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Abstract

To each generic tangle projection from the three-dimensional real vector space onto
the plane, we associate a derived endofunctor on a graded parabolic version of the
Bernstein-Gel'fand category €. We show that this assignment is (up to shifts) invari-
ant under tangle isotopies and Reidemeister moves and defines therefore invariants of
tangles. The occurring functors are defined via so-called projective functors. The first
part of the paper deals with the indecomposability of such functors and their connec-
tion with generalised Temperley-Lieb algebras which are known to have a realisation
via decorated tangles. The second part of the paper describes a categorification of
the Temperley-Lieb category and proves the main conjectures of [BFK]. Moreover,
we describe a functor from the category of 2-cobordisms into a category of projective

functors.
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0. Introduction
On the way to finding topological invariants for knots and links, some new ideas
concerning a connection to representation theory recently appeared (see, e.g., [Kh1],
[FK]). Our paper was mainly motivated by [BFK] and contains a proof of the main
conjectures therein. Bernstein, Frenkel, and Khovanov constructed a realisation of the
Temperley-Lieb algebra via projective functors on parabolic versions of the Bernstein-
Gel'fand-Gel'fand category . The category O is given by representations (with cer-
tain finiteness conditions) of a complex semisimple Lie algebra g. It is stable under
tensoring with a finite-dimensional g-module E. A direct summand of e ® F is called
a projective functor since it preserves projectivity. Such functors play a crucial role
in representation theory. The indecomposable projective functors on & were classi-
fied by Bernstein and Gel'fand [BG]. When restricted to the main block &, their
isomorphism classes are in bijection to the Weyl group. The famous Kazhdan-Lusztig
theory is based on the fact that the Grothendieck ring of projective functors is de-
scribed by the corresponding (specialised) (Iwahori-)Hecke algebra. In other words,
this algebra has a “functorial realisation”; that is, there is a ring homomorphism from
the specialised (Iwahori-)Hecke algebra into the Grothendieck ring of projective func-
tors on a regular integral block of & In type A, there is a well-known quotient of the
Iwahori-Hecke algebra called the Temperley-Lieb algebra. Because of its diagrammat-
ical description, it is directly linked with knot theory and has several applications in
physics and science (see, e.g., [K]). In [BFK], the authors considered the action of the
specialised Iwahori-Hecke algebra induced via projective functors on the direct sum
over all maximal parabolic subcategories of . They proved that it factors through
the specialised Temperley-Lieb algebra. On the level of the Grothendieck group, the
resulting representation coincides with the natural representation on the n-fold tensor
product of C? given by place permutations.
The following questions appeared in this context (and are the content of our pa-
per).
@ Is there a “functorial realisation” of the Temperley-Lieb algebra where the
deformation variable comes into the picture (see [BFK])?
(II)  Is there a classification of indecomposable projective functors in the parabolic
setup (see [B2])?
() Is it possible to generalise the results of [BFK] to other types?
(V) Is there a “functorial realisation” of the Temperley-Lieb 2-category and of
arbitrary tangles (see [BFK])?
The first problem can be solved using the graded version of category ¢ introduced in
[BGS]. In [St], a graded version of translation functors is defined such that one can
easily get the required “functorial realisation” (Theorem 4.1). In this context we also
obtain a “functorial realisation” of the Temperley-Lieb algebras of Types B, C, and
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D. This might be interesting since these algebras can be realised via decorated tangles
(see, e.g., [G]).

The classification problem, however, seems to be much more complicated. We
are far away from a reasonable answer. Nevertheless, we give a combinatorial for-
mula (Proposition 3.6, Theorem 5.7) for the number of isomorphism classes of in-
decomposable functors. This formula was motivated by discussions with W. Soergel,
who conjectured that it should determine the number of indecomposable projective
functors. However, in non—simply laced cases we do not have equality in general (see
Examples 3.7). In Proposition 3.8 we prove that it is sufficient to study the case of
simple Lie algebras.

A very nice (and helpful!) result is given by Theorem 5.1, where we prove that
an indecomposable projective functor on Oy(sl,) either stays indecomposable or be-
comes zero after restricting to a maximal parabolic subcategory. (This was conjec-
tured in [BFK]. Note that it is not true for other types; see Examples 3.7.) Moreover,
the indecomposable functors corresponding to non-braid-avoiding Weyl group ele-
ments are always trivial after restriction (see Lemma 5.2).

Our main results are the proofs of [BFK, Conjectures 1—-4]. Let "% be the di-
rect sum of all parabolic subcategories of the main block of &'(sl,,) given by parabolic
subgroups of the form S; x S,,—x. We associate to each morphism f of the Temperley-
Lieb 2-category, that is, to each (m, n)-tangle projection without crossings, a projec-
tive functor F(f) : O* — 0" and prove the following in Theorem 6.2.

If f ~ g via planar isotopies, then F(f) = F(g) as functors.

We extend this “functorial realisation” to tangles with crossings as follows. Let
b (ﬁ’,‘,nax) denote the bounded derived category of &**. To each (m, n)-tangle pro-
jection ¢ we associate a functor 7 (1) : 2°(O0™) — 2°(6™*). The functors as-
signed to a right or left basic braid are given as mapping cones of the adjunction
morphisms between the identity functor and translation functors through the wall.
That means that they coincide with the derived functors of Irving’s shuffling functors
(see [12]). We prove the following in Theorem 7.1.

Ift >~ t' via ambient isotopies, then 7 (t) = T (t')

up to a grading shift and a shift in the derived category. These results prove [BFK,
Conjectures 3, 4]. The dependency on the chosen representation of the tangle in the
form of shifts disappears if one works with oriented tangles (see Remark 7.2 and
cf. [Kh2]). Using the fact that projective functors are Koszul dual to Zuckerman’s
functors (as proved in [Ry]), a “functorial realisation” of tangles via singular blocks
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of category & follows (see [BFK, Conjectures 1, 2]).

Therefore, we get functor invariants for tangles. In particular, we can assign to
a disjoint union of closed oriented 1-manifolds a certain endofunctor on a parabolic
version of category O'(sl,). Our final result (Theorem 8.1) is a “functorial realisa-
tion” of the category of 2-cobordisms. In other words, we assign to each cobordism a
natural transformation between the corresponding functors and prove that this assign-
ment is invariant under isomorphisms of cobordisms. Since all the occurring functors
can be lifted to a Z-graded version (as explained in [St]), the natural transformations
corresponding to cobordisms can be interpreted as (homogeneous) transformations
between Z-functors. It turns out that the Euler characteristic of the cobordism surface
coincides with the degree of the assigned natural transformation. A way to realise the
2-category of tangle cobordisms in terms of projective functors will be explained in a
subsequent paper.

The paper is organised as follows. In the first section we recall the main results on
Category 0, its parabolic version, and its combinatorics. In Section 2 we explain how
the deformation variable of the (Iwahori-)Hecke algebra can be interpreted as grading
shifts. In Section 3 we define the categories of projective functors and prove some ba-
sic and general results. The problem about indecomposability of projective functors
is worked out, including a description of how to define graded lifts of projective func-
tors. In Section 4 we describe “functorial realisations” of generalised Temperley-Lieb
algebras. Section 5 considers the maximal parabolic situation of type A. It includes the
theorem on indecomposability of indecomposable projective functors after restriction
to the parabolic category. Since some proofs rely on explicit calculations, we have at-
tached an appendix containing the description of distinguished coset representatives
for maximal parabolic subgroups. Sections 6 and 7 contain (the proof of) the two
“functorial realisation” theorems for tangles. In Section 8 we finally describe “func-
torial realisations” of the 2-cobordisms category and mention how the Euler charac-
teristic of cobordism surfaces can be realised as degrees of natural transformations
between Z-functors.

1. Category ¢ and its combinatorics
Let g D b D b be a semisimple complex Lie algebra with fixed Borel and Cartan
subalgebras. Let g = n_@®b = n_@h®n be the corresponding Cartan decomposition.
The universal enveloping algebras are denoted by % = % (g), % (b), and so on. Let
% C % be the centre.

We consider the category & of Bernstein, Gel'fand, and Gel’fand [BGG], which
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is the full subcategory of the category of all % -modules given by the set of objects

M is finitely generated as a % (g)-module,
Ob(0) := {M € g — mod M is locally finite for b, ,
b acts diagonally on M

where the second condition means that dim¢ % (n)-m < oo for all m € M and the last
says that M = @#Eh* M,,where M, ={m € M | h-m = u(h)ym forall h € b} is
the 1-weight space of M. Many results about this category can be found, for example,
in [BGG], [J1], and [J2].

For a given weight 4 € b*, let M (1) = % (g) ® (v) C, denote the Verma module
with highest weight A and simple head L(1). Let P(1) € € be the projective cover of
L(A).

Let # C R be the set of simple roots inside the set of all roots. For a € R, let
gq be the a-weight space of g under the adjoint action. The coroot of a is denoted
by ¢. We use W for the Weyl group with unit element e and denote by . the set of
simple reflections. The length of w € W is denoted by /(w). For w, a1, ...,a, € W,
we call an expression w = ajay - - - a minimal if >";_, [(a;) = [(w). In particular,
any reduced expression is minimal. The Weyl group acts in a natural way on h* (with
fix-point zero); for any 1 € h*, we denote by w - 1 = w(4 + p) — p the image of
A under the “translated” action of W with fix-point —p, where p is the half-sum of
positive roots.

Let W, denote the stabiliser of /4 under this action. We denote by &, the full
subcategory of & having as objects all modules annihilated by a large enough power of
the maximal ideal ker y;, = Anng M (A) in the centre of %/. We call A € b* dominant
(with respect to —p) if (A4 p, a) > 0, and we always label the subcategories &) with
dominant weights.

1.1. The parabolic category O
Let S € 7 be a subset of the simple roots with corresponding root system Rg =
R NZS. We define the Lie algebra gs € g as

gs =ng ®bhs®ny,

where n? = @, c+RNRs 9a- Then gg is semisimple with Cartan subalgebra hs =
D, s Ca and root system Rg. Let us denote the corresponding Weyl group by Wy,
and let WS be the set of minimal-length coset representatives for W\ W, that is,

Wsz{weW|VsefﬂW5:l(sw)>l(w)}.

The parabolic subalgebras (containing b) of g are parametrised by the elements of the
power set of 7 in such a way that S C 7 corresponds to

ps = (gs %) +n,
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where h5 = [, kera. Using this bijection, we identify Wy, = Ws, WS = W¥s,
and so on.

Let p = ps be a parabolic subalgebra (containing b) of g with universal en-
veloping algebra % (p). The category &5 = O is the full subcategory of & whose
objects are exactly the locally p-finite modules of &; that is, M € O if and only if
dimc % (p)m < oo for all m € M. This category is called the parabolic category €
(with respect to p or S, resp.).

Let P;r = {1 e b* | (L,a) € N, Yo € S} be the strictly dominant integral
weights with respect to S. The map that sends a simple % (p)-module to its highest
weight gives (see [Ro]) a bijection

{iso-classes of finite-dimensional simple %/ (p)-modules} <L> PpJr . (1.1)

We denote the (unique up to isomorphism) simple p-module of highest weight 4 by
E (). The parabolic Verma module (with respect to S or p, resp.) of highest weight A
is defined as

MP(2) = % (9) ®u p) E(1).

It has a unique simple quotient L? (1) = L(4) (see [Ro, Proposition 3.3]). Note that
if § = @, then ps = b and MP (1) = M (J) is the “ordinary” Verma module. In the
other extreme case, where S = 7, we have M9(1) = L(1).

There is a bijection between the isomorphism classes of simple modules in &¥
and the elements of P; by mapping a module to its highest weight. The category &
has enough projectives. We denote the projective cover of the simple module L(4)
corresponding to 1 € P;r by PP (1) (for details, see [Ro, Proposition 3.3, Corollaries
4.2, 4.4]). A categorical characterisation of the parabolic Verma modules is given by
the following fact.

LEMMA 1.1 (Parabolic Verma modules as projective objects)
Let 1 € P'f . The module MP (1) is projective in the full subcategory ﬁfi of OP,
objects of which have only composition factors of the form L(u) with u # A.

