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1. Introduction

The theory of Hall algebras began more than a century ago when Steinitz ob-

served [Ste01] that (for each fixed prime p) there is an associative (!) product

A-B:=> t(C,AB)-C
C

on (formal sums of) isomorphism classes {A, B, C, ...} of finite abelian (p-)groups,
where ¢(C, A, B) counts the number of subgroups A’ < C such that A’ = A and
C' /A" = B. This product yields an associative algebra with a basis consisting of
partitions by identifying each finite abelian p-group €, Z / (p) with its type .
The topic remained forgotten for more than fifty years until Hall rediscovered what
is nowadays known as Hall’s algebra of partitions [Hal59|. This most classical of
Hall algebras was and is of great interest due to its close relationship to several
fundamental objects in mathematics such as symmetric functions [Mac95| and flag
varieties.

Hall algebras came back into the spotlight in the early 90s due to Ringel’s ground-
breaking discovery |[Rin90| that the positive part of the quantized enveloping algebra
U,(g) (of a simple complex Lie algebra g) can be realized by applying Hall’s con-
struction to the category 5—requ of finite dimensional representations over I, of
the corresponding Dynkin quiver.

Many variants of Hall algebras have since been introduced and studied; see Schiff-

mann’s lecture notes [Sch09b| [Sch09a| for a detailed overview.

1.1. A universal perspective

Dyckerhoff and Kapranov [DKa] propose the following perspective on Hall algebras:

The various collections
Xy ={0=Ay = A — ... = A}

of flags of length n € IN in a certain suitable categor can be naturally organized
into a simplicial object?)]
X4 AP ¢

which is known in algebraic K-theory as Waldhausen’s S-construction |[Wal85|.

We are supposed to view X as the “universal” Hall algebra; all other Hall algebras

DIn the classical case of Steinitz and Hall, for instance, A would be the category of finite abelian

p-groups. For us A will always be a proto-abelian category [Dycl5, Definition 1.2].

For us X* will always be a simplicial groupoid, i.e. C := Grpd. Depending on the precise nature
of the category A other types of simplicial objects (e.g. simplicial spaces or simplicial stacks)
can be used |[Dycl5|.

2)



5) Introduction

are created out of XA by applying appropriate specializations C ~» ? (called transfer
theories [DKal, Section 8.1]).

Ezample 1.1.1 (see Section[2). The classical Ringel-Hall algebra hall(A) (of a proto-
abelian category A) can be recovered [Dycl5, Proposition 2.19] by taking C := Grpd
to be the category of groupoids and by passing to (finitely supported) functions on

isomorphism classes. &

Associativity and unitality of the various Hall algebras are encoded universally in
the simplicial object X as the so called 2-Segal conditions |DKal, Section 2.3].
The 2-Segal conditions can be formulated for any simplicial object; it is therefore
tempting to consider other simplicial objects X': A°? — C which do not necessarily

arise through Waldhausen’s S-construction.

Ezample 1.1.2 (see Section [5.8). The classical Hecke algebra $(G, H) associated to
an inclusion H C G of finite groups can be obtained |[DKa, Example 8.2.11] by
taking the 2-Segal simplicial groupoid (called the Hecke- Waldhausen construction)

(2) @)
X% n]— BH xpg--- xpe BH

(with n + 1 many factors) and passing to (finitely supported) functions on isomor-

phism classes. &

The Ringel-Hall algebra and the Hecke algebra can thus be put into the same
context: both algebras can be obtained by applying the transfer theory

V:Grpd — Z—Mod, V: A Zm4

(of finitely supported functions on isomorphism classes) to an appropriate 2-Segal
simplicial groupoid X'; in both cases we simply speak of the Hall algebra hall(X) of

the corresponding simplicial groupoid X'.

1.2. Hall monoidal categories

When reading about functions on isomorphism classes of a groupoid the following

objection should immediately jump to mind:

Objection 1.2.1. |Dycl5| If we are to consider “maps” out of a groupoid A then
surely we should not be using functions myA — Z. on isomorphism classes but rather

functors A — V for some suitably chosen category V. [

This idea leads to a categorification of the Hall algebra.



Theorem 1.2.2 (see Section. If V is a cocomplete monoidal category (such that
the monoidal product is cocontinuous in each variable) then [—,V]: Grpd — CAT

induces a functor

Hall%}
{2-Segal simplicial groupoids} — {monoidal categories | lax monoidal functors}

such that Hall}y(X) is a monoidal structure on the functor category (X3, V] for every

2-Segal simplicial groupoid X': A°® — Grpd. @

The construction in Theorem relies on the fact |[Lur07, Section 1.1] that
monoidal categories can be described as op-fibrations of categories (see Appendix|A.1))
over A° satisfying the pointed 1-Segal condition (see Section .

Observe how Theorem [I.2.2] upgrades the Hall algebra to a monoidal category and
upgrades the set-map

{2-Segal simplicial groupoid Jall, {Z-algebras}

to a functor.

In the case V := Vect¢ and under suitable finiteness conditions it is also possible to
go the other way (decategorify) and turn the Hall monoidal category Hall®(X) back
into an algebra by first restricting to a smaller monoidal category Hall?(?( ) and then
passing to the Grothendieck-ring Ky. We will study the relationship between this
fat Hall algebrd®] Ko Hall?(X) and the Hall algebra hall(X) (see Section [5.2).

Remark 1.2.3. We prove a slightly more general version of Theorem by replac-
ing the assignment [—,V]: Grpd — CAT by an arbitrary componentwise cocon-
tinuous left monoidal derivator of groupoids (see Section . The rich supply of
monoidal derivators coming from monoidal model categories [Grol2| should there-
fore provide new (and hopefully interesting) Hall monoidal categories.

Disclaimer: In this thesis we sweep most subtleties of monoidal derivators under
the rug and we use some very ad-hoc definitions. Therefore some additional care
needs to be taken if one wants to use the actual monoidal derivators occurring in

nature. &

3)
4)

Fine print: satisfying some suitable finiteness conditions

We call it fat because it is significantly bigger than the Hall algebra itself: every basis element of
the Hall algebra (corresponding to an isomorphism class [a] in X]y)) gets replaced by the whole
representation theory of the group Aut(a).
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1.3. Can we also construct “Hall modules’”?

We think of a 2-Segal simplicial object as a “mold” out of which unital associative
structures (e.g. unital algebras, monoidal categories,...) can be formed by passing

to specializations.

Question 1.3.1. Can we define a similar mold which gives rise to modules over

associative structures? [

Dyckerhoff and Kapranov suggest [DKb| that we consider morphisms ) — X' of
simplicial objects and impose some suitable “relative” variant of the 2-Segal condi-
tions. We should then think of ) as an abstract X-module which gives rise to an

actual module after specialization.

Question 1.3.2. What is the appropriate notion of a 2-Segal morphism of simplicial

objects? How do 2-Segal morphisms give rise to modules? [
To answer these questions I introduce the language of hypo-simplicial objects.

Definition 1.3.3. A hypo-simplicial object (in C) is a functor X': A" — C
where Ag C A is an admissible subcategory of A (see Section [3.2)). &

It is straightforward to generalize the 2-Segal conditions from simplicial objects
to hypo-simplicial objects (see Definition [3.5.1)).
The main observation which ties the theory of hypo-simplicial objects to Ques-
tion is that a morphism ®: ) — X of simplicial objects (in C) is the same
thing as a hypo-simplicial object ®: AY — C (a relative simplicial object) defined
on a certain admissible subcategory As C A (see Section [3.2.1]).

Definition 1.3.4. A morphism ®: Y — X of simplicial objects is called 2-Segal if
the corresponding relative simplicial object ®2: A% — C is 2-Segal. s

Using this new language we can prove a refined version of Theorem [1.2.2}

Theorem 1.3.5 (see Section[d.2)). Let Ay C A be an admissible subcategory. Every
componentwise cocontinuous left monoidal derivator of groupoids V: Grpd — Cat

induces a functor

al X
{2-Segal A" — Grpd} Hally, {pointed 1-Segal op-fibrations over Agp}lax Q

We recover [Theorem 1.2.2] because a pointed 1-Segal op-fibration over A°P is

nothing but a monoidal category. Similarly a pointed 1-Segal op-fibration over A%

is the same thing as a categorical right action of a monoidal category on a category

(see Section [3.3).



Corollary 1.3.6. Every 2-Segal morphism ®: ) — X of simplicial groupoids gives
rise to a categorical right Hall module Hall{gj((lﬁ) over the Hall monoidal category

Hall(X). O

Every 2-Segal morphism ¢ gives also rise to a similar categorical left Hall module
Hall}(®<) which has the same underlying category as Hall3;(®>). By using a certain

admissible subcategory A, C A we will see how these two modules are “dual” to
each other (see Section [5.6)).

We have an inexhaustible source of 2-Segal simplicial objects through Wald-
hausen’s S-construction. What about the relative case? Can we find an interesting
supply of 2-Segal morphisms of simplicial objects?

To meet with this demand I propose a “bounded” version of Waldhausen’s S-

construction by considering the groupoids y[ﬁ }’Q of those flags
0=Ag—=> A1 —=>...—2 A, > A,

(in a proto-abelian category A) where all the quotients A, / A; (and the morphisms
between them) are contained in a suitable fixed subcategory Q@ C A (a quotient
datum). These groupoids y[’::]’g can naturally be assembled into a 2-Segal morphism
VAL 5 XA of simplicial groupoids (see Section .

Quotient data themselves are plentiful: Each pair (X,S) consisting of an object
X € A and a group S C Aut(X) of automorphisms gives rise to a quotient datum
Qg (X), by restricting (roughly) to those morphisms induced by S on quotients of
X in A.

1.4. A Schur-Weyl duality for wreath products via

“G-equivariant” polynomial functors

Most of the tools developed in this thesis will be tested on our pet example, the cat-
egory IFy [G]—free of free representations of a finite group G over I (see Section
and Section [5.7).

The Hall algebra hall(IF, [G]—free) of the category I, [G]—free is canonically isomor-
phic to the ring of divided powers. This ring is quite well understood. The same can
not be said about the (finitary) Hall monoidal category Hallf'(IF,[G]—free) which

turns out to be the category

Gl1S.—repg = @ Gl S,—rep¢

nelN
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equipped with the induction product (see Section .

One of the goals of this thesis is to understand the monoidal category G ! S,—rep¢
in terms of polynomial functors G—repg — vecte and to use this understanding to

obtain a new perspective on the representation theory of wreath product.

Theorem 1.4.1 (see Section [f]). The formula
G Sn ~NE+—F @, Tn(—)

(where T"(—): G—repgs — G 1S,—repg is the n-th tensor power functor) defines

an equivalence of monoidal categories
=: G S,—repgy — {polynomial functor G—repe — vectc}.
If G is abelian then = categorifies the classical ring isomorphism [Mac95, §I.B|
ch: Ko(G 1S, —repg) — A(G)

to the ring of symmetric polynomial class functions. @

Remark 1.4.2. Theorem [I.4.1] makes precise the intuition that polynomial functors
G—repe — vectc should be a categorification of G-equivariant (with respect to
conjugation) symmetric polynomial functions C[G]¢ — C (with d — 0o). In this
sense we can think of polynomial functors G—rep — vect¢ as a “G-equivariant”

analogue of the classical polynomial functors vecte — vectc. &
We can use Theorem to obtain the following Schur-Weyl duality for wreath

products.

Theorem 1.4.3 (Schur-Weyl duality for wreath products; see Section . Let G be

a finite abelian group and let V' be a free G-representation (over C) of rank d. Then

= (from [Theorem 1.4.1)) induces an assignment (with 0 — 0)

{irred. G 1 S,,-reps (over C) (up to iso)} U {0}
&
{irred. polyn. Autg(V)-reps. (over C) of homogeneous deg. n (up to iso)} U {0}
(1.1)
which is always surjective and is always injective outside of its kernel.

The assignment @ is a bijection in the case n < d. @

5)

The wreath product groups G1.S,, = G™ x S,, are generalizations of the symmetric group with a
similar (but more complicated) representation theory [Mac95, §1.B]. A special case is the Weyl
group of type B which is given as % LS.

6)Fine print: of bounded total degree
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Remark 1.4.4. The topic of polynomial GL,,-representations and polynomial functors
is an old one which appears in the literature in many different variants and flavors;
see for instance |Gre06|, [F'S97], [Koc|, and references therein.

Theorem and Theorem reduce to very classical statements [Mac95, §1.A]
for G = {1}; most ideas in this case go back to Schur [Sch01}Sch27]. The adaptation
of the classical proofs and constructions to the case of wreath products seems to be
original in this thesis.

The new aspect here is the viewpoint via “G-equivariant” polynomial functors; I am
not claiming that Theorem itself is original. In fact, various approaches to
a Schur-Weyl duality for wreath products are known; see for instance [MS16| and

references therein. O
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I am grateful to the DAAD and the Studienstiftung des deutschen Volkes who pro-
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1.6. Notations and conventions

e The symbols IN, Z, @, C denote the natural numbers (including 0), integers,

rational numbers and complex numbers.
e The cardinality of a finite set (or group) X is denoted either by #X or by | X|.
e All rings and algebras are associative with 1 but are usually not commutative.

e The categories of all vector spaces (over k), representations (of G over k) and
(left)-modules (over a ring R) are denoted by Vect,, G—Rep, and R—Mod
respectively. When considering finite dimensional vector spaces/representations
or finitely generated modules we use lower-case letters (e.g. vecty, G—rep,, or
R—mod).

e We write a € C if a is an object in the category C.

e We denote the initial and terminal object in some category by & and {x}

respectively.
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The opposite of a category C is denoted either by C°? or by C,, depending on
the typographical needs.

If f: a — bis amorphism (from a to b) in C and we view it as a morphism
(from b to a) in C°? then we use the notation f: b <— a; the arrow will always

show the direction in the original category C.

The category of functors C — B (and natural transformations between them)

is denoted by [C, B] both in the enriched and in the non-enriched setting.

If G is a monoid (resp. R-algebra) then we sometimes think of G as the category

(resp. R-linear category) B G with one element x¢ and Endg¢(*¢) = G.

The symbol A can denote both the simplex category (of finite linearly ordered
sets) or a diagonal morphism (e.g. A: X — X x X); the context will remove

any ambiguity. See Section [3] for more notation and conventions about A.

If n € N is a natural number then [n| denotes the linearly ordered set {0, ..., n}

(usually seen as an object in A).

If G is a group then k[G] denotes the group algebra and ¢k[G] denotes the

regular representation of G (over k).

For a finite group G we denote by G, the set conjugacy of classes in G and by

G* the set of irreducible characters of G.

The size of a partition A = (A > Xy > ...) is [A] = Y. A;. We denote by P,

the set of partitions of size n.

For a set X we denote by P, (X) the set of partition-valued maps on X with
total size n; in other words, an element of P,(X) is a family (A(z)),y of
partitions such that [[A|| == )" _[A(z)| = n.

For a partition A we denote by sy, e) and h, the corresponding Schur function,

elementary symmetric function and complete symmetric function respectively.

The tuple (1,...,1) with d many 1’s is denoted by (1%). If the d is clear from

the context we might just write (1).
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2. The classical Hall algebra

We start off by recalling the classical definition of the Hall algebra.
Let A be a proto-abelian category [Dycl5, Definition 1.2]. In particular A has a

zero object, direct sums, as well as a notion of flags and short exact sequences.

Definition 2.0.1. A proto-abelian category A is called finitary if it is essentially
small and for each pair of objects A, A’ € A the sets Hom 4(A, A’) and Ext4(A, A’)
(of extensions 0 — A" =7 — A — 0 up to equivalence) have finite cardinality. ¢

Example 2.0.2. The prototypical example of a finitary proto-abelian category is the
category vectp, of finite dimensional vector spaces over the finite field IF;; more
generally we can take the category of all finite abelian p-groups for some prime p.

Another example is the category vecty, of finite pointed sets and partial bijections
which we study in more detail in Section &

Warning 2.0.3. A proto-abelian category does not need to be enriched over abelian

groups as the example vecty, shows. &

Construction 2.0.4. The classical Hall algebra hall(.A) of a proto-abelian cat-

egory A is given as follows:

e The underlying abelian group is the free Z-module

D z M

[M]€elso(A)
on the set of isomorphism classes of objects in A.

e The product of two basis elements is defined as

[N]-[L] = gn.[M]

[M]€lIso
with the coefficients g3/ given by

v #{ses. L —M - N}
INL = # Aut(L)# Aut(N)

One can prove that hall(A) is an associative algebra |Dyclb, Theorem 1.6]. We
denote the extension of scalars R ®yz hall(A) of the Hall algebra by any ring R by
hallg(A). s

Following Dyckerhoff and Kapranov [DKa, Section 8.2] we subdivide the construc-
tion A ~ hall(A) of the Hall algebra into two steps:
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1. From the proto-abelian category A we can construct the simplicial groupoid
XA: A® — Grpd of flags.

2. To each groupoid A we can assign an abelian group V' (A) of finitely supported
functions mgA — Z.

We can then redefine the Hall algebra by taking V(X[ﬁ) as the underlying abelian
group; the multiplicative structure will be given by the extra functoriality structure
of V and the higher groupoids X[;‘L‘].

2.1. The simplicial groupoid of flags

Given a protoabelian category A we can define the following simplicial groupoid
XA A 5 Grpd:

e For [n] € AP, the objects of the groupoid & ;‘L‘] are diagrams of the shape

0 —— Ay —— Agp —— -+ —— Agpa — Agn_1 — Ao,
| o | o | o |
0 —— Ay < SRR y Aj g —— Aipor — A
l O |
¥ ¥ ¥
0 < > > A2,n72 R— AZ,nfl — AQ,n
¥ ¥ ¥

¥ ¥ ¥

0 —— An—2,n—1 — An—2,n

O

0 ——— An—l,n
(2.1)

where all the vertical maps are epis, all the horizontal maps are monos and all

the square are bicartesian (i.e. both pullback and pushout). The morphisms

of XA are simply all isomorphisms in A of such diagrams.

e A morphism f: [n] < [m] in A° induces a morphism X7': X[f}] — X{;;‘ﬂ of
groupoids by simultaneously omitting (in the case of face maps) and duplicat-
ing (in the case of degeneracy maps) rows and columns of such diagrams. It

is easy to see that this construction is functorial.

We call X4 the simplicial groupoid of flags in A.
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Remark 2.1.1. Clearly the groupoid X[ﬁ is canonically isomorphic to the groupoid
A= obtained from A by throwing away all non-isomorphisms. More generally, X[ﬁ]

is equivalent to the groupoid
{0‘—>141‘—>142‘—>‘—>A4n}E

of flags of length n in A. This is due to the fact that Diagram [2.1] is determined up

to isomorphism by the first row and the fact that all squares are pushouts. &

Remark 2.1.2. The simplicial object of flags X* first appeared in the context of
algebraic K-theory where it is known as the Waldhausen S-construction |[Wal85),
Section 1.3]. O

2.2. Functions on isomorphism classes

Consider the assignment V: Grpd — Z—Mod given by sending a groupoid A to
the free Z-module V(A) = Z™04) of finitely supported functions on the isomorphism
classes of A. This assignment can not be extended to a functor but only to a partial
functor. We just give a sketch, see Dyckerhoff’s lecture notes [Dycl5, Section 2.3]

for more details and complete proofs.
Definition 2.2.1. Let f: A — B be a map of groupoids.

e The map f is called mp-finite if the induced map of sets mgA — 7y B has finite
fibers.
In this case the pullback f*: V(B) — V(A) given by

[ o= (e o(f(a)))
is a well defined Z-module homomorphism.

e We call f locally finite if for every a € A and b € B the 2-fiber A(a) (>2<)ﬁA(a) {b}
(where A(a) denotes the connected component of a in A) is finite, i.e. has finite
automorphism groups and finitely many isomorphism classes.

In this case we can define the pushforward fi: Q®zV(A4) - Q®z V(B) via

b= 3 vlo) (2.2)

)= [ )l ) 55

A >2<>f{b} N (
[z,f (z) —>blemo <A x r{b}

for a function ¢ : mgA — Q of finite support. 3

Sometimes we can define the pushforward without having to tensor with Q.
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Lemma 2.2.2. Let f: A — B be faithful in addition to being locally finite. Then
the pushforward fi: Q ®z V(A) - Q ®z V(B) restricts to a Z-module homomor-
phism fi: V(A) — V(B). V)

()
Proof. If f is faithful then all the 2-fibers A X s {b} are discrete, hence the denom-
inators in Formula disappear. O

Using the fact that 2-pullbacks are invariant under natural isomorphisms it is
easy to see that both the pushforward and the pullback construction are invariant
under natural isomorphisms, i.e. f* = ¢* and f, = g if f = g (whenever defined).
Further, the obvious functoriality properties (fg)* = ¢*f* and (fg), = fig: can be
shown to hold whenever both sides are defined. Finally for each 2-pullback square

of groupoids

.
I

D><Q—><
O™

we have the pull-push equation (f");0 (¢')* = g* o fi whenever both sides are defined
(actually the left side will be automatically defined if the right side is defined).

