irreducible S ;-modules. In the later sections, we will discuss different generalizations of this
functor.



1.2 Gradings on Brauer algebras

The main focus of the first part of this thesis is laid on the Brauer algebras. These algebras were
introduced by Brauer in order to study the d-th tensor power of the natural representations of
orthogonal and symplectic groups, and, in particular, to generalise the Schur-Weyl duality for
these groups. In particular, these algebras are centraliser algebras for the action of orthogonal
and symplectic groups.

Brauer algebras have an insightful diagrammatic description, which we present here and in
Section [2.4] we give more detailed description.

Let us fix 6. The Brauer algebra B,(9) is a diagrammatically defined algebra with a basis
given by Brauer diagrams on 2d points, which is a matching of 2d points with d strands such
that each point is the endpoint of exactly one strand.

Example 1.2.1. Let d = 5. The following is an example of a Brauer diagram.

1 2 3 4 5

M (1.2.1)

Diagrams are considered up to isotopyﬂ in the plane fixing the top d and bottom d points.
Multiplication of diagrams is given by the concatenation fixing the top d points and the bottom
d points and replacing each interior loop by the multiplication by 6.

Example 1.2.2.
123 123 1

S~ AR

For n € Z, there exist a natural action on Vd Combining this action with a natural action of
orthogonal/symplectic groups on V¢, we can obtain a completely analogous correspondence for
Brauer algebras and orthogonal/symplectic groups in case n > d (see Section [2.4] [5H7]], also
Theorem 2.4.7|ﬂ In particular, we obtain that in that case B;(0) is semisimple. The basis of
each irreducible module can be labeled by the so-called up-down tableaux, which are generali-
sations of standard tableaux (see [Definition 2.1.12)). Furthermore, it was shown [43]] that B,(d)
is semisimple for 6 ¢ Z, therefore here we will only consider the case 6 € Z.

Brauer algebras are also important examples of cellular algebras (see [22] and Chapter [2.3)).
A cellular algebra A is a finite-dimensional associative algebra with a distinguished cellular
basis which is particularly well-adapted to studying the representation theory of A. Each cellular
algebra A has a distinguished set of A-modules, called cell modules, which in semisimple case
represent the set of irreducible modules.

Later it was shown that Brauer algebras are also graded cellular algebras (see Chapters
4 3 [8L[16-18]). Graded cellular algebras are graded algebras with a cellular basis which is

(3]
w2

(1.2.2)

!Or simply saying, the diagrams are considered to be the same or equivalent if they link the same d pairs of
points.

2In this natural action, it is crucial that |§] = n = dim(V).

3Notice that here || > d, unlike the classical case. Intuitively, it is clear that since By(6) is bigger we need more
generators to distinguish endomorphisms.



"compatible" with the grading (see Definition [2.3.5). The notion of graded cellular algebras
was introduced by Hu and Mathas in [23], where they also showed that CS; is a graded cellular
algebra. Intuitively, grading on B;(6) shows how "far" the algebra is from being semisimple. In
particular, the grading in the semisimple case is trivial.

Ehrig-Stroppel and Li independently proved that Brauer algebras are graded cellular alge-
bras. Although their approaches are completely different, behind both of them is the usage
of Jucys-Murphy elements and their actions on representations of Brauer algebras, encoded in
residue sequences (see[Definition 2.1.17). However, note that in contrast to the symmetric group
case, representations of Brauer algebras are in general not diagonalisable under the actions of
Jucys-Murrphy elements. Let us briefly discuss these two constructions.

The first graded cellular structure was given in [17] by Ehrig and Stroppel who were mo-
tivated by geometry of Springer fibers and isotropic Grassmanians. In [18] they constructed
"arc algebras" C,;(9), naturally graded algebras with an explicit basis described topologically
via diagrams, called Verma paths, which are in one-to-one correspondence with the up-down
tableaux but additionally depend on ¢ (please see Section[2.2]for a detailed description). To see
what these diagrams look like, let us give an example of three Verma paths corresponding to the
same up-down tableau but for different ¢.

(=)
=
[S10%
LSl
(S]]
[STN=
o=
ol

(=}
o)—

0 0 o o \J
J 1 o o X
B 2 o o
B:I 3 o o o
1
[ 4 o o X O

Since C4(0) is described diagrammatically, it is very intuitive. Let us name some of features
of this algebra. First of all, all primitive orthogonal idempotents of the algebra are in the basis.
Moreover, it is almost immediate to determine whether the product of two basis elements is
zero or not. The degrees of basis elements are defined topologically and are easily read off.




In particular, it is easy to determine for which 6, d the algebra is semisimple. Furthermore, the
cellular structure is clear from the construction. One main of the main challenges of this algebra
is to determine the relations between elements, and in general to determine the generators and
relations of the algebra. Ehrig and Stroppel [17] showed that C,;(6) = B,;(5), which naturally
gives a grading on Brauer algebras. It is worth to mention that the construction is very compli-
cated and consists of few steps (see [17, Example 7.1], for the illustration of one of the steps
for d = 2 in a semisimple case). Furthermore, to give explicit formulas even for rather small d
is a non-trivial task. The main reason is hidden in fact that in B,(d) formulas for its primitive
orthogonal idempotents are extremely complicated, which can be seen even in the case d = 2.

The second grading was given by Li in [33] and was motivated by the algebras, called the
quiver Hecke algebras or KLR algebras, which were defined by Khovanov and Lauda in [28}29]
and, independently, Rouquier in [41]. KLR algebras, R, are defined for each oriented quiver
and categorify the positive part of the enveloping algebras of the corresponding quantum groups.
These algebras are naturally Z-graded. In [8]], Brundan and Kleshchev showed that every de-
generate and non-degenerate cyclotomic Hecke algebra H) of type G(/, 1,d) (in particular S ;)
over a field is isomorphic to a cyclotomic quiver Hecke algebra R of type A. KLR algebras
are given by generators, which include orthogonal idempotents, and rather difficult relations
(see [33, Definition 2.20]). In [33]], Li constructed algebras G,(d) with a similar but signifi-
cantly more involved presentation. Namely, he defined naturally graded algebras G,(d) with the
set of generators e(i), yi,...,VasW1s.- > Wa1,€l,-..,€-1 € Gy4(0) with the idempotents of the
algebra e(i) labeled by the residue sequences of length d (see Definition[5.2.4)). Furthermore, he
showed that G4(0) is a graded cellular algebra and proved that G,(6) = B,(6) and hence, gave
another grading for Brauer algebras. The advantage of these algebras is that it gives relations
between the elements of the algebra, and in particular, the elements of the cellular basis. But
since the formulas are very complicated, the algebra is not very intuitive. It is difficult to de-
termine when the product of elements is 0 and determining the degree of the elements requires
computations. Furthermore, as in the previous case, since the explicit isomorphism requires
formulas for idempotents of the B,(6), it is very complicated to write it even for rather small d.

The natural question that appears is whether these two constructions define the same grading
on B;(6), moreover, whether there is an explicit graded isomorphism between algebras C,;(9)
and G4(6)? Although the constructions are very different, the structures of the algebras are very
similar. In particular, since idempotents are given in both algebras, we can expect to have a
direct isomorphism between C;(6) and G,4(9). In Section we define elements

é(i)’)_)17" '757517'7;1" ..,l/_/d_l,él,...,é_d_l € Cd(é)

as a non-trivial linear combination of basis elements and prove the following main result of the
first part of the thesis.

Theorem 1.2.3. The map ® : G,(6) — C4(0) determined by
e(i) - e(i), Yr Y, Ui = U, € > &,

where 1 <r <d,1 <k <d-1, is an isomorphism. Moreover, for any homogeneous element
u € G4(6), we have degu = deg ©(u).

This theorem shows that we can use both approaches in parallel to combine advantages
of each algebras listed before to obtain a clear and intuitive understanding of B;(6) and its
representations even in cases when the Brauer algebras are not semisimple. We would like
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to stress that the isomorphism is not constructed through the isomorphisms to B,(d) and, in
particular, does not use the previous constructions.

1.3 Double affine BMW algebras

The main focus of the second part of the thesis is about the newly defined algebras, called
(reduced) double affine BMW algebras (which for simplicity will be called double affine BMW
algebras). These algebras generalise some of the properties of double affine Hecke algebras
discussed below in the Schur-Weyl analogue in type C.

Let us fix g,z € C*. There are also completely analogous correspondences (as in the clas-
sical case) in quantum settings, where GL, (or SL,) is replaced by its quantum analogue and
S 4 1s replaced by the Hecke algebra (see [25]). Similarly, orthogonal/symplectic groups can be
replaced by its quantum groups and BMW algebras play the role of B,;(6) (see [11]). We will
give more detailed explanation in Chapter|[7] here we are only focusing on the intuitive descrip-
tion of BMW algebras and its generalisations. Furthermore, for simplicity we only discuss the
generalisations for the symplectic group. ﬂ

Birman-Murakami-Wenzl (BMW) algebras W, have an insightful diagrammatic presenta-
tion similar to the presentation of Brauer algebras. The main difference is that in this presenta-
tion we distinguish over/under crossing of the lines in the diagrams. Namely, the elements of
the BMW algebra can be viewed as linear combinations of tangles, where a tangle consists of d
strands such that each strand can connect any two vertexes, but each vertex belongs to only one
strand. Then the W, is generated by Ty, ...,T4-1, Ey, ..., E;_1 where

1L i+l d 1 i+l - d

AR w8 e

and with the relations expressed in the form

—_

% - A G-q )[’ \ ) (132)
@ =z l @ (13.3)
O = ;:2_1 . (1.3.4)

Similarly, multiplication is given by the concatenation of the diagrams fixing the top d points
and the bottom d points.

Notice that the first relation allows us to swap over-crossing to under-crossing by adding
some additional terms. Furthermore, loops are also replaced by multiplication by some param-
eter (see [[50] for more details).

Then we can define Hecke algebra H,(g) as the quotient of W, by the additional relations

E, =0 fori=1,...,d-1.

“#Notice that many of the classical results hold for generations of the orthogonal group too.



One of the important features of the quantum case is that both algebras can be seen as quo-
tients of the group algebra of the well-known Braid group B,, which is generated by T7', . . ., Tj_ll
(see Chapter [/| for more details). This gives a unified way of constructing representations for
Hd and Wd.

There is a natural question whether we can generalize the classical functor to a bigger cat-
egory, which also includes infinite dimensional modules of the corresponding quantum group.
In [39], Orellana and Ram constructed a series of functors F, from the category O (which
also includes infinite dimensional modules, see Definition [7.0.11) to the category of finite-
dimensional modules of the affine BMW algebras, which are infinite-dimensional algebras with
the following diagrammatic description. Let the generators be given by the following tangles
with a flagpole

= TITRID = =R e

i i+l

s | 1R

Then W, is the algebra of linear combinations of tangles generated by 7, ..., T4 1, Ey, ..., E4
with the relations expressed in the form

x - K = <q—q1)[ ‘ - \é) (1.3.7)
:Z_l

\f} =z I and \
4
7—7!

O = —+ 1 (1.3.9)

q-q
£ loops {% :wt,ﬂ and (ﬂg =L ﬂ - (1.3.10)

<
U

Notice that the algebras are infinite dimensional since Y; can go around the flagpole any
number of times. Furthermore, the subalgebra generated by 7, and E; is isomorphic to BMW
algebra. Now let us carefully look at the left relation in the last row, which seems to be the
least "natural” relation. First of all, it is easy to see that the loops in that relation are central.
Moreover, notice that the loops themselves are not in the algebra, the loops only can be obtained
as "part” of the elements E, Y| E|. Therefore, to indicate that they are central and to simplify the
calculations, these loops are set to some constants (although there are dependencies between
these constants [15, Remark 2.7]).

‘ (1.3.8)




Similarly, the affine Hecke algebra H,(g) can be defined as the quotient of W, by the addi-
tional relations
E, =0 fori=1,...,d-1.

Further generalisations were motivated by the double affine Hecke algebras (DAHA), which
were introduced by Cherednik in [[12]] to prove the Macdonald’s constant term conjecture for
Macdonald polynomials. Simply saying, DAHA contains two copies of affine Hecke algebras,
namely they are generated by elements

T]a---’Td—l,Yla---’Yd’XI’---’Xd

such that 7y, ..., Ty, Yy,...,Yyand Ty, ..., Ty1, Xy, ..., Xy satisfy the relations of the affine
Hecke algebra with a special choice of a parameter (see [Definition 7.2.6| for more details).

In [26], Jordan generalises previous constructions and defines a functor F? from the cate-
gory of D-modules on the quantum group corresponding to U,(g) (see [26, Definition 10]) to
the category of representations of the elliptic braid group (see [Definition 7.2.1). The elliptic
braid group can be realised as braids on the torus, or on a cube with some opposite side glued.
Furthermore, Jordan showed that in case g = sl,, this functor lands in the category of the rep-
resentations of DAHA. Moreover, in [27], Jordan and Vazirani consider the special case of the
DAHA module F?(6 1ea Vi ® V), where the sum runs over all dominant weight of sl,. They
show that it is an irreducible representation of DAHA and give a combinatoral description for
its basis.

Before describing our result of the second part of the thesis, let us give an informal explana-
tion of our motivation. The construction described above gave some hints how to define double
affine analogues for the quantum groups of type C. But it is worth to mention that there were
numerous problems on the way. Let us name few. Recall that in the affine BMW case, we saw
special central loops that were set to constants. If we think of double affine BMW algebras as
tangles on a torus with "corresponding" relations, we will see that we will have loops coming
from the elements E; X} Ylj E,, but unlike the previous case they are not central. Using the rela-
tion that allows to change over-crossing to under-crossing, we can predict the relations between
loops for small numbers but the general formulas seem to be extremely hard. Moreover, since
these elements are not central, we cannot set them to constants and present the predicted algebra
as a quotient of the elliptic braid group. Following the same idea as in [37]], we could add them
as generators as long as we find their relations with other generators. Another problem that
we encountered is that in this "predicted" algebra we have additional relations on affine BMW
algebra which clearly suggests that we cannot expect the isomorphism between double affine
BMW, which could generalise the Schur-Weyl duality with this diagrammatic algebra.

In the second part of the thesis we define a "smaller" algebra than the one we expect to
have for a Schur-Weyl duality purposes. Namely, we define algebra and give few equivalent
presentations of it. Further, we show that it can be presented as a quotient of the group algebra
of the extended elliptic group, which consists of the elliptic group with additional generators.
We consider FP (@ 1ea V1 ® Vi), where the sum runs over all dominant weight of spz,ﬂ and
extend this representation to the "extended" elliptic braid group representation and show the
following.

Theorem 1.3.1. The extended module gives an irreducible representation of the Double affine
BMW algebras.

SNote that we take sp,, not sl,.



Furthermore, we give a combinatorial description for its basis. Moreover, for the case d = 2
we develop an alternative combinatorial description for the basis.
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Chapter 2

Preliminaries

In this section we recall some background and set up some notation. In the following, we work
over the field of complex numbers C.

2.1 Classical combinatorics

Let m € Ny. Recall that a partition of m, denoted by A + m, is a weakly decreasing sequence of
non-negative integers 4 = (4, As,...) such that || :== 41 + 4, +... = m. If m = 0, we simply
write 4 = (. Otherwise, since 4; > A, > ..., there are only finitely many nonzero 4; fori > 1
and there exists k minimal such that A4, > 0 and A;,; = Ay4» = ... = 0. Therefore, we can write
A =(A4,...,4;) instead of an infinite sequence and denote by /(1) = k.

The conjugate (transpose) partition of 4 = (4y,...,4) is A" = (4], ..., 4} ), where 4} is the
number of j’s such that A; > i.

Let Par,, be the set of all partitions of m. On Par,,, we can define a partial ordering <, called
the dominance ordering and a total ordering <, called the lexicographic ordering as follows:

given A, u € Par,, define
o A<puif| Y Al < |3 wlforallk>1,and A< pif A< pand A # pu.

o 1 < u if there exist k such that A; = y; fori < k and A; < py; further 4 < pif A < por
A=pu.

Remark 2.1.1. Notice that 4 < g implies 4 < p.
Example 2.1.2. Let ¢ = (m). Then A < u for any A € Par,, .

Definition 2.1.3. The box lattice is the set B = {(r,¢) | r,c € N}. We call elements of B boxes
and display the box lattice in the following form
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where the box (r, ¢) is in the row r and column c.

Definition 2.1.4. The Young diagram of a partition A is the set {(r,c) | 1 <r<k,1 <c <A, },
considered as a subset of the box lattice. In the following, we abuse notation and write A for
both a partition and its Young diagram.

Definition 2.1.5. Let A and u be partitions such that u € A. Then the skew diagram A/u is the
configuration of boxes of A which are not in p.

Example 2.1.6. Let 1 = (3,2,2,2) and u = (2,2,2, 1). Then the Young diagrams of A, A, u and
the skew diagram A/u are the following

A= A= U= and A/u =

Definition 2.1.7. Suppose A is a partition. A box « is addable (respectively, removable) if
A U {a} (respectively, A\{a}) is again a partition. Let A(1) and R(2) be the sets of addable and
removable boxes of A, respectively, and set AR(1) = A(1) U R(A1). Furthermore, denote by A
the partition A U {a} (A\{a}) if @ € A(Q) (respectively, @ € R(1)).

Example 2.1.8. Let 1 = (3,2,2,2), then if we color the set of addable boxes in green and the
set of removable boxes in red, we obtain

i

Definition 2.1.9. Let A be a partition of m. A standard tableau t of a shape A is a filling of the
Young diagram A with the numbers 1,2, ..., m such that the entries increase along each row and
each column of t. Denote by Std(1) the set of all standard tableau of the shape A.

Let us fix d € Nj,.

Definition 2.1.10. Let A/u be a skew diagram. An up-down tableau of shape A/u and length d
is a sequence of partitions t = (u = 29, A, ..., 219D 1@ = ) such that

(@) A9 22D and A2/2Y =g, or  (b) AV 22D and 2P0 =1,

An up-down tableau t = (A, A, ..., 19) of the shape 1/0 can be identified with a d-tuple
of nodes:
t:(al,ag,...,ad), (211)

where a; = (r,¢) if A% = A D U{(r,c)} and oy = —(r,¢) if A® = A& D\{(r,¢)} for 1 <k <d.In
the first case we say a node is added in step k, and in the second case — removed on the step k.
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The following is immediate from the Definition.
Lemma 2.1.11. For any partition A, we have a bijection of sets

{standard tableaux of the shape A} & {up-down tableaux of the shape 1/0 and length |A|}

For our convenience, we use the notations from [33]] and for k = 0,1,...,d, denote by
t, = A% and define the truncation of t to the level k to be the up-down tableau

th = (A9, 20,...,2%).

Now we construct the branching graph for the Brauer algebras.
Define B; :={ (A, f) | A € Pary»y and 0 < f < L%J } and let B be the oriented graph with

(1) vertices UdeNOEd and

(2) an arrow (4, f) = (u, g) for (A, ) € By_; and (i, g) € By, if 1 € AR().

d=0:0

Let us extend the orderings defined before to Ed. For (4, 1), (u, g) € Ed, we define
o (4, giff<g or(f=gandAdp),
o (L fHs(ugif f<g,or(f=gandA<p).

Similarly, we can define < and <.

Definition 2.1.12. Let (4, f) € Ed. Consider an oriented path in Ed starting at (0, 0) and ending
at (4, f). An up-down tableau of shape (4, f) is a sequence

t= ((/l(O)a fO)’ (/1(1)’ f1)9 CI) (ﬂ(d)’ fd))’ (212)

where (19, f) = (0,0), (19, ;) = (4, f) and (A%, fii)) — (A%, £) is an arrow in the path,
fork=1,...,d. We set Shape(t) = (4, f).

Remark 2.1.13. Any up-down tableau of the shape (4, f) is also an up-down tableau in the
sense of Definition [2.1.10| with the shape 1/0, which we simply denote by A.
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Forany 0 < f < L%’J and A + (d — 2f), define
T‘C}d(/l) := {t| tis an up-down tableau of shape A € B,}.

Suppose s,t € T4(1). We define the dominance ordering s St if s, <t; for any k with 1 < k < d
ands<tifs<dtands #t.

Example 2.1.14. Let A = (44, ..., 4;) € Par,. Set t be the following standard tableau
t=(@0,(1),2),...,(41), (A1, D), ..., (A1, A2), (A1, A2, 1), ..., D).
Then for any s € Std(1), we have s < 1t.
Letus fix o € C.

Definition 2.1.15. The residue of a box a = (r, ¢) is defined by res(a) = % +c—r.

Example 2.1.16. Let 4 = (3,2,2,2) and 6 = 1. Then, if we fill-in each box with its residue, we
obtain

0|12

-2|-1
-3|-2

Definition 2.1.17. Let I = &1 + Z. Suppose t = (19,21, ..., 2?) is an up-down tableau.
Define the residue sequence of t to be iy = (i1, 12, .. ., iy) where

) res(), if AV =A%V uy{al,
I, =
—res(a), if AR = A% D\{a).

Example 2.1.18. Let 6 = 1 and t = (0,]],5,]],[\3,\ 1 \,Bﬂj,\ 1 \). Then the residue se-
quence of tis (1,—-1,1,1,2,-1,1).

Finally, we define 7¢ C I to be the set containing all residue sequences of up-down tableaux
and Tjd(i) to be the set containing all the up-down tableaux with residue sequence i € 7.

2.2 Verma paths

In this subsection, following [[16-18] we recall an alternative presentation of up-down tableaux
which depends on ¢ and comes from the Lie theory using the Verma modules.

Let us fix . To each partition we want to assign a unique infinite sequence consisting of
{V, A, o0,x}, called a diagrammatic partition and to each up-down tableau - a unique diagram,
called Verma path. But before giving explicit definitions, let us give an informal explanation of
this construction. The key points that we emphasise here are very important for the results that
come later.

First let us assume ¢ > 0 and let us fix an up-down tableau t with a residue sequence i (see
[Definition 2.1.17)). To construct a Verma path corresponding to t, we can follow the following
steps.
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Step 1.

First, to the up-down t we assign a simple walk and to each partition in t we assign a simple
diagrammatic partition defined as follows.

Imagine that we have infinitely many directed lines moving down, such that initially their
ends have coordinates (3,0), (% +1,0), (5 +2,0),... | This "position" corresponds to an empty
partition. Every time we add/remove a box, all lines move to the next leve according to the
following rule. If we add (respectively, remove) a box to the i-th column then the i—tkﬂ line
moves to the left (respectively, right) and all other lines simply go down. More precisely, if we
add (respectively, remove) a box the the i-th column and the end of the i-th line has a coordinate
(a, b), then the i-th lines moves to the coordinate (a — 1,b + 1) ((a + 1,b + 1), respectively).
Notice, that the first coordinate can become negative. Below we illustrate a simple path for

’[:(Q,D,H,Bj,...).

Ist 2nd 3rd
column column column

- H

The following remarks give very important properties of this construction.

Remark 2.2.1. Since at each level we obtain a partition, lines can never intersect or cross.
Namely, if at level k, i-th line points to (a, k) and i + 1-th line points to (c, k), then a < c.

Remark 2.2.2. At each level k, given the tuple containing the first coordinates of the lines
(ai,az,...) suchthat a,<a for r>|,

we can uniquely determine the partition A := t;. Indeed, since the first line points to the co-
ordinate a;,, A must have ‘% — a; boxes in the first column; since the second lines points to the
coordinate a,, A must have % + 1 — a, boxes in the second column; etc. We denote this tuple by

S (.

Remark 2.2.3. Notice that if at step , the line moves from the position (a, k — 1) to the position

"Notice that the first coordinates increase along the horizontal line moving right, and the second coordinates
increase along the vertical line moving down.

2We indicate levels and second coordinates along the vertical line, next to the partitions.

3From the left.
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(a—-1,k), then
iv=a—-1/2f]

And if the line moves from the position (a — 1, k — 1) to the position (a, k), then
iy =—(a—1/2).

Step 2.

Let us now slightly modify this construction. Imagine that there is a vertical wall at level 0
(see the left diagrams of Examples[2.2.3][2.2.6] [2.2.7|below). Every time when a line "attempts"
to cross the wall, it changes its direction from V to A, or other way around. Furthermore, if
the line directed A, then when we add (remove, respectively) the lines goes to the right (left,
respectively). Alternatively, we can think of this modification as folding the diagram along its
mirror axis. For our convenience, we draw lines in different colours. Now let us look more
carefully at the /eft diagrams in Examples below.

Let us start with [Example 2.2.5| (with § = 1). We can see that when the first (red) line goes
from the level 1 to the level 2, it hits the wall and, hence, changes its direction. On the next step,
it "crashes" with the second (blue) line. Therefore, we can see that after the lines pass the level
k, each node (a, k) can either

e be empty (denoted as o),
e contain a single arrow V,
e contain a single arrow A,

e contain both V and A.

We call a node with both V and A crowded. Notice that if the node (a, k) has a line pointed A,
then in the previous presentation this line was in the position (—a, k). Therefore, the rightmost
A (if there is one) indicates the position of the first line, the second rightmost A (if there is one)
indicates the position of the second line, etc.

Now let us look at the [Example 2.2.7] (with 6 = 2). Here, we have a slightly more com-
plicated situation since the line can "stand" at the wall (see levels 1,3,5). We would like to
emphasise that in this construction (unlike the following construction) if the arrow touches the
wall but does not attempt to cross it, it does not change its direction (see levels 1, §, 10, 12). E]

Similarly to the previous case, we can see that after the lines pass the level k, we can "re-
cover" the partition that corresponds to the position of the arrows on the level k. We will give a
slightly more precise explanation of this statement in the next Step.

We have the following important property.

Remark 2.2.4. Assume a > 1. If at step k, independently of the orientation of the line, the line
moves from the position (a, k — 1) to the position (a — 1, k), then

ir=a-1/2.
And if the line moves from the position (a — 1, k — 1) to the position (a, k), then

iy =—(a—1/2).

4Hence it is the mean of @ — 1 and a.
SPlease pay attention to the levels 5,12, since the convention will be different.
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If @ = 1/2, and the lines moves from the position (a, k — 1) to the position (a, k) by hitting the
wall, then i, = 0.

To see this, compare in[Example 2.2.6] levels 14 —>15 with 10—>11, and levels 12—>13 with
13—>14.

Step 3

Now we are ready to explain the construction of diagrammatic partitions and (uncoloured)
Verma paths. To construct them, we make the following changes with the previous coloured
diagram:

e remove all colours,

e if ¢ is even, change all ups on the wall to V but keep the rest of the directions (see

Example 227 level 4->5).

e if ¢ is odd and we hit the wall, we draw a dotted straight line instead of "curved line"(see

levels 0->1, 5->6, 15->16),

e if ¢ is even and the line moves from/to the wall from the single occupied node to the

empty node but the directions do not match, we put a dot on the line (see
levels 3—>4, 4—>5, 5->6)

e if a line moves from a single occupied node to a crowded node, we put cross on that node

and connect the two lines with a cup (see levels 6—>7, 8—>9, 14—>15). If
the directions do not match, we put a dot on a cup (see level 12—>13).

e if a line moves from a crowded node to a single node, we connect two lines with a cap
(see levels 7—>8, 9—>10, 13—>14). If the directions do not match, we put

a dot on a cup (see level 11->12).

¢ if anode moves from a crowded node to a crowded node, then replace crowded nodes with
crosses and connect the other two lines (see levels 2—>3, 3—>4, 13—>14).

See Examples [2.2.5] [2.2.6] [2.2.7| for more details.
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Example 2.2.5.

(1 o o

L

10

[¢]
L;
(e]
o *
[¢]
o
(e]
(¢]

Nl

A

(S

A

[N

il

18

Verma path
S

10

I

(o]

=

[

[

I

[N




Example 2.2.6.
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Example 2.2.7.

=]
=3
I
[N
w
~
)
=
=]
IS,
I
[N
w
'S

e S
s 1
D 1)
S Iy
@ , / ; o X
P =2 | ()
/
S 155
. Iy
P L\ N
- )
£l

The obtained diagram is called a Verma path. Assume 6 is odd. We call the sequence of
o, V, A, X starting from the coordinate 1/2 a diagrammatic partition corresponding to a partition
(on the left).

Example 2.2.8. Leto =1
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e () correspondsto VV V...
e ] correspondsto AV V...

o H corresponds too X V...

Now assume ¢ is even. We call the sequence of o, V, A, X starting from the coordinate 0 a
diagrammatic partition corresponding to a partition (on the left). Notice that by definition, we
can only have o and V on the first place.

Example 2.2.9. Let =2

e () correspondstooV V...
e ] correspondsto VoV V...

° H corresponds too A V...
The following follows from the previous remarks.

Corollary 2.2.10. Given a diagrammatic partition, we can uniquely "recover" the partition that
corresponds to this sequence ﬂ

Let us now compare Verma paths corresponding to the same up-down tableau but with
different 9.

Example 2.2.11. Letd = 6 and t = ((D,D,H,Bj,ﬁj,ﬁ},@j). Then the Verma paths corre-
sponding this up-down tableau for 6 = 9,6 = 3,6 = 0 are the following

o

1 3 5 7 9 1 1 1 3 5 7 9 1
03 3 3 31 1 7 03 3 3 31 1 7 0 1

)

\ EH 1]
o

L

o
X
o

L

CLT] O] O
L]
o

The one that is on the left side on each level in the Examples below.
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Remark 2.2.12. Following the same argument as before, we can show that in [Example 2.2.6
the residue sequences on the levels 7->8 and 13->14 are the same and equal (3/2 + 5/2)/2.
Moreover, the order of the o and X is important. We can see that the residue sequence on the
level 10—>11 equals —(3/2 + 5/2)/2. Similarly for caps.

Definition 2.2.13. A graph of the Verma path t, denoted by g, is the diagram of t obtained by
forgetting all orientations and removing all dots.

We already showed that if Verma paths t; and t; have the same graphs, then they have the
same residue sequences, i.e i, = i,. But the following statement also holds: if Verma paths t;
and t; have the same residue sequences, 1.e i, = iy,, then they have the same graphs. Indeed, to
construct a graph we can follow the same procedure as for constructing a Verma path, and since
the residue unique determines the direction of a move (in particular, the order of o and X), we
can uniquely construct a graph. Alternatively, we can see it using the diagrams from the Step 2
(by removing colours and directions). We have

Corollary 2.2.14. Suppose i € I°. There exists a unique unoriented graph g; with residue
sequence i if and only ifi € T,

Let us consider the following problem. Assume A € Byand t € T;}d(/l). Given a graph of
Verma path t, what is the minimal information we should give to determine the Verma path?

Definition 2.2.15. We call a cup or cap anticlockwise (respectively, clockwise) if its rightmost
vertex is directed A (respectively, V). Similarly, we call a loop anticlockwise (respectively,
clockwise) if its rightmost vertex is directed A (respectively, V).

Example 2.2.16. In the loop on the levels 7-9 is anticlockwise, the loop on the levels
11-13 is clockwise.

For a simplicity, let us first assume that ¢ is odd. Then it is easy to see that it is enough to
give all directions of the loops to determine the Verma path t completely. To show this, first
notice that in case of ¢ is odd, we can uniquely "recover” all dots of t (they appear on the levels
when "nothing" happens, i.e all strands go down). Furthermore, since t moves from 0 to A,
we can determine all directions of the strands and cups/caps when they are not in the loops
therefore we can determine t completely.

Example 2.2.17. Let us look at[Example 2.2.5 We can see that given the directions on levels 0
and 16, we can easily recover the Verma path from its graph.

Now let us assume ¢ is even. If we do the same in this case, we will immediately see some
problems. To see this, let us look at the levels 0-6 in Given a graph and the direction on
the level 0, we cannot uniquely determine the positions of the dots. Therefore, we need to give
more information.

Let us consider the Verma path t and additionally mark levels, when the lines "cross" the
wall, e.g. (only) level 3 in[2.2.7](see also the diagram on the left). We define the extended graph
g; of the Verma path t be the its graph with a marked levels (where t "crosses" the wall). ﬂ

Remark 2.2.18. Notice that in case J is odd, we can obtain an extended graph from the graph
itself. Therefore, in this case, we set g{ := g;.