Proof

For M € ﬁfz, we have by Frobenius’s reciprocity

Homg (MP(2), M) = Homg (% (9) Q% (») E(1), M)
= Hom, (E(4), M) = M;.
Therefore, Homg (M? (1), o) is exact and M¥ (1) is projective. (Note that the last iso-

morphism follows from (1.1) and the fact that 4 is by assumption a maximal possible
weight.) O
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The following proposition describes how to construct the projective covers in &
given a projective cover in &.

PROPOSITION 1.2 (Projective covers in &%)

Let Q € OP with projective cover P € 0. Then the projective cover of Q in O
is (up to isomorphism) the quotient P /M, where M is the smallest submodule of P
containing all composition factors of P not contained in OP.

Proof

First of all, it is clear from the definition of & that P/M € 0. Since Homg (P, o) =
Homg(P/M,e) = Homgr(P/M, e) on OF, the projectivity of P/M follows. If
a submodule of P/M surjects onto Q, then its preimage under the canonical map
P — P/M maps surjectively onto Q as well. Hence, P/M is a projective cover by
the minimality of P. O

Restriction to the subcategory ﬁfz gives the following.

COROLLARY 1.3
For /. € b*, there is an isomorphism M* (1) = M(A)/M, where M denotes the
smallest submodule containing all composition factors not contained in O®.

1.2. The parabolic Hecke module N
We recall some facts on the Kazhdan-Lusztig combinatorics developed in [KL] and
[D]. We use the notation of [S2].

Let Z[v, v~!] be the ring of Laurent polynomials in one variable v. Let .2 =
(W, ) denote the Hecke algebra of (W, .%), that is, the free Z|o, v~ -module
with basis {H, | x € W} and relations

H2=H,+ (' —v)H, forse.”, (12)
HiHy = Hyy if1(x) +1(y) = 1(xY). (1.3)

We denote by H + H the duality on ./, that is, the ring homomorphism given
by Hy +— (fol)_l and v +— o~ !. The Kazhdan-Lusztig basis is given by el-
ements H, (for x € W) such that H, is self-dual (ie., H, = H,) and H, €
H, + Zyew vZ[v]Hy. In particular, Cy := H, = H; + v is a Kazhdan-Lusztig
basis element for each simple reflection s € W. For S C =z, a subset of the simple
roots, let 75 = S (Ws, Ws N .¥) be the corresponding Hecke algebra. We consider
Zlv,v 1 as a right #s-module, where H; for s € . acts by multiplication with
—0v. On the other hand, the Hecke algebra 7 is in a natural way, via restriction, a left
Fs-module. Therefore, the following definition of the parabolic Hecke module (with
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respect to S or p) makes sense:
NP = Lo, 0 @ H.

Hence, the parabolic Hecke module 4P is a right .#-module and a free Z[v, v -
module with basis {N}CJ :=1Q® H, | x € WP}. The structure as a right .7#-module is
given by the following.

LEMMA 1.4 (see [S2])
We have
N2 +oN? ifxs > x and xs € WP,
NPCy = { N% +07INP ifxs < x and xs € WP,
0 ifxs ¢ WP,

1.3. Translation through the wall and the parabolic Hecke module

For A € h* dominant and integral, let 95' : Oy — O (resp., 6?/(1) 1 0y — 0)) be the
corresponding translation functors. For W, = {e, s}, s € ./, we denote by 6, = 0?(9&
the translation functor through the wall (for more details, see, e.g., [J1], [J2]).

Note that if M is p-locally finite, then so is the tensor product M @ E for any finite-
dimensional g-module E. Hence, the functor 6 restricts to a functor ﬁg — ﬁ’g for
any parabolic subalgebra containing b.

Let [ﬁg ] denote the Grothendieck group of ﬁg . Since 6 is exact, it induces a
group homomorphism on [ﬁg ] which is denoted by [[03]]. Each of the following
sets is a basis of [ﬁ’g]: {[PP(x-0)] | x € WP}, {[MP(x -0)] | x € WP}, and
{[L(x - 0)] | x € WP}. In the following we use the abbreviations PP (x) = PP(x - 0),
MP(x) = MP(x -0),and L(x) = L(x -0) forany x € W.

We state the following well-known results.

PROPOSITION 1.5

Let x € WP, Let s be a simple reflection.

(1)  Ifxs € WP andx < xs, then O, MP (x) = 0, MP (xs) and there is a short exact
sequence of the form

0— MP(x) — O, MP(x) — MP(xs) — 0.

(2)  Ifxs ¢ WP, then O;MP(x) = 0.
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3) The following diagram commutes:

NP [MP (x)]
VG 21

v=1

NP [MP ()]

P
AP - %9

Proof

The first part of the theorem is [I1, Proposition v]. For the second part, we assume
xs ¢ WP; hence, xs > x. (Otherwise, choose t € Wy N .7 such that txs < xs.
Then I(txs) = l(xs) — 1 = I(x) — 2 = [(tx) — 3. This is a contradiction.) Any
nonzero quotient of 6, M (x) contains L(xs) as a composition factor; hence, there
is no nontrivial quotient that is p-locally finite. In particular, ;MP(x) = 0. The
commutativity of the diagram is then clear by Lemma 1.4. O

2. Gradable modules and graded translation

In the following we consider an integral regular block (say, &) of the category & with
its parabolic subcategory. Let P = @,y P (x) be the sum over all indecomposable
projectives in this block. This is a minimal projective generator. How its endomor-
phism ring becomes a Z-graded ring is explained in [BGS] and [St]. In the following,
let A = Endg(P) be equipped with this (Z-)grading. By Morita equivalence, we can
consider 0 as a category of finitely generated (nongraded!) right modules over a
graded ring A. If we denote by mof —A the category of finitely generated right A-
modules, this means

Op = mof —A.

We denote by (g) mof — A the category of finitely generated graded right A-modules.
As in [St], we call a module M € &y gradable if Homg(P, M) is gradable, that is,
if there exists a graded right A-module M such that f(M) = Homg (P, M). (Here
f denotes the grading forgetting functor gmof —A —> mof —A.) In this case, M is
called a lift of M. We call M € ﬁ’g gradable if it is gradable considered as an object
of 0.

In [St] and [BGS] it is shown that all “important” objects of &p, such as projective
modules, simple modules, and Verma modules, are gradable. We generalise this result
to the parabolic situation.

THEOREM 2.1
Let M € ﬁg be a simple object, a projective object, or a parabolic Verma module.
Then M is gradable (considered as an object in Oy).
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Proof

Since the simple modules in the parabolic subcategory are also simple in &), the
statement for simple objects is proved in [St]. By Lemma 1.2, for each x € WP there
is an isomorphism PP (x) = P(x)/M, where M is the smallest submodule containing
all simple composition factors of the form L(y) with y ¢ WP. We consider the graded
lift P (x) of P(x), which is defined in [St]. Let M be its smallest submodule that is
generated by the collection of one-dimensional subspaces corresponding to simple
composition factors of the form L(y) of P(x) with y ¢ WP. Therefore, M is by
definition generated by homogeneous elements; hence the module P (x)/M is a lift
of PP (x). For the parabolic Verma modules, we can do (by Lemmas 1.1 and 1.2) an
analogous construction. The theorem follows. O

The proof of Theorem 2.1 gives the following.

COROLLARY 2.2
Let PP := @, y» PP(x) be a minimal projective generator of ﬁg. Then Endg(PP)
is a quotient of Endg(P) even as a graded ring.

Remark 2.3

(1) By construction, the graded rings A = Endg(P) and AP = Endy(PP) coin-
cide with the ones introduced in [BGS].

2) The graded lifts of PP (x) (with x € WP) are unique up to isomorphism and a
shift of the grading (see [St, Lemma 1.5]). We defined the lifts in such a way
that the simple head is concentrated in degree zero. The same is true for the
lifts of the parabolic Verma modules and of the simple objects.

3) It follows directly from the construction that a module M € ﬁg is gradable if
and only if it is gradable as an object of ﬁ’p, that is, if there exists a graded
right AP-module M such that f(M) = Homgy(PP, M) (as nongraded right
AP-modules).

4) In [B1] it is proved that AP (even for singular blocks) becomes a Koszul ring,
generalising the results of [BGS].

2.1. Combinatorics of graded translation functors

Let us from now on denote by PP(x), MP(x), and L(x) the graded lifts of PP (x),
MP(x), and L(x), respectively, as defined in the proof of Theorem 2.1, that is, with
head concentrated in degree zero. We consider AP := Endg(P?), the endomorphism
ring of the minimal projective generator PP = €, y» PP (x) of 0P, as a graded
ring. For m € 7Z, let M (m) be the graded module defined by M (m), := M,_,, with
the same module structure as M; that is, f(M (m)) = f(M). Let [gmof —AP] be the
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Grothendieck group of the category of all finitely generated right AP-modules. Each
of the following three sets is a basis of [gmof —AP]: {[L(x)(i)] | x € WP, i € Z)},
{IMP(x)(i)] | x € WP, i € Z}, {[PP(x)(i) | x € WP, i € Z}. Let f; : gmof —A —>
gmof —A denote the graded version of 5 with the graded adjunction morphisms
ID(1) — 6, and ; — ID(—1) as defined in [St]. We get the following generalisation
of [St, Theorems 3.6 and 5.3].

THEOREM 2.4

Let s € W be a simple reflection.

1) Let x, xs € WP such that x < xs. The graded lifts of the parabolic Verma
modules fit into the following short exact sequences of graded modules:

0 — MP(x)(1) » 6, MP(x) > MP(xs) — 0,
0 — MP(x) = O;MP (xs) - MP(xs)(—1) — 0.

(2)  Letx € WP such that xs ¢ WP. Then ;MP (x) = 0.

Proof
Note that the maps have to be (up to a scalar) the adjunction morphisms since the
homomorphism spaces in question are all one-dimensional. Hence, the upper inclu-
sion and the lower surjection are clear. On the other hand, the canonical surjection
M(xs) — MP(xs) is homogeneous of degree zero by definition. The surjection of
graded modules (see [St, Theorem 3.6]) O,M(x) — M (xs) has kernel M (x)(1).
Therefore, the surjection in the first row has to be homogeneous of degree zero.
For the injection in the second row, we consider the inclusion of graded modules
M x) — 0~SA7I (xs) (see [St, Theorem 5.3]). This induces the injection in the second
sequence.

For the second part, we already know the statement when forgetting the grading
(Proposition 1.5); hence, there is nothing to do. O

We get a combinatorial description of the graded translation functors.

COROLLARY 2.5
The following diagram commutes:

" N> [MP
Ly 0" Ny [MP (x)(n)] [gmof —AP]

Cs l J{[[és]]
" Nyr>[MP
e MWW of P
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Proof
This follows from Theorem 2.4 using Lemma 1.4. O

Remark 2.6
The horizontal maps in the corollary are in fact isomorphisms of Z[v, v~ -modules,
where the action on [gmof —A] is given by ol [M] = [M{)].

3. The categories of projective functors
In this section we define the additive categories of projective functors.

For each dominant weight h*, we denote by pE 0P — ﬁf the canonical pro-
jection. An endofunctor on ﬁf is called projective if it is a (nonzero) direct summand
of pf{ (e ® E) for some finite-dimensional g-module E. Note that the direct sum of
two such functors is again projective. Together with the zero functor, these functors
form an additive category @}f with the usual morphisms (i.e., natural transformation
between functors) and the usual notation of (finite) direct sums.

A (projective) functor F on ﬁf is indecomposable it F = F| & F, for some
endofunctors Fi, F> on ﬁ}f implies F; = 0 or F, = 0. In particular, a projective
functor on ﬁf is indecomposable if and only if it is an indecomposable object in
ﬁf; hence, there is no obstacle to calling such functors indecomposable projective
functors (on ﬁf).

In the following we write just 22 instead of ﬁg ,and &) = @f We denote by
IndP(g, p) the set of isomorphism classes of indecomposable objects in Z?* and by
#IndP(g, p) the order of this set. The indecomposable functors on & are classified
by the following.