FExample 2.2.3. For a group homomorphism f: B H — B G the 2-fiber B H (>2<)f {*sc}
is nothing but the action groupoid G/ H which has objects labeled by g € G and
morphisms ¢ SN gh for h € H.

Moreover f is locally finite if and only if the index [G : Im f] and the cardinality
# Ker f are finite. In this case the pushforward

QEQezV(BH) —QezV(BG)=Q

is given by the number [if{zlr? which is just ﬁ—g if both groups are finite. If f is
faithful then this number is just the integer [G: H]. &

2.3. The classical Hall algebra, revised

Let A be a finitary proto-abelian category. As outlined before, we can use the pull-
push-structure on V' and the groupoid X[“Q‘} to define the multiplication on V(X[ﬁ).

Consider the multiplication span
i x Xy = X = X (2.3)

induced by the inclusions {0,1},{1,2} < {0,1,2} <= {0,2}. We call ¢, the chop-

ping map and v, the extremal map.



16

Proposition 2.3.1. |Dycl5|, Proposition 2.19|
1. The chopping map ¢, in the span is mo-finite.
2. The extremal map v, in the span [2.3]is locally finite and faithful.

3. The induced map

. c3 (va)
p: V(X)) x V(&) — V(X x X)) — V(&g) — V(&X),
endows the abelian group V(X[ﬁ) with the structure of an associative and

unital Z-algebra.

4. The canonical isomorphism hall(4) — V(A%) = V(X[ﬁ) (which sends an
isomorphism class [M] to the function djy;) of abelian groups is compatible
with the multiplications, hence we can (and will) identify the classical Hall

algebra hall(A) with (V(X[ﬁ), ,u). Q

2.4. Example: vector spaces and free group representations

over I

Let vectp, be the category of finite pointed sets where the morphisms are par-
tial bijections, i.e. maps f: X — Y of finite pointed sets such that the restriction
f ‘ X\f-1{0} (of f to the set of elements it doesn’t kill) is injective. We always denote
the distinguished element in a set by 0.

More generally, if G is a finite group we can consider the category IF;[G]—free of
free G-representations over IF;. The objects of this category are pointed sets with a
free G-action (by IFi-linear isomorphisms, i.e. pointed bijections) and the morphisms
are G-equivariant partial bijections. Of course we recover vecty, as IF[{1}]—free.
It is straightforward to show that I, [G]—free is proto-abelian and finitary with ker-
nels and cokernels given by Ker f = f~'{0} and Coker(f: X - Y)=Y /Imf =
{0} U (Y \ Im f) respectively. The direct sum in IF,[G]—free is given by the wedge
sum of pointed sets with the induced G-action.

We denote by X the simplicial groupoid of flags in IF;[G]—free.

Each object X € IF;[G]—free can be decomposed into G-orbits as

x= P

{0}£G.2€G\X

where all the (z) = {0} U G.z are isomorphic via z — 1g (and 0 — 0) to the

regular representation ¢IF;[G] := {0} U G. Hence the only isomorphism-invariant in
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the category IFy[G]—free is the rank defined by rk X = ‘X;é—{(?}‘.
If X is of rank n and {0}U{z1,...,z,} is a system of representatives of G \ X (in
this case we call {x1,...,z,} a IF1[G]-basis of X) then we have an isomorphisms of
groups

G S, — Aut(X) (2.4)

given by (g1,...9n,0).7; == 9o (i) Lo (i)
We conclude that the assignment *cs, — (n) = @._, ¢F1[G] on objects extends

to an equivalence of groupoids

[[ BG5S, = Ay ~ F1[G]—free™ (2.5)

nelN

by the group isomorphism for the standard basis of (n).
Therefore the underlying abelian group of hall(IF;[G]—free) has a basis given by the
stalk functions 9y, for n € IN.

Claim 2.4.1. The equivalence [2.5] extends to an equivalence of spans

Xy x A 4 = X - » X

[ BG1S, x [ BG1S,, «— [ BG1(S,xS,) — [[BGS,

nelN meN n,meN leN
(2.6)
where the lower right horizontal map is given by the inclusions G2 (S,, X S;,) — GUS,

for l =n+m.

Proof. We define the middle vertical map by using the obvious maps
G(Sy % ) — Aut (0—> (n) = (n+m) — (m) —>0)

clearly making Diagram commutative. It is straightforward to check that we
get an equivalence of groupoids by using the fact that every short exact sequence
0= X = Z —=Y — 0 is just a wedge-partition of Z into two G-stable subsets X

and Y with trivial intersection. O

We are left to compute the multiplicative structure. To do this we fix n,m,l € N
and compute (dy, d,,){l). By dropping the connected components on which 4, - 6,
is zero and restricting to the fiber of xggs, (which corresponds to (I) € X[ﬁ), we
are left with computing the pushforward of the function 1: BG (S, x S,,) — Z
along the inclusion G (S, X S,,) — G .S, if [ = n 4+ m; we are left with nothing

otherwise.
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We conclude the identity

571 5m - ‘G?(Sn « Sm)’5n+m - n 5n+m-

in hall(IF,[G]—free).

Corollary 2.4.2. The Z-linear isomorphism

:L,TL

hall (F,[G]—free) = ZM™ = T'y[z] = Z {

nG]N}

given by d,, — “’;—T gives an algebra isomorphism from the Hall algebra of I, [G]—free

n!

to the ring of divided powers. 0

We observe that the Hall algebra is independent of the group GG. This can be seen
as the first hint of the fact that the Hall algebra is not a sufficiently strong invariant
and that we could maybe do better.
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3. Preliminaries on (hypo-)simplicial objects

3.1. Notation and Conventions

e We view the simplex category A as the category of finite linear orders;

morphisms are weakly monotone maps.

e When writing about objects in A we use {zo,...,z,} and {zg < -+ < z,,}

interchangeably.
e We write N" € A if the set NV has n+ 1 elements (i.e. NV is of dimension n).

e We call subset M’ C M (of an objects M € A) convex if for 2’ <y < 2’ in M
with o/, 2 € M’ it follows that y € M’.

e For a morphism f: M — N in A and a subset M’ C M we abbreviate

f(M") ={x e N | f(minM') < z < f(maxM')} for the convex hull of
f(M') in N.

e For {zg < -+ <x,} = N" € A we define the subsets N; := {x;_1,z;} for all
1 <1< n.

e A simplicial object in a category C is a functor A°®? — C.

A pseudo-simplicial object in a 2-category C is a pseudo-functor A°? — C.

e If the objects in the category C have a common name <name> then we say
“(pseudo)-simplicial <name>" instead of “(pseudo)-simplicial object in C”. For
instance we say “simplicial groupoid” for a functor A°® — Grpd or “pseudo-

simplicial category” for a pseudo-functor A°® — CAT.

Remark 3.1.1. When working in A (or A°P) it is enough to consider the standard
objects [n] := {0, ...,n} since any other object N € A of dimension n is isomorphic

to [n] via a unique isomorphism. O

3.2. Hypo-simplicial objects

The reason why we bloated our category A (which we could have defined on the
skeleton of objects {[n] | n € IN} without losing anything) is that we want to consider
certain subcategories of A and so we need some redundancy in the objects in order

to have “enough space”.

Definition 3.2.1. We call a subcategory Ay C A admissible if it satisfies the

following conditions
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(adl) If a morphism f in Ag is a bijection (i.e. f is an isomorphism in A) then the

inverse of f is also in Ag (i.e. f is an isomorphism in Ag).

(ad2) The inclusion M < N is a morphism of Ag whenever {zg,...,z,} = N" € Ayg

and M C N is not one of the two extremal singletons {z,} and {z,}.

(ad3) Every morphism f: M — N in Ag can be factorized (in Ag) as

f: M — f(M) = f(M) = N s

Definition 3.2.2. Let C be a (2-)category. We call a (pseudo)-functor Ag® — C
defined on an admissible subcategory Ag C A a (pseudo)-hypo-simplicial object
inC. [ 3

FExample 3.2.3. The whole simplex category A C A is clearly admissible. So we
recover the notion of (pseudo)-simplicial objects by specialising Ag .= A CA.

Definition 3.2.4. If X': Agp — C is a (pseudo-)simplicial object then we call the
morphisms Xy 2.3 — Xfao,..ws 1,2151,..0n) induced by the inclusion face maps

and the morphisms X, . 2.1 = Xiao,... 0500

FERRES

2} induced by z;, z; — r; degeneracy
maps (if they exist). &
3.2.1. Relative simplicial objects

We will now see the other main example which we will use later to construct modules

over the Hall monoidal category.

Definition 3.2.5. Fix the formal symbol —oco. The subcategory A> C A is defined

as follows:

e Objects are those {—oco} # N € A such that —oo € N implies that —oo is a

minimal element of N.

e Morphisms are weakly monotone maps f such that for all z € Dom f we have

f(x) = —oco if and only if x = —o0.

Similarly we can define (after fixing another formal symbol +00) the subcategory
Ag C AZ

e Objects are those {+00} # N € A such that +00 € N implies that +o00 is a

maximal element of N.

e Morphisms are weakly monotone maps f such that for all x € Dom f we have
f(z) = +oc if and only if z = +oc.
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We call A. and A¢ the right- and left-relative simplex category respectively.
)

Remark 3.2.6. Clearly both As and Ac¢ are admissible subcategories of A.

For the rest of Section 3] we will work with As; everything we do works verbatim

for Ac. ¢
Note that A decomposes on objects as As = Ac U Ay where Ag = {N € A, |

—o00 € N} and Ag = {N € A, | —oo &€ N}. Observe that both Ac and Ay are

canonically equivalent to A via N — N \ {—oo} and N — N respectively.

There are clearly no morphisms from A¢ to Ay and the morphisms from Ay — Ac

are generated by the inclusions ¢y: N < {—oo} U N for N € Ay, ie.
Hom(Ag, Ac) = Hom(Ae, Ac){en | N € Az} Hom(Ag, Ag).
Proposition 3.2.7. Let C be a category. We have an equivalence of categories
{hypo-simpl. objects AY — C} — {maps of simpl. objects A®® — C}  (3.1)
sending a hypo-simplicial object X*: A% — C to the natural transformation

X2 XS = X7

Coouy — Ay = X5
> >
between the two simplicial objects X€: A% ~ A% 275 € and X#: A% ~ AP e
Q

Remark 3.2.8. It is not hard to see that A is equivalent to the Grothendieck con-
struction (see Appendix of the functor [id]: {e — e} — Cat which picks out
the identity id: A — A. In light of this description, Proposition becomes
purely formal. &

Proof (of Proposition . The inverse functor is constructed as follows:

Let : P — A be a morphism of simplicial objects P, A: A — C. Denote by P
and A the simplicial objects AP ~ A°p Py C and A;p ~ A Ay ¢ respectively;
let &: P — A be the transformation induced by ®. We define the hypo-simplicial
object @7 : AP — C by ¢~ = P on AP, by &> = A on AP and by @7, = . The
functoriality of ®> corresponds to the naturality of ® together with the functoriality
of P, A.

It is clear that the two procedures described above are inverse to each other and it is

easy to see that they are functorial. ([l

Remark 3.2.9. If C is a 2-category then we can replace all functors and natural
transformations by pseudo-functors and pseudo-natural transformations and obtain

an analogous statement for pseudo-(hypo-)simplicial objects. O
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Proposition justifies the following definition:

Definition 3.2.10. We call (pseudo-)hypo-simplicial objects defined on A% and
AZ right- and left-relative (pseudo-)simplicial objects respectively. &

3.3. The 1-Segal condition

Let C be a 2-category with finite products and a terminal object {x}.

In this section we denote by = a map which admits an adjoint inverse (see Ap-
pendix [A.3). This condition is usually stronger than being an equivalence (=) and
weaker than being an isomorphism (). If a map f admits an adjoint inverse, we

fix one and denote it by f~!.

Let Ag C A be an admissibile subcategory.

Definition 3.3.1. A (pseudo)-hypo-simplicial object X': AZ” — C is said to satisfy
the pointed 1-Segal condition if

(pS1) for every {zg < --- < x,} = N" € A{® the chopping map
CN: XN i} X{l“o,ivl} X oo X X{m,'kl’xn}

induced by the inclusions N; = {z;_1,2;} < N for 1 < i < n admits an

adjoint inverse.

h
If C has some notion of homotopy fiber products (denoted by x) then we can also

define the unpointed 1-Segal condition:
(uS1) For every {zy < --- < z,} = N" € A" the chopping map

~ h h
CN . XN — X{Io,xl} XX{zl} e XX{Zn—l} X{wn—l,l”n}

induced by the inclusions N; = {z;_1,2;} < N for 1 < i < n admits an

adjoint inverse. &

Remark 3.3.2. Condition for {} = N' € A implies that X, is adjoint
equivalent to the empty product which we interpret as the terminal object {x} € C,
i.e. Xgz is contractible. We call such hypo-simplicial objects (where all the X, are
contractible) pointed. It is then clear that a hypo-simplicial groupoid is pointed
1-Segal if and only if it is unpointed 1-Segal and pointed. &
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3.3.1. Weak monoid objects and tensor products

If we specialize to actual simplicial objects defined on the whole A then we obtain

so called weak monoid objects:

Definition 3.3.3. A pointed 1-Segal pseudo-simplicial object A: A°? — C is called
a (weak) monoid object in C or, more precisely, a (weak) monoidal structure

on the underlying object Ayp;. ' )
Remark 3.3.4. For brevity we will drop the adjective weak; if we ever consider non-
weak (strict) monoid objects, we will say so explicitly. &

Let A: A°® — C be a monoid object with underlying category A := Ap;). For any

n > 1 we can define an n-ary tensor product on A by

—1

DKt AX - x A= Aoy X - X A1) SN Ap) — Aoy = A (3.2)

Note that condition |(pS1)| asserts, for n = 0, that the map cjg: A =N (%}

admits an adjoint inverse. Hence the canonical morphism [1] — [0] gives a map

I Ay > A=A

Next, we consider the diagram

A{o,l} X «4{1,2} X «4{2,3} = -A{O,l} X A{1,2,3} — A{o,l} X -A{LS}

I =y

A{o 1,2,3} _— .A{() (33)

— l

Afo3)

which comes by applying A to various subsets of {0,1,2,3} and commutes up to
the isomorphisms specified by the pseudo-functoriality of A. After passing to the
adjoint inverses we obtain the following canonical mates (see Appendix [A.3)):

A{o,l} X -A{l,z} X «4{2,3} =5 -A{O,l} X A{1,2,3} — A{o,l} X -A{l,s}

== |- F

A2 — A (34)

— l

Afo,3}

These natural isomorphisms can be pasted to a natural isomorphism in the big

triangle, i.e. a natural isomorphism «;,: K3 <= — X (- X —).
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Similarly, we construct a natural isomorphism «a;: K3 <= (— X —) X —.

Composing these two natural isomorphisms gives the so called associator

a —R(-R-) = (-K )" —.

Remark 3.3.5. Expressions of the form — X (— X —) are just a more intuitive way
of writing compositions like Xy o (id4 x Xj). Similarly we might write — X — X —
for (. %

Following a similar idea we can pass to adjoint inverses in the pseudo-commutative

diagram

i~ 04-0,0"
{*} X A{()’l} — .A{()} X .A{()J} —><1_|<_'1 A{()’g/} X ./4{0/71}

~Z 4%

and paste the resulting mates to get a natural isomorphism
A I X — <> idy,
called the left unitor. Similarly we obtain the right unitor

p: — XTI <= idyu.
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3.3.2. The Mac Lane pentagon

Consider the following diagram of functors A* — A and natural isomorphisms (de-

picted by single arrows) in which the dashed arrows are yet to be constructed:

(_ X ) XK — ar (M2 xid xid) (_ X _) X (_ X _)
Oél(‘ZindXid) 'I'\ A ) )
| oy (idxidxXs2)
(-B- )R- R~ ! ~R-H(-K-)
! ) R 4
alﬁ—l ! br T o (idxidxXy)
(= —— G > By 577 i R (- (- X))
ar&—I | \\\\\‘t~\\\ —Na,-
: \‘~\} ~
(R (—K-))X— 5, CR(-R-K-)
al(:m) \4:/ V—chl
(=B ) K~ ar(idxKyxid) R((-B-)H-)
(3.5)

The dashed arrow (3} is constructed by passing to adjoint inverses in the pseudo-

commutative diagram

Agoay X Apgy X Az X Agza

]

12

1

A{0,1,2,3,4} > A{0,1,2,3} X -A{3,4}
A{0,4} < A{0,3,4} —= A{o,s} X A{3,4}

and pasting the resulting mates. The natural isomorphism 32 is constructed in the
same way from a similar diagram.

The pseudo-commutative diagram for constructing 32, is

-A{o 1} X A{l 2} X A{Q 3} X A{3 4} <— A{o 1} X A{1 2,3} X A{3 4 — A{o 1} X A{l 3} X A{3 4}

| = o

Af0,1,234) > Afo,1,3.4)

|

Ao,

and 87 and 8?2 arise from a similar diagram.
Using the compatibility of canonical mates with pasting it is now easy to show that

each of the five pieces of Diagram [3.5 commutes.
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Remark 3.3.6. Diagram is known as the Mac Lane pentagon and is part of the
usual axiomatization [ML78, §VII.1] of monoidal categories. This axiomatization
also includes two smaller diagrams involving the left and right unitors; these can be

proved by the same techniques. &
Remark 3.3.7. The Mac Lane coherence theorem |[ML78| §VII.2| essentially states

the converse (at least in the case C = CAT): Every monoidal object given as
(A, I, a, A, p) satisfying the MacLane pentagon (and a certain coherence state-
ment about A and \) can be made into a pointed 1-Segal (pseudo-)simplicial object.
More precisely, the assignment described in Section [3.3.1] can be upgraded to an

equivalence of categories
{1-Segal (pseudo)-simpl. A®? — C} — {(A, K, I,a,\,p) in C (+ coherence)} ¢

3.3.3. Modules over monoid objects

Fix a monoid object A: A°° — C in C. We want to define the notion of a module

over A in the language of pseudo-simplicial objects.

Definition 3.3.8. A (weak) right A-module structure on an object P € C is a
pseudo-simplicial object P: A°® — C with Pjg) = P together with a pseudo-natural
transformation ®: P — A which satisfies the right-relative pointed 1-Segal

condition:

(rpS1) For every n € IN the map
(¢4 q)[n]): P — Plo) X App

induced by ® and ¢: [0] = {0} — {0,...,n} = [n] admits an adjoint inverse.
)

Recall that morphisms ®: P — A of pseudo-simplicial objects A, P: A°® — C
are the same thing as relative pseudo-simplicial objects ®*: A? — C. So we can

rephrase the definition of modules in terms of relative pseudo-simplicial objects.

Proposition 3.3.9. The morphism ®: P — A is a right module over the monoid
object A (i.e. A is pointed 1-Segal and & satisfies the right relative pointed 1-Segal
condition) if and only if the corresponding right-relative pseudo-simplicial object
@7 : AY — C satisfies the pointed 1-Segal condition |(pS1)| Q

Proof. Recall that ®7: AY — C is constructed on N" = {xg < 21 < --- < 2} €
A;p by CI>J>V = P,

maps are induced by the morphism .

en} i To = —00 and by O = Ay if 19 # —00; the missing

-----
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Hence the case xq # —oo of condition for ®> corresponds precisely to the
pointed 1-Segal condition for A; the case ro = —oo corresponds precisely to the

relative pointed 1-Segal condition for ®. U

From now on we will use ®: P — A and ®~ interchangeably when talking about

right modules over monoid objects.

Given a right module ®: P — A over a monoid object A, we can define an n-ary

action map as the composition

-1
C{—oo}Un]

— 7 =y

{_Oo’n}

(I)>

>
X P {—00,0,...,n}

. n o~ §2 >
dyp: PxA" =2 O x o (1)

{—o00,0) X ®lo1} X

We can then play the same game as in Section and Section to construct
the data of a categorical action with an associator (—<—)<— <= —<(— KX —) and

an unitor — < I <= id which satisfy the usual coherence diagrams.