"Its directions determined by the directions on the levels 0 and d.
8We will use the extended graphs in the definition of the surgery procedure.
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Hence we have the following

Corollary 2.2.19. Given the extended graph of t and orientations of all circles, we can uniquely
recover the Verma path 1.

Finally, if 6 < 0, then we start with an infinite number of lines directed A, such that the first
line is at the position ¢/2 (which is a negative number), the second line at the position /2 — 1
etc. We follow the convention that in this case the line on the wall should be always directed A.
The rest of the construction is the same.

Now we can give precise definitions. Let

if 6 1s even, %, if § 1s even, A, if § is non-negative.

I = {ZZO + %, if ¢ is odd, cs = {%, if ¢ is odd, and 05 = {\/, if ¢ is negative,
>0

Definition 2.2.20. We define the set D;s of (Brauer) diagrammatic partitions as the set of se-
quences a = (a;);ej, such that a; € {A,V, X, 0,0}, a; # o fori # 0, ag € {0, ¢},

#a; | a; € {o}} —#{a; | a; € {X}} = ¢s and #{a; | a; = 0s}} < o0
Obviously a diagrammatic partition a is uniquely determined by the sets
P.a) ={ila; ==},

for « € {A, V, X, 0, o}

To a partition A = (4, ..., A;), we assign a diagrammatic partition A° in the following way.
Let ' = (A, 45,..) = (5 =4, 5+ 1=, 5+ 4 = 1= 5+ 41, § + 4y + 1,...)f| where
A' is the conjugate partition. Then A° is defined by

P,(2°) ={A} | 2} > 0 and — A} does not appear in A'},
P,(2°) ={-2/| 2, < 0 and — A does not appear in A},
P, (1) = {4, A, > 0and — A; appears in A},
P.(2%) = (4] | 4] = 0},
Po(4°) =I5\ (Py UP, UPL UP,).
Remark 2.2.21. We can see that in the pictures above, ¢ is replaced by
e Vifé >0 (and even),
e Aif 6 <0 (and even).

We have the following easy result.

Lemma 2.2.22. The assignment A — A° defines a bijection between partitions and diagram-
matic partitions. m

Proof. First notice that since A5 # A3 for A; # A,, injectivity follows immediatelyﬂ For
surjectivity, we show that to each diagrammatic partition @ we can assign a partition A such that
a= 2.

Please compare A’ with S (1). Notice that A’ is the position of the ith line in the diagrams defined in Step 1.
19Please compare this statement with the one discussed before.
"ndeed, if 1| # A2, then A} # A5. Hence, by the definition A # 5.
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First, to each a = (a;) € Ds assign a sequence b = (b,-) where i € Z if ¢ is even and
i€Z+%if6isodd,as:

vV ifi<0and(a_;=Aora_; = X),
bi=4Vv ifi>0and(gq; =Xora_ =V),

o otherwise .

Now define a sequence ¢ = (c;)jav such that ¢; is the coordinate of the i-th leftmost (respectfully,
rightmost) V in b for 6 > 0 (respectfully, A for 6 < 0), which is well defined since #{a; | a; €
{A}} < oo (#a; | a; € {V}} < corespectively). Then we set A} = g+i— 1 —¢;. The first conditions
in each case in the Definition [2.2.20] guarantee that A is indeed a partition and a = 2°.

Definition 2.2.23. Let t = (1,21, ..., 19) be an up-down tableau of shape A with residue
sequence iy,...,I;. The Verma path associated with an up-down tableau t is given as follows:
first draw the corresponding sequence of partition diagrams from top to bottom. Then for each
k=1,...,d—1, weinsert vertical line segments connecting all coordinates strictly smaller than
lie] — % and strictly larger than |i| + % that are labelled V or A in A’ and A**!' and connect the
remaining coordinates of A° and A™*! as in the appropriate one from the following list of moves,

called elementary moves.
SN N NN
NN N N
A Y A N A A
VD U R GV GV S
° ° R Y A (2.2.1)
N N AN A Y
0 0 0 0 0
!
2

0

= o>

Remark 2.2.24. From now on we abuse notation and write t for both an up-down tableau t and
its Verma path t.

From now on we will display Verma paths in the following way. In the elementary moves
in the third row of (2.2.1)) any strand might need to be decorated with a e as in the fourth row.
To determine this, replace ¢ by A if < 0 or by V if § > 0. If the strand is not oriented as in the
first or second row, then a decoration must be added.

2.3 Graded cellular algebras

Cellular algebras were introduced by Graham and Lehrer in [22]. The definition was motivated
by matrix algebras and easy diagram algebras, e.g. Temperley-Lieb algebras, and provides a

2Hence we are recovering the original positions of the lines given in Step 1.
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tool to classify its irreducible representations. As we will see later, Brauer algebras are an ex-
ample of (graded) cellular algebras.

For our convenience, we use the notations from [[33]]. Let A be a unital finite-dimensional
C-algebra.

Definition 2.3.1. A cell datum for A is a tuple (A, *, T, C) where

e A = (A, >)is a poset, either finite or infinite;

T(A) is a finite set for each A € A;

e i :A—> A is a C-linear anti-automorphism with i? = idy;

C: [liea T(A) X T(1)— A 1s an injective map which sends (s, f) to af}, such that:.

(1) {ak A€ A, s,teT(2)}is abasis of A;
(2) forany r € A and t € T(1), there exists scalars ¢{(r) such that, for any s € T'(1),

atr= Z c/(ral, mod A™* (2.3.1)
veT (1)

where A>* is the subspace of A spanned by {a’)fy lu>A,xyeT};
(3) *(al) = al,forall 1 € A ands,te T(Q).

The algebra A is a cellular if there exist a cell datum for A.

Assume A is a cellular algebra with a cell datum (A, *, T, C). For any A € A, define A>* to
be the subspace of A spanned by

{adglu>asteTw}.

Then, from (2.3.1]) we obtain that A>* is an ideal of A>* and hence A*!/A>* is an A-module.
For any s € T(1) we define C¢ to be the A-submodule of A>!/A>! with basis { al, + A>* [t € T(2) }.
Again from (2.3.1) we have CZ = C}! for any s,t € T(Q).

Definition 2.3.2. Let 1 € A. We define the cell module C* of A to be C* = C for any s € T(1),
which has basis {a! |t € T(1) } and for any r € A,
alr = Z chal
ueT (1)

where ¢/, are determined by

A

Qg

= Z chad, + A7
ueT ()

Example 2.3.3. Let us consider the algebra of d X d-matrices over C. This algebra has one irre-
ducible module isomorphic to C¢ with an action given by right multiplication, and its standard
basis is given by matrix units. It is easy to see that the algebra of d X d-matrices is cellular and
the cell datum is given by *(A) = AT, A := {1}, T(1) := {1,--- ,d} and a/, := Ej,, the standard
matrix units. Moreover, it is also a cell module. Indeed, A = A>'/A>* = A='/A>! and C' = C¢
with basis ay, . .., ag, where a; is a i-th vector unit in C?. Then the action of A is the right matrix
multiplication on C.
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Example 2.3.4. Let F be any filed. The group algebra of the symmetric group FS, is an
example of a cellular algebra. The cell basis ag,t is labelled by Young diagrams A of size d and
standard tableaux s, t.

The following definition is due Hu and Mathas (see [23]]). Assume A is a graded algebra.

Definition 2.3.5. A graded cell datum for a graded algebra A is a tuple (A, %, T, C,deg) such
that the tuple (A, *, T, C,) is a cell datum for A and

deg : U T)—7Z
A

is a function such that each basis element aZ, € A is homogeneous of degree dega, = degs +
degt.

If a (graded) cell datum exists for A then A is called a (graded) cellular algebra.

Notice that Definition [2.3.2 holds in the graded settings as well. Furthermore, using the

cell modules, the one can construct a complete set of pairwise non-isomorphic (graded) simple
A-modules (see [22, Theorem 3.4] and [23, Theorem 2.10]).

Example 2.3.6. Brauer algebras are examples of graded cellular algebras. See Theorems[.1.14]
and [5.2.10] for details.

2.4 Brauer algebras

Let us now give a more precise description of the Brauer algebras B,(d) discussed in Introduc-
tion. Recall d e N and ¢ € C.

Definition 2.4.1. The Brauer algebra B,(0) is a unital associative algebra with generators

{s1,52,...,84-1}Uler, e, ..., eq4 1},

subject to the relations (whenever the expressions make sense)
(1) (Inverses) s? = 1.
(2) (Essential idempotent relation) e? = de;.
(3) (Braid relations) s;8i.18; = Si+15:8i+1 and s;s; = s;s; for [i — j| > 1.
(4) (Commutation relations) s;e; = e;s; and e;e; = eje; for [i — j| > 1.
(5) (Tangle relations) e;e;y1e; = e;, eiy1€i€ip1 = €41, Si€ir1€; = Siv1€; and e;e;,15; = €;Siy1.
(6) (Untwisting relations) s;e; = e;s; = e;.

Recall the diagrammatic description given in Introduction. It can be easily checked that the
relations of the Brauer algebra in this diagrammatic presentation are satisfied.

Definition 2.4.2. A Brauer diagram consists of two rows of d dots with each dot joined to one
other dot. Denote the set of Brauer diagrams by D,,.
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Example 2.4.3. Let d = 5. The following is an example of a Brauer diagram.

1 2 3 4 5

:?%'J 2.4.1)

Moreover, it is possible to show that the set of Brauer diagrams D, consitute the C-basis of
B;(6). Furthermore, it is easy to see that there are (2d — 1)!! = (2d — 1)-(2d — 3)-...3-1 Brauer
diagrams, which implies that the dimension of B;(6) is (2d — 1)!!.

Remark 2.4.4. The group algebra of the symmetric group CS, is a subalgebra of B;(d) gener-
ated by s;.

Definition 2.4.5. For every k = 1,...,d, we define the following elements of B,(9), called
Jucys-Murphy elements,

-1 o S—
X= ;a, k) - (1K),

where

(k) = I I I >< I I and (LK) = I I I X I I (2.4.2)

The Jucys-Murphy elements play an important role in representation theory, which we will
see below.

Definition 2.4.6. Define Gelfand-Zetlin subalgebra of B,(5), denoted by %, to be the subalge-
bra of B;(6) generated by its Jucys-Murphy elements.

One can show that Jucys-Murphy elements pairwise commute and hence %} is commuta-
tive.

Let us fix n € N and let V = C". Furthermore, let G denote O, or Sp,. On V® we have the
natural G action. Brauer algebras B,(+n) also naturally act on the tensor space V®ﬂ Namely,
each s; acts naturally and permutes i-th and i + 1-th tensor factors of V®¢. Similarly, each
generator e; acts only on the i-th and i + 1-th tensor factor of V®?. In the other words,

eilyed = id® ' @ e @ id® 7!
wheree : V@V — V®V is defined as follows: for vy, ..., v, the standard basis of V = C", (-, -)
the standard inner product on C" and v, w € V arbitrary vectors, we have
VW i(v,w)Zvj@)v.,-.
J
Let ¢, ¥ be the corresponding natural representations
¢ : (By(£n))® — End(V®%), ¥ : G — End(V®),

respectively.

Theorem 2.4.7 ( [5H7]). We have the following:

131n this natural action, it is crucial that |§| = n = dim(V), so that the relations ei2 = Je; are satisfied.
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a) ¢((By(n))?) = Endg(V®?) and if n > then ¢ is injective, and hence an isomorphism
onto Endg(V®),

b) W(G) = Endg,,(V®9),

c) as a (By(n), G)-bimodule, we have the decomposition

[d/2]
V®d:® @ V,{®L/l: @ V/1®L/l’
f=0 Ard-2f, X+Ay<n A€By, A +Ah<n

where the summation is taken over partitions A € Ed such that A7 + A, < Vyand L,
are the respective irreducible representations of B;(n) and G associated to A.

Remark 2.4.8. The irreducible representations V, of B,(n) are labeled by A € Ed. In fact, this
is also the case for 6 ¢ Z.

It is clear from Schur-Weyl duality (and the double centraliser property) that B,;(9) is semisim-
ple for 6 € Nand ¢ > d, butin fact it is not true for all pairs d, § (see [17] and references therein).

Example 2.4.9. Assume d = 2. Then the basis for B,(d) consists of the following three dia-
grams

1 2 1 2 1 2

:I I 5= >< e= }i (2.4.3)

o If 6 # 0, the algebra B,(9) has the following three primitive orthogonal idempotents.

1 Cl+s 1 1
el - 68, 62 - 2 5e’ e?) - 2 s

hence it is semisimple. Furthermore, we have

l=e+ey+e3, s=e +e—e3, e=0xe.

Therefore, the primitive orthogonal idempotents also give a basis for B,(6).

e If 6 = 0, one can show that B,(0) has two primitive orthogonal idempotents
1+ -5
€ = 5 €3 = 5

hence it cannot be semisimple. Furthermore, we have

l=ey+e3 s=e—e3 e :=e.

Hence, ey, e,, 3 give a basis for B,(9). E‘]

4“Notice that here n > d, unlike the classical case. Intuitively, one can predict that since B,(6) is bigger we need
more basis elements to distinguish endomorphisms.

I5Recall that A" denotes the conjugate partition of A.

16We will need this statement later.
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Chapter 3

Degrees of up-down tableax and Verma
paths

3.1 The degrees of up-down tableaux

In this subsection we follow the paper by Li [33]].

We now introduce the degree function on the set of up-down tableaux. Ultimately this
degree function will describe the grading on B,(6). For any integer kK with 1 < k < d and
up-down tableau t = (1, ..., 1), define
0, if A® = A%D y{a},

{Be AP | res(B) = —res(@) and B # a}, if A® = A*D\{a};

RUK) = 0, if 10 = 206-D Y {a),
T B e RAY | res(B) = —res(a) ), if AP = A%D\{q}.

Awk) = {

Definition 3.1.1 ( [33]], Definition 2.7). Suppose t = (1©, ..., 1) is an up-down tableau of
size d. For integer k with 1 < k < d, define
it A0 = 2Dy {a},

if 20 = A&=D\(q}: (3.1.1)

0,
deg(tl;- tl) =
ellhor = {|At(k>|—|Rt(k>|+6

res(a),—% ’

and the degree of t is

d
degt := Z deg(tli—1 = tl)-
k=1

Example 3.1.2 ( [33]], Examples 2.9-2.10). Letd = 6,4 = (1,1)andt = ((D,D,Dj,Hj,HH,Hﬂ,H) €
Tzd(/l). Then we have
-1, ifs=1,

degt =
= {o, if5=0.

Indeed, if 6 = 1 by (3.1.1), we have degt = Y, deg(tl—1 = tlx), where k takes values such that t|
is obtained by removing a node from t|,_;. Hence, we have degt = deg(t|y = t|s)+deg(tls = tl¢).
We have Ay(5) = Ry(5) = Ay(6) = 0, R(6) = {(2,1)}. Since 6 = 1, we have 6res(a)’_% = 0. Hence,
the degree of tis

degt = deg(tly = tls) + deg(lls = tl¢) =0-1=—-1.
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Now assume 6 = 0. Following the same argument, we have degt = deg(t|y = t|s5)+deg(t|s =
tls). We have A{(5) = 0, Ry(5) = {(1,2)}. Notice t5 = t4\{a} where a = (2, 2). Since res(a) = —%,
we have

deg(tly = tls) = |[A«(S)| = |[R(S)| + o =0-1+1=0.

res(a),—%

Similarly, we have A(6) = Ry(6) = 0. Notice t; = t5\{a} where a = (1, 2). Since res(a) =
we obtain

1
2’

deg(tls = tlo) = |A1(6) — |R«(6)] + 6 =0.

res(a),—%

Hence, the degree of t is degt = deg(t|y = t|s) + deg(t|s = tl[¢) =0+ 0= 0.

Example 3.1.3. Letd =5,6=0,4=(1)and t = (0, 7,0,7,71.1) € ng(/l). Then degt = 0.
By definition, degt = deg(ll; = t|») + deg(tls = t|5). We have Ai(2) = Ry(2) = 0. Notice
t, = t;\{a} where @ = (1, 1). Since res(a) = %, we obtain

deg(tli = th) = |Ai2)| = IR(2)| + bye50
Similarly, Ay(5) = 0, R(5) = (1, 1). Notice ts = t4\{a} where @ = (1,2). Since res(a) =
obtain

-1 =1
1
7 we

deg(tls = tls) = |A(6) = IRy(6) + 6 =-L

res(a),—%

Hence, the degree of t is degt = deg(t|; = t,) + deg(tly => tls) =1-1=0.

3.2 The degrees of Verma paths

In this subsection we follow the paper by Ehrig and Stroppel [16].

Definition 3.2.1 ( [16], Definition 3.14). We define the degree of a Verma path associated to
the up-down tableau t as the sum of degrees of all figures included in the Verma path minus the
total number of cups, where the degree of each figure defined as follows

CESEAYARE!
degree 0 1 0 1 0

(3.2.1)
Remark 3.2.2. Alternative, we can say that the degree of the Verma path is equal
# clockwise caps — # anticlockwise cups.
Example 3.2.3. Let us consider the up-down tableaux from the We assign to

these up-down tableau via Definition [2.2.23] the following diagrams u, and us for § = 1 and
0 = 0 respectively.

'Notice that the last two figures in each row are simply directed lines.
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ol 3 3 3 %34 01 2 3 4 5 6

It is easy to see that in these cases the degrees agree with the ones in|[Example 3.1.2

In the next subsection we show that the two definitions of degrees agree. But first, let us
state an easy lemma which is proven in [|16, Proposition 4.9].

Lemma 3.2.4. The degree of any circle contained in a Verma path t equals
o [ if the rightmost label is V,
e -] if the rightmost label is A .

Remark 3.2.5. Notice that the definition of the degree of a figure given here is shifted by the
total number of cups in the figure in comparison to the definition given in [[16].

3.3 Equivalence of the two definitions of degrees

We now present the first new result of this thesis — obtained in joint work with Li and Stroppel
— which shows that the notion of degree of up-down tableaux and the notion of degree of a
Verma path, coincides. In Section [6] we will build on this to obtain an isomorphism between
the graded cellular algebras structures each one defines on the Brauer algebra.

In the rest of this section we fix an up-down tableau t = (1?, AWM, ..., A¥) with residue
sequence i € T7.

Lemma 3.3.1. We have the following results:

1) Suppose A% = A%~V U {a} for some node a. Then the k-th elementary move of the Verma
path t is one of the followings:

2) Suppose A© = A%=V\{a} for some node . Then k-th elementary move of the Verma path
t is one of the followings:
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Proof. This immediately follows from the proof of Lemma [2.2.22] and [Definition 2.2.23] since
the Young diagrams corresponding to the bottom sequence has one box added (one box re-
moved) compared to the the Young diagram corresponding to the top lines in case (1) (in case
(2), respectively). Furthermore, since the diagrams in (1) and (2) cover all possible cases from
[Definition 2.2.23] we can see that those give all diagrams with one boxed added or removed.

Lemma 3.3.2. Suppose A® = 1*D\{a} for some node «.. Then

~1 + Sreg(ay-y>  if there exists § € R(AY) such that res(B) + res(a) = 0,
deg(tli- = th) =11, if there exists B € A(A®) distinct to a such that res(B) + res(a) = 0,
Ores(a)—1» if for any 8 € AR(A®) distinct to a, we have res(B) + res(a) # 0.

Proof. We consider each case separately.

Case 1: There exists 8 € R(A%) such that res(8) + res(e) = 0. Therefore there is no 8 € A(A%)
with res(B) + res(a) = 0 (it follows from the definition of a Young tableaux that we
cannot add two boxes in a row with the same residues) and, thus, we obtain A;(k) = @ and
Ri(k) = {B}. Hence, deg(tly_y = tly) = —-1+0

res(w),—% .

Case 2: There exists 8 € A(1®) distinct to a such that res(8) + res(a) = 0.

In this case we have Ai(k) = {8} and Ry(k) = (0. Hence we have deg(l;-; = tl) =
1 + 6pega) - L. Notice that by the construction of up-down tableaux, if res(a) = —%, this
case would never happen. Indeed, in this case we would have that res(B8) — res(a) = 1.
Therefore, 8 would have to be added either above or on the right hand side, which is not
possible since a is removed. Hence 6, 1 = 0 and we have deg(tl-1 = tl) = 1.

Case 3: For any 8 € AR(AW) distinct to @, we have res(B) + res(a) # 0.
In this case we have Ay(k) = 0 and Ri(k) = 0. Hence we have deg(t|y-; = tl) = ¢

res(a),—% .

Using [Lemma 3.3.1|and [Lemma 3.3.2] it is easy to obtain the following:

Proposition 3.3.3. Suppose a is the k-th elementary move of the Verma path t. Then we have
deg(tl-1 = tlx) = deg(a).
Proof. Suppose AP = A%V U {a}. We have deg(t,-; = tlx) = 0. By [Lemma 3.3.1{ (1), we

always have deg(a) = 0, which proves the statement in the first case.
Now suppose A% = A*~D\{a}. We consider again the three cases as in Lemma 3.3.2}
Case 1: There exists 8 € R(A%) such that res(8) + res(a) = 0.

Using the intuitive description of Verma paths, it is immediate to see that the only graphs
that will allow to remove a box with the required residue, are of one of the following

forms:
U U U
[0} o X X O o X
In the first graph, res(@) = —i; = —% and in the remaining graphs, res(a) # —%. Hence it

is easy to see that deg(t|;_; = tly) = -1+9

res(oz),—% .
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Case 2: There exists 8 € A(1®) distinct to a such that res(8) + res(a) = 0.

In this case the graph a is of one of the following forms:
Both of the graphs have degree 1, which implies deg(tl,—; = tlx) = 1.

Case 3: For any 8 € AR(AW) distinct to @ we have res(B) + res(a) # 0.

In this case the graph a is of one of the following forms:
(o) X X () (o) o X
A e S T
In the sixth graph, res(a) = —i; = —% and in the rest of graphs, res(a) # —%. Hence it is
easy to see that deg(tly_; = tly) =0

res(a),—% .

Corollary 3.3.4. For an up-down tableau t, the degrees from [Definition 3.1.1| and
ltion 3.2. 1) coincide.

In the following sections, we will use the discussed degrees to describe gradings on the
B4(6).
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Chapter 4

Koszul grading on B;(0)

In this section we discuss a framework that gives a tool to study non-semisimple Brauer alge-
bras. We mainly follow the papers by Ehrig, Stroppel [16-18]].

4.1 The algebra C;(0)

In this subsection we define the algebra C,(6) and discuss some of its properties.

Definition 4.1.1. Let u be a Verma path corresponding to the up-down tableau (17, fy), (A1, f1), ..., (A9, £).
We denote by u* the Verma path corresponding to the up-down tableaux (19, £,), ..., (A", £1), (A9, f))
and call it the reverse Verma path of u.

Recall the [Definition 3.2.1] As a graded vector space the algebra C,(6) is of the following
form.

Qeﬁnition 4.1.2. Let C4(0) be a vector space with a basis given by C; = {uds*|forall A €
B;and u,s € Tfld(/l)}. We put a grading on C,(6) by defining deg(uds™) = deg(u) + deg(s).

Remark 4.1.3. It is easy to see that Cy can be also identified with the set of Verma paths of
shape (0,d) € B,,.

Definition 4.1.4. Lett = uds® € C4(6), we call u the upper part of a Verma path t, and s* - the
lower part.

Example 4.1.5. Consider the following Verma path. The dashed line separates the upper part
from the lower part.
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To give C,(0) the structure of an associative unital algebra, we first have to define a multi-
plication on C; which heavily depends on a topological structure of the diagrams in C4(9).

Definition 4.1.6. To a given Verma path, let us apply the following
(1) remove all o and X’s,
(2) put one dot on the strand if and only if the number of dots on the strand is odd,

then we call the resulting topological diagram the topological equivalent of the original Verma
path.
If in addition we apply the following

(3) remove all internal circles and cups (respectively, caps),

then the resulting diagram is called the upper reduction (respectively, lower reduction) of a
given Verma path.

Example 4.1.7. Consider the Verma path:

O O

Ox
X
0O 0o o0 o

X

[¢]
) o W

Its topological equivalent, lower reduction and upper reduction are respectively



Recall the notions of the graph and extended graph of a Verma path given before
mark 2.2.18]

Remark 4.1.8. Recall that if two up-down tableaux t; and t, have the same residue sequence
i then g, = g,. Therefore, for an up-down tableau t with a residue sequence i, we denote the
graph of t by g;.

Now we define a multiplication making the graded vector space C,(9) into a positively
graded associative algebra.

Definition 4.1.9. Let u;4,8],Ux4,8; € Cy(6). We define the product u;4;S] * UyA,85 in the

following way

e if g¢. = g¢. and and all mirror image pairs of internal circles in s} and u; are oriented so
1
that one is clockwise, the other anti-clockwise, then proceed as follows

(I) glue s] under b to obtain a new oriented diagram bA,s;, where b is the graph of
upper reduction of u,;

(2) glue b* under u; to obtain a new oriented diagram u;A,b*;

(3) draw bA,S, under the u;A,b*;

(4) iterate the generalised surgery procedure described in Sectiond.2]below to eliminate
all cap-cup pairs in the symmetric middle section of the diagram;

(5) collapse the middle section to obtained the desired linear combination of basis vec-
tors of C,(6) (see Section 4.2).
e otherwise the product is defined to be zero.
Remark 4.1.10. Note that the orientations of b and b* in bA;S, and u;4,b* are uniquely deter-
mined by 4, and A,.
Example 4.1.11. Assume d = 2,6 = 0. Denote by 4| =0, 1, = H and

u] :(Q’D’m), u] :(m’D’B)'
Define t; := u;4,uj, 1, := UAoU3, then we have

o X o X
.t — ___N_4 lower reductionofu} ¢ N _ 4 __
1= SUUUUIUIITS
o X
0 1 2 0 1 2
o X
t — __~N_ I upper reductionof uy  _ _ _§ _ N
2= AL
o X o X
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We can see that the extended graphs of u; and u, are equal, hence we can apply the surgery
procedure. We have

&/ &/
o X o X
N> N>
o X o X
~ ~

First we perform a single a cut (see (#.2.1))). Notice that in this case two circles are merged
to one, and since one of the circles is oriented clockwise and another one - anticlockwise, we
orient the circle in the third diagram clockwise. Furthermore, since the rightmost vertices of the
circles coincide, we multiply the diagram by (—1)°. Finally, we cut the middle part and glue the
horizontal dotted line of the upper diagram with the horizontal dotted line of the lower diagram,
1.e collapse the middle part.

Therefore, we obtain t; *t, = t;. Similarly, we can show that t, *t; = t;, t;*t; = 0, L *t, = t,.

For a residue sequence i, consider the unoriented graph gjg;. It is symmetric around the
horizontal middle line. All the loops in this graph are either crossing the middle line, or come
in pairs as floating loops (i.e not crossing the middle line). In particular, every line segment
involved in an elementary move from u at each level [ € {1,...,d} has its mirror image at
the level 2d + 1 - L.

Definition 4.1.12. Let uds® € C,(6) with a graph g. Assume a line segment in g, involved in an
elementary move from atalevel [ € {1,...,d}, has its mirror image at the level 2d + 1 — [.
Then we call such a pair of segments partners.

We have the following proposition.
Proposition 4.1.13. C;(6) is a an unital associative algebra with multiplication described in

[Definition 4. 1.9 and unit
1= Z Z 8ig;,

ieTd A

where the sum takes over all the oriented graphs giAg; such that
e the loops crossing the middle line are oriented anti-clockwise;
e partners contained in strands or loops crossing the middle have the same orientation;

e partners contained in floating loops are oriented oppositely, and hence the pairs of float-
ing loops are oriented oppositely. EI

The main theorem of this section is the following.

The condition on partners reassures that all Verma paths that appear in the sum have the following property:
the extended graphs of the upper part and the reversed lower part are the same. Therefore, all elements in the sum
are idempotents.
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Theorem 4.1.14 ( [[17]], Proposition 5.3). The algebra C;(9) is a graded cellular algebra with a
cell datum given by

e A= Ed,

T(Q) := T4(Q),

A .
ag = SAt,

#(SAt") = tAs”,

deg(sAt*) = deg(s) + deg(t).

fors,teEd,/leA.

4.2 Surgery procedure

In this subsection, we describe the generalized surgery procedure for cap-cup pairs given in [[16].
We would like to stress that the surgery procedure is quite involved, but in this thesis, we will
only need rather simple cases.

Definition 4.2.1. Let A be a partition and i be an integer or half-interger. Define pos (i) to be the
number of A’s and V’s on the left of i in the diagrammatic partition corresponding to A including
the one at i.

Let u;4,0* and bA,S; be as defined in Definition[4.1.9] Pick a symmetric pair y of a cup and
a cap (possibly dotted) in the middle section of (u;4,5*)(bA,S;) that can be connected without
crossing rays or arcs and such that to the right of y there are no dotted arcs.

Now perform this replacement, called a single cut, forgetting orientations for a while, cut
open the cup and the cap in y and stitch the loose ends together to form a pair of vertical line
segments (always without dots even if there were dots on vy before):

A Y
iay ~

4.2.1)

Definition 4.2.2. All possible unoriented diagrams obtained after applying a finite number of
single cuts are called double diagrams corresponding to the pair (u;4,b*, bA,S;).

Since u;4,b* and bA,S; are fixed, we refer to these diagrams simply as double diagrams. Fur-
thermore for any double diagram D let V), denote the vector space with basis of all orientations
of the diagram D. To describe a surgery procedure, we need a linear map surgy, ,, : Vp — Vp,
called a surgery map, where D is a double diagram and D’ is some single cut of D. But before
let us outline the surgery procedure.

We start from (u;4,6*)(bA,S;) and each time we perform a singe cut, we apply to it a surgery
map corresponding to its diagram and the single cut. We compose these maps until we reach
a situation without any cup-cap-pairs left in the middle part. It is very important, that at each
step, the obtained diagram is admissible, i.e each dot on the oriented diagram can be connected
to a wall E] without crossing a diagram. That is the result of the multiplication of (u;4,;b*) and

ZRecal the notion of the wall defined in Section
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(bA,8,) will be a linear combination of oriented diagrams where the underlying shape is just
obtained by applying (4.2.1)) to all cup-cap pairs (see Example below).

Now let us define the surgery maps. The definition of the map surg,, ,,, depends on whether
the number of components increases, decreases or stays the same when passing from D to D’".
There are three possible scenarios:

(1) Merge: two components are replaced by one component, or
(2) Split: one component is replaced by two components, or
(3) Reconnect: two components are replaced by two new components.

To define the surgery map surg,, ,, attached to y denote by i the left and by j the right vertex of
the cup (or equivalently the cap) in y. Depending on these numbers i < j we define surg, 5, on
the basis of orientations of D:

(1) Merge: Assume components C; and C, are merged into component C.

(a) If both are clockwise circles or one is a clockwise circle and the other a line, the
result is zero.

(b) If both circles are anticlockwise, then apply (4.2.1)) and orient the result anticlock-
wise.

(c) If one component is anticlockwise and one is clockwise, apply (4.2.1)), orient the
result clockwise and also multiply with (—1)%, where a is defined in (4.2.2)).

(2) Split: Assume component C splits into C; and C; (containing the vertices at i respectively
J). If, after applying (@.2.1)), the diagram is not orientable, the map is just zero. Hence
assume that the result is orientable, then we have:

(a) fC is clockwise, then apply (4.2.1)) and orient C; and C; clockwise. Finally multiply
with (=1)P*?(=1)%, where pos(i) = pos, (i) ( which also equals pos, (i)) and g, is
defined in (4.2.3)).

(b) If C is anticlockwise, then apply and take two copies of the result. In
one copy orient C; anticlockwise and C; clockwise and moreover multiply with
(=1)Ps@D(=1)%; in the other copy orient C; anticlockwise and C; clockwise and mul-
tiply with (=1)P*?(—=1)%, where g, and a; are defined in (#.2.4).