THEOREM 3.1 ([BG, Theorems 3.3, 3.5])
(1 Let A be an integral dominant weight. Let F, G € £2;. Then
F=G & F(M() = G(M®Q).
2) The assignment F +— F (M (1)) defines a bijection between IndP(g, b) and the

set of isomorphism classes of indecomposable projective objects in O),.

For A = 0, let F,, € & such that F,,M(e¢) = P(w). For any F € £*, we denote by
[[F ]] the induced homomorphism on the Grothendieck group.

Remark 3.2
Since for F' € & the module F (M (e)) is projective, we can reformulate the first part
of the theorem as

F=G & [F(M(e)] = [GM(e)] < [[F]] = [[G]]-
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Unfortunately, the obvious generalisation of Theorem 3.1 to the parabolic situation is
no longer true. Let s be a simple reflection. Choose p such that L(s) ¢ ﬁ’g . We have
6; # 0 in general, but 6;,(MP (e)) = 0. Nevertheless, we conjecture a generalisation
of Remark 3.2.

CONJECTURE 3.3
Let F, G € 2. Then
F=G < [[F]] = [IG]].

3.1. Indecomposable projective functors
In this subsection, we state some characterisations of indecomposable (projective)
functors in a general setup and define graded lifts.

PROPOSITION 3.4

Let A € b* be dominant and integral. Let F € Wf The following are equivalent.
@) F is indecomposable.

(ii) The only idempotents in End(F) are 0 and 1.

(iii)  End(F) is a local ring.

Proof
(i1) = (). Assume that F is decomposable and F' = F| @ F5. The natural transforma-
tion given by projection onto the first factor obviously defines a nontrivial idempotent.

(i) = (ii). Let # € End(F) be a nontrivial idempotent. This defines an endofunc-
tor F; on ﬁ’f by Fr (M) = zn(F(M)) on objects and F; (f) = wn o F(f)|xyFm))
on morphisms f € Hom(M, N). Since « is idempotent, it is F (Idy) = Id ) for
any object M. Let f € Hom(M, N) and g € Hom(Q, M). We get zy o F(f)ompy o
F(@)lzor0) =anoF(f)oF(g)omolrg(r() =anoF(fog)lry(r(0) sincew
is idempotent. Hence, F; is indeed a functor. On the other hand, (Id —z) € End(F)
is also idempotent, and we have F = F; @ Fiq -

(ii) < (iii). Note that dim End(F) < dim Endg(F (P)) for some (minimal) pro-
jective generator P of ﬁg ; hence, dimEnd(F) < oo. Then the equivalence is well
known (see, e.g., [L]). O

We next get a generalisation of the classical Krull-Remak-Azumaya-Schmidt theorem
(see, e.g., [L]).

COROLLARY 3.5
Let 1 € b* be dominant and integral. Let F € W}f Then F is isomorphic to a finite di-
rect sum of indecomposable projective functors on ﬁf. Moreover, this decomposition
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is unique up to isomorphism and order of the summands.

Proof

Let 11(F) denote the length of a Jordan-Holder series of F(PP). Of course, 11(F}) <
1I(F) when F7 is a direct summand of F. This shows that the desired decomposition
exists. The uniqueness follows then by standard arguments (see, e.g., [L, Corollary
19.23]) using Proposition 3.4. O

3.2. The image of the Hecke algebra
The action of the Hecke algebra on the parabolic Hecke module (see Lemma 1.4)
induces a homomorphism

P 1 # — Endz (A" ) = Endz([0)]), 3.

where JI{)L denotes the specialisation v ~» 1 of #P. The Z-rank of the image of
®P is denoted by R(g, p). The following lemma gives a lower bound for the number
of indecomposable projective functors.

PROPOSITION 3.6
For any parabolic subalgebra p containing b, the following holds:

#IndP(g, p) = R(g, ). (3.2)

Proof

The image of ®P is generated by the multiplications -H, withx € W.Let{-H, | x €
I} be a maximal linear independent subset. Let {Fy | x € I} be the corresponding
projective functors on 0y. Let {G; | 1 < i < m} be a system of representatives for
IndP(g, p). For x € I, we therefore have Fx| oF = P, G;_’i for some nonnegative

integers a;. (Here, G?i denotes the direct sum of a; copies of G;.) Hence [[Fx| ﬁ}’f]] =
Z;”Zl o; [[Gi]]. Thus, the [[G,-]] generate the image of ®P and the claim follows. O

We list a few examples, including some where we have strict inequality in formula
(3.2).

Examples 3.7
(a) Let g be arbitrary semisimple. For p = b, both sides of formula (3.2) are equal to
the order of the Weyl group: the left-hand side by Theorem 3.1, and the right-hand side
because the self-dual elements H, = H,H , with x € W constitute a Z|[v, v~ !]-basis
of ¢ giving rise to a Z-basis after specialisation.

(b) In the other extremal case, we have IndP(g,g) = 1. The isomorphism
Endz(A4," ) = Endz(Z) implies R(g, g) = 1.
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(c) Let g be of type B, or G, with p a maximal parabolic subalgebra. Then

10 = #IndP(s03, p) > R(g, p) = 6,
26 = #IndP(g of type G2, p) > R(g, p) = 10.

Consider g = so03. Let W, = (1) € (s,1); hence, WP = (e, s, st, sts). By The-
orem 3.9 below, ¢, is indecomposable (with X = {st}). For 2 € h* dominant and
integral such that W, = {e, s}, the category ﬁf is semisimple. (Note that QéPp (e) =
MP (%) and [0] PP (st)] = [0f (MP (st) ® MP(sts))] = [MP(st - 1) & MP (st - 1)].
Therefore, PP(x - 1) = MP(x - 1) = L(x - A) for x € {e, st}.)

We define (exact) endofunctors G., G5, on ﬁf by

Lx-1) ifw=x,
GuL(xr 1) = LG4 ifw=x (3.3)
0 otherwise.

In particular, ID = G, & Gy;. Set 9, = HEGwHé. Then 6y = ¥, ® %, and hence is
decomposable. If x ¢ {e, s}, then GeﬁéMp (x) = 0. Otherwise,

[Gebg MP ()] = [GeMP (2)] = [MP (2)] = [Go(MP (2) & MP(st - 1))]
= [G.O0f (MP(s) ® MP(s1))] = [G.056,(MP (e) ® MP(s5))]
= [G.030,9.M" (x)].

By the semisimplicity of ﬁf, we get Gﬂé@,% = Geeé; hence, ¥4.0,%, = ¢,. Analo-
gously, ¥,:6,9;; = 9. One can easily check that for w, z € {e, st} with w # z, the
functors

ID, 6;, %y, %6, 6:%,, 0,0:%,

induce pairwise distinct morphisms on the Grothendieck group [ﬁg ]. The criterion of
Theorem 3.9 shows that the functors are all indecomposable. Hence (by Theorem 3.1
and Corollary 3.5), they represent Ind(g, p).

We remark that the induced representation on the Grothendieck group is isomor-
phic to the one obtained by taking by g = sl4, where W,, is generated by noncommut-
ing simple reflections s2, s3.

The case G; can be done in an analogous way.

3.3. Restriction to the simple case
To get a description of indecomposable projective functors, it is enough to consider
simple Lie algebras because of the following.

PROPOSITION 3.8
Let g1, g> be two semisimple complex Lie algebras with parabolic subalgebras p;
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containing the fixed Borel subalgebra b; C g; fori = 1,2. Then
#IndP(g1 x g2, p1 X p2) = #IndP(gy, p1) - #IndP(g2, p2).

Proof

There is a triangular decomposition g1 x g> = (n| xn, )@ (h1 x h2)D(ny xny) arising
from the corresponding triangular decompositions of g; and g,, respectively. The
identification % (g1 x g2) = % (g1)X% (g>) induces 2 (% (g1 X 92)) = Z (% (g1))K
Z (% (g2)) (where X denotes the outer tensor product over C). This corresponds to
an identification b} x b3 = (b x h2)* and an isomorphism between the Weyl group
of g1 x gy and the product W; x W, of the single Weyl groups. Then the outer tensor
product defines a functor

X : Oo(g1) x Oo(g2) —> O0,0)(g1 X 92).

The simple objects in &(g,0)(g1 x g2) are given as tensor products of simple objects
in formulas L((x, y)) = L(x) X L(y) for (x, y) € W; x W, with projective cover

P((x,y)) = P(x) X P(y) (3.4)

(for more details concerning this, see [B2, Section 2]). On the other hand, the outer
tensor product defines a map between the sets of projective functors

X: Z(g1) x Z(g1) — Z(g1 X 92).

The isomorphisms (3.4) together with the classification theorem (Theorem 3.1) imply
that the map is in fact a bijection. This proves the proposition for p; = b;, i =1, 2.
On the other hand, for any F, G € &, there is an isomorphism of rings

I' : End(F) X End(G) — End(F K G) (3.5)

given by I'(¢ ® w)(p,0)(P.q) = ¢pr(p) ® wo(q) on projective generators P €
0Oo(g1), Q € Op(g2), and p € P, g € Q. (It is not difficult to see that this in fact

defines a homomorphism of functors. For the bijectivity, see, e.g., [B2, Lemma 2.1].)
The isomorphism (3.5) induces an isomorphism

I'? : End(F

o0) REnd(G

WSZ) —> End(F X Glffo(mxpz))-

Note that I'P (¢ ® w) is an idempotent if and only if ¢, v are idempotents. Moreover,
I'’(¢ ® ) is a trivial idempotent if and only if ¢ and y are also. Hence, pairs of in-
decomposable projective functors correspond to indecomposable projective functors.
This proves the proposition. O
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3.4. A criterion for indecomposability
For F € 2P and X € WP, we consider the sets of simple objects in or,

supp(F) = {L | F(L) # 0},
Comp(X) = {L [[MP(x) : L] # 0 for some x € X}.

We get the following criterion for a projective functor to be indecomposable.

THEOREM 3.9

Let 0 # F € 27P. Assume that there exists X € W with supp(F) € Comp(X) such
that

(a) F(MP(x)) is indecomposable for any x € X;

(b)  for any nontrivial decomposition X = X1 U X,, we have

Comp(X1) N Comp(X>) N supp(F) # @.

Then F is indecomposable.

Remark 3.10
« The functor ID € £P is indecomposable; therefore, IndP(g, g) = {ID}.

e Let p = b. The theorem gives an alternative proof of the fact that the indecom-
posability of F (M (e)) implies the indecomposability of F. Let X = {e}. Since every
simple module occurs as a composition factor in M (e), the assumptions are satisfied
if and only if F (M (e)) is indecomposable.

On the other hand, we could also choose X = W. Note that F'(M(e)) is indecom-
posable if and only if F (M (x)) is decomposable for all x € W by [AS, Theorem 2.2,
Corollary 4.2]. Since F(L(w,)) # 0 and L(w,) occurs in the socle of each Verma
module, assumption (2) is satisfied.

 Consider the situation g = so3 of Example 3.7 for F = 6. Condition (a)
is always satisfied. Let us assume the existence of a set X as in the theorem. For
i €{1,2},set X; = XN A;, where A; = {e, s} and A, = {st, sts}. Hence, condition
(b) is not satisfied. It turns out that 6 is indeed decomposable.