3.3.4. Monoidal categories and monoidal modules

A monoidal category is nothing but a monoid object in the 2-category of categories.
Since we can talk interchangeably about pseudo-functors A°® — CAT (respectively
A — CAT) and op-fibrations over A°? (resp. AY’) via the Grothendieck construc-
tion (see Appendix we obtain the following definition of a monoidal category

and of monoidal modules:

Definition 3.3.10. 1. A monoidal structure on the underlying category A is
an op-fibration of categories A — A°P (Condition [A.1.3|) with A =: A such
that the corresponding pseudo-simplicial category A°® — CAT satisfies the

pointed 1-Segal condition |(pS1)|

2. A right monoidal module is an op-fibration of categories ®* — A such

that the corresponding relative pseudo-simplicial category AY — CAT satis-
fies the pointed 1-Segal condition |(pS1)] &

Remark 3.3.11. In the 2-category CAT every equivalence admits an adjoint in-
verse |ML78, Theorem IV.4.1]. Hence in the (pointed or unpointed) 1-Segal condi-
tions (resp. relative 1-Segal condition) we can just require the chopping maps cy

(resp. the maps (1o, Pp,))) to be equivalences of categories. O

3.4. Lax and oplax morphisms

There is also an obvious notion of morphisms (pseudo)-hypo-simplicial objects.
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Definition 3.4.1. A morphism X — ) between pseudo-hypo-simplicial objects
X, V: Agp — C in a 2-category C is a pseudo-natural transformation, i.e. a collection
of morphisms fy: Xy — Yy in C (for N € Ag®) which is natural up to specified
2-morphisms

XNi)XM

lﬁN / lﬁM (3.6)

yN—>yM

(for f: N += M in A{”) which are compatible with horizontal pasting. &
Often it is necessary to weaken this notion.

Definition 3.4.2. A lax transformation X — ) is a collection of maps Sy : X — Y
in C together with 2-morphisms

XN i) XM
5N /Bf lﬁM (37)

yN—>yM

which are compatible with horizontal pasting and such that 3y is invertible whenever
fi{xo,...,xn} = {x;,...,x;} is the inclusion of a convex subset. ]
3.4.1. (Lax) monoid homomorphisms

Ifpg: A— A': A°® — C is a (lax) morphism of monoid objects (i.e. pointed 1-Segal
pseudo-simplicial objects) in C, then we call 8 a (lax) monoid homomorphism.

Part of the structure of a lax monoid homomorphism is a homomorphism
b= ﬂ[l]: A= A[l] — .Al[l] =A

on underlying objects.

By taking adjoint inverses in the diagram

A[l] X o X .A[l] (i ./42] E— A[l]
Biayx-xBp l ‘\ lﬁ By lﬁm (3.8)

(where . is invertible because the maps [2] <= {0,1},...,{n —1,n} are convex) we

can construct natural transformations

Go:b(—) X Kbh(—) = b(—K---K—)
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which are isomorphisms in the non-lax case.
Using the compatibility of 5 and canonical mates with pasting, we can prove that ¢

satisfies the obvious coherence axioms which we will not spell out here.

By taking the case Ag := A we can similarly define (lax) module homomorphisms

B: P — P’ which come equipped with transformations
Giib(=)<b(—) X - K b(—) = b(—<—K---K—).

For the situation of C = CAT (i.e. monoidal functors and categorical modules)

we can again translate using the Grothendieck construction.

Definition 3.4.3. A (lax) monoidal functor A — A’ between monoidal categories
(seen as op-fibrations p,p’: A, A" — A°P) is a functor f: A — A’ which commutes
with the fiber functors (i.e. p’ o f = p) together with transformations which
make the induced collection f3,,: A, — A/, into a (lax) monoid homomorphism.

The definition of a (lax) module functor between categorical modules is the same
with A% replaced by A% &

Of course we can copy everything in Section verbatim and just change the
direction of the transformation inhabiting the square [3.7. We then get the dual no-
tion of oplax homomorphisms, oplax monoidal functors and oplax module

functors.

3.5. The 2-Segal condition

Recall the abbreviation M; := {z;_1,x;} for an object {zq,...,z,,} = M™ € A and
the notation f(M') == {z € N | f(minM') < = < f(maxM’)} for a morphism
f: M — N in A and a subset M’ € M.

Definition 3.5.1. Let Ay € A be an admissible subcategory. A hypo-simplicial
groupoid X': Af" — Grpd is called 2-Segal if

(S2) for every map f: N <= M in A¢® the following square is a 2-pullback:

Yo — Xan) < X X,
le le[]lemXXf[]Mm (39)

XM—>XM1X"'XXMW

Of course this definition does not just make sense for hypo-simplicial groupoids
but also for hypo-simplicial objects in any category C which has some notion of

homotopy limits, i.e. homotopy fiber products.
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3.5.1. The 2-Segal condition for simplicial groupoids

In the case where Ay = A we can give an easier description of the 2-Segal condition
which agrees with the one given by Dyckerhoff and Kapranov |[DKal, Proposition
2.3.2, Definition 2.5.3|

Proposition 3.5.2. A simplicial groupoid X': A°® — Grpd is 2-Segal if and only
if the following two commutative diagrams of groupoids are 2-pullback squares for

all 0 <7< j <nandall 0 <k < n respectively:

.....

l l (3.10)