(3) Reconnect: In this case two lines are transformed into two lines by applying (.2.1). If
the new diagram is orientable, necessarily with the same orientation as before, do so,
otherwise the result is zero.

For a component C in an orientable diagram D obtained by the above procedure we denote
by t(C) the rightmost vertex on C. For two vertices r, s in D connected by a sequence of arcs let
ap(r, s) be the total number of undotted cups plus undotted caps on such a connection. (In fact,
the pairity of this number is independent of the choice of the connection, see [[16, Remark 5.8].)

Then the signs are defined as follows: in the merge case in question

a = ap(t(C,), t((C)), (4.2.2)
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where C, (r € {1, 2}) is the clockwise component (necessarily a circle); and for the split cases
a, = ap(r,t(C,)) + u, 4.2.3)

where r € {i, j} such that C, does not contain t(C) and # = 1 if y is undotted and u = 0 if it is
dotted. Finally

a = an(j, t(Cj)) and a; = aD/(i, t(Cl)) + u, (424)
where u = 1 if y is undotted and u = 0 if  is dotted.

Remark 4.2.3. Let us recall [Example 4.1.11} and discuss some of the important features of
the surgery procedure. Notice, when we apply the surgery procedure to u;A;b* and bA,S,, only
the part that contains the upper reduction of u;, denoted by a;, can be changed, the rest of the
diagram stays the same in all steps of the procedure. Similarly, only the part that contains the
lower reduction of s,, denoted by a3, can be changed, the rest of the diagram stays the same.
For example, in [Example 4.1.11} the cup of t; and the cap of 75 were not affected during the
procedure. Furthermore, if we denote by UAS™ := U; 48] * U»4,S3, then u has the same extended
graph as u;, and s has the same extended graph as s;. Therefore, the determine uAds®, it is
enough to determine new orientations for the part of the graph of uds* that contains a; and a.
To this end, we can only apply the surgery procedure to a;Ab* and bAa,. In the following, we
will only illustrate the "essential” part of the surgery procedure, and work with a;Ab* and bAa,,
instead of illustrating the whole Verma paths.

Remark 4.2.4. Please find numerous examples of the surgery procedure in Appendixes[9.249.5]
where we also only illustrate the "essential" part for the calculations (we will give more details
later).

The following examples are taken from [16]. For simplicity, we assume that the first coor-
dinate of the leftmost vertex is 1/2E] (and hence ¢ is odd). Recall Examples 2.2.7} to see
how these type of shapes can appear in a;Ab* and bAa,.

Example 4.2.5. The following example illustrates that the result does not depend on the order
we choose for the cup-cap-pairs. Indeed, in the first step, we are in the case (1.b), i.e. merge two
anti-clockwise circles and obtain one anti-clockwise circle, denoted by C. In the second step,
we are in the case (2.b), i.e. we split the diagram. Let us assume we follow the "upper case",
i.e apply surg, . Then, we have i = 1/2, j = 3/2. Furthermore, pos(i) = I, a; = 1 +1 = 2,
a; = 1. Hence, in the copy where C; is clockwise, with multiply with (-1), in the copy where
C; is anti-clockwise with multiply with (=1)° = 1.

Now assume we follow the lower case, i.e apply surgg, . Then, we have i = 5/2, j = 7/2.
Furthermore, pos(i) = 3, a; = 0 + 1, a; = 0. Hence, in the copy where C; is clockwise, with
multiply with (=1)° = 1, in the copy where C; is anti-clockwise with multiply with (=1).

3This will allow us to calculate pos(i) in the formulas.
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Notice that we multiply two degree 1 elements resulting in a linear combination of degree 2
elements.

Recall that we only defined the surgery maps for admissible diagrams, not all surgery maps
in the next example are formally defined. Nevertheless it illustrates what goes wrong if one
would ignore the admissibility assumptions and define the surgery in the "obvious" way.

Example 4.2.6. In these examples we illustrate that the admissibility assumptions are really
necessary to get a well-defined multiplication. Namely, we apply the surgery maps formally
even if the obtained diagram is not admissible. One observes that the two maps differ exactly
by a sign
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The one can find more examples in [[16, Section 6.3]

4.3 The isomorphism between B,;(6) and C;(9)

The main theorem of this section is the following.

Theorem 4.3.1. [17, Theorem 4.3] There exist an isomorphism ®¢ : C4(6) — By(0) of (un-
graded) algebras C;(0) and B;(6). Therefore, the Brauer algebras are graded cellular algebras.

As we mentioned before, the proof of the theorem above is very complicated even in case
d = 2 and consists of few steps. The idea is to connect a certain level 2-cyclotomic quotient
of VW-algebra with a bigger algebra containing Verma paths and then to realize the Brauer
algebras as idempotent truncation of that cyclotomic quotient.

Let us also state the following result, which will be used later.

Proposition 4.3.2 ( [17]], Proposition 4.6). The isomorphic image of Gelfand-Zetlin algebra £,
is generated by Verma paths with graphs gg;, where i € T

Now let us consider the case d = 2.
Example 4.3.3. Assume d = 2. Then we have Ez ={A =0, :=17,43 := H }. Denote by
up=@.00.0) u=0.0.00) us=0.0.)
Then, the basis of C,(9) is given by
{t == Ul b i= U hus, s 1= Us AUy )
Furthermore, we have
degt; = 20ps, degt, =degt; =0.

Recall the notations from [Example 2.4.9] The following is the consequence of the Theorem
above.

Theorem 4.3.4. There exist an isomorphism ®¢ of (ungraded) algebras B,(6) and C,(6) given
by
Oc: By(6) — C2(6)
s — ot +t —ts, (431)
e — ot + 50,5t1 .

“Here 6. is the Kronecker-Symbol.
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Proof. Using calculations given in[Example 4.1.11} it is easy to check that @ is a well-defined
algebra homomorphism. Furthermore, since both algebras have dimension 3, we obtain that @,
is an isomorphism.

Remark 4.3.5. Using the formulas from we can easily check that we have the
following

Oc 1 By(9)

€1

C2(9)
t
t
€

4.3.2)

€2
€3

L1111
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Chapter 5
KLR grading on B;(0)

In this section we follow the paper by Li [33]], and recall his construction which gives another
tool to study non-semisimple Brauer algebras.

5.1 KLR-grading on S,

Before defining G,4(6), we recall the KLR presentation of the group algebra of symmetric group
S givenin [8].

Definition 5.1.1. The cyclotomic Khovanov-Lauda—Rouquier algebra, R, is the unital associa-
tive C-algebra with generators

Wiy Wa) Uy, .oyad Uled) | i€z}
and relations

e(e(j) = de(i), Siezse(@) = 1, e = 0,
yre(d) = e(d)y,, Yre@) = e(s Dy, VrYs = YsVrs
Urys = ysr, ifs#rr+1,
l//rl//s = t//swr, ifll"— S| > 1’
. A+ De(i), ifi, =i,
lﬁr)’r+1€(l) = (y l// . . . +
yr‘//re(l)’ if Ir # Lryl
. ( rYrt 1)€(i), if ir = ir s
yr+l¢’re(l) = Ve . cp . . o
l//ryre(l)’ if L F Lt
07 lf ir = ir+1,
€(i), if ir * ir+l + la

yre() = Lo
(yr+l - )’r)e(l), ifi g =i +1,

(yr - )’r+1)€(i)’ ifi =i -1

(wr+lwrlpr+l + 1)€(i), ifin =i, =104 —1,
l//rl//”'l'?l”’e(i) = (l//r+1¢’rwr+1 - 1)€(i), if ir+2 = ir = ir+1 + 1,
et ire(i), otherwise.

fori, j € Z and all admissible r and s.
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Moreover, R, is naturally Z-graded with degree function determined by
=2, ifi; =i,
dege(i) = 0, degy, =2 and degye(i) =10, ifiy #igq 1,
1, ifig=1igq 1,
forl<r<d,1<s<dandieZ
Theorem 5.1.2 ( [8]]). We have R; = CS ,.
Remark 5.1.3. Similar presentation holds RS ;, where R is a field of characteristic O (see [8]).

The first cellular basis for CS,; was constructed by Murphy in [36]]. Later in [23]], Hu-
Mathas constructed a graded cellular basis for CS,, and hence showed that CS,; is a graded
cellular algebra. Let us recall this basis.

Suppose A is a partition and t € Std(1). We consider t as an up-down tableau for 6 = 1. Let

i=(,...,i,) € Z" be its residue sequence.
Let t* € Std(12) be such that t* > t for all t € Std(1) (see [Example 2.1.14) and let i, =
(i1, ..., i,) be the residue sequence of t*. Furthermore, for any t € Std(1), let d(t) € S, be such

that t = t'd(t).
For w € §; define
Y =Y, .. Wi, €ERgand Wy, =Y, L € Ry,
where w = s; s, . .. s;, 18 the reduced expression of w.
Definition 5.1.4. Suppose A is a partition and s,t € Std(1). Define
Ve = Waee@Waw € Ra-
Theorem 5.1.5 ( [23]], Theorem 5.14). We have
(YR | s,t € Std(2) for A € Par, }

is a graded cellular basis of R,.

5.2 The algebra G;(9)

The definition of the algebra G,() is similar to Definition [5.1.1] but uses more relations/cases
and requires more notation. One could skip this part and have just a brief glance on Definition
[5.2.4] Please see also Section[5.4]for the detailed description of G»(9).

Recall I = % + Z. Now we define a mapping A : IY — Z which divides I¢ into three
mutually exclusive subsets. We will use this division to determine the relations and the degree
of generators of the graded algebra G,(9).

Suppose i = (i}, is, .. .,i;) € I¢ and k is an integer with 1 < k < d. We define

(@) = 6, s +#{1 <r<k-1|i,=—ix1}+2#{1 <r<k-11]i =i}
=0 —#{l <r<k-1li, =1} =28{1 <r<k-11i,=-i}.
Definition 5.2.1 ( [33]], p. 10). Let A be a partition. We define the A-signature and A-residue of
a box a in the following way
0, ifaeAQ),
1, ifaeR),

res(a), if @ € A(),

sign, (@) = { —res(a), if @ € R(1),

and res,(a) = {
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and for any i € I, denote AR, (i) = {@ € AR(Q) | res (@) =i }.

Recall T¢ C I is the set containing all the residue sequences of up-down tableaux. The key
point of /(i) is the following lemma proven in [33, 3.4 - 3.6], which explicitly expresses the
connection of i and the construction of A.

Lemma 5.2.2 ( [33]], Lemmas 3.4 - 3.6). Suppose i € I? such that i|,_, is the residue sequence
of some up-down tableaux with shape (A, f). Then we have the following properties:

(1) (i) = AR (—ip)l — | AR (i),

(2) ifi € T then h(i) € {-2, 1,0},

(3) ifi € T? and iy = O then (i) = 0,

(4) ifi€ T and iy = +1 then h() € {-1,-2).

Remark 5.2.3. For givent € ng(i) and A = t,_; where 1 < k < d, the value of /(i) uniquely
determines | AR ;(£#;)|. Since | AR, (ix)| > 1 asiis the residue sequence of t and 0 < | AR (—iy)|+
| AR, (ix)| < 1 by the construction of up-down tableaux, we have

(0,2), if k(i) = -2,
(AR (=il | ARG = 1 (0, 1), if (i) = -1,
(1,1), if k(i) = 0.

Define I{,, I{ _ and I}  as subsets of I by

k,+>°
1 1
1,;{+ ={iel’|i #0, -3 and A, (1) = 0, or iy = -3 and i (i) = —-1}. (5.2.1)
1 1
II_={iel’|i#0, ) and k(i) = =2, or i = ) and (i) = -3}, (5.2.2)
Iy =1\, v ). (5.2.3)

Hence we split I into three mutually exclusive subsets. These subsets will be used in
defining the degree of e(i)e.e(j) in the graded algebra.

Forie I¢and 1 < k <d — 1, define a,(i) eZandAi’l,A}c,z,A}(ﬁ,
) =#{1<r<k-1|i,=@}+#{1<r<k-1]|i =-i}

+#{1<r<k=11i=i—1}+#{1 <r<k=11i, = (k= 1)} + 60 + 6 o1,

A}{A c{l,2,...,k—=1} by

and
Ay ={1<r<k-1]i,=-ig£1}, Al = {1 <r<k—1li =i},
Ay i={l1<r<k-1li,=ix1}, A=l <r<k—11i=—i);
andforie],‘ioandlSksd—l,deﬁnezk(i)eZby
0, if b (i) < =2, or h(i) > 0 and i, # 0O,
4@ = (DO +6, ), it ~2 < (i) <O,
Len® if i, = 0.

2
Now we can give the main definition of this section.

Definition 5.2.4 ( [33]]). Let G4(9) be an unital associate C-algebra with generators
{e() |ie YU {w |l <k<d}U{y;|l<k<d-1}U{g|l<k<d-1}

subject to the following relations:
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(1) Idempotent relations: Leti,j€ I¢and 1 <k <d — 1. Then

6. s-1
y, e =0, Z e(i) =1, e(e(j) = o e(i), e(Dg = 0if i + ixyy # 0;
ierd
) (5.2.4)

(2) Commutation relations: Leti € 14,1 <k,r <d—1,1<[,m <d, such that |k —r| > 1 and
|k =] > 1. Then

yie(d) = e(i)y;,  yre(d) = e(i-spi Vi¥m = Ymdis Wik =y, (5.2.5)
Vi€ = &Y, U = Y, Vi€ = €y, &€ = 6.  (5.2.6)
(3) Essential commutation relations: Leti € I¢ and 1 < k <d — 1. Then
ey = e(DWyrs + e(Dee(i-si) — 6, ., €(d), (5.2.7
e(yiyr = ey + e(Dee(i-si) — 0y, (). (5.2.8)

(4) Inverse relations: Leti € I¢and 1 <k <d — 1. Then
Vke1 —ywe(), if iy =i + Land iy + iy £ 0,
- i), ifix=i—landiz+i 0,
ey = Vk = Yrse(d) 1 l.k l‘k+1 .an .lk k1 # . (5.2.9)
0, if iy = igyq Orix + ixy = 0and hk(l) # 0,

e(i), otherwise;

(5) Essential idempotent relations: Let i, j,k € I?and 1 <k < d — 1. Then

eligeti) = | D . i T and iy = i # 27
(=D D (3 = yoe(d), ifielf;
(5.2.10)
Yisre(d) = yee(d) — 2(=1)"*Ve(i)ee(i)yy
. 1
= yee(i) — 2(=1D)* Dy e(i)ece(i), ifi€l{)andi; = —ify = 5
(5.2.11)
e(i) = (=) Ve(i)ee(i) + 2(-1)"* ' Ve(i)ee(i)
1
- e(i)ek_leke(i) — €(i)6k6k_1€(i), ifie Ilf,O and —ij_| = i = —lgy = —5,

(5.2.12)
e(i) = (-1)*De(i)(eyr + yree(d), ifiel{_andii=—i.g,  (5.2.13)

z(e(j)ee(k), ifie I,‘io,

DO +6. 1 vedi V=2 Qi Vrs

e(jece(i)ee(k) = DT+ 6y ) ey 7 = 22 Mo o (52.14)

+ ZreAkz yr—2 ZreA}{A ye(eek), ifiel; ;

0, ifie I,i{_,

(6) Untwist relations: Leti,j€ /¢and 1 <k <d - 1. Then
—1)xWe(j j), ifiel? andi, #0,-1,
e(yree(j) = DT e@acm, i o ANCH #%7 (5.2.15)
0, otherwise;
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ehentieliy - {(—1)“k(i)e(j)eke(i), ifi € I, and ix # 0,3, (52.16)
0, otherwise;
(7) Tangle relations: Leti,j € I“and 1 < k < d. Then
e(jecer-1yre(i) = e(ei-1e(i), eyre-1€e(j) = eDi-16e(j), (5.2.17)
e(Dee-16e(j) = e(i)ee(j); e(De-1e6-1€(j) = e(Dg-1e(j);  eDee(i)(yk + yir1) = 0;
(5.2.18)
(8) Braid relations: Let By = ¥y — Y11, i € I and 1 < k < d. Then
e(erer—1e(i-siSi—151), if iy + iy = 0and iy = =(ix — 1)(5.2.19)
—e(D)ee_1e(i-SpSp—15¢), if iy + iy = 0 and i = =i + 1)45.2.20)
e(i)eg_ee(i-spSk—15¢), if iy + i = 0and iy, = £(i, — 1),5.2.21)
—e(i)e_1ece(i-5pSe_15¢), if iy + i =0and iy, = £(i, + 1),5.2.22)
(=)™ Ve elsisi1s0),  if i1 = —ix = i1 # 0, £1 and h((5223)
e)Br = { (D" Ve e e(i-spsi151), ifir_y =—ig =i 0, i% and h;_(GR229)
e(i), iy + i iy + iratyix + igag 2 0
and i1 = ixq = i — 1(5.2.25)
—e(i), iy + i iy + igatyix + igay 2 0
and i1 = i1 = i + 1(5.2.26)
0, otherwise. (5.2.27)

The algebra has a natural grading with dege(i) = 0, degy, = 2, dege(i)ge(j) = deg, (i) +
deg,(j), where

1, ifiEI;é_'_, 1, ifik:ik+1i 1,
deg,(i) = ¢-1, ifielf, and dege(y, =3-2, ifiy = ir, (5.2.28)
0, ifie IZO; 0, otherwise;

Remark 5.2.5 ( [33]). There exists an involution * on G4(6) such that e(i)* = e(i), y; = .
Yr=y,ande =¢forl <k<dand1<r<d-1

Lemma 5.2.6 ( [33], Corollary 5.29, Lemma 7.13). We have the following
e c(i)=0ifig T
o e(Dye(i) = 0ifix = ixs1 = 0.

Remark 5.2.7. Notice that since, e(i) = 0 for i ¢ T¢ we have only finitely many generators.
Moreover, since for any i € T¢, e(i) is an orthogonal idempotent and Y ;.. e(i) = 1, it is enough
to work with the following generators

o (i) forig T,
o ¢(i)y, = e(i)ye(i) fori ¢ T s =1,...,d (since ye(i) = e(i)y,),

o c(y, = e(i),e(i-s,) fori¢ T r=1,...,d -1 (since y,e(i) = e(i~s,)l,//,),EI

1 . e . . ..
Where LS, = (ll, e =1 Ut Uy lr+2)-
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o ¢(i)ee(j) fori,j € T such that i, + i.,; = j, + j41 (since e(i)e, = 0if i, + i, # 0).

Remark 5.2.8. There is also a diagrammatic presentation of G;(5). We associate to each gen-
erator of G,4(0) the following diagrams on 2d dots:

I . g TR N N
o=1]] -] = »o=TTT{]]]
{11 w1121
é
fori = (iy,...,ig) € IYj = (jis..onju) € 19,1 < s <nand1 < r < n-1. The

labels connected by a verticle string have to be the same, and the sum of labels connected by a
horizontal string equals O (see relation[5.2.4]).

Diagrams are considered up to isotopy, and multiplication of diagrams is given by concate-
nation, subject to the relations (5.2.4) - (5.2.27). This diagrammatic presentation will not be
used in this thesis.

In [|33]], Li generalised the construction of the set { lpf{‘ | 5,1t € Std(A) for A € Par, } and showed
the following

Lemma 5.2.9 ( [33]], Definition 4.9, Lemma 4.10, Remark 5.31). Let A € Ed, s,te Tzd(/l). Then
there exist a homogeneous element Y, € G4(9), such that for any i, € I, we have

 ifizicandi =i,
ey = Vo0 V=T and i =k
0, otherwise.
Furthermore, the set { wft" | s,t € Std(Q) for A € Par, } spans G 4(9).
Moreover, he have the following.

Theorem 5.2.10. /33| Theorem 7.77] The algebra G 4(0) is graded cellular algebra with a cell
datum is given by

o A= Ed,

T(Q) := T4 (),

A . A

* ast T Vst

deg yd, = deg(s) + deg(t)
(W) = Vs

fors,t € Bj,A€A.
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5.3 The isomorphism between B,(6) and G,4(0)

We have the following, which was proved by using the theory of semi-orthogonal forms to
define a new presentation of B;(0).

Theorem 5.3.1. [33, Theorem 7.76] There exist an isomorphism ®¢ : By(0) — G4(06) of (un-
graded) algebras G ,(0) and By(0). Therefore, the Brauer algebras are graded cellular algebras.

Furthermore, we have

Proposition 5.3.2 ( [33]], Section 6.1). The isomorphic image of Gelfand-Zetlin algebra £, is
generated by e(i) and y, ..., ys wherei € T

54 G(0)

In this section we give a rather informal explanation of the structure of G,(6). All results in this
Section are consequences of the previous Sections.

Letd =2, recall I = % +Zandi = (i, iy) € I>. We have

h](i) = 61‘1’_% - 61’1,ﬂ

(S

hZ(i) = (51'2,—% + 5i2,(—i1i1) + 26i2,i1 - 51'2,‘7;71 - 5i2,(i1i1) - 25[2,—i1

a/l(i) = 6i1,0 + 5[1’%9

We have
1 1
112’+ = {i S 12 | il * O, —E and l’l](i) = O, or il = —E and l’l](i) =-1 } . (541)
1 1
If’_ ={iel’|i #0, ) and h;(i) = -2,0ri; = ) and (i) = -3}, (5.4.2)
Io:=P\UI;, VI ). (5.4.3)
Define z;(i) € Z by

0, if 7 (i) < =2, or 2y (i) = O and iy # 0,
) = {D"PA +6, _y), if -2 <) <0,

1+(=1)21® o
Ll if i = 0.

Definition 5.4.1. Let B,(6) be an unital associate C-algebra with generators

fe() i€ PYU{y,y,p,€)
subject to the following relations:

(1) Idempotent relations: Let i, j € I?. Then

0. s-
ylll'Tle(i) =0, Z e(i)y=1, e()e(j) = 0i;e(i), e()e=0if i, +ip #0;

icl?
(2) Commutation relations: Leti € I,/ = 1,2. Then

yie(d) = e(i)y;, ye(i) = e(i-s)y Yiy2 = 2y
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(3) Essential commutation relations: Let i € I¢. Then
e(Dy1y = e(yy, + e(ee(i-s1) — 6;, i, e(d),
e(yyr = e(Dyy + e(Dee(i-s1) — 6;, i, e(d).
(4) Inverse relations: Leti € I¢. Then
(v —ype(i), ifij=i+1landi; +i #0,
(1 —ype(), ifiy=i—landi; +i, #0,
0, ifiy =i ori; +i, =0and h;(i) #0,

e(i), otherwise;

e(iy’ =

(5) Essential idempotent relations: Let i, j, k € I¢. Then
(1)1 De(i), ifiel? andij =i, # =1,
(=D (v = yy)e(i), ifiel?;

1,+°

e(iee(i) = {

ya2e(@) = yre(i) — 2(=1)" Ve(i)ee(i)y,
i 1
= yie() - 2(-1)" Yy e(i)ee(d),  ifiel}jandi; = —i, = >
e(@) = (=) Ve(i)(ey;, + y €)e(i), ifiel!_andi, = —i,
zi(De(jeek), ifiel?

1,0°
2 o2
0, ifie IL_ orie ILJr

e(j)ee(i)ee(k) = {

(6) Untwist relations: Let i, j € 1. Then
eypee() = {(—1)"1(i)e(i)ee(j), ifierd andij#0,-1,
0

, otherwise;

(=11 De(j)eed), ifie If,+ and iy # 0, -5,
0, otherwise;

e(j)eye(i) = {

(7) Tangle relations:
e()ee(j)(y1 +y2) =0
Corollary 5.4.2. The following immediately follows from the definition
(1) e(i)=0ifi, # S (rel. 1.1)

(2) yie(i) =0ifi, = %, and hence y; =y % 1 = Ycp yie() = Z(%,iz)yle(%,iz) =0, (rel.

1.1)
(3) e(i)e = 0 unless iy = —ip = 57, (rel. 1.4)
(4) we() =0 unless iy =i, = % (rel. 2.2)

(5) 0= e(%5H, 5y + e(P5, Fhee(P5H, 551 = e(5H, 550), (rel 3)
o (%5 Sy = e(P5 5, if 6 # 1

(6) e(%5H, Shyys = e(55H, S ya (rel 3)

(7) e(iyy* =0 (rel. 4)
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(8) e(i) = 0 unless i is one of the following (rel. 4.4

)
)

[ ]
CI>)
—_

_1+
1_

7 7
(B ]

1
1

b
b

[
~ A~~~
SN IS
[ S R N
—_ =
-
I\Jalql\-)
Olv»—

|oq
[\8)
-

|
N
N—’

—
—_

.
(9) we have
e h(i) =0ifd =1, otherwise hy(i) = —1
. Ii_ﬂ{ %,a)lael}:(b
e I}, N{(F.a)lacl}=0if6#0

o f . N{(GF.a)lacl}=((5a)lacl}if6=0

(10) e(%, %) = Q unless 6 = 1. Indeed, if 5 # 1, then using (rel. 2.1), (rel. 2.3), (rel. 4) and

(5)
6-16-1

272

0—1 6—1)
272

0= (el W)’ = e

(11) ¥ = 0.

It follows from (10) that we only need to show that ye(0,0) = 0. Indeed, we have
a1(0,0) = 0. From (rel. 5.1), we obtain e(0,0)ee(0,0) = e(0,0). Hence, from (rel.
6), we have (0,00 =0

Lemma 5.4.3. Assume 6 = 0, then we have

e (i) =-1,

a(i) =1,

112’4_ N {(%761)} = {(_1/2? 1/2)’ (_1/25 _3’2)}

71(=1/2,1/2) = =2 and z;(i) = —1 otherwise

Lemma 5.4.4. Assume 6 = 0. Then B,(0) is generated by
11 1
€y = e(_§7 5)’ €3 = e(_ia _5),))2’ €,
with relations

(1) ex+e3=1,

(2) eze; = ee3 =0, eie; = e; fori =2,3,

(3) eze =0,
(4) y2e; = ey,
(5) y2e3 =0,

2Very important relation which shows that there are only finitely many nonzero e(i).
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(6) eree; = yre,
(7) exeeree, = 0.

Moreover, dege, = dege; = 0,degy, = 2,degeree, =1+ 1 =2.

Theorem 5.4.5. Assume 6 = 0. There exist an isomorphism ®g of (ungraded) algebras B,(0)
and G,(0) given byE]

O : G2(6) — Ba(9)
€ | — €]
k) [ — €1 (544)
() | (%)
€3 | €3

Therefore, we can see the following

Theorem 5.4.6. Assume 6 = 0. There exist an isomorphism © of graded algebras G,(6) and
C»(0) given by

Qg : G2(6) — (C1(0)
() > t2
es +— b (54.5)
€ L t1
2 o

Let us carefully look at the Verma paths in the image. We can notice that e, and t, (respect-
fully, e; and t3) are both idempotents and the both correspond to the same residue sequenceﬂ
(-1, %) (respectfully, (—%, —%)). Furthermore, if the one considers also other values for o‘ in
case d = 2, the one can notice that € corresponds to the Verma patkﬂ, where we add and then
remove a box (for d = 2). Moreover, the one also can guess that y,e(i) either is zero or an
idempotent with a circle with a reverse orientation.

The one can guess from this map and some other cases (for small d), that there might exist
an explicit isomorphism between G, () and C,(6). In the following Chapter we prove this result.

3Recall the notation from [Example 2.4.9

4The graph of the upper part and reversed lower part corresponds to this residue sequence.
3 Another interesting case is & = 2.
“Up to a sign.
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Chapter 6

Graded isomorphism between C;(6) and
G 4(0)

In this section we define elements &(i), ¥,, ¥, & € Cy4(6), wherei€ T, 1 <r<d,1 <k <d-1,
as a non-trivial linear combination of basis elements and prove the following main theorem.

Theorem 6.0.1. The map ®© : G,(6) — C,4(0) determined by
e(i) — e(i), Yr = Y, Ui = U, € > &,

wherei € T4 1 <r <d,1 <k <d-1, is an isomorphism. Moreover, for any homogeneous
element u € G4(6), we have degu = deg ¢(u).

The results obtained jointly with Li and Stroppel.

6.1 Generators of C;(0)

In this subsection we construct elements &(i), ,, ¥, & € Cq(0), wherei € T 1 <r<d,1 <k <
d-1.

6.1.1 Preliminaries

As we mentioned above, the elements &(i), y,, ¥/, & are linear combinations of the basis ele-
ments, but the signs in the combinations are quite complicated and depend on the graphs of the
basis elements. In this subsection we define few parameters which will help to determine these
signs.

Leti € T9and 1 < k < d. We call the pattern of graph i at level k as k-pattern. F_] One can
see that a pattern is in one of the following forms (in the topological equivalent of the graph):

(1) as a part of a vertical strand:

Lpattern patternJ

'More precisely, k-pattern is the elementary move from [Definition 2.2.23|that appears between levels k — 1 and
k.

54



(2) as a part of a horizontal strand:

rp:mernW LpatternJ

Cpattern: :pattern:

(3) as a part of a loop:

Definition 6.1.1. We say a pattern is bounded if the strand or loop containing the pattern is
bounded by a horizontal strand, or a loop.

rpatternw Cpatternz

Definition 6.1.2. Define b,(i) to be the number of strands or loops bound the k-pattern of i.

Example 6.1.3. Suppose the graph of i is

level m
level ¢

level r
level k

Then the numbers of strands or loops bounding the patterns at level k, r, £ and m, respectively
are 2, 1, 1 and 0. Hence we have b;(i) = 2, b,(i) = 1, b,(i) = 1 and b,,(i) = O.

Definition 6.1.4. Let the k-pattern belong to a horizontal strand which connects to the bottom

line on both sides, i.e.
rpatternj

The right strand is the part of the strand on the right side of the pattern. In the following graph
the dashed strands are the right strandsﬂ

rpattern- on., :‘~--patternj

The k-pattern itself is a part of the right strand if and only if the k pattern is of the form
~ or \

Example 6.1.5. In the following graph the dashed strands are the right strands:

k-pattern k-pattern

2See Examples , , to see how can these typo of shapes appear.
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Definition 6.1.6. Suppose i is a graph. For 1 < k < n, define d,(i) such that

(1) If the k-pattern belongs to a horizontal strand which connects to the bottom line on both
sides, then define d;(i) to be the number of dotﬂ on the right strand attached to the k-
pattern of i.

(2) In the rest of the cases, define d(i) = 0.

Remark 6.1.7. Here we are using (an extreme) abuse of notations to significantly simplify the
explanations and proofs. Notice that d;(i) does not only depend on i (i.e. graph, see
lary 2.2.14), but rather on the dotted graph of a Verma path. Recall from the discussion before
[Corollary 2.2.19|that if ¢ is odd, then the dotted graph can be "recovered" from the graph. But
if ¢ is even, it might not be possible to do. Therefore, technically it would be more correct to
write di(t) or dk(gf"”), where t is a Verma path with a residue sequence i, and gf”’ is a dotted
graph of the t. But instead let us clarify our notation and show how it will be used.

Assume uds* € C4(0) is a basis element of C;(0), such that u has a residue sequence i. Then

(-D)*Vuas* := (-1)*Wugs.
Furthermore, if u; 4,8}, Ux4,8; € Cy(6), are two basis elements of Cy(6), such that u;, u, have a
residue sequence i, then

(=D DU A;8] + updysy) i= (=D A8t + (=14 Du, 2,85,

Definition 6.1.8. Suppose iis a graph and 1 < k < d. Define my (i) = b;(i) + di(i).

Remark 6.1.9. Continuing the previous remark, we set
(—1)mk(i)(ul/118T + UZ/IZS;) = (_1)(dk(ul)+bk(i))ul/lls’i‘ + (_1)(dk(U2)+bk(i))u2/123;.

Definition 6.1.10. Suppose i is a graph and 1 < k < d. Define pos, (i) to be the number of A’s
or V’s on the left between level k — 1 and level k if i; # 0, and pos, (i) = 0 if i = 0.