Proof of Theorem 3.9

We assume the existence of X. Let # € End(F) be an idempotent. By assumption
(a), it is wpp(x) € {Id, 0} for all x € X. Choose x; € X such that FMP(x;) # 0.
Set X; = {x1} and X» = X\X|. Let L be an element of the intersection given in (b)
occurring in, say, Comp({x2}), x» € Xp.If # Mp(x;) = Id, then 7, = Id, and therefore
T pp (xy) = Id. Going on with X := {x1, x2}, and so on, in the same way finally gives
T pp(v) = Id for any x € X. The same arguments work if e () = 0. Hence, 7 is
either the identity or zero on all simple objects simultaneously.
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We first consider the case where z is the identity on simple objects. We prove
that 7ps = Id for any M by induction on its length. Let M1 < M — M; be a

short exact sequence. Then F (M) < F(M) = F(M3) is exact. Let x € F(M). If
x = i(y) for some y € F(My), then my(x) = mp(i(y)) = i(y) = x. Otherwise,
0 # px) = mp,(p(x)) = p(ry(x)). Hence, x — wpy(x) = i(y) for some y €
F(My). Since 7 is idempotent, we have 0 = wpy(Tp(x) — x) = 7 (i (¥)) = i(y).
Therefore, y = 0 and 7y = Id. Now let 7y, = O fori =1, 2. Forx € F (M), we get
p(@y(x)) = mp, (p(x)) = 0; hence, 7p (wp (x)) = Ty () = i(mp, (y)) = 0 for
some y € M. The theorem follows. O

3.5. Lifts of projective functors

Let F be an exact endofunctor on ﬁg . We call F : gmof —AP —> gmof —AP a
graded lift of F if F is a Z-functor (as defined in [AJS, Section E3]) and induces
F after forgetting the grading and applying the equivalence mof —AP — ﬁ('; (for
details, see [St]). If such a lift exists, we call F gradable.

PROPOSITION 3.11
Let F € 2P be indecomposable. A lift F of F (if it exists) is unique up to isomorphism
and grading shift.

Proof

Under the equivalence ﬁg = gmof — AP, the functor F corresponds to e ® 4» X for
some AP-bimodule X (see [Ba]). Moreover, F is indecomposable if and only if X is
also (as an AP-bimodule). A graded lift F of F is therefore given as tensoring with
some graded AP-bimodule X such that X = X after forgetting the grading. By the
indecomposability of X, a lift is unique up to isomorphism and grading shift (use [St,
Lemma 1.5] for the graded ring AP @ (AP)°PP), O

COROLLARY 3.12
Let F € 22 be indecomposable. Then F is gradable. A lift of F is unique up to
isomorphism and grading shift.

Proof
The translation functors through a wall are gradable (see [St]); hence, so are their
compositions. Theorem 3.1 shows that there is a decomposition of functors

0,0, .. 0y = F O @DF (3.6)
y<x
for some ay € Nand x = 57 - ... -5, areduced expression of x. By the induction hy-

pothesis, the F)’s are gradable for y < x. (Note that F, = ID is gradable.) Therefore,
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Fy is gradable (see [St, Lemma 1.4]). The statement on the uniqueness is Proposition
3.11. O

We fix a lift F, of F,, such that I:"w}\;l(e) = ﬁ(w).

Remark 3.13
Let [w] = s152 - ... - s, be a reduced expression of w € W. With the conventions on
the lift F,, and Corollary 2.5, we get

05,05,y - ... - 0, = P (F (i) o1,
yeW

where the aj,,y,; are defined as Cs, Cy, - .. .- Cs, = ZyeW,ieZ Ow,y,i 0" H . Note that
., y,i does not depend on the reduced expression of w, provided w is braid-avoiding.

4. Generalised Temperley-Lieb algebras

In this section we describe “functorial realisations” of generalised Temperley-Lieb
(TL) algebras. Let W be a Weyl group of type A, B, C, or D with corresponding
Hecke algebra 7. We consider the (generalised) Temperley-Lieb algebra ¢ /T L;
that is, T L is generated by all ZweWadj v~ H, such that Wagj C W is generated by
two simple reflections, where the corresponding vertices in the Dynkin diagram are
connected. These algebras were introduced by Temperley and Lieb [TL] for type A
and by Dieck [Di] for other types. Alternatively, they can be defined by the following
relations (with s, t € .¥):

Cr=@w+ohHCy, 4.1)
C,C, = C,C, ifts = st. 4.2)

Additionally, for types A, B, C, and D,
C,C,Cy = C; ifts # st and sts = 1st, “4.3)
and for types B and C,
C,C;C;Cy = C,Cy + C;Cy  ifts # st and sts # tst. 4.4
THEOREM 4.1 (TL algebras and projective functors)
Let g be a simple Lie algebra of type A, B, C, or D. Let p C g be maximal parabolic.

With the interpretation of v’ as grading shift (i), the graded translation functors satisfy
the relations (4.1)—(4.4).

Proof
Let s, t be commuting simple reflections. By Theorem 3.1, 656, = 6,6;. The functors
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are indecomposable, and therefore 0,0, = ézés(i) for some i € 7Z (Corollary 3.12).
Since M (e)(2) occurs in both 6,6, M (e) and 6,0, M (e) as a submodule (Theorem 2.4),
it follows that i = 0. Therefore, relation (4.2) is satisfied. Since there is an iso-
morphism 6’3 = 6 @ b, we get ész = 6,(i) & 5S(j) for some i, j (again using
Corollary 3.12). On the other hand, Corollary 2.5 shows [9321\;1(6)] = [O,M (e)(1)] +
[5SA7I(e)(—1)]. Relation (4.1) is satisfied. Now let st # ts, but let sts = tst. We
just recall the arguments of [BFK]. We have 66,60, = F;; @ 65 by Theorem 3.1.
Let n € b* be dominant and integral such that W,, = (s, ). Since Fy;M(e) =
P(sts) = GSGgM(e) (see, e.g., [J2, Formula 14.13(1)] and [S2, Proposition 2.9]),
we get Fyg = 6’20(')7 by Theorem 3.1. In particular, Fy;; = 0 when restricted to ﬁg
(for p maximal parabolic!). In the graded picture we have ésétés ~ F, sts (i) D 5{; ()
for some i, j € Z. Since we did not prove Remark 3.13, we determine i and j
directly. By Theorem 2.4, 0,0,0,M (e) surjects onto M (sts), and therefore, i = 0.
Corollary 2.5 shows that M (e) (k) occurs as a submodule in 0,0,0,M (e) fork =3, 1.
By Theorem 2.4, M (e)(3) is a submodule of 0,0,M (e)(1). The latter is contained in
0,0,0,M (e) = I3(sts) ®P (s){j); hence, it must be a submodule of P(s ts). Therefore,
M(e) (1) is a submodule of §S1\7I(e) (7). Theorem 2.4 implies j = 0. Formula (4.3) fol-
lows.

If st # ts and sts # tst, then 6;6,0,60;, = F5;5 ® 65 D ;5 by Theorem 3.1.
The same arguments as above show that Fi;s;y = O when restricted to ﬁg and
that 6,0,6,0, = Fy;50 @ Oy5(i) @ 6;5(j) for some i, j € Z. Corollary 2.5 implies
ﬁ(sts)(l) is a submodule of §, P(sts) (hence of P(stst)), the module M (e)(4) is a
submodule of P(¢sts). Theorem 2.4 shows that M (e)(2) is a submodule of 6,0, M ().
We geti = j = 0. The theorem follows. O

For W of type A and N € N. o, the N-generalised Temperley-Lieb algebra .7 is
defined as s7/Iy, where Iy is the Z[v, v_l]-span of all (Kazhdan-Lusztig) basis
elements indexed by tableaux with more than N columns (see [H], [Li], [BK]). In
particular, 54 = Z[v, v~!] and . is the ordinary Temperley-Lieb algebra.

PROPOSITION 4.2
Letn > 1. Letp = ps C sl,41 be a parabolic subalgebra and N > n — |S|+ 1. Then
the corresponding ®F from (3.1) factors through Hy.

Proof
This is just a reformulation of, say, [H, Section 3], [M], or [BK, Theorem 3.1]. O
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Remark 4.3
. Via (3.1), Proposition 4.2 provides an injection

Hyy — Endgg, 1 (A7),
where the sum runs over all S C z satisfying |S| > n — N + 1 (see [M] or
[H]).

. The description of I in terms of Kazhdan-Lusztig basis elements (see [H],
[Li]) provides many F € & which become zero after restricting to ﬁg . In
particular, the case I, = ({H,,), st # ts}) and the relation C;C;Cs; = H,, +
C; imply Theorem 4.1 for type A.

e It is not clear whether the 7y have a diagrammatical/topological interpreta-
tion. However, the generalised Temperley-Lieb algebras of types B and D are
known to have a description via decorated tangles (see, e.g., [G]). This might
be of topological interest.

5. Type A: Maximal parabolic subalgebras

In general, an indecomposable projective functor does not stay indecomposable when
restricted to parabolic subcategories (see Example 3.7(c)). However, this section is
devoted to a proof of the following result (conjectured in [BFK]).

THEOREM 5.1 (Indecomposability)
Letn > 1. Let p C g = sl, be a maximal parabolic subalgebra. Let F € & be
indecomposable. Then its restriction to ﬁ’g is indecomposable or zero.

For w € W with a reduced expression [w] = s;,8;, - ... - S, let O = esl.resirfl .
.- Hsil .If g = sl,, then w € W = §,, is braid-avoiding if some (resp., any) reduced
expression does not contain a substring of the form s¢s with noncommuting simple
reflections s and ¢. In this case, 0},] € & is indecomposable (see [BW, Theorem1])
and hence isomorphic to F,,. In particular, it is independent of the chosen reduced
expression.
In the following we study the case g = sl,, with corresponding category &'(sl,,).
We always consider the Weyl group of sl,, as generated by s; = s4,, 1 <i < n, such
that s;s; = s;s; if and only if |i — j| > 1. To simplify notation, set &; (sl,) = O'(sl,);,
where 4 € h* is dominant and integral such that W, = {e, s;}. For 1 < k < n, let
Sr = mw\{ox}, and set Sy = S,+1 = 7. We denote by ok (sl,,) the main block of the
corresponding parabolic category &. To make formulas easier, &% (sl,,) denotes the
zero category if k < O or k > n + 1. We also use the notation ﬁik (sl,,) for the full
subcategory of J; (sl,) defined by all locally pg, -finite modules. Let 96 1 Op(sly) —
O (sl,) (resp., 91.0 : 0'(sl,) —> 0Op(sl,)) denote the translation onto/out of the ith
wall, and let ; = 0, denote the translation through the ith wall.
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The following observation simplifies the proof of Theorem 5.1.

LEMMA 5.2
Letn > 1, andletyp C g = sl, be a maximal parabolic subalgebra. Let F = F,, € &
be indecomposable with w not braid-avoiding. Restriction to ﬁ’g gives F, = 0.

Proof

Let w = b(sts)a be minimal with simple reflections s, ¢. Then F,, € & is a direct
summand of 04105:5101p] = O[a] Fs1s01b1D01a10501p)- If F,y occurs in the first summand,
then F,, = 0 when restricted to ﬁg since F;s becomes zero after restriction (see the
proof of Theorem 4.1). On the other hand, by construction, it cannot occur in the
second summand (see (3.6)) because [(asb) < I(w) — 2. The lemma follows. O

The following lemma describes Supp(F) for certain F € 927,

LEMMA 5.3
Letn > 1, and let p C g = sl,, be a maximal parabolic subalgebra. Let x € W* and
w € W with reduced expression [w] = s;, i, = ... - Si,.

(D Ifijpr=ij+1foralll < j <rorifijy1=i;j—1foralll < j <r, then
OwiL(x) #0 <= O L(x) #0 <= x > xs;,.
2) Ifsi/.sik = i, Si; foralll < j, k <r, then

O L(x) #0 = (xsij <xforl <j<r).

Proof

(1) LetF=6; 60

Sip—p

- ...+l . The definition of 6}, and Theorem 4.1 give
i [w]

0 # 0L (x) = 0 # FL(x) = 6;,_,6; FL(x) = 6y L(x) % 0.

Inductively, the first equivalence follows. The second is well known (see [J2,
Formulas 4.12(3), 4.13(3)]).

(2)  We have already verified the implication from left to right. If x satisfies the
condition on the right-hand side, it is [0, L(x)] = [0, - ... - HSiZL(x)] +
[Os;, - -Hsiz M] for some module M (see [J2, Formulas 4.12(3), 4.13(3")]. By
the induction hypothesis, the first summand is nontrivial, and the statement
follows. O

PROPOSITION 5.4

Letn > 1. Let p,, C sl, be a maximal parabolic subalgebra (1 <m <n). Letw € W
be of the form described in Lemma 5.3(2). The following hold.
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(a)  Forany x € WP, F,(M®(x)) is indecomposable or zero.
(b)  The restriction F,, = 0O to ﬁ’g is indecomposable.