X{o ..... ij.m}y 7 X{i,j}

~~~~~

lgk l"’“ (3.11)

X0, kk'smy — Xrr)
where oy, is the degeneracy map induced by k, k' — k. @

Corollary 3.5.3. |DKa, Proposition 2.3.3, Proposition 2.5.3| If a simplicial groupoid
X1 Af® — Grpd satisfies the unpointed 1-Segal condition then X is 2-Segal. [

For the proof of Proposition we will need an easy Lemma about 2-pullbacks

of groupoids.

Lemma 3.5.4. Let

A—— B A——Y
fl/lf’ fl/f
C —— D C —Y'

be two pseudo-commuting squares. Then the induced square

A—— BxY

| I

C —— DxY'

is a 2-pullback square if and only if the first square was 2-pullback. Q

Proof. For strict pullbacks the result is clear. Hence it is also true if f' (hence
' x =) is an iso-fibration because in this case we can compute 2-pullbacks by strict
pullbacks [Dycl5, Proposition 2.5].
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We can replace B by the equivalent groupoid B which has additional copies b, of
every object b € B labeled by the isomorphisms «: f'(b) =+ d inD. We can also
replace f' by the iso-fibration f': B — D which maps the “identity” b — b, to the
morphism «. Hence we can deduce the general case of the Lemma from the case

where [’ is an iso-fibration. 0

Proof (of Proposition [3.5.2)). Let X': A® — Grpd be a simplicial groupoid sat-
isfying the two 2-pullback conditions |3.10 and [3.11 We call a map f: [n] < [m]
he-good, if the corresponding square [3.9 is a 2-pullback; then we proceed in three

steps:
1. FEvery injective map is hc-good.

2. Every degeneracy map {0,... k,...,m} « {0,... k,k',...,m} is hc-good
(for 0 < k < m).

3. If [n] <2 [m] and [m] < [l] are hc-good and f is surjective then the compo-
sition gf 1s he-good.

Statements[1{3 imply that every map o < o in AP is he-good, since it can be factored
as a composition @ <— e «— - - - «— e where the leftmost map is injective and the others

are degeneracies (which are surjective).

1. Let f be injective. We can assume that f is the inclusion {0,...,n} <
{f(0),..., f(m)} of an [m]-indexed subset.
Consider the following squares fori=1,...,m.

i—1 m

AWt 0D+ fom -0y~ TL Xgten, 00y X 1L Xigteon,..p00)

| B

50t 41ty —— T Xsomngay X L Xgoeon.eson

(3.12)
By removing the factors of the rightmost vertical map which appear on both
sides (using Lemma we can reduce this square to

X0 F V) f (1-1) G D)L f (@D f(m) =1 f ()} 7 AL f(-1) .0 f ()}

l l (3.13)

X0, F (Voo (-1) @) ()41 f ()} r X116

which is the instance of the square[3.1(| corresponding to the line { f(i—1), f(i)}
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i the polygon

Hence we know that the square is a 2-pullback.
Finally, we can vertically paste the squares for the various i = 1,...,m
to obtain the desired 2-pullback square[3.9

MAf o {0, .. om} « {0,... kK, ...m} is the k-th degeneracy for 0 < k < 'm
then the Diagram[3.9 will look as follows:

Xio,.my ——— Xy X - X X1y X Xppmiry X X k1 X Xpn—1,m)

lXok lidx---x;\_’akxmxid

X0,k my — Xpo1y X - X Xp—16) X Xy X X pr1y X - X Xne1,m)

This square arises from Diagram (which is a 2-pullback square because X
is 2-Segal) by adding a finite number of isomorphisms to the right map; hence

it 18 still a 2-pullback by Lemma|3.5.

. Diagram (3.9 for gf can be subdivided as follows:

Xg£(0),9£(0)+1,.9f )} — Xgf(0),gf (1)} X =+ X Xigra—1),...07 ()}

ng ngr{f(O) ,,,,, Fayyxe

X{(0),f0)+1,,f @)}~ XL£0),f ()} X - X XL p-1),., 1 ()}

le ler{O»l}X'“

Xo,..1} » Xy X - X Xy

The bottom square is a 2-pullback since f is hc-good. Moreover, since f is

surjective, the upper square reduces to

Xig£(0),9f(0)+1,9f @)} — X{gf(0),gf ()} X+ X X{gri—1),...07 ()}

ng ngr{f(O),f(l)} X

X0,..mp ——— Xo=y).7)} X+ X Xpa-1),70)=m}
Note, that if f(i — 1) = f(i) for some 1 < i <1 then the corresponding map

X110y Xy = Xigrany

18 an isomorphism; hence we can without loss remove those factors from the
diagram using Lemma|3.5.4. What is left after removing those factors will be

precisely the instance of the square[3.9 for g, which is a 2-pullback since g is
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hc-good.

Conversely, if X is 2-Segal then we can specialize f: N < M to {0,...,n} <
{0,...,4,4,...,n} and to {0,...,n} « {0,..., k. k', ... .n} in the 2-pullback square[3.9
This gives us precisely (after dropping some vertical identities using Lemma m)
that [3.10 and[3.11] are 2-pullback squares. O

The concept of 2-Segal simplicial groupoids wouldn’t be any use to us if it did not

apply to our main object of interest X*. So here comes the obligatory example:

Proposition 3.5.5. [Dyclb, Theorem 2.10| If A is a proto-abelian category then
the simplicial groupoid X of flags in A is 2-Segal. @

Proof. We will later prove a very similar statement in the case of bounded flags (see
Proposition , hence we omit this proof. 0

3.5.2. The relative 2-Segal condition
We want to define the notion of a 2-Segal morphism of simplicial groupoids.

Definition 3.5.6. A morphism ®: ) — X of simplicial objects is called 2-Segal if
the right-relative simplicial groupoid ®~ is 2-Segal. &

Remark 3.5.7. Definition seems arbitrarily biased towards the right-relative
point of view. It will turn out, however, that this is only an illusion; the left-relative

point of view would have given the same definition (see Remark [3.5.11)). &
We can mimic the proof of Proposition to show an analogous statement for

a large class of hypo-simplicial groupoids

Proposition 3.5.8. Let Ay C A be an admissible subcategory with “enough degen-
eracies”, i.e. assume that every map in Ag can be factorized (in Ag) as a composition
e — o « ...« e of some degeneracies followed by an inclusion.

Then a hypo-simplicial groupoid X': AY — Grpd is 2-Segal if and only if for
{wo <+ <xp} = N* € AY the following two commutative diagrams of groupoids

are 2-pullback squares (for all 0 < ¢ < j < n and all 0 < k < n respectively)

X{xo,...,xn} E— X{xi,...,xj}

l l (3.14)

X{3307-~~7Ii733j:-~~7xn} 5 X{xi,mj}

Kag,zny = Xy}

l”’“ lak (3.15)

X{xo,...,xk,,x%,...n} X{xkvx;g}
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whenever the degeneracy map oy, is defined (i.e. whenever the map xy, ) — xy lies

n A§) Q?

Remark 3.5.9. Clearly As has enough degeneracies; the only degeneracies which are
not defined are those corresponding to —oo, z — . &

We can further refine the criterium of Proposition in the case where Ay = A:
Proposition 3.5.10. A relative simplicial groupoid X': AY — Grpd (which we
can think of as a morphism ®: X< — X% of groupoids) is 2-Segal if and only if all

of the following conditions are satisfied:
1. The target simplicial groupoid X#¢: A% ~ AP C AY — Grpd is 2-Segal.

2. The source simplicial groupoid X€: A% ~ AZ C A? — Grpd satisfies the
unpointed 1-Segal condition |(uS1)|

3. The morphism ®: X€ — X¥ satisfies the following relative 2-Segal condi-

tions:

(rS2i) For every 0 < i < j < n the following square is 2-pullback:

l l (3.16)

k)
lg’“ lak (3.17)
@
&
X{Go ..... kk!,..n} > Xery

Proof. We use Proposition [3.5.8 and identify the various cases with the conditions
of Proposition|3.5.10

1. corresponds to the case —oo & N
2. corresponds to Diagram [3.14 in the case —co € N, i = 0.

(152i) corresponds to Diagram in the case —oo € N, i # 0.
(rS2i1) corresponds to Diagram in the case —oo € N and k # 0.
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Note that the case —oo € N and k = 0 cannot appear since that is the situation

where the degeneracy oy is not defined. 0

Remark 3.5.11. Observe that the conditions of Proposition|3.5.10|do not change if we
view the morphism ®: X€ — X% as a left-relative simplicial groupoid X': AL —
Grpd and require it to be 2-Segal. Hence we can speak of a 2-Segal morphism

Y — X of groupoids without having to specify left or right. &
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4. The generalized Hall construction

4.1. Monoidal left derivators of groupoids

In this section we want to introduce what we need as a second ingredient to construct
the Hall monoidal category. We want to give an axiomatic characterization of what
the assignment V: Grpd — CAT should satisfy: It should be a componentwise
cocontinuous monoidal left derivator.

We will introduce all these terms in a rather ad hoc manner without delving into the
abstract theory of derivators. We will make some simplifying assumptions which are
probably not necessary because in the end we are mostly concerned with the case
V = [—, Vectg] and the additional complications wouldn’t be worth it.

See Groth’s thesis |Groll] for a systematic (and much more careful) development of

the theory of derivators and monoidal derivators.

4.1.1. Ad hoc definitions

Consider a 2-functor V: Grpd — CAT which is contravariant on 1-cells (but co-
variant on 2-cells). Such a functor is called a pre-derivator (of groupoids). To

stress the contravariance we denote the induced map on 1-cells by V*.

Definition 4.1.1. We call V a left derivator (of groupoids) if the following

conditions hold:
(D1) The 2-functor V takes coproducts to products.

(D2) For each map of groupoids f: A — B the induced map V*(f): V(B) — V(A)
admits a left adjoint Vi(f): V(A) — V(B)

(D3) Assume we have a 2-pullback square of groupoids:

(4.1)

EBTX
O™

Then this square is required to be homotopy cartesian for V. This means
that the canonical mates (see Appendix [A.3))

V() e Vi(g') = V*(g9) e Vi(f) (4.2)
Vi(g) o V() = V*(f) e Vilg) (4-3)



37 The generalized Hall construction

of the induced diagram

V*(QI)T / TV*(Q) (4.4)

are required to be isomorphisms. s

Remark 4.1.2. In a derivator |Groll], Definition 1.11] the maps V*(f): V(B) — V(A)
are required to have both a left and a right adjoint. In case we only need left adjoints,
we talk about left derivators.

Usually (pre-)derivators are defined as 2-functors Cat — CAT defined on all small
categories and not just on groupoids. Moreover the usual axioms are a bit different
(and stronger); what we call Axiom can then be proved as a proposition. For
us Condition is really the key statement; hence it makes sense to take it as an
axiom.

We will not always mention that our left derivators are only defined on groupoids

and by “left derivator” we will always mean “left derivator of groupoids”. &

Proposition & Definition 4.1.3. Let V be a cocomplete category. Then V defines
a left derivator

VY =[-,V]: Grpd — CAT

called the left derivator represented by V. Q&

Proof. Clear.

For a map f: A — B of groupoids, the induced functor V*(f): [B,V] — [A,V]
has a left adjoint Vi(f): [A, V] — [B,V] given by left Kan extension [ML7S,

§X.] along f, which exists because V is cocomplete.

(D3) We have to show that the mate is an isomorphism evaluated at any object
a € A; the proof for the matelf.9 is similar.
Fiz a € A and consider the following diagram where the two small squares

(hence the big rectangle) are 2-pullbacks:

P f

P > X > B
lw / lg"f/ lg (4.5)
{x} = A » D

Applying V = [—, V] and passing to left adjoint gives the following pasting of



38

canonical mates
V*(f'p)

V= (p)

colimp=Vi(r l \'(gl \ lvl (4.6)

eviay=V*(f(a))

(2) (2)
Observe that the 2-fiber P ~ X x4 {a} ~ B X ,{f(a)} of groupoids coincides
with the comma categories (X | a) and (B | f(a)). Hence the pointwise
formula for Kan extensions [ML78, Theorem X.3.1] states precisely that the

canonical mates

colimp oV*(p) = ev, o Vi(¢')

colimp oV*(f'p) = evy) o Vi(9g)

living in the left square and in the big rectangle are isomorphisms.

It follows that the canonical mate[4.5 living in the right square of Diagram/[4.6
is an isomorphism after composition with ev, (i.e. after evaluation at a). Be-
cause the obect a € A was arbitrary, we conclude that all the components of
the mate transformation are isomorphisms, hence the mate itself is an isomor-

phism. 0

Definition 4.1.4. A pseudo-natural transformation between two pre-derivators
V,W: Grpd — CAT is a collection of functors V(A) EEN W(A) for A € Grpd

together with specified naturality isomorphisms living in the squares

V(A) — W(A)

V*(f)T / Tw* (4.7)

)—>W

such that some coherence conditions are satisfied. &

Definition 4.1.5. A monoidal left derivator is a left derivator V: Grpd —
CAT together with pseudo-natural transformations @),,V x V — V and {x} =V

satisfying the usual associativity and unitality conditions.. s

Remark 4.1.6. Of course this is not the correct definition. What we should really be

saying is that the associativity and unitality conditions are satisfied up to coherent
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2-isomorphisms. In other words we would have to introduce the 2-category of left
derivators and define a monoidal left derivator as a weak monoid object in this 2-
category |Grol2|. The technical details are quite burdensome, so we shall make do
with this naive definition. In fact we shall do even worse: we will assume that our
pseudo-natural transformations are strict, i.e. that all the instances of Square
commute on the nose; in other words we talk about natural and not pseudo-natural
transformations.

We can then define n-ary tensor products @),,: V x --- xV — V (including the unit
J: {x} = V) without having to track all the involved isomorphisms. &

Ezample 4.1.7. If ®: V x V — V is a cocomplete (strict) monoidal category, then
the corresponding represented left derivator is monoidal with tensor product given

by the composition

R =V x [ V]« [- VxS &

>
Remark 4.1.8. Following the same spirit as Remark we will pretend that all
our monoidal categories are strict so that we don’t have to track the coherence
isomorphisms. So for instance in Vecte we want to pretend that (U ®@ V) @ W is
equal to U @ (V @ W). %

4.1.2. Multi-valued tensor products

Fix a monoidal left derivator V: Grpd — CAT.

Construction 4.1.9. Let [n] < [m] <& [I] be a diagram in A% and let A,
<

B; and Cj} be groupoids for 1 1 <n, 1 <j<mand 1l < k < [ together
with maps y;,: C, — Bj for j = gk — 1)+ 1,...,9(k) and z;;: B; — A, for
=fG—-1+1...,f(). Itis sometimes convenient to collect all the x;;’s for a

i= fj 1)+1A
We define the multi-valued tensor product

fixed j into the map x;: B; — H

- n TT. *Cl?z‘j m f(J) m
®fw: HV(A 1—11: (1—[ V(A) [L; I1; v*(=;) HHV(B H®v l—Il
= J=li=f 1 J 4
j 3
Yjik

We call the structure maps y;, and x;; composable if all the expressions z;;,: Cj, —

B; — A, are independent from the choice of j, as the notation suggests. In this

Z; . . .
case we have @’ o @’ = @7, as can be seen by considering the following com-
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mutative diagram:

[T V(4) a > T TIY V(A
I T V2 i)
m - 1" ®y (B;) m
pr 1719 vB)) Y > T V(B;)
pr pr
, C o IT,.T1, ®v (B;) M
[T T/ vA) LI TV vB) ———2 T, 119" v(B))

Hk H]l—m (Hk H]’ Hz V*(y]k) \(Hk Hj V*(y]k)

M I, TT; ®y (C
HZ ng(k) H{(]) V(Cy) iR A

LTI vy

[T @y (Ck)
[1x @y (Ck) g

[T, V(Cr)

Here the second square on the right commutes because @),, is a natural transfor-
mation, the triangle in the bottom right is associativity of ),,, and the other two

pieces commute trivially (using 2z = x;;yjk)-

Remark 4.1.10. In the case where n = 0 and x;: B; — {x} are the unique maps to

the point, the multi-valued tensor product

®,: (=1 = [Ty = [V

J=1

(induced by f: [0] < [m]) is just a product of unit maps Jp,: {x}(B;) — V(B;)
coming from the monoidal structure on V. Here {x}(—) denotes the terminal deriva-
tor (a.k.a. the terminator).

The multi-valued tensor product induced by f: {0,...,k,...,n} «{0,... kK ..., n}

inserts a unit at position k. %

4.1.3. Naturality of multi-valued tensor products

) and a bunch of

Next consider maps B; N B of groupoids (for 1 < j < m
commutative diagrams in Grpd as follows (for f: [n] < [m], 1 <i < n as above):

Az<a—lA{L

Tx,-]- Tx;j (4.8)

B <2 B
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Applying the above procedure we obtain the commutative diagram

n Hz V*(O‘i) n
Hi V(Ai) ” Hz V(A;)
pr pr
m G [T, T V* () m G
[T/ v(4,) — > T TV vy
I, T, V* (i) I, T, v*(),) (4.9)
e I, TL V* (8) e
[TV v(B) ———= I IV v(B)
l_.[j ®v (Bj) Hj ®v (B;)

[L; v*(85)

[T V(B)) V(B

where the last square commutes by naturality of ),,. Hence we get the following

commutative naturality square for the multi-valued tensor product:

n HiV*(ai) n
Hi V<Ai) ’ Hz V(A;)

l@i”‘ l@,;éj (4.10)
m [1; v*(55) m /
[} V(B;) [} V(B))

g

By applying the above to the commutative diagrams

o e

Hf(j) A; < xj

i=f(j—1)+1 J

we immediately obtain:
Corollary 4.1.11. We can compute the multi-valued tensor-product corresponding

to f: [n| < [m] and z;;: B; — A; as the composition

m fG)

®;ij: ﬁV(Ai) _@f_> HV H A, M ﬁV(Bj) (4.11)

=1 \i=f(i-1) j=1 0
4.1.4. Componentwise compatibility with homotopy colimits

A particular case of the above discussion is when f: [n] +— [m] is just the inclusion
{0,...,n} <= {0,n} = [1] and Diagram [4.8is chosen to be

A 2

Tpri Tpri

H?:l Ai M H?:l A;



42

In this case the naturality square of the multi-valued tensor product looks as follows

n [T, V*(as) n /
Hi V(Ai) ’ Hz V(Ai)

l@,n l@,n (4.12)
VT A) —— 20 ([T A))

Remark 4.1.12. It is a straightforward calculation using the definitions that we

can recover the n-ary tensor product from this multi-valued tensor product as the

composition
. ®u 1y TT 41 V- (B0)
QR (A): v = v(][4) —= v(4)
1% i=1 i=1
where A,: A — []i_, A is the diagonal. &

Definition 4.1.13. A monoidal left derivator is said to be componentwise co-

continuous (cococo) if the mate

[L V(i)

[T V(A) <
l&
T 4

[T V(A)
l®n
[1; A)

(4.13)

V(IT; i)
(corresponding to Diagram after replacing the horizontal arrows with their left
adjoint) is an isomorphism for all n € N and Ay, ..., A, € Grpd. &

FExample 4.1.14. What does being componentwise cocontinuous mean for the repre-
sented left derivator [—,V]?

It is easy to compute that the map @, : [ [4:, V] — [[I; A;, V] is in this case given
by

n

)

Hence the component at (F,..., F)) € [[;_,[A}, V] of the mate is nothing but

the canonical natural transformation (of functors A; x -+ x A, — V)
(a1 X X ap)(F® - @ F) — an(F]) @ -+ ® o ()

Evaluating this transformation at an element (a4, ...,a,) of A; X --- X A,, we obtain

the map

colim (F{(a}) ® --- ® F!(al)) — (colim F}(a})) ® - - - ® (colim F. (a,))
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in V, where the colimits are taken over all arrows «;(a;) — a; in A;. That all these
maps in V are isomorphisms means precisely that the tensor product in V preserves
colimits in each variable.

In particular we see that our main example (Vecte, ®) gives rise to a componentwise

cocontinuous monoidal left derivator. &

We conclude this ad hoc introduction of monoidal left derivators by proving an

easy lemma.

Lemma 4.1.15. Let V be componentwise cocontinuous. Then the mate correspond-
ing to Diagram after replacing the horizontal arrows by their left adjoint is an

isomorphism if we assume that the square

sz‘cg}(j—l)ﬂ A <1_L—a H{ijj”)(j—l)+1 A
B s (4.14)
B, 4 & B,
is homotopy cartesian for V. Q@
Proof. We can factor f: [n] < [m] as [n] < f([m]) <L [m] JALE [m] and
xi;: Ai < Bj as A; 44 A; &L f:ﬁ)) A; & Bj and similarly for ;. (Recall
i=f(j—1)+1

that f([m]) = {f(0), f(0)+1,.... f(m)} = {f(OIUITL{f (G~ 1) +1,.... f())} is
the convex hull of Im f.) This gives a decomposition of Diagram as

[T V(4) e vy
®'L=pr ®'L=pr
I T viay) 00 0y
& Q;
I VIO 4) T s
@i =TI, V* () @511, v*@))
I, v* (85)

[1;" V(B;)) » 117 V(Bj)

After replacing each horizontal arrow V*(?7) with its left adjoint V\(?) the mate of the
first square is always an isomorphism and the mate of the second square (which is
gust a product of instances of Diagmm s an isomorphism because V is compo-
nentwise cocontinuous. Hence the mate of the total rectangle being an isomorphism
follows from the mate of the lower square being an isomorphism, i.e. Diagram [{.1J)
being homotopy cartesian for V. 0
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4.2. The generalized Hall construction

Recall that our goal is to construct the Hall monoidal category out of the 2-Segal
simplicial groupoid X*: A°? — Grpd of flags (in some proto-abelian category .A)
by applying the represented left derivator [—, Vect¢]. More generally we can use
any 2-Segal simplicial groupoid and any componentwise cocontinuous monoidal left
derivator of groupoids and still get a monoidal category (i.e. a pointed 1-Segal op-
fibration of categories over A°P).

It turns out that with no additional effort we can take care not only of simpli-
cial groupoids but of any hypo-simplicial groupoid. This might seem like a cheap
improvement but it pays off: as we have seen in Section we can formulate
the notion of modules over a monoidal category in the language of hypo-simplicial
groupoids, hence this more general construction will provide us with a way to con-
struct categorical modules over the Hall monoidal categories.

Let V: Grpd — CAT be a componentwise cocontinuous monoidal left derivator of
groupoids and fix an admissible subcategory Ag C A.

In this section we construct a contravariant functor
Hall®
{2-Segal hypo-simpl. A{” — Grpd} o {pointed 1-Segal op-fibr. over Agp}lax

which we call the generalized Hall construction. The superscript lax on the right
side indicates that we only consider those functors of op-fibrations ? — Ag” which in-

duce lax morphisms when we pass to pseudo-hypo-simplicial categories Agp — CAT.

4.2.1. Construct the data on objects

We start by constructing the assignment Hall?} on objects. Let X': Agp — Grpd be
a hypo-simplicial groupoid, we construct an op-fibration Hall3(X): F5§ — AP and
prove that it is pointed 1-Segal.

We construct the category F= = F%:

e For cach element N™ € A the objects of F* over N are finite tuples F' =
(F1,...,F,) of objects F; € V(Xy,) (recall that if N = {xg,...,x,} then
Ni = {.’L‘Z’_l,fl}'i}).

e To define the Hom-sets and composition over arrows N" o i
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Agp we use the following cospans which assemble to a commutative diagram:
FellV(Xn,)

=1
[TV*(Xfa15)
J m

G e [T V(Xy;) 1TV (Xrr,)
i=1 = ®fg
l®. &2
z I;IV*(XgrLk) l I;IV*(Xfra(Lk>) ‘
He TIV@,) ~ IV 7 T V¥,
1;[V*(X<fg)rLk)
(4.15)

The vertical arrows are the multi-valued tensor product defined in Section[4.1.2]
using the structure maps coming from various inclusions e.g. N; < f(M;) or
