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Fundamental problem: find (interesting) topological invariants

of (oriented, smooth, compact)
MANIFOLDS M~M = I(M)=1(M)
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Representation theory = study of algebraic objects (groups, algebras, Lie algebras, ...)

by representing their elements as linear transformations (of a vector space)
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Knot and link invariants Knot and manifold invariants
via polynomials via TQFT

Jones polynomial Witten—Jones polynomial
HOMFLY-PT polynomial Chern-Simons and Axelrod—Singer theory
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stronger invariants ?
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Tangle and 3-manifold invariants

Topological invariants
via higher homotopies

Quantum groups Operads

via Quantum groups

Reshetikhin—Turaev invariants E,-algebras

Crane-Yetter invariants Higher dimensional algebra
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A representation: the symmetric group S3 EER group of symmetries

. . S
. Define representation on generators
1
S3 — Sym(A) C End(R?) .
1
=(1,2) +—
=(2,3) —
(23, 72,71) (73,72, 71)
« heed to check relations 2 3
;= id = § % %{j
S; = S$152851 = $951592
5131,332,$3 371,332,333
« consequence of an obvious representation permuting coordinates:
dim 3 S3 ~ {(z1, 29, z3) € R*}
; { J projection
dim 2 Sym(A) ~ plane = {(z1,x2,73) € R3 | 21 + 29 + 23 = 0}

“projection [...] which is an excellent tool for intuitive investigations, is a very clumsy one for rigorous proofs. This has

lead me to abandon projections altogether.” E. Artin, (1935)
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- [><] * U O From permutations to braids

6 # B

braid group
Brz = (81, 82) /(816281 = B28152)

\”V

symmetric group
$1

T
S3 = <81,82>/(818281 = 828182,5;, = 1d .
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- [><] * U O From permutations to braids

6 # B

\”V

braid group
Brz = (81, 82) /(816281 = B28152)

]
S3 = <81,82>/(818281 = 525182, i — 1d .
]

symmetric group
$1
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Representations of braid groups ?

A A

J
braids = # Q
4

(2, r1) (w2, 22+ 21 + (—72) )

permutations of coordinates >< ><

(21,  22) (21, ) )
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variables don’t commute
g =q"
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quantum trick
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Quantum trick
—1
quantum principle: (@2, @2 q1-ay)

variables don’t commute / A\(/{/A —A’L/A\)A \/
’ qz-d= qt”“ | A/\ ~ 7 . S

(q1, q2 )

braids = 2 5 \/

e
guantum trick
(2, r1) (xa, xo+x1 + (—22) )
permutations of coordinates >< ><
( L1, L2 ) ( L1, L2 )
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Atiyah—Segal Axioms of TQFT (1980s) “Representation theory of manifolds”

A Topological Quantum Field Theory of dimension d = (d — 1) + 1 is an assignment Z

N (O

any compact d-dimensional . linear map
bordism /7 from M to N Z(B): Z(M) — Z(N)

any closed (d — 1)-manifold M +— (complex) vector space Z (M)

P (> ()
A~ T invariant under diffeomorphisms
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closed O-mfds:

(co)evaluation maps

WeVv
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Given a TQFT : Get invariants by CUTTING-ASSIGNING-COMPOSING

d=2
e '\ D o
7@2)=4 A AA™ A0 A B A% C
d=1 (co)evaluation maps

%) %)
U'toU N oo HEE
1-bordisms: ~ C > -+ W&V + -

closed O-mfds: Z(t)=V Z(:)=W (2 V* dualizability)




“‘quantum field theories have, because of the difficulties involved in constructing them, often been described
axiomatically. This identifies their essential structural feature and postpones the question of their existence”

Sir M. Atiyah (1988)

Given a TQFT : Get invariants by CUTTING-ASSIGNING-COMPOSING

d=2
o o ()
7(2)=4 C AT A0A™ AAB A% C
d=1 (co)evaluation maps

%) %)
U'roU N oo HEE
1-bordisms: ~ C > -+ W&V + -

closed O-mfds: Z(t)=V Z(:)=W (2 V* dualizability)
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What to do with braids ?

v Reshetikhin-Turaev:
| ~
/ e ®/V & - functor
A/\ {tangles} » {linear maps}
Ve AVQ@@/V V = Ck {oriented points} » {vector spaces}
\/ v*®v/®v UUQQXH\/\/\/\/’)
| ]
vV
obvious map

Ww ® V
symmetric >< RT '{

®-category
Voo W )\ )




Quantum trick via Quantum groups (Faddeev school, Drinfeld, Jimbo 1980s)
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More general gl B representations ?

Used so far: v =C* Y What about V = A%V for arbitrary d ? Y ?

Need to consider: V=AVRQVARR. .- A"V J/ !

Invariants of knots, braid, tangles Understand complicated representations !

