QUIVER SCHUR ALGEBRAS AND COHOMOLOGICAL HALL ALGEBRAS

TOMASZ PRZEZDZIECKI

ABSTRACT. We establish a connection between a generalization of KLR algebras, called quiver
Schur algebras, and the cohomological Hall algebras of Kontsevich and Soibelman. More specifi-
cally, we realize quiver Schur algebras as algebras of multiplication and comultiplication operators
on the CoHA, and reinterpret the shuffle description of the CoHA in terms of Demazure oper-
ators. We introduce “mixed quiver Schur algebras” associated to quivers with a contravariant
involution, and show that they are related, in an analogous way, to the cohomological Hall mod-
ules defined by Young. We also obtain a geometric realization of the modified quiver Schur
algebra, which appeared in a version of the Brundan-Kleshchev-Rouquier isomorphism for the
affine ¢-Schur algebra due to Miemietz and Stroppel.
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1. INTRODUCTION

The main goal of this paper is to establish a connection between two algebras, which, histori-
cally, appeared in very different mathematical contexts and were introduced with rather different
motivations in mind, namely: quiver Schur algebras and cohomological Hall algebras.

Quiver Schur algebras are a generalization of Khovanov and Lauda’s [25] and Rouquier’s [31]
quiver Hecke algebras, nowadays also known as KLR algebras. The latter can be described alge-
braically by generators and relations, or in terms of a certain diagrammatic calculus. However, the
passage from KLR algebras to quiver Schur algebras is easiest to understand from a geometric point
of view. Varagnolo and Vasserot [46] (and later Kang, Kashiwara and Park [22], in a somewhat
more general setting) constructed KLR algebras as extension algebras of a certain semisimple com-
plex of constructible sheaves on the moduli stack of representations of a quiver. These extension
algebras can also be described as convolution algebras in the equivariant Borel-Moore homology of
a certain variety of triples, reminiscent of the classical Steinberg variety. The triples consist of a
pair of full flags together with a compatible quiver representation. By incorporating partial flags
into this construction, Stroppel and Webster [43] arrived at the definition of a quiver Schur algebra.
Later, these algebras were studied from a more algebraic point of view in [28§].

One of the main motivations for introducing KLR algebras was to construct a categorification
of quantum groups and their canonical bases. For results in this direction, we refer the reader
to, e.g., [21], 25], [32] 46]. Quiver Schur algebras also play an important role in this context. For
example, quiver Schur algebras associated to the cyclic quiver provide a categorification of the
generic nilpotent Hall algebra [43] Proposition 2.12], and their higher level versions categorify a
higher level ¢-Fock space [43, Theorem C].

The second protagonist of our story, the cohomological Hall algebra (CoHA), was introduced
by Kontsevich and Soibelman [26] as a categorification of Donaldson-Thomas invariants of three
dimensional Calabi-Yau categories. One of the primary original motivations for studying the CoHA
was to provide a rigorous mathematical definition of the algebra of BPS states from string theory.
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CoHAs and their generalizations have found numerous applications in representation theory, in-
cluding a new proof of the Kac positivity conjecture [9], as well as new realizations of the elliptic
Hall algebra [38] and Yangians [10] [39, [50].

In this paper we restrict ourselves to the relatively simple case of CoHAs associated to quivers
with the trivial potential. For more information about this special case, including explicit examples,
we refer the reader to, e.g., [12, [16, [30]. One of our main results, described in more detail below,
says that the relations between algebra and coalgebra structures on the CoHA can be understood
in terms of actions of quiver Schur algebras. It would be interesting to know whether one can
associate KLR-type algebras to more general categories than those of quiver representations, and
whether the connection between quiver Schur algebras and the CoHA described in this paper could
be extended to such categories.

We also remark that similar connections arise in other settings. For example, Nakajima’s original
proposal [29, §7] for the mathematical definition of Coulomb branches in terms of the vanishing cycle
associated to the Chern-Simons functional was inspired by Donaldson-Thomas theory. On the other
hand, the ultimate definition of Coulomb branches from [2] involves a convolution algebra which
can be viewed as an infinite dimensional example of Sauter’s generalized quiver Hecke algebras
from [33] (see [2, Remark 3.9.4]).

1.1. Main results. We will now describe our results in more detail. Given a quiver @ and a
dimension vector ¢, we consider the space . of flagged representations of Q with dimension
vector c, together with the forgetful map onto the space R of unflagged representations. In
contrast to KLR algebras, we allow arbitrary partial flags instead of full flags only. The quiver
Schur algebra Z. is the equivariant Borel-Moore homology of the corresponding Steinberg-type
variety
Zc = HSC(QC X R QC)7

equipped with the convolution product as in [7]. We remark that our construction differs slightly
from the construction of Stroppel and Webster [43] - they impose the additional condition on the
space 9. that each flagged quiver representation is nilpotent and its associated graded must be
semisimple. To distinguish the two constructions, we refer to their convolution algebra Z5" as
the Stroppel-Webster quiver Schur algebra, and reserve the simpler name “quiver Schur algebra”
for Z..

Our first result deals with the basic structural properties of quiver Schur algebras. It is well
known that KLR algebras are generated by certain distinguished elements, called idempotents,
polynomials and crossings, and that they admit a PBW-type basis. We prove an analogous result

for quiver Schur algebras, with crossings replaced by fundamental classes called (elementary) merges
and splits (see Definition [3.4).

Theorem A (Theorem Corollary [3.27). The following hold:

a) The quiver Schur algebra Z. has a “Bott-Samelson” basis consisting of pushforwards of
fundamental classes of certain vector bundles on diagonal Bott-Samelson varieties.
b) Elementary merges, elementary splits and polynomials generate Z. as an algebra.

The quiver Schur algebra Z. has a natural faithful representation Q, called the “polynomial
representation”, on the direct sum of rings of partial invariants. We give an explicit description of
this representation (Theorem and interpret it in terms of Demazure operators (Proposition[4.9)).
In the special cases of the A; quiver (i.e., the quiver with one vertex and no arrows) and the Jordan
quiver, we give a complete list of defining relations for the associated reduced quiver Schur algebra
(see Theorems and as well as [41]), which is defined as the subalgebra of Z. generated
by merges and splits, without the polynomials. The reduced quiver Schur algebra of the A; quiver
turns out to be related to the green web category from [0 45] (see Corollary , which arises
naturally in the context of skew Howe duality.

Our next result establishes a connection between quiver Schur algebras and the CoHA associated
to the same quiver ). We first need to introduce some notation. Let Z = @_ Z. be the direct
sum of all the quiver Schur algebras associated to @} (summing over all dimension vectors ¢) and
let @ =P, Qc be the direct sum of their polynomial representations. We call Z the total quiver
Schur algebra. Let us now briefly recall a few facts about the CoHA. It is defined as the direct sum
of equivariant cohomology groups

H= @H(.Zc(mc)a
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equipped with multiplication via a certain pullback-pushforward construction. The CoHA can
also be endowed with a coalgebra structure. However, the natural coproduct on the CoHA (see
[26 §2.9]) is not compatible with the multiplication in the sense that H is not a bialgebra. This
problem can be remedied at the cost of passing to a localization of H and working with a localized
version of the natural coproduct (see [8]). We do not pursue this approach here. Instead, we are
interested in gaining a better understanding of the relations between the natural coalgebra and
algebra structures on H. The following theorem shows that these relations are controlled by the
total quiver Schur algebra Z.

Theorem B (Theorem . The faithful polynomial representation Q of the total quiver Schur
algebra Z can be naturally identified with the tensor algebra T(H4) on the augmentation ideal H4
of the CoHA. This identification induces an injective algebra homomorphism

Z < End(T(H,))

sending elementary merges in Z to CoHA multiplication operators and elementary splits in Z to
CoHA comultiplication operators.

The CoHA admits a description as a shuffle algebra [26] Theorem 2] in the sense of Feigin and
Odesskii [I5]. We interpret this description in terms of Demazure operators (Proposition ,
connecting it to our description of the polynomial representation Q of the quiver Schur algebra Z.
We expect that the relationship between shuffle algebras and Demazure operators carries over to
more general settings. For example, we expect that multiplication in the formal version of the
CoHA, defined by Yang and Zhao [49] for any equivariant oriented Borel-Moore homology theory,
can be rephrased in terms of the formal Demazure operators from [20].

1.2. Geometric realization of the modified quiver Schur algebra. One of the exciting fea-
tures of KLR algebras (associated to finite and affine type A quivers) is that, after passing to
suitable completions or cyclotomic quotients, they are isomorphic to affine Hecke algebras [5], [31],
and endow the latter with interesting gradings. This isomorphism, known in the literature as the
Brundan-Kleshchev-Rouquier isomorphism, was later generalized to Schur algebras in [27) 28, [43]
(see also [49]).

The main result of [28] says that the convolution algebra Z5W from [43] is, after completion,
isomorphic to the affine ¢-Schur algebra appearing naturally in the representation theory of p-adic
general linear groups. The proof of this result relies on the fact that both of these algebras are
isomorphic to a certain intermediate algebra ZM 9, called the modified quiver Schur algebra, which
is defined in purely algebraic terms. We show that the modified quiver Schur algebra also admits
a geometric realization as a convolution algebra.

Theorem C (Theorem {4.10). There is a natural algebra isomorphism Z. = ZMS between our
quiver Schur algebra Z. and the modified quiver Schur algebra ZMS.

As an application, we deduce that our quiver Schur algebra Z is also isomorphic to the Stroppel-
Webster quiver Schur algebra Z5" (Theorem [4.12)).

1.3. Mixed quiver Schur algebras. As we have already mentioned, KLR and quiver Schur
algebras can be realized as convolution algebras, or, equivalently, extension algebras of a certain
semisimple complex of sheaves on the moduli stack of representations of a quiver. If the quiver
admits a contravariant involution @, this construction can be generalized by replacing the stack of
representations of the quiver with the stack of its self-dual representations.

This idea was pursued by Varagnolo and Vasserot in [47]. They obtained generalized KLR alge-
bras which are Morita equivalent to affine Hecke algebras of type B, and provide a categorification
of highest weight modules over By(gq), the algebra introduced by Enomoto and Kashiwara [13), [14]
in the context of symmetric crystals. The type D case is considered in [24] [42].

Sauter [33], [34], 35] took the idea of generalizing KLR algebras further, and replaced the stack
of self-dual representations of a quiver with the stack of generalized quiver representations in the
sense of Derksen and Weyman [I1]. In this generalization, the gauge group acting on the space of
quiver representations is no longer a classical group, but an arbitrary reductive group.

We define a generalization of quiver Schur algebras which is close in spirit to the above-mentioned
generalizations of KLR algebras. Given a quiver () with a contravariant involution 6 and an extra
datum, called a duality structure (see Definition , we consider the stack of a certain type of
self-dual representations of @, introduced by Zubkov [563] under the name of supermixed quiver
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representations. We refer to the resulting Ext-algebra as the mized quiver Schur algebra and
denote it by ? Z.. The mixed quiver Schur algebra has similar structural properties to the ordinary
quiver Schur algebra: it has a Bott-Samelson basis (Theorem and is generated by elementary
merges, elementary splits and polynomials (Corollary .

The idea of replacing ordinary quiver representations by self-dual representations has also been
exploited in the representation theory of Hall algebras (in the finite field setting) [51] and coho-
mological Hall algebras [52] by Young. In the finite field case, Young defined a “Hall module”
over the Hall algebra of ), and showed that it carries a natural action of the aforementioned
Enomoto-Kashiwara algebra By(gg). In the cohomological case, he introduced a “cohomological
Hall module” ? M over the cohomological Hall algebra H associated to the same quiver @ without
the involution #. The module Y M is defined as the direct sum of equivariant cohomology groups

9M - @ He.(;c (Omc)

of the spaces R of self-dual quiver representations, equipped with an -module structure via
certain geometric correspondences. The module Y M also carries a natural H-comodule structure,
but it fails to be a Hopf module. Our next result shows that the relations between multiplication
and comultiplication in the CoHA, as well as its action and coaction on the cohomological Hall
module, are controlled by the total mixed quiver Schur algebra ¢Z = D. 0Z,.

Theorem D (Theorem [6.12)). There is an injective algebra homomorphism
0Z < End(T(Hy) @ ' M)

sending elementary merges in °Z to CoHA multiplication and action operators and elementary
splits in YZ to CoHA comultiplication and coaction operators.

As an application of Theorem we obtain an explicit description of the faithful polynomial
representation of a mixed quiver Schur algebra (Theorem . Moreover, we reinterpret the
description of the CoHM as a shuffle module [52] Theorem 3.3] in terms of Demazure operators of
types A-D (Corollary [6.19).

Mixed quiver Schur algebras are also related to the Hall modules defined in the finite field setting.
The direct sum Y Z- pmod of the categories of finitely generated graded projective modules over all
the mixed quiver Schur algebras carries a natural action of the monoidal category Z-pmod, and
its Grothendieck group Ko(?Z) is a module as well as a comodule over Ky(Z) (Proposition .
We expect that, via the standard technique of sending the class of a semisimple perverse sheaf
to the function given by the super-trace of the Frobenius on its stalks (see, e.g., [31]), Ko(Z)
can be identified with a subalgebra of the Hall algebra of ). For example, in the special case of
a Dynkin or cyclic quiver, K(Z)° is naturally isomorphic to the generic nilpotent Hall algebra
(Proposition. We also expect that Ko(?Z) can be identified with a subspace of the Hall module
associated to the category of self-dual representations of ), and that Ky(? Z) is a semisimple module
over the Enomoto-Kashiwara algebra By (gg)-
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2. PRELIMINARIES

In this section we introduce notation and basic definitions which will be used throughout the
paper. We begin by setting up the notation for quivers and associated combinatorial objects such as
dimension vectors and their compositions. We then recall the definitions of some geometric objects
associated to quivers, such as quiver flag varieties and the corresponding Steinberg-type varieties.
We finish by recalling a few facts about equivariant cohomology and convolution algebras.
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1. Quivers and associated combinatorics. Let us fix for the rest of this section a quiver @
with a finite set of vertices Q¢ and a finite set of arrows (1. In particular, we allow multiple edges
and edge loops.