F(M;) — fg(Ly). Note that the square in the lower right is an instance of the
naturality square for @,-

More explicitly, we define

Hom/((F, @) := Hom

Jj=1

—3

V(¥zar,) (®f(F)’ (H V*<XfFMj)> (G)>

and composition Hom, (G, H) x Hom(F,G) — Homy,(F, H) by pushing the
homsets forward to the category []._, V(X551,)) (in the bottom right corner)

and using the composition there.

e Finally, we define the Hom-sets Hom(F, G) == [[;, . 5, Hom;(F, G). Clearly
the above composition law extends. Moreover we obtain the obvious functor

F2 A

Note that the fiber Fi over N € A is clearly [T, V(&y,).

4.2.2. Check the properties

It is clear that the above construction of F¥ really gives a category: associativity of
composition is obtained by assembling three cospans to a commutative diagram and

identities are easy since the maps @) and [[ V*(Xyn;) are both just the identity if
J

f =id. By the construction of the composition in F* the map F% — Agp respects
it; hence it can rightfully be called a functor.

We are left to check that this functor Hall$(X): F® — AP is an op-fibration of
categories and that the corresponding hypo-simplicial category F=: Agp — CAT is
pointed 1-Segal.



46

(MT1)] We start with an object F' in the fiber Fx and a map f: N < M in AgP. We
have to construct an object G over M and a morphism ¢: F' — G in F¥ over

f such that for every g: M < L in A{” the induced morphism
Hom, (G, H) 2 Hom,,(F, H) (4.16)

is an isomorphism.
We take Diagram and replace all horizontal arrows by their left adjoints

filling the formerly commuting areas with mates:

z [TVi(%12,.) I;IV!(XfW(Lk))

e [V, V@) e V)

1;[ Vi(X(sgyrLy,)
(4.17)
The lower mate is always an isomorphism (see Appendix|A.3)). By Lemma.1.15

the mate in the upper square is an isomorphism if all the squares (for 1 < k < [)

[T, Xrrn;
I Xy ———— 11 ¥

T T (4.18)

Xrrg(Ly)
XyrLy) 4 —* Xra(L)

are homotopy cartesian; here the products in the upper row are indexed by
those 1 < j < m such that M; C g(Ly) (hence f(M;) C fg(Ly)), i-e. those
j such that the vertical maps are defined. The squares are instances of
the 2-Segal condition |(S2)| (applied to the map f’?(Lk): N « g(Ly)) for the
hypo-simplicial groupoid &': Af® — Grpd, hence they are 2-pullback, hence
homotopy cartesian for V by Axiom .

Therefore all mates in Diagram are isomorphisms.

As the diagram suggests, we define G = (H] Vi(Xfp) o ®f) (F). Then we
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calculate

Hom, (G, H) = Homg<(H V)0 ®)) (F).H)
o (@, T, v ®,) . (T ) )
([T y@n-®,-®,) (1;[1/*%0) <H>>
= Hon | (®),°Q),) <F>>(HkV*<Xff>o1;[v*<xg[>> H>>
Hom (@) (F HV o) )

= Homy,(F, H)

12

(4.19)
naturally in H. The map ¢: F — G is now obtained as the image of idg
under this isomorphism Homy(G,G) — Hom(F,G) specializing H to G.
It is straightforward to check, using the naturality of the above isomorphism,
that this isomorphism Hom,(G, H) = Homy,(F, H) is indeed given as ¢*.

This completes the proof that p is an op-fibration of categories.

Remark 4.2.1. Let f: N® < M™ be a map € Agp. The isomorphism we obtained
from the calculation is not only natural in H but also in F'. Therefore the

functor
n

®; 14 L Vi(Xpin,) 4
[Tvas) == [V ———2 [ vixa,) (4.20)
j=1

i=1 j=1

does not only describe the assignment F' +— G on objects but in fact describes the
functor f*: Fa — F= induced by f on fibers. &

(pST)] By construction the fiber over (the identity on) N™ € A" is

Fu .= ﬁV(XNi) = ﬁ}"ﬁi
i=1 i=1

so we have to show that for 1 < i < n the projection functor pr,: .7:]% — ]—"J%i
is indeed induced by the inclusions f;: N <= N;. This is immediate from the
description in Remark

4.2.3. Functoriality

Using the naturality of multi-valued tensor products it is immediate that Dia-

gram is (contravariantly) functorial in X' by sending a morphism a: Y — X
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to the induced morphisms [[ V*(az). All the definition of objects, morphisms, com-
position in F§ as well as the fiber functor Hall}}(X): Fy — Agp are encoded in
Diagram [£.15} hence our construction is automatically equipped with a functoriality
a = V*(a) = Hally(a).

All in all we obtain a functor
Hall}j: {2-Segal hypo-simpl. Ag® — Grpd} — {pointed 1-Segal op-fibr. over A"}

We still need to see how the functors Hall}y(a) induce lax morphisms when we pass
from opfibrations F5 — Ag” to pseudo-hypo-simplicial objects Fy: Ag® — CAT.
Using Remark can build the naturality square (associated to a morphism
fi N < M of A) as

n ® m
[T V(&) T Hj:l V<X?(M]-))

lni V¥ () I, V*(‘”l / lHj Vi (421)
®f H W (y )

[, VOy,) ———— H;n:1 V(yf(M]-)) —

IT; Vi(Xprar,)

where the first square commutes and the second square is inhabited by the canonical
mate associated to the naturality square of a.

If the morphism f is convex then the maps fu;,: M; — T(M]) are isomorphisms;
this implies that the mate in the right square of Diagram is an isomorphism.
To see the compatibility of Diagramwith horizontal pasting (for two composable
morphisms N M Lin A°P) we take the commutative cube

z I;IV*(Xf a(Ly,)) !
[T V(Xﬁ(Lk)) $ kl:ll V(X))
jl;[lV(Xf(Mj)) $ TV (Rrar,) ]1;11 V(Xu;) I, V* (o)
J
Hj V*(e)
1 [T, V*(a) ¥
l
o ! .
Hj v ( ) k=1 V(yfg(Lk)) HV*(XfE(Lk)) k]:II V<y§(Lk))
| =
~ % ~ /
. TV () . ®s
J
H1 V(Vra,)) 4 -H1 V(Vu;)
j= j=

(4.22)
and replace the horizontal arrows by their left adjoints and pass to mates.

Pasting two copies of Diagram m (one for f and one for g) corresponds to taking
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the front and right face of Diagram [4.22} taking Diagram for the composition fg
corresponds to taking the left and back face of Diagram [£.22] Hence Diagram
is compatible with pasting up to the top and bottom faces of Diagram [4.22]

The mates of the top and bottom faces are precisely those isomorphisms which we

use to identify FX o F¥ =~ .7-"}8;, thus the proof is concluded.
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5. Hall monoidal categories and categorical

modules

We are mainly interested to specializing the generalized Hall construction from Sec-
tion to Ag == A and Ag == A. (or Ay := A< ). In these cases pointed 1-Segal
op-fibrations over Agp are nothing but monoidal categories and monoidal right (or
left) modules respectively. We can describe the monoidal product and the action

product more explicitly.

Let X': A°® — Grpd be a 2-Segal simplicial groupoid and let X*: A? — Grpd
be a 2-Segal relative simplicial groupoid such that X agrees with the simplicial
groupoid

X7 AP > A% ¢ A? Y Grpd.

Theorem & Definition 5.0.1. Let V: Grpd® — CAT be a componentwise

cocontinuous monoidal left derivator of groupoids.

1. The structure Hall}}(X') makes the underlying category V(A[y) into a monoidal

category. The monoidal product X is given by the composition

V*(c2

®2 Vi(v2
X V(X[l]) X V(Xm) — V(.)C'[l] X Xm) —)> V(X[g]) (v2)

— V(X[l]) (51)

where the first functor is the multi-valued tensor product of V and the rest

arises by pull-pushing along the multiplication span
X{O,l} X X{Lg} (c—2 X[Q] V—2> X{072}.

The monoidal unit is given by the composition

(vo)

I: {x} B2 V() 2 viag) 2 via). (5.2)

We call Hall$}(X) the V-Hall monoidal category of X

2. The structure Hall})(X>) makes the underlying category V(Xioo 0y) into a
categorical (right-)module over the monoidal category Hall(X) (which has
underlying category V(X)) = V(X[f])). The action product is given by the

composition
. > X > V*(e) > Vi(v) >
q: V(X{—oo,o}>XV(X[1]) — V(X{—oo,O}XX[l}) — V(X{_OO7071}) — V(X{—oo,l})

(5.3)
We call Hall};(X>) the categorical V-Hall (right-)module (over Hall};(X))

corresponding to XZ.
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In the special case V = [—, Vect¢| we drop the V from the notation and speak of
the Hall monoidal category Hall®(X') and categorical Hall (right-)module Hall®(X>).
O

Proof. We will focus on the monoidal product in part [l The rest is completely
analogous.
We already constructed the monoidal category Hall?j(?( ) as a pointed 1-Segal op-

fibration F® = F — A°P; all we need to do is determine the monoidal product
Ry Fiy x Fiip — Fii

and see that it agrees with the one described by the composition[5.1. The monoidal

product My arises by inverting the first map in the multiplication span
Fip > Fiy «— Fag — Fiy

and we already know that this first map can be taken to be the identity if we identify

.7-"5} with .7-"{% X .7-"{% as in Section .
As we saw in Remark the functor .7:5] — .7-"[% (induced by [2] <= {0,2}) is

given by the composition

®°2 Vi(v)
V(Xpo,13) X V(X12y) — V(Xo,12)) — V(X23),

which is equal to Composition [5.1] by Corollary[4.1.11] O

Definition 5.0.2. If A is a proto-abelian category then we define its Hall monoidal
category as Hall®(A) := Hall®(X#), where X* is the 2-Segal simplicial groupoid
of flags in A defined in Section &

5.1. Examples

Ezxample 5.1.1 (The regular action). If X': A°® — Grpd is a 2-Segal simplicial

groupoid then we can restrict it to a right relative simplicial groupoid

X2 =X

: AY C A°® - Grpd,

A%
>

which is still 2-Segal.

If we view X~ as a morphism of simplicial groupoids X z

op
A

the canonical map P°X — X from the initial path space/[DKa, Section 6.2].

then we obtain

c
AP — X

Since in this case the action span for X'Z is canonically isomorphic to the multi-
plication span for X' (via the isomorphisms X{_ 0, . n—1} = &} Which we had for-

gotten when passing from A% to AY’) we see that the resulting categorical module
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Hall;(X>) is nothing but the right-regular action of the monoidal category Hall3; (X))
on itself. &

Example 5.1.2. Let X: A°® — Grpd be an unpointed 1-Segal groupoid which is
hence 2-Segal by Corollary The identity map & — X is easily seen to be
2-Segal using Proposition [3.5.10] since squares and are in this case simply
the 2-Segal squares for X. Thus we get a categorical action of Hall?}()\f ) on the
category XJo).

See Section for a more concrete version of this example in the situation of
Hecke algebras. %

5.2. The finitary case and decategorification

In many cases it is important to impose some finiteness conditions; for instance we
might want to pass to Grothendieck groups/rings later and these groups/rings might

just vanish if the monoidal category is too big.

Definition 5.2.1. Fix n € N. A hypo-simplicial groupoid X': A{” — Grpd is
called n-finitary if for every object {zo < --- < w;} = N* € Ag® of dimension i < n

e the chopping map cy: Xy, X -+ X Xy, < Xy is mp-finite
e the extremal map vy: Xy — Xy 4,y i locally finite.

If X is n-finitary and the extremal maps vy (for dim N < n) are faithful in addition
to being locally finite then we say X is n-integral.

If additionally the groupoid Xy, 4,1 is locally finite (i.e. has finite automorphism
groups) for all {zg, z1} = N* € A{® then we call X n-regular.

We will write finitary, integral and regular when we mean 2-finitary, 2-integral

and 2-regular respectively. &

Remark 5.2.2. In the case N° = {zy} the extremal map vy has to be read as the
degeneracy vz} : X{zg} — Xizo,) and the chopping map cy is just the unique map
Cizo}: Xwoy — {*} to the point. Hence Xj is my-finite if A" is finitary. &
Remark 5.2.3. If X is n-regular and i < n, then for any {zg < --- < 2;} = N* € AP

the automorphism groups of Xy embed into the automorphism groups of Xy .1

via the faithful map vy; hence the groupoid Xy is also locally finite. &

Example 5.2.4. We have seen in Proposition that the simplicial groupoid X
of flags in a finitary proto-abelian category A is integral (recall that X[“S‘] = {x}). It

is clearly also regular since X[ﬁ ~ A", &

Definition 5.2.5. Let A be a groupoid. A functor A — Vect( is called finitary if

it takes values in finite dimensional vector spaces and if it is non-zero only on finitely
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many isomorphism classes of objects in A. We denote by [A, vecte]s C [A, Vect(]

the full subcategory of finitary functors. s

Proposition & Definition 5.2.6. 1. If X is finitary then the monoidal unit
I € [X}), Vect] is a finitary functor and the product

X [X[H,Vect@] X [X[l],Vect@] — [X[H,Vect@]

restricts to a monoidal product on [Afy), vectc]s.
We call the induced monoidal subcategory Hallf'(X') of Hall¥(X) the finitary
Hall monoidal category of X.

2. If X~ is finitary then the action product

a: [x7

" wo0yr Vecte] X [X)y), Vecte] — (X7

restricts to a categorical right action of [}, vectc]s on [X {ioo 0}

We call the resulting Hall®(X')-module Hall®(X>) the finitary categorical
Hall (right-)module associated to X~. O

vect@]f.

Proof. Proposition follows immediately from the following Lemma by
using the explicit description for I, X and < given in Proposition |5.0. 1, O

Lemma 5.2.7. Let f: A — B be a map of groupoids.

1. If f is mp-finite then the induced pullback map f*: [B, Vectc| — [A, Vect(]

sends finitary functors to finitary functors.

2. If f is locally finite then the induced left Kan extension functor (pushforward)
fi: [A, Vectc] — [B, Vect] sends finitary functors to finitary functors.  ©

Proof. The first part is obvious so let us focus on the second part. Assume that
f: A — B s locally finite and that F': A — vectg is finitary. We can compute fiF'

on an object b € B wia the pointwise formula for Kan extensions:
) @) F
(fiF)(b) = colim (A Xp{b} > A— Vect@)

— @ colim (A(a) (>2<)f {b} — A(a) £, vect@)

[alemp A

(2)
Each of the summands is a finite colimit (since the 2-fiber A(a) X ¢ {b} is finite by
assumption) of finite dimensional vector spaces, hence finite dimensional. Since F
is non-zero only on finitely many isomorphism classes [a1], ..., |a,], we are left with

finitely many summands, hence the vector space (fiF)(b) is finite dimensional.
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(2)
Moreover, the 2-fiber A(a) X ¢ {b} is only non-trivial if b = f(a), hence fiF is sup-
ported on the (finitely many!) isomorphism classes [f(aq)], ..., [f(a,)]. O

Recall the assignment V: Grpd — Z—Mod given by A — Z(™4 which came
equipped with pullbacks f* or pushforwards f; whenever the map f of groupoids
was mo-finite or locally finite and faithful respectively.

Proposition [5.2.6] and Proposition [5.0.1] should be compared to the following analo-
gous proposition for the Hall algebra.

Proposition & Definition 5.2.8. 1. If X is integral then the multiplication
Jo V(Xm) X V(Xm) — V(.)C'm X X[l]) c—> V(X[Q]) L> V(X[l]),

endows the abelian group V/(A};;) with the structure of an associative and

unital Z-algebra, where the unit is given by the composition
e k) == Z 2 V({x}) < V(X)) 2 V(Xp).

We call this algebra hall(X') the Hall algebra of X.

2. If X~ is integral then the action

V(X7

{_0070}) X V(X[l]) — V(‘)C'2

oo 0y X A1) — V('X{>—oo,0,1}) — V(Xf_oo,l})

endows the abelian group V(X{%OO,O}) = V(X{%oo,u) with a right-hall(X)-
module structure. We call this module hall(X~) the Hall module associated
to X=. WX §

Proof. We have already seen the first part in Section the rest is similar. ]

5.2.1. The fat Hall algebra and the dimension map

Let X: A — Grpd be a finitary 2-Segal simplicial groupoid. The category

(X, vecter is additive (since vectc is). Since the functor ®: [}, vecte] x [A]y), vectc] —
[X) x Ay, vect] preserves direct sums in each variable and Left Kan extensions

also commute with direct sums we see from the description in Proposition that

the monoidal product X: [A}y), vectc]s x [Ay), vecte]s — [A]y), vectc]s preserves di-

rect sums in each variable.

Hence passing to the Grothendieck group we obtain an associative algebra

Hall(X) == K, HallY’(X)
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which we call the fat Hall algebra of X. If R is any commutative ring we can
consider an R-linear version and define Hallz(X) = R ®z Hall(&X)

The obvious question arising now is: What is the relationship between the fat
Hall algebra and the classical Hall algebra? To answer this question we construct

the dimension map
kx = ko Ko Hallf' (X) — hall(X).

which is given by mapping a finitary functor p: A}y — vecte to the function on
ToX]) given by [a] — dimg p(a). The map ry, is a well defined Z-module homo-

morphism because dim¢ is additive.

We can go through the same motions again for a relative simplicial groupoid
XZ: A? — Grpd and define the fat Hall (right-)module Hallz(X*) = R ®y
KoHallf(X?) and the dimension map ry> = r,>  : Hall(X*) — hall(X>).

{~o0,0}
Proposition 5.2.9. 1. If X' is integral then the dimension map ry: Hall(X) —

hall(X) is an unital Z-algebra homomorphism.

2. If X~ is integral then the dimension map ky>: Hall(X?) — hall(X?) is a
Hall(?(; )-module homomorphism, where the algebra Hall(Xg ) acts on hall(X'?)
via the algebra homomorphism «: Hall(X; ) — hall(X; ). Q

Before we can prove Proposition we need to define the dimension map more
generally: For any groupoid A we define k,4: [A, vectgly — V(A) by the same for-
mula k4(p)[a] == dime p(a). The next Lemma shows that the collection {k4} s4cGrpd

is “natural enough” for our purposes.
Lemma 5.2.10. Let f: A — B be a map of groupoids.

1. If f is mp-finite then we have the following commutative diagram of abelian

groups

V*(f)T Tf* (5.4)

Ko[A, vecte]y —2= V(A)
Ko[B, vecte]y —2— V(B)

2. If f is locally finite and faithful then we have the following commutative dia-

gram of abelian groups

Ko[A,Veth]f i) V(A)
V!(f)l lf! (5'5>

Ko[B, vectc] —2— V(B)
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Remark 5.2.11. If H is a finite group then the map f: BH — {1} is locally finite
but Diagram reads (after tensoring with Q)

dimg

Q®z Ko H—repe — Q
Q®ZKO<C®C[H]_)\L l#%

Q XKz KO vect@ & Q

which does not commute (try the trivial representation of H). Hence we really need
the faithfulness assumption in the second part of Lemma [5.2.10| even if f; would be
well defined without it (after tensoring with Q). &

Proof (of Lemma |5.2.10). The first part is obvious so assume that f: A — B is
locally finite and faithful. Let [b] € moB and p: A — vectg; we want to show the
identity

dimg (Vi(f)p) (b)) = fi(ka(p))(b) == / [a] = dimg p(a) (5.6)

2
A(X)f{b}

By the pointwise formula for Kan extensions, we can express the left side of Equa-
(2)
tion z'n terms of a certain colimit over the 2-fiber A x s {b}. Since the 2-fiber

A (>2<)f {b} only depends on the connected component B(b) of b in B and the restric-
tion of f to the preimage of B(b) we may assume that B is connected.

Since p is finitary we may further assume that it is nonzero only on one isomor-
phism class [a] € mgA. In this case both sides of Equation only depend on the
connected component of a in A so we may assume that A is connected as well. If A
and B are both connected, we may assume without loss of generality that A =B H
and B=BG.

Now using that f is faithful we reduce to the case where f is just the inclusion of a

supgroup H < G (of finite index). In this case Diagram reads

Ko H—rep¢ dime, 7,
KO(GC[G}Q@C[H]—)l l-[G:H]

Ko G—repg¢ dme, 7,

and commutes since ¢C[G| is a free C[H|-module of rank |G : H]. O

Proof (of Proposition [5.2.9). We can compare the multiplications on the fat Hall
algebra and the classical Hall algebra (Proposz'tion in the following dia-
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gram:

V*(c Vi(v2)
Ko V(X[l]) X KO V(Xm) &) Ko V(X[l] X X[l]) ﬁ) K() V(X[Q]) L) KO V(Xm)

l”‘*[u xRy l’”’“m *xX71)) l“*m l""m

*

V(X)) x V(X)) ——— V(X x X)) —2— V(X)) —2L s Vi(Ay)

(5.7)

The first square commutes because the dimension of a tensor product is the product

of the dimensions and the other two squares commute by Lemma (recall that

the map Xy 5 Xpy is faithful because X is integral).

Therefore Diagram commutes, i.e. the dimension map r: Hall(X) — hall(&X)

preserves multiplication. Doing the same thing for the unit (using the descrip-

tion[5.9) we obtain that k is a homomorphism of (unital) algebras.

This concludes Part |1 of the proposition. Part|2 is essentially the same using the

explicit descriptions of the action maps in Theorem and Proposition[5.2.8. O

5.2.2. Sections of the dimension map

We want to construct two extremal sections of the dimension map.

Definition 5.2.12. 1. The trivial section of the dimension map is the Z-linear

map

tx =ty, (vesp. ty> =t,> ):hall(X®)) — Hall(X®)) := K, Hallf' (X))

{—o0,0}

given by mapping the basis element ¢, € hall(X )) (for [a] € ToX[1) resp.
[a] € mX, {2_0010}) to the class in Kq of the following finitary functor:

C ISOWOX[l] ([a’]v_)

t(é[a])i X —» modApyy ———— vectge (5.8)
CISOrOX{}7 O}([a],f)
(resp. t(0q)): X{>—oo,0} — WOX{ioo,o} : vectg)

2. Assume X*) is regular. The regular section of the dimension map is the

Q-linear map

re =ray (resp. ry> =7y )t hallg(X®)) — Hallg(X®)) = Q®zK, Hallf (X"

{—00,0}
given by mapping the basis element d, € hall(X) (for [a] € moA[) resp.
la] € moX {>_OO 0y) to the element

1 CISOX[I] (a,—)

7(0a)) = #Tt(a) Xy ———— vectc| . (5.9)
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{—00,0}

(resp. () = e | X7

= Zau(@ | Voo0} » vecte | ) in the Grothendieck

group. s

Remark 5.2.13. Here we view moA[;) as a discrete category, hence Diagram is
just a fancy way of describing the functor which maps an arrow z — y in Ajy; to
idg: C — Cif x 2 a = y and all other arrows to zero.

The functor ClIso(a,—) depends on the chosen representative a € [a] only up to
isomorphism, hence 7(dy) is well defined in the Grothendieck group.

Note that to define the regular section we need that the automorphism groups of &y
(resp. X{>—oo,0}
does indeed take values in finite dimensional vector spaces. &

) are finite so that the denominator is finite and so that CIso(a, —)

Proposition 5.2.14. 1. The map ¢t is a Z-linear section of the dimension map

r: Hall(X) — Hall®(X). In particular the dimension map is always surjective.

2. The map r is a Q-linear section of the dimension map Q ® «: Hallg(X) —
hallg (&)

3. Assume that the chopping map c: &y x Ay = Ajy (resp. c: Xf_wo} X

Xy X{%oo,o,l}) is faithful and X)) that is discrete. Then 7: hallg(X®)) <
Hallg(X®)) is an algebra-(resp. module-)homomorphism. Q@

We call ¢ and r the trivial section and the regular section of the dimension