Proof
(a) If xs;; & WP for some j € {1,2,...,r}, then F,, MP(x) = 0. By Proposition 1.5,
we may assume xs;; > X and xsi; € W¥ for 1 < j < r.In particular, xSi; is braid-
avoiding (see Proposition A.2). Since all the s;; are pairwise commuting, the expres-
sion xw is minimal and braid-avoiding as well (see [BW, Lateral Convexity]). Hence,
F,,MP®(x) is a homomorphic image of F,P(x) = M (e) = OpwiM(e) =
P (xw) (we use [BW, Theorem 1] and Theorem 3.1). In particular, F,, M? (x) is inde-
composable.

(b) It remains to check that X = {x € WP | L(x) € Supp(F,,)} satisfies property
(2) of Theorem 3.9. Assume that there is a decomposition X = X U X5 such that
Comp(X1)NComp(X2)NX = . We first consider the special case r = 1. Leti; = i;
hence, X = {x € WP, xs; < x}. With the notation of Proposition A.2, the elements
of X are exactly those containing i but not i — 1. Let x = kj>ko>-- -k, € X
with k; = i. We consider x) = G+j—-—De(@+j—2)>---@G+ )pi. Itis

not difficult to see that there exists a chain x({ , x{ . x{, = x, where xlj € X and

l(xl+]) —l(x/) +1for0 <! < p. Therefore x) € X, =>xeX,fora=1,2.

We choose j minimal such that xo #e.Let xa € X1, say. We show that X C X,
and hence that Xo = . If i + j — 1 = n, then j is also maximal such that x(J; *e
and we are done. Otherwise, let y = (i + j)> (i + j — )>---> (i + 2)>1i; that is,
lety € X and x£+1 = ys;i+15;. On the other hand, we have

(66,1 MP ()] = [MP (x )]+ [MP (ysi41)] + [MP ()] + [M (psi)].
In particular,
0 # [6i+i0: PP(y) : MP()] =[PP+ MP()1 = [MP(y) = LTI

(Note that the first equality uses the fact that xg s braid-avoiding and [BW, Theo-
rem 1].) Therefore, x({“ € X because y € Xi. Inductively, all x({ are contained in
X1. Hence X € X;. This means that the assumptions of Theorem 3.9 are satisfied,
and F,, = 6; is indecomposable.

Let us now consider the general case. By Lemma 5.3, L(x) € X if and only
if xsp < x for all simple reflections s; occurring in a reduced expression of w. In
the notation of Proposition A.2, the expression for x contains all such k but none of
the £k — 1. Arguments similar to those above show that a nontrivial decomposition
X = X1 U X3 such that Comp(X1) N Comb(X2) N X = ¥ does not exist.

We omit most details, but we do not omit them completely. We assume i; > i/
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if j < j’. For J asequence of numbers n > j; > jo > -+ > ji > m, let
XJ={x=x1>x21>~-->xmeX’xjkzik,lSkfr}

be the elements of X, where the important numbers occur exactly at the places given
by J. Again, it is easy to see from Proposition A.2 that X7 is a finite set of the form
x] <x{ <. <x so that [(x;, ) = I(x]) +1for 0 < b < |X7|. This
implies, in particular, x({ € X1 xl{
such that X/ # (. Assume j;.1 # j; + 1 for some [. Without loss of generality let

J
X7
€ X; for any b. We fix now some J

Xj+1 = i; — 2. We consider the following two cases.

1)) Assume that there exists x € X7 of the form x = x;>--->x, such that
Xj—1 > i;+ 1. Then y = xsj,418i,—-15;, € X7, where Jjj=Jji+1,and j/ = j;
otherwise. On the other hand, [6; MP (x) : MP(x)] #0fork = iji1,i_1,i;.
Hence, [6;,0;, ,6;,+1MP(x) : MP(x)] # 0. Since x, y are braid-avoiding,
we get (see [BW]) PP(y) = 6;,6;._,6;.+1 PP (x). In particular, 0 # [PP(y) :
MP(x)] = [MP(x) : L(y)]. We have thatif x € X/, y € X/’ then x €
X1 &< y e X;.

(I Let z be minimal such that x; = x;1; + 1 forz <i < j;. Letx’ = Sj, 15, -

.- Sj+2- Note that xx' € X’ and y = xxsj415;,-15;, € X', as above.

Direct calculations give [0,1MP (x) : MP(xx")] # 0. Applying the earlier
arguments to xx’ gives [PP(y) : MP(xx")] = [MP(xx") : L(y)] #0.

Inductively, it follows that X; = ¢ for some i € {1, 2}. Therefore, the assumptions of

Theorem 3.9 are satisfied. The proposition follows. O
LEMMA 5.5

Let g = sl,, and let e # w € W be braid-avoiding. Then there exists a reduced
expression w = S;,8j, - ... S, such that (at least) one of the following properties is
satisfied:

@) 8ijSiy = SiSi forl1 < j k<r;

() 85,80, 7 SiySiys
(i) i, S0, F Sip_ySi,-

Proof

Write w = dydy - - - d, minimal such that did ---d,,, € (s1,52,...,5y) and d,,, €
(815525 -+ s Sm—1)\(S1, 52, - . ., S 1s a distinguished coset representative of minimal
length for any m € {1,2,...,n}. By Proposition A.2, d, = SpuSm—1+ .- Sm—k
for some k or d,, = e. Pick (if it exists) j € {1,2,...,n} minimal such that d;,
djy1 # e. By assumption, d;_; = e, and hence, we get a minimal expression w =
dsjsjyiw'djio - --dy, for some w’ € Wandd € (s, s2,...,5j—2). Therefore, w =
s;jsjy1x for some x € W, and w satisfies (2).
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If j as above does not exist, we proceed by induction on the length of w. Without
loss of generality, let d, # e. If[(d,) > 1, then obviously (iii) holds; otherwise, d,, =
sy (and d,—; = e), and therefore, w = xs, = s,x for some x € (s1,52,...,5,-2).
Certainly, x is braid-avoiding. The lemma follows from the induction hypothesis. O

Proof of Theorem 5.1
By Lemma 5.2, we may assume w € W to be braid-avoiding. If w = e or if w satisfies
the assumptions of Proposition 5.4, we are done. Otherwise, we prove the statement
by induction on the length of w. Let us assume that w has a minimal expression of
the form w = w’ts with noncommuting s, ¢ € .%; in particular, F,, = 6,6, F,,. Let
F, = G| ® G, for some nontrivial G; when restricted to ﬁ('; . Considered as a functor
on ﬁg , we have 0, F,, = 6,0,6,F, = 0,F,, = F,; hence, it is indecomposable by
the induction hypothesis. This implies 6;G; = 0 for i = 1, say. Note that 6 F,, =
F, & F,. We claim that

0,G1 =G, ®H (GRY

for some H € 2P such that [[H]] = [[G1]]. Let us believe this for a moment.
Then 6,6,0,G, = 6;,G; = G| & H # 0. Hence, 6,6;G| # 0. On the other hand,
[[6:6,G11] = [[6:(G1 ® G1)]]. Therefore, 6,G # 0. This gives a contradiction. To
prove (5.1), we fix an embedding i : G| — F,, together with a split j and consider

the diagram
J
Gl é/‘w"i“"‘""*\ Fw

l )
@ BlE
Oyi /

HS G Hs Fy

Sl

The vertical maps o and f are the adjunction morphisms, so the inner diagram com-
mutes. The isomorphism QSZ = 0 @ O, provides a split ' of B. The composition
@ := j o obi is then a split of a because poa = jop obsioa = joB ofoi =
j oi = id. This gives an isomorphism as in (5.1) for some H € Z7°. Let Q € ﬁg
be projective; then G1(Q) = @, cy» P(x)** for some a, € N. Moreover, a, = 0
if xs > x.If x, xs € WP such that x > xs, then 6; PP(x) = PP(x) @ PP(x).
(Note that 65 P(x) is projective and that its head is isomorphic to L(x) & L(x).) On
the other hand, a, # 0 implies x, xs € WP (as in the proof of Proposition 1.5).
We get [6,G1(Q)] = [(G1 & G1)(Q)] for any projective object Q € 0% hence,
[(6:G11] = [[G1 @ G1]]. The claim follows.

By Lemma 5.5, we are left with the case where w = rsw’ with noncommuting s,
t € .. Arguments similar to those above prove the indecomposability. O

Remark 5.6
Applying the same induction arguments as in the proof of Theorem 5.1 shows the in-
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decomposability of F(MP (x)) for any indecomposable F € £ and x € WP. More-
over, using only the description from Proposition A.2, one can easily deduce that with
the assumptions of Lemma 5.3(1), 6, MP (x) = Os;, MP(y) for some y € WP, So the
indecomposability of F,, in this case follows directly from the proof of Proposition 5.4
using Lemma 5.3(1).

THEOREM 5.7

Let p C sl,, be maximal parabolic. Then Conjecture 3.3 holds, and we have equality
in(3.2).

Proof

Let F = @, cw(Fu gp)™ and G = @,y (Fuy gv )P such that [[F]] = [[G]]. By
Lemma 5.2, we may assume a,, = 0 = f,, for non-braid-avoiding w. The specialisa-
tion of /T L at v = 1 is semisimple (see, e.g., [W]); hence, JI{)FZI =@;_, L for
some simple 7 /(T L),=1-modules L;. Since (see [W]) Annz(rr),_, Li = C{H, |
x € W[i]} for some W[i] C W,we geta, = f, forallw ¢ I := ﬂle WIi]. Hence,
F= @w¢1 (F‘ﬁ(;)a)“w = G. On the other hand, it also shows that # Ind(g, p) = |{H,,, |
w ¢ I} = R(g, p). The theorem follows. O

6. The Temperley-Lieb 2-category

In this section we describe a functor from the Temperley-Lieb category into a cate-
gory given by projective functors with their natural transformations. Let & (s[,,)™®* =
@Z:U ok (sl,,). In [BFK], the authors consider functors

[: O6W™ — o(st, )™,
i,n
U : o6w)™ — 6™,
i,n

which are given on each summand as follows. Let

k
) : 6 6l) — 65 (sly2),
i,n
k
U: "6 — 04 slus)

in
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be defined as

k
() = Guk6 6265 -,

i,n

k
U=66i-1---600¢,},.
i,n

573

forany 0 < k < n (and 0 < k < n, resp.) and zero otherwise. Here, (;, x :
0% (s1,)> 0% (sl,_») denotes the Enright-Shelton equivalence (see [ES, Chapter
11]). Let &, = 6P « Cn k- The next statement follows directly from the definitions.

LEMMA 6.1
There are adjoint pairs of functors ( Nin> Uin ) and ( Uin—2- Nin )-

We prove the following result conjectured in [BFK].