If a € Q1 is an arrow, let s(a) be its source and t(a) its target. Let a;; denote the number
of arrows from vertex i to j. Let I' := Z>(Qo denote the free commutative monoid of dimension
vectors for @ and let I'y :=T\{0}. If c =3, (i) i €', write [c| = >, c(i) € Z. Given a
Qo-graded vector space V', let dimg, V € I' denote its QQo-graded dimension.

Let n be a positive integer. We say that 8 = (81,...,0,) € (Z>1)% is a composition of n
if Ej B; = n. Let Com(n) denote the set of compositions of n. Given 8 € Com(n), let Bj =
Br+...4 B for 1 < j < lg, with o = 0.

Definition 2.1. Let ¢ € I'y. We say that d = (dy,...,dy,) € Fi_g is a wector composition of c,

denoted d & ¢, if (d) := Zfil d; = c. We call {q the length of d. Let Com, denote the set of

vector compositions of ¢ and let Com, denote the subset of vector compositions of length n. The
symmetric group Sym,, acts naturally on Com from the right by permutations. For each i € Qy,
we have a map

(di (@), ..., dey (4))-

Com, — Com(c(7)), d—d(i):=
tdUe = (dy,...,dgy,€1,...,€,) >a+b be

Given two vector compositions d & a and e & b, le
their concatenation.

Definition 2.2. Suppose that 8 € Com({q). Define

beedy ) As(d) = ((VA@) .. (VE (@)

In particular, if 8 = (1¥71,2,1%a7*~1) for some 1 < k < £q — 1, then we abbreviate A, (d) := Ag(d).
We define a partial order on Com, by setting

vfﬁ(d) (dg

di=e <= e=Ng(d)

for some B € Com(lq). If d = e, we call d a refinement of e, and e a coarsening of d.

Example 2.3. Consider the A3 quiver

e —— &6 — o
i1 12 i3

Let ¢ = 4i; + 3i9 + 3i3 and d = (zl + 3,201 + 42,243,491 + d2,92) & ¢ so that £g = 5. We have
Aesy(d) = ¢ and A1 1,1,1,1)(d) = d. Moreover,

3iy +io + i3, 11 + 209 + 2i3)

3iq + do + i3, 203, 11 + 2i2)

301 +ig + 13,201 + 19, 2i3,41 + io,42),

i1 iy 201 4oy in s + 2ia,42).

A(d) = A@2,1,1,1)

IR

3)(d) = (
/\(2,1,2)( ) =(
(d) = (
As(d) = Aaa2,1)(d) = (

Next we assign some products of symmetric groups to the combinatorics developed above. Given
a positive integer n and a € Com(n), let Sym,, = Hﬁ"zl Sym,,,. Furthermore, set

We = ] Symew, Wa:= [ Symag) < Syme.
1€Qo 1€Qo

We consider the groups W, and Wq as Coxeter groups in the usual way. In particular, they are
endowed with a length function ¢ and a Bruhat order. Let s;(7) (i € Qo,1 < j < c(i) — 1) be the
standard generators of W¢. Given e,f = d & ¢, let

d .
Dy = [We\Wa/We]™

[}

C
denote the set of minimal length double coset representatives. If d = (c), we write ¢Df := ¢Ds.

When W, is trivial, we abbreviate Df = eDf.
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2.2. Quiver representations and flag varieties. Let c € I';. Fix a Qg-graded C-vector space
Ve = @D;cq, Veli) with dim V(i) = c(i). Let us fix a basis {vg(i) [ 1 < k < c(i)} of V(i) for
each i € Qg. Let

Re := P Home(Ve(s(a)), Vet(a), Ge:= [ GL(Ve(i).

acQy i€Qo

The group G acts naturally on $R. by conjugation. Let T. be the standard maximal torus in
G, with fundamental weights w; (i) (for i € Qo, 1 < j < ¢(i)), and let B; be the standard Borel
subgroup. Let RT C R. be the associated (positive) root system. We identify the associated Weyl
group with We. Given w € We, let Re(w) = {a € R} | w(a) € —R{}. If o € Re, let U, be the
corresponding unipotent subgroup of G, and set U,, = HaGRc(w) Ug.

We call a sequence V, of Qp-graded subspaces

{0} =WwcCcWVicVaC...CVy =V

a flag of type d € Com if dimg, V;/V;—1 = d;. We refer to the flag Vg = (Vé)ﬁio, where

Vé = (vp(i) | 1 <k <di(i) +...+d;(i),i € Qo), as the standard flag of type d. Let

P4 := Stabg,(Va), La:= Hﬁg:l Ga; -

be the parabolic and Levi subgroups, respectively, associated to d, and let Rj C R} be the
corresponding subset of positive roots. Let §q = Gc/Pq be the projective variety parametrizing
flags of type d.

Definition 2.4. Let p = (p,) € Re. We say that a flag V, is:
o p-stable if p,(Vj(s(a))) C V;(t(a)),
o strictly p-stable if p,(V;(s(a))) C V;_1(t(a)),
foralla € @ and 1 < j < {q.
Given d = e and V4, a flag of type d, let V,|e denote its coarsening to a flag of type e. Let

Qde :={(Ve,p) € Fa X Rec | Vale is p-stable}, Qg := Qqd- (1)

be the space of flags of type d together with suitably compatible quiver representations. There is
a canonical G¢-equivariant isomorphism

Gc ngmggﬂg,gv (gap)’_> (gVQagp)v (2)
where Rq := {p € R | Vq is p-stable}. Let

Td Td
gg <— Qg — 9%.3

be the canonical projections. The first one, 74, is a vector bundle while the second one, 7g, is a
proper map. We abbreviate

Fe = |_| Fa, Qc:= |_| N4, e :=Umg: Qe = Re.

dcc doc

Definition 2.5. Let Q3 and R be the varieties obtained by replacing “p-stable” with “strictly
p-stable” in the definitions of Q4 and Ry, respectively. Set Qf = | |y, Qg

Remark 2.6. We make a few remarks about the relationship between Q4 and Qg.

(i) The variety Qq is isomorphic to the variety of representations ¢ of () with dimension
vector ¢ together with a filtration by subrepresentations ¢ C ... C ¢¢, such that the
dimension vectors of the subquotients form the vector composition d. If we impose the
additional condition that the subquotients in a filtration are nilpotent and semisimple, we
obtain Q3.

(ii) If the quiver @ has no edge loops and each dimension vector di,...,dy

o in the vector
composition d is supported only at one vertex, then Q4 = Q.

(i) The variety Qg is a generalization of the universal quiver Grassmannian defined in [40].
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2.3. The Steinberg variety. Given d,e & c, set
3eq = Qe X, Qa, Fe = Qe X Qe = | | 3ea,
d.,ecc

Where the fibred product is taken with respect to me. We call 3¢ the quiver Steinberg variety. Let
ed = Qg Xm, Q3 and 3¢ := Q¢ xx, Q¢ be the corresponding strictly stable versions.

Example 2.7. Let Q be the Jordan quiver, ¢ = n and d = (1"). Then RS = N is the nilpotent
cone, Q5 = N = T*(GL,/B) is the cotangent bundle to the flag variety, 7g: N' = A is the
Springer resolution and 33 4 is the usual Steinberg variety. On the other hand, R. = g = gl,,,
N4 =9=GL, xBband mq: g — g is the Grothendieck-Springer resolution.

We next define a relative position stratification on Z.. Consider the projection

Ted: Jed — Fe X Sa

[
remembering the flags and forgetting the quiver representation. Given w € ¢Dq, let O% = G,
(ePe, wPq) C Fe X §a be the diagonal Ge-orbit corresponding to w, and set
A < - g
g}d =T, d(O )7 3 a= |_| 5;9 ;E w\se d> (3)
gBdBugw

where v < w stands for the Bruhat order.

C
Lemma 2.8. For each w € ¢Dg, the subvariety 353 is closed in 3e.a, and the inclusion 3g 4 <

e, d 18 an open 1Mmimmersion.

Proof. By the usual Bruhat decomposition, we have (971% =] OA. Hence 3<w =Tod é (077%)

eDaduw
is closed in 3¢.4. Since O2 is open in O2, the preimage ded = Te. d((’)A) is also open in 3 O

2.4. Cohomology. Below we will always deal with complex algebraic varieties which are also
smooth manifolds or admit closed embeddings into smooth manifolds. Let X be a complex algebraic
variety with an action of a complex linear algebraic group G. We denote by EG the universal bundle
and by BG the classifying space associated to G. The quotient X := EG x% X = (EG x X)/G
by the diagonal G-action is called the homotopy quotient of X by G. Let HX(X) := H*(X¢)
denote the G-equivariant cohomology ring and HS (X) := He(X¢g) the G-equivariant Borel-Moore
homology of X, with coefficients in C. If Y C X is a closed G-stable subvariety, let [Y] € H (X)
denote its G-equivariant fundamental class. Given a G-equivariant complex vector bundle V' on X,
let eug(V) = eu(EGxCV) € H&(X) denote its top G-equivariant Chern class, i.e., the equivariant
Euler class of the underlying real vector bundle. More information about equivariant homology
and cohomology may be found in, e.g., [3, [4].
We will now introduce notation for various equivariant cohomology groups. Define

Pe := H*(BTe) = (X) Cla(i ety (@),
1€Qo
where (i) := eu(;(4)) is the first Chern class of the line bundle
B (i) := ETe x*/) C. (4)
For each d & ¢, set
Agq = W A= @Ad
doc

The canonical map BT, — BP4 induces an injective algebra homomorphism
H*(BPq4) — H*(BT,)

whose image is Agq. Given any d > e, we use the homotopy equivalence Q4 ¢ =~ §q and the fact
that (§a)c. = BP4 to identify

HE, (Qae) = He, (Sa) = A
We next introduce notation for various equivariant Borel-Moore homology groups. Set

Qa = HJ*(Qa), Qci=H(Qc),  Zed = Hi*(3eq)s Zei=H*(3e). (5)
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Since the varieties Q4 and 9. are smooth, Poincaré duality yields isomorphisms

Qq = HE_(Qa) 2 Ag, Qe = HE_(Qc) = Ae. (6)
Moreover, set
cai=H(3ga), 2= D Zia (")
dec

2.5. Convolution. We recall the definition of the convolution product from [7]. Let G be a
complex Lie group, X7, X2, X3 be smooth complex G-manifolds, and let Z1o2 C X; x X5 and
Za3 C X2 x X3 be closed G-stable subsets. Let p;;: X1 x Xo x X3 — X; x X; be the projection
onto the i-th and j-th factors. Assume that the restriction of pi3 to Z12 X x, Zo23 is proper. Set
Z13 = Z19 0 Loz = p13(212 X Xo 223). Given ci9 € H.G(Zlg) and co3 € H?(Zgg), their convolution
is defined as
c12 * 23 1= (p13)«((Piac12) N (P33c23)) € HE (Z13),

where N denotes the intersection pairing. We will often need to compute the convolution of funda-
mental classes in the following special case.

Lemma 2.9. Assume that Z15 C X1 X Xo and Zay3 C X9 X X3 are complex submanifolds. Further,
suppose that either of the canonical projections Z1o — Xo < Zaz is a submersion, and that the
map p13: Z12 Xx, Zaz — Z13 s an isomorphism. Then [Z13] * [Zas] = [Z13].

Proof. The submersion assumption implies that the intersection of py (Z12) and pys (Za3) is
transverse (see [7, Remark 2.7.27.(ii)]). Hence, by [7, Proposition 2.6.47], we have pi,[Z12] N
Da3[Z23] = [Z12 X x, Zag). Since pi3, restricted to Z12 X x, Za3, is an isomorphism onto Zi3, we get
(p13)«[Z12 X x, Za23| = [Z13]. U

Let X be a smooth complex G-manifold, let Y be a possibly singular complex G-variety and let
m: X =Y be a G-equivariant proper map. Set X1 = Xo = X3 =X, Z = Z15 = Z53 = X xy X.
Convolution yields a product HE(Z) x HS (Z) — HE(Z), which, by [7, Corollary 2.7.41], makes
HE(Z) into a unital associative H*(BG)-algebra. The unit is given by [Xa], the G-equivariant
fundamental class of X diagonally embedded into Z. Next, let X1 = X5 = X and X3 = {pt}.
Then convolution yields an action HS (Z) x HE(X) — HF(X), which makes HZ (X) into a left
HE(Z)-module.

3. QUIVER SCHUR ALGEBRAS

In this section we define the quiver Schur algebra Z. and construct a “Bott-Samelson basis”
for Z.. We deduce that Z. is generated by certain special elements called merges, splits and
polynomials.

3.1. The quiver Schur algebra. Fix ¢ € I'. We apply the framework of §2.5]to the vector bundle
X = Q. on the quiver flag variety §., the space of quiver representations Y = R, and the projection
m = 7. Then Z = 3 is the quiver Steinberg variety, and we obtain a convolution algebra structure
on its Borel-Moore homology Z. = HE(3.) and a Z.-module structure on Q. = HS*(Q.). By @,
Q. can be identified with the direct sum A, of rings of invariant polynomials.

Definition 3.1. We call Z; the quiver Schur algebra associated to (Q,c), and Q. its polynomial
representation.

Remark 3.2. Our quiver Schur algebra can be seen as a modification of the quiver Schur al-
gebra introduced by Stroppel and Webster in [43, §2.2]. There are two differences between our
construction and theirs. Firstly, Stroppel and Webster only consider cyclic quivers with at least
two vertices, while we work with arbitrary finite quivers. Secondly, we use the quiver Steinberg
variety 3. while they use its strictly stable version 33. We will refer to the algebra from [43] as the
“Stroppel- Webster quiver Schur algebra” and denote it by Z5W.