map respectively.

Proof (of Proposition |5.2.14). Parts |1 and @ of Proposition |5.2.14 are immediate

from the definitions.

To prove that r is an algebra- (resp. module-) homomorphism we proceed analogously
to the proof for k: we define ra: Q Rz V(A) = Q®z Ko[A, vectc|; for every locally
finite groupoid A by the same formula r(0y)) = m[(@ Isoa(a,—)]. Then part@ of
Proposition [5.2.14 follows from the following Lemma which says that this collection
is “natural enough” since all groupoids in the multiplication span (resp. action span)

are locally finite by reqularity. 0]
Lemma 5.2.15. Let f: A — B be a map of locally finite groupoids.

1. If f is mp-finite and faithful then we have the following commutative diagram

of abelian groups

Q ®Z Ko[A, Veth]f (L Q ®Z V(A)
Q ®z Ko[B, vecte)s +2— Q ®z V(B)



59 Hall monoidal categories and categorical modules

2. If f is locally finite (we do not assume faithful) then we have the following

commutative diagram of abelian groups

Q ®z Ko[A, vectc]s +2— Q @z V(A)
lv!(f) lf! (5.11)
Q ®z Ko[B, vecte)s +2— Q @z V(B) v

Proof. By making similar reduction steps as in the proof of Lemma |5.2.1(} (and
using that f is faithful) we may assume that f is just the inclusion BH — BG of
a subgroup H < G. In this case Diagram[5.1( reads

27 HC[H]+—1

Q ®z Ko H—repg < Q

Q®zKo RBSET :T
26 cClGl+—1

Q ®z Ko G—repg < Q

and commutes since ResS ¢C[G] = yC[H]®'“.
In the second case we reduce to a group homomorphism f: BH — BG (which is
not necessarily faithful); Diagram then reads

s HC[H]+—1

Q ®z Ko H—repg < Q
Q®ZK0(GC[G]®C[H]—)l lﬁ%
2 6ClGl—1
Q ®z Ko G—repg < Q
which commutes since C|G) @ciu) aClH] = ¢C|G] and z_g# — #LH ]

5.3. Idempotent decomposition of the Hall monoidal category

Let us denote by Jp the unit {x} — V({x}) Y, V(T) of the (cococo) monoidal left
derivator V. Let X': A — Grpd be a 2-Segal simplicial groupoid and let Hall3; (X))
be its associated Hall monoidal category.

Theorem tells us how to compute the monoidal unit I € Hall}(X):

We take the monoidal unit Jx, : {*} — V(X)) of V (which in the case V = Vectc
is explicitly given as the constant functor Xjg — Vectg with value C) and push it

forward to V(Ajy)) via the degeneracy map vy: Xjo) — Afy).

We can refine this description by constructing some orthogonal idempotents which

add up to the monoidal unit.
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Proposition 5.3.1. We have a decomposition

I§H]T

TemgXo

of the monoidal unit I € Hall®(X) into pairwise orthogonal idempotents (this means
that It X I 2 @ if T # T and Iy X Iy = I7) defined by the compositions

(v0)

Ir: (o} 25 v(1) 29 v 2% viay)

for each connected component t: T — A} of Aj. V)

Remark 5.3.2. Note that we do not need any finiteness assumptions since in V(&)
we can take arbitrary coproducts.

In the finitary case the groupoid Xl is mo-finite, hence we have a finite set of
idempotents I which add up to the identity, so in the fat Hall algebra K, Hall?' (X))
we get a well defined decomposition 1 = > ;. . [I7] of the unit into pairwise
orthogonal idempotents. If X is integral then we can use the dimension map to
push this decomposition down to the Hall algebra hall(X). &

Proof (of Proposition [5.3.1). Let t: T — Xy and t': T" — X, be inclusions of two
connected components. We define (P,p, A") via the (strict) pullback diagram

p_A 7T

lp ltxt’ (5.12)

X(]%X()XXO

where A: Xy — Xy X Xy is the diagonal.

For T =T the morphism A': P — T x T" is just the diagonal T — T x T (and
in this case p =1t). If T and T" are different (hence disjoint) then A’ is the empty
morphism @ — T x T".

Observe that (t x t'): T x T" — Xy is an iso-fibration, hence Diagram s also
a 2-pullback square. By applying V to the whole setting including the multiplication
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span we obtain the diagram (where Jrp+ is defined by the diagram)

of categories and functors. The mates in the first column are isomorphisms because
V is componentwise cocontinuous. The first mate in the second column is an iso-
morphism since Diagram 15 2-pullback. The second mate in the second column

1s an 1somorphisms because the square

Xpoy — Xy X X0

! |

X{O,LQ} E— X{O,l} X X{1,2}

is an instance of the 2-Segal square (for the map {0} « {0,1,2}), hence is
2-pullback. The last mate is always an isomorphism.

The composition along the left and bottom boundary always gives I X I,

o [fT =T then
Jrz = V(D) o Q) (Jr, Jr) = Jr @ Jr = Jr

(see Remark for the first isomorphism, for the second we use that Jr
is the monoidal unit), hence the composition along the upper right gives Ir.

Hence we obtain the desired isomorphism Ip X Ip = Ip.

o [fT # T then P = @ implies that the composition along the top right picks
out the initial objects @ of V(Xp)). Hence we get It X Ip = & as desired.

It is straightforward to check that the coproduct of the I1’s (in the cocomplete category
V(A[)) does indeed give the unit I; the proof is thus concluded. U
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5.4. Functoriality

We have seen in Section that the assignment
Hall’: {2-Segal simpl. A°® — Grpd} — {monoidal categories}"**

is actually a contravariant functor. We can describe this functor a little bit more
precisely:

Every morphism «a: )Y — X of 2-Segal simplicial groupoids gives rise to a lax
monoidal functor a* = Hally)(a): Hall3y(X) — Hall$}())) which is given on underly-
ing categories by pullback V*(ap)): V(&) = V().

The transformation o*(—) Ky o*(—) = a*(— Ky —) is given by the pasting

®2 V*(co Vi (v2
V(Xm) X V(X[l]) E— V(X[l] X X[l]) L) V(X[Q]) L) V(Xm)

lV*(a)XV*( ) l *(axa) lV*(a) lV*( )

o, e (5.13)
V() x V() ——= V(Y x V) Vel V() — V()

where the first two squares commute (up to canonical isomorphisms) and the third

is inhabited by a canonical pull-push mate.

In a very similar spirit the assignment X ~— Hall};(X) can also be made into a

covariant functor
Hall}y: {2-Segal simpl. A — Grpd} — {monoidal categories}°P'**

where on the right we consider oplax monoidal functors between monoidal categories:
Every morphism a: X — Y of 2-Segal simplicial groupoids gives rise to an oplax
monoidal functor oy : Hall3s(X) — Hally;()) which is given on underlying categories
by left Kan extension Vi(aq): V(X)) = V()

The transformation a(— Ny —) = ai(—) Ky au(—) is given by the pasting

V(&) x V(&) &, V(X x Xpy) lea) V(X)) ), V(X))

[tera [ M‘/ a/ [y (5.14)

V( V) x V() L V(Y x V) —> V(Y1) M V()

where the outer two squares commute (up to canonical isomorphisms) and the middle

one is inhabited by a canonical pull-push mate.
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We omit a detailed proof of all the coherence properties for the oplax functor a.

Warning 5.4.1. Both pullback o* and left Kan extension «; commute with co-
products, so in the finitary case they induce a Z-module homomorphism on the
Grothendieck groups Ko Hall})(?). However this maps Ko(a*) and Ko(ay) are not
algebra homomorphisms in general, because we usually do not have isomorphisms
of functors a*(— )Xy a*(—) <= o*(—Ky —) or (- Xy —) <= (=) Rya(-). <

5.5. Hall (categorical) modules via bounded flags

Let A be a finitary proto-abelian category.

In Section we defined the simplicial groupoid X*: A°® — Grpd of flags in A;
this allowed us to define the Hall algebra and the Hall monoidal category of A by
applying the generalized Hall construction to XA.

Now we want to make use of our general machinery to construct some (categorical)
left modules of the Hall algebra (resp. Hall monoidal category). To do this we must
associate to A some left relative simplicial groupoids A2 — Grpd. These groupoids

will again consist of flags in A but this time we impose some boundary conditions.

5.5.1. Quotient data

We are looking for sensible boundary conditions to impose on flags of the shape
0—>A Ay —...—> A, — A, .

The most obvious idea is to ask for the rightmost object A,., to belong to some
subcategory Q C A. This might work for a fixed n, but when considering transition
maps [n] < [m] it becomes apparent that we need to put requirements on all the
quotients A; ;. = Coker(A4; — Ai). In order for this to work we need to impose

some axioms.

Definition 5.5.1. We call a subcategory 0 € Q C A a quotient datum in A if

the following conditions hold
(Q1) Every morphism in Q is an epimorphism.

(Q2) For every monomorphism A < H (in A) with H € Q there is an epimorphism
H — @ in Q completing a short exact sequence 0 -+ A — H — @ — 0.

(Q3) If H—»Q = @' is a diagram in A such that both H — @) and the composi-

tion H — @' are in Q then the isomorphism @ = Q' is also in Q. s
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5.5.2. The quotient datum of a group of automorphisms

Let X be an object in A and let S C Aut(X) be a subgroup of automorphism of
X. We can define the abstract quotient datum associated to S as the category
Quotg(X) of quotients of X up to S:

e objects are epimorphisms ¢q: X — Y

e morphisms in Quotg(X) from X — Y to X — Y’ are maps Y — Y in A such

that the square
X —»Y

slg l
X —»Y

commutes for some automorphism s € S (such maps Y — Y are automatically

epimorphisms themselves).

Ezample 5.5.2. If {1} = S C Aut(X) is the trivial group then Quot(X) = Quot;(X)
is equivalent to the partially ordered set of quotient objects of X. &

There is a canonical faithful functor Quotg(X) — A which just remembers the
target Y of an epimorphism X — Y. We would like to think of Quotg(X) as
a subcategory of A via this functor. Alas this is not directly possible because
Quotg(X) — A is not injective on objects; luckily there is a cheap fix:

We replace A by the bloated category A > A which has additional copies Y, of each
object Y € A indexed by epimorphisms ¢: X — Y. Clearly A is equivalent to A
via Y, — Y and we can factor the forgetful functor Quotg(X) — A as

Quotg(X) iy SNy

Now the functor Quotg(X) < A does in fact define a honest subcategory of A

which we denote by Qg(X) and call the quotient datum associated to S (and
X).

Lemma 5.5.3. The subcategory Quotg(X) = Qg(X) C A is a quotient datum on
A. Q

Proof. Condition|(Q1) is obvious.

(Q2) The object H (of A) being in Qs(X) means that there is an epiq: X — Y in
A such that H =Y,. We can complete the monomorphism A — Y, =Y to a
short exact sequence with (Q € A

0>A—=Y 2% Q—0.
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Then
0= A=Y, 2% Qy—0

is the desired short exact sequence where Y, LA Qpq comes from the morphism

X Tyvy

™,

p

O«

in Quotg(X).

Consider H = ) SN Q' in A as in Condition|(Q3), The three objects H,

Q and Q" are in Qs(X), hence we can write them as'Y,, Z, and Z;, for some

epimorphisms p: X — Y, ¢): X — Z0) (in A) respectively. Thus we have

the situation in A

where s, 8" € S are chosen such that the left square and the total rectangle com-
mute; this is possible since Y — Z andY — Z' are morphisms of Quotg(X) by
assumption. We conclude that the rightmost square commutes with s's™* € S,
hence B is a morphism of Quotg(X) (note that we did not use the assumption

that B is an isomorphism). O

Remark 5.5.4. If the category A is already bloated enough then we can choose
representatives ¢: X — Y, for each quotient object [¢] of X such that the Y, are
pairwise non-equal objects. In this case we can replace Quotg(X) by the dense and
full (hence equivalent) subcategory Qg(X) spanned by the objects ¢: X — Y. On
the other hand the restricted functor Qg(X) < A is now injective on objects, hence

we can view it as a quotient datum on A. &

5.5.3. The 2-Segal relative simplicial groupoid of bounded flags

As indicated above, we can construct groupoids out of a quotient datum.

Definition 5.5.5. Let Q be a quotient datum on A. We define the left relative
simplicial groupoid X< : AZ — Grpd of flags in A bounded by Q as follows:

o Let N* = {zy < -+ < x,} € A be an object. We define X372 to be the

subgroupoid of X% where in the case x, = +oo we require the rightmost
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column of the diagram

2\
.
2\

Aocoxl ? A:coocg €

| = | l s | o |

0 ? Amccz € A > Aanafnfz ? Al‘ll’nfl ? Awlxn

l O O
¥ ¥ N
0 < A > Azyrn_s » Avgrn_y > Az,

A\

)

Y
A\
Y
<
yJa
W

)

¥ ¥ B

O — A$n72$n71 7 Afcn—zl"n

v |:| ¥
0 — A. i
(5.15)

to be contained in Q (both for the vertical arrows A, 1o — Az, 100 and for

Y

. . = , .
isomorphisms A, ;o — A, ., between two such diagrams).

e The morphisms are induced by those of X, i.e. they are given by simultane-
ously duplicating (in case of degeneracy maps) or deleting (in the case of face
maps) rows and columns.

Note that the condition on the morphisms in A¢ (x — +oo if and only if
r = +00) guarantees that the condition on the rightmost column being in Q

(in the case z,, = +00) is preserved. &

Proposition 5.5.6. For a quotient datum @ C A on A the relative simplicial
groupoid X*4¢: A? — Grpd is 2-Segal. Q@

Proof. We need to show that Diagram and Diagram of Proposition
are 2-pullback squares for X2 ; basically all we need to do is to copy the proof from
the case of unbounded flags [Dyc15, Theorem 2.10):

. A,Q A,Q A,Q A,Q
It is easy to see that the maps X{xi,...,xj} — X{zi@j} and X{mo,...,xk,x; _____ ny X{%x;}

are iso-fibrations, hence it is enough to show that those diagrams are (strict) pull-

backs.

e The map

U XA xAl X pao  XC (5.16)

{0, sn} {20y ss,@5 5T } X} {ziymi}

jJust forgets all the components Ay, (in Diagram with0 <a<i<b<
j<nor0<i<a<j<b<n.
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Observe that those forgotten components can be recovered by completing the

two short exact sequences

0 —— Appu, <= Agpey — Agyoy, —— 0

In the case x, = x, = +00 we have to complete the second sequence in such a
way that the dashed morphism is in Q; this is possible by Condition [(Q2).
An isomorphism on the forgotten component can be recovered (uniquely!) by

filling in the unique dotted vertical morphism

0 — Ay, — Apgy - » Agpzy, — 0
/ / !/
0 —— AL, — AL, — » Apwy — 0

(similarly for the other case). A priori, this dotted morphism only exists in
A; in the case xp, = x, = 400, however, it is automatically in Q by Condi-

tion .

Therefore the functor ¥ is actually an equivalence of groupoids.

The functor
XA’Q

{l'Ovu'a-'En

{x()v"wa:kvx;w"-vw’n}

18 fully faithful with image consisting of flags
Avory < oo Apgry — Avgzy, > o > Apg-

On the other hand Xé’f} is just the trivial groupoid {0}, hence the fiber product

A,Q A,Q
) X X )
{IO,..‘,Ik,I;C,...,l’n} X{‘AZVICQ,I;C} {xk}
consists of those flags
Azozy © S > Apor, — Azony, © SR > Avorn

0 ? Amkz;
where Ay, = 0. It follows immediately that the map

xAe Al X pae X2 (5.17)

!
{z0,-sxn} {20y s Tk ) 5o T } Gt} {z}
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18 an equivalence of categories as required. Observe that the quotient datum
Q never enters the picture, because degeneracies cannot involve the element
~+00. U

5.6. Duality pairing on Hall (categorical) modules

Let ®: Y — X be a 2-Segal morphism of simplicial groupoids such that both @~
and ®S are regular. The way we constructed the Hall (left- or right-) module
hall(®) with underlying free Z-module V(Y)) := Z.™0Y0) it comes equipped with a

canonical non-degenerate pairing
(= =) ZmYo) 5 Z(m0Yo) 5 7

given by

(015 p2) = Z e1(a)pa(a).

l[alemoYg)

The questions are:

e How does this pairing interact with the left and right hall(X’)-module struc-

tures?
e [s there an analogous statement for categorical Hall modules?

It turns out that we should renormalize the pairing (—; —)" by keeping track of the
automorphism groups of Vjg. We thus define the slightly different pairing (—; —) by

p1(a)pa(a)

 Aui(a) (5.18)

(15 02) =
[alemoYg]

which can be described in terms of groupoids as the pull-push composition

(= =): V) x V() — V() x V (Vo) =5 V() = Qez V({x}) = Q.
(5.19)

Remark 5.6.1. Since the automorphism groups in ) are non-trivial in most exam-
ples, we really need to define (—; —) as a Q-valued pairing so that Equation [5.18]

malkes sense. &

It turns out that this renormalized pairing is compatible with the left and right
hall(X')-module structure:

Proposition 5.6.2. The non-degenerate pairing

(—; =)+ hall(®%) x hall(®S) — Q (5.20)
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is hall(X')-balanced, i.e. we have (n7.p;n5) = (7;¢.nS) for all ¢ € hall(X), n” €
hall(®7) and 1S € hall(®%) Q

We could prove Proposition by hand but we will not do this. Instead we will
see a more conceptual explanation and prove an analogous statement for categorical
V-Hall modules.

5.6.1. Bi-relative simplicial groupoids

The main trick is to define a new admissible subcategory A, C A which allows us
to encode the additional duality pairing.

We pick distinct formal symbols —oo and +oc.

Definition 5.6.3. We define the bi-relative simplex category A, C A as the
intersection A, = As N Ac. Explicitly:

e Objects are those N € A such that
« {—oc} £ N £ {+o0}
x —oo € N implies that —oo = min NV

x 400 € N implies that +00 = max N

e Morphisms are weakly monotone maps f such that for all z € Dom f we have:
x f(z) = —oo if and only if z = —c0

* f(x) =400 if and only if z = 400

A hypo-simplicial groupoid A% — Grpd is called a bi-relative simplicial groupoid.
)

Remark 5.6.4. The subcategory A, C A is clearly admissible. Observe that while
the singletons {—oo} and {+oo} are not objects in A, the set {—o0, 400} is. <&

Some conventions:

e To simplify notation we will use natural numbers to denote elements of an
object N € A, which are known to be neither —oo nor +o00. So for instance
we write {—00,0, ..., n} instead of {—o0, g, ..., x,} when z, # +o00. We use
the symbols zg, ..., z, when we want to leave open the possibility zo = —o0

or T, = +00.

e We will view A and A¢ as full subcategories of A, consisting of those ob-
jects which do not contain 400 and —oo respectively. Note that the objects

{—00,+00} and {—00,0,...,n,+00} of A, do not belong to either As or Ac.
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e We denote by Ay C A, the full subcategory of those objects which do not con-
tain either —oo or +00. Observe that the inclusion Ay < A is an equivalence

of categories.

e For a X°: A% — Grpd be a bi-relative simplicial groupoid we denote by X%,
X~ and XS the restrictions of X to the full subcategories AP, A% and AZ.

5.6.2. The abstract categorical pairing

Let A°: A% — Grpd be a 2-Segal bi-relative simplicial groupoid.

We can apply the generalized Hall construction and obtain a pointed 1-Segal bi-
relative simplicial category F°: A% — Grpd with 7§ =[], V(AR,) for N* €
AP,

We obtain the categorical pairing (—; —) : Fico 0 X F {0,400} > F{ o000} DY choos-
ing an adjoint inverse for the first map in the following span of categories and
functors:

‘Fffoo,()} X I?O,Jroo} — ff*O0,0,‘FOO} — f{O*OOfFOO} (521>

Claim 5.6.5. Recall that > and < denote the categorical left or right action of
Hall®(X¢) on Hall®(X<) and Hall®(X>) respectively. The pairing (—; —) comes

equipped with coherent natural isomorphisms (—; — > —) <= (—<—; —).

Proof. We define an unbiased (i.e. there is no preferred choice of bracketing) n-
ary pairing by choosing an adjoint inverse to the equivalence of categories in the

following span of categories and functors:

(_; - _) : Fffoo,O}XffO,l}X' ) 'X‘an,+oo} — Fffoo,o,...,nﬂroo} — ‘F{O*OOA’OO}

(5.22)
Using the same techniques as in Section and Section[3.3.4 we can define natural
isomorphisms (—;—>—) <= (—;—;—) <= (—<—;—) and show that they are
coherent. OJ

5.6.3. Morphisms induce bi-relative simplicial groupoids

There is an ample supply of bi-relative simplicial groupoids for those who know

where to look.

Construction 5.6.6. Every morphism ®: ) — X of simplicial groupoids gives rise

to a bi-relative simplicial groupoid ®°: A — Grpd:

o Put @7, = {x}
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e The groupoids ®f o7 and (I)ifo are all defined to

—00,0,...,n}? *{—00,0,...,n,+00} yeey 00}
be Vio,...n}-
e The inclusions {—c0,0,...,n} < {—00,0,...,n,+00} < {0,...,n,+o0} in-
duce the identity ®¢__ , . — D 0, mtoo) — D ooy
e The inclusions {—00,0,...,n,+00} < {—00,+00} induce the unique map
Vi) = {}
e The inclusions {—c0,0,...,n} «+ {0,...,n} — {0,...,n,+oc} induce the

D] D]
maps Vi, — X — V-

e All maps where the presence of the symbols —oco and +o0o does not change

from source to target are defined via the corresponding maps in X or ).

This construction defines a functor
{maps of simpl. A°* — Grpd} o, {bi-rel. simpl. A® - Grpd}  (5.23)

which is easily seen to be fully faithful s

Warning 5.6.7. The functor is not dense since it only hits bi-relative simplicial
groupoids A°: AP — Grpd such that X7 |, ~ {*} and such that the inclusions
{=00,0,...,n} — {—00,0,...,n,+00} <= {0,...,n,+00} induce equivalences of
groupoids. &

Proposition 5.6.8. For a morphism ®: ) — & of simplicial groupoids the following

are equivalent:
1. The morphism ®: Y — X is 2-Segal.
2. The right-relative simplicial groupoid ®=: AY® — Grpd is 2-Segal.
3. The left-relative simplicial groupoid ®<: AZ? — Grpd is 2-Segal.
4. The bi-relative simplicial groupoid ®°: A% — Grpd is 2-Segal. v

Remark 5.6.9. There is an apparent clash of notation here. Starting from a mor-
phism ®: Y — X there are two ways to obtain a right-relative simplicial groupoid
®Z: AY® — Grpd:

e We can apply|Construction 5.6.6{to ® and then restrict the resulting bi-relative

simplicial groupoid ®°: A% — Grpd to the subcategory A C AP.

e We can directly create a right-relative simplicial groupoid by using the equiv-

alence of categories from [Proposition 3.2.7]
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It is straightforward to see that the two versions agree so the notation is unambigu-

ous. Of course a similar remark applies for ®<. &

Proof (of [Proposition 5.6.8). This is easily done by considering the various cases

in Proposition |5.5. 10 ([l

5.6.4. The categorical pairing

We can now explicitly describe the abstract categorical pairing in the case of (V-)Hall

modules.

Proposition 5.6.10. Let &: Y — X be a 2-Segal morphism of simplicial groupoids.

Then the composition

(= =) Vo) x V) 25 v x V) T8 vg) 25 v((x)) - (5.24)