Example 6.1.11. Suppose the graph at level k — 1 and k of graph i is
XOVYVeoeoeoonn
[ A
The number of A and V’s on the left between level k— 1 and level k is 6, and hence pos, (i) =
6.
Example 6.1.12. In we have pos, (i) = 6

e pos,(i) =1,

e pos;(i) =0,
e pos,(i) =1,

® posy(i) = 0.

3Please compare this with the number of (additional) marks on the extended graph
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6.1.2 The elements é(i)’s and V;’s

Before defining elements &(i), y,, Y, & € C4(d), in this and the following two subsections, we
construct auxiliary elements of C,(6) to simplify the construction. Up to some signs, these ele-
ments will give us desired generators.

Assume i € I?. Recall |C0r011ary 2.2.14[ Consider the unoriented graph g;g;. It is symmetric
around the horizontal middle line. All the loops in this graph are either crossing the middle line,
or come in pairs as floating loops (i.e not crossing the middle line). In particular, every line
segment involved in an elementary move from (2.2.1)) at each level [ € {1,.. ., d} has its mirror
image at the level 2d + 1 — [; we call such a pair of segments partners.

Let us define elements é(i) € C,4(5) as follows
Definition 6.1.13. Let

(6.1.1)

. > gidg;, ifieTq,
e() = Y.
0, ifigT¢,

where the sum runs over all the oriented graphs gjAg; such that
o the loops crossing the middle line are oriented anti-clockwise;
e partners contained in strands or loops crossing the middle have the same orientation;

e partners contained in floating loops are oriented oppositely, and hence the pairs of floating
loops are oriented oppositely.

In the rest of this paper we only consider i € T", since otherwise é(i) = 0.

Lemma 6.1.14. The elements é(i) are homogeneous of degree zero.

Proof. First, notice that by definition all cups in the upper part and caps in the lower part do
not give any contribution to the degree. Furthermore the floating loops appear in pairs whose
degree cancel each other. Finally the loops crossing the middle line are of degree zero by
assumption.

We define analogues of the degree two elements y.e(i) € G4(0) from [33] as follows:
Definition 6.1.15. Let
.200) {Z 18i8 € Cy(6), if the pattern at level k of the graph gig; is contained in a loop,
YieQl) =

0, if the pattern at level & of the graph g;g!" is not contained in a loop,
(6.1.2)
where the sum runs over all the oriented graphs gjAg; such that

e the loop (or the pair of floating loops) containing the pattern at level k is oriented clock-
wise;

e all other loops crossing the middle line are oriented anti-clockwise;

e partners contained in strands, loops crossing the middle or pair of floating loops, contain-
ing the pattern at level k, have the same orientation;
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e partners contained in all other floating loops are oriented oppositely, and hence such pairs
of floating loops are oriented oppositely.

Lemma 6.1.16. Assume that ye(i) # 0, then deg y;e(i) = 2.

Proof. Immediately follows from since ¥; changes one anticlockwise circle to
one anti-clockwise circle which increases the degree by two.

Definition 6.1.17. Let u,s € B, of the shape A and t = uds™ with a graph g;. Let ¢ be some
connected part of the upper part of g; and assume it has a mirror image ¢’ in the lower part. If
the orientations of ¢ and ¢’ satisfy the conditions of the Definition [6.1.9] then the pair (c, ¢’) is
called inessential.

Furthermore, we call an essential part of a Verma path t = uAs* (respectively, graph g), the
topological equivalent of the diagram obtained by removing all inessential pairs of t (respec-
tively, gy).

Remark 6.1.18. The definition of the elements defined below and calculations connected to
them heavily depend on the essential part of a Verma path.

6.1.3 The elements &’s

In this subsection we define elements € whose definition, in particular, is motivated by the
degree & defined in (5.2.28). The construction will use a concatenation of two graphs (i) €
and € &(i) of the expected degree.

Suppose i € T¢ and iy + i1 = 0. At level k and k + 1 the graph of i is of one of the following
forms:

(1) Ifi, = 0

0~©0
EAN
00
PAN
0,~0
EAN
0,~0
EA
0,~0
X
o
X

X
o
X

pVe
3¢

3) IfikiOori%
o X o X X 0 o X w u
g % 2 38 9 g % 0%

Lemma 6.1.19. Suppose i € T¢. Then

(1) If iy =0, the k-pattern and k + 1-pattern of i is of one of the following forms:

I

(2) If iy = =

=
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(a) if deg,(i) = 1, the k-pattern and k + 1-pattern of i is of one of the following forms:

| \o/
o X o X
') ™

(b) if deg,(i) = —1, the k-pattern and k + 1-pattern of 1 is of one of the following

o X o X
O
o X o'

(c) if deg,(i) = 0, the k-pattern and k + 1-pattern of i is of one of the following
[¢] [¢] [e] [¢] [¢] o [¢] (e]
O S >
(3) ifix # 0 or i%
(a) if deg,(i) = 1, the k-pattern and k + 1-pattern of i is of one of the following forms:

w W
o X X O
e e

(b) if deg, (i) = —1, the k-pattern and k + 1-pattern of i is of one of the following

X0 o X
O
X0 oX

(c) if deg,(i) = O, the k-pattern and k + 1-pattern of i is of one of the following
o X o X
S g a7

Proof. This Lemma can be proved following the similar argument as the proof of
tion 3.3.3]

For a residue sequence i let us denote by i’ the following sequence
6—-1 o-1
i/ = (T’ _T$ ila iZa ey ik—l’ ik+2’ ik+3’ DRI ld) . (6'1'3)
In the following we assume that i’ € T,
Lemma 6.1.20. Suppose i € T¢ and V' is defined as above. By ignoring the dots, we have:

*

Case 1: Suppose k = 1 or 2 and 6 # 0. The graph of gig:

5 is symmetric and there are no loops
involving patterns of level 1 and 2.

Case 2: Suppose k = 1 and 6 = 0. The graph of gig;, is symmetric and are topologically
equivalent to one of the following forms:

OC

N\
_____ or _@_
M
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Case 3: Suppose k =2 and 6 = 0. The graph of gig;, is symmetric and topologically equivalent
to

Case 4: Suppose k > 2 and 6 # 0. When deg,(i) = 1, the graph of gig; is topologically
equivalent to one of the following forms:

@,

). @ (10). @ an. - a2 0.
(13). @ a4). _.O__ (15). . (16). .
© ©

(6.1.4)

When deg, (i) = O, the graph of gig;, is symmetric; and when deg, (i) = —1, the graph of
8ig; is symmetric, except at level k and k + 1 of g; there is an extra floating loop.

Case 5: Suppose k > 2 and 6 = 0. The graph of gig:, is essentially the same as in Case 4,

i/
except at level 2 and 3 of g;, there will be an extra floating loop.

Proof. Cases 1-3 are trivial. Before considering the Case 4, let us clarify our conventions.
The main goal of the following calculations is to check that the special elements defined below
satisfy the relations of G,4(9). Since in the algebra C;(6), in the most cases it is immediate to
determine whether the product of two basis elements is 0, we will define these special elements
in such a way that we will only need to multiply Verma paths which differ only in "certain" way.
Therefore, we will only indicate the topological equivalent of these parts, and only those ones
which are essential for the surgery procedure and for determining the signs. We will make it
clearer later.

Now let us discuss Case 4 when deg, (i) = 1. To obtain a graph of I, we cut from the graph
of i the levels from the levels k — 1 to k + 1 ﬂand glue the k — 1 level with k + 1 leve]ﬂ In this
case, we cut the part which is of the form (2b) in Therefore, we should consider
all possible cases of positions of the cap and cup that we cut. To understand which cases 1-16

“#Recall our notations from Section
31t is easy to see by drawing the graph of i’ and comparing with the graph of i.
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corresponds to which positions, we can notice the following. The upper part corresponds to
a graph with a residue sequence i, and the lower part - to i’. Hence if we "reverse" the upper
graph, we will see the essential parts the graph g;g;.. For example in (1), we will obtain a line a
circle, and if cup is on the line and the cap is on the circle, and we cut the levels k — 1 to k + 1,
we will obtain the figure in (1). Similarly, considering all possible cases, we can obtain the 16
cases, given above.

Remark 6.1.21. We evaluate the structures of g;g}’s in (6.1.4) by identifying the k and k + 1-
patterns in i contained in the loops or horizontal strands among the 16 cases. This result will
be used later when we multiply elements. We note that we will only consider the loops or
horizontal strands but not vertical strands. Note the k and k + 1-patterns in i are involved in
vertical strands in case 4 and 7. Hence we do not give any information in case 4 and 7.

kork+1 kork+1

l ! —kork+1
). m Q). N 3). O

k+1lork
Cork+ 1 k+1lork kork+1
or kK +
| l ' O<—kork+1
9). @ (10). - a i} (11). _@5—k+lork
k+1ork kork+1 kand k + 1 k+1ork kork+1

) |
(13). (14). O (15).

Definition 6.1.22. For every [/ € {1,...,d} such that [ # k, k + 1 define
® _ {Zd— L1, ifl<k,

) (6.1.5)
2d+1-1, ifl>k+1,

Consider the unoriented graph gig}, given by the pair (i,i’). It can be divided into pieces
8ig; = abcc*a’e”, where a is the part the level 1 to the level k — 1, b, is the part from the level
k to the level k + 1, c is the part from the level k + 2 to the level d, e” is the part from the level
2d — 1 to the level 2d, a* and ¢* are reverse Verma paths of a and c respectively. In particular,
gig; 1s not symmetric but has some partial symmetry. Namely, for each [ € {1,...,d} such that
[ # k,k+1, every segment at each level [ has its mirror image at the level [¥), we call such a pair
of segments partners. Furthermore, each loop in the upper half, that is not crossing the middle
line and does not contain the patterns at the levels k and k + 1, have its symmetric pair in the
lower part. We call them the pair of floating loops.
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kand k+ 1
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-0)-
O

kand k+ 1
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Definition 6.1.23. Define &(i) ‘€ f]

*ogidgh, ifig+i =0,
é(i)?k:{zlggiﬂgi/g 8i kT Litl 6.1.6)

, if I + g1 # 0,

where the sum runs over all the oriented graphs gjdg;, such that

e it corresponds to an up-down tableau t with t(2d -2) = (1, 1), t(2d—-1) = —(1, 1), 1(2d) =
(1, 1);

e the loops in the middle, in case they do not contain the patterns of level k and k + 1, are
oriented anti-clockwise;

e the pair of floating loops, in case they do not contain the patterns of level k and k + 1, are
oriented oppositely;

e all other loops are oriented such that the degree of giAg}, equals deg, (i) + d50;

e partners contained in strands, loops crossing the middle or in the loops, oriented in the
same direction, have the same orientation;

e partners contained in the pair of floating loops or the loops, oriented oppositely, are ori-
ented oppositely.

and coeflicients B equal

1 i deg, (i) =0 or
o i
deg, (i) = 1 and the essential part of the graph g;g;, like in the cases (2),(4),(6),(8);

deg,(i) = -1 or
deg, (i) = 1 and the essential part of the graph g;g;, like in the cases (1),(3),(5),(9);

o

(—1)ym® if {

o

1 or -1 in all other cases, uniquely determined by the form of € ;&(i) from the table below.

1(a) or 1(b) or 1(c) or 1(d), if k is on inside arc
1(a) or 1(b) or — 1(c) or — 1(d), if k + 1 is on inside arc;

for (10) we have {

2(a) or 2(b) or 2(c) or 2(d), if k is in the floating loop,
2(a) or 2(b) or —2(c) or — 2(d), if kK + 1 is in the floating loop;

for (11) we have {

for (12) we have3(a) or 3(b) or 3(c) or 3(d);

if k is on inside loop,

4,
for (13) we have ) . .
-4, if k + 1 is on inside loop;

for (14) we have 5;

®Please find below more intuitive description. Notice that the condition on partners controls the extended graphs
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6(a) or 6(b) or 6(c) or 6(d), if k 1s on inside loop,

- for (15) we have . . .
—6(a) or — 6(b) or 6(c) or 6(d), if k + 1 is on inside loop;

- for (16) we have7(a) or 7(b) or 7(c) or 7(d);

Table 6.1: For 1 < k < 7, we denote by k, respectively k(x) with x € {a, b, ¢, d}, the diagram
from the k-th row and column x multiplied by the number in k-th row and the last column for
k =4,5, respectively k = 1,2,3,6,7.

a b c d U

2 O+O O+O OO OO (—=1)m®
O Ol Ol 6O 0O

| 0.0 6.0 60 &0
O OO0 O O 0O O O

4 @ + @ - @ (=1)y™®

sy ¥ +_ . _ - 1

(=1)y™®

Similarly, we define € (i)

Definition 6.1.24. Let

08 Ag, i i+ i =0,
2,000 = {Zﬁg’ i (©17)

0, if iy +ige1 #0,

where the sum runs over all the oriented graphs gy Ag; such that
e it corresponds to an up-down tableau t with t(1) = (1, 1), t1(2) = —(1, 1), t(3) = (1, 1);

e the loops in the middle, in case they do not contain the patterns of level 2d + 1 — k and
2d — k, are oriented anti-clockwise;

o the pair of floating loops, in case they do not contain the patterns of level 2d + 1 — k and
2d — k, are oriented oppositely;

e all other loops are oriented such that the degree of gy Ag; equals deg, (i) + 6505
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e partners contained in strands, loops crossing the middle or in the loops, oriented in he
same direction, have the same orientation;

e partners contained in the pair of floating loops or the loops, oriented oppositely, are ori-
ented oppositely.

and the coefficients §; in the sum (6.1.7)) equal

" deg, (i) =0 or
i
deg, (i) = 1 and the essential part of the graph g;g;, like in the cases (2),(4),(6),(8);

deg, (i) = -1 or
deg, (i) = 1 and the essential part of the graph g;g;, like in the cases (1),(3),(5),(9);

o

(—1)ym® if {

o 1 or-1in all other cases, uniquely determined by the form of € ;&(i) from the table below.

1(a) or 1(b) or 1(c) or 1(d), if k is on left arc
1(a) or 1(b) or — 1(c) or — 1(d), if kK + 1 is on left arc;

- for (10) we have {
- for (11) we have 2(a) or 2(b) or — 2(c) or — 2(d);

- for (12) we have 3(a) or 3(b) or 3(c) or 3(d);

- for (13) we have -4;

- for (14) we have 5;

- for (15) we have — 6(a) or — 6(b) or 6(c) or 6(d);

- for (16) we have 7(a) or 7(b) or 7(c) or 7(d);

Alternatively, we can give a definition in terms of topological equivalents.

(1) The element é(i)?k is defined as:

Casel: k=1or2,i=iand6 # 0.

The elements &(i) € is topologically equivalent to the idempotent &(i).
Case2: k=1and o =0.

The elements é(i)(e_k is define as

Case3: k=2,i=1and¢6 =0.
The elements é(i) ‘€, is define as
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Case 4: eitherk>2,ork=2andi#1i,and§ # 0.

Case 4.1: deg, (i) = 1.
By considering the 16 cases of (6.1.4)), define &(i) ‘€, as
e In case (1) - (8), the elements é(i)(e_k is of the following forms:

(_1)mk(i)_{ﬂ_ (_1)mk(i)_Q_ (_l)mk(i) _____ oo e (_l)mk(i)_g_

0le)
OO
ole)

OO
OO
OO0

e In case (9), the elements &(i) €, is of the following forms:

(_1)%«0)_@_ or (_1)%0)_@_ or (_l)mk(i)_@_ or (_l)mk(i)_@_

e In case (10), the elements &(i) ‘€ is of the following forms:
— when £ is on the inside arc

(_l)Posk(i)*'l_@_ or (_1)posk(i)+l_@_ or (_1)pOSk(i)+l_@_ or (_1)posk(i)+l_@_

— when k + 1 is on the inside arc

(_1)posk(i)+l_@_ or (_l)posk(i)+l_@_ or (_1)posk(i)_@_ or (_1)posk(i)_@_

e In case (11), the elements é(i)?k is of the following forms:

g

— when £ is in the floating loop:

@m% +@)m@mﬂo+@]m@m%o_o]MGM%O_
& 56 & 6 & -
o

&

QO

O
&

— when k + 1 is in the floating loop:
O + O’) or (_1)mk(i)[0 + O’] or (_1)Mk(i)(‘@ _ O’] or (_1)mk(i)[
& & & O

QO

S -6

e In case (12), the elements &(i)‘€}, is of the following forms:
'@_ +_@_ or _‘@_ +_@' or _‘@' —'@' or _@' —'@'
O O O O O O O O

e In case (13), the elements é(i)?k is of the following forms:

(-1 )mk(i) [

— when £ is on the inside loop:

__________________ )
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— when k + 1 is on the inside loop:

e In case (15), the elements &(i) '€}, is of the following forms:

— when £ is in the inside loop:

iy [ i J — [ _J or (=1 [ +) or (=1 [ +]

— when k + 1 is in the inside loop:

e In case (16), the elements &(i)‘€}, is of the following forms:

Case 4.2: deg, (i) = —-1.
In this case there is an extra floating loop at level k and k + 1 of g;. Then the

element &(i) €}, is defined as

Case 4.3: deg, (i) = 0.
In this case elements &(i) ‘€ is topologically equivalent to the idempotent &(i).

Case 5: eitherk>2,ork=2andi#i,and 6 =0.
In this case the element &(i) ‘€, is defined similar to Case 4, except the extra floating
loop at level 2 and 3 in g}, is oriented clockwise.

(2) The element €,&(i) is defined as:
Casel: k=1or2,i=iandé6 # 0.
The elements € ;&(i) is topologically equivalent to the idempotent &(i).

Case2: k=1and 6 =0.
The elements € (i) is define as

OC

N
_____ or R @_
m
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Case3: k=2,i=i"and5=0.
The elements _e)ké(i) is define as

Case 4: eitherk >2,ork=2andi#1i,and ¢ # 0.

Case 4.1: deg, (i) = 1.
By considering the 16 cases of (6.1.4), define € &(i) as

e In case (1) - (8), the elements €;&(i) is of the following forms:

O 0O
(_l)mk(i)_{ﬂ_ (_1)mk(i)_Q_ (_I)Mk(i)_Q_+_Q_+_Q_ (_1)”%@)_@_

e In case (9), the elements _e)ké(i) is of the following forms:

(_l)mk(i)_@_ or (_1)%6)_@_ or (_1)mk(i)_@_ or (_1)%@_@_

e In case (10), the elements —e)ké(i) is of the following forms:

— when k is on the left arc

(_l)posk(i)+l_@_ or (_1)posk(i)+1_@_ or (_1)posk(i)+l_@_ or (_l)posk(i)+l_@_

— when k + 1 is on the left arc

e In case (11), the elements ?ké(i) is of the following forms:

&m%@+0]mem%@+©}m@mﬂa_o]m@m%@_e]
& 6 B S & -6 & 6
e In case (12), the elements _e)ké(i) is of the following forms:
'@_ +_@_ or _‘@_+_@' or _@_—'6' or _{E}' —'{E}'
O O O O O O O O
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e In case (13), the elements ?ké(i) is of the following forms:

e In case (15), the elements € &(i) is of the following forms:

_pynid [ - ) or  (=1y"® — - or (-1y™¥ [ * ] or [ ' ]

e In case (16), the elements ?ké(i) is of the following forms:

Case 4.2: deg, (i) = 1.
In this case there is an extra floating loop at level k£ and k + 1 of g;. Then the
element € &(i) is defined as

(_ 1)mk(i)

Case 4.3: deg, (i) = 0.
In this case elements € 2(i) is topologically equivalent to the idempotent &(i).

Case 5: eitherk >2,ork=2andi#1,and 6 = 0.

In this case the element € ;&(i) is defined similar to Case 4, except the extra floating
loop at level 2 and 3 in g, is oriented clockwise.

Now we are ready to give a main definition of this subsection.

Definition 6.1.25. Suppose i,j € T¢ with iy + irs; = ji + jis1 = O forsome 1 <k <d -1 and

i, = j,if r # k,k + 1. Then we define é(i)&.e(j) by
(1) If k = 1, we have i = j. Define e(i)é,é(j) = e(i) if 6 # 0 and
4
O O
e(i)ge(j) =.---. or - @_
'S )
M
if 6§ = 0.
(2) If k =2andi=j=1, define é(i)&e(j) = é(i) if 6 # 0 and

O
O

e()&e() = ..
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ifo=0.

(3) In the rest of the cases, define

AAAAAAAAAA

will use this equation in the calculations.
The following is immediate from the definition above.

Lemma 6.1.26. We have deg é(i)&é(j) = deg, (i) + deg,(j), where
1, ifie I,ﬁ »

deg, (i) =4-1, ifiel!,
0, ifie I,‘io.

6.1.4 The elements i/;’s

In this subsection we define analogues of elements i, whose definition, in particular, is moti-
vated by the degree v, defined in (5.2.28).

Recall that we defined an action of S; on the Verma path and on residue sequences. Suppose
ieT?suchthati-s, e T9withl <k<d-1.

Consider the unoriented graph gig; ~given by the pair (i, i-s;). It can be divided into pieces
(i,i-5¢) = abcc*e*a*, where a is the part the level 1 to the level k—1, b, is the part from the level £
to the level k+ 1, c is the part from the level k+2 to the level d, e is the part from the level 2d —k
to the level 2d — k + 1, a* and ¢* are reverse Verma paths of a and ¢ respectively. In particular,
8i&;.,, 1s not symmetric but has some partial symmetry. Namely, for each / € {1,.. ., d} such that
[ # k,k + 1, every segment at each level [ has its mirror image at the level 2d + 1 — [, we call
such a pair of segments partners. Furthermore, each loop in the upper half, that is not crossing
the middle line and does not contain the patterns at the levels k and k + 1, have its symmetric
pair in the lower part. We call them the pair of floating loops.

Let us compare the graphs of i and i-s;.

Lemma 6.1.27. (1) if|ix —ixs1]| > 1 and iy +iry1 # O, the graphs of i and i-s; are topologically
the same.

(2) If lix — i1l = 1 and i + ixs1 # O, the graph of gig;, between level k and k + 1 is of one of

the following forms
° °y X U w X
%) rox ofA X5
(. - (2). oo (3. -T--- @. - ,
v © v Xy 0 X
o5 3 % %)

69



©). e a0y, ... (an. <.°. 12). <.,
o X (¢] X W

L5 L% <) Xk
13). -____ 14). ______ 15). _-__~. 16). ... ,
o W] o X W] X

rJ e ox Xox

or the graphs swaping all the o’s and X’s.

(3) If lix — ix+1l = 0 and i + ixs1 # O, the graph of gig;, between level k and k + 1 is of one of

the following forms
X 0 o X
o X X O
_____ or A
o X X O
X0 ox

\ 4 (4
o X X O
m m
_____ or [N
(4 \ 4
X o o X
m m

Lemma 6.1.28. Suppose |iy — ixy1| = 1 and iy + i1 # 0. By ignoring the dots, the graph of
8i&;.,, is topologically equivalent to one of the following cases topologically:

(). m 2). N 3). O @). Q
O

O (6.1.8)

O
). _®_ (10). _@_ (11). _@_ (12). _@_
O
(13). _@_ (14). O 15). . (16). _
0 ©

Remark 6.1.29. We evaluate the structure of g;g; . The next diagram expresses the part of the
graph that contains pattern of level k and k + 1 on both sides.
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l l «<— kork+
(1). m Q). N 3). O okl )
T T

G). . ©6). .. .. U ).
O<—kandk+1 O<—kork+1 T
O<—k+lork kork+1
k+1lork
Cork+ 1 k+1lork kork+1
l l ' O<—kork+1
9). w (10). L) A1 e ketok (12,
T T
~ k+1ork kandk + 1
kork+1 k+1lork
kork+1
k+lork kork+1 kand k + 1 kork+1

© l l
13). = (14). nes a1s5). k+Tork (1),
@)
\ 1

kand k + 1 k+lork kork+1 kand k+ 1

Definition 6.1.30. Define

. YaBi gidgr, . ifisgeT?and i +i;,, #0,
e :{ A gidg, O O kool

(6.1.9)
0, if i'Sk ¢ Td or ik = ik+1 = 0,

where the sum runes over all the oriented graphs g;Ag}, such that

e the loops in the middle, in case they do not contain the patterns of level k and k + 1, are
oriented anti-clockwise;

e the pair of floating loops, in case they do not contain the patterns of level k and k + 1, are
oriented oppositely;

e all other loops are oriented such that the degree of giAg;, equals e(i)y;

e partners contained in strands, loops crossing the middle or in the loops, oriented in the
same direction, have the same orientation;

e partners contained in the pair of floating loops or the loops, oriented oppositely, are ori-
ented oppositely.

and coeflicients B; equal
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lix — ixsq] > 1 and I + ik # 0, or
o1 if Iy + i1 =0, or

lix — ix+1] = 1 and the essential part of the graph gig;, like in the cases (2),(4),(6),(8) ;

o

(=1 if lix = ixe1l = 0 and iy + iy # 0 or
lix — ix+1] = 1 and the essential part of the graph g;g; like in the cases (1),(3),(5),(9);

o 1 or-1 in all other cases, uniquely determined by the form of € ;&(i) from the table below.

—1(a)or — 1(b)or — 1(c)or — 1(d), if kofiison ins. arc and k of i-s; is on the left arc

—1(a) or — 1(b) or 1(c) or 1(d), if k of i is on ins. arc and k + 1 of i-s; is on the left arc
- for (10) we have . .. ) L.
1(a) or 1(b) or 1(c) or 1(d), if k+ 1 ofiis onins. arc and k of i-s; is on the left arc
1(a) or 1(b) or — 1(c) or — 1(d), if k+ 1 ofiis onins. arc and k + 1 of i-s; is on the left
2(a) or 2(b) or 2(c) or 2(d), if k is in the floating loop,
- for (11) we have ) o )
2(a) or 2(b) or —2(c) or — 2(d), if k + 1 is in the floating loop;

- for (12) we have 3(a) or 3(b) or 3(c) or 3(d);

4, if k is on inside loop,
- for (13) we have ) . .
-4, if k + 1 is on inside loop;

- for (14) we have 5;

6(a) or 6(b) or 6(c) or 6(d), if k is in the inside loop,

- for (15) we have ) .. .
—6(a) or — 6(b) or 6(c) or 6(d), if k + 1 is in the inside loop;

for (16) we have 7(a) or 7(b) or 7(c) or 7(d);
Alternatively, one can define in terms of the topological equivalences.

Case 1: If |iy — iz4q| > 1 and i + iy # O, the element é(i)l?/k is topologically equivalent to the
idempotent é(i).

Case 2: If |iy — i;41| = 1 and i + x4y # 0, by considering the 16 cases of (6.1.8)), we define
é(i)lj/k as the following cases:

e In case (1) - (8), the elements &(i), is of the following forms:

(_1)%(0_{_}‘_)‘_ (_1)mk(i)_Q_ (—=1ym®_ = Fomon Fom - (_l)mk(i)_g_
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e In case (9), the elements &(i)iy is of the following forms:

(_1)%(0_@_ or (_l)mk(i)_@_ or (_1)%«0)_@_ or (_l)mk(i)_@_

e In case (10), the elements &(i)f; is of the following forms:

— when k-pattern of i is on the inside arc and k-pattern of i-s; is on the left arc

(—1)P°Sk<”_@_ or (—1)P°Sk<‘>_@_ or (—1)P°Sk“>_@_ or (—1)P°Sk<‘>_@_

— when k-pattern of i is on the inside arc and k + 1-pattern of i-s; is on the left arc

— when k + I-pattern of i is on the inside arc and k-pattern of i-s; is on the left arc

(_1)posk(i)+l_@_ or (_1)posk(i)+l_@_ or (_l)posk(i)+l_@_ or (_1)posk(i)+l_@_

— when k + 1-pattern of i is on the inside arc and k + 1-pattern of i-s; is on the left
arc

e In case (11), the elements é(i)t,/A/k is of the following forms:
— when k-pattern of i is on the floating loop:
+ O or (-1yn® [ O+ 0| or (-1ym®
¥es S 6

'$;
&
— when k + 1-pattern of i is on the floating loop:
\ &
£

+ O | or (—1)'"k<i>[O + | or (-1ym®
& G S :

e In case (12), the elements (i) is of the following forms:
'@_ + _@_ or _@_ + _@' or '@' - '@' or _@_ - '@'
O O O O O O o O

e In case (13), the elements &(i)f; is of the following forms:

(_ 1)mk(i) ( or (_ 1)mk(l) [

OO
OO
ole

O -

_@ _

(—1)””“)( or (—1)’"@[0 -
£

OO
OO
OO

— when £ is on the inside loop:

(=1)y™® {@ + @ - == ];
O O O

— when k + 1 is on the inside loop:
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_ 1)mk(i)

1 )mk(i)

e In case (14), the elements &(i)f; is of the following forms:

e In case (15), the elements (i) is of the following forms:

— when £ is in the inside loop:

when k + 1 is in the inside loop:

e In case (16), the elements é(i);@k is of the following forms:

Case 3: If |iy — ix1| = 0 and iy + ix # 0, the element é(i)@k is of the following form:

(_ 1 )mk O ~

Case4: If iy + i;,; = 0, the graphs of i and i’ are topologically the same. We define &(i)y;
topologically equivalent to the idempotent é(i).
Since we have that ye(i) = e(i - sp)y, we give the following definition.
Definition 6.1.31. Let j2(i) = &(i - s ).
The following is immediate.

Lemma 6.1.32.
L, ifiy = i1 = 1,
deg é(i)‘ﬁk = _27 l:flk = ik+1)
0, otherwise;

6.1.5 The twisted generators é(i), y,, ¥, and &
Finally, in this subsection we define elements of C;(0)
{e) |ie "YUl |l <k<d)U{g|l<k<k-1}U{&|l<k<d-1}.

Definition 6.1.33. Suppose 1 < k < d—1 andi € I with ig+ix = 0. We define af(i), @R (i), BE(D), BR() €
Z by

a,f(i):#{lSrsk—l|ir:ik}+#{1Srsk—1|ir:—ik}+6ik,o+6ib%,
af@) =#{l<r<k-1]i=i -1} +#{1<r<k-1]i,=-@-1D},
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Br) =#{l<r<k—-1li,=i}+#{1<r<k-1]i =—i}
+#{1Srsk—l|i,:ik+1}+#{1§r§k—1Ii,:—(ik+1)}+6ik,0+(5ik,_%+5ik’%,

BRi) =#{1<r<k-1li,=i}+#{1<r<k-1]i=—-i}
+#{lSrgk—l|i,:ik—1}+#{l§r§k—1|i,:—(ik—1)}+5ik’_%+l.

Definition 6.1.34. Supposei€ I?,1 <r<dand1 <k <d - 1, we define the elements:

(1). sign;(¥,) = pos,(i);

pOSk+1(i), if iy =iy and iy + i # 0,
. A pos (l), ifik:ikl—landik+ik1¢0,
(2). sign@o) =4 " N -
0, if Ix # Uk, ke — L and iy + ixyq # 0,

signi(?k) + signi_‘gk(_e)k) + pos, (i), if i + ixs1 = 0;
(3). sign(€1) = af (i) + BL (i) pos, (i);
). sign;(‘€}) = () + BEG) pos,(i).
Definition 6.1.35. Supposeie€ T9 1 <r<dand 1<k <d—- 1, we define a twisted generators
Ca(9)
(e |ieT VU5, |1 <r<d}Uly;|1<k<d-1}U{&|1<k<d-1)}

as follows

(1) e(i) = e,

(2) 3:2() = (~1)*=03,(i) for i € T, and 5, = Ficrs 5,200,
(3) 2@k = (=) e(iygy for i € T, and gy = Yicrs 2@,
(4) e@&e(j) = (-1 E=ECOL(0)E () for i, j € T, and & = T jers 2DE2().