T categorical 1 classical

* Maps / morphisms between the Decomposition? Constituents?

ANV Q- @AV

. combinatorics, partitions

« Clebsch—Gordan coefficients

. ' 2
SRIMEEE G2 @ E R . Kronecker coefficients (in #P)

« fusion rules, Pieri rules

 Upshot understandng AL moisms. = undersiandig e category o representatons
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Constructing morphisms

generalised (co)evaluation morphisms

obvious morphisms: wedging and splitting

a+b a b

A AV @ NPV o200, patby, Y

split
a b a+b

I?

di+da+-+dr=n !

ANV ARV @ @ ANV
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The puzzle game

The puzzle game for tensor products of maps

& ¢ h i ® h
o ® o — o
J g ®
axb x®yl—>az/\y 3 4
A AV @ AV 5 Sy Y
split
a b a+b
at+b
LYy
Y
= a¢b c+d
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Y ® a+b C d
a+b C d




The puzzle game

The puzzle game for tensor products of maps

& ¢ h i ® h
o ® o — o
J g ®
a+b a b
x®yl—>az/\y
A AV @ APV s > Aoty Y
split
a b a+b
at+b a-1 b+1
* Y a+b ‘ A a-l b+l
c+d Y a-l 1 b _ 1
a b C+d a-1 1 b
Y o Y .
a+b c d a b




The puzzle game

The puzzle game for tensor products of linear maps

a+b C

a‘:,‘z@?

I ® h

d

o a¢ b C+(I
a+b C d

g < g ® K
atb TRQYr—x/A\Y 3 2
* AV @ APV < > AOTbY Y
split
a b a+b
a-1 b+1
‘ A a-1 b+1
a-l 1 b _ 1
a-l 1 b
Y | .
a b
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(Linear) gluing

a-1 b+1 a+l b-1
ATV @ ATV ANV @ APV
T T
ANV ® /\bV AV ® /\bV
a b a b
Give morphisms:

v




(Linear) gluing

e 1V®Ab+1v V &) /\“+1V®/\b Ly
AV @ AV AV ® AV
Give morphisms:

LRI

gl,-action

=
(D



Lie algebra actions everywhere !

RN AYaYa Wk

ANV ANV @ ANVAY @ AWWeAY o AWVe A3V

VYIS |

Theorem (Howe 1990s)

o gl, ~ an ANV - A"V gl
di+d2+--+dr.=n

®

e Gluing gives all morphisms between the AV ® --- @ A4V



Lie algebra actions everywhere !

RN Y Y Wi

ST A

Theorem (Howe 1990s)

o gl ~ & ALV @ @AV mg§
di+da+--+dr-=n p

O

e Gluing gives all morphisms between the A"V ® --- @ AV



Lie algebra actions everywhere !

RN Y Y Wi

ST A

Theorem (Howe 1990s)

o gl ~ & ALV @ @AV mg§
di+da+--+dr-=n p

e Gluing gives all morphisms between the A"V ® --- @ AV >< = - <X - [ D

O




Quantum group actions everywhere !

Theorem (Quantum Howe duality)

o Uy(gly) ~ b ANV @ @AV, o Uy(gl,)
di+da+tdp=n

e Gluing gives all morphisms between the A4V, @ --- @ A%V,

braids A/\/ = ql(I —q >
quantum /{ trick %

permutations

I
2
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I
Y
L
N~
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Quantum group actions everywhere !

Theorem (Quantum Howe duality)

o U,(aly) ~ D ALV, @ @AEV, A Uq(g‘§)
dy+da+--+dr-=n

e Gluing gives all morphisms between the A4V, @ --- @ A%V,

braids q_l(I —q >
guantum trick 1 44
q —q
permutations

+ Complete set of relations
(Cautis—Kamnitzer—Morrison 2014)



Invariants of tangle bordisms ?

/l tangles

% oriented points
; U m dim 1

added braids H dim O




Invariants of tangle bordisms ?

tangle bordisms

A
L35

~

/1 tangles

QI oriented points
; U m dim 1

added braids H dim O




Invariants of tangle bordisms ?

invariants ?

tangle bordisms

Dl tangles
| oriented points "
; U m dim 1

added braids H dim O
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Knot and manifold invariants

Combining success stories ...

Knot and link invariants
via polynomials

via TQFT

Jones polynomial Witten—Jones polynomial
HOMFLY-PT polynomial Chern-Simons and Axelrod—Singer theory
Skein theory and Hecke algebras Atiyah—Segal axioms

+

4

3

2 | -TQFT

1 Q

0

—

Tangle and 3-manifold invariants Topological invariants

via Quantum groups via higher homotopies

Quantum groups Operads
Reshetikhin—Turaev invariants E,-algebras

Crane-Yetter invariants Higher dimensional algebra
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Thank you for your attention !

the joy of

explicitly
computing

higher homotopies ...
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