The following standard result follows from the general theory of convolution algebras (see, e.g.,
[7, Proposition 8.6.35]).

Proposition 3.3. There are canonical isomorphisms
Z. = EXt&c(<WC>*CDC7 (1c)+Cqa,), Qc= Extéc (Ca,; (mec)«Cq,) (8)

intertwining the convolution product with the Yoneda product, and the convolution action with the
Yoneda action, respectively.
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3.2. Merges, splits and polynomials. We will now introduce notation and a diagrammatic
calculus for certain special fundamental classes in Z.. We begin by observing that Z§ C Z. is a
subalgebra and that there is an algebra isomorphism

22 HE (Qe) = Ae. 9)

For this reason, we refer to Z$ as “the polynomials” in Z.. Next, observe that the fundamental
classes eq := [33@] form a complete set of mutually orthogonal idempotents in Z.. The definition
below introduces two other kinds of fundamental classes, which, following [43], we call “merges”
and “splits”.

Definition 3.4. Given d > e & ¢, we call

° Ai = [3g.a] € Zea a merge,

° Yg = [33,9] € Zqe a split.

We say that a merge or split is elementary if e = Ag(d) (see Definition for some 1 < k <
lq — 1. We will depict elementary merges and splits diagrammatically in the following way. To the
)

k
elementary merge AQ @ e associate the diagram

dp +drys d; di-1 dp +dg+1 deyr dea

dg dis1 d; di—1 dx dey1 drseo dey
and to the elementary split Y%k @ the diagram

d: di+1 d; dr—1 d. dr+1 di42 deg

di + dir+1 d; dr_1 di + di41 dit2 de,

The diagram on the LHS should be understood as shorthand notation for the full diagram on the
RHS. Multiplication of elementary merges and splits is depicted through a vertical composition of

diagrams. We always read diagrams from the bottom to the top.
We call

di+1 d

¢ e

di di+1

a crossing.
Proposition 3.5. We list several basic relations which hold in Z.

a) Letd > e > f & c. Merges and splits satisfy the following transitivity relations:
£ £ d d
Ae*ha=Aar  YerYe=Yt.
b) Letdec and 1 < k < {q—2. Elementary merges satisfy the following associativity relation:

dp +diy1 +diy2 di +dgy1 +dig2

dy diey1 drge di drpyr dirge
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Elementary splits satisfy the following coassociativity relation:

dz diy1 drso ds drpy1 dirge

dp +diy1 +drae dp +diy1 +dige

Proof. Part a) follows via an easy calculation from Lemma Part b) follows immediately from
part a). O

3.3. Relation to KLR algebras. We would like to connect the quiver Schur algebra to the well
known quiver Hecke (or KLR) algebra (associated to the same quiver @), defined diagrammatically
by Khovanov and Lauda [25], and algebraically by Rouquier [31]. Let us recall its geometric
construction and some generalizations. Define

Q= || Qa, 3= QR xe QER, 28R = HE (34, (10)
QECOm‘CC‘

Note that the set Comlcc‘ contains precisely the vector compositions of ¢ of maximal length, i.e.,
those parametrizing the types of complete quiver flags. Let ZKLR: be the strictly stable version of
ZKR obtained by replacing each Qg4 with QF in .

In the case when the quiver ) has no edgeiloops, it was proven by Varagnolo and Vasserot [40]
that the convolution algebra ZX'R gives a geometric realization of the KLR algebra associated to
(@, c). Note that in this case Remark (ii) implies that ZKR:* coincides with ZKR.

The case when @ may contain edge loops was studied by Kang, Kashiwara and Park [22]. They
showed that the convolution algebra ZKLR-¢ gives a geometric realization of the generalized KLR
algebra from [23] associated to a symmetrizable Borcherds-Cartan datum.

Let Q be an arbitrary quiver. The following proposition describes ZKLR as a subalgebra of Z..

Proposition 3.6. The convolution algebra ZKR is a subalgebra of Z.. It is generated by the
k
polynomials Z3 4 and the crossings Xg (for d € Coml® and 1<k <|c|—1).

Proof. The natural inclusion 3X'R < 3 is an inclusion of connected components, and hence induces
an inclusion of the corresponding convolution algebras. This proves the first claim. Given d €
Comlfl, let us identify W with the subgroup of Sym|¢| preserving d. It follows easily from Lemma

that X; = [3%,a),al if sk(d) # d and Xg = [33'4) if sx(d) = d. But these fundamental classes,

together with the polynomials Z§ 4 = Aq, generate ZKIR by (a straightforward generalization of)
[46, Theorem 3.6]. O

3.4. The combinatorics of refinements. Our next goal is to construct a basis for the quiver
Schur algebra which is natural both from algebraic and geometric points of view. Algebraically, the
basis elements are certain products of merges, splits and polynomials. Geometrically, they will be
realized as pushforwards of vector bundles on diagonal Bott-Samelson varieties. In §3.4 we develop
the combinatorial tools needed to define the basis. We state the basis theorem in §3.5, and prove
it in

Definition 3.7. Given i € Qo, let N¢(i) := {(1,1),...,(c(i),4)}, and set N¢ := | |;c o, Ne(i). By
a partitioning of ¢ of length n = ¢ we mean a function A\: N — Z>1 such that Im\ = [1,n] :=
{1,...,n}. Let A; be the restriction of A to N¢(i). Let Par] denote the set of all partitionings
of ¢ of length n and let Par. := | |, <n<|c| Par_. The following lemma follows directly from the
definitions.

Lemma 3.8. There is a bijection between Par. and the set of coordinate flags in V., sending A
to the flag Vo with V. = (v (i) | (k,i) € X1([1,7])).

Partitionings are related to vector compositions of ¢ through functions
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defined in the following way. If A € Pare, then C()\) = (dy,...,dy)) is given by di(i) = AR
If e € Com, then P(e) = \ is given by A\; (k) = {(&r—1(i) + 1,4), ..., (éx(d),i)}.
Example 3.9. Consider @, c and d € Com] from Example Let A = P(d). Then

AN ={(Li1), (Lds)}, ATH2) ={(2,41), (3,i1), (Li)}, A7'(3) = {(2,43), (3,is)},
AT ) = {(4,01), (2,02)}, ATHE) = {(3,i2)}

Next, let u € Parﬁ be given by
M_l(l) = {(2,i2)7(3,i2),(2,i3)}, /J'_l(2) =
lfl(3) = {(25 Z.1)7 (1’ i2)7 (17 i3)7 (37 i3)}’ ﬂ71(4)
Then C’(u) = (212 + i37i1,i1 + ig + 2i3, 2?,1)
We let W, act on N from the left and Sym,, act on [1,n] from the right. This means that
Sym,, acts by permuting places rather than numbers. We get induced actions on Fun(Ng, [1,7]),
which preserve Pary, viewed as the subset of Fun(Ng,[1,n]) consisting of surjective functions.

Note that the resulting Sym, -action on Pary is free. The following lemma follows directly from
the definitions.

Lemma 3.10. The functions C' and P have the following properties:

Il
—~ -

(1,41), (3,71) }-

a) The function C is surjective and C' o P = id.
b) We have Ly = £y and Lpq) = La, for all X € Par. and d € Com,.
c) The fibres of C are precisely the W¢-orbits in Par.. Hence C induces a set isomorphism

Par./W. = Com,.

d) We have Stabw,(P(d)) = Wq for any d € Com,.
e) The map Clpar» is Sym,,-equivariant, for each 1 <n </|c|.
f) We have s; - P(d) = 5; - P(s; - d) with s; being the longest element in ng,(gg), for any
d € Comc and 1 < j < {lq —1 (note that s; € Sym,, while s; € W).
Next, we define a binary operation § on Parc.
Definition 3.11. Given A, u € Pare, let Ry, =AY (k) Np= (1) and Sy, ={Rk; #2 |1 <k <
|Al, 1 <1< |pl}. We define a total order on the set Sy, by declaring that Ry ; < R, if and only
ifr>korr==Fkand! <s. Wethen define the ordered intersection A §) p = v of partitionings A
and p by setting
1 m-th element of Sy , in the total order defined above, if 1 <m <|Sy .|,
v=(m) = o+ o
g, ifm > |S)\,/L|~

One can immediately see that v is in fact a partitioning of ¢c. The operation §7 is not symmetric.
However, the following holds.

Lemma 3.12. Let A\, u € Par.. Then:

a) A and p §) A are of the same length and lie in the same orbit of Symgmu.
b) C(AQ ) = C(N) (but in general C(A 3 ) # C(u)).

¢) Stabw, (A § 1) = Stabw,_ () N Stabw, (1).

d) w-AQp)=w-A)Q (w-p) for allwe We.

Proof. Part a) follows immediately from the fact that the sets Sy, and S,  are the same if we
forget their orderings. Part b) is obvious. For part c), observe that if v € Par, then Stabw,_(v) =
Ni<r<e, Stabw, (v~ (r)), where Stabw, (v~'(r)) is the subgroup of W, fixing v~'(r) setwise. If
x € W, stabilizes all the subsets A™1(k) and p~1(l) then z also stabilizes all their intersections
Ry;. Hence it stabilizes A {3 p. Conversely, note that Sy , is a partition of the set N, which
refines the partitions Sy » and S, ,. Hence, if  stabilizes all the sets Ry ; in Sy ,, then it must
also stabilize all the preimages A\~*(k) and p~1(1). Part d) is clear. O

Example 3.13. Suppose that Qg is a singleton. We can then identify I' with Z>¢. Let ¢ = 8
and take A = [1,2,3][4,5][6,7,8] and p = [1,2,4,5][6,7][3,8]. This notation means that, e.g.,
p (1) ={1,2,4,5} and p=1(2) = {6,7} and p~1(3) = {3,8}. Then

A S w=[1,2][3]4,5][6,7]8], p &2 A= [1,2][4,5][6, 7][3][8].
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Again suppose that Qo is a singleton, and take ¢ = 10, A = [3,5,6][1,4][2,8][7,9,10] and p =
[1,5,9,10][2,3,4,6,7,8]. Then
A § = [5][3, 6][1][4][2, 8][9, 10][7],  p 2 A = [5][1][9, 10][3, 6][4][2, 8][7].
We see that A §Q p and p $ X are of the same length and differ only by a permutation.
Example 3.14. Suppose that @ is the A3 quiver from Example and ¢ = 5i1 + 4io + 3i3. Let
A be given by A71(1) = {(1,41), (2,41), (3,41), (1,43), (2,i3)}, A"1(2) = {(1,42),(2,i2),(3,43)} and
AL(3) = {(4,i1),(5,i1), (3,42), (4,42)}. We assign the colour black to vertex i1, blue to iz and red

to i3 and rewrite A in the following more readable notation: A = [1,2,3,1,2][1,2,3][4, 5, 3,4]. Let
1 be a second partitioning given by = [1,4,1,3,4,3][2,3,5,2,1,2]. Then

A p=1][2,3,1,2][1,3][2][4,3,4][5), w8 A= [1][1,3][4,3,4][2,3,1,2][2][5].

Definition 3.15. We call a triple (e,d,w), consisting of e,d € Com, and w € ¢Dg, an orbit
datum. This name is motivated by the fact that orbit data naturally label the G¢-orbits in §¢ X Fe.
Abbreviating A = P(e) and = w - P(d), we also define

=CAQpu), d=CuN).

By Lemma b), € is a refinement of e and a is a refinement of d. By Lemma a), the
partitionings p §3 A and A § p are of the same length n and lie in the same orbit of Sym,,. Since
the Sym,,-action on Pary is free, there exists a unique permutation u € Sym,, which sends A § p
to pu §Q A. We call the triple (e, a, u) the refinement datum corresponding to (e, d,w).

Example 3.16. Let Qo be a singleton, ¢ = 8, e = (3,2,3), d = (4,2,2) and w = $3545556. Then
A= P(e) =[1,2,3][4,5][6,7,8] and p = w-P(d) = [1, 2,4, 5][6, 7][3, 8], i.e., A and p are as in the first
case considered in Example ﬁ Hence € = (2,1,2,2,1), d= (2,2,2,1,1) and u = s3s2 € Sym;.
Example 3.17. Let @ be the A3 quiver, ¢ = 5iy + 4iy + 3i3, € = (3iy + 2i3, 2is + i3, 241, 2i2),
d = (2i1,3iz + i3, 301 + 92 + 2i3) and w = (s3s2)(s253)(s251) € We = Symg x Sym, x Syms;. Then
A=Ple) =[1,2 3,1,2 2 3)[4,5,3,4] and g =w - P(d) = [1,4,2,3,4,3][2,3,5,1,1,2], i.e.,  and
u are as in Example Hence € = (i1,2i1 + 2i3, 42 + 3,142,101 + 2i2,11), d = (41,42 + 3,41 +
29,241 + 2i3,142,11) and u = 838284 € Symgz. We rewrite the vector compositions € and a in the
following more readable notation

e=(1,24+2,1+1,1,142,1), d= (LL14+1,142,24+2,1,1).
Again, we see that € and a are of the same length and differ only by a permutation.

Lemma 3.18. Let A = P(e) and p = w - P(d) as in Definition[3.15. Then P(€) = X § p.

Proof. A partitioning v is in the image of P if and only if for all 1 < r </, — 1, i € Qp and
(z,3) € v; *(r), (y,i) € v~ (r+1), we have x < y. Since ) is in the image of P, and w is a shortest
coset representative, A §Q p satisfies this condition. Hence A § u = P(f) for some f € Com,.. But

then P(€) = PoC(AQQu)=PoCoP(f)=P) =X p O
Definition 3.19. Given a refinement datum (e, a, u), let us choose a reduced expression u =
Sjy * .- Sj;, where k = {(u). Set u; = sj, - ... s;, and let e* = y(e), e~ = A, (e?72), for
1 <1<k, with e® =@e. Observe that e?* = d. We call (€, ...,e**) a crossing datum associated
to (@.d,u).