6.2 Well-definedness of ©

To prove the main Theorem we first need to show that the map ® is well-defined. There-
fore the goal of this section is to show that the elements

{e@) |[ieT U9 |1<r<d)U{g|l1<k<d-1}U{&|l<k<d-1)}
of C4(9) satisfy the relations from Definition [5.2.4}

6.2.1 Preliminary Lemmas
In this subsection we prove some technical results which will be used frequently in the rest of

this section for checking the relations from Definition [5.2.4]

Here many calculations are in Z,, which we indicate by the symbol ” = ”. Namely, whenever
we say a = b for some a,b € Z, it means a = b (mod 2).
Let us fix i € 19, Recall the definition of a;(i) and /(i) given in the Section

Lemma 6.2.1. We have the following equations
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(1) ax(i) = ap (@) + ().
(2) if it + ixer = O then B(i) + BF (i) = deg,(i).
Proof. (1) Follows immediately from the definitions of a,(i), @ (i) and o (i).

(2) Assume that i; + i;.; = 0, then we have

Br@) = 610 = 6, -1 = 6 e + () =6 _e1 — 1

= #{rli,=i}+#{r|i,=—i}+ #{r|i,=i+1}+#{r|i,=—->+1)}
+#{rli,=it+#{rli=—-i}+ #{rli =i - 1}+#{rli,=-(G: -1}

= #{rli,=—i £ 1} +2#{r|i, =0 }+ #{r|i, =i 1} +2#{r|i, = —i;}

= #{rli,=—i 21} +2#{r|i, =0 }+ #{r|i, =01} +2#{r|i, = —i;}
2#{rli, =i 21} +2#{r|i,=—ir})

= (i) -9,

6-1 . 0—1
U= + 611«7’

where in all equations above r satisfies 1 < r < k — 1. Hence we have BL(i) + pR(i) =

hi (i) + 6,0 + Oyt + 1. Then from (]3_27|-|3_2_3'[) and (]3_2_2_8[) we have

h .’ ifi. =0 _l’
deg, (i) :{ (1) if iy or —3

h (i) + 1, otherwise,
and hence BL(i) + BR(i) = deg,(i).

Lemma 6.2.2. Assume i-s; € 1°. We have the following properties:
(1) If lix — ixs1| > 1 and iy + ixy1 # 0, we have
pos, (i) = pos,, (i-s¢), pos (1) = pos,(i-sx);
(2) If lix — ixs1|l = 1 and iy + x4y # 0, we have
pos, (i) = pos,(i-sx) + 1, pos;,; (1) = pos,,(i-sp) + 1, pos, (i) = pos,, (i) + 1;

(3) If iy = i1 and iy + iy # 0, we have

pos, (i) = pos,(i-sx), pos,, (i) = pos,, ,(i-sx), pos, (i) = pos,, (i) + 1;
(4) If iy + iry1 = 0, we have

pos, (i) = pos,(i-s¢), pos,. (i) = pos,, (-sp), pos, (i) = pos,,, (i) + 1.

Proof. This is again a case by case argument and can be proven similarly as Lemmal6.2.T|using
Lemma

Lemma 6.2.3. Suppose i€ T¢. Then
(1) i-s, € T4 if and only if (i) = 0;
(2) ifix = —ige1 = +3 we havei-s; ¢ T

Proof. See [33, Lemma 3.20] and [33, Lemma 3.7].
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6.2.2 Idempotent relations

Lemma 6.2.4. Leti,je I‘and 1 <k <d - 1. Then
(1) 5" &) = 0,
(2) 2ier e =1,
(3) ee(j) = oi;ed),
(4) eD)& = 0 if iy + ixyy # 0.
Proof. The statements (2), (3), (4) follow immediately from the definition.

(1) if iy # % then by the definition é(i) = e(i) = 0. Furthermore, if i} = %, then we have
y1e(i) = 0 since the pattern at level 1 can never be contained in a loop.

6.2.3 Commutation relations

Lemma 6.2.5. Letic I, 1 <k,r<d—-1,1<1,m<d. Moreover, assume that |k —r| > 1 and
|k =1 > 1. Then

yie@) = e@i)y, Yre(i) = e(i-sp), Vi¥m = Ym¥i, Y = Wiy,
Vi€ = &Y, Ui, = U, UiE = &Yy, €€ = €.€.

Proof. All equations follow immediately from the definition.

6.2.4 Essential commutation relations

In this subsection we prove essential commutation relations. Note that in order to proof equities
in this and the following subsections, we have to check that two elements have the same graph,
topologically equivalent and have the same sign. Since to check that two elements have the
same graph is trivial, we will only check their the topological equivalence and the signs.

Lemma 6.2.6. Supposeic€ T¢and 1 <k <d - 1. Then
(1) if iy = ixy1 and iy + iy # 0, we have
et + eIty = e(i), e()Prs 1 + e(idi = e(i);
(2) iflix — ixs1] = 1 and iy + i1 # 0, we have
)Py — eI = 0, 2P — 6Pty = 0;
(3) if lix — ixe1l > 1 and iy + ixy1 # 0, we have
2P = eDWiPre1 2P = 6P
(4) ifix + ixp1 = 0and iy # 0,1, we have

_z,
eI + et = e&el-sp), e + eI 1P = e()&e(i-sy);
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(5) ifix = —igy1 = i%, we have

e()9idy + e = e(éed-sy) = 0, e + e()Prsitiy = e()&e(i-sy) = 0;
(6) if iy = —ixy1 = 0, we have
ey +e(Wndn = e(éed-sp)—éd) = 0, e dre) Pt = e(i)&e(i-sp)—e(i) = 0.

Proof. We consider all 6 cases separately.
(1) if iy = ixy and i +ige1, # O it is easy to see that (i) i is the sum of all oriented graphs
with
o the pair of floating loops between levels k and k + 1 are oriented oppositely, such
that the top one is oriented anti-clockwise and the bottom one is oriented clockwise.
e the remaining pairs of floating loops are oriented oppositely,
e the loops in the middle are oriented anti-clockwise.
Analogously, we obtain that &(i)9;iJ, is the sum of all oriented graphs with
o the pair of floating loops between levels k and k + 1 are oriented oppositely, such
that the top one is oriented clockwise and the bottom one is oriented anti-clockwise.
¢ the remaining pairs of floating loops are oriented oppositely,
e the loops in the middle are oriented anti-clockwise.
Hence é(i)lZ/kka + é(i)&klﬁk = e(i). Following the same argument we obtain é(i)j/kHl/A/k +
e( i = e(i).
(2) the equations
Y@ = e Ir+1. e = Jrrr1e(i.
for |i — ix+1] = 1 and i; + ix4; # O can be proven by checking Appendixes for

each case separately.

(3) if |ix — ixe1| > 1 and i + x4y # 0 we have that e(i)y;, = $,é(i) and ,e(i) = e(s, i)y, and
hence we obtain

ey = eWidis1s e = e()Prs 1.

(4) if iy + iy = 0 and iy # 0, +2

7, we have that e(i)Jy is topologically equivalent to the

AAAAA

proven by checking Appendixes[9.1}[9.2]

5) if iy = —igyy = i% then by [Lemma 6.2.3| we have i-s; ¢ T¢. Hence é(i-s;) = 0, which

means all the terms involving in the equalities are O.
(6) if iy = —i;+1 = O then by definitions we have (i), = 0 and é(i)&.e@) = ().

Proposition 6.2.7. We have the following

Proof. We consider different cases.
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(1) if ix = ixy and ix + ixy; # 0, then by [Lemma 6.2.2](3), we have pos, (i) = pos,,(i-sy) + 1

and pos,(i-s;) = pos,, (i) + 1. Hence by [Lemma 6.2.6(1),
ey = eYrs1 — e(d), e = e()Jrs 1t — ().

(2) if |ix — ixs1| = 1 and i; + i1 # O, then by (1) and (2), we have pos, (i) =

pos,,, (i-sx) and pos,, (i) = pos,(i-s;). Hence by [Lemma 6.2.6(2) and (3),
ey = eYies1, ey = e() i Y.

3) ifiy +iyy = 0and i, # 0, J_r%, then by [Lemma 6.2.2| (4), pos,(i) = pos,,(i-sx) + 1 and

pos,(i-s;) = pos,,,(i) + 1. Hence by |[Lemma 6.2.6(4),

ey = ey +e()ee(i-sp)—6;, .., e(), e ix = ey Yr+e(ee(i-sp)—0;, ;. ed).

@D ifiy = —igq = i%, then all the terms in equation are 0, hence the statement is obvious.

(5) if iy = —igs1 = 0, then by [Lemma 6.2.1| we have BL(i) + SR (i) = deg, (i) = 0. Hence
ar(i) + Br(i) pos, (i) + af (i) + Br(i) pos, (i) = ax(i) = 0.
Therefore the proposition follows from Lemma 6.2.6(6), .

6.2.5 Inverse relations

Lemma 6.2.8. Suppose i € T¢. Then we have

0, if iy, = ixe1 or (ix + iy = 0 and W (i) # 0);
e = 3 G + D)), if lix — ixi| = 1 and iy + iy # 0;
e(i), otherwise.

Proof. We consider different cases:

(1) Assume iy = ixy;. Then if i = 0, we have é(i)J, = 0. If i; # 0, then the floating loops in
e(i)yy at level k of gig; are both anti-clockwise, hence the product is 0.

(2) Assume |iy — ix+1] = 1 and i; + ix4; # 0. Then the statement can be proven by checking
Appendix A and B for each case separately.

(3) Assume |i; — ir1| > 1 and i + ixe; # 0. Since é(i); and &(i-sp); are topologically
equivalent to the idempotent é(i), we have é(i)&i = e(i).

(4) Assume i + ix; = 0. If hi(i) # O, then by we have i-s; = 0 and hence
e()y? = 0. If h(i) = 0, we have that e(i); and (i) are topologically equivalent to the
idempotents, therefore é(i)&i = e(i).

Proposition 6.2.9. Leti € T¢. We have

0, if iy = igy1 or (ix + ixp1 = 0 and b (i) # 0);
rs1 —ye), if ix = e + Land iy + ijy # 0;

Ok = Frr1)e(@),  if ix = Qg1 — Land iy + igyy # 0;

e(i), otherwise.

ey =

Proof. We consider different cases:
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(1

2)

3)

4)

)

Assume i = iy or (i + ir.; = 0 and A1) # 0). Then the statement follows from
[Lemma 6.2.8
Assume i = i, + 1 and i + i # 0.
From|[Lemma 6.2.8] we have
2y = (~1P ey = (DM@ + Jia)ed).
From we have
pos,., (i) = pos,(i-sy) = pos, (i) + 1,

which implies

ey = (=P @+ Pn)e@) = (CDP D9 = (DP*O502(0) = Grar = F02().
Assume iy = iy, — 1 and i + i # 0.
Then from we have

e = (1P Deiygy = (=1PO@; + Fir)().
From we have
pos,, (i) = pos, (i) + 1,

which implies

e = (PG + Je@) = (DP Oy = (1P D5,)2() = G = Fean)e(@).

Assume |i; — ix=;| > 1 and i} + iz, # 0. Then it follows from that e(i)y; =
e(i).

Assume i + iz, = 0 and i (i) = 0.

Then from [Lemma 6.2.8| we have &(i){/? = &(i). Hence

é(i)&i = (_1)“f<i>+“f(i'sk)+ﬂ§(i) POs i)+ (i-s) posy (- 5i)+posy (i-se)+ar (iesi)+a g )+ (i-si) posy (i-5i)+B¢ () posy (D+pos (i) 5 ).

By definition, we have

ap(i) + af(i-sp) + ap(i-sp) + ag(i)

2

]’lk(i) = 0.
Moreover, from we have
B () + BEG) = hili) = By (ise) + B (iese)-

Then by (4) we have pos, (i) = pos,(i-s;), wich implies

ar(i) + af(i-sp) + (i) pos, (i) + BL(i-s;) pos, (i-sz) + pos,(i-sy)
+ar(i-sp) + ap (i) + Br(i-sp) pos, (i-si) + Br(i) pos, (i) + pos,(i)
(BEG) + BE®) posy @) + (Bi(Gse) + B(Es50)) pos, i)

= 0.

Hence, we have e(i)y; = &(i).
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6.2.6 Essential idempotent relations

Lemma 6.2.10. Suppose i € T/f,o and iy = —ij. # i%. Then we have e(i)ge(i) = (—1)*De(i).

Proof. Let us first assume that 6 # 0. By definition, é(i)g.e(j) = é(i)(e_k_e)ké(j). Furthermore,
since &(i)‘€; and € &(i) are topologically equivalent to the idempotents é(i), we have e(i)g.e(i) =
(i) (notice that, although, the graphs of &(i)‘€; and €,2(i) are different from the graph of é(i),
the graph of their product is the same as the graph of é(i)).

Now assume 6 = 0 (and, hence, k > 2). By definition, 2(i)&.2(j) = (i) € 2(i")&e(j ) € ke (j),

where i’ defined in (6.1.3]). Each é(i)?k and ?ké(i) has one additional floating loop oriented

clockwise, which cancels out in a product &(i) € ,2(i")&2(j’) € «&(j) since additional floating loops

AAAAAAAA

From|Lemma 6.2.1] we have BL(i) + X (i) = deg, (i) = 0. Hence

() + ag (i) + B (i) pos, (i) + B (i) pos, (i) = (i),

AAAAA

AAAAA

Hence we have
e()ee) = (_1)a,f(i)+df(i)+ﬁ,f(i) pos; (D+BF @) POSk(i)@k + Prar)e().
From|Lemma 6.2.1] we have B(i) + B{(i) = deg(i) = 1. Therefore, we obtain
(@) + (i) + By (i) pos, (i) + B () pos, (i) = ax(i) + pos, (i),
which implies
ege(i) = (=D VPG + 9 e = DO~ Fr)ed.

AAAAAAAAAAAA

Proof. By focusing on k and k + 1-patterns of i, we have

¢ << ¢ <<

AAAAA

e(ge(d) = - __ e)=___+___ or e(ge(l)=___ e)=___+___

C < < < <

Without loss of generality, we only consider the first situation. It is easy to see that

C < q

Gk +Vs)--- =0 and  $po__ = Jpwr1---.

C < C

AAAAAAAAAAA

Therefore we have

AAAAAA
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Lemma 6.2.13. Suppose i € T/f,o and i, = —ik+1 = l then

Proof. By [Lemma 6.2.1, we have ﬁé(i) + ﬂf(i) = deg,(i) = 0. Hence we have signi((e_k) +
sign;(€y) = ak(i) + af(i) = ay(i); and by [Lemma 6.2.2|, we have pos, (i) = pos,,,(i) + 1.
Therefore the statement follows from [Lemma 6.2.121

Lemma 6.2.14. Suppose ie T,fo and —ik | = ik = —ik+1 = —1 then

AAAAA

Proof. By focusing on k — 1, k and k + 1-patterns of i, we have

- 5

AAAAA

e()g._1e(i) = ___ ege)=___+___+___

2 2 > e
S s cg <

AAAAA

or e(i)=___+._ e(i)g_e(i) =___ e(ge(d)=___ +_

02 > 55 %

Without loss of generality, we only consider the first situation. It is easy to see that

S 5

e()g_1ge() = ___ +___, e(i)éée(i) = ___ +__._

2 >

2
:
>

Hence we have

AAAAA

Lemma 6.2.15. Suppose ie Td and —i_; = ik = —ik+1 = —1 then

Proof. From|Lemma 6.2.1, we have B,f(i) + ,Bf (i) = deg, (i) = 0. Hence signi((e_k) + signi(_g 0) =
ap()+af(i) = i (i). Similarly, we have sign,(‘€4_1)+sign,(€_1) = 4 (i). From|Lemma 6.2.34

we can see that signi(%_k) + signi(_e) k1) = signi(_e) 0+ signi(?k_l) = 0. Therefore the statement

follows from
Lemma 6.2.16. Supposei € Tli_ and iy = —igs1. Then e(i) = (=D&, + y&)e().
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Proof. If 6 # 0, we can show that é(i) = é(i)(&Jx + Vr€)eé(i) by checking Appendix E.

If 6 = 0 (and hence, k > 2) and k = 2, then we can see that é(i)(&Jy + Vié&)e(i) is the sum of
elements with clockwise floating loop on the top and anti-clockwise floating loop on the bottom
at the level two, which is exactly e(i).

If 6 = 0 and k > 2, then we use can similar arguments as for the case & # 0, noticing that
additional floating loops will cancel out.

Hence we have

e() (& + y&ed) = (- 1)akL(i)+af(i)+,3§(i) posy (D+BR (i) posy (i)+pos, (i) &(i).

From|Lemma 6.2.1, we have ﬁﬁ(i) + ,Bf(i) = deg, (i) = 1. Hence
a; (i) + o (i) + Br(@) pos, (i) + B (i) pos, (i) + pos, (i) = (i),
which implies &(i) = (=1)*V (g3, + y&)e(i).

Lemma 6.2.17. Suppose i € T¢. Then

S (6, 1)eaed), ifieTd,
€e(i) e, = e o
0, fieT

where i’ defined in ({6.1.3).

Proof. Suppose i € T{. Then we have

<

J\

§#0: Epel)=— 45, 1 )G = 45—
/ ! / : ! : :
M i M i 5 :) 5 5

§=0: e =— =+, (e, = - — 40, 1

B

L&
—

~
Since the shaded areas have the same graph and degree 0, it is evident that € 2(i)e; =
I+, e iegeq).

Suppose i € T{_. Then

e(jae(gek) = (D™D + 8, ~EDEEK). (6.2.1)
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Proof. We have €;2(i)€, = (1 +0,,_1)e()&a(")

1
2
Now let us show the second equation in (5.2.14) and suppose i € T,‘i .- Recall that
Ay ={1<r<k—1li,=—-igx1}, A, ={1<r<k-1]i =i},
Ay={1<r<k-1li,=i=1}, A, ={1<r<k-1]i=—i}.
Let x1, x, ..., X be invariant. Define the polynomial
Jilx1, X2, .00, X5) = Z X, + Z X, —2 Z X, —2 Z Xy
reALl reAL3 rEAL2 rGAL 4
Let us fixi € TZ . and for simplicity write f for f;. Furthermore, let us assume that i, =
—li # —%, +1. Consider the graph of i between level 1 and k + 1:

[\

1112130
BRI

We focus on the shaded area. It can be seen that the shaded area is separated into three
regions. A pattern in region 1 has residue +(i; — 1), which belongs A}d or A}{S; a pattern
in region 2 has residue +i;, which belongs Ai,z or A}(’ 4> and a pattern in region 3 has residue
+(i; + 1), which belongs Ai,l or Aj{’3. More precisely, for 1 < r < k — 1, if the r-pattern is in
region 1 or 3, then +y, is involved in f(y,ys,...,Vr—1); and if the r-pattern is in region 2, then
-2y, is involved in f(y1, V2, ..., Vk_1):

1 -2 1

Ir\l
(6.2.2)

For instance, suppose a strand passing the region as below:

M\ level r
/ .‘\:\
1 1 : 1 level k

Then it can be seen r,£ € A} | or A}, and k € A}, or A} ,. Hence y, + ; — 2j; is involved in
SO1LY2, -5 Y1)
i

Lemma 6.2.19. Suppose i € TZ+ and iy = —ixy1 # —5, x1. For any strand passing through the

shaded area (as long as the strand touches the left or right boundaries of the area, it leaves the
area), all the patterns on the strand involved in f(y1, 2, ..., Yi—1) cancel with each other.

Proof. Without loss of generality, we assume that the strand enters the area from the right.
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There are two ways for the strand to exit the area:

\
i

I T
N ~
or
Case 1: The strand leaves the area from the left.
In this case the strand is of the following form:
| Sa— level r

and we need to prove that

)_)r - 2()—7‘?1 + 57?'1) - 2()_7s2 + ys’z) .. 2()_75',,, + ys;n) - 25’; + )_)[ =0. (623)

First we evaluate the part of the strand that contains y, — 2(y,, + ys;) - 2(ys, + jisfz) -

2(¥s, + ¥y, )- It is of one of the following forms:

. i (12)
(1.4). { (1.5). Qh
ot G i

It can be seen from the above diagrams that pos (i) = pos,

1 <i<m,andy, + Vs = 0. Hence

22

(1.3).

(i) + 1 and 9, = 9, for any

)_)r - 2@S| + )_73’1) - 2(}7‘92 + )_73’2) T e T z(ysm + }_75';,1) = )_)r = (_l)posr(i)j\)r. (624)

Then we evaluate the part of the strand that contains -2y +,

forms: _ _
(2.2). ‘\b

~
.[;
(O8]

N

(2.1). EA/;

. It is of one of the following

(2.4). E



2.8). v

2.5). \\‘ 2.6). | : Q7. | | N

It can be seen from the above diagrams that pos (i) = pos,(i) and $; = $,. Hence
=25, + Yo = =55 = —(= )P, (6.2.5)

Since (2.1) — (2.4) can be connected with (1.1), (1.4) and (1.9); and (2.5) — (2.8) can be
connected with (1.3), (1.6) and (1.7), in all these cases we have pos,(i) = pos (i) and

9 = 95. Hence (6.2.3) follows by (6.2.4) and (6.2.5)).

Case 2: The strand leaves the area from the right.

In this case the strand is of the following form:

i —— level r
G—— level s,
1 1

g— level s

4—+— level S

1 1

¢—1— level s,
1

— level ¢

and we need to prove that
yr - 2(57‘?1 +57s3) - 2()_75'2 + )_)v’z) e 2()7s,,, +57s,’n) + yt’ =0. (626)

Following the same argument as in Case 1, we can obtain (6.2.4). The pattern of the
strand that contains y, is of one of the following forms:

(3.1).5 E Lo (3.2).

U

Since (3.1) and (3.2) can be connected with (1.1), (1.4), (1.8) and (1.9); and (3.3) can be
connected with (1.2), (1.3), (1.5), (1.6) and (1.7), in all these cases, we have pos,(i) =

pos,(i) and §, = §,. Hence by (6.2.6) the equality (6.2.3) holds.

Lemma 6.2.20. Suppose i € T,i cand iy = =iy # —%, +1. When a floating loop is completely

inside the region, all terms on the loop involved in f(yy,...,Vi_1) cancel each other.

Proof. The floating loop is of the forms

(1. O Lo ). 0O 5 3).

Suppose the upper half of the loop is in level r and the lower half of the loop is in level £. In
case (1) we have that terms on the loop involved in f(¥,..., 1) are

B+ 30 = (CP 4 (1P, = 0;
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and in case (2) we have
=25, = 25 = =210 + (< 1Py, = 0;
and in case (3) we have
Fr+ 30 = (D0 + (=1 D)5, = 0.

Lemma 6.2.21. Suppose i € Tﬁ Land iy = =iy # —%,il. Let the pattern be connected
with k-pattern directly from right on the level r, and directly from left on the level {. Then
the term involved in f(y,...,Vi_1) directly connected with pattern at level k in the region is

(=P, + o).

Proof. The pattern directly connected with the pattern at level & is of the form:

O et R e @

Q

(6). (7). (8). ).

(10). (11).

a2, | asy. s

In case (1)—(4), we have pos, (i) = pos,(i) = pos, (i), which implies y,+y, = (=1)PoscD(H,4+9,).
In case (5), we have r = [ and pos, (i) = pos, (i) + 1. Hence we have -2y, = (=1)P*<D(§, + ;).
In case (6) — (9), suppose
level m
level £

level r

Since pos,, (i) = pos,(i) = pos,(i) + 1 = pos,(i) + 1, we have
=25+ = 3 = Je = (DO, + 9.
Similarly, for case (10) - (13), we have

level m
level r

level €

Since pos,, (i) = pos, (i) = pos,(i) + 1 = pos,(i) + 1, we have
)_}m - 2)_}r + )_)f = )_}[ - )_)r = (_1)posk(i)6}r + j\][)

Combining[Lemma 6.2.19]-[6.2.21] we have the following result:
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Lemma 6.2.22. Suppose i € TZ Land iy = =iy # —5, +1. let the pattern be connected with
k-pattern directly from right on level r, and directly from left on level {. Then we have

FG1 T2 Fee)E() = (1POF, + 9o)edi).
It is only left to consider the cases when iy, = —i,; = —% or +1. Since

LA ={1<r<k-1li=-43), A, =(1<r<k-1li=-1},
WETHA =T AL =(1<r<k-11i = b, Ay ={l<r<k-11li =3}

b

N =

2

=
YN

Al ={1<r<k-1li=-20), A,

o _p =1 {(1<r<k-1]i =1},
= —l41 = 12 AL} ={1<r<k-11i.=0,2}, Ai,4

{(1<r<k-1]i,=-1};

. A, =(1<r<k-11i=02}), A, ={l<r<k-1]i=-1},
WETHAZ TN AL = (1<r<k-11i,=-2,0}, Al, ={1<r<k-1]i=1}.
Following the same argument as before, we have analogues graphs as in (6.2.2):
-1 1 -2 1

. 1 i . i
o=l = =50 A k=~ =l
N N
By the similar arguments, we have an analogue of
Lemma 6.2.23. Suppose i € T,‘i cand iy = =iy = —% or 1. Let the pattern be connected with

k-pattern directly from right on level r, and directly from left on level €. Then we have

G, +90e(),  ifix = —ige1 = -1,
(- 1)posk(l)(yr +y€)e(1), l‘fl'k = —j = £1.

Lemma 6.2.24. Suppose i € T,i .- Then we have

1)P0*k( )

fOLY2, .. Yk-)e(d) = {

eieeiaeo = (D" (145, )| D5+ ) 5i=2 ) 5i=2 ) 5i|eae).

1€A‘ teA' 1€A leA

Proof. By the definition it is easy to see that for 1 < i < 4, r € A}, if and only if r + 2 € A} .
Therefore from[Lemma 6.2.22]and [Lemma 6.2.23] we have

)Posk(l)

G+ 90e0),  if i = ~ixs1 = —3,
(—D)PsD, + Poed), if iy = —igar # —1,

where in the diagram i the pattern is connected with k-pattern directly from right on the level r,
and directly from left on the level ¢.

fG1L 2, ..., Ver)e(d) = {

AAAAA

by [Proposition 6.2.41} we have
e(jée(iée(k)

e((Er&r € e (erér € pek)

e(J) €x&r(Praa + ri)e(i)16(1)& € (k)
Gr + Pe()) €26 ()€ ()& € e (k)

= &, + 0e() €rér € re(k)
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= (9r + Joe(jéek).
Finally, since signi_e)k + sign, € = aii) + pos, (1) from we have
2(aedae(k) = (—1)en@ian@o O 1pesig, 1 5)e()eek)
= (D" (1 406, 1) fG1.T2 - -, Fe)2()E2(K)

= DO (L4, )| D 5+ D F=2 ) 5i—2 ) vi|eaed.

o Al e Al oAl oAl
tGAk_l lGAk:’ lGAk,Z 1€Ak’4

Combining the results of this subsection, we obtain the following Proposition.

Proposition 6.2.25. Leti,jk € I“and 1 <k <d — 1. Then

S - {(—1)@@?), . ffie T, and iy = —ig; # x4,
(-1 = Fra)e), ifie Y,
G — Prr)2() = 2(-D*PYe(Dee)ye = 2(-D*V5e()eei), ifi € T and iy = =gy = %
e(i) = (=" Ve(ged) + 2(-1)""Ve)g. e()
— 28 18E00) - 20)ad17(), ifi € Ty and i1 = iy = ~iges = 3,
&(i) = (-1 V2(i) (@ + R, ifie T{_andiy = —ig1.
(=DO(1 + 6, _e(aek), ifie T},
ehaeiask) =1 " _ A
DO 46, ) Srent, Fr =2 Tyeat, I
+ Xreai Ir = 2 Lren, FEDE2K), ifieT],.

6.2.7 Untwist relations
In this subsection we prove the untwist relations.

Lemma 6.2.26. Suppose i € I such that iy + i, = 0. Then we have

—> A e e d . 1
n . €ed), ifieT? andi, #0, £z,
‘e’kwkan):{ e, JIETL, and i #0.

0, otherwise;

and
s e |e@éy, ifieT? andiy #0,+1,
e ey = .
0, otherwise.
Proof. Assume iy + i1 = 0. Then, unless i € T, and i, # 0, %3, we have (i) = (i) = 0
(since in this case i - s is not a residue sequence). We only show the first equality ?ktﬁké(i) =
—> Ay .
€ ré(i) since the other one follows by the same argument.
Assume i € T,f{ .- then the graph of Jé(i) is of the following form

W/ (4

o X X O
m m
- or -
(> N4
X0 oX
m m
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which implies that J,2(i) is topologically equivalent to the idempotent. Hence it is easy to see
that € wee(i) = € ().

Proposition 6.2.27. Suppose i € I¢ such that iy + iy.; = 0. Then we have
(-D#Usvged), ifieT!

guei) = ko
Wie) {0, otherwise;
and
- -1 a5k (1) e , ieTn ,
e(y& = e, oo
0, otherwise.

Proof. From[Lemma 6.2.26] it follows that it sufficies to prove that
af(i-sp) + BR(i-5p) pos,(i-sx) + ag(i-sp) + ap (i) + Br(i-sp) pos,(i-sp) + Br(i) pos, (i) + pos, (i) = ay(i-sy),
ag(i-sy) + By (i-sp) pos, (i-sp) + ap (i) + af(i-sx) + B (i) pos, (i) + BL(i-sx) pos, (i-si) + pos,(i-sx) = ax(i-sp).
From|Lemma 6.2.2]and [Lemma 6.2.1| we have,

af(i-sp) +af(i-sp) = ap(icse),  pos,(issy) = pos,(i), and Br(i-sp)+Bri-s) = i(iosp)+1 =1,
and hence

g (i-5¢) + B (i 51) posy (i-si) + (1) + o () + B (i) posy (i-si) + B () pos, (i) + posy (i)
ai(i-s) + pos, (1) + pos, (i) = ax(i-si),

ag(i-sy) + BL(i-sp) pos,(i-s) + ap (i) + af (i-si) + Br(i) pos, (i) + Br(i-s;) pos, (i-s;) + pos, (i)

ai(i-sp) + pos,(i-si) + pos,(i-sy) = ag(i-s).

6.2.8 Tangle relations
In this subsection we prove the tangle relations. To do this, we first show the relation
€i—1€k€k-1 = €1, €1€k—1€; = €.

The key idea is to show these relations is to obtain the following

) e, =€t e, = e()ge).
Suppose i € T¢ such that iy_; = —i; = ir,;. Let us list the possible local structures of the

graph i.

Lemma 6.2.28. Suppose i € T¢ such that ir_, = —i; = ix,1. Then

(1) if deg,(i) = 1 and deg,_,(i) = —1, then the graph of i at level k — 1, k and k + 1 is of the
form

(2) ifdeg,(i) = —1 and deg,_,(i) = 1, then the graph of i at level k — 1, k and k + 1 is of the
form



(3) if deg,(i) = deg,_,(i) = 0, the graph of i at level k — 1, k and k + 1 is of the form

5 o ¢

Corollary 6.2.29. Suppose i € T? such that ix_, = —iy = ix.1. Then in case deg,(i) = £1, we
have the following properties:

(1) the graph of 1 is topologically equivalent to one of the following graphs:

5 8 o 0o 0o o0

__________ s S LA L

© @ @ o o

(2) assume i is topologically equivalent to the following graphs:

O
o o 9 L2 & m

then my_1(1) = my(i).

(3) assume i is topologically equivalent to the following graphs:

QL L © e/ @

we have the following

(a) if deg,(i) = 1, then k is on the floating loop (or inside loop) and my_,(i) = my(i).
(b) ifdeg, (i) = —1, then k is on the floating loop (or inside loop) and my_, (i) = my (1) + 1.

Proof. (1) follows from Let us prove (2). if deg,_,(i) = —1, the k— 1-pattern and
k-pattern of i are on the same floating loop, which implies b;_; (i) = bi(i) and d;_,(i) = di(i) = 0,
and hence my_,(i) = my(i); whereas if deg,_,(i) = 1, by checking (3), (5), (11.a.i), (11.a.ii),
(11.b.1), (11.b.ii), (15.a.111), (15.a.1v), (15.b.ii1) and (15.b.iv) of Appendix A, we always have
my_1 (1) = my(i).