THEOREM 6.2
Let j > i. There are isomorphisms of functors

ﬂ U;ID,

i+1,n+2 i,n

ﬂ U = 1D,

nN=nn.

j.n i,n42 i,n j+2,n+2

un=nu.

j.n—2 i,n i,n+2 j+2,n

un= N U

i,n—2 j,n Jj+2,n+2 in

uu= U U

i,n+2 j,n j+2,n+2 i,n

ﬂ U;ID@ID.

i,n+2 i,n

12

Proof

6.1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

(6.7)

By adjointness (see Lemma 6.1), it is enough to prove (6.1), (6.2), (6.3), (6.4), and
(6.7). As already mentioned in [BFK], the isomorphisms (6.1) and (6.2) follow from
the definitions of the functors and [BFK, Lemma 4]. The formula (6.7) can be verified
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as follows:
ﬂ U = Cut20002 - - 0—2(6;-1(00,)0;—1)0;—2 - - - 0207,
i,n+2 i,n
= 5142000207 @ k20002000,
=ZIDaID.
The first isomorphism follows from 0[2 = 0; @ 6; and relation (4.3). The second

isomorphism follows from [BFK, Lemma 4]. The rest of the section is devoted to
proving formulas (6.3) and (6.4) (see Propositions 6.6 and 6.4). O

LEMMA 6.3
Let j > i. Then

U ﬂ%@j@j,y“@i and U m§9i9i+l"'9j~

j.,n—21i,n i,n=2 j,n

Proof
Using again Theorem 4.1, we get

U N =00,-1--0:00¢, " 40,6205 - - 6;

jon—2i,n
=0;0;_1---6:0162---;
=0;0;_1---6;
U N =6:6-1---620)¢, " 006265 - -6
i,n—2 j,n
= 0010010, - - -0,
= 00,11 - 0;. O

PROPOSITION 6.4
Let j > i. There exists an isomorphism

JUn=nu.

j.n—21,n i,n+2 j+2,n

Proof
First we claim

NUNU=NU- ©9

jon+2 j4+2,ni,n+2 j+1,n i,n+2 j+2,n
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By Lemma 6.3 and Theorem 4.1, we are able to handle the left-hand side of the for-
mula:

LHS = (12036203 -+ 0, 0j+20j4+1 - 6) |
j+Ln

= (1120004260203 - - 61 0i6i1 - - 0;6,110; ---6) |
j+1,n

= (012000420205 -+ 0;_1(0) (04105 - - :00¢,)
= (042000205 - - 0,-1(0) 0120 410; - - 200 07)).

The last line is by definition the right-hand side of formula (6.8). We now prove the
statement by induction on a = j —i. By induction hypothesis and Lemma 6.3, we get

nuUu=nundu

i,n+2 j+2,n Jon+2 j+2,ni,n+2 j+1,n

un un

j.,n—=2 j,n j—l,n=21i,n
=0;Oj-1---6)

Un

jsn—21i,n

12

12

12

It remains to check the starting point of the induction, that is, (; , 42 U2, = 6.
We first note that the functor in question is a projective functor. To see this, consider
the construction of ¢, x (see [ES]). It is a composite of four functors A;. Two functors
(i = 1, 3) are given by tensoring with a finite-dimensional representation, and two
functors are given by compositions of parabolic induction and Zuckerman’s functor.
In particular, if E is a finite-dimensional g-module, then (;,(e ® E) = (e ® E'), for
some finite-dimensional module E’. That means that projective functors are sent to
projective functors via the equivalence.
Direct calculations (using the explicit formula [ES, Section 11]) show that

[ﬂ U (Mp(e))]Z[Mp(e)EBMp(si)]

i,n+2 j+2,n

if p = p; and zero otherwise. Hence, the projective functor ) int2 U j+2,n coNtains
0; as a direct summand.

Hence, it is sufficient to show that ;15 U;2,(MP(x)) has a generalised
Verma flag whose length is equal to the length of a generalised Verma flag of
6; (MP (x)) for any x € WP. We claim that ; ,, 1, U; 2., MP () has a generalised
Verma flag of length 2 or O for any MP € O(sl,,)™**; equivalently, 0& (9,-+202¢9? MP(2)
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has such a flag for any M¥? (1) € O (sl,42)™**. Since
07656i 1262065 MP (x) = ;42616261 M (x) = 6; 1261 MP (x)

always has a Verma flag of length 4 or 0, the claim follows (see [J2, Formulas 4.12(2),
4.13(D)]). To get an isomorphism (7, ,,1» U 42, = 6, it is therefore enough to show

that
N U m@#o0

i,n+2 j+2,n

implies 6; MP (1) # 0 for any parabolic Verma module MP (1).

Since ¢, | ,1 is an equivalence, it induces a natural map ¢ such that - ;L(x) =

L(¢(x)). There is an explicit formula in [ES, Proposition 11.2], namely, ¢ (x) = wx"r

for a certain w € W (depending on k) and r = s,5,—1-...-s2. (The symbol x” means
that we have to renumber the indices i ~~» i 4+ 1 in a reduced expression of x.) In
particular, xs; is a distinguished coset representative if and only if

w((xs,‘)ﬁ)r = (wx"r)yr () r = wx"r(siz)” = wx"rsig
is so. On the other hand,

N U (M) = ub36i420:000, 1 (MP (x)) # 0
i,n+2 j4+2,n
implies 0; 1o M (¢ (x)) # 0. Therefore, we get
N U MP() #0=6:MP(2) 0.
i,n+2 j+2,n

The theorem follows. O

LEMMA 6.5
Let j > i. There are isomorphisms of functors

Un= N U (69)

i,n—2 j,n j+2.n+2 i,n

U UN N =66 (6.10)

Jj+2ni,n=2in j4+2,n+2

U U ﬂ ﬂ = 0,042 (6.11)

j+2.ni,n=2 j.ni,n+2

12

Proof
Formula (6.9) is clear since the adjoint functors are isomorphic (see Lemma 6.1 and
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Proposition 6.4). Therefore, with Lemma 6.3 we get
JUunN)N=U N UN =68
j+2,n i,n—=2 jn i,n42 j+2,n j+2,n4+2 i,n i,n+2
This shows formula (6.11). Proposition 6.4, Lemma 6.3, and Theorem 4.1 imply

Jun)n=unu N

j+2,n i,n=2in j+2,n4+2 jH+2,ni,n+2i+2,n j+2,n+2
(Oj+20j+1 - 0:) 2043 - - 0j12)
=0j420+1 0420 410i 12 - - - 0120;

=0;120;.

This proves formula (6.10). O
Finally, we can do the last step of proving Theorem 6.2.

PROPOSITION 6.6
Let j > i. There exists an isomorphism of functors

=N n

Jn i,n+2 in j4+2,n+2

Proof
Let F = ;, ﬂﬁz n+2 U 2.0 Uin—a- Applying relation (6.7) twice, we get F =
@2, N; wUina = 4 _,ID. Lemma 6.5 implies

FOY N =N N @9==F () -

in j+an+2  in j+2n+2 jan in+2

In other words,

The proposition follows from Corollary 3.5. O

As a preparation for the next section, we prove the following result. (It contains, in
fact, a refinement of formula (6.7).)

PROPOSITION 6.7
(1) The functors (; , and \U; ,, are gradable.
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2) There are graded lifts [:]i, w Oi, , With isomorphisms of graded functors (where
j=i)

j.n—2 i,n

U ﬂ = 00,41 ---0;,
i,n—2 j,n

ﬂ U ID(1) @ ID(—1).
i,n+2 i,n

With these choices, the remaining isomorphisms of Theorem 6.2 are compati-
ble with the grading.

Proof

(1) Let G be one of the functors in question. In [Ry], it is proved that the Enright-
Shelton equivalence is compatible with the grading. All the other functors occurring
in the definition of G are gradable by the results of [St]. This defines graded lifts ﬁ in
and Oi,n. In the following, concerning the notation, we do not distinguish between
the Enright-Shelton equivalence and its graded lift.

(2) The first two isomorphisms follow from the proofs of Lemma 6.3 and Theo-
rem 4.1 since we have canonically 5?@ '~ 0, (see [St, Corollary 8.3]). To get the third
isomorphism, we first note that ﬁi,noi,n—Z = ID(j) @ ID(k) for certain j, k € Z.
Therefore,

12

8;(j) @ 0 (k) U ﬂ () ® U ﬂ

i,n—2 i,n i,n—2 i,n

U(ID ) @ ID(k )ﬂ
gUﬂUﬁ

i,n—2 i,n i,n=2 i,n

= (0)* = 0i(1) @i (—1).

12

(The last isomorphism is given by Theorem 4.1.) This implies {j, k} = {—1, 1} and
provides the third isomorphism. We have to check the compatibility of (6.1). Since
a graded lift of an indecomposable exact functor is unique up to isomorphism and
grading shift (see [St, Lemma 1.5]), we may assume

F = (k0302 - 0141 - 6200 ¢, ) = 1D
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for some [ € Z. Using again Theorem 4.1 and the isomorphism 0001 = 0, we get
01 (1) = 6995 (1)
- 9(;(;1 kFC’l kaO
102+ 0i110; - - - 0,0,

010,0, = 0.

12
oY}

12

The indecomposability of &, therefore implies [ = 0. The compatibility with the grad-
ing for isomorphism (6.2) can be proved in an analogous way. To see that isomorphism
(6.4) is compatible with the grading, it is by induction sufficient to consider the case
i = j (see formula (6.8) and its proof). Then Ui,n—Z ﬁ in ~ §; is self-adjoint (see
[St, Corollary 8.5]). Assume g = ﬁi’n ) Oi 2 () for some [ € Z. The adjointness
properties of 9& and 9? (see [St, Corollary 8.3]) directly imply that ﬁ in +20 i+2.0 18
self-adjoint; hence, [ = 0.

Let us consider (6.6). We fix 0 < k < n. We first claim that the restriction, call it
R,of F =, 12 Uj, to 6% (sl,) is indecomposable. Assume R = Fi @ Fy. There
are isomorphisms of functors

FAN=UUNN

Jj.n+2i,n+4 i,n+2 j,n j,n+2i,n+4

Jgn u n

in+2 jnt4 j+2,n+2 i n+4
(6i6ig1---0;)Oj120j+1---6;)
= (6i0i41---0))0j11---61)0j12
=0;0j42.

12

In particular, its restriction to &**2(sl,;4) is indecomposable; hence,

k+1  k+2
Fa (1 (1 =0
j.n+2 i,n+4

for m = 1, say. This implies

k+1 k42 k+1

a1 N U U-

jon+2 i,n+4 i+1,n42 j+1,n

Hence, R is indecomposable; therefore, there exists [ € Z such that

Uu=u Uv
n+2 j,n j+2,n+2 i,n

12
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Using the graded versions of (6.1) and (6.4), we get isomorphisms
U= N U Uao
j.n i+1,n+4 j+2,n+2 i,n

U n ua

j.n i+1,n4+2 i,n

U(l).
j.n

Hence, [ = 0. The compatibility with the grading of the remaining two isomorphisms
(6.3) and (6.5) then follows easily by adjointness properties. O

12

1

12

7. Tangles and knot invariants

Any tangle in R? has a generic plane projection that is isomorphic to a concatenation
of elementary tangles tl.l, tiz, ti3, as depicted below, and the right basic braid tl.4 . We
associate now to each tangle diagram a certain complex of projective functors and
prove that this assignment is compatible with concatenation and well defined up to
isomorphism.

We consider D? (&/(s1,,)™¥), the bounded derived category of the graded version
of O (sl,)™**. (More precisely, for0 < k < n, let P,i‘ be a minimal projective generator
of 0% (sl,) with endomorphism ring A’,‘l equipped with the grading from [BGS] or
[B1]. Then B, O (sl,) = Dx mof—A,’j, and Dh(é’(sln)ma") denotes the bounded
derived category of @@, gmof —A’,‘l.)

For an exact endofunctor F of &(sl,)™¥

, we also denote by F its extension to
D’ (0(s1,)™). As suggested in [BFK], we associate functors to elementary tangles
as follows:

g /\‘

1 2 i—-1i i+1i42 n—1 n

v () 2(O6)™) — 2 (6(sli2)™),

5
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N\

1 2 i—1 i n—1 n

~ U P(6(s0,)™) — PP (6 (sl,12)™™),

3 .
ti ‘ ‘ \

i—1i i+1i+2 n—1 n
~> % := Cone(ID(1) a—i 0)(1) : 2 (6(s1,)™) — PP (6(s1,)™).

Note that %; is the left derived functor of the graded version of the shuffling functor
studied by Irving [12]. These derived shuffling functors also occur in the context of
tilting complexes (see [R]). Let %; be the adjoint functor of %;. The main properties
of these functors are the following (see [MS]).

(P1) They define auto-equivalences of derived categories; that is, 6;. % = ID =

(P2) Letw = s152-...-s, be areduced expression. Up to isomorphism, the com-
position &, = €5, %5, - ... - ¢;, is independent of the choice of the reduced
expression.