The following diagram illustrates the relationships between the different vector compositions in
a crossing datum. Vector compositions in the same row (possibly except for e and d) are of the
same length.

e e €

A Yo7 v i

gO §2 g2k'

Example 3.20. Consider the first case from Example |3 Given the reduced expression u =

s382 € Symg, we have e! = (2,3,2,1), e = (2,2,1, 2, 1), ed = (2,2,3 1). Next, consider Example
3.17 Given the reduced expression u = 535284 € Symg, we have el = (1,2 +2,1+1,1+3,1),
=(1,24+2,1+1,1+2,1,1),e*=(1,2+1+3,1+2,1,1),e* = (1,1 + 1,2+ 2, 1+2,1,1) and

g
e’ =(1,1+1, 3+2+2,1,1)
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We will now explain the connection between w € W, and v = s, -...-s;, € Sym,. Let w,
denote the longest element in Dgiil and let & = wy - ... wg.
Proposition 3.21. The followz;Lg hold:

a) L(u) = L(wy) + ...+ L(wy) and wy - ... -w € DSy, for all1 <1< k.

b) u=w.

¢) Weo = We N (wWaw™t).

Proof. We start by proving the first statement in part a). To simplify notation, we assume (without
loss of generality) that Qg is a singleton. We divide the interval [1, ] into blocks (i.e. subintervals)
of size €1,...,€,. Let By,..., B, be the blocks. The permutation u acts by permuting these blocks.
Let Inv = {(i,5) € [1,¢]? | i < j, @(i) > a(j)} and Invpg = {(i,j) € [1,n]* | B; < Bj, u(B;) >
u(B;)}. The length of @ equals the number of inversions, i.e., £(u) = |Inv|. Since w permutes
blocks but does not change the order inside blocks, we have [Inv| = 2, -y, € -€;. We can
identify each inversion (4, j) in Invp with some simple transposition sj, in the reduced expression
U = Sj -... Sj. But then €; -€; = {(w;), proving the statement. For the second statement in
part a), note that wy - ... w; also permutes blocks but does not change the order inside blocks.
But any x € Wez permutes numbers within blocks, increasing the number of inversions. Hence
llwy - ...-wp-x) > L(wy - ... wp), which implies that wy - ... w; € DS,.
Let us prove part b). We have the following chain of equalities -

w- P(d) =w- P(d) Q P(e) =u-P@) =i P(u-8) = - P(d). (11)
For the first equality, note that d = C(w-P(d) 3 P(e)) = C(P(d) Q w™'-P(e)). Hence, switching
the roles of e and d in Lemma we get P(a) = P(d) Q w™!- P(e). After acting on both sides
by w we get the first equality. The second equality follows directly from the definition of u, while
the third equality follows from a repeated application of Lemma f). The final equality holds
since u-€ = u-C(P(e) Q w- P(d)) = C(u(-P(e) Q w- P(d))) = C(w- P(d) § P(e)) =d. The
claim that & = w now follows from (T)), the fact that StabWC(P(a)) = Wj and that both w and
u are in D%

Part c) follows from the following chain of equalities
Weo = Stabw, (P o C(A § i) = Stabw, (A § 1) = We N (’LUWQ7v071)7

where A\ = P(e) and u = w - P(d). The first equality follows from the fact that, by definition,

e’ =¢e=C(\§ ), and Lemma d). The second equality follows from Lemma while the
third equality follows from Lemma ¢) and Lemma d). O

We have so far treated the ordered intersection operation §7 on partitionings as a combinatorial

device. However, as indicated in Lemma partitionings also have a geometric meaning since
they correspond to coordinate flags in V.. Based on this observation, we will extend the operation
Q to all flags in Fe.
Definition 3.22. Let F = (Fi)fio € Je and F' = (Fj)ﬁio € §a be two flags. Let R; ; = F; N Fj’
and Spp = {R;; |0 <1</, 0<j</lq}. We put a total order on the set Sg s by declaring
that R; ; < R, if and only if » > 4 or 7 = 4 and j < s. We then define the ordered intersection
F Q) F' of flags F' and F’ by setting (F § F')n, to be the m-th element of Sg p with respect to
the total order defined above, and deleting all the repeated occurrences of subspaces.

It is clear that F' ) F’ is a flag in §.. Moreover, if (F, F") € 0% then F ) F' € Fs.

Lemma 3.23. Let p € Re. If F € e and F' € Fa are p-stable, then so are F § F' and F' () F.

Proof. Since F' and F’ are p-stable, each intersection R; ; = F;NF ]’ is preserved by p, which implies
that F' §Q F' and F’ §) F are also p-stable. O

3.5. Basis and generators. In this section we state a basis theorem for the quiver Schur algebra
and use it to find a convenient generating set for our algebra.

Definition 3.24. Let (e,d, w) be an orbit datum with the corresponding refinement datum (e, d, u).
Let us fix a reduced decomposition v = s, - ... s;,, which determines the corresponding crossing
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datum (e°,...,e?*). Define
j _7 2k
d=e = N\&xLox...xLoxYS € Zea
w e € e d

Given ¢ € de%’g% = Ag2k, also define

c e le Xjk ek

d=e = forhrerx...*xLgazixcxYy € Zea. (12)
w € = p=2 a £,c

We now state the basis theorem for the quiver Schur algebra.
Theorem 3.25. If we let (e,d, w) range over all orbit data and c range over a basis of Ag2r, then
the elements d == e form a basis of Ze.
w

Remark 3.26. We make a few remarks regarding the theorem.

(i) The basis in Theorem depends on the choice of a crossing datum, i.e., the choice of a
reduced expression for u. One would also obtain other bases by letting c range over a basis
of 222172217 for any 1 <1 < k, and redefining the elements appropriately.

(ii) The basis in Theorem is natural from a geometric point of view. As we will see in
it is related to certain generalizations of Bott-Samelson varieties. For this reason, we
call it a Bott-Samelson basis of the quiver Schur algebra. Our basis also admits a natural
interpretation in terms of cohomological Hall algebras (see Theorem .

(iii) Theorem [3.25]is analogous to the basis theorem [43, Theorem 3.13] for the Stroppel-Webster
quiver Schur algebra. However, the combinatorics of residue sequences developed in [43] is
not sufficient to correctly characterize the refined vector compositions used in the definition
of the basis. Our combinatorics of partitionings ( fixes this problem.

Using Theorem [3.25 we can find a generating set for the quiver Schur algebra.

Corollary 3.27. Elementary merges, elementary splits and the polynomials Z¢ generate Z. as an
algebra.

Proof. This follows directly from Theorem [3.25| and Proposition |3.5 (]

3.6. Proof of the basis theorem. We begin by proving four technical lemmas. Set O, :=
PowPq4/Pg4. Consider the following parabolic analogue of the Bott-Samelson variety:

%Gg,g,w = Pg ngo Pgl ngz . Xp92k72 P§2k—l Xpezk PQ/PQ.
We have a commutative diagram

Pe X Pg1 X Pgs X ... X Pgar—1 x Pg —"— G,

c‘”“l lcam (13)

BGe d,w Sa

where m is the multiplication map and ¢ is the induced map.

Lemma 3.28. The map ¢ is proper, its image equals O, and it restricts to an isomorphism
over Q.

Proof. The proof is similar to the proof for the usual Bott-Samelson resolution, where the parabolics
Pe and Pq are replaced with a Borel subgroup. Since we could not find an explicit reference, and
since the proof relies on the combinatorics from we sketch it below.

It is clear that can; and cany are proper. The multiplication map (G¢)**? — G, is proper and
hence its restriction to the closed submanifold P x Pg1 X ... X Pg2e—1 X Pq is proper as well. Since
cany is a locally trivial fibration, and properness is a local property, it follows that ¢ is proper, as
required. This proves the first statement in the lemma.

By the Bruhat decomposition, we have

Pg2l—1 = I_l BCI'P§21.

201
xeDgzl
Proposition a) implies that
Pg’zl—l . Pg21+1 = U BC.TP§2H»1 = |_| Bcl’szlJrz.
20—1 ] c
e r<wi w41 6D921+2

:L’ED;m
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By induction and Proposition b), we get
PePei...-Pguioi-Pa= | | PeaPq. (14)
r<weeDg
This implies that the image of cany om is O,,. Since can; is surjective, this is also the image of ¢.

This proves the second statement of the lemma.
Next, we claim that

PewPa = | ) BeywPa = | | BeywPa. (15)
yEWe yeDS,

Let us first show that the union on the RHS of is disjoint. Suppose that y;w = yswz for
some y1,Y2 € Dio and z € Wq. Then y;lyl = wzw~t, which, by Proposition [3.21|c), implies that

Yoy Ly € We N wWqaw ™! = Weo. Hence y; = ys, so the union is indeed disjoint. The first equality

in follows from the Bruhat decomposition of Pe and the fact that w € ¢Dga. Next, if y € W,
we can write it as y = ab with a € Dgo and b € Weo. But then ywPgq = awPgq, which yields the

second equality in .
Given y € Dgo, let Uy := U, -1y x le—lwl X ... X Uw’C—IU)k. Set U = |_|y,€D§O Uy and U = can, (U).

It is easy to check that m maps ﬁy isomorphically onto U,,)-1yw. It is also well known that the
map
U(yw)_1 X Pg — chwpgv (U,p) = v(yw)p,

is an isomorphism. Hence cans o m maps U isomorphically onto O,,. By the commutativity of the
diagram , @|u is also an isomorphism onto O,,. An easy argument again based on the Bruhat
decomposition also shows that U = ¢~ 1(O,,). This completes the proof of the lemma. (]

Let 0% := G - (ePe, wPq) be the diagonal G¢-orbit corresponding to w and define
w =
Eg,d,w : SEO X&'gl 392 Xg§3 s X3§2k71 3§2k'

Let p: BGD, ., — Seo — Se and q: %GQQM — Se2r — Ta be the canonical maps. Set 9 :=p x q.

e.d,w
Consider the following diagram of G¢-equivariant maps.
P
BESa., — Be X Ja

N =

Lemma 3.29. The map v is proper, its image equals oA

2, and it restricts to an isomorphism
over O%.

Proof. 1t is easy to check that p is a locally trivial fibration with fibre BGe gq.,. Let F. =
p~(ePe/Pe). Lemma implies that |, is proper, ¥(F.) = {(ePe/Pe,z) | z € Oy} and
that the restriction of ¥ to F. Ny ~1(O0%) is an isomorphism onto {(ePe/Pe, ) | # € O, }. The
lemma now follows from the fact that ¢ is Ge-equivariant. O

Next consider the following iterated fibre product

A

%Gg,g,w = ng XD§1 ng ngs . ng%_l ngk.

—A
The closed points of B&, 4 ,, correspond to sequences of flags F' 0 F2,...,F?F (satisfying appro-

priate conditions) together with a quiver representation p with respect to which each flag is stable.
~ —A

This implies that ¢ lifts to a map ¢: BS, 4, — 3ed (sending (F°, ..., F?* p) i (FO|e, F?*|4, p)),

i.e., there is a commutative diagram

A 3
%697Q7w Jed

e [Fea (16)

BGL g —— Fo X Ta

edw
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where e g4 is the map forgetting the quiver representation.

Lemma 3.30. The map w s proper, its image is contained in :d, and it restricts to an isomor-
phism over 3¢ 4

Proof. 1t is easy to see that %(‘5
3e.a over Fe X Fa. So w is the restriction of a base change of a proper map to a closed subset, and
is therefore proper. By Lemma Imy = OB, so Ime) C T, d(OA) 3<w

It remains to prove the third statement. Let (FLF',p) € 3g4- By Lemma we know
that there exists a unique sequence of flags (F°, F?,..., ng) € %69 4,» such that F = FOg and
F' = F?|q. Since FO = F Q F' and F?* = F' Q) F, Lemmalmphes that FO and F?* are
p-stable. Let 1 <1 < k — 1. Since F% is in relative position wiy - ... -w; to FO F?* is in relative
position w1 - ... wy to F?' and, by Proposmon 1} l(w) = (wy - ..-wy) +L(wygy - ... -wy), B2
is also p—stable Hence (F°, F?% ..., F?t p) ¢ ‘B@e d.w and SO 1/) is surjective. This clearly implies

is a closed subset inside the fibre product of %(‘5e a0 and

ed,w

that 1; is an isomorphism. O

We have the following Cartesian diagram.

<w

g —— 354
zT LZ
T_1(qw L2 =l
(G (39@) R %Ggéﬂu
Let qo: Qeo X Qg2 X ... X Qe2t — Ne2r be the canonical map.
Lemma 3.31. Let B(Ago) be a basis of Ago = HE(Qgq0) and ¢ € B(Ago). Then:
~ —A c
a) w*(qgcm [%Gg,g,w]) = Q:w> €.
b) {1j(d ==e)|c€ B(Aq)} is a basis of Z2y.
- d ed

Proof. The first part of the lemma follows directly from Lemma [2.9| and the fact that

€ e e e [
%Ged w = D e0 X0 Jeo et X9, Je1 o2 XDz -+ XQ a1 392’“*1792"’ X9 2k 392’2@'

For the second part, we have
c x 7 * ——=A Tk % <A e * - w
1i(d = e) = (19 (g5c N [BG¢ g 0]) = Vut3(g5¢ N [BG¢ g u]) = ¥s(g5¢ N [0 (3ea)]),

WNhere the second equality follows by proper base change. It now suffices to check that g¢gc N
[~ (3% 4)] form a basis of HE_ (b w4))- Since the variety ¢)~'(3%4) is an affine bundle over
0% = Ge/(w™PowNPq), which itself is an affine bundle over Tao, the restriction of o to Y va)
is a homotopy equivalence. Hence the map Ago — HE_ (b oa)) sending ¢ — ggeN [hL( g;)]
is an isomorphism, and sends the basis B(Ago) to a basis of HE_ (b= ed)), as required. O

We are now ready to prove Theorem [3.25

Proof of Theorem@ Refine the Bruhat order on Dd to a linear order, which we denote by <.