defines a Hall3;(X')-balanced categorical pairing between the right and left Hall}; (X)-
modules Hall}(®>) and Hall33(®<). v

Proof. This is basically the same as the proof of Theorem|5.0.1; we just have to keep

in mind that <I><{>_oo7+oo} = {x} and that the map <I><{>_0070} X <I><{>0’+OO} — @‘E_OO707+00}

appearing in the pairing span is nothing but the diagonal Vg X YV &L Vo 0

Corollary 5.6.11. In the situation V = Vect( the categorical pairing
(= =) : [V, Vecte] x [V, Vecte] — Vectc

is given by the formula

(E;F) =P Ei ®q, F; (5.25)

icl
where we write [[,., BG; ~ Vg and E = (Ej)ier, F' = (F)ier € [[,c; G—Repg ~
D/[O} , Vect@]. O

5.6.5. The finitary case and decategorification

Looking at Corollary [5.6.11| it is clear that the categorical pairing (—; —) restricts

to a vectg-valued pairing
(=5 =) : [V, vectels x [V, vectels — vecte

on the subcategory of finitary functors.



73 Hall monoidal categories and categorical modules

Corollary 5.6.12. By passing to Grothendieck groups the pairing (—; —) induces

a non-degenerate and Hall(X')-balanced pairing
Ko (—; —) : Hall(®%) x Hall(®<) — Z

between the right and left fat Hall modules associated to &: Y — X. 0

Next we want to study the relationship between the pairing Ko (—; —) and (—; —).
The first idea would be to use the dimension map; alas this will almost never be

useful as the next proposition shows.

Proposition 5.6.13. The pairing K, (—; —) : Hall(®>) x Hall(®<) — Z descends
to a well defined pairing Ko (—; —): hall(®>) x hall(®<) — Z via the dimension map
if and only if Vg is discrete.

In this case the pairings Ko (—; —) and (—; —) agree. @

Proof. Assume that YV is not discrete. Pick any object a € Yy with non-trivial
automorphism group {1} # G = Aut(a) and consider the trivial representation Cy
and the regular representation ¢C|G| of G = Aut(a). Setting 1 # g = #G we have
have k(g - [C1]) = k([¢C[G]]). On the other hand K, (g - [C1]; g - [C1]) = ¢*[C] & ¢?
and Ko (¢C[G); ¢C[G)) = [¢C[G]] ¥ g # g%, hence Ko (—;—) cannot descend to a
well defined pairing via the dimension map.
The converse and the “In this case...”-part are obvious if we look at Corollary[5.6.11.
O

It turns out that the regular section respects the duality pairing:

Proposition 5.6.14. The regular sections r: hall(®>) — Hall(®>) and r: hall(®<) —
Hall(®<) carry the pairing (—; —) on the Hall modules to the pairing Ko (—; —) on
the fat Hall modules. @

Proof. Recall that if Yy ~ [],c;BG; then r(p) = (kf—gj]]

icl
of Corollary [5.6.11], hence the result follows immediately from Equation and
Equation[5.18. O

in the notation

5.7. Example: vector spaces and free group representations
over Iy
We want to go back to our pet example A := F1[G]—free and compute its finitary

Hall monoidal category Hall(IF,[G]—free) as well as some categorical Hall modules

corresponding to parabolic subgroups of the symmetric group.
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5.7.1. The Hall monoidal category

Denote by X the simplicial groupoid of flags in I, [G]—free.
We have already determined in Claim that the multiplication span of X looks

as follows up to equivalence:

[[BG:S. x [[BG1S.«— J] BGU(SaxSn) == [[BG1S

nelN meN n,melN leN

Hence the underlying category of Halll' (F,[G]—free) is the category

Gl S,—repg = @ G S,—repge

nelN

of representations of the various wreath products G S,.

Left Kan extension along the inclusion BG ¢ (S, x S,,) < BG 1 .S, is nothing but
the induction Indgifg:;"sm), hence the monoidal product is given by the induction
product

E,® Ey, = Indgadtls (Bn @ Ep) (5.26)

for representations F, and F,, of G5, and G S,, respectively.

In Corollary [2.4.2| we identified the Hall algebra hall(IF, [G]—free) with the ring
Iylz] = Z {fL—T n e ]N} of divided powers by sending the standard basis vector
dn) to Lr. Under this identification the dimension map r: Ko(G1S,—repg) —
I'z[z] is given by G1S, ~ E, +— 9z and the regular section is the algebra

homomorphism
Qlz] = Q®z T'zlz] — Q ®z Ko(G 1 S.—repg)

given by mapping the monomial 2" to the the class [gs, C[G 1 S,]] of the regular

representation of G .5,.

5.7.2. Parabolic Hall modules

Fix a natural number r and tuple ¢ = (¢1,...,9,) € IN" which we view as a
composition of N = |¢| = >'_ ;. We obtain a corresponding N-dimensional

object [N] € IF1[G]—free and the parabolic subgroup

G118, =G <Hs ) < G Sy = Autp, (¢ _ree ([N]).

i=1
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To this subgroup we can associate a quotient datum Q(¢) = Q(G1S,) as in
Section which defines the categorical Hall module H(G, ¢) = Hallf'(X42#)
of the Hall monoidal category Hall'(IF,[G]—free) = (G S,—repg, N).

To compute H(G, ¢) we must understand the left relative simplicial groupoid X'%¥ :=
XA AZ — Grpd of flags in IF1[G]—free bounded by Q(¢); more precisely we
need to understand its action span

— X7

Xy X XY {0,400}

(1,400} X

© 1 ool (5.27)

It is not hard to check that the action span looks as follows (up to equivalence):

[[BGS. x [[BG 1S, +— ]_[ BG1S, xS, — [[BG1S,  (5.28)

nelN < <
e 7+u<so e

with components
BG1S, xBG1S, <~ BG5S, x5, —=BG1S,4,

for r-tuples v, u € IN" with v 4+ u < ¢ such that n = |7|.
We conclude that H(G, ¢) is the category €D
G ! S,—repg-action given by

<o G USu—repg with the categorical

Epv By = @ mdgestss, (Rl B0 B,

[v|=n
v+u<w

for representations £, and E, of G5, and G 1S, respectively.

The parabolic Hall module h(G,¢) = hall(X*<9¥)) has a Z-basis given by
{6, }u<, where p runs through all r-tuples dominated by ¢; in particular h(G, ¢)

has finite rank.
Claim 5.7.1. Mapping 0, to % (where p! == J];_; p!) gives an isomorphism of
hall(F, [G]—free) = I'z[x]-modules

h(G, QD) E_) Fz[Xl, - 7Xr] xv

!
where ™ acts on the right hand side by (X + - Xo)" =2 =n v'

Proof. Let R, (forn € IN) and R, (for a sub-tuple p < ¢) denote the regular
representations gs, C[G1S,] and s, C[G 1 S,] respectively. Observe that

GZSn ~/
Resgyg. R = EB R,
[Sn:S4]
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and

Qs ~
IndGz(gj:Su) Ry ® Ry = Rypy

hence in the Grothendieck group KoH(G, ) we have the identity

n!
(R > Ru] = Z J[R“/—l—u]'
y=n "

YHusy

The dimension map is a module homomorphism and maps R,, R, and R,., to
nlopy £, plo, = X+ and (y 4 p)1dy4, = X0 = XTX® respectively. The claim
follows. O

5.8. Convolution algebras

Let H C G be an inclusion of finite groups. Recall that the classical Hecke algebra
(G, H) is the Z-algebra of H-H-biinvariant functions ¢p: G — Z (i.e. for all g € G
and h',h € H we have p(h'gh) = ¢(g) ) with the multiplication given by the H-
convolution product:

1

(P 22)9) = o > ei(@)ealga) (5.29)

zeG

Dyckerhoff and Kapranov observed |[DKal, Example 8.2.11] that we can redefine this
algebra as the Hall algebra of a 2-Segal simplicial groupoid (see Section below).
This means that we can apply our general machinery to construct a corresponding

monoidal category and some (categorical) modules.

5.8.1. The fiber simplicial groupoid

Definition 5.8.1. Let f: A — B be a map of groupoids. The fiber simplicial

groupoid X/ associated to f is defined as follows:

(2) (2) ()
° X{{) ..... n}Z:AXBA XB"'XBA.

More precisely X {J; ) is the 2-limit of the diagram

.....

A A A
Nbor o0
B

with n + 1-copies of A sitting over B via f.

e Face maps are given by projecting onto the corresponding components, degen-

eracies are given by diagonal inclusions.
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If f: BH — BG is an inclusion H C G of groups then we call X/ the Hecke

simplicial groupoid and denote it by X%, &
Lemma 5.8.2. The fiber simplicial groupoid X/ satisfies the unpointed 1-Segal
condition, hence is 2-Segal by Corollary [3.5.3] @
Proof. The unpointed 1-Segal condition is verified by induction with an easy calcu-
lation
@) (2) 2) (2)
f _ v/ ~ v/ ~ v f
Xioonty = Xjomy XBAX Xy 4 XaAXp A Xy W Xa Xy O

Remark 5.8.3. The construction f — X/ is clearly functorial, i.e. induces a functor
Grpd~ — {unptd. 1-Segal simpl. A°® — Grpd} O

Lemma 5.8.4. For an inclusion H C G of finite groups the Hecke simplicial

groupoid X%H is regular. Q

Proof. All the finiteness conditions are satisfied because the groupoids X[f]’H are all
finite (since they are built from the finite groupoids B H and BG).
Hence for reqularity we only need to check that the extremal maps

(2) 2

) )
ve: XS = BH XpoBH xpo BH ™% BH xpe BH = XG1

and vy: X[g]’H — X{Go’g} are faithful.

The extremal map vy is given on a morphism (ho, hi, ha): (95, 91) — (90,91) by

’or
g, g 919
o e —> o o s o
lho lhl lhz | — lho lhg
° 9o . ° g1 . o ° g190 °

and is clearly faithful since hy can be recovered as the composition g;* o hy o g\.
The other extremal map vy is given on arrows by h +— (h,h), hence it is faithful
too. U

Remark 5.8.5. We have taken the easy way and required the groups G and H to be
finite. Lemma is still true with some more precise finiteness assumptions on
certain indices of subgroups H, ¢g-'Hg and their intersections. [DKa, Proposition
8.2.12] &

5.8.2. The case of group actions

A right action by a group G on a set Z can be interpreted as the map ¢: Z /G — BG

collapsing the set Z to a point. Since this map ¢ is an iso-fibration, we can compute
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the 2-pullback as a strict pullback. Hence we can take

)
g . Z
Xy = // G

where G acts on Z"W = Z"*! diagonally. The face and degeneracy maps are given
by projections and diagonal inclusions respectively.

Dyckerhoff and Kapranov [DKa, §2.6] call this X7 the Hecke- Waldhausen space as-
sociated to the action G ~ Z.

The multiplication span for the groupoid X7 looks as follows
Z0 )G x ZW ) G B gl g g Py g (5.31)
and the 2-fibers of the extremal map can be computed as the strict pullback

{20} x Z x {2} — ZP ) G

lproz lproz

{20} x {2z} —— ZW ) @

since pry, is an iso-fibration. Hence the product * in hall(X?) is given on functions
@1,@22 70 (Z[l] // G) — 7. as

(61 % $2) (20, 20) = / B1(200—) - o= 20)
{Zo}XZX{ZQ} (532)

= Z 951('20’ Z)@(zv 22)'

z2€Z

5.8.3. The classical Hecke algebra, revisited

If the action of G' on Z is transitive then picking an element z € Z identifies Z with

H \ G where H = Stabg(z). Thus we obtain an equivalence of groupoids

BH 2 (H\G) )G 2% 7 ) G
T

which induces an equivalence of simplicial groupoids X% ~ x4

Now we want to show that the Hecke simplicial groupoid X%# deserves its name.

Lemma 5.8.6. The assignment (Hg, Hg') — Hg'g ' H defines a bijection

7o (Zm // G) — H\G/ H



79 Hall monoidal categories and categorical modules

with inverse given by HgH — (H, Hg). Q
Proof. Fasy calculation. 0

Therefore we can identify the elements ¢: mo (Z! J G) — Z of hall(X?) with
functions H\G/H — Z, i.e. H-H-biinvariant functions ¢: G — 7. Under this
identification Equation reads

(o1 % 02)(9) 2 (¢1 % Po)(H, Hg) = > $1(H, Ha)@s(Hr, Hg)
HxeH\G

> wi@)ealgr)

HzeH\G

~ 27 2 eil)ealon™)

zeG

hence we recover exactly the convolution product of the classical Hecke algebra.

5.8.4. The Hall-Hecke monoidal category

What is the (finitary) Hall monoidal category of the Hecke simplicial groupoid X% H?

Let us at least compute its underlying category.
Claim 5.8.7. We have an equivalence of groupoids
BH, = (2" = X
I1 97 /G =
HgHeH\G/H

(where H, .= H N g~'Hyg) given on objects by %y, — (H, Hg) and on morphisms
by the inclusions H, — G.

Proof. In Lemma we have identified the isomorphism classes of ZM | G with
double cosets of H C G. For each double coset HgH = (H, Hg) the automorphism
group in ZW | G consists of those x € G such that Hx = H and Hgx = Hg, i.e.
re€H,=HNg 'Hg. O

Therefore the underlying category of the finitary Hall monoidal category Hall® (X))

@ H,—repg.

HgHeH\G/H

is the category

5.8.5. The counting module

Consider the identity morphism id: X%# — X% from the Hecke simplicial groupoid
to itself. Using Proposition [3.5.10] and the fact that X% is unpointed 1-Segal
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(hence 2-Segal) it is immediate that id is 2-Segal. Hence we get an action of the
Hecke algebra hall(X %) on V(X[a’H) & 7 via the action span (recall Z = H \ G)

CS )< (7 o)== (7 o)™ (7] )

Thus for a function n: 7y (Z ) G) — Z in V(X&’H) (which is just an integer n € Z
since Z J/ G is connected) and a characteristic function 1y p: 19 (Z X Z ) G) = Z
in the Hecke algebra hall(X%#) (using the identification from Section|5.8.3)) we have

(0 Lgn) = (0 Ugn)(H) = > n(Ha)lygn(He, H)

HzeH\G
£ > n(Hz)Lggm(e™")

HzeH\G

1 _ #HgH
= .1 h=p.

So this module hall(1 yc,#) counts the number of elements in the double cosets H?H
(in multiples of #H ).
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6. Equivariant polynomial functors

6.0.1. Motivation

A classical tool for studying the representations of the symmetric group is the char-
acteristic map which assigns to each representation of S,, a symmetric function and

in fact gives a ring isomorphism |Mac95, 1.7.3]

IR

ch: Ko(Si—repg) — A,

where A is the ususal ring of symmetric polynomial functions C* — C.
For a finite group G, this isomorphism can be generalized to a similar isomor-
phism [Mac95, §I.B.6]

ch: R(G) == Ko(G 1 S, —repg) — A(G), (6.1)

where A(G) is the ring of symmetric polynomial class functions C[G|* — C (and
will be introduced properly in Section [6.5.1]).

It is a pity, though, that we have to forget so much structure when passing from
the monoidal category G' ! S,—rep¢ to its underlying Grothendieck-ring. So we cat-
egorify the notion of G-equivariant (with respect to conjugation) symmetric poly-
nomial functions C[G|* — C to get the notion of polynomial functors G—repe —
vecte which we interpret as “G-equivariant” analogues of the classical polynomial
functors vecte — vecte. Further, we replace the ring A(G) by the monoidal cate-
gory Poll(G—repg, vect) (of polynomial functors of bounded total degree).

Our goal will then be to construct an equivalence of monoidal categories
Z: G S,—repy — Pol,(G—repg, vecte) (6.2)

and show that it categorifies the ring isomorphism ch. This equivalence of categories

has the remarkably easy formula
G Sn > En — HomGzSn (Tn(—v), En) &= En ®ngn T

where V denotes the dual representation and 7" (—) is the n-th tensor power. This

means that every polynomial functor F' can be written as an expression of the form

F=PE,®as, T"(-)

nelN

which we can interpret as some sort of power series with coefficients FE,,.

Hence the equivalence of categories [6.2] can also be seen as a categorification of the
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isomorphism

ClX] = @ C <= {polynomial functions f: C — C}

nelN

which maps a polynomial Eigj\? e, X" (viewed as its sequence (eg, e1,...) € @, C

of coefficients) to the polynomial function ) e,(—)": C — C.

Remark 6.0.1. The notion of polynomial functors vect, — vect; has been studied
extensively, see Kock’s notes |[Koc| for a historical overview.

The monoidal equivalence is treated in the case G = {1} in MacDonald’s mono-
graph [Mac95, §1.A] and most ideas go back to Schur [Sch01}Sch27]. The adaptation

of the classical arguments to the case of wreath products seems to be original.

6.0.2. Overview

To prove that the map is an equivalence we follow the same general strategy as
the classical one for G = {1} [Mac95, §I.A] and in many places the generalization

works almost word-by-word. We divide the proof into a few steps:

e We show that each polynomial functor decomposes into a direct sums of ho-
mogeneous ones so that we only have to worry about homogeneous functors

of some degree n.

e We use the auxiliary category (G—rep¢)lS,, (see Appendix|A.2) and construct
an equivalence of categories (Proposition [6.1.7))

Polg)((G—repC) ! Sp, vecte) — Polf(G—repg, vectc),

where the left side consists of multilinear functors (G—rep¢)" — vect¢ with

some extra structure which encodes the action of the symmetric group.

The arguments in the first two steps are not specific to group representations and we
will carry them out by considering general k-linear categories G instead of G—repg¢

where the field £ has to have characteristic 0.

e Embedded in the category Poll({l) of componentwise linear functors we find
the nicer category Rep®” of componentwise representable functors. We will

study such multi-representable functors abstractly and derive an equivalence

of categories ((6.2.3)

[D 2 Snu V] i> Rep®n([D7 V]Op 2 Sm V)
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in a completely formal way for any closed symmetric monoidal ground category
V (in our case V = Vect¢ is the category of all C-vector spaces) and any V-
category D (in our case D = B C[G]; hence [D1S,, V] and [D, V] are nothing
but G S,—Repe and (G—Repg) 1 S,,) respectively.

If D =BA is a finite dimensional algebra (e.g. A := C[G]) then we can pass
from the case of all vector spaces and all modules to the finite dimensional

case and obtain an equivalence of categories (Proposition [6.3.2))

A1 S,—mod — Rep®"(A—mod® S,, R—mod)

Combining the previous steps we obtain a fully faithful functor
En 0 ALS,—mod — Pol¢,(A—mod®?, vect()

If we are in the semisimple case (e.g. for G-representations) then all linear
functors are representable, so we don’t actually lose anything by passing from
Poll((l) to Rep®”; hence =, is an equivalence in this case.

In the case of finite groups we can drop the (—)°P, since the category of finite

dimensional G-representations is self-dual.

Finally we need to check that the the resulting equivalences =, assemble to

the desired equivalence
Z: G1S,—repy — Poll(G—repg, vecte)

of monoidal categories (Proposition [6.4.1]).

We will also see in which sense the constructed equivalence = of monoidal cate-

gories categorifies the ring isomorphism in the case where G is abelian:

When we want to decategorify a polynomial functor F': vecte — vecte into a poly-
nomial function f: C — C the obvious way is to define f(z) = trF'(-z: k — k). The
obvious generalization to polynomial functors F': G—repy — vectc is the formula
f(z) =trF(-z: ¢C[G] — ¢C[G]) to obtain a polynomial function f: C|G] — C.

In this spirit we can build a canonical decategorification map

x: Ko(Poll(G—repg)) — A(G)

and show that it is an isomorphism and that it turns the equivalence = (6.2 into
the ring isomorphism ch (6.1)).

Actually, we will proceed the other way around: We show that map y corresponds
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to ch under the identification coming from [6.2) and conclude that it is a ring isomor-

phism.

6.1. Polynomial functors and linearization

Let k be a field of characteristic 0 and denote by vect; the category of finite di-
mensional vector spaces over k. Let G and V be k-linear categories and C be an
arbitrary category. Let r and n be natural numbers.

Let ¢ = (1, . .., ) denote r-tuples of natural numbers with n = |¢| == p1+- - -+,
If r = n then we write (1) for the tuple (1,...,1). For a tuple A = (Ay,...,\,) € k"
(which we view as a variable) we abbreviate A? :== A7" - -+ \?".

For a tuple X;,..., X, € G we denote by m; = 7¥: X; @ --- ® X, - X, and by
L =15 X; = X, @@ X, the i-th projection and the i-th inclusion respectively.
We denote by (A\) = (A)x both the automorphism (Ai,...,\,) = Zr: Aitim; of

=1
X; @ - ® X, in G and the automorphism (Aq,...,\;) of (Xi,...,X,) in G".

Definition 6.1.1. e We call a functor F': G — V polynomial if for all ob-
jects X,Y € G the mapping F: Hom(X,Y) — Hom(F(X),F(Y)) of k-
vector spaces is polynomial, i.e. for every fi,..., fs: X — Y the expression
F(A\ifi+ -+ A-fs) is a polynomial in the variables Aj,..., Ay € k with coef-
ficients in Hom(F'(X), F(Y)).

e If all this polynomials are homogeneous of degree n then we say that F' is
homogeneous of degree n. We denote by Pol} (G, V) the category of poly-

nomial functors that are homogenous of degree n.

e A functor G" — V is called homogeneous of degree ¢ if it is homogenous
of degree ¢; in the i-th variable for i = 1,... 7. We denote by Pol?(G",V) the
category of such functors. If n = r and ¢ = (1) then we call such functors

n-multilinear. &

If C is a category then we can form the wreath product C S, by taking the
category C" and adding some morphisms (but no additional objects) coming from
the permutation action of S, on C". In the case where C = BG is a group we
recover the usual notion of wreath product, i.e. we have a canonical isomorphism
(BG)1 S, = B(G1S,). See Appendix for a systematic description of wreath

products (and more generally of semidirect products) of categories.

Definition 6.1.2. We call a functor G S,, — V homogeneous of degree n or n-

multilinear if it has the corresponding property after restricting to the subcategory
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G" C G1S,. Denote by Pol2(G1S,,V) and Pol,(:)(g ! Sp, V) the corresponding

categories. &

We will always abbreviate Pol;(?) instead for Pol, (?, vecty).

6.1.1. Decomposition into homogeneous pieces

Whenever we have a polynomial, we can decompose it into a sum of monomials, i.e.

homogeneous pieces. Now we want to do the same thing for polynomial functors.

Lemma 6.1.3. If F': G" — vect; is homogeneous of degree ¢ then F((\)x) =
APidx @

Proof. Writing (X\;)x for the map (1,...,N;,...,1): X — X we can decompose
(N x as (M) x -+ (A\)x. Since F is homogeneous of degree p; in the i-th coordinate

we obtain F((\;)x) = A\'; the claim follows since F' respects compositions. O

Proposition 6.1.4. The functor @ : [ Pol7(G") — Pol;(G") is an equivalence
lpl=n [pl=n
of categories. Q@

Proof. The functor @ is clearly faithful.
lel=n
Every morphism @ F, = @ Gy is a matriz of transformations ay: F, = Gy.
lpl=n |]=n
To see fullness we need to prove that all the entries off the diagonal are zero, or

in other words that every natural transformation o: F — G is zero if F' € Pol},
G e Polf and ¢ # 1. To prove this let X € G" be any object. By naturality of o we
have

ax o F(Aidy) = G(Mdyx) o ax

Using Lemma we conclude oy = Nax for all X € k", hence ax = 0 if
pF Y

Lastly we want to prove essential surjectivity; to do this let F': G" — V be a polyno-

maal functor of homogeneous degree n. By the conditions on F, we can write
F((A)x) = Y up(X)A? (6.3)
ll=n