We associate to the right basic braid tl.4 the functor ;. We call a tangle with m
bottom and n top points an (m, n)-tangle. To a presentation 7, of a tangle ¢ as a com-
position of elementary tangles, we associate .7 (z,), the corresponding composition
of functors. (If ¢’ is an (m, n)-tangle and ¢ is an (n, n’)-tangle, the composition 7z’ is
given by putting ¢ above ¢’.) We state the main result (see [BFK, Conjecture 4]).

THEOREM 7.1
Let t be an (m, n)-tangle with representations t,, tg and corresponding functors
T (ta), T (tg). Then

T (te) = T (tp)3r)[r] : 2°(0(sLn)™™) —> 2°(6/(sl,)™™)

. . . /

for some r € Z. In particular, up to grading and degree shifts, T (t,1),)

T (ta) T (t),) for any two tangles t, t" with representations t, and t,, respectively,
so that the concatenation corresponds to the composition of functors.
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Proof

In Theorem 6.2 we proved that for tangles without crossings, .7 (t,) = 7 (tp) if
o = p via isotopies of plane diagrams. It remains to check compatibility with the
isotopies depicted in Figure 1, its vertical flip, and whether the assignment is stable
under Reidemeister moves (see, e.g., [K], [Tu]).

g

Figure 1. Tangle isotopies

@ Addition/removal of a left-twisted curl. Using Proposition 6.7, we get isomor-
phisms

y(til,ntin) = ﬂ 0 €;.n = Cone (ﬂ(l) 24, ﬂ })<1>

= cone () 2 O & N-1)m)
= (~11D)
=7 ,).

I)  Addition/removal of a right-twisted curl. We have
- ~ o A~
7l tt) = () o Hin(~1) = Cone (ﬂ 62N <—1>)<—1>
in in in
= ((-1)
i,n
= 7).
)  Tangency moves.

TE 1

i,n

)=%4=ID and  T(,1,) =K% =ID

i,n

by property (P1).



TANGLES AND COBORDISMS VIA PROJECTIVE FUNCTORS 583

(V) Triple point move. We have 9(11 n l+1 " : n) >~ 73 1, ntl3ntt3+l ) by prop-
erty (P2) and therefore also .7 (t;4 ntl4 "ynli n) =9 (tl 4, ”t;‘ntf 't1.,) by property
(P1).

(V) Height shifting. Property (P2) implies ¢;¢; = %;%; and implies also isomor-
phisms such as %;¢; = ¢;.%; if |i — j| = 2 by property (P1).

To see compatibility with Figure 1, we recall the equivalence

0/(sl,)™™ = ) gmof — A
k

The functors %; and % are given by the tilting complexes (ID(1) —> 6;)(1) and

(& —> ID(—1))(—1), respectively (see [R], [MS]). Let us consider the first image
from Figure 1. By (6.1) and (6.2), it is sufficient to verify Jiiéiﬂ = cgi+1éiéi+1 up to
shifts. The left-hand side is described by tensoring with the tilting complex T given
by
f:=adeH_l 5
(To = 0,641 —— O;11(—1) = T_1)(-1),

whereas the right-hand side is given by tensoring with G defined as

g:zadjéigi-%—l R R=
(G1 = 6i0i11 (1) —— Go = 6i110;6i11)(1).
We claim that (with Theorem 4.1) T(3)[1] = G. To avoid explicit calculations, let
us consider for a moment the translation functors as endofunctors of gmof A, the
graded version of 0y. The 1som0rphlsm 9,+19 0,+1 = Fs, +1sisip @ 6’,+1 gives a
natural transformation p : 6,+19 0,+1 — 01+1, homogeneous of degree zero. Us-
ing Corollary 8.8, which is proved later, we get that R = Hom(§i5i+1,§i+1) =
Hom(d;16;0; 11, ID) is strictly positively graded and Ry = C. Hence, go p = 1 - f
for some 1 € C. Restricting to the parabolic categories, p becomes an isomorphism
(see Theorem 4.1), and the maps A~! - id and p define the required isomorphism.
Compatibility with the second image in Figure 1 and the vertically flipped images is
proved in an analogous way. In any case, we get an isomorphism up to a shift (3)[1].
(Compatibility with the vertically flipped images follows also by adjointness proper-
ties.) O

Remark 7.2 (Oriented tangles)

The Z-indeterminacy in Theorem 7.1 can be removed by working with oriented tan-
gles (an analogy to the approach in [Kh2]). For this we assign to the right basic braid
ti4 the functor #; (3)[1], and then for any representation #, of a tangle ¢ in terms of
elementary tangles, we have a corresponding composition of functors, say, g (ta).
Now, any oriented tangle f can be presented as a concatenation 7, of elementary
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oriented tangles. Assume 7, = f, after forgetting the orientation. Then we define
For(t3) = g (@){(=3p)[—p], where p denotes the number of positively oriented
crossings (see [Kh1, Figure 49]). Using Theorem 7.1 and the relations in [Tu], one
easily checks that the functor .7, (,) (now up to isomorphism!) does not depend on
the chosen representation f,. Hence, it defines an invariant of oriented tangles.

Remark 7.3 (Kauffman bracket and Jones polynomial)

If we renormalise by taking %; := Cone(ID(1) fﬂ éi) and % = ‘51._1[1](1), then
we have the following equalities in the Grothendieck group: [ﬁi,n i) Oi,n] = (v +
v~ H[ID], [4;] = [6;]1 — v[ID], and [.%;] = [ID] — v[6;]. These can be considered as
Kauffman brackets in the normalisation of [Kh1]. Given a tangle ¢ with c; crossings
of type tl.j for j = 3,4, we can define K (1) := [7(t){cs — 2¢3)[c3]]. Then K (1)
satisfies the skein relations for the scaled Kauffman bracket (as in [Kh1]), which is,
up to a normalisation, the Jones polynomial.

Remark 7.4

Using the main result of [Ry], that translation and Zuckerman’s functors are Koszul
dual to each other, [BFK, Conjecture 1] follows directly. On the other hand, it is
not clear if one really needs Ryom-Hansen’s result to prove the conjecture. All our
arguments can easily be transferred to the singular case with one exception. It does
not seem to be obvious how to translate the starting point for the induction in the proof
of Proposition 6.4.

8. Cobordisms and natural transformations

To each tangle, hence in particular to a closed loop/circle, we assign a functor. The
goal of this section now is to describe a functor from the category €0 % of 2-
cobordisms into a category given by projective functors. The objects of €¥0Z are
disjoint unions of labelled oriented closed one-dimensional manifolds, that is, a dis-
joint union of labelled oriented circles. (We also allow the empty set, i.e., no circle.)
A surface between n oriented circles n and m oriented circles m is a surface S with an
orientation-preserving isomorphism ¢g between the boundary ¢S of S and the union
n” L m, where n” denotes the manifold n but with reversed orientation. Two surfaces
S and T between n and m are equivalent if there is an isomorphism of surfaces (resp.,
a diffeomorphism) y : ST such that the following diagram commutes:

S
0S——————n"uUm

oT
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A morphism £ : n — m in €02 is an equivalence class of surfaces S : n — m
between n and m. The morphisms in ‘¢’ 0% are generated by gluing copies of the six
basic surfaces depicted in Figure 2 subject to certain relations. For details we refer to
[A, Section 4].

sl

1
Sl

Figure 2. Basic cobordisms

8.1. Basic cobordisms
We fix n € N and write ;12 = ¢. Recall that we assigned to an occurring circle the
composition

) U =062 6)@:6i—1---0,00¢™"). (8.1)

i,n+2 i,n

Since this is (up to isomorphism) independent of i, we choose i = 2 and set G = (6],
F = 0)¢~!. Note that GO, F = ID and 6,F GO, = 0201 cc710L0, = 6,0,0, = 0,
as endofunctors on @™ (sl,). Let adj : ID — 6> and adj : 6, — ID denote the
adjunctlon morphlsms Since 620, = 6,(1) @ 6»(—1), there are a monomorphism

: 6, — 0,0, and also an epimorphism f’ : 0,0, — 6, of degree —1. Let o’
and S’ denote the corresponding morphisms of functors after forgetting the grading.
There is an isomorphism of graded functors o' 525252 = 52(2> @ 92 @ 52 @ 92(—2)
obtained by switching the two middle summands. Let ¢’ denote the corresponding
isomorphism after forgetting the grading. To each basic cobordism we assign a natural
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transformation:

0> adjg, (4

(D(Sz) = A: 60,00 ————— 0,0,0,,

J()z(.)

D(Sy) = p: 929202 L 6265,

D(SY) =i:6 s 6,0,

O(S%) = ¢ : 026, > 6,

O(82) = o' : r626r 7> 00900,

D(S)) = id : 020, - 0,0 (8.2)

IfS =S uSu---usS, is a disjoint union of basic cobordisms S; : m; — n;,
then ®(S) : (Gp)™1Hmat+m+l __ (gy)ymtnat-+n+1 g inductively defined as the
composite

(92)”1 ((D(Sz .- Sr)) (e] @(S])(Hz)m2+m3+-"+mr+l .

Let 27" denote the category of projective functors on O™ (sl,,).

8.2. A functor from € 02 to the functor category
With the notation above, we get the following result.

THEOREM 8.1 (Cobordisms as natural transformations)
There is a functor CAT = CAT,, : € 0% — P} given by

m— G(@)"'F
on objects and on disjoint unions of basic morphisms as

CAT(S) = GDO(S) r(s).

To make computations easier, we use Soergel’s functor V : 6y —> C — mof, where
C — mof denotes the category of finitely generated modules over the coinvariant al-
gebra C = S(h)/(S(h)+)". We recall its main properties, give explicit formulas,
and then prove Theorem 8.1 (for details, see [S1], [S3]). The functor V is exact and
fully faithful on projectives. For a simple reflection s, there is a natural isomorphism
Vb = C ®cs V, where C* denotes the invariants of C under s. Note that C is a free
C’-module. A basis is given by 1 and by X, the coroot corresponding to s.

LEMMA 8.2
The adjunction morphisms correspond under V to the natural transformations given
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by the following morphisms of C-modules:

my:CQ®cs N— N, c®nt+— cn,
ON:N—CQ®cs N, 1nr—> 19 Xn+XQ®n,

force C,ne N € C — mof.

Proof
The first adjunction morphism is given as the preimage of the identity under the
canonical isomorphism
Hom¢ (C ®cs N, N) — Homgs (N, N),
fr—(n— fAd®n)),
(c Qn > cf(n)) <~ f. (8.3)

Hence my (¢ ® n) = cn. To prove the second statement, we use the isomorphisms

Homges (N, N) = Homes (N*, N*) = Hom¢ (C ®cs N*, N*)

g
= Homc ((C ®¢s N)*, N*) = Hom¢ (N, C ®cs N).

The second isomorphism is given by (8.3). According to [S3, Lemma 2.9.2], there is
an isomorphism y : C ®cs N*5(C ®c¢s N)* of C-modules given by (1 ® f)(1®
n) =0and w(1® f)(X®n) = f(n) for f € N*,n € N.This defines . All the other
maps are given by duality. Since my+(1 ® f) = f,we get V(mpy«)(w(1 ® f)) = f.
On the other hand, * (y (1Q f)(n)) = y (1 f)(0(n)) = v (1 f)(1RXn+X®n) =
w(1® f)(X ®n) = f(n). This proves, in fact, that ¢ is the adjunction morphism. DO

Via V, the isomorphism 6,6, = 6; ® 6, becomes the following.

LEMMA 8.3
There are natural isomorphisms of C-modules
On: CQ®cs C®cs N— CQcs N®C Qc¢s N,
11 ®n+— (1®n,0),
X®1®n+— (X ®n,0),
1@X®@n+—— (=X ®n,1Q®n),
X®X®n+— (-X’®n, X ®n).

Hence, B’ corresponds to B = p> o Q, where p> denotes the projection onto the
second summand, and ¢ corresponds to o = Q_l oi1, where i1 denotes the inclusion
of the first summand.
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Proof
The inverse map is defined by (1 ® n,0) > 1® 1®nand (0,1 ®n) > 1 X ®
n+X®1en. O

The permutation morphism ¢ becomes under V the following isomorphism.