Given w € Dd, let SBd =] e

5 32 d and e 4= \3 4 Consider the inclusions
eDa>u

vy b 3de L3, (17)

It follows from Lemma [2.8] that i is an open embedding and j is a closed embedding. Since the
odd cohomology of 3¢’ 4 and Jq'q vanishes, the long exact sequence in Ge-equivariant Borel-Moore
homology associated to becomes a short exact sequence of HZ_(pt)-modules

0 — HE(35%) — HE(354) — HE(3%4) — 0.
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Since, by equivariant formality, the H_(pt)-module HE( oa) is free, the short exact sequence

splits. Arguing by induction on the refined Bruhat order, we conclude that

Zea= P 2¥a (18)

c
wEeDg

By Lemma [3.31] the elements d = e € Z¢ q (c € B(Ago)) pull back to a basis of Z¢q. Therefore,

implies that, if we let (e,d,w) range over all orbit data, the elements d == e indeed form a

w

basis of Z.. O

4. THE POLYNOMIAL REPRESENTATION

In this section we compute the polynomial representation of the quiver Schur algebra Z., and use
it to show that Z. gives a geometric realization of the “modified quiver Schur algebra” from [2§],
thereby connecting Z. to the affine ¢-Schur algebra. We also give a complete list of relations for
the quiver Schur algebra associated to the A; and Jordan quivers.

4.1. T.-equivariant cohomology and localization. We first recall some facts about T¢-equivariant
cohomology of flag varieties. By [44] Theorem 3], there is a ring isomorphism

®q: H*(BTe) @ne(sc.) He, (Fa) = HT (3a), a®@br (7a)(130),

where -1 is the projection of §q onto a point and s is the canonical map (§a)1, — (Fa)c.. Let
)

us write a polynomial f in variables x;(i) as f(&). We abbreviate z;(i) := ®q(z;({) ® 1) and
f(§) == P®a(1 ® f(Z)) (we substitute variables y; (i) for x;(i)).
Definition 4.1. For d > e, we define the following polynomials in Aq:

b d,(0) c(i)

sa=[[ I II Il @@®-at), s§:=

, e
Qo =l ()41 1=d, (i) 1

&1

(19)

Note that Sq is indeed Wq-invariant and Sﬁ is a polynomial. Explicit examples of these polyno-
mials for specific quivers and dimension vectors can be found in [28], §8].
It is well known that the fixed points 3} are parametrized by D3. Given w € Dg, let

iw: {w} < Fa be the inclusion of the corresponding fixed point, and let ¢, = [w] € HI (Fa)
denote the T.-equivariant fundamental class of this fixed point.

The theorem below summarizes the key facts about the Tc-equivariant cohomology of flag vari-
eties.
Theorem 4.2. The following hold:

a) The Tc-equivariant cohomology of §a is equal to the quotient
H3, (8a) = (Pe ® ®a(Aa))/1,

where I is the ideal generated by p(§) — p(Z) as p ranges over all Wc-invariant polynomials
of positive degree.
b) The pullback iy,: HY (§a) — H*(BT.) is given by

G (25(0)) = 25(i), 1, (f(7) = [ ().
¢) The Tc-equivariant Euler class of the normal bundle to the fized point w is given by
eur, (T{U,}Sg) =w-S4q.
Proof. See, e.g., [44, Theorem 11]. O

Next, we recall the localization theorem for equivariant cohomology (see, e.g., [3]). Let K.
denote the fraction field of P. = H*(BT.).
Theorem 4.3. Let X be a smooth quasi-projective Tc-variety and let Y be the set of connected
components of the fized point set X Te. Suppose that'Y is finite. Then the maps

Ke @p, HY (X) 5 Ke @p, Hy (XT¢) 25 Ko @p, HE_(X)



18 TOMASZ PRZEZDZIECKI

are isomorphisms and
Ty ) tr (U
R SR )
yey eur, (TyX)

for allu € HY (X). Herei: XTe < X and iy: y = X are the natural inclusions.

4.2. The polynomial representation. In this subsection we describe the polynomial represen-
tation Q¢ of Z.. The following result is standard.

Proposition 4.4. The Z.-module Q. is faithful.
Proof. See, e.g., the proofs of [46] Lemma 1.8(a)] and [47, Proposition 3.1]. O
We will now calculate the action of the generators of the quiver Schur algebra on its polynomial

representation. As preperation, we first compute the Euler classes of certain normal bundles.

Definition 4.5. For d > e o ¢, we define the following polynomials in Ag:

c(d)

ta1 d(i)
Eq
ea:= [[ JI I Il @@-a6™,  E=_ (20)
WIEQo r=L ()41 =4, ()41 -
where a;; is the number of arrows from vertex ¢ to j.

It is easy to see that Eq is Wg-invariant and E% is a polynomial. Explicit examples of these
polynomials can be found in [28] §8].

Lemma 4.6. We have eug, (Tn,94,(c)) = Ea-

Proof. We identify Tq,9Q4 () = Ge x4 (Re/Ra) and (Ge x4 (Re/Re))c. = (Re/Re)p,. The pull-

back of the latter vector bundle on BPq4 along the canonical map BT, — BPg4 equals (f¢/Re)T,
Observe that

tasy  d.(i) c(j)

Re/R)r.= D P D D W) @B,

i,J € r=1 o
$j€Qo k=d,_1 ()41 1=d,(j)+1

where 2;(j) is the line bundle from . By definition, the T.-equivariant Euler class of the
bundle on the RHS equals Eq. Since Euler classes commute with pullbacks, it follows that
euc, (Ta,9Q4d,c)) = eut, ((Re/NRe)T.) = Eg, as desired. O

We also need the following “shuffle operator”

Theorem 4.7. Letd - ecc.
a) The action of Ai on Q¢ = A¢ is given by

Sq

Eg
AS: Ad = A, fwrhd<2f>, Asla =0 if b#d
b) The action of Yg is given by the inclusion

Y& Ae = Ad, fo f, Y& =0 if b#e.

c¢) The action of Z3 4 on Ay is trivial unless b = d. In the latter case, if we identify 23 4 = Aa
as in @, then Z3 4 acts on Aa by usual multiplication.

Proof It is obvious that Ad |o, = O unless b = d. In the latter case, we observe that 3e d XQd Qq =
¢.a = Qa and that, under this identification, pj,(Ag) N p3sf = f (With p;; as in Hence
A5 a* f equals the pushforward of f along the canonical map p13: Q4 — Qe, which factors as follows

pi3: Q4 < Qae 5 Qe. (21)
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We first compute ¢,. By [7, Corollary 2.6.44], we have t.f = eug,(TayQa,e)f. The short exact
sequence 0 — T Qe (c) = T042d,(c) = ThqaQd,e — 0 implies that

eug, (ToaQd.e) = e, (Tay94d,(c))/ U6, (T, Qe (c))-
It now follows from Lemma 6] that
tf = Eﬁ f. (22)
We will next compute g.h, where h := EG f. Since Qg6 = §a X5, Qe, calculating the pushforward
¢« reduces to calculating the pushforward along g: §a — Fe. By Theorems .2 and [£.3} we have

"= “eur, (TuBa) “w-Sq VT o€ Suwv
(%) w;; eur, (T 3a) w%;ﬁ w-Sq u;g : eug;i T ¢

since v - S = Se. Let g(¥) := g (h(¥)). Since §.(yw = Cu, we have

. 1 v-h(Z

g(y) = E u E (Q)Cuu

U - Se L U853
uED; - UEDE a

On the other hand, Theorem [.2] implies that

Hence

=3 v 1D (23)
vGD%

Combining with yields the first part of the theorem.
An argument analogous to the one at the beginning of the proof shows that Yg |Ap, = 0 unless

b = e, and that convolving Yg with a function f € Ae is the same as taking the pullback with
respect to . A calculation using the localization theorem, similar to the one above, shows that
g* is given by the inclusion of the invariants Ae < Ag4, while the second pullback ¢* is just an
isomorphism. This yields the second part of the theorem. The third part is standard - see, e.g., [7]
Example 2.7.10(i)]. O

We will now relate the action of the merges to Demazure operators.

Definition 4.8. Given s;(i) € We, let A;(i) = L@)) be the corresponding Demazure

@; () =z (0
operator. Given d > e & c, let wg be the longest element in Dﬁ. Choose a reduced expression
wg = sj,(i1) - ... - 8, (i) and define A = A, (i1) o...0 A}, (ix). It is well known that A§ does

not depend on the choice of reduced expression for wg. Let r§ = |[Rf — R{| and rq = |Rf — R|.

Proposition 4.9. We have an equality of operators
mi(si)—l = (—1)T§A§.
Proof. See [28] Proposition 8.13]. O

4.3. Application: geometric realization of the modified quiver Schur algebra. We now
deduce some consequences from Theorem in the special case when @ is the cyclic quiver with
at least two vertices or the infinite (in both directions) linear quiver Ao, connecting our quiver
Schur algebra Z. to exisiting constructions.

Miemietz and Stroppel introduced in [28, Definition 8.4] a modified quiver Schur algebra. Let
us denote it by ZM® (in [28] the notation C; is used). It is defined, purely algebraically, as the
subalgebra of Endc(Ac) generated by certain linear operators, called idempotents, polynomials,
splits and merges. These operators are defined by explicit formulas. We will refer to them as
“algebraic”, in order to distinguish them from the fundamental classes in Definition

We must first deal with a minor technical issue. The algebraic merges are defined using “reversed
Euler classes”, denoted in [28] by Ey,, and “symmetrisers”, denoted by Sy, (see [28] (8.1-2)]). Both
of them are given by certain product formulas. We define sign-corrected algebraic merges to be the
operators obtained by multiplying E,, and S,, by —1 if number of factors in the corresponding
product is odd.
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The main result of [28] says that the geometrically defined Stroppel-Webster quiver Schur algebra
ZSW s, after completion, isomorphic to the affine g-Schur algebra [I8], which naturally appears
in the representation theory of p-adic general linear groups. The proof of this result relies on the
fact that both of these algebras are isomorphic to the modified quiver Schur algebra ZMS. The
following theorem shows that ZM° also admits a geometric realization as a convolution algebra,
and that this realization is afforded by our quiver Schur algebra Z..

Theorem 4.10. There is an algebra isomorphism Z. = ZM3. Explicitly, this isomorphism sends
Yg, Ai, ea and a polynomial in 23 4 (where d = e & c) to the corresponding algebraic split,
stgn-corrected merge, idempotent and polynomial, respectively.

Proof. Corollary says that Yg A§ and Z4.a generate Zc. In fact, the corollary makes the
stronger statement that it is enough to take polynomials together with elementary splits and merges
to get a generating set. However, since the definition of Z2S involves arbitrary algebraic splits and
merges, we only need the weaker form of Corollary here. By Proposition the polynomial
representation Q. = A, of Z. is faithful. Hence Z. is isomorphic to the subalgebra of Endc(Ac)
generated by the linear operators representing splits, merges and polynomials. To complete the
proof, one only has to compare the description of these operators from Theorem [£.7] with the
definition of their algebraic counterparts in [28, Definition 8.4]. O

Corollary and Theorem directly imply the following statement about the generators of
the modified quiver Schur algebra 29 which is not obvious from its algebraic definition.

Theorem 4.11. The modified quiver Schur algebra ZM5 is generated by algebraic polynomials and
elementary algebraic splits and merges.

Note that combining Theorems and also gives us a basis of ZM*.
Moreover, we can relate Z. to the Stroppel-Webster quiver Schur algebra.

Theorem 4.12. Let QQ be an arbitrary quiver. Then our quiver Schur algebra 2. is isomorphic to
the Stroppel-Webster quiver Schur algebra Z5W = HS<(33).

Proof. The definition of the modified quiver Schur algebra ZM9, together with Theorem [4.10 gen-
eralize straightforwardly to arbitrary quivers. We also observe that the proofs of [28] Propositions
9.4, 9.6] do not depend on the choice of cyclic quiver, and hence generalize to arbitrary quivers,
yielding the desired isomorphism. O

4.4. Examples: the A; and Jordan quivers. In this subsection we discuss the examples of
the A; quiver (i.e. one vertex with no arrows) and the Jordan quiver. It is well known (see, e.g.,
[25] [3T), B5]) that the corresponding KLR algebras are isomorphic to the affine Nil-Hecke algebra
and the degenerate affine Hecke algebra, respectively. While it is quite hard to give a presentation
by generators and relations for the entire quiver Schur algebra, even for the A; and the Jordan
quiver, we are able to give a complete list of relations for the following subalgebra.

Definition 4.13. Let Z/ be the subalgebra of Z. generated by all merges and splits. We call it
the reduced quiver Schur algebra.

We first consider the case where @) is the Ay quiver. Let d > ecc. Note that since the quiver has
only one vertex, c is just a positive integer and d and e are compositions of this integer. Since the
quiver has no arrows, Ei =1 and Ai = rhi (SE)’l. Therefore, by Lemma we have Ai = Ai,
i.e., merges coincide with Demazure operators. Let us look at the special case when d = (m,n)
and e = (¢) = (m +n). Then

m  m—n

m  m+tn
=84 = H H (2 — xp), Aiz Z H H w - (z; — )L (24)
k=11 1

=m+ wED; k=1l=m+1

S

e ie

We will now give a complete list of defining relations in the reduced quiver Schur algebra. We
call
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di + dir+1
AN
d;. diyr = 0 (R3)
he
di + dg+1
the hole remowal relation, and
dp +drye drgr +deys dip +digye drpr +diygs
A A
di +dit2  drt di43 d. dito di+1 + dits
di +di1 +drr2 drgs = dr  dpri+dro+drgs (R4)
di +de+1 dro di43 d. di+1 det2 + dits
Y >
di +dg+1 dpyo +drss dip +dgy1 drgo +diygs

the ladder relation.
Theorem 4.14. The reduced quiver Schur algebra Z. associated to the Ay quiver is generated by
elementary merges and splits, subject to the relations (R1)), (R2)), (R3) and (R4).