Now let us prove prove (3). If deg,(i) = 1, then it follows from [Lemma 6.2.28|1) that the
k-pattern is on the floating loop (or inside loop), and my_;(i) = my(i) since k — 1-pattern and
k-pattern of i are on the same floating loop; and if deg,(i) = —1, then from [Lemma 6.2.28|2)
we have that the k-pattern is on the floating loop (or inside loop), and my_(i) = my(i) + 1 by
checking (11.a.iii), (11.a.iv), (15.a.1) and (15.a.i1) of Appendix A.

Lemma 6.2.30. Suppose i € T¢ such that iy_; = —i = ix,1. Then we have
Ere) e =€) e, = e e().

Proof. We only show €e(i)'e,; = &(i")&é(i’), since the relation €,_j(i)'e;, = &(i)&e’)
follows by the same calculations.

We consider the following cases:
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Case 1: deg, (i) = deg,(i) =0and ¢ # 0.

In this case, the graph of i and i’ are topologically equivalent. Hence € 2(i) and (i) €_;
are topologically equivalent to the idempotents &(i’). Therefore we have

() e = e(i) = ei)ee().
Case 2: deg, (i) = -1, deg, (i) = 1 and 6 # 0.

In this case, we have € 8(i)€;_; = &) by checking all 11 cases of |C0rollary 6.2.29|

Asse

if 6 # 0. Hence we have €,6(i) €, = &(i") ().

Case 3: deg, (i) = 1, deg, (i) = -1 and 6 # 0.

In this case, the calculations are essentially the involution of Case 2. From|Corollary 6.2.29|
we have that if i is topologically equivalent to the following graphs:

O
o o O 0O g5 o

__________ VW I A= A=
then my_1(i) = my(i) and € 2(i) €4y = (=11 OO’y = 5(i’); and if i is topologically
equivalent to the following graphs:

L L © e/ @

then my_, (i) = mi(i) + 1 and €,8(1) €4y = (1)1 O+md+15G) = 5§"). Therefore in all

11 cases we have €,8(1) '€, = &(i’) = e(i)&e).

Case4: 0 =0.
in this case there will be a floating circle at levels 2 and 3 of the graph of i’. Following
the same calculations as in Cases 1 - 3, the product € (&(i) ‘€, is the sum of all graphs
grg; with the following orientations:
o the pair of floating loops at level 2 and 3 are oriented clockwise
e the rest pairs of floating loops are oriented oppositely

e the loop in the middle is oriented anti-clockwise

AAAAA

Lemma 6.2.31. We have
e(i) €, = e(i) € e(i)&e () ().

Proof. The Lemma can be verified by direct calculations by considering both cases 6 = 0 and
0 #0.

Lemma 6.2.32. For anyi € I such that iy + ix.; = 0, we have

Ao\ — AONA A A Aye —> Aye AgeIN A A A Aye
e(i)e, = e(1)&é ... ged), €e() =e(d)g ... 1&e().
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Proof. We only prove the first equality. The second equality can be verified by the same argu-
ments. We proceed by induction on k. If k = 1, it is trivial. Assume

Ao\ — AsONA A A Aye
e(j) €1 = e()é&-16&2 ... &€(")
for any j € T9.
Fori = (i}, i5,...,1,), let
J= ety bimts =Tkt Tkt Tew2s Tea3s -+ 5 In)-
It can be seen that i’ = j’. Then by [Lemma 6.2.30} [Lemma 6.2.31|and induction, we have
&(i) € = e(i) € e(iNge(i)g 8(i') = e(i) € e(i)&e (V€ () €y

ANE— A ™D AseNA N A Aye
= e(i) €16 € ()& 182 ... €e(i)

= e()éér—16— ... g e("),

Now we start to prove the tangle relations. First we prove that
ErEx—1€ = &, €k-1€1Ek—1 = €.

Lemma 6.2.33. We have ékék—lék = ék and ék—lékék—l = ék—b

Proof. For convenience we omit &(i)’s in the following calculations. By|Lemma 6.2.30|and[Lemma 6.2.31|
we have

A A A — A — A — A — A — A — A — €— A A A A A — — A A
&é 18 = (6 €N 18 € ) 18 €r) = (€61 )E(€ 11 €8 € = 1881688 €, = €48 €x = &,

and

A Aa R N I P e R P 2 _ &~ Aaarnn — N
€k—1€k€k—1 = Ef_1€2 €| EEQER Ef 1€ €| = E}_1E2€E1EE1E) €] = €_].

Lemma 6.2.34. Suppose i € T¢ such that ir_, = —iy = ixs1. Then we have
aj (D) +B5 (@) pos, (i) +ay_, () +B;_, (D) pos,_ (D) = af_ (D) +BL_, (i) pos, (i) +a (1) +B; (i) pos,(i) = 0.
Proof. First we show aj (i)+B5 (i) pos, (D)+ay | ()+B7 (i) pos,_; (i) = 0. Note that by
we have pos, (i) = pos,_,(i) + 1. We consider the following three cases:
Case 1: i; = 0.

By the direct calculation one can see that BL(i) = BF (i), ar(i) = af (i) + O s +

61'1“%, Qé_l(i) + Qf_l(i) = ﬁf_l(i) + 6ika_% + 61’/{»%'

Hence we have

a,f(i) + ﬁf(i) pos, (i) + cxf_ ) + ,Bf_ , () pos,_, (i)
= @ (D) + 6, _o1 + 6, o1+ Br(d) pos () + 5", () + B, (i) pos;_, (i)

,Bf_l i) + Blf(l) pos, (i) + ,8115_1 (i) pos;_; (i)
ﬁf_1 (i) + ﬂf_l (1) pOSk(i) + ﬁf_1 (1) POS;_; (i)
= BF (i) (1 + pos,_,(i) + pos,(i)) = 0.

Case 2: i, = —1.
By the direct calculation one can see that L(i) = BF (i), ar(i) = af (1) + 1+ Oj sl +
O o1 ap (D +aef H+1=8F 30+ 0ol + 0y o1
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Hence we have
ar(i) + BL(i) pos, (i) + af (i) + B (i) pos,_, (i)
@i )+ 1+6; o1 +6; s + B () pos (i) + & (i) + B (D) pos;_; ()
Bi_1 () + B (i) pos, (i) + B¢, (i) pos,_, (i)
= B () + B, () pos () + B¢, () pos;_, (i)
= BF (1) (1 + pos,_,(i) + pos,(i)) = 0.
Case 3: i, # 0 or —1.
By the direct calculation one can see that SL(i) = BF (i), af(i) = af () + 1+ Ojmost +

L * R . _ nR *
8oty @b () +af () + 1 =BF () +6, o1 — 0, o

Hence we have
(i) + By (i) pos, (i) + oy, (i) + B¢, (i) pos,_, (i)
= @ )+ 1=06, s + 6 e + B pos, i) + o () + B, () pos, ()
= B, () +Br () pos, (i) + B, (i) pos,_, (i)
= B () + B, () pos, () + B¢, () pos;_, (i)
= B, () (1 + pos,_, (i) + pos, (i) ,

Therefore ag(i) + BL(i) pos, (i) + aff (i) + Br_,(i) pos, (i) = 0. Now let us show (i) +
BR({) pos,()+ar (D)+B% () pos,_; (i) = 0. Note by|Lemma 6.2.2{we have pos, (i) = pos,_; (i)+1.
Similarly consider the following three cases.

Casel: i; =0.
By the direct calculation one can see that g; (i) = B{(d), o (i) = af() + Ojosl +
5y ooty @H() + @) = BG) + 6, a1+, e,
Hence we have

ap (@) + B () pos, (i) + ay_, () + Br_, () pos;_, (i)

(D) + BE ) posy (i) + g (D) + 6, _o1 + 6, 51 + B, (i) pos;_, (i)

BLG) + BE() pos, (i) + By, (i) pos,_, (i)

BL) + BL () pos, (i) + B () pos,._, ()

Br(@)(pos, (i) + pos,_, (i) + 1) = 0.

1

3

By the direct calculation one can see that & | (i) = pr(i), et (i) = ak() + 1 + Ol +
O o0 ap(i) + af (i) + 1 = BRa) + Oj—ost + 0y o1

Tk

Case 2: i, =

Hence we have

af(i) + BR(i) pos, (i) + a;_, (i) + B¢, (i) pos,_, (i)

@i (@) + L) pos @) + ag (D) + 1 + 6, _s1 + 6 51 + B, (i) pos,_, (i)
B () + B (D) pos, (i) + B, (i) posy_, (i)

BE() + BF (i) pos, (i) + B{ (i) pos;_, (i)

ﬁf(i)(posk(i) + pos;_; (i) + 1) = 0.
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Case 3: i, # 0, 3.
By the direct calculation one can see that 8 (i) = Br(i), af () = af() + 1 + Oyl +
5y its k(D) + (@) + 1= BRG) — 5, o+, 0.

Hence we have

i () + B () pos, (D) + i (D) + B, (D) posy_, (i)

@i (@) + B @) pos () + (D) + 1 + 6, _s1 + 6 51 + B, (i) pos;_ (i)
BE@ + B () pos, (i) + B, (i) pos,_, (i)

B @ + B () posy (i) + B{ (@) posy_; ()

Br()(pos, (i) + pos,_,(i) + 1) = 0.

Therefore o (i) + BR(i) pos, (i) + af (i) + L, (i) pos,_, (i) = 0.

Lemma 6.2.35. We have €.€_ 1€ = € and € 1€E—1 = €Er_1.

Proof. The statement is obviously true by [Lemma 6.2.33|and |[Lemma 6.2.34]

Lemma 6.2.36. Suppose i € T¢. Then we have
A Ao A Aoy AT Ays A —> Aye
Jre() € = rr18() €y, Vi € k(1) = Jrs1 € ().
Proof. We first show jzké(i)(e_k = j)k+1é(i)(e_k. By checking Appendix C, we have
o (~1y"05,6(0) €, = (~1)"1D9,,,2() €y in case
(1-8), (9.a-b), (10.c—d), (11.a.i—ii), (11.b.i—ii), (12), (14), (15.a.iii—iv), (15.b.iii—iv), (16).
Furthermore, in these cases we have my (i) = my (i) (see Appendix A), which implies
Ml €x = D) €.
o (—1y"D92(i) ey = —(=1)" V9, 2(1) €, in case
(9.c —=d),(10.a - b), (11.a.iii — iv), (11.b.iii — iv), (13), (15.a.i — ii), (15.b.i — ii).
Moreover, we have my (i) = my (i) + 1 (see Appendix A,), which implies j}ké(i)(e_k =
Frrr8(i) €.
Following the same argument we can show j/k_e)ké(i) = jfk+1—e)ké(i) by checking Appendix D
and A.
Lemma 6.2.37. Suppose i € T¢. Then we have
Ok + Fr+1)& = &Gk + Yis1) = 0.
Proof. By we have pos, (i) = pos,, (i) + 1, and from we obtain
Vk + Yir1)& = & + Yis1) = 0.
Lemma 6.2.38. Suppose i € I such that iy_; + ix.; = 0. Then we have
E8() = € rdne), e(Wi_1 € = e €.

Proof. We only prove the first equality. The second equality is basically the involution of the
first equality. We consider the following cases.

Case 1: |ip_; —ix| > 1 and |ipy; — @] > 1.

This part is obvious.
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Case 2: |ik_1 - lkl =1and |ik+1 - lkl > 1.

In this case, we have deg;_;&(i) = 1 and deg y/,é(i) = 0. This forces that deg, (i-s;_;) =
—1 or deg,(i-s¢—1) = O, if deg,_,(i-s;) = 0 or deg,_,(i-sx) = 1, respectively. Hence we
consider these cases separately.

Case 2.1: deg,(i-s,—;) = —1 and deg,_,(i-sx) = 0.
In this case, the graph i-s;_; is of one of the following forms:

° v X v v X v © 0 (X X\ 0 o, X X, 0

o Xo X 0 X X o X O X O o X X O o X X O
° O x xQ ° O Q O Q

o Xo X 0o X X o X O X o o X o X X O

Similarly to [Corollary 6.2.29] the graph of i-s;_; is topologically the same as one of
the following graphs:

5 8 o o 0 o0

__________ ) S L AL

© M@ M@ @ M

Since ?k_lé(i-sk) and ye(i) have degree 0, the product _e)k_lwké(i) is topologically
equivalent to the idempotent é(i). Hence following the same argument as in Case 2
of the proof of we can show _e)ktﬁk_lé(i) = ?k_ltffké(i).
Case 2.2: deg,(i-s—;) = 0 and deg,_,(i-s¢) = 1.

In this case, since € &(i-s,_; ) and /(i) have degree 0, they are topologically equiv-
alent to idempotents. Hence we have € J_16() ~ Uy_ie(i) and €, ~
Ero18(i-sy). AS iy — ixe| > 1, the graphs of i and i-s; are topologically the same.
Hence by the definition we have &k_ 1e@) ~ ?k_lé(i-sk), which implies ?ktﬁk_lé(i) ~

_e)k_lgﬁké(i). Moreover, since these two elements have the same graph, it forces
- 4 Aye e d 2 Ay
€ w—1e(l) = €, 1ye(i).

Case 3: |ik_1 — lkl > 1 and |ik+1 — lkl =1.
This case is essentially the same as Case 2.
Case 4: |ik_1 - lkl = |ik+1 - lk| = 1.
In this case we have i;_; = ix;; = =1 and i, = 0. Since i is a residue sequence, it implies
. . . - 4 Aye — N Ay
thati-s; and i-s;, are not residue sequences. Hence we have € y;_e(i) = 0 = € _yé(d).
Case 5: i, = i;.

In this case we can assume that i;_; = iy = —i;41, since otherwise i;_; + ix+1 # 0, and we
- 4 Age - 2 Agse . :
would have € _i1e(i) = 0 = €,_1ye(i). Under this assumption we have,

deg€ie(i-sio) =1,  degi_ie(i) =-2,  degereli-se) =—-1,  degye( = 0.

Similarly to|Corollary 6.2.29] the graph of i, i-s;,_; and i-s; are all topologically the same
as one of the following graphs:

O O O O [(2 O

- Yo




© @ @ o

Following the similar argument as in Case 2 of the proof of we can show

€ ini2(i) =€l
Case 6: i, = i;.
This case is essentially the same as Case 5.
By combining all the 6 cases above, we obtain _e)klffk_lé(i) = _e)k_llﬁké(i).
Corollary 6.2.39. Suppose i € 1. Then we have
&1k = &l Uili18 = Y1

Proof. We only prove the first equality. The second equality follows from the same arguments.
Here by [Lemma 6.2.31|and [Lemma 6.2.38| we have

P S N T S S S T S a A
E— 11Uk = €ExELELE | €1 1EY) = €1E2EIE € (1Y = €€ €j 1Yk = €& €xYio1 = EYi.

Proposition 6.2.40. Suppose i € 1¢ such that ir_; + ix.1 = 0. Then we have

€€k = W1, Y& 1& = Y16

Proof. By |Corollary 6.2.39] it suffices to prove that
sign, (€5 +sign,, Wy = sign,, (€11 + sign,., (),
sign g, | (e + sign,(Yy_1) = signi_Sk((e_k_l) + sign, ().
Denote j = i-s;_; and k = i-s;. By definition we need to show that
@ (G) + B pos, (G) + signi(fu1) = o (k) + B, (K) pos;_, (k) + signy (),
() + B () pos, () + sign;We-1) = @i (K) + By (K) pos,_; (k) + sign;(Jy)-
Similar to we separate the Proposition into several cases.

Case 1: |i;_; — ] > 1 and |ix — @] > 1.

Let i,y = —ix+1 = i and iy = j. In this case we have
j; ] i ] e k: - i —i J
i: J =i - i: Joo—i

Hence we have
() = oK), BRG) =B (k). posi(j) = pos,_;(K),  sign;(f—1) = sign (o)
2 () = oK), Bi() =B k), pos,(j) = pos,_(K), sign(fi-1) = sign;(fo),
which implies
@ (§) + BEG) pos,(3) + sign;(Ji-1) = (k) + B (K) pos,_; (K) + sign (),
a; () + BE() pos, () + sign;(i-1) = i (K) + B, (K) pos,_; (K) + sign; ().
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Case 2: Ireg — g = 1 and |ik+1 - lkl > 1.

Leti,_; = —i;,; =iand i, = i + 1. In this case we have
oo i+l i =i k: -~ 1 =i+l -
i 00+l =i - i: - 0 i+l =i

Hence we have
() = o (K, BG) =B (K),  pos(j) = pos,_;(K), sign;(fi-1) = sign ()
() = a1 (K), Bi(G) =B () + 1, pos,(j) = pos;_ (k). signi(u1) = sign;(§x) + pos_, (i),
which implies
g () + BLG) pos, () + sign;(ir) = @it (K) + BF(K) pos,_, (K) + sign, (),
() + B () pos, () + signy(i1) = ., (K) + B, (K) pos,_, (K) + sign;(Jre).

Case 3: ik_l—ik:—landlik+1—ik|>1.
Leti,_; = —iys; = iand iy = i — 1. In this case we have
j; R -] e kK: --- i -4 i=-1 ---
i: - 0odi-1 = .- i: - 0 i-1 =i

Hence we have
@ () = a0 + 1, B =B, (K) + 1, pos(j) = pos,_;(K), Signj(lﬁk—l) + pos;_ (J) = sign, (J);
o) =a®, B =K,  pos) = pos,_(K), sign;(e-1) = signy(§),
which implies

() + BLG) pos, () + signi(fi—1) = e (K) + B¢ (K) pos,_, (K) + signy (o),

@, (§) + By(G) pos, () + sign;(Pi1) = ;. (K) + B, (K) pos,_, (K) + sign; ().

Case 4: |ik_1 - lkl > 1 and Iep1 — I = 1.

Leti,_; = —ix;; = iand iy = —i + 1. In this case we have
oo =i+l i =i - k: -~ i@ —i-i+1--:
i: - 0=+l =i - i: - 0 —i+1 -

Hence we have
@ () = (K + 1, BEG) =B, (K) + 1, pos,(j) = pos;_(K), sign;WJi-1) = sign,(fx) + pos;(K);
o=k, B =LK,  pos() = pos,_ k), sign(i-1) = sign;(),
which implies
() + BEG) pos,(§) + signy(Pu-1) = af (K) + B (K) pos;_; (K) + sign, (d),
@, (§) + Be () pos, () + sign; (1) = e (K) + Br_; (K) pos;_; (K) + sign; (o).

Case 5: |ik_1 - lkl > 1 and Igp1 — I = -1.
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Leti,_; = —ix;; = iand iy = —i — 1. In this case we have

j; oo j—1 i —i kK: --- i -4 —i=1:--

< >~

ico Q-1 - e R A
Hence we have
() = of (&), BRG) =B (k). pos,(j) = pos,  (K), sign;(@_1) = signy (§);

ak() = af_(K), BEG) =B, (K) + 1, pos,(j) = pos,_(K), sign;(_1) = sign;(e) + pos, (i),
which implies

@ () + BEG) pos,(3) + sign;(u—1) = o (K) + B (K) pos,_; (K) + sign, (d),
a;(§) + B () pos () + signy (1) = @, (K) + B, (K) pos;_; (K) + sign; ().
Case 6: |ik_1 - lkl = |ik+1 - lk| = 1.
In this case we have ?klﬁk_lé(i) =0="¢, 1$ké(i). Hence we always have &¢_ye(i) =
&Yi_1e(i). Similarly, we have e(i)y&_1& = e(i))i_1&.
Case 7: i = i.

Let i,_; = iy = —ix4+1 = i. In this case we have

) TR S S SRS K: - 0@ -0 i

Hence by we have
@1 (K) + B (K) pos,_; (K) + sign, ()
= af (k) +BF (K)pos,_,(k) + ap(K) + a(i) + Br(K) pos, (k) + BX(i) pos, (i) + pos, (k)
= ak(i) + B (i) pos, (i) + pos,_, (k) + 1
= af(j) +ﬁf(j) pos,(J) + pos,_;(j) + 1
= @} () + BLG) pos () + pos; ()
= a{(§) + BE () posy () + Signj(@k—l),
and
@1 (K) + B (K) pos_; (K) + sign; ()
= ar_ (k) + Br (k) pos,_,(k) + aj (i) + af (k) + BL(i) pos,(i) + Br(K) pos,(K) + pos, (i)
= aj (i) + Br (i) pos, (i) + pos,(i)
= a;(j) + By () pos,(4) + pos,(j)
= a;(j) + By () pos,(j) + sign; (1)

Case 8: i1 = i;.

Let i,_; = —i; = —i}4; = i. In this case we have
oo =i 0 =i k: - 1 - -
i I - - . i i - -
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Hence by we have
() + B () pos, () + Signj(lﬁk—l)
= &} () + BLG) pos, () + o () + @, () + B, () pos,_, () + B¢ () pos,_, (i) + pos;_, ()
=af (i) +BF () pos,_,(i) + pos,_, (K)
= af (k) +BF (k) pos,_,(K) + pos,,  (K)
= af (k) + B¢, (K) pos,_ (K) + sign, (),
and
a;(§) + Br() posy() + sign;(Ji1)
= a;(j) + Be() pos () + i, () + a5, (G) + B (D) pos,_, () + B¢ (§) posy_, (§) + pos,_, (i)
ag () + B¢ (i) pos,_, (i) + pos,_, (i)
“1%—1(.1.) + 516—1(.1.) pos;_(j) + pos,, (i)
a; (k) + Br (k) pos,_, (K) + sign; ().

Combining the results of this subsection, we have the following Proposition:
Proposition 6.2.41. Leti,j€ T? and 1 < k < d. Then
e(Néa& e = e(adne(d), e(i& &e(j) = e()1&e(),
e(D)&&-1&e(j) = e(i)ee(j); e(D&-16&-1e(j) = e(De-1e(j);  e(Dae(F)(Gr + Jir1) = 0.

6.2.9 Braid Relations

In this subsection we prove the Braid relations. We first assume that either i + ix,; = O or

I + i = 0.

Lemma 6.2.42. Suppose i € T¢. Then we have

e& & 1e(i-spsi-151), ik + i = 0and iy = (i — 1),

= == e o - —e()e&_1e(i-sgsi_15¢), ifix+ i =0and iy = (i + 1),

ey — eYi—1¥ihi-1 = _ . _ e _1. A .f.k ! ! -
e(i)g_1&e(i-spse-150),  ifig + i = 0 and iy = =@ — 1),
—é(i)ék_léké(i-sksk_lsk), l:fl.k_l + ik =0and ik+1 = i(ik + 1)

Proof. We only prove the first equality. The rest of the equalities can be verified using the same

arguments. So we assume that iy + i1 = 0 and i;_; = =(i; — 1). By [33, Lemma 7.60] we have
either i-s, € T or i-s;_;5; € T, but not both, which implies

Case 1: i-s; € T¢
In this case we have e(i)y_ Y1 = 0. Moreover, since iy + ix,; = 0 and i-s, € T¢
we have i € T,f+, and by the definition of /&, we have i-sisi_15¢c = (@1, ..., —lk, I, (i —
1),...)€ T,fo. Hence, using the relations proven before, we have
e — e 11 = e el Si-1 5¢)
= (=) OBy Y@ S Skt 51 &1 8(1 Sk Sk—1 5t
— (_1)ak—l(idksk—lSk)é(i)lpklpi_] ékék—lé(i'sksk—lsk)
= (= 1) OR3-Sk Sk-1 k)

= (=) Essrsor @O (§)g & 2(i55Sk-1 1)
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Hence we have e()y—1Wi—e)Wi_1Yili-1 = e(i)&&1e(i s si—1 5x) since (—1)-10sesirsrarlsg =
1 by the definition of a.
Case 2: i-s;_;s5, € T?

In this case we have e(i)J1¥x = 0. Moreover, since i-s;_;s; € T we have i € T},.
Hence

e — e 1 = —eD_ 1
= (=)™ V2(i)e@ (D)1 Pd—12(-Sk-1 SSk-1)
= (- D"V ()& 1P dio12( sp-1 Skse-1)
= (- &(i)e &1 P 8(i 551 Sk 51-1)
= ()OOt i) g g (1 551 SkSk-1).-

Hence we have e 10x—e -1y = ()& &1(isise—1 5i) since (= 1) O+t —
1 by [33, Lemma 6.15].

The next result can be verified by the same arguments as
Lemma 6.2.43. Suppose i € T¢ such that ir_, = —i; = ix,1. Then
~(=D)*'Ve(i)g_je(i), if () =0,
(-DVemged,  if () =0.

Proof. We only prove the first equality, since the second equality follows from the similar ar-
gument. We assume /(i) = 0. By the definition of 4, we have hy_;(i) = -2, then

implies e(i)y_1¥wbi1 = 0. Hence it suffices to prove that
e = (-1 Ve(i)g._ 2().
Since é(i)y/, and (i) are topologically equivalent to the idempotent é(i), and e(i-s )W, is
topologically equivalent to e(i)é._;é(i), we have

e — e = {

By[Lemma 6.2.1, BF (i) + B ,(i) = deg,_,(i) = 1; and by[Lemma 6.2.2} we have pos,_; (i) +

1 = pos, (i) = pos,(i-s¢). Therefore
ap-1(0) + () + @, (i) + B, (i) pos,_, () + BF_, () pos,_; (i) + 1

= @1 (i) + a1 (1) + pos,_, (1) + 1 = pos,_,(i) + 1 = pos,(i-s¢),
which proves e( i1 — e i1 = —(=D™ ' Ve(i)g._ ().
Lemma 6.2.44. Suppose i € T¢ such that iy_; = ir. = iy £ 1. Then we have

e + ety = ().

Proof. From the construction of up-down tableaux, one can see that fori € T, we have ei-
ther -5 € TA" or i-s;_; € T but not both. This implies that either Aé(i)lék_)lzkl&k_l =0
or e(W 1y = 0. Without loss of generality, we assume that e(i)y_ Y-y = 0. If

é(i)z/?k;@k_ﬂ/?k = 0, the calculations are the same.
Since é(@)_ 1 # 0, the k — 1, k and k + 1-patterns of i-s; is



which implies the diagram of i-s;, is topologically equivalent to one of the following diagrams:

5 & o o o o0

__________ A A LA AL

©@© @ @ @

One can see that 2(i)J; is topologically equivalent to € ;&(i- s ); Y&(i) is topologically equiv-
alent to &(i-s;)€y; and e(i- )i 8(i-sy) is topologically equivalent to &(i-s;)é-—1e(i-s;). Hence
following the calculations of Appendix E, we have

eWi—1Pn—1 + eD-1n = ey 19 = e(i),

Now we check the signs.
Lemma 6.2.45. Suppose i € T¢ such that ir_; = ir.; = iy £ 1. Then we have
s oo oo oo e(id),  ifik1 =i =i -1,
eI — el =4 . T
—e(i), ifiy =g =i+ L
Proof. We consider the following cases:

Case 1: ik—l = ik+1 = ik -1

Case 1.1: é(i)lpk_llpklzk_l =0
In this case we have

eI In—e @Dl = 2@ ()P0, ) ((—DPE00) = () = &),
Case 1.2: é(i)l/_/kl,pk+1l/_/k =0

Bywe have pos,_, (i) = pos,,,(i-s¢-1) + 1, which implies

21— D11 = =) (=P V) (= DPsE0g )iy = (i) = a(i).

Case 2: Ipmy] = Ige1 = I + 1

Case 1.1: e(i)y_ 1y = 0.
By we have pos, (i) = pos,(i-s;) + 1, which implies
Wi i—e Wi = ) (= DP V) (1P E gy ) i = —2(i) = ).
Case 1.2: e(i) 1Y =0
From we have pos,_,(i-sx—1) = pos,,(i-s¢1), which implies
Wi i—e 11 = ey (=P 050 ) (=P 0y ) = —a(i) = ().
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Proposition 6.2.46. Let B, = Y10y — Ui Wihi—1, i € T and 1 < k < d. Then

e(i)& & 1e(i-sgsk-15¢),
—e(i)& €& —1e(i-sisk-150),
e(i)&1€e(i-sgsk-15¢),
—e(i)&_1&e(i- s Si-15¢),

—(= 1) D2(i)& 1 8({sp5k-151)s
(- D) P2(i)&e(i-sesi-1 50),

e(i),

E(i).@k =

—e(i),

0,

ifix +ige1 =0and i) = £(ix = 1),  (6.2.7)
ifiy +ixe1 =0and i) = £+ 1),  (6.2.8)
ifixo1 + i =0and i = £(ix = 1),  (6.2.9)
ifiro1 + i =0and iy = £ + 1), (6.2.10)

ifir_1 = —ix =ity #0, J_r% and hi(i) ®2.11)
if ip-1 = =i = ige1 # 0,23 and h_, (iX6&D]2)
iy + g, by + b1, ik + ik 70

and ij_1 = i1 = i — 1, (6.2.13)
if iy + gy bgmy + b1, Ik + k1 £ 0

and iy = iy = i + 1, (6.2.14)

otherwise. (6.2.15)

Proof. We can prove (6.2.7)-16.2.10) by [Lemma 6.2.42] (6.2.11]-[6.2.12)) by [Lemma 6.2.43] and

(6.2.13]-[6.2.14) by [Lemma 6.2.45] For the rest of the cases, we have

() igmy +i =0

(@) ixe1 =1 =0or i%

(b) ik+1 = ik—l and hk_l(i) * 0, and hk(i) # 0.

(©) lixke1 — ixtl > 1 and iy — ix > 1.

In the first two cases above we have that Y_ 10 = Uil = 0, hence 2(i)B; = 0. In
the third case, we have that ) ye(i) and yy_ i e(i) are topologically equivalent

to e(i).
(2) i1 + i # 0.

(@ li—1 — il > 1

Lol + il > 1

. |ig—g+il=1land iy + it #0
(b) lix-i —il=Tland iy + i1 #0
(©) fro1 = ik

il — il > 1

. i — il =1

L. Gk = ig

By considering all the above case, we can show that e()y_1Yx = e(Wi_1Wwbi—i. We

omit the proof here.

6.3 Proof of the main theorem

Now we are ready to prove the main result of this section.
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Theorem 6.3.1. The map ® : G,4(6) — C4(0) determined by

e(i) = é(i)’ yr = yr’ l/’k = lpk’ € > &,
wherei € T, 1 < r <d,1 <k <d-1, is an isomorphism. Moreover, for any homogeneous
element u € G4(6), we have degu = deg ¢(u).

Proof. Since the elements
{e) [ieTYU(F, |1 <r<d)U{gp|1<k<d-1}U{g|l<k<d-1)}

satisfy the defining relations (5.2.4]- [5.2.27) of G,(6), proven in Section [6.2] we have that ® is
a well-defined algebra homomorphism. It is graded by Lemmas [6.1.14] [6.1.16] [6.1.26]6.1.32]
Furthermore, since B,(5) and G,(6) have the same dimension (Theorems[d.3.1} [5.3.1)), it suffices
to show that @ is surjective.

Let us choose arbitrary i, j € I¢ such that 8i&; is a graph of some Verma path of length 2d,
and let a;; be the element in Cy(6) with the graph g;g; , such that all the loops in &;; are oriented
anti-clockwise.

Claim 6.3.2. It is enough to show that for any i, j € I¢, such that 8ig&; is a graph of some Verma
path of length 2d, a;; is in the image of the map ©.

Proof. Assume that ¢ € C,4(6) and has the graph g;g; but not all circles in the Verma path ¢ are
oriented anti-clockwise. Then there exist [, ..., [, 7y, ..., r, such that §;, ... 9,ai;9, ... 9, =C.
Therefore, since ®(y;) = J; for any 1 < k < d, we obtain that ¢ is also in the image of the map

@.