LEMMA 8.4
There is an isomorphism of functors

0:CQcs CQcs (CQcs ) —> C ®cs C ®c¢s (C Rcs o)

given by o = QEQ;CS(.) o(0'® Q_l) o (id®o @id) o (Q @ Q) o Qcwes(s), Where
7 :(C®cs N)® (C®cs N)>(C ®cs N)® (C ®cs N), (x,y) = (y,x).

Proof
This follows directly from Lemma 8.3. O

Proof of Theorem 8.1
By [A, Proposition 12], we first have to check that A, u, €, i, and ¢ satisfy formally
the properties of a (co)associative and (co)commutative (co)multiplication, a (co)unit,
and a permutation map. Second, we have to show that o Ag, = Aop : 26,0, —
6,0,0,.

e Associativity, that is, CAT(S] o (Sj L S])) = CAT(S] o (S] U S])). It is enough
to verify

adj adjg,,) = adj 62 adj(e) : (62)> — ID.

We claim that this holds even on 0. Let N € C—mof. Let cQd®n € CQcs CQcs N.
We calculate m o (m ® id)(c ® d ® n) = m(cd ® n) = cdn. On the other hand,
mo (id®m)(c ® d ® N) = m(c @ dn) = cdn. The associativity follows.

e Coassociativity. Since

(0®id)ods(1®n) =5@id(1®(X®n)+ X ® (1Qn))
=1X®X®n+X1®XQn
+10X’Q19n+XXQ®1Qn
=1Q1QX’@n+10X®X®n
+XQI1QXQn+X®X®1Qn
=idRI(I®XRn+X®11®n)
= (id ®5) 0 6(1 ® n),

it follows that CAT((S7 U S}) o §3) = CAT((S} U §7) o §?).
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e Unit, that is, CAT(S] o (S] U S})) = CAT(S]) = CAT(S] o (S} 0 S})). For the
first equality, it is enough to check a_djﬁ2 oa’ =id: 6, — 6,. This, however, is true
since (m ®id)ca(l1 ®n) = (m ®id)(1 ® 1 ® n) = 1 ® n by Lemma 8.3. Similarly,
(d@m)oa(l®@n) =id@m(l ® 1 ® n) = 1 ® n, proving the second equality.

e Counit. We omit showing explicitly the dual statement for the counit.

e Commutativity, that is, 4 o ¢’ = u. This follows from the commutativity of the
diagram

9292092 o’ 920292
\ i 02@6‘2
92 adj,)z
6,6, = 6, 1D 6,

or, more generally, from the commutativity of

C®cs C ®cs (C Rcs N) %C@)CS C ®cs (C®cs N)
W) lid@m@id
CQcs CQcs N

Direct calculations using Lemmas 8.3 and 8.4 show that 6(c; ® c2 ® ¢c3 @ n) =
c1®c3®cr®@nforc; € {1, X},n € N. Therefore,

([d®m ®id)oo(cI ®2®c3®n) =c1®c3c2@n =c1 ®cac3 @ n
=id®m ®id(c; ® c2 ® c3 @ n).

The commutativity follows.
o Cocommutativity. This follows from the calculations

co(ld®I®IN(cRI®N) =0(cR1IRIXRIn+cRX®1Qn)
=cQ@XQIQn+cQR@1QXQn
=([1d®i®id)(c®1®n)

and

co0(d@®iI)CcRX®N) =06CcRXRX®n)+c®1®X*Qn
=c®X®X®n+c®10X*®n
=(d®i®id)(c® 1 Qn).

e To prove the remaining relation, it is enough to check the commutativity of

n =9237dj02

929292 0202

) adjﬁzﬁz \L - \L A=6, adjg2
O 1=6,0, adj(.,2

6,60,60,0, 0,0,0,
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or just the commutativity of one of the following diagrams (with arbitrary N € C —
mof):

adj
6 — 1D C®cs N m N
i adjy, i adj l(k@m l«)‘
___ badj id
0,0,6,adj = ) CQcs CQcs N _rew C®cs N

Letl®n e CQ®cs N.Sincedom(1®n) =0(n) =1® Xn+ X ® n and (id ®m) o
NI®n) =>[dIM(1RIXIn+X®1n)=1Q Xn+ X ® n, the last diagram
above commutes. This proves 6 i o Ag,e) = A o p.

Therefore, the assignment of the theorem is well defined and defines a functor as
described. O

Remark 8.5 (Gradings and Euler characteristic)

All the occurring functors assigned to closed oriented labelled 1-manifolds are grad-
able. Choosing the standard lifts, by construction the natural transformations assigned
to the basic cobordisms become homogeneous with the degrees deg& =degu =1,
deg(i) = deg(é) = —1, degé’ = degid = 0. Let S = 1 $>---S, :n — mbea
surface between two disjoint unions of labelled oriented closed 1-manifolds given as a
product of disjoint unions of surfaces S; (1 <i < r) from Figure 2 with correspond-
ing natural transformations ®(S;). Set deg(S) = >_;_, deg®(S;). The relations in
[A] directly imply that deg(S) is well defined, that is, constant on equivalence classes.
If y(S) denotes the Euler characteristic of S, we get

x(S) = —deg(S).

Remark 8.6

If a surface between two closed oriented 1-manifolds contains a punctured genus >
[(w,) surface, where w, is the longest element in the Weyl group corresponding to
sl,, then CAT,(S) = 0. To verify this, one has to consider the composition g =
(m o §)/(2)_Since VP for any projective module P € €(sl,) has a natural grading
(see [S1]), g induces a homogeneous endomorphism of degree (/(w,) - deg(X)) on
C ®cs VP for any P € 0y(sl,). On the other hand, however, VP; 20 = [ <i <
[ 4 I(wo) - (deg(X)) for some [ € Z (e.g., by [S1] again).

We finish with a small result describing homomorphisms between translation functors
on the graded version of the main block of ¢ via bimodules over the coinvariant
algebra (see also [B2]). Let C be given the even grading induced from S(h), where
S(f))2 = h. Let x € W with a reduced expression [x] = s1s52 - ... - s,. Let é[x] =
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ésr - -§S25S1 be considered as an endofunctor of gmof —A. We denote Cj,] = C ®cs
C ®csr-1 - ®cn C ®cs1 o as a functor on graded C-modules.

PROPOSITION 8.7
Let x, w € W with fixed reduced expressions [x] and [w], respectively. There is a
natural isomorphism of graded vector spaces

Hom(@x1, jw1) = Home —gmof —c (Cpx)(C){—1(x)), Cpu1 (C)(—1(w))).

Proof
The results of [S1] give a natural map

O : Hom(ém, é[wJ) — HomC—gmof (C[xj<_l(x)>’ C[ll)]<_l(w)))’
[ Vfo’(wo)’

where V denotes the functor Homgof — A(Is(wo), ) : gmof —A — gmof —C. Since
f is a natural transformation, we have f o Cp,(g) = Cpp1(g) o f for any endo-
morphism g € Endgmof— A(f’(wo)) = C. Hence, ®(f) is a morphism of graded
C-bimodules. The morphism @ is injective since any projective object Q € gmof —A
has a copresentation of the form

Q — P P(wo)i) > D P(wo)(i)

iel ieh

for some finite multisets /1, /. Any homomorphism in the target space of ® defines
a natural transformation between functors Cpxj(—I(x)) and Cp,(—I(w)) on the cat-
egory of graded C-modules. By Soergel’s structure theorem [S1, Struktursatz 9], we
therefore get a natural transformation g between the functors 6y, and ) restricted
to projective objects. For arbitrary N € gmof —A, we choose a projective resolu-
tion P°. Since g is a natural transformation, it provides a morphism of resolutions
Oix)P* — 0O}, P* inducing a unique morphism gy : O )N — 6},)N. By standard
arguments, gy does not depend on the actual choice of the projective resolution, and
these maps define a natural transformation of functors. Hence, @ is surjective, and the
statement of the proposition follows. O

We give the following example needed in the proof of Theorem 7.1.
COROLLARY 8.8

Let x = sts = tst for noncommuting simple reflections s and t. Fix [x] = tst. Then
R = Hom(0yx, ID) is strictly positively graded (i.e., R; = 0 fori <0) and Ry = C.
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Proof

Direct calculations show that C(,j(C) is generated as a C-bimodule by 1 ® 1 ® 1 @ 1
and 1® X®1®1, where X denotes the coroot corresponding to s. Hence, Cp,j(C)(—3)
is generated in degrees —3 and —1. Since C is positively graded with Cy = C, the
statement follows because there is a nontrivial transformation of degree 1 (namely,
po adjgj g, occurring in the proof of Theorem 7.1). O

A. Appendix. Explicit calculations in Type A
We consider the special example where g = sl, and p = p,, = sl X sl,_,, is a
maximal parabolic subalgebra.

Distinguished coset representatives
We first explicitly describe distinguished coset representatives. Let W (n) = (s1, ...,
sn) be the Weyl group of type A,,.

LEMMA A.l
Letn < 1. Then
W(n)P' = {e, 51,5152, ..., 5152 Sp}, (A1)

and all the expressions are reduced.

Proof

The expressions in (A.l) are obviously reduced since no braid relation or commutator
relation can be applied. For n = 1 or n = 2, the assertion is true. Let us assume the
lemma to be true for type A,_;. For 2 < j < n, we get

l(sj(slsz~'~sk)) =1(s18j52---sp) =14+1(sjs2 - 5k)
> 14+ 1(s2---s5) = (5152 - - 5%)

by the induction hypothesis. On the other hand, [(sp(sis2---sx)) = [(s2s152) +
[(s354---5g) =3 4+1(s3---s) = 1+ 1(s15253 - - - sx). Hence, the elements of the set
(A.1) are distinguished coset representatives. Since |W (n)P!| = ”l‘,“g’g’z | L
follows. 1 O

the lemma

Let S(n 4+ 1,m) be the set of all subsets of order m of {0, 1,...,n}. We write
i1>ip> - - > i to denote the element {iy, ..., ix} € S(n, k) withi; > ip > --- > ig.
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PROPOSITION A.2
Letm € {1, ..., n}. There is a bijection of sets

Y, m): S(n+1,m) — Wn),

i1>ine - i > (SmSmt1 - 8i) Sm—15m -~ Sip) -+ - (5152 - - 8i,)»
(A.2)

where, by definition, sjsji1-... s, = eifr < j. All the expressions occurring in the
image of this map are reduced.

We write just w = ij>ip>- - - > i if they correspond via the bijection above. More-
over, we abuse notation and write justij >ip>--->i; withl <mifsjs;_1-...-5, =e
for j > .

Proof
For n = 2, or for n arbitrary but m = 1, the proposition holds by Lemma A.1. Now
let 1 < m < n. We assume that the claim holds for ¥ (n’, m’) if either n’ < n or
n’ = nand m’" < m. Lemma A.l successively shows that the occurring expressions
are reduced.

Let

w = (smsm+l o a .sil)(sm_lsm oo 'Siz) 0oo (S]S2 oo .sim)
= (SmSmt1 - 8i,)y = w'(s152- - 83,,)-

To show that w € WP we consider two cases.
. For j € {2,3, ..., n}\{m}, we have

I(sjw) =I(sjw’) +ir =1(w) + 1+ i =1(w)+1

by the induction hypothesis.
. For j = 1, by the induction hypothesis,

I(s1w) = L(s18mSm+1 -+~ 8i) HL(Y) = L+ 1(smSm1 -+~ 51) HL(Y) = 1+1(w).

Hence, all the elements occurring in the image of W (n, m) are distinguished coset
representatives. The remaining thing we have to prove is the injectivity of the map.
Let us assume ¥ (n, m) (i1 > - ->ip}) = ¥Y(n,m)(j1 > > jmu). Since Smax(i,, j;) has
to occur on both sides, we conclude that i1 = ji; hence,

(Sm—18m - "Siz) <o (S1Sp—1 - 'sik) = (Sm—15m 'Siz) oo (S18p—1 - 'Sik)-

The same argumentation gives successively i» = ja, ..., iy = ji. The theorem fol-
lows. O
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