A detailed proof of Theorem can be found in [41]. Below we will sketch the main ideas of
the proof. We first need to recall some material about the green web category co-Web, from [45].
Definition 4.15. We define a certain full subcategory é. of the green web category co-Web,.

a) One first defines the free web category €. Its objects are compositions of ¢ and its morphism
spaces Hom, s (d, e) are generated by elementary merge and split diagrams (which we denote
by Ai and Yg, respectively) via vertical composition.

b) We define a filtration on the morphism spaces by setting deg Ai = deg Yg = dg + dg1 if
d>eccand e =Ag(d) for some 1 < k < 4.

c¢) The category % is the quotient of % obtained by imposing certain relations on morphisms,
called the associativity, coassociativity, digon removal and square switch relations [45] (2-6)-
(2-8)].

We remark that co-Weby is defined in [45] as a C(g)-linear category. For our purposes, however,
it is enough to work with the C-linear category obtained by setting ¢ = 1.
Consider the filtered algebra
Mor(¢/)= €P Homgy(d,e).
d,ecComc

Let I, be the kernel of the canonical map Mor(%) — Mor(%..). We endow I, with the subspace
filtration and Mor(%,) with the quotient filtration. Then the sequence 0 — I, — Mor(%J) —
Mor(%,) — 0 is strict exact and so, after taking the associated graded, we obtain the short exact
sequence

0 — gr I, — grMor(€7) — grMor(%,) — 0. (25)
Note that the rule in Definition b) also defines a grading on Mor (%), so Mor(%.) is isomorphic
as an algebra to its associated graded gr Mor(%).

Proof of Theorem[{.1] Firstly, we need to check that the relations (RI))-(R4) hold in Z.. By

Proposition the relations (R1)) and (R2) hold in any quiver Schur algebra (associated to any
quiver). Relations (R3] and (R4} follow easily from the properties of Demazure operators.



22 TOMASZ PRZEZDZIECKI

Secondly, we need to check that the relations (R1)-(R4]) generate all the relations in Z.. Let Zvé
be the quotient of the free algebra 2., generated by elementary merges and splits, by the ideal I,
generated by the relations (R1))-(R4) so that we have a short exact sequence

01— 72— Z. —0. (26)

It follows from the definitions that gr Mor(€7) 2 Mor(4/) = f Z/. One also easily sees that after
taking the associated graded the relations (2-6)-(2-8) from [45] become the relations (R1)-(R4).
Hence I. = gr I,. Comparing with now implies that Z. = gr Mor(%;).

Next, [45, Theorem 3.20] implies that there is a vector space isomorphism Home,_ (d,e) =
Homyg__ (A2C=, A\SC>®), where A2C® = AV C® ® ... A\%e C>. Hence

~ Cc
dim 2} , = dim Homg_ (A% C>, A®C®) = |gDe| = dim Zq.,

where the second equality can be deduced from Schur—Weyl duality and the last equality follows
from Theorem We conclude that the natural map Z. — Z. is an isomorphism. O

Let us record the following corollary of the proof of Theorem
Corollary 4.16. If Q is the Ay quiver, then there is an algebra isomorphism Z. = gr Mor(%.).

Next suppose that @ is the Jordan quiver. We can interpret merges as symmetrization operators
between rings of invariants. Indeed, S% = E% and so

A; = mi. (27)

We will now describe the relations in the reduced quiver Schur algebra. We use the following
modification of (R3) (with e = A¥(d)):

di + dir+1

AN

d. digt1 = ’Di

Y

dr + dir+1

1. (R3")

Theorem 4.17. The following hold:

a) The reduced quiver Schur algebra algebra Z associated to the Jordan quiver is generated by

elementary merges and splits, subject to the relations (R1), (R2)), (R3’) and (R4).
b) The algebra Z is isomorphic to the convolution algebra €D p pry C[P\Gc/P’] of complex valued

functions on double cosets, where (P,P’") runs over all pairs of standard parabolic subgroups

of Ge.

Proof. The fact that the relations and hold in Z/ follows easily from the properties
of symmetrization operators. One can define a filtration on Zv’ analogous to the filtration on
Mor(%.). It is clear that gr Z’ = or Mor (%) Hence one can use the same argument as in the proof
of Theorem [£.14] to show that (R1), .7 and (R4) generate all the relations. This proves
the first statement of the theorem. The second statement follows from the description of Z/ as the
algebra of symmetrization operators in . O

5. MIXED QUIVER SCHUR ALGEBRAS

In this section we define and study a generalization of quiver Schur algebras, depending on a
quiver together with a contravariant involution and a duality structure. We call these new algebras
mized quiver Schur algebras. From a geometric point of view, our generalization arises by replacing
the stack of representations of a quiver with the stack of its supermixed representations in the sense
of Zubkov [53].
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5.1. Involutions and duality structures. We begin by recalling the notion of a contravariant
involution and a duality structure. These ideas, in the context of quiver representations, were first
studied in [I1} 53]. We use the formulation from [52].
Definition 5.1. A (contravariant) involution of a quiver @ is a pair of involutions 0: Qy — Qo
and 0: Q1 — Q1 such that:

a) s(6(a)) =6(t(a)) and t(0(a)) = 0(s(a)) for all a € @4,

b) if t(a) = 6(s(a)) then a = 6(a).
A duality structure on (Q,0) is a pair of functions o: Qo — {£1} and ¢: Q1 — {£1} such that
o(0(i)) = o(i) for all i € Qo and ¢(a) - <(0(a)) = o(s(a)) - o(t(a)) for all a € Q.
Example 5.2. Let n > 1 and suppose that @ is the A,, quiver

al as An—1
o ®

i1 2 in

There is a unique involution 6 on Q. We have 6(ix) = ip—g+1 for 1 < k < n and 0(a;) = an—;
for 1 <1 <n—1. If nis even then Q) = @ and Qf = {a,2}. If nis odd then QY = @ and
Qg = {i(n41),2}- There are two inequivalent duality structures: o =1 and ¢ = —1 or 0 = —1 and
¢=—1.
Example 5.3. Suppose that @ is the quiver with one vertex and m > 0 loops. There is a unique
involution on Q. It fixes the vertex and fixes all the loops as well. A duality structure is given by
a choice of sign o and a choice of sign ¢(a) for each arrow a. Hence there are 2 *! possible duality
structures.

For the rest of this section let us fix a quiver @ together with an involution # and a duality
structure (o,¢). We will now introduce some combinatorics necessary to describe isotropic flag
varieties. Let us fix partitions

Qu=QyURsUQ, @ =QruiuQf

such that 0(Qf) = Q and 0(QF) = Q7. The involution # induces an involution #: I' — T on
the monoid of dimension vectors. Let 'Y be the submonoid of §-fixed points. We consider I'? as a
I'-module via the monoid homomorphism

D:T =TI crc+6(c).

Definition 5.4. Let ¢ € I'?. We call a sequence d = (dy,...,dy,,ds) € F% x I'? (where {4 may
equal zero) an isotropic vector composition of ¢, denoted d & c, if (d)y = doo + >_;D(d;) =c
We call {4 the length of d. Let Com, denote the set of all isotropic vector compositions of ¢, and
let ?Com" denote the subset of compositions of length m. Consider Zy ! Sym,, as the group of
signed permutations of the set {£1,...,+m} with s,, changing the sign of m. We endow *Com["
with a right Zy ¢ Sym,,,-action so that Sym,, acts by permuting the first m dimension vectors and
Sm acts by changing dg, to 6(dy,). Set

D(d) := (di,...,dr,, doc, 0(dey), ... 0(dr)), df =(dy,...,dq,).

Given § € Com(lg + 1), let

AG(d) = ((VE(d)), ..., (Vg (@), (V5 (d))e).

In particular, if 8 = (1¥1,2,1%7k) for some 1 < k < £4, then we abbreviate A{(d) := A5(d).

Example 5.5. Consider the Az quiver together with its unique involution. Let ¢ = 4i; + 3ip +
4iz € T? and d = (i + ia,13,2i1 + ig + 2i3) & c. Then A = (iy + iy + i3,2i1 + ip + 2i3) and
/\g = (i1 + 2,311 + i2 + 3i3).

In analogy to Definition we define a partial order on ?Com, by setting

dize < e=Aj(d)

for some § € Com(lg +1). If eoo = doo, then we writed =7 e. If d = d'ud” and (d")y = e, we
write d = e.
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5.2. Isotropic flag varieties. In this subsection we introduce the notation for isotropic flag va-
rieties, isotropic Steinberg varieties and related objects.

Definition 5.6. Let ¢ € T%. If i € QY and o(i) = —1, we assume that c(i) is even. Fix a
Qo-graded C-vector space Ve = D, Ve(i) with dim V(i) = c(i) and a nondegenerate bilinear
form (-,-): V¢ x Vo — C such that:

a) V(i) and V(j) are orthogonal unless i = 6(j),

b) the restriction of (-,-) to V(i) + V(0(7)) satisfies (u,v) = o(i){v,u),
for i,j € Qo and u,v € V(i) + V(60(3)). Set

"% = {p € Re | (pal), ) = 5(@) (1t o) (1) Ya € Qu,u € Vie(s(a)), v € Ve(t(a))}.
There is a vector space isomorphism
"Re = @ Home(Ve(s(a)), Ve(t(a)) & @ Bil? )< (Ve(s(a))),
aGQIr aGQ?
where Bil®(V¢(s(a))) is the vector space of symmetric (e = 1) or skew-symmetric (¢ = —1) bilinear
forms on V¢(s(a)).
Definition 5.7. Let G, be the subgroup of G, which preserves the bilinear form (-,-). We have
G [T GL(Ve() x I o(Ve(@) x [ Se(Veli). (28)

icQd i€Ql, i€Qy,
o(i)=1 o(i)=—1

The group G/, acts naturally on ?R. by conjugation. Let G, C ?G/, be the subgroup obtained
from by replacing O(V¢(i)) with SO(V(i)) whenever c(i) is odd.

Example 5.8. Let Q be the Jordan quiver and ¢ = 2n. Let 0 = 1 so that ?Ge = Oy,,. If ¢ = —1
then 9, = s09,,, while if ¢ = 1 then ?R. = Sym? C?" as Og,-modules. Next, let 0 = —1 so that
G = Spy,,. If ¢ = —1 then ?R, = sp,,,, while if ¢ = 1 then ?R, = A\*> C2" as Sp,,,-modules.

Definition 5.9. Let T, C B, C YG. be the standard maximal torus (with fundamental weights
w;(i)) and Borel subgroup in ?Ge. Let “W, = Nog_(°Tc)/?Tc be the corresponding Weyl group.
There is an isomorphism

‘W, =~ H Symeiy X H L2 1SYM (s /2] -
i€Qt 1€QY

C
Given d € ?Come, let QWQ = Wyr X HWdoc c 'W,. If e,d € YComy, let gDQ denote the set of
the shortest representatives in YW, of the double cosets W \?W./?Wy.

Definition 5.10. Given d € Com,, we call a sequence V, of Qo-graded isotropic subspaces
{0} =WwcCcVicVaC...CVy CVec

an isotropic flag of type d if dimg, V;/V;—1 = d; and dimg, VZ{/VZg = do. Any isotropic flag
Ve can be extended to a flag D(Vs) € §p(a) of length 2/q + 17by setting Vary —py1 = V& for
k=0,...,04 (if dow = 0 then Veg+1 = Vi, 18 Lagrangian). Let GVQ denote the standard isotropic
flag of type d (consisting of coordinate subspaces with respect to some fixed basis). Define

‘%4 = {p € "Rc | D(*Vaq) is p-stable}, “Pg :=Stabog,("Va), “Lq =], Ga; x "G

Let 9Fa = 9G./%Pq be the projective variety parametrizing isotropic flags of type d. Given d =
e & ¢, define
994 := {(Va,p) € %Fa x "Re | D(V4) is p-stable}.
Let
0 ‘ma ¢ ‘ma g
SQ<; QQ — "R
be the canonical projections. Note that eTg is a vector bundle while 97@ is proper. We abbreviate

0%, = |_| ‘QSQ, 09, = |_| QQQ, Ore = Ugﬂ'g: 9. — IR..

dec dec
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Definition 5.11. Given d,e & c, set

(% 4 6 6 6 0 [’
3ae 1= "0a xom, "Qe, P3¢ ="Qe xom, e = | | “3ae,

d,ecc

where the fibred product is taken with respect to .. We call 93, the isotropic quiver Stein-
berg variety. We define the ?Gc-equivariant Borel-Moore homology groups ?Q4,%Qc,%Z4.e,? Z¢ in

analogy to , and 933‘1, 0ze .= Paee OZ&d in analogy to and , respectively.
Furthermore, define

p, = H'(BQTC) = ® Clz1 (), ... ,xc(i)(i)] & ® Clx1(2), . .. » T o) | (1)],
€Qy i€Qf
where (i) := c1(?%;(i)) is the first Chern class of the line bundle U; (i) := ET. x«i() C. For
each d & c, set
PNa =P, A= D Aa.

dec

As in @ and (@, we can identify GZE’Q ~0Qy GAQ and 9Z¢ =99, = 9A,.

5.3. Quiver Schur algebras for quivers with an involution. We apply the framework of
to the vector bundle X = Q. on the isotropic quiver flag variety ., the space of self-dual
quiver representations Y = R, and the projection 7 = 7. Then Z = 93, is the isotropic quiver
Steinberg variety, and we obtain a convolution algebra structure on its Borel-Moore homology
bz, = HfGC(QSC) and a ? Z.-module structure on Q. = HfGC(QQC).

Definition 5.12. We call ? Z, the mized quiver Schur algebra associated to (Q,0,0,¢,c), and ?Q,
its polynomial representation.