Let a := @ and b be the Verma path with graph g; &; such that all the loops in b are oriented
anti-clockwise. Furthermore, let a := @' o ®;'(a) and b := O ' o O;'(b). Recall that &,
is the Gelfand-Zetlin algebra of B,;(6). Let us abuse notation and use the same notation for
its isomorphic image in C4(6) and G4(5). Recall from [Proposition 4.3.2| that in By(0), -Z; is
generated by all Verma paths with the graphs gjg; and from [Proposition 5.3.2| that in G4(6), it
is generated by e(i),i € T¢ and y,, ..., y,. Hence, we have &(i) € Z,a.%,b.-%; C C4(5), which
implies that e(i) € Z,a.Z,b. %, C G4() (it follows from [[17] and [33]] that idempotents with a
fixed residue sequence are preserved by @ and ®g).

Now, consider the elements ®(a), D(b) € C4(0). Clearly, ®(a), D(b) # 0, otherwise D(e(i)) €
O(Lalb%;) = 0, which contradicts to ®(e(i)) # 0. Moreover, we have that ®(a) = k- a €
C4(6) and ®(b) = k' - b € C4(6) for some scalars k and k' because @ preserves the degrees
(note that ®(a), ®(b) are the (up to scalars) unique elements of minimal possible degree among
elements with graphs 8ig&; and g;g:, respectively). Hence, the map @ is surjective.
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Chapter 7

Quantisation

In this and the following sections, we fix g,z € C* and n,d € N. Let V = C*". The Lie algebra
g = sP,, is given by
sp,, = {x € End(V) | (xvy,v») + (v, xv,) = 0 for all v, v, € V},

where (,) : V® V — C is a nondegenerate bilinear form satisfying (v{,v,) = —=(v2, v1).

We choose a basis {v; | i € \7} of V, where V = {-n,...,—1,1,...,n} so that the matrix of
the bilinear form (,) : V® V — Cis
J = antidiag(1,...,1,-1,...,-1), and sp,, = {x € End(V) | x'J + Jx = 0},
| N

where x’ is the transpose of x.

Proposition 7.0.1 ( [35]], (7.9); [4], Ch. 8 §13 2.1, 3.1, 4.1 ). We have

5Py, = span{ Fj; | i, j € V) where F;; = E;; — sign(i) sign()E_; _;,
where E;j is the matrix with 1 in the (i, j)-entry and 0 elsewhere. A Cartan subalgebra of sp,,
is given by

b=span{F;|ie V)  withbasis  {Fy1,Fxn,...,Fu). (7.0.1)
And the dual basis {e,, ..., &,} of b is given by
g:h—-C with &i(Fjj) = 6ij. (7.0.2)
The form 1
(Y:g®g—>C given by (x,y) = Etrv(xy) (7.0.3)

is a nondegenerate ad-invariant symmetric bilinear form on g such that the restriction to ) is
a nondegenerate form (,): h® ) — C on l. Notice that since (,) is nondegenerate, the map
v: b — h* given by v(h) = (h,-) is a vector space isomorphism which induces a nondegenerate
form (,) on h*. Let (,): h* ® h* — C be the form on §)* induced by the form on }) and the vector
space isomorphism v: b — bh* given by v(h) = (h, -). Furthermore, we have that

{Fi,...,F,,} and {e;,...,¢&,} areorthonormal bases of h and b".

Let A denote the set of all roots @ and we choose A, :={g;+¢;|1 <i< j<n}U{2¢|1<
i < n} be the set of positive roots. Let p = 1/2},., @, where the sum runs over all positive
roots. Further, we fix an ordered sequence of simple roots a;, ..., a,.

We have a triangular decomposition
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g=n_oehon,, n+=EBgm n_=EBg_m

€A,

where g, is the eigenspace corresponding to the root o under the adjoint action on §.

The n X n matrix A = (a;;) with entries
2< @, aj >
< q;,q; >

is called the Cartan matrix of g. Furthermore, let D = diag(d,, ..

with entries
d,",' =< qa;,a; > /2

Denote g; = ¢ and suppose that g7 # 1.

€A,

.,d,) be the diagonal matrix

Definition 7.0.2. Let U,(qg), called the Drinfel’d-Jimbo quantum group corresponding to g,
be the associative unitive complex algebra with 4n generators E;, F;, K;, K ''1<i<n and

defining relations

KK, = K;K,, KK'=K'K =1

KEK ' =q"E;,  KFK;'

El'Fj—FjEizéij
r 1_aij 1-a;j—r r
(-1) E“EE] =0,
r
qi

r I - aij 1-a;j-r r
(—Dl[ ) ’]l F,F;Fl =0,
qi

where

" = [n—]q' — r=mr n
lHL CIrlln -l 9 qu, and

We will write U = U ,(5py,).

=q,"Fj,
K- K

(Zi_qi_l’
i # J,

L% ],

(7.0.4)
(7.0.5)

(7.0.6)

(7.0.7)

(7.0.8)

Proposition 7.0.3 ( [30], Proposition 5, Theorem 17; [32]], Corollary (2.15)). U is a ribbon
Hopf algebra, i.e there exist a universal R-matrix R = 3, rf ® r; in (a suitable completion of)
U ® U and an invertible central element v, called a ribbon element such that for all u € U

o RAW)R™ = (T o A)u), where A is the coproduct on U and T is the linear map T :

UQU - UQU givenbyTh®w) =w®v,
e (A®D(R) = RizRx
e (1®A)R) =Rk,

where Ry, :: UQU — U®UQU, is algebra homomorphism Ri,(v®w® 1), similarly we define

Rz and Ry3;

e V=uSw), S0 =v, e(v) = 1,A(V) = (RuR) ' (vev),

where u = m(S ® 1)(Ry1), and m is a multiplication in U, A is a co-product, u is the unit, € is a

co-unit and S is the antipode of U.
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Denote by Ry = 1 ® 1

Definition 7.0.4. We call A € h* a dominant weight if 1 = A;a; + -+ - + A, where 4| > --- >
A, > 0. We denote the set of dominant weights A.

The following is immediate from the Definition.

Lemma 7.0.5. We have a bijection of sets

{Young diagrams A with (1) < n} N {Dominant weights}

A A

Remark 7.0.6. From now on, we will only consider partitions A with /(1) < n. Furthermore,
by abuse of notation, we will use the same symbols for dominant weight and partitions.

Theorem 7.0.7 ( [30], Proposition 28). For any partition A with (1) < n, there exist a unique
irreducible U-module V, with the highest weight A. Furthermore, V), is finite-dimensional.

Proposition 7.0.8 ( [39]). We have the following decomposition.
Vig Ve, =i, (7.0.9)
pl

where the sum over A denotes a sum over all partitions (with I(1) < n) obtained by adding or
removing a box from A.

Corollary 7.0.9. We have the following decompositions for each 1 <i < d.

v.e Ve =, (7.0.10)
where the sum runs over all dominant weights A su;h that there is an up-down tableau of length
i from u to A.

The quantum group has a triangular decomposition.
Uyg) =U,)0 U)oU) and  Uy(by) = Uy(h) ® Uy(ny)
Definition 7.0.10. The Verma module M, of the highest weight 1 € A defined as
My = U ®y,w,) Cva,

where Cv, is the one dimensional U,(b,)-module spanned by a vector v, such that av, = A(a)v,
fora € hand Uy(n;)v, = 0.

If M is a U-module and A € b the A weight space of M is

Aa)

M,={me M |am = q"“m, for all a € h}.

Definition 7.0.11. The category O is the category of U-modules M such that

[ J M e @/leb* M/l’
e Forall m € M, dim(U,(n,)m) is finite,

e M is finitely generated as a U module.
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7.1 Affine Braid Group

We follow the paper by Orellana and Ram [39].
Definition 7.1.1. The affine braid group B, is given by the braid group generators T,..., T4

and commuting elements Y1, ..., Y; with relations
T.T;\T; =T TiTiyy, fori=1,2,...,d-2 (7.1.1)
T.T; =T,T; ifj£i+1 (7.1.2)
Yis, = TY:T,, fori=1,2,...,d - 1. (7.1.3)
YT, =T;Y,, fori=2,3,...,d - 1. (7.1.4)
Remark 7.1.2. Notice we have a commutative sub-algebra Y := C[Y5,..., Y]

Let us fix w;, ws,... € C.

Definition 7.1.3. The affine Birman—Murakami—Wenzl (BMW) algebra W, is the quotient of
the group algebra C8, by the relations

(T; =) Titq )(Ti—q) =0 (7.1.5)
ETHE =7"E, and ET:\E; =7"'E (7.1.6)
EYYi =2 °E; = VY E; (7.1.7)
E\(Y))'E, = wE,, (7.1.8)
where the E;, are defined by the equations

T,— T ,

— =1-E, I<i<d-1 (7.1.9)
q9—-4

Recall the diagrammatic description of the affine BMW algebra given in Introduction. The
one can find the comparison of the relations as well as some other relations of the algebra, (e.g.
relations involving E;’s, similar to the ones we saw in Brauer algebras) in [ 15, Section 2.4], see
also [|14,39]].

It will be convenient to consider a different presentation for the affine BMW algebra; towards
this end we have the following simple and well-known lemmas.

Lemma 7.1.4. The generators T;, 1 <i <d — 1, are invertible.

Proof. From ([7.1.5) we have

T(Ti+ g YT - @)= T+ g )Ti—q) =0 (7.1.10)
T(Ti+qg " YTi—q)-7'T?+77(q-qgHTi+77' =0 (7.1.11)
—~T(Ti+ g \Ti=q)+T> —(g—qg T =1 (7.1.12)

T = —2(Ti+q ) Ti-)+Ti—q+q . (7.1.13)

Lemma 7.1.5. The relation is equivalent to each of the relations
ETH =THE; = *'E,, (7.1.14)

T,-T!
where —+ =1 - E;.
q-q7!
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Proof. We have
(T =z YTi+q " YTi—q) =0
(T =T+ = Ti-1) =0
T +(q' =T} -T,-'T} -2 (g - Ti +27' =0,
since g — g~' # 0 we can divide

di (Ti-(q—-qgH-T7" = il Ti—(qg—q)-T""
—(Ti—-(g—-q) i)—q_q_l(, g-q )-T;)

q9—4
-1 -1
Tz(Ti - Ti _ 1) _ —IT_(Ti - Ti _ 1)
i -1 =2 4 -1
q9—4 q9—49

T?E; = 7 'T;E;

T.E; = 7 'E; since T; is invertible
Analogously, we obtain

EiTi = Z_lEi.

To obtain the other relations, multiply by z, 7}
E;=T'E; and  zE; = ET;'

Lemma 7.1.6. We have

_ -1
E?:(1+ < Z_l)E,-.
q-q

Proof.

5 T,'—Ti_l T,'Ei—Ti_lE,‘ Z—Z_l
E; = 1——_1E,‘:Ei——_1:1+ E;.
—-q q9—49 q9—49

We denote by x := 1 + ;:;1 the coefficient in equation (7.1.22|above.

Lemma 7.1.7. We have
T? =qT; -7 'GE; + 1 and T2 =1-gT;" + 7'GE;

Proof. Follows from the definition

Let us give an alternative definition of the algebra W,,.

(7.1.15)
(7.1.16)
(7.1.17)

(7.1.18)

(7.1.19)

(7.1.20)
(7.1.21)

(7.1.22)

Definition 7.1.8. The algebra "Wd is generated by T4,...,T4, E1,...,E; 1 and commuting

elelments Yy, ..., Y, with relations (7.1.1{7.1.4), (7.1.6H7.1.9) and (7.1.14), namely

T.TiTi = Tis TiTis, fori=1,2,...,d -2
T.T, =TT, ifj#i+l
Yiq =T,Y:T;, fori=1,2,...,d—-1.
YWr, =11, fori=2,3,...,d—-1.
ETHE =7"'E; and ET:\E; =7""E
EY\Yi =7 E; = Y,YiEi
ETH =T*'E; = *'E,, fori=1,2,...,d - 1.
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El(Yl)rEl = erl. (7130)
where the E;, are defined by the equations

Ti - Tl'_l .
— =1-E; 1<i<d-1 (7.1.31)
q9-—49
Definition 7.1.9. Define an algebra homomorphism ¢ as follows
¢ By — W, (7.1.32)
Y, Y, i=1,...,d, (7.1.33)
T, T; i=1,...,d-1 (7.1.34)

Lemma 7.1.10. The homomorphism ¢ : B; — (Wd descends to an isomoprhism W, — ‘Wd.
Proof. It immediately follows from Lemma and Isomorphism theorem, that W, = W,.

Furthermore, we can generalise the classical Schur-Weyl duality to the affine BMW algebras
and quantum groups. But before let us define few maps. For U-modules M and N, we define a
map

Ryy: M®N — NeM
me®n +r— ZRgn@)le, (7.1.35)
R

where R = > 1 ® r; € U ® U is the R-matrix of U, defined in Proposition [7.0.3]
The quasitriangularity of R gives us the following Braid relation
(Ryn ® idp)(idy ® Ryp)(Ryp ® idy) = (idy ® Ryp)(Ryp ® idy)(idp ® Ryw), (7.1.36)
where P is U-module.

Let &, u be such that ¢ = ¢/ and v = e " u. Let M be a U-module, V be a finite-dimensional
U-module and let ¢ € Endy(M ® V). Define the quantum trace (id ® qtry)(¥): M — M by

(id ® qtry)(¥) = (id ® try) (1 ® w™ " ). (7.1.37)
Definition 7.1.11. Let M be a highest weight U-module, V = V,,, the unique simple modules
of highest weight a;. Define a map
O: Bd — El’ldU(M® V®d)

T, +— R, 1<i<d-1, (7.1.38)
Yl > k%,
where
Ri=idy®idd" " @Ry ®id3“"™"  and = R} = RyyRuy) @id}" ", (7.1.39)

Theorem 7.1.12 ( [39], Theorem 6.17-6.18). We have ® makes M ® V® into a B, module.
Furthermore, if M =V, then © is surjective, where V,, is the unique simple modules of highest
weights u and u is a partition.

Moreover, for any k o, := —(id ® qtr,)((zR21R)*) € C and depend only on the central char-
acter of V,.. Furthermore, @ is a representation of the affine BUW algebra ‘W, with parameters
w1, Wy, ... and z = —g*"*L.

Definition 7.1.13. A B,-module M is calibrated if M has a basis of simultaneous eigenvectors
for the action of ¥;’s.

A tuple it = (uy,...,uy) € (C*)® is called a weight for Y. Each tuple defines a homomor-
phism Y; — u; and hence a one-dimension representation of Y.
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Definition 7.1.14. Let M be a B;-module and # be a weight for /. We define
M; :={ve M| hv=u(h)v, forall h € Y}.
Recall the decompositions (7.0.9) and (7.0.10). Let us state state one property of the repre-

sentation above, which will be used later.

Proposition 7.1.15 ( [39]], Proposition 3.6, Theorem 6.18). Vu®V®d is calibrated. Furthermore,
the eigenvalues of Y; separate the components of the decomposition (7.0.10) of V,, ® V®. Hence
for each weight u for M, the space Mj is either trivial or one-dimensional.

Fix a dominant weight 1 € A and let O, be the category of finite dimensional B,-modules.
Define a functor

F,: O — 0.

M +— Homy(M(1),M ® V&), (7.1.40)

We have the following
Proposition 7.1.16 ( [39], Proposition 3.9). Let A € A, then the functor F, is exact.

Let i be a partition. Consider HY# = F 1(V,,). It is a naturally “W;-module. Moreover, it
was shown in [39] that for any A and u, HY* is a simple ‘W ;-module. Hence from the Double
Centralizer theorem and Theorem [7.1.12] we obtain the following.

Corollary 7.1.17. As (U,"'W,)-module, we have the following decomposition
Vie Vel = Hvie H,
Pl

where V), is the irreducible U-module of highest weight A and HY* is the irreducible ‘W, mod-
ule.

The irreducible representations HY* can be constructed explicitly. Let us recall this con-
struction.
Definition 7.1.18. Let i, A be dominant weights and
= = 0 (d) —
M’W:span VT‘ T=@u=1",...,7 A) an
up down tableau of length d from u to 4

(so that the symbols vy are a C-basis of M*Y*). Define operators Y;, E;,T;, for 1 <i <d,1 <
j<d-1,by

Yivr = &(@@, 7Dy, 1<i<d,

EJ'VT = (57-(j+1),-,-(./—1) . Z(Ej)STVS’ and TJ'VT = Z(Tj)STVSa 1< ] <d- l,
S S

where both sums are over up-down tableaux S = (u = 7©,..., 70D, g® ED D = )
that are the same as 7" except possibly at the ith step and
VD) D)

Epsr = -1~
(Edst Doos
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VT + @) T+ T)ss), 170D # 70D and S # T,

(T)sr = g
(1 = &0, e D)e(r®, 7=D)~1 ) (Os7 = (Esr), - otherwise,
2e(x 70D () @i-1)
C(T(l) = 1)) _ q o ift' o r ,
72 q—ZC'(‘r(”l)/‘r<')) ifr® ¢ 76D
+p,a
D =[]t Wt p.a’ly (7.1.41)
acr KO @0y

Theorem 7.1.19 ( [39], Theorem 6.20). Let A/u be a pair of partitions. Operators Y;, E;, T},
for1 <i<d,1<j<d-1turn MY into an irreducible W ;-module. Furthermore, H'* is
isomorphic to MV* as W -modules, and hence for vi € MY* we have

El(Yl)kEl-VT = szIVTa

where W/, defined in Theorem|7.1.12
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7.2 Elliptic Braid Group

In this subsection we follow the papers [26] and [27]].

Definition 7.2.1. The elliptic braid group 8, is given by the affine braid group generators and
commuting elements X, ..., X, with relations (7.1.1}{7.1.2), (7.1.347.1.4) and

Xiv1 = T:XT:, fori=1,2,...,d—1. (7.2.1)
X\ T; = T)X,, fori=2,3,...,d—1. (7.2.2)
X, ... XY =YX ... X0, V... VX = XY, ... Yy, fori=1,....d, (7.2.3)
XY, = V,X, T (7.2.4)

Definition 7.2.2. We define a U-module O,(0) = B ., V; ® Va.

Theorem 7.2.3 ( [26]], Theorem 22, [27]]). Let V a f.d. U-module. On the vector space
W = Homy(1, O,(g) ® V)

of invariants we have an action of the elliptic braid group 8B,.

Let W* = Homy (1, Viev,® V®). We have a vector space decomposition
Homy (1, 0,() @ V*") = CH W™

AeA

Lemma 7.2.4 ( [26,27]). We have X,(W%) c ®&;W*, where 1 € AR(Q).

Theorem 7.2.5 ( [26,27]). Each subspace W* is a finite-dimensional submodule for the affine
BMW algebra isomorphic to HV*,

Proof. Let us consider the space
Homy (1, 04(s) ® V*") = Homy (1, H Vi @ Vi & V¥

AeA
of invariants in the U-module O,(G) ® Ved,
It is enough to notice that for any 4 € A we have
W' = Homy(1,V; ® V, ® V®) = Homy(V,, V, ® V®) = HY*, (7.2.5)

All construction described in this section can also be done for U,(sl,). Let us briefly recall
some analogue of the Schur-Weyl duality for U,(sl,) and double affine Hecke algebra.

Definition 7.2.6. Double affine Hecke algebra (DAHA) 74 (g, t) is the quotient of the group
algebra C8, n of the elliptic braid group by the additional relations

(Ti—q '0(Ti+q7't"),
where ¢,t € C.
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Chapter 8
Double Affine BMW algebras

8.1 Combinatorics

In this section we define combinatorics used to descibe representations of double affine BMW
algebras, introduced in the following section.
Recall A(1) and R(2) from Definition We have the following.

Lemma 8.1.1. For any partition A = (A4, ..., A), we have the following
(nc)eAl) & A, <A,yorr=1)and A, =c—1, (8.1.1)
(r,c) ER1) < A, > A, and A, = c. (8.1.2)
Proof. First, notice that if » = 1 then the box (1, 4, + 1) is addable and there are no other addable
boxes in the first row. Moreover, there are no addable boxes in row r if A, = A,_; and there is
one addable box (r, A, + 1) if A, < A,_; (here we use the convention A;.; = 0).

Similarly, if A, > A,,1, then the box (r, 4,) is removable. Furthermore, there are no remov-
able boxes in the row rif A, = A,,;.

Definition 8.1.2. A skew diagram A is called reduced if
(1) there exist r, ¢, € N such that (1,¢) and (r, 1) are in A,
(2) for any two boxes (r, c1) and (r,, c;), we have either

e ri<randc; > c, or

e r; >rand ¢ < ;.

Therefore, we can uniquely write A = ((1,¢), (r2,¢2),...,(r;, 1)) such that r; < r;y; and ¢; >
civ1. Wedenote I(A) = land A(A) =(¢; - 1,...,c;—L,eo—=1,...,c0—-1,...,c.1 = 1,...,¢ci.1 = 1),

-1 r3=ry FI=F-

the length and the shape of A respectively.

Remark 8.1.3. Notice that the second condition is equivalent to having at most one box in each
row and each column.
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Example 8.1.4. The tuple A = ((1,4), (2, 3), (5, 1)) is a reduced skew diagram (RSD)

Lemma 8.1.5. Let A be RSD, then A(A) is a partition.
Proof. Indeed, since A is RSD, we have ¢; > c;,, therefore A(A) is a partition.
Lemma 8.1.6. For any partition A = (A,,..., A;), we have that the set A(A) is RSD

Proof. First, from Lemma [8.1.1| we have that we add boxes only to the rows r such that A, <
A1, therefore 4 U A(AQ) is a partition. Moreover, since A(1) = A'/A, where I’ = 1 U A(Q),
we have that A(A) is a skew diagram. Furthermore, to each row/column we can add not more
than one box and we can always add boxes to the first column and first row. Therefore, A(1) is
reduced.

Moreover, we have the following.

Lemma 8.1.7. We have a bijection of sets

{Young diagrams} <£> {RSDs}
A A

Proof. The map is well-defined, since, by Lemma[8.1.6] A(2) is a RSD for any partition A.

Furthermore, notice that if 4 # u then A(1) # A(u). Indeed, let 1 = (4y,...,4), 4 =
(uy,...,us) and i be the minimal index such that A4; # y;. WLOG we can assume that A; < y;.
Then by minimality assumption, we have A; < y; < ;-1 = 4;-1, and hence the box (i,4; + 1) €
A(A), but not in A(u).

Now let us show that the map is surjective. Assume that A = ((1,¢y),...,(r;, 1)) is RSD. Let
A = A(A) be the shape of A. By Lemma[8.1.5| we have that A is a partition. Finally, notice that
it follows immediately from the condition in Lemma [8.1.6] that A(1) = A, since r; < r;;; and
Ci > Ciy1.

Definition 8.1.8. An extension of a RSD A = ((1,¢y),...,(r;, 1)), denoted by A¢, is the follow-
ing subset of the box lattice
A=AU{(n-1Lc-D,....(n=1,¢0 - D}

Since r; < riq and ¢; > c¢j41, we can uniquely write A° = ((1,¢1),(r, — 1,¢1 = 1), (2, ¢2), (r3 —
17C2 - 1)’ "’(r15 1))'
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Example 8.1.9. Let A be an RSD as in Example[8.1.4] Then A° = ((1,4), (1,3),(2,3),(4,2),(5, 1))
and has the following form

Proposition 8.1.10. Let A be an RSD and A° its extension. Then for any two boxes (ry, c1),(r2,c2) €
A€ we have either

e ri<ryandcy = c or
e ry>ryandc < ca.

Lemma 8.1.11. We have
{RSDs} <£> {extensions of RSD}

Proof. First, notice that the map is well-defined and surjective since we define an extension for
each RSS. Therefore, we only need to check injectivity.

Assume A = ((1,¢y),...,(r, 1)) and B = ((1,¢4),...,(7;, 1)) are RSDs such that A # B. Let
i be minimal such that (r;, ¢;) # (¥, c;). First assume that r; # 7;, then (; — 1,¢;,; — 1) € A, but
not in B, since ¢;_; — 1 = ¢;_; — 1 by minimality of i. Now assume that r; = 7; but ¢; # ¢;. Then
(r;, c;) € A, but not in B. Therefore, A¢ # B°.

Definition 8.1.12. A shape A(A¢) of the extended RSD A¢ is the shape A(A) of the corresponding
RSD A.

Lemma 8.1.13. Let A = ((1,¢y), (r2,¢2)), ..., (1, 1)) be an RSD with the shape A = (A, ..., Ay).
Then we have A¢ = AR(A).

Proof. In Lemma we showed that A = A(1). From Lemma [8.1.1) we have that R(1) =
{(r,—1,c1=1),...,(r;—1,¢c;—1 — 1)}. Indeed, assume that r is such that A, > A,,;, and hence the
box (7, 4,) is removable. Furthermore, we have that the box (r+ 1, A4,,; + 1) is addable, and there
is an addable box in the column 4, + 1, and these boxes are consecutive in the tuple A. Hence,
there exist i and a such that (r;,¢;) = (a, A, + 1) and (r;1,ciy1) = (r + 1, 4,41 + 1). Therefore,
we have r = riy; — 1 and A, = ¢; — 1. Since all boxes with coordinates (rj.; — 1,¢; — 1), where
1 < j <1-1,are removable, we obtain A°/A = R(A).

Proposition 8.1.14. Let A be a partition and A° be its corresponding extended RSD. Then there
are no two boxes on the same diagonal of AR(1) = A°. Namely, if (ry,cy),(r2,cy) belong to A€
andr; —cy =1, — ¢y, thenry = r, and ¢y = ca.

Proof. Immediately follows from the Proposition [8.1.10]

Definition 8.1.15. Let A be a partition. A simple A-up-down tableau is an up-down tableau of
shape A/A and length 2.

Definition 8.1.16. A marked extended RSD is a tuple A, consisting of an extended RSD A and
abox @ € A. We will display A, as A with one box marked.
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Example 8.1.17. Let A = {(1,4),(1,3),(2,3),(3,2),(5, 1)} be an extended RSD, then A3 ) has
the following form.

Lemma 8.1.18. For any partition A, we have a bijection of sets

{simple A-up-down tableaux} N { marked extended RSDs of shape A}
(4,27, ) - A,

Proof. By definition the map is well-defined and injective. Moreover, the sets have the same
cardinality. Therefore, the map is a bijection of sets.

Example 8.1.19. Let A, be the marked extended RSD from Example then the corre-
sponding up-down tableaux is ((3, 2,2), (3,2, 1), (3, 2,2)).

Now let us see what will happen with an extended RSS if we add/remove one box from its
corresponding Young diagram.

Lemma 8.1.20. Let A = (A4,..., A) be a partition, A(1) = ((1,¢1),...,(r;, 1)) and @ = (r,¢) €
AR(A). Then
(1) if @« € A(Q) we have

AA") = A)/a V&Y (re+ D)UY (r+1,0),

(2) if @ € R(1) we have
A" = AQ) U /(@7 e+ D Usy ™ (r+1,0)),

Ar—1
(o) if  b>a,

0 otherwise.

(r,c) if b=a,

wherelSiSc,ZSch,Sg(r,c):{ 0 I
otherwise.

and 6g(r, c) = {
Proof. 1) Consider A U (r, ¢). Notice that only if 4,_; > A, + 1, then we can a box on the row r.
Clearly, the box should have coordinates (r, ¢ + 1). Furthermore, only if 4,,; = A, we can add a
box on the column ¢, and the box should have coordinates (r + 1, ¢).

2) Notice that the box (r, ¢) is addable in A/(r, ¢). Furthermore, if A, = A,_; — 1 (respectively, if
Ar41 = 4, — 1) then the box (r, ¢ + 1) (respectively, (r + 1, ¢)) is not addable.

Example 8.1.21. Let A = (3,2,2,2) as in Example 2.1.6] Following the same conventions, we
illustrate the set of addable/removable boxes for 4,4 U (2, 3) and 1/(4, 2), respectively

|
i
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8.2 Double affine BMW algebras

Definition 8.2.1. Extended elliptic group 8, is generated by
e the commuting elements Wi, W, ...
e the elliptic Braid group 8,,
with cross relations
o Y,W;=W;Y, 1<i<d, j>1,
o T\W; =W,T,; 1<i<d-1,j=>1,

Definition 8.2.2. Double affine BMW algebra WW ,(q, z) is the quotient of the group algebra
CHB;, of the extended elliptic Braid group by the relations

(T; = 2 )Titq” (T = ) = 0, (8.2.1)
ET:E =z"'E;, and ET:E =Z:"E, (8.2.2)
EYYi =2 E; = VY E; (8.2.3)
E](Y])rEl = WrEl. (824)
where
T; - T,-_l )
—_1:1—Ei, 1<i<d-1.
qg—4q

Lemma 8.2.3. Representations of the affine BMW algebra ‘W, are in one-to-one correspon-
dence with the representations of the subalgebra of WW ,(q,z) generated by T,,Y;, Wy for
l<i<d-1,1<j<dk>1.

Proof. The statement immediately follows from the fact that W, are central in the subalgebra
generated by T, Y;, Wy for1 <i<d-1,1<j<d,k>1.

Similarly, we have the following properties.
Lemma 8.2.4. We have
e T;is invertible,

3 is equivealent to ET*' = THE; = Z*'E,,

z—=7"!
q-q7!

« Ef = (1 + )E,- =: xE;

e T?=qT; -7 'GE; + 1 and T72=1-gT " +'GE;

Below we give few equivalent Definitions of double affine BMW algebras.

Definition 8.2.5. The algebra WW (g, z) is generated by T, ..., T3 E, ... EX', pairwise
commuting generators Wy, W, ..., pairwise commuting generators X;', ..., X*! and pairwise
commuting generators Yi',..., Y*' with relations (7.1.147.1.2) and

T, - T/

——=1-E, (8.2.5)

q9—49
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EiTiil :T,-ilEi = ZilEi,
XY, = X\ T,
T.X;T; = X;11, T.Y.T; = Yiyq, i=1,...,d-1,
X, T; = T; Xy, YWr,=TY,, fori=2,3,...,d -1,
X, ... XpY =YX, ... Xy, Y1...Y, X, =X;Y,... Yy, i=1,...,d,
ET:E = *'E,
EY\Yiy = 7°E; = Y,Y; E;
E\(Y\)E| = W,E|,
YW, =W,Y, 1<i<d,j>]1,
T:\W; = W;T; 1<i<d-1,j>1,

Lemma 8.2.6. The algebra WW ,(q, 7) is isomorphic to the algebra WW (g, 2).

Proof. Define an algebra homomorphism ¢
¢: By — WWa(q.2)
X~ X; i=1,...,d,
Y Y, i=1,...,d,
Ti—T; i=1,....,d-1,
Wi > W, k>1.

(8.2.6)
(8.2.7)
(8.2.8)
(8.2.9)

(8.2.10)

(8.2.11)

(8.2.12)

(8.2.13)

(8.2.14)

(8.2.15)

(8.2.16)
(8.2.17)
(8.2.18)
(8.2.19)
(8.2.20)

Then by Lemma and Isomorphism theorem, we have that WW,(q, z) = WW,(q, 2).

Definition 8.2.7. The algebra ‘WW,(g, z) is generated by T, ..., T3,

E,,...,E;,, pairwise

commuting generators W;, W,, .. ., pairwise commuting generators X!, ..., X,_, pairwise com-
muting generators Yy, ..., Y#! and central element X*' with relations (7.1.1{7.1.2) and

T,-T!
o =1-E,
q-9q
ET}' =T'E; = "'E,,
XY, =YX, T?,
TXT; =X;.1, i=1,...,d-2,
T;YiT; =Y}, j=1...,d-1
X\T; = T:Xi, Y\T; = T;Y,, fori=2,3,...,d -1,
Ty XaaTay =XX7' . XY,
ET:E = *'E,
EYYy =2 E; = VY E;
E\(M)'E) = W,Ey,
YW, =WY, 1<i<dj>1,
T;W;=W;T; l<i<d-1,j>1.

Lemma 8.2.8. The algebra (WWd(q, 2) is isomorphic to the algebra WW (g, 2).