Remark 5.13. We would like to remark on the connection between our mixed quiver Schur algebra
9 Z, and existing constructions.

(i) In the case when @ is a loopless quiver and 6 is an involution with no fixed vertices, the
KLR analogue of Y2, associated to complete (rather than partial) isotropic flags, was
defined and studied by Varagnolo and Vasserot in [47].

(ii) Our algebra ?Z,. is also related to the parabolic Steinberg algebras defined by Sauter
[33, 34, 35]. On the one hand, Sauter’s construction is somewhat more general since she
also works with non-classical gauge groups. On the other hand, Sauter’s construction
is different from ours since she only allows parabolic flags of a certain fixed type, while
we consider all the possible types at once. In effect, special cases of Sauter’s parabolic
Steinberg algebras appear as subalgebras in ¢ Z,.

The following result carries over, with analogous proof, from the no-involution case.

Proposition 5.14. The ? Z.-module ? Q. is faithful. There are canonical isomorphisms
?Zc 2 Extlc, (("7c)«Coq,, (“7c)sCoq,), Qe = Extig (Cog,, ("me)sCoq,) (29)

intertwining the convolution product with the Yoneda product, and the convolution action with the
Yoneda action.

Definition 5.15. We have the following analogues of merges, splits, idempotents and crossings
from Definition in?z,:

2
e d e e k sk(d INAC
0 Ai = [9 g,g]? o Y; = [93Q7§]’ eeg = [GSQ,QL Ig = 0 Y/\kz((g)) * o Agk( )

ford > ee cand 1 < k < fq. We say that a merge or split is elementary if e = /\Z(Q).

If 1 <k < {4q — 1, we depict elementary merges and splits diagrammatically in analogy to the

k
elementary merges and splits in Definition a More precisely, to the elementary merge ¢ AQ @

we associate the diagram

dp +dr41 d; dr_1 dp +drt diyo dey doo

K- A

dy dri1 d; dp1 dy dii1 drg2 dey dew
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and to the elementary split ? Y A< (d) the vertically reﬂected diagram.

If k = {q, we associate to the elementary merge ? A 9 the new diagram
D(dli) +doo d1 dégfl D(déi)+doo

d[g doo dl ng—l ded doo

and to the elementary split ¢ Y%k( a) the vertically reflected diagram.
We have the following analogue of Proposition which also follows directly from Lemma
Proposition 5.16. We list several basic relations which hold in ? Z,.

a) Letd > e > f & c. Merges and splits satisfy the following transitivity relations:
£ £ d d
e **Aka="Aar "Ye *’Yr="Y¢-

b) Let d & c. Elementary merges satisfy the relations (R1) and the following new relation

D(deg—1 +dey) + doo D(deg—1 +dey) +doo
d4d71 ded doo ded 1

Q/ (R2)

D(deg—1 +dey) +doo D(deg—1 +dey) +

5.4. Basis and generators. We want to construct a basis for  Z, analogous to the Bott-Samelson
basis of Z. from Theorem We begin by adapting the combinatorics of refinements (see §3.4)
to the present setting.

Let #: N. — N¢ be the involution defined by

. (k,0(4)) ifi € Qf and 1 <k < c(d),
(k) = { (cli) — k+1,1) ificQfand 1<k < c(i).

If A\ € Par?, we say that \ is an isotropic partitioning of c of length %4, = |n/2| if \=1(k) =
oA "t(n k +1)) for 0 < k < n. Let °Par, C Par, denote the set of isotropic partitionings of c,
and let “Par denote the subset of those isotropic partitionings which have length m.

Let °C and P be the unique functions making the following diagram commute

c
Par. . 7 Com,

P
T
’c
Par, > 9Com,

’p

The set “Par’ is endowed with natural Z; { Sym,,- and *W,-actions. It is easy to check that
Lemma still holds if we replace Par., Com¢, C, P, Sym,, W, and Wq by their isotropic
analogues. The following lemma follows directly from the definitions.

Lemma 5.17. If \, i € “Par, then A §) i € ‘Par,.
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C
Definition 5.18. We call a triple (e,d,w), consisting of e,d € ?Com, and w € ng, an isotropic
orbit datum. This name is motivated by the fact that orbit data naturally label the ?Ge-orbits in

0%. x ?%.. We define the corresponding refinement datum (€, a, u) in analogy to Definition
More precisely, if we abbreviate A = ? P(e) and p = w - * P(d), then

e:="CAqu), d="Cuar

and u € Zy ZSymegmu is the unique permutation sending A §3 ¢ to v § A. We also choose a reduced

expression u = s;, - ...-s;, and define the associated crossing datum (€, ...,e**) in the same way

as in Definition [3.19
Example 5.19. Let @ by a quiver such that Q) is a singleton. Then there is a unique involution
on (. Let ¢ = 14 and choose any duality structure on Q). We identify 7+ k = —k for 1 <k <7 so
that Ne = {#1,...,£7}. Let sy € YW, = Z 1 Sym, be the element swapping 7 and —7. Suppose
that e = (3,2,4), d = (4,2,2) and w = $55657565553548556. Then
= [1,2,3][4, 5][£6, £7][-5,-4][-3,-2,-1], p=1[1,2,4,-5][6, 7][£3][-7,-6][5,-4,-2,-1],

/\SZM = [1,2][3][4][5](6, 7][-7,-6][-5][-4][-3][-2,-1], w2 A = [1,2][4][-5][6, 7][3][-7,-6][-3][5][-4][-2,-1].
Hence

€=1(2,1,1,1,2,0), d=(2,1,1,2,1,0), = s45352545554 € Z 1 Syms.
Definition 5.20. Given an isotropic orbit datum (e, d, w), the corresponding refinement and cross-
ing data, and ¢ € 0A§2k, we define elements d == e in analogy to Definition [3.24] i.e.,

w

c ] 2k
d=e := “heo * ¥ hez OXGQk xcx Yy €%Zca

We have the following analogue of Theorem [3.25

Theorem 5.21. If we let (e,d,w) range over all isotropic orbit data and c¢ range over a basis
of " Aoz, then the elements d = e form a basis of ? Z..
- w

Proof. The proof of Theorem [3.25 uses only three ingredients: the Bruhat decomposition, Proposi-
tion and Lemma The Bruhat decomposition of course generalizes to reductive groups of
type B, C and D. Lemma also generalizes straightforwardly. To generalize Proposition [3.21
one only needs to modify its proof by replacing inversions associated to the symmetric group by
inversions associated to the Weyl group of type B (see, e.g., [I, Proposition 8.1.1]). O

Theorem [5.21] and Proposition [5.16] directly imply the following analogue of Corollary [3:27}

Corollary 5.22. Elementary merges, elementary splits and the polynomials ® Z¢ generate ° Z. as
an algebra.

5.5. Monoidal structure and categorification. We now consider the relationship between the
categories of modules over 9z, and Z.. In this subsection we view ? Z. and Z. as graded algebras,
with the gradings imported from the gradings on the corresponding Ext-algebras via the isomor-
phisms and . We begin by recalling the monoidal structure on the direct sum Z-pmod of
the categories of finitely generated graded projective modules over quiver Schur algebras Z. for all
dimension vectors ¢ € I'. We then show that the monoidal category Z-pmod acts on the corre-
sponding category ¢ Z- pmod of modules over the algebras ¢ Z.. Passing to Grothendieck groups, we
obtain a Ky(Z)-module and -comodule structure on K(?Z), which we relate to the Hall module
of the category of self-dual representations of the quiver @Q introduced by Young in [51].

One can easily show (as in, e.g., [43] §2.4] or [25, §2.6]) that there are canonical (non-unital)
injective graded ring homomorphisms

’L'C’C/: Ze ® Zer > ZC+C/, (30)
for all ¢,¢’ € T, induced by inclusions of the corresponding polynomial representations
Qc ® Qc’ — Qc+c’~ (31)

Diagrammatically, these inclusions are depicted by a horizontal composition of diagrams. They
define an associative algebra structure on the direct sums Z = @cer Z.and Q = @cer Qc¢, which
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is referred to as the horizontal multiplication. The inclusions also give rise to induction and
restriction functors

Indee: Ze ® Ze-mod — Zogpor-mod, Rese et Zeter-mod = Z¢ @ Zo-mod, (32)

where by, e.g., Z.- mod, we mean the category of finitely generated graded left Z.-modules. These
functors restrict to subcategories of projective modules. Setting

M ® N = Zc+c’ ®ZC®ZC/ MXN
for M € Z.-pmod and N € Z.-pmod, and 1 = Z; defines a monoidal structure on the direct sum
of categories
Z-pmod = @ Ze-pmod.
cel
Let Ko(Z) = Ko(Z-pmod) be its Grothendieck group, considered as a Z[g*!]-module. The functors
(32) induce maps
Ko(2)® Ko(Z2) = Ko(2), Ko(Z) = Ko(2) ® Ko(2),

which turn Ko(Z) into a I'-graded Z[¢T']-bialgebra. For special choices of the quiver @, the bial-
gebra Ky(Z) can be identified with (the opposite of) the generic nilpotent Hall algebra associated
to the category of representations of @@ over finite fields. For more information about this algebra
we refer the reader to, e.g., [36].

Proposition 5.23. Let Q be one of the following quivers: a Dynkin quiver, the Ay quiver, the
Jordan quiver or a cyclic quiver. Then Ko(Z)° is canonically isomorphic to the integral form of
the generic nilpotent Hall algebra of the quiver Q.

Proof. By Theorem there is an isomorphism of algebras Z. = ZZW for each ¢ € I'. The
explicit description of this isomorphism from [28, Proposition 9.4, 9.6] implies that there is a
commutative diagram of ring homomorphisms

Z5W & Z5W —, Z5W,
ZTflip

ZéS‘W ® ZEW 2

i

ZC X ZC/ — Zchc/

Passing to Grothendieck groups, we see that Ko(Z) = Ky(Z°W) as algebras. The proposition
now follows from [43, Proposition 5.12]. O

We now bring the mixed quiver Schur algebras ? Z, into the picture.

Lemma 5.24. Ifa €T, b € I'Y satisfy D(a) + b = c, then there is an injective (non-unital) ring
homomorphism

iab: Z2a®°2p =2, AS @A INS, YE @OAS —OYE, (33)
sending a polynomial f @ g € Ag ® °Agr to f-g € %Agr, where d’ =dud’ and d” - € & c.

Proof. Let 93a)b = |_|93§n,§u, where the disjoint union ranges over all d”,e” & ¢ which can
be expressed as a concatenation d U d’, for some d > a and d' & b (and analogously for e”).
Clearly GZaﬁb = HfGC (933710) is a convolution subalgebra of ? Z.. The forgetful maps GQQH — Q4
(remembering only the first £q steps in an isotropic flag) and ?Qg» — Qg (remembering only the
last g4/ + 1 steps) induce a map 93a,b — 3. % ?3,. The pullbz;ck Za ®792b — 92, with respect
to the latter is injective, and it is easy to check that it is compatible with the convolution product
and that, explicitly, it is given by . |

As before, the inclusions are depicted diagrammatically via a horizontal composition of
diagrams. They give rise to functors

Indap: Za ® eZb— pmod — GZD(a)er— pmod, Resyp: QZD(aHb— pmod = Z, ® GZb—pmod. (34)
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Let Y Z-pmod be the direct sum of categories

9 z_pmod = @ 9 Z.-pmod

cel?

and let Ko(?Z) = Ko(?Z-pmod) be its Grothendieck group. The following proposition, whose
proof is standard, summarizes the relation between the categories Z-pmod and ¢ Z-pmod.

Proposition 5.25. The following hold.
a) The monoidal category Z-pmod acts (see, e.g., [19]) on ¢ Z-pmod via

M+ N ="°Zp) b ®z,002, M RN,

for M € Z,-pmod and N € % Z,-pmod.
b) The functors induce maps

Ko 2)9 Ko(°2) = Ko(°2), Ko(?2) = Ko(2) @ Ko(?2),

which turn Ko(°Z) into a T%-graded Ko(Z)-module and -comodule.

Remark 5.26. In [51], Young defined a Hall module associated to the category of self-dual rep-
resentations of a quiver with an involution. The Hall module is a module as well as a comodule
over the Hall algebra associated to the same quiver. We expect that, for a general quiver Q) with
an involution #, Ky(Z) is isomorphic to a subalgebra of the Hall algebra of Q and Ky(YZ) is iso-
morphic to a subspace of the Hall module of (Q, 6) stable under the action and coaction of Ky(Z).
Since Ky(Z) contains the composition subalgebra associated to @, [5I, Theorem 3.5] implies that
Ko(°Z) is also a module over By(gg), the algebra introduced by Enomoto and Kashiwara [I3, 14]
in the context of symmetric crystals. The KLR analogue of K((Z) was studied by Varagnolo and
Vasserot [47], who showed that it is isomorphic to a certain highest weight module over By(gg).

6. CONNECTION TO COHOMOLOGICAL HALL ALGEBRAS

In this section we relate quiver Schur algebras to the cohomological Hall algebra (CoHA) of a
quiver @ (without potential) introduced by Kontsevich and Soibelman [26]. More specifically, we
interpret merges and splits as iterated multiplication and comultiplication in the CoHA. This gives
an action of quiver Schur algebras on the tensor algebra of the CoHA, which we identify with the
direct sum of the polynomial representations of all the quiver Schur algebras associated to Q. In the
case of a quiver endowed with an involution and a duality structure, we relate mixed quiver Schur
algebras to the cohomological Hall module (CoHM) introduced by Young [52], realizing merges
and splits as action and coaction operators. An algebraic manifestation of these connections is a
new interpretation of the shuffle description of the CoHA and the CoHM in terms of Demazure
operators.