Proof. Define two maps ¢ and ¢ in the following way
¢ 1 WWa(q.2) » WWu(g.2)
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(8.2.21)

(8.2.22)
(8.2.23)
(8.2.24)
(8.2.25)
(8.2.26)
(8.2.27)
(8.2.28)
(8.2.29)
(8.2.30)
(8.2.31)
(8.2.32)

(8.2.33)



Xi— X, Yie> Y, (8.2.34)

T, T, (8.2.35)

E;— E,, i=1,...,d-1 (8.2.36)

X, XXX, Y, Y,,, (8.2.37)
Wi W k>1. (8.2.38)

W WWi(q,2) — WWi(q,2) (8.2.39)
Xi— X, Y>> Y, (8.2.40)

T, T, (8.2.41)

E;, - E;, i=1,....,d—1 (8.2.42)

XX ... Xy Yo Y, (8.2.43)
Wi W, k>1. (8.2.44)

It is easy to see that ¢ and ¢ are algebra homomorphisms. Furthermore, since ¢ = ¢ = id,
we obtain that WW,(q, z) = WW (q, 2).

Definition 8.2.9. The algebra WW,(q, z) is generated by T7',..., T E*' ... E*!, commut-

ing generators Wy, W,, ..., commuting generators Ylil e Yj and a generator I1*! such that I1¢
is central and with relations and
T,-T!
_’] =1-E; (8.2.45)
q9—49
ET =THE =z"E;, i=1,....d, (8.2.46)
T.Y,T; = Y4, i=1,...,d-1, (8.2.47)
T.Y,T, =Y, (8.2.48)
YT, =TY,, fori=2,3,...,d -1, (8.2.49)
I1Y; = Y,IL (8.2.50)
Nrn' =Ty, i=1,....d-1, (8.2.51)
E\(Y)'E, = W,E,, (8.2.52)
YW, =W;Y; 1<i<d,j>1, (8.2.53)
T;W; = W;T; 1<i<d-1,j>1. (8.2.54)

Proposition 8.2.10. We have 11Y; = Y; 11 i=1,...,d— 1. Furthermore, 11Y, = Y 11.
Proof. We proceed by induction. The case i = 1 follows from the definition. Assume I1Y; =
Y Il forall j < i, then we have
I1Y; = Y11, (TinTy)
T 1Y, T; = Ty Y 11T,
NT:Y.T; = Tix1 Yi 1 Ty 11
Y11 = YipoIl
Similarly, we can obtain I1Y, = Y11

Lemma 8.2.11. The algebra W 4(q, 2) is isomorphic to the algebra Wd(q, 2).
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Proof. Define two maps ¢ and ¢ in the following way

¢ WWa(g,2) > WWa(q,2) (8.2.55)
Xi Ty .. . TOT, .. T (8.2.56)

X - I, (8.2.57)

Y, Y, (8.2.58)

T, T, (8.2.59)

E, - E,, (8.2.60)

Wi Wi k>1. (8.2.61)

Y WWalq.2) > WWa(q.2) (8.2.62)
O X Ty ... Ty, (8.2.63)

Y, > Y (8.2.64)

T, T, (8.2.65)

Ty X Tyy... TiTys(XiTyey ... T (8.2.66)
E,>X\Ty .. T'Ejos(XiTaey ... T)! (8.2.67)

E;, — E;, (8.2.68)

Wi W k>1. (8.2.69)

Similarly, check that that ¢ and i are algebra homomorphisms. Moreover, it is easy to see that
o = ¢ = id. Therefore, WW ,(q,7) = WW (g, 2).
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8.3 Representations of ‘WIV,(q, 2)

Let z := —¢***! and d be even.

Let M = @M* where M* is a vector space given by

T=(1=79,70(=7d*D) @ D= Q)an
M* = span{ vy ‘ ’ 2o b 0
up down tableau of length d from A to A with (") < n

(so that the symbols vy are a C-basis of M*).

Theorem 8.3.1. The action defined in the following way gives an irreducible representation of
WW ,(q, 2) on the space M

Yor = 8@, Dy, I<is<d,
E vy = 0G40 2670 - Z(Ej)STVS, and Tijvr = Z(Tj)STVS’ I<j=d
5 S

H.VT = Vr,
W, _ 4
kYT = Wi Vr,

where w,ﬁ defined in Theorem|7.1.12| both sums are over up-down tableaux S = (A = 7O D o@D ) =
A) that are the same as T except possibly at the ith step, vy = (t=D 7@ = 7O M d=D)

and
VDo D0

E)sr =-1- ;
(Edst Do

V@ T+ Tena + Tss), i 140 #75D and S # T,

(T)st =

-1
q9-9 .
(1 = &), oc)e(r®, 7=D)~! ) s = (Esr), - otherwise,

qZC(T(i)/T(i_I)), ifrd o T(i_l),

5 (i z
Z‘(T(Z),T(l 1)) — {

Z—lq—ZC(‘r("’”/‘r“))’ ifT(i) c 7D,
(8.3.1)

Proof. Consider the subalgebra of Wd(q, z) generated by 7;, Y;, Wy for1 <i<d-1,1<j<
d,k > 1. Then it follows from Lemma[8.2.3]and Theorem[7.1.19] that it is enough to check only
the relations Wd(q’ z) involving T, E, and I1.

Let us check the relation (8.2.50), hence need to show that ITY;.vy = Y,I1.v7. Indeed,

ILY, vy = (P, 7 vy = eV, 7 ) vp = VoIlvy.

Similarly, we check the other relations.

Now we have to show that it defines an irreducible representation. Since for any A, the
subalgebra generated by T}, Y;, W, acts irreducibly on M*, it is enough to show that for any
A1, A, there exist (non-unique) elements Vi € MY, v2 € M*® and a,, 4,,a1,0, € WWa(q,2)
such that ay, 5,.v"" = v2 and ay, ,,.v? = vY. Without loss of generality, we can assume that
A = A4 Ua, where @ € A(4y). Set vy, = v, ..y € My, and vy, = vy, a00,..) € Ma,.
Then we have [1.v,, = v,, and IT"'.v,, = v,,. Hence we can set a,, ,, := [l and a,, ,, := 1"\
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Corollary 8.3.2. Assume d = 2. Let N = ®N" where
N = span{ vs | S is an marked extended RSD of shape A}.

Using Lemma|8.1.18\we can identify this vector space with a vector space M = ®M?*, and hence
we can construct a representation of WW(q, z) on the space N*.

Definition 8.3.3. Let 7 = (1 = 7@, 7(U(= 7(@D) 7@ 7@ = 1) be an up-down tableau.
Denote by ity a weight (uy, .. ., uy) for M such that u; = (@, 7(7D),

Theorem 8.3.4. Let V be the natural representation for UThen the operators X;,Y; and T;
defined in Section give a representation of WW 4(q, z) with parameters q and z on the space
W = Homy(1,0,8 ® V®). Furthermore,this representation isomorphic to M*.

Proof. From Theorem we have Homy(1,0,(0) ® V") = @ W' = P, MY =
@ e H /1 Hence, up to a constant we can choose a unique basis in each W*, which can labeled
by up-down tableaux of the shape 1/1. Moreover, it follows from Proposition [7.1.13] that for
each up-down tableau S of the shape /4, the space Wfﬁ is one-dimensional. From the relations

of WW (g, z), we have that for any up-down tableau S of the shape 1/1 H(W,_i) C M, (see
Definition [7.1.14).
Furthermore, for any partition A we have T;,(W*) = W* and from Lemma we obtain

II(W*) c ®;W*. Therefore, from Proposition|8.1.14] we conclude (W) = Wi -
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Chapter 9

Appendix

9.1 Appendix A

In this appendix we study the relations between my (i), my, (i), mi(i-sy) and my,((i-s;) in case
lix —ix+1] = 1. We remind the readers that the result of this appendix can be also used to illustrate
the relations between my (i) and my. (i) in case i + ix,; = 0 and deg, (i) = 1.

(D) -{-o--}- : Q) = mye (), my(iesi) = My (i), my() = my(i-s.).

(2) -{-A--F : m(h) = My (D), my(iesi) = My (i), my() = my(i-s.).

O

3) ----- s mi(i) = my (), me(iesg) = My (esy), mi () = my(i-s¢).

4) ----- sy (i) = my (1), my(iesg) = mye (15g), mi (i) = my(i-s¢).

& (i) = My (), my(ies0) = My (i), my (@) = my(i-si0).
O
O
(6) O my() = mye (1), m(i-si) = My (150, m(@) = my(i-s).
O
(7) -x-7- : mi(@) = myey (B), my(ios0) = ey (i50), my () = my (i)
(8) -f-7- : mu(@) = mye1 (B), my(i-si) = My (i-50), (i) = my(i- ).

(9) (a) when k-pattern of i is on the left arc, and k-pattern of i-s; is on the inside arc:
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= omy (i) = my (1), my(isg) = my g (hsg) + 1, (i) = my(iese) + 1.
=t my(R) = My (), my(i-5g) = My (ies) + 1, mi (i) = my(i-s¢) + 1.

. -

. _ som() = g (D) + 1, my(iesp) = my (i), (i) = my(iose) + 1

iii. -@ 2 omy(i) = my (1) + 1, myg (i) = my (i-5¢), (i) = my(i-s) + 1.

(b) when k-pattern of i is on the left arc, and k + 1-pattern of i-s; is on the inside arc:

1. -@ -t my(R) = my (1), my(iesg) = my (is) + 1, mi (i) = my(i-s¢) + 1.
ii. -@ =t my(R) = My (1), my(ie5g) = my (ies) + 1, mi (i) = my(i-s¢) + 1.
iii. _® - rmy(R) = my (1) + 1, my (i) = mygq (i05¢), my (i) = my(i-s¢).

iv. @ - rmy(R) = my () + 1, my(iesp) = mygq (0s¢), my (i) = my(i-s¢).

(c) when k + 1-pattern of i is on the left arc, and k-pattern of i-s; is on the inside arc:

L -@ = omy (i) = my (1), my(iosp) = mygq (hsg) + 1, mi (i) = my(i-s¢).
. _ @ = omy() = my (1), my(iosp) = mypq (hsg) + 1, me (i) = my(i-s¢).

1ii. -@ - om(i) = my (1) + 1, my (i) = mye (isg), m(i) = my(i-s) + 1.
iv. -@ 2 omy(i) = my (1) + 1, myg (i) = myg (-5¢), (i) = my(i-se) + 1.

(d) when k + 1-pattern of i is on the left arc, and k + 1-pattern of i-s; is on the inside arc:

1. -® =t my(R) = my (1), my(iesg) = my (i) + 1, my (i) = my(i-s¢).

ii. -@ = my(R) = my (1), my(ies) = My (i) + 1, my (i) = my(i-s¢).
iii. _® - rmy(R) = my (1) + 1, my (i) = myq (A0sg), my (i) = my(i-s¢).
iv. @ - om (1) = g (D) + 1, my (i) = mye (esg), my (i) = my(i-s).

(10) (a) when k-pattern of i is on the inside arc, and k-pattern of i-s; is on the left arc:
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L -@ 2 omy(i) = my (1) + 1, myg (i) = myg (i51), (i) = my(icse) + 1.
ii. @ s o) = my (D) + 1mg(iesp) = mygg (i), (i) = my(iese) + 1
iii. _@ - my(R) = my (1), my(iesg) = myg (is) + 1, my (i) = my(i-s¢) + 1.

. _ @ = omy(i) = my (1), my(is) = mygq (bsg) + 1, my(i) = my(i-se) + 1.

(b) when k-pattern of i is on the inside arc, and k + 1-pattern of i-s; is on the left arc:

L -@ 2 omy(i) = my (1) + 1, myg (i) = myg (5¢), (i) = my(i-se) + 1.

ii. -@ = my(R) = My () + 1, my (i) = myq (i-si), mi (i) = my(i-s¢) + 1.

iii. _@ = my(R) = my (1), my(ies) = my (i) + 1, my (i) = my(i-s¢).

. _ - = omy() = my (), my(iesi) = mypq (hsg) + 1, mi(i) = my(i-s¢).

)

(c) when k + 1-pattern of i is on the inside arc, and k-pattern of i-s; is on the left arc:

- omy() = my (1) + 1, my (i) = mye (esg), my (i) = my(i-s).

- rmy(R) = mya () + 1, my(iesi) = myq (05g), my (i) = my(i-s¢).

L -@ - omy(i) = my (1) + 1y (i) = my (0sg), mi(1) = my(i-s¢).

- rmy(R) = my () + 1, my(iesi) = myq (A-si), my (i) = my(i-s¢).

iii. _@ = omy (i) = my (1), my(isy) = mygq (hsg) + 1, mi (i) = my(i-s¢).
@ - my(R) = my (1), my(iesg) = my (i) + 1, my (i) = my(i-s¢).

(11) (a) when £ is on the floating loop:
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i O s my (i) = my g (), my(iesg) = My (5, m (i) = my(i-s).

5

ii. O sy (i) = My (), my(iesg) = My (i-5¢), me (i) = my(i-se).

_@_

s mi(1) = myp () + 1, mg(iesi) = mye (i), my (i) = my(i-s) + 1

s my (i) = my g (1) + 1,y (iesg) = my (i), my () = my (i)

(12) (a) when £ is on the floating loop:

i s (1) = my g (D), my(isg) = My (050), my (1) = my ().

slofelo

ii. C (i) = my (), m(isi) = mye (isi), my (i) = my(i-s0).

1ii. _@_ (1) = my g (D), my(isy) = my (ies) + 1my (i) = my(ies) + 1
O

iv. NS () = my (1), mi (i) = myea (isi) + 1, my () = my(iosg) + 1

OO

(b) when k + 1 is on the floating loop:

i s (1) = my g (D), my(isg) = My (i-50), my (i) = my ().

ii. © o) = my (@), mi(i-sg) = My (i-5%), mi(A) = my(i-s¢).

slofelo

iii. _@_ :my (i) = my g (1), my (i) = myq (sg) + 1, my (i) = my (i)
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iv. _@_ :my (i) = my g (1), my (i) = myq (sg) + 1, my () = my (i)

(a) when k is on the inside loop: my (i) = my (i) + 1, mp(i-sp) = my(i-sp), me(i) =
mk(i-sk) + 1.

(b) when k£ + 1 is on the inside lOOpZ mk(i) = mk+1(i) + l,mk(i-sk) = mk+1(i.sk),mk(i) =
my (i sy.).

(a) when k£ is on the inside lOOpI mk(i) = mk+1(i),mk(i~sk) = mk+1(i-sk) + l,mk(i) =
mk(i-sk) + 1.

(b) when k + 1 is on the inside loop: my(i) = my (i), mp(i-s¢) = My (i-sp) + 1, my(i) =
mk(i~sk).

(15) (a) when £ is on the inside loop:

sy (i) = my (D) + 1, my(iesy) = my (), my () = my (i) + 1

[
1

sy (i) = my (1) + 1, my(iesi) = mye 1 (i50), my () = my(i-s) + 1

[
=gy
1

ii. - sy (i) = myg g (1), my (i) = mye (isg), mi (i) = my(i-s¢).

sy (i) = myq (1), my(iesg) = mye (5g), mi (i) = my(i-s¢).

—
<
1

(b) when k + 1 is on the inside loop:

smi(A) = my (1) + 1, my(iesp) = mypq (50, my(i) = my (i)

[y
1

[
o
1

sm(i) = my (D) + 1, my(iesg) = my (i0s0), my (1) = my (i)
smy(1) = my (D), my(isy) = my (sg), my (i) = my(isp.).

1l -
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s mi(i) = myq (1), me(i-s¢) = My (sy), mi (i) = my(i-s¢).

H.
<
C9

(16) (a) when £ is on the inside loop:

[
1

sy (i) = my (), my(iesp) = myga (Aes) + 1, m (i) = my(ios) + 1

. - s mi(i) = myq (1), me(iesi) = mye (s + 1, my (i) = my (i) + 1
ii. - s (1) = my (D), my(isy) = My sy, my (i) = my(is).
v. - s m (i) = my (1), m(iesg) = myg (esy), mi () = my(i-sg).

(b) when k + 1 is on the inside loop:

[y
1

s my (i) = my g (1), my (i) = my (hsg) + 1, my (i) = my (i)

i. - s mi(A) = my (), mi(i-s) = my () + 1, my (i) = my (i)
ii. - s mi(A) = my (1), mi(i-si) = My (esy), m (i) = my(i-s¢).
. - s mi(i) = mypq (1), mi(iesi) = My (esy), m (i) = my(i-s¢).
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9.2 Appendix B

In this appendix we go through the necessary graphical calculations for &(i) ‘€ (') € 2(i). We
remind the readers that these calculations can be also used to calculate é(i)&,f and é(i’)_gké(i)(e_ké(i’)
with minor modifications on the + signs.
To explain the following calculations, let us give one example before we start. Consider the
. Aoy . .
cup-cap diagram of é(i) €, that is topologically the same as

where £ is on the left arc. The number of A and V’s in the blue box is pos,(i) and the number of
A and V’s in the red box is pos(i). Hence we have pos(i) = pos, (i) + 2.
Then when we do multiplications, we have

Q)R- 0000

which implies

| GD]-e-0--0-0

since pos(i) = pos, (i) + 2.

M {ﬂxﬁ}:+,@
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® -y xkd =

(9) (a) when k-pattern in i is on the left arc:

e D) e 00
v oo D) o-0r0-0
b o000
vy G eoo0

(b) when k + 1-pattern of i is on the left arc:

e D) sore0
v o000
i Qf) | B0
QALY OO

(10) (a) when k-pattern of i is on the inside arc

131



il

iil.

1v.

(_ 1 )posk(i)+1_ @ _
(_ 1 )posk(i)+l _@ ;
(_ l)posk(i)+l_@ ;

X X

X

CREC

(b) when k + 1-pattern of i is on the inside arc

1l

iil.

1v.

1. (—l)posk(i)“_@_
(_1)posk(i)+1_@_
(_1)p0sk(i)_@_
(_1)p05k(i)_@_

X

X

e

(11) (a) when £ is in the floating loop:

) [o B
O -0
il O, O
O O
(OO
O O
(Oo_0
O O

X

X

il

O OO0 OO OO

X

X

§ €

+

OO OO0

OB 0G0 V8

+
Il

O 00 00 OO

(b) when k + 1 is in the floating loop:

132

olo

QOE@

Q@

+

+

ODO QOO

+
1

+
1

+

+

+
1

+
1

9@

ORO QOO

+

+

EIONOJOIO

HOO HOO

+

+

QHO OGO




slolefelvolelvlofolule

.

o -
o=

o -
o -
.-

W = = .1

o

OHO OGO OO0 OGO |
o@@ogogoo@@ mv mV mmu mmU
50 G0 @o @o

Gellvle @@ @o £ 00 OB OF O |
00 06 @@ @@ m@@@@@o@u@
Qb 0 0O OB m@o@u@@@@o

(b) when k£ + 1 is on the

@@ @@ @@ @@

X X

OO GO OO GO
OO OO OO OO

5 =
: =
.- o

133



(13)

(14)

(15)

(a) k is on the inside loop:
[@+@@]x[o+@0][@+@][@+@]
¢ o 0o o ©) | ©
(b) k+ 1 1s on the inside loop:
{@@@]x[moe][@@]{@@]
s © 0O o o O | ©

(a) kis on the inside loop:

i.

il.

& €5

+

iil.

+

+

sJelele
CODOD ©
6 € & &
€ &
6 €

CRCRERE®

+

1v. X | =

(b) k+ 1 1s on the inside loop:

X

i |-

. |-

€96 €63

BB
o @9
© O
O &
® &
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€9 €9
€@ €3
00 @@@@ ololole

" "" ""
PR OODED O E

SGHelCIEICHEICIE e
afaHelelcleHeXclCle

(16)
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9.3 Appendix C

In this appendix we go through the graphical calculations required for 9;&(i), and $y.i ().
These calculations can be used directly (with minor modifications on + signs) when we calculate
yké(i)%—k and ﬁkHé(i)%_k. Please refer to |Remark 6.1 .21| and |Remark 6.1 .29| for the existences of
yre(i) and y;.1e(i) (i.e. when they are nonzero) and whether they are the same or different.

(1) the product is O.
(2) the product is O.
(3) the product is 0.
(4) the product is 0.

(5) yré(i) and P, e(i) are both nonzero and they are different.

ole)

ole)
O
O

ole)

oo
O
Q
Q

(6) yre(i) and Yy, (i) are both nonzero and they are the same.

O 1TOTO OO

o O O O
(7) the product is 0.
(8) the product is 0.

(9) (a) yré(i) and y,é(i) are both nonzero and they are different.

_@_ _@_ X _@_ = _@_
_@__@_X_@_ = _@_

(b) yre(i) and ;. e(i) are both nonzero and they are different.

_@__@_x_{@_:_@_
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_{;}_ _@_ X _®_ = _@_

(c) ré(i) and yi,é(i) are both nonzero and they are different.

_@__@_x_@_ = _®_
_@__@_x_@?_ = —_@_

(d) yre(i) and P, é(i) are both nonzero and they are different.

_@__@_x_@_:_,@_
_@__@_x_@_ = —_@_

(10) (a) yre(i) and P, e(i) are both nonzero and they are different.

(b) yré(i) and ¥, é(i) are both nonzero and they are different.

(c) ré(i) and yi,é(i) are both nonzero and they are different.

(d) ye(i) and ¥y, e(i) are both nonzero and they are different.
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(&)=

(11) (a) when k-pattern of i is on the floating loop:

i. yre(i) and ;. e(i) are both nonzero and they are different.

[@ OJ 9-9]-9

]: O

£

are both nonzero and they are different.

000
OO
ale

\-/

ii. $re(i) and yi, e

QCDQ OO

X
—_~

CDQ elole

] g

ero and they are different.

v
o
a
(on
(@]
-
=
=

iii. y;é(i) and Y, é(i) ar on

QCDQ OGO

X
1

@Q @é@

-»@-] G

onzero and they are different.
[o @] O
O L) O

-8

=
(¢}
[on
o
=
=
=

iv. yre(i) and ;. e(i) ar

QGDO

CXWD@@@

f5\

o
QO

(b) when k + 1-pattern of i is on the floating loop:
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i. yre(i) and ;. e(i) are both nonzero and they are different.

551888

ole Q@Q

—_
1

i)
60

O
-3 x
O

on
]
=
=
=

ii. $re(i) and y, e(i) are on

N

ero and they are different.

Jx[
+ O O
: -@ O

iii. y,é(i) and yi4€(i) are both nonzero and they are different.

@)
&) -6

iv. yre(i) and J;, (i) are both nonzero and they are different.

[§+ ]f@ O} 'S,

+

@Q OO0
<z>
<:>

X

—_—

O

O

O
Q
>
O

O
Y- +-
18}

GDO elole

O
318

o O O

[@ {ﬂ O
o o) &

(12) (a) yre(i) and P, e(i) are both nonzero and they are the same.

-4%}y@}{}
{}[o»{> O

QGDQ

QCD
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(b) yre(i) and ;. e(i) are both nonzero and they are the same.
_@_ x|~
(c) yre(i) and J;, (i) are both nonzero and they ar
_6_ x|
(d) yre(i) and P, e(i) are both nonzero and they ar

£ &=

+

00

OB
ele

the same.

¢

elo
OQ
el

the same.

(¢

D

(a) when k-pattern of i is on the inside loop: y;é(i) and ¥;,,é(i) are both nonzero and
they are different.

(13)

(15)

9. 9| 9 ). ©
© @8 % B
O DL, @ ©).©D
© ©@|ls 5 %)s

(b) when k + 1-pattern of i is on the inside loop: y.é(i) and y,é(i) are both nonzero and

they are different.

@ @[ RO/ CIRC)
© ©) s 5 E)E
AORCUNIOIC/ I IR C);
© ©| s 8 ElE

(a) k-pattern of i is on the inside loop:

i. yre(i) and P, e(i) are both nonzero and they are different.

©-GHO-C-O
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ii. ye(i) and y;, e(i) are both nonzero and they are different.

iii. yre(i) and i, e(i) are both nonzero and they are different.

iv. y;e(i) and ¥, é(i) are both nonzero and they are different.

(b) k + 1-pattern of i is on the inside loop:

i. yre(i) and 9, e(i) are both nonzero and they are different.

ii. yre(i) and y;, (i) are both nonzero and they are different.
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iii. y,e(i) and y,,é(i) are both nonzero and they are different.

iv. yre(i) and J,,,e(i) are both nonzero and they are different.

(16) (a) yre(i) and P, e(i) are both nonzero and they are the same.

(b) ye(i) and ;. e(i) are both nonzero and they are the same.

_

(c) yre(i) and J;, e(i) are both nonzero and they are the same.

(d) yré(i) and P, e(i) are both nonzero and they are the same.

D
ol e

D
ap

D
ap
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9.4 Appendix D

In this appendix we go through the graphical calculations required for é(i)J; 5 and e iy
These calculations can be used directly with minor modifications on + signs when we calculate
?ké(i)yk and ?ké(i)yk+ 1. Please refer to |Remark 6.1 .21| and |Remark 6.1 .29| for the existences of
yre(i) and y;.1e(i) (i.e. when they are nonzero) and whether they are the same or different.

(1) the product is O.
(2) the product is 0.
(3) the product is 0.
(4) the product is 0.
&)

e(i-s;)Vr and e(i-s;)Vx41 are both nonzero and they are the same.

(6)

e(i-s;)Vr and e(i-s;)Vi+1 are both nonzero and they are different.

(7) the product is O.
(8) the product is 0.

Q
Q
O

OO

ole)

0le)
OO0

ole)
ole)
Q

ole)
ole)

9)

(a) e(i-sy)yr and e(i-s;)Vi+1 are both nonzero and they are different.
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(10)

(b) e(i-sy)¥ and e(i-s;)yx+1 are both nonzero and they are different.

@x:—@

(c) e(i-sy)yr and e(i-sx)yx+1 are both nonzero and they are different.

_@_x__:_®_
Q) __ “ Q)

(d) e(i-sp)yx and é(i-s¢)yr+1 are both nonzero and they are different.

_@_x__: —-@-

(a) e(i-sy)yr and e(i-sx)Vi+1 are both nonzero and they are different.

P60
P00

(b) e(i-sy)yx and é(i-s¢)yr+1 are both nonzero and they are different.

-0
0D

(c) é(i-sy)yx and e(i-s)Vi+1 are both nonzero and they are different.

o0
00
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(d) e(i-sp)¥x and e(i-s;)yx+1 are both nonzero and they are different.

R -0-LR
R r-0-0r--CR

(11)

i.

il.

iil.

1v.

(a) when k-pattern of 1 is on the floating loop:

e(i-sy)yr and ée(i-s;)Vx+1 are both nonzero and they are the same.

e(i-s;)P and e(i-sg) i+

e(i-s)9x and (i) P+

e(i-s)3x and (i) P+

OO

o
=
(¢]

1

OO

o

1 are

GO

o
=
a

1

D0

o

b

o

0o

OO

OO

oth

DO

=]

X-£-)- = bt

oth nonzero and they are the same.

x-{-Y- =

@_

oth nonzero and they are the same.

x-{-Y- = et

onzero and they are the same.

x-£-)- = o

(b) when k + 1-pattern of i is on the floating loop:

1.

1l

1il.

1v.

e(i-sy)yr and e(i-s;)Vx41 are both nonzero and they are the same.

e(i-si)3x and e(i-sx) P+

200

e

b

+

0le)

+

OO

x-£Y- = bt

oth nonzero and they are the same.

x-{-3- =

@_

e(i-sp)Yx and e(i- ;)41 are both nonzero and they are the same.

e(i-sp)Pr and e(i-s) i+

GO

o

DO

GO

DO

145

x-{-Y = _—@—

re both nonzero and they are the same.

X-£-)- = —_@_



(12)

(13)

(a) e(i-sy)yr and e(i-s;)Vi+1 are both nonzero and they are different.

O O
|- ¥ +-£)| = £
o O) ©O

OO0

OO QO

OO
ol0le
QOO

(b) e(i-sx)Px and e(i-s;)yr+1 are both nonzero and they are different.

®
G

+

O
ele Q@Q
@

&
QOO OOO

OO OO
O

(c) é(i-sy)yr and e(i-s)Vi+1 are both nonzero and they are different.

@
Q

CD OG0
®
<m&D©®©

+

00 090
o

O
S0

(d) e(i-sp)y and e(i-sy)yrs1 are both nonzer

X

o

and they are different.

@

D
D

- OD0O OGO

X

Oh OO0
Q

o O
_@_ B _E}_
O O

(a) when k-pattern of i is on the inside loop: é(i-s;)¥; and é(i-s;)yx. are both nonzero
and they are the same.

(b) when k+ 1-pattern of i is on the inside loop: é(i-s;)V, and é(i-s; )V, are both nonzero
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and they are the same.

O © O 194 O

(15) (a) k-pattern of i is on the inside loop:

i. e(i-sp)¥x and é(i-sy)Pr.1 are both nonzero and they are the same.

&-080-0

ii. e(i-sy)yx and é(i-sy)yx+1 are both nonzero and they are the same.

&-0}0-0

iii. e(i-sx)yx and e(i-s;)Vi+1 are both nonzero and they are the same.

&-0}0-0

iv. e(i-s;)¥x and é(i-s;)Vi+1 are both nonzero and they are the same.

&-O80-0

(b) k + 1-pattern of i is on the inside loop:

i. e(i-sp)¥, and é(i-s¢)Px.1 are both nonzero and they are the same.

&-0}0-0

ii. e(i-sy)yx and é(i-sx)yr+1 are both nonzero and they are the same.

&-0F0-0
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(16)

(a)

(b)

(c)

(d)

1il.

1v.

e(i-sy)yr and e(i-s;) Vx4 are both nonzero and they are the same.

e(i-sy)yr and e(i-s;)Vi41 are both nonzero and they are the same.

-0

-0

e(i-s)¥x and e(i-s¢)¥r+1 are both nonzero and they are different.

&(i-50)9x and &(i-

é(i-sy)yr and e(i-

&(i-s)9; and &(i-

CHECHRECINCD

&) €D

€D €D

Si)Pks1 are

€D €D

€D €D

b

—+

+

€D €D

+

+

€D €D

oth

n

St)Vi+1 are both nonzero and they are different.

onzero and they are different.

St)Vi+1 are both nonzero and they are different.
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9.5 Appendix E

In this appendix we go through the calculations of € ;&(i) €;_; when deg, i = 1. The calculations
in this appendix can be used to calculate ?ké(i)?k_l when deg, i = -1, and _e)k_lé(i)%_k when
e(i) = =1 with minor modifications with + signs. We also want to remind the readers that
the calculations in this appendix can be extended to calculate _e)ké(i)(f/k_l and 1,7/k_ lé(i)(e_k when

i1 = ix; €1y and Y e(i) €, when iy = ig,r; and e ¥di-1 and e ¥ when
I—1 = Ige1 = I+ 1.
1) ----- X----- =-----

[82-2/(8-8-g-8
o[g2)8 o
o[g-g) Q-0
[g-gg-o
"[§-g1g-o

[©-6)0-0
(@600
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DO +. G O X[@+@]_O+O




"l @}0-0
(@800
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1) = k,[TT]
mk(i)7 @

Zk(i)’ @ @
(Anti)clockwise loop, 22]

Addable/removable box, [12]

Bounded pattern, [53]
Box lattice, [T1]
Brauer diagram, [26]

Cell datum, 23]
Cellular algebra, [25]
Conjugate partition, [T1]

Diagrammatic partition, 20} [21]
Diagrammatic partitions, 23]
Dominance ordering, [T} [T3]

Extended graph, 22]

Gelfand-Zetlin algebra, [27]
Graded cell datum, 26|
graph of a Verma path, 22]

Index, [14]

Lexicographic ordering, [LT]

partners, [37]

Residue sequence, [14]



reverse Verma path, 34]

Skew diagram, [12]
Standard tableau, [12]

topological equivalent, [35]
Truncation of the up-down tableau, @
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Up-down tableau, [12] [T3]
upper reduction, [35]

Verma path, 20]

Young diagram, [I2]
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