6.1. The cohomological Hall algebra. We start by recalling the definition of the CoHA from
[26] §2.2]. Let @ be a finite quiver. Given c € I' and d & ¢, set

He = HE (Re), Ha:= ®§i:1 Ha; M= Deer He-

The Kiinneth map and the homotopy equivalences Rg — Hj Ra,; and Pg — Lg yield canonical
isomorphisms

Ha = HLQ(HJ'Q E)%d,-) = HPQ(ERQ)- (35)
Definition 6.1. Given d >~ e, we have a closed embedding (Rq)p, < (Re)py and a fibration
(Re)py 5 (Re)p, With smooth and compact fibre. Using the identification (35]), we get operators

P Ol

mS: Ha L2 He,  come: He 2 Hg. (36)

We abbreviate mg = m(gc), etc. Let m: H®H — H and com: H — H @ H be the operators defined
by the condition that m|z,, = mg, and that the projection of com|y, onto Hq equals comg7 for all

dimension vectors ¢ € T' and vector compositions d € Com? of length two.
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Definition 6.2. The cohomological Hall algebra associated to the quiver @ is the I'-graded vec-
tor space H together with multiplication given by m. By [26] Theorem 1], (#, m) is indeed an
associative algebra. The operation com also makes H into a coassociative coalgebra. However,
the multiplication and comultiplication are in general not compatible, i.e., (H, m,com) is not a
bialgebra.

In light of Definition the operators can be viewed as multifactor versions of multiplica-
tion and comultiplication in H.
Definition 6.3. Let T(#) := T(H4) be the tensor algebra of H, =
a I'-graded vector space in the following way:

T(H) = Deer Te(H),  Te(H) = Bace Ha- (37)

We consider mé and comg as operators on Tc(H). Given v € Hg, let Uy = yU- : Hq — Haq be
the operator given by taking the cup product with ~.

cer, He. We regard it as

6.2. The CoHA and quiver Schur algebras. We will now explain the connection between the
cohomological Hall algebra H and quiver Schur algebras associated to the same quiver Q.

Lemma 6.4. For each c € T, there is a vector space isomorphism
Te(H) = Qe. (38)

Proof. Tt is easy to see that the Borel constructions (Ja)p, and (Qa)c, are naturally isomorphic.

~

Composing with the induced isomorphism of equivariant cohomology groups Hg, (Ra) =
HE_(Qaq) yields an isomorphism Hgq =5 Qg. The lemma follows by summing over all d & c. O

Remark 6.5. If we sum over all dimension vectors ¢ € T', the identification gives rise to
an isomorphism between the entire tensor algebra T(H) and the direct sum Q = @ Qc of the
polynomial representations of all the quiver Schur algebras associated to the quiver ). Under this

isomorphism, multiplication in the tensor algebra corresponds to the horizontal multiplication on Q
defined by the inclusions .

Since, by Proposition the Z.-module Q. is faithful, induces an injective algebra homo-
morphism

Ze — Endc(Te(H)). (39)
The following theorem gives an explicit description of this homomorphism.

Theorem 6.6. The algebra homomorphism is given by

e e d d
Ad— Mg, Yo rrcome, Uy,

whered = e c and v € Qq = Ha.

Proof. By Corollary [3.27] Z. is generated by merges, splits and polynomials. Therefore, it suffices
to describe the image of these elements. We have a commutative diagram

(Ra)ps —— Re)py —— Rep,
I R I (40)
(Qa)e. —— (Qae)o. —— (Qe)s

c

where ¢ and ¢ are as in . As explained in the proof of Theorem the action of Ai is
given by the pushforward along the two lower horizontal maps in . But this is the same as
the pushforward along the two upper horizontal maps, which is, by definition, mi. Similarly, the
action of Yg is given by the pullback along the two lower horizontal maps in , and this is the

same as the pullback along the two upper horizontal maps, which is, by definition, comg. The third
statement is clear. (]

Remark 6.7. We make several remarks about Theorem [6.6]

(i) In light of Theorem the associativity of the merges (R1|) and the coassociativity of the
splits (R2|) relations in the quiver Schur algebra express the fact that H is an associative
algebra and a coassociative coalgebra, respectively.
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(ii) When Q is the A; quiver, H is isomorphic to the exterior algebra in infinitely many variables
(see [26], §2.5]). This fact explains the connection between quiver Schur algebras associated
to the A; quiver and web categories, discussed in

Next, we interpret multiplication in the cohomological Hall algebra in terms of Demazure oper-
ators.

Proposition 6.8. Let a,b € T, ¢c = a+ b and d = (a,b). Given f € Ha and g € Hp, the
multiplication of f and g is given by
m(f,g) = (=1)"*-Agq(f g -Ea),

where - stands for polynomial multiplication (i.e., the cup product).

Proof. The proposition follows directly from Proposition [4.9] and the shuffle formula for multipli-
cation in H from [26, Theorem 2]. O

Remark 6.9. Yang and Zhao defined in [49] a formal version of the CoHA associated to any
equivariant oriented Borel-Moore homology theory and described multiplication in the formal CoHA
in terms of a shuffle formula depending on a formal group law. We expect this formula can be
rephrased in terms of the formal Demazure operators from [20].

6.3. Cohomological Hall modules. We recall the definition of the cohomological Hall module
from [52, §3.1]. Suppose that @ admits an involution 6 and a duality structure (o,<). Given ¢ € I'?
and d & c, let

. ‘
"Me:=Hsg ("Re), "Ma = Q% Ha, ® ' Ma,,, M= cro’Me.
In analogy to , we have canonical isomorphisms
~y L] e ~Y L]
OMQ = HGLQ(H]’Q:I Ra,; % omdw) = HGPQ(GSRQ). (41)
Definition 6.10. Given d >~ e, we have a closed embedding %i: (“Ra)ep, — ("Re)op, and a

fibration “p: (aiﬂg)epg —» (ei)‘ig)epg. Using the identification (1)), we get operators

ei*e*

2P 0 M. (42)

6 6.
e PxO Uy d
fmg: "Mag ——— M., Pcomg: ‘M,

Let act: H® %M — 9 M and coact: Y M — H ®? M be the operators defined by the condition that
act|epq, = mg, and that the projection of coact|e o, onto 9 Mq equals comg, for all ¢ € I'? and
de’Coml.

Definition 6.11. The cohomological Hall module associated to (Q, 6, 0,s) is the I'’-graded vector
space ? M together with the H-action given by act. By [52, Theorem 3.1], (Y M, act) is indeed an

H-module. The operation coact also makes ? M into an H-comodule. However, the action and the
coaction are in general not compatible, i.e., (? M, act, coact) is not a Hopf module.

Let us interpret the operators in the two special cases whend ~yeord ~.e. Ifd >~y e
then omﬁ and ecomg are multifactor multiplication and comultiplication operators, respectively.

On the other hand, if d >, e then emﬁ and gcomg can be interpreted as iterated action and
coaction operators, respectively.

6.4. The CoHM and mixed quiver Schur algebras. Let T(? M) := T(H) ® M. We regard
it as a I'%-graded vector space as follows:

T(OM) = Bero Te(*M), Te("M) := Byee *Ma.
In analogy to Lemma one easily shows that there is a vector space isomorphism
Te(M) = ?Qe. (43)
Since the Z.-module Q. is faithful, induces an injective algebra homomorphism
2, < Ende(Te(M)). (44)

Theorem carries over, with analogous proof (using Corollary , to our current setting,
yielding an explicit description of this homomorphism.
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Theorem 6.12. The algebra homomorphism is given by
o \a—fmg, ? Yg s fcomS, Uy,

where d & ¢ and v € °Qq = Y Mq.

Remark 6.13. Summing over all ¢ € I'?, gives an identification of T(H) ® M with the
direct sum of the polynomial representations of all the mixed quiver Schur algebras associated to
(Q,0,0,¢). Moreover, the relations — express the fact that M is an H-module and
-comodule, respectively.

6.5. The polynomial representation. We will now use Theorem to deduce an explicit
description of the polynomial representation ? Q. of ¢ Z. from the corresponding description of the
cohomological Hall module Y M as a shuffle module in [52].

Definition 6.14. Let d = (a,b) & c. We first define an analogue of the classes S4 from (19).
If i € Qf, then let

a(i) a(i)+b(i) c(1)

SIIL L @) = @)en() = @) o) = )

k=1 l=a(i)+1 m=a(i)+b(i)+
If i € Qf then

a()) le(i)/2]
’8a(i) = gi(x1 (D), s zay() [ (can@ —m@) [T TI @@ —2()?),

1<k<li<a(i) k=1]= a(1)+1

where

1)2® H x2i(?) if o(i) =1 and c(i) is odd,

a( ) H zp(i) ifo(i) =—1,

1 if 0(i) = 1 and c(4) is even.

gi(x1(3), ..., Tag) (1) =

Next, we define an analogue of the classes Eq from . To simplify exposition, let us write
l‘k(e(z)) = _xa(i)er(i)Jrk(i) if7 e QS_ and xk(e(’t)) = xk(z) if7 € Qg
Ifi % j € QF, then let

a(v(7)) a(z)
%E4(a) = "Ea(a,i)"E;(a, ) — (1)),
m=1 k:l
where
a(i)+b(i) a(6()))
I (—2m(0G)) — (i) if i ¢ QF,
6 N I=a(i)+1 m=1
Ea(@:9) =14 \ety/2) a0 |
I @m0G)? = 2:6)*) (—2m () ifi € QF,
l=a(i)+1 m=1
a(i) a(j)+b(j)
I @) - ) if j ¢ QF,
0 N k=1 l=a(j)+
Ea(.5) = 9 at) lo0)/2)

(»’Ck(')2 = 2(j)*) (—a ()Y i j € Qf,
k=li=a(j)+
and (i) = 1 if ¢(7) is odd, and e( ) 0 if c(4) is even.
If 6(i) = i € QY, then let
’Ea(a) := "Eq(a) II (=25 (0(2)) — 2(6(2))),

1<k<q(i)s(a)l<a(f(i))
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where <; = < and <_; = <, and
a(i)+b(i) a(f(i))
IT  II @) —2m60i) if i ¢ QF,

0 _ l=a(i)+1 m=1
Ea(a) =9 ai) le(i)/2)

II II — 2 ()% (@ (i) D if i € Q.

m=1[=a(i )+1
Finally, define
Cc
54 := H Y34(i), YEq:= H 9E4(a), 9rhg = Z w € "W,
1€QuQY acQiuQ? we’D§
Theorem 6.15. Let d > e & c. The action of the generators of bZ. on Q. = YA, admits the
following description.

a) The action of ? Yg is given by the inclusion

"Ye:'he = "Na, fr f, OYSloa, =0 if f#e

b) The action ofGZe da on OA¢ is trivial unless £ = d. In the latter case, if we identify QZE’Q ~
9A\g, then Zg a acts on 9Aa by usual multiplication.
c) The action of Ad on eAi is trivial unless £ = d. In the latter case, if d > e, then

e ef
0A§|9Ag = Aéf |Agf ® 1|9Ad(x,
Ifd = (a,b) and e = (c) then

e c ('E
o Aa QAQ — HA(C), f — ng (jf) .

Proof. Parts a) and b) are proven in the same was as in Theorem Part ¢) follows directly from
Theorem and [52] Theorem 3.3]. O

We would like to illuminate the formulas from Definition by relating them to Demazure
operators, generalizing Proposition [£.9]
Definition 6.16. Let d & c. Let YR} and QR+ denote the set of positive roots corresponding to
(?Be, ?Ge) and (?Be, ?P4), respectively. We abbreviate ? ra =R} - 9R£|. Define Aq = HaeeR; o
and Ac = A(e). Given w € oWy, let A, be the corresponding Demazure operator. Let wy andiw(‘j
be the longest elements in QWQ and 9D , respectively. We set we = w(c), Ad ‘9Awd7 A, = ‘QAwC
and OAE = eAwg
Lemma 6.17. Letd & c.

a) The Demazure operator ®Aq is given by the following explicit formula

“Aa= > w(agh. (45)

B MEGWQ
b) There exists some polynomial h € P such that *Ag(h) = 1.
¢) If h € 9P and f € 9Aq, then Agq(fh) = f-Aa(h).
d) Ifd = (a,b), then Ac = (—1)""4 - Ag - Sq and 984 € “Aq.

Proof. Part a) is proven as in [I7, Lemma 12]. The proof of part b) is analogous to the proof of
[28, Lemma 8.12] and requires only the following modification: one needs to replace the equality

Ac(z a2 xp g =1by —PAc(z1a3 ... - 22"71) = (=2)". The latter can be easily proven
by induction. Part ¢) is a standard property of Demazure operators. Part d) follows directly from
the observation that OSQ = HaeeRj—st —a. 0

Proposition 6.18. There is an equality of operators on %A:

6

P (°sa)~t = (=1) - A
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Proof. Let f € “Aq. We claim that

PA() ="A5(F 1) = A5(f - "Aa(h)) = "AG("Aa(fh)) = "Ac(fh)

for some h € ?P.. Indeed, the second equality follows from part b) of Lemma the third equality
from part ¢) and the last equality from the fact that we = wgwqg and £(we) = £(wg) +¢(wa). Next,

implies that

“Dc(fh)= Y > w(fh-agh).

uefDg vesWy

Since f and QSQ are QWg—invariant, part d) of Lemma implies that

"DN(fh) = (1) ST u(f(Osa)) u Y (k- agh).

uE9D§ ’UEQWQ

By and the choice of the polynomial h, we have

D> u(h-agh)="Aa(h) =1,

’UEBWQ

Hence

OAS(f) = "Ac(fh) = (=1)"4 -0 S (f - (°Sa) V). O

Proposition yields a new interpretation of the action of the cohomological Hall algebra H
on the cohomological Hall module Y M in terms of Demazure operators.
Corollary 6.19. LetacT,beT? c=D(a)+b andd = (a,b). Given f € Ha and g € * My,
the action of f on g is given by

act(f,g) = (—1)""a - °AY(f - g - °Eaq),

where - stands for polynomial multiplication (i.e., the cup product).

Proof. The corollary follows directly from [52, Theorem 3.3] and Proposition O
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