for some coefficients u,(X) € Hom(F(X), F(X)).
Now take any map f: X — Y between objects X,Y € G™. Then we have

Y F(Nug(X)A = F(HF((N)x) = F(M)F(f) = Y upg(Y)F ()N,
lel=n lpl=n

Comparing coefficients gives F(f)uy,(X) = u,(Y)F(f), i.e. uy: F — F is a natural

transformation.
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For two tuples of scalars (N)x, (1) x we have

Y up(X)O)? = F((Aw)x) = F(Nx)F(()x) = | D up(XON | | D up(X)u?

el=n lel=n lel=n

Comparing coefficients we see that we must have ufo = u, and uy,uy = 0 for ¢ # .

Moreover by putting \y = --- = A\, = 1 in Equation we obtain Yy u, = 1p.
lel=n
This means that the u, form a complete set of pairwise orthogonal idempotents,

hence we have a direct sum decomposition

F=@F, (6.4)

lp|=n

where F, = Im(uy). This shows that F' lies in the essential image of €D . O
lpl=n

If F: G — V is a polynomial functor (not necessarily homogeneous) then in a

similar spirit we can define idempotent natural endo-transformations u,, for n € IN by

taking u, (X) to be the coefficient of A" in the polynomial expression F/(A\: X — X).

One can use exactly the same methods as in the proof of Proposition to show

that we can decompose Pol,(G) into the various Pol}}(G) and write every polynomial

F as direct sum @ F,, where F), is the image of the idempotent endomorphism
nelN
u,(X) and is homogeneous of degree n. In other words the functor

P: ] Polr(G) = Poli(G)

nelN nelN

is an equivalence of categories.

Remark 6.1.5. Note that the direct sum of functors F' = € F,, might be infinite
nelN

even though vect; does not admit infinite direct sums. For example consider the

exterior power functor A* = @ A": vect, — vect, sending a finite dimensional
vector space X to the finite dinrflngnsional (1) space A*X = P A"X.

Evaluating a polynomial functor F at a fixed object X en§ ]Nwill always result in a
finite sum decomposition F'(X) = ﬁége F,,(X) because only finitely many wu,(X) can
appear in the polynomial expressionrfﬂ}()\: X — X). O

Sometimes we are interested in those polynomial functors which can be written
as a finite sum of homogenous ones. We call such a polynomial functor finitary or
of finite total degree and we denote by Pol(G) C Poli(G) the full subcategory
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of all finitary polynomial functors. Clearly we get an equivalence of categories

B: Proli(G) = Poli(9).

nelN nelN

6.1.2. Lifting the multilinear component to the wreath product

From now on we assume n = r.
For each functor F' € Pol; (G S,,), we have the restricted functor I’ = F } g» Which
we decompose as ' = @ F: G" — V.

lo|=n

Let @« = (a,0): X — Y be a morphism in G S,. Then F(a) is a morphism
D F(X)=F(X)— F(Y)= @ F,(Y) and we can ask ourselves whether this

lel=n lpl=n
morphism descends to the summands Fy;,(X) — F;,(Y).

For a tuple (\) of scalars we have the equation awo (A)x = (6\)y o @ of morphisms
X =Y. where (0)) = (Ao-1(1);- - Ao—1(n)). Applying F' and using the decompo-
sition F((A)) = F'((A)) = > u,A? we obtain

lol=n

D Fa)ug (X)X = > u (Y)F(a)(o))?.

[o|=n lo|=n

Notice that AV = (0A)®), hence comparing the coefficients of A\ gives F'(a)u)(X)
u)(Y)F(a). But ug) is the idempotent corresponding to the summand F{}) of F”
and so we see that F'(«) descends to a map F{})(X) — F{})(Y’) which we shall call
Fay(e).

In other words we have constructed an extension F;): G1 S, — V of the functor
Fly: g = V.

Claim 6.1.6. The construction F' — F{y) is functorial in F'; hence it provides a lift

of functors in the following commutative diagram:

Pol?(G") —=— [ Polf(G") —2 Poll)(g")

lel=n
Res)I\ Res)[

POI(G 1 S),) ~=mmmmmmmmm e s> Pol(G 1 S,)

Proof. Consider a natural transformation n: F' — G between functors F,G €
Pol(G1S,). Thenn is a fortiori a natural transformation F' — G’ and thus induces
a natural transformation 1) : F(/1) — G’(l). Now it is straightforward to show that

Ny 18 natural also with respect to the additional arrows a: X —Y in G 1Sy, since
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N1y (X), ny(Y), Fy(a) and Gay(a) are just restrictions of n(X), n(Y), F(a) and
G(a) respectively; hence the naturality equation is inherited. 0
6.1.3. Linearization gives an equivalence of categories

Recall that we have the functor A: G x BS,, — G S, induced by the invariant
diagonal embedding A: G — G" (see Appendix |A.2.4). Pulling back along this

functor gives a functor
(G Sn,vectk] [g x B S, vecty] =[G, S,—rep,],

where S,,—rep,[B S, V] is the category of S,-representations over k.
It is clear that if L: G S,, — vecty, is polynomial of homogeneous degree (1) then
A*(L): G — S,—rep,, is polynomial of homogenous degree n. Hence we get an

induced functor

A*: Pol (Q 1S,) — Poli(G, S, —rep,).

The category S,,—rep,, comes equipped with the functor
S, .
—)°" = lim: S, — — t
(—) lim Sp—rep, — vect,

of Sp-invariants which assigns to each diagram B S,, — vecty, (a.k.a. S,-representation)

its limit.

Proposition 6.1.7. The functors

L: Poli(G) “B9529 poin(gy s,) 2 PolV (G S,)
and
D: P (1) Ax n ((_)Sn)* n
: Pol /(G S,) — Pol (G, S,—rep,) —= Pol}(G)
form mutually inverse equivalence of categories. @

Remark 6.1.8. The functor £: Pol;(G) — Poll(:)(g 1S,) is called linearization
because it takes polynomial functors and turns them into multi-linear functors. We
can view multi-linear functors G .S, — vect;, as linear functors G€" x S,, — vecty,

where now x is the k-enriched version of the semi-direct product of categories. <

Proof. We show that the composition Lo D is naturally isomorphic to the identity.
Let L € Poll({l)(g 1Sy) be a functor which is linear in each variable. Let F' = D(L),
ie. F: X — L(X,...,X)%. Then the image F under @ is given by

Flo(Xy, oo X)) = LG @@ X,,. ., X1 @@ X,)%"
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Since L is linear in each argument, we can write

LX @ @X,,. .. . Xi00X,)= P LX,... ..X,)

0<y1,...7n <N

The question now is: what is the (1)-homogeneous part F('l) of F'?
The endomorphism (A) = (A1,...,\n) of (X1,...,X,) induces the map

B Ly Mn)
P Lx,.....x,.) NS> 10 SN * |

(SGIPRNLTEN ) 0<71,- <R

where L(\y,, ..., \y,) is nothing but \,, - - -\, by (1)-linearity of L. We deduce that
the (1)-homogenous part of @  L(X,,...,X,,) is given by the summands
A,

0<v1,- <0

corresponding to those vy, where Ay, -+ Ay, = Ai--- Ay, this means precisely that
v:A{l,....,n} = {1,...,n} is a bijection, i.e. v € S,.

We conclude that F(/1) s given by

Sn
F(/l): <X17 s 7X7l) = <® L(XU(1)7 to 7X0'(n)))

O'ESn

since the Sy-action is compatible with the restriction to the (1)-homogenous compo-
nent.
The Sy-action simply identifies the various summands L(Xsqy, ..., Xom)), hence we

have a natural isomorphism

Sn
L(PU )o’ n
L(X, ..., X,) Lecsn, (@ L(Xo0), .. ,Xg(n))) — Fly(X1,..., X,).

- oESy

It is straightforward to check that the resulting isomorphism L —» F(y = (LoD)(L)
is natural in L, thus the proof of L o D = id is completed.

Next we show D o L = id.

Let F' € Pol(G) be a polynomial functor of homogenous degree n. Denote by F' the
functor @*(F): (X1,..., Xn) = F(X1 @ --- @ X,) and abbreviate Lp = A*(F,)).
Then we need to show that Ly(X)% = F(X) naturally in F and X .

Recall that Lp(X) was defined to be the direct summand of F(X™) induced by
the idempotent endomorphism u = wny which was defined to be the coefficient
of M-+ Ay in the polynomial F((A1,...,A\n): X — X"). Recall the notation
ti: X = X" and m;: X" — X for the j-th inclusion and projection respectively.
Denote by A = Zj tj: X = X" and V = Zj 7 X" — X the diagonal and codiag-
onal on X respectively and let P, = Zj Lo(j)yTi: X" — X" be the permutation map
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associated to o € S,,.

Claim 6.1.9. We have the following equations:

uF(A)F(V)u=uY_ F(P,)u. (6.5)
F(V)uF(A) = n! (6.6)

Proof (of Claim. Consider the expression F'(}_,; §ijt;mi) which is a polynomial
in the variables §;; € k and denote by w, the coefficient in front of 1)1+ Eo(n)m-
The left side of Equation[6.5] is the coefficient of Ay -+ N\, -1 - - - ly, in the expression
F((NAV(p) = F(32; Ajuitymi). By putting §; = A\jui we see that this coefficient
is precisely Y, W,

On the other hand uF (P, )u is the coefficient of Ay« -+ Ay - pu1 - + - f1n, in the expression
F(N)P, (1) = > Aoty litoyTi- By putting &5 = No@ypi if j = o(i) and & = 0
otherwise we see that this coefficient is nothing but w,. By summing over all o € S,
we get Equation[6.].

Equation reff] because the left side is the coefficient of Ay--- A, in F(V(AN)A) =
FA\ 44+ X)) = (A + -+ X)), it is elementary to see that this coefficient is
indeed n!. O

Denote by b and q the inclusion of and the projection onto the direct summand
Lp(X) of F(X @ --- @ X) respectively, hence bg = v and qb = idp,(x). We can

define morphisms

F(A)

e F(X) == F(X&- - ©X) 1% Lp(X)

0 Lp(X) = F(X & - @ X) 2% pX).

Equation can then be rewritten as ne = n!; restricting Equation to Lp(X)
gives en = Y. Lp(P,). We know that > Lp(P,): Lp(X) — Lp(X) is a
retraction of the inclusion Lp(X)" — Lp(X); hence defining

120 Lr(Ps)
ST =

& F(X) = Lp(X) Lp(X)%

0 Lp(X)% < Lp(X) - F(X)

gives €'y’ = n! and n's’ = n (Len) e = nl. Therefore &’ and 1’ are mutually inverse
up to the invertible scalar n! € k*.

It is clear that € and n (hence €' and n) are natural in X and F since they are
constructed out of the maps F(A), F(V), b, ¢ and Lr(P,); all of which are natural
in X and F. 0
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6.2. Multi-representable functors

Let V be a complete and cocomplete closed symmetric monoidal ground category,
e.g. V¥V = R—Mod for any commutative ring R. Everything (categories, functors,
natural transformation) that appears in Section shall be understood to be en-
riched over V even if it is not explicitly mentioned. See Kelly’s book [Kel82| for an
introduction to enriched category theory.

The symbol D will denote a V-category.

Definition 6.2.1. A functor D®" — V is said to be n-representable if it is repre-
sentable when fixing all but one of the variables.

A functor D1 S, — V is said to be n-representable if the restriction to D®" is
n-representable.

The V-category of all n-representable functors is denoted by Rep®"(—,V) with
Rep = Rep®'. &

We denote by @ = Q),,: [D, V]®" — [D®", V] the functor given by
(P1y-- vy pn) (1, @) = pr(T) @ -+ @ pul(Ty).

6.2.1. Decomposing multi-representable functors

We use the notations Yp: D < [D,p, V] and YP: D — [D,V],, for the co- and
contravariant (enriched) Yoneda-embedding respectively. See also Appendix

Proposition 6.2.2. The functor @: [D,V]*" — [D®",V] induces an equivalence
of categories
% n n
Rep([D", V]op, V) —= Rep®"(|D, VIS, V)

op
with an inverse given by the restriction of
[(2)™" Y] ~
[P, V)27, V] ——— [D*",V] —— Rep([D®", V]op, V)

op ’ Y[p@n,v]
to the full subcategory of n-representable functors. @

Proof. Let L: [D,V|5" — V be an n-representable functor. Then we need to show
that L can be written as the composition

D ver 2 pen v, Ly v,

()"

where L = [D®", V](—, L‘Dm) is the functor represented by the object L|,, : D¥" ———
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[D,V]ar LD of [D®™ V]. For functors p, ..., pn € [D,V] we calculate:

L(p1, .-, pn) = [D,V(p1, (=, p2, - - )| )
= [D,V](p1,di = L(D(d1, =), p2 -, pn))
= [D,V|(p1,di = [D,V](p2,dz = L(D(d1, =), D(d2, =), p3; - - - s pn)))
= [D®D,V|(p1 ® p2, (di,d2) = L(D(d1, =), D(d2, =), p3; - - - )

~ ['D®n, V](p1 ® -+ & pp, L(D(dy, =), ..., D(dp, —)))

= (10@)) (P1,- -+ Pn)

naturally in p1,...,pn and L. The first and second =-steps are given by apply-
ing the Yoneda Lemma to the representable functors L(—, pa, ..., pn) and
L(D(dy, =), —, ..., pn) respectively. The third = follows from applying Lemma
to p1, p2 and F': (dy,dy) — L(D(dy, —),D(d2, =), p3, ..., pn) and then the rest is re-

peating the same steps again and again.

On the other hand, consider a functor L: [D¥" V]op — V, represented as [D¥", V](—, E)
by an object E € [D®",V]. We have to show that the composition

(¥?)*" ®op i
D" —— [D, V] —= [D*" V], — V
18 naturally isomorphic to E. So we calculate, for x1,...,x, € D:
E(zy,...,z,) = [D,V|(D(x1,—), E(—,22,...,2,))

I

[D, V} (D(I'l, —), d1 — [D, V] (D(l‘g, —), E(dl, —,T3,... ,l‘n»
~ DD, V|(D(x1,—) @ D(xs,—), E(—, —,x3,...,2,))

~ [D®n,V](D(£L’1, —-)®--®@D(z,,—), E).

Here the first and the second isomorphisms are the Yoneda Lemma and
the third is Lemma [A.4.5; then we keep repeating the same steps. Since all the
provided isomorphisms are natural in xi,...,x, € D and E € [D®", V] the proof is

completed. O

6.2.2. Extending to the semidirect product

Now we want to apply Lemma to the following situation:
Let S == S,. We set C :== D®" and C’' := [D, V|3 with the obvious permutation



93 Equivariant polynomial functors

actions I': S, » D" and I": S, ~ [D,V]&". Further declare F to be the whole
category [C, V] and F’ to be the full subcategory Rep®"([D, V™, V) of [C’,V]. Then

op "’
the composition

®: F = [D®", V] —— Rep([D®", V]op, V) —@% Rep®™([D, V&, V) = F'

op
(D™, V]

is an equivalence of categories by Proposition It is an easy calculation to see
that ® is compatible with the \S,, actions on both sides.

Hence Lemma provides:

Corollary 6.2.3. The functor &g, : [D1S,,V] — Rep®"([D, V]op ! S, V), which
explicitly is given by

E (P15 pn) = D" V] (01 @+ @ py, E)
is an equivalence of categories with inverse given by the formula

L s D18, 2250 D V)1 S, sV

6.3. In representation theory...

Set V := R—mod for some commutative ring R. If D is a V- (i.e. R-)linear category,
then V- (i.e. R-)linear functors D — V are what we would call representations of D

over R.

6.3.1. ...of finite algebras...

Let A be an R-algebra, we can view it as the R-linear category D := B A.
Corollary applies with V := R—Mod, so we get an equivalence of categories

A1 S,—Mod — Rep®"(A—Mod 1 S,,, R—Mod) (6.7)
given by the formula
E v+ E = Homyen(—®--- @ —, E) (6.8)

Remark 6.3.1. Formula is slightly ambiguous since it only describes E as a
functor

E: A-Mod%" — R—Mod.
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By the universal property of the wreath product, we still need to specify compatible
natural transformations @), : E= Focoforaloe Sy

Consider the R-linear permutation map
PU(Xl, . ,Xn): Xa—l(l) XX Xgﬂ(n) — X1 ® - ® X,

which is natural in X1, ..., X,, € A—Mod. Define the natural transformation @, =
E,o—oP,: E = Eoc which is given on the (X1,...,Xy)-th component by mapping
a morphism f: X; ® --- ® X,, = E to the composition

XG_1(1)®"'®X0'—1(7’L)i)Xl@"'@XnL)E&E

where F, is the action of ¢ on E. A direct calculation shows that E, o f o P, is
an A®"-module homomorphism even though P, and E, are only R-linear, therefore
Qs = E, 0 — o P, is well defined.

It is easy to see that the various (), are compatible, hence give rise to the desired

functor

E: A—mod® S, — R—Mod o

Proposition 6.3.2. If the algebra A is finite over R (i.e. finitely generated as an
R-module) then Equivalence restricts to an equivalence of categories

A1 S,—mod — Rep®"(A—mod® S,, R—mod) (6.9)

where we consider finitely generated modules. Q

Proof. By looking at the explicit formulas from Corollary[6.2.5 it is clear that under
Equivalence the full subcategory Al S,—mod C Al S,—Mod (on the left)

corresponds to the full subcategory of those n-representable functors
L: A—Mod*: S,, — R—Mod

which map finite modules to finite modules (on the right).
Since every A-module is a direct limit of finite A-modules and n-representable func-
tors preserve direct limits in each variable, we see that every such functor L 1is

uniquely determined by its restriction to finite modules. The result follows. 0

6.3.2. ...over a field of characteristic zero

We go back to the situation where our ground ring R is a field k of characteristic 0;
we still consider a finite (dimensional) k-algebra A. We abbreviate G, .= A®"—mod
with G := G; = A—mod.
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Consider the following composition =, of functors

A1 S,—mod —=— Rep®"(G°1 S, vect,) ——— [GP 1S, vecty],

R

~ _\Sn
Pol}(G°P, vecty) <—>* Pol? (G, S, —rep,) +~— Polfj)(gop .Sy, vecty)

B (6.10)
where the first equivalence is the one from Proposition [6.3.2] and the equivalence
in the bottom row is the one constructed in Section (Proposition [6.1.7). The
vertical isomorphism arises from comparing the two different meanings of —.5,,; in
the first case we use the vect; enriched version g(?;,” x S, (and talk about k-linear
functors), in the second case we use the non-enriched version GJ 0.5, (and talk about
multilinear, i.e. (1)-homogeneous functors).
Tracking the explicit formulas for the various functors appearing in Diagram

we see that the dashed composition is given by
E,: E— (Homyen (T"(-), E))*", (6.11)

where T": A—mod — A S,—mod is the n-th tensor product functor.

Corollary 6.3.3. The functor =,,: A1S,—rep, — Pol;(A—rep;’, vecty) given
by Formula is fully faithful. O

If the algebra A is semi-simple then every linear functor A—rep,”® — vect
is representable, hence the inclusion Rep®" (G 1 S, vect;) < [GP1S,, vecty],

appearing in the definition of =, is actually the identity.

Corollary 6.3.4. If the algebra A is semi-simple then the functor =, is an equiva-

lence of categories. 0

For a finite group G we can identify G—rep¢ with G—rep¢ via the duality
functor £ — EY. Moreover there is a canonical isomorphism between invariants

and coinvariants, hence we don’t have to worry about the distinction.
Corollary 6.3.5. For a finite group G the functor

=n: G S,—rep, — Pol}(G—rep,, vecty)

given by the formula

E, — Homgs, (T"(=Y), E,) & E, ®gs, T" = Homegs, (E), T"(—))

is an equivalence of categories. 0
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6.4. The Hall monoidal category of IF,|G|—free

Recall from Section that Gl S,—repe = @ G S,—repe is the underlying

nelN
category of the finitary Hall monoidal category Hall'(IF;[G]—free). The monoidal

product is given by the induction product
E,X E,, =Ind st+) (GiSm )(En ® E,)

for representations F, and FE,, of G .S, and G .S,, respectively.

We can assemble the =,’s for all n € IN to an equivalence

= =EHE.: G1S.—repe — EPPol,(G—rep;) ~ Polg(G—repg).

nelN nelN

Proposition 6.4.1. The functor =Z: E, — E,®gs, T is an equivalence of monoidal

categories
=: Hallf'(F,[G]—free) — (Pol¢(G—repg), ®),

where ® denotes the pointwise tensor product of polynomial functors. @

Proof. An easy calculation shows that X corresponds to ® under =:

— GiSn+m n+m
E(E.KE,) = (I d((i’zSI)x(Gsz)(En ® Em)) DGSm 1 i

~

Gsn m
En) @@isn)x(@isnm) Res 25+) % (G2Sim)

(En

= (En ® En) @@s,)x(@isy) (T @T™)
(E Rcis, T") @ (Em Qas,, T)
=(E,) ® Z(Epn) 0

Tn+m

I

1%

naturally in E, and E,,.

6.5. The characteristic map

In this section we will abbreviate write Kq for the C-valued Grothendieck group/ring

which we would otherwise denote by C ®z K

6.5.1. Symmetric polynomial class functions

Let R(GS,) be the C-vector space spanned by the irreducible characters of G 1.S,;
this is the same as the vector space of class functions G5, — C. Out of this
vector spaces we can construct the graded ring R(G) = @, .y R(G ¢ S,) with the
multiplication given by the induction product.

Note that R(G) is just the Ky-ring of the monoidal category G ! S,—repg, i.e. the
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fat Hall algebra Hallg(F,[G]—free). Hence the equivalence of (graded) monoidal
categories G ! S,—repg ~ Poli(G—rep@, vectc) provides an isomorphism of graded
rings R(G) ~ Ky(Polk(G—repg, vectc)) = F(G).

For each integer d > 1 we consider the ring C4(G) of polynomial class functions
d
on C[G]¢, i.e. functions f: C[G]? — € which can be written as (Zg aigg> —

F((@ic)eec, i) where f € Clzie | 1 < i < d;c e G,]is apolynomial and a;. = Z:zg_; a;.
Since the irreducible characters v € G* form a basis of the linear class functions
C[G] — C, we immediately obtain that C4(G) is the polynomial ring Cly;, | 1 <@ <
d;y € G*] in the polynomial functions y;,: C[G]? 2 (a;)%; — v(a;).

Now we can build the graded ring A(G) of symmetric polynomial class functions
as the inverse limit limg, o, Ay(G) (in the category of graded rings) of the system
defined by Ay4(G) = C4(G)%¢ (where Sy acts by permuting the variables) with the

maps Ag1(G) — Ay(G) given by restriction of functions.

6.5.2. An intrinsic description of the characteristic map

A main tool for understanding characters of the wreath product G5, is the char-
acteristic map ch: R(G) — A(G). We don’t need the original definition since we are

going to give a new one soon anyway, but we need the following facts:

(chi) The map ch is an isomorphism of graded rings. [Mac95, §1.B.6]

(chii) For any representation E. of G with character v € G*, the map ch sends the
G S,,-representation Eﬁ‘f” to the n-th complete symmetric polynomial A, (v )
in the variables y1 ,, Y2, . ... [Mac95, §1.B.§|

(chiii) A complete set of pairwise non-isomorphic representations of G 1 .S, is given
by {X\ | A € P.(G*)}, where X, corresponds under ch to the Schur function

Sx(Wer) = [T e 53(3) (¥sy)- [Mac95, §1.B.9]

The goal of Section is to give an intrinsic definition of ch using the language

of polynomial functors.

Let F': G—repgs — vecte be a polynomial functor and let d € IN be the number

of variables. The functor F' induces a polynomial function
Xa(F): C[G]? — Endg(¢C[G]Y) = Endy(F(¢C[G])) — C,

where the first map is given by componentwise right-multiplication with the inverse,

ie. (gi)i = (w2)i = (g )i
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For g;, h; € G we have

Xa(F)((hi tgihi)i) = tr (F((-ha)i) F((-g; D)) F((hi)i) ™) = trF((-g; i) = xa(F)((g:)2),

hence x4(F) is a class function. Similarly, if o € S, is a permutation and P, is the

corresponding permutation matrix then

Xd(F)((go(i))i) = trF(P; o (g7 )io Py) = trF((-g; )i) = xa(F)((9:):);

therefore x4(F') is also symmetric.

Since tr maps @ to + and ® to - we obtain a ring homomorphism y4: F(G) — A4(G).
Clearly x4 is graded, i.e. sends homogenous polynomial functors of degree n to
polynomial functions of degree n.

Using Lemma [6.5.1] below it is clear that xq(F)(g1,-- -, ga) = Xa+1(F)(g1, - - -, 94, 0),
hence the various x: §(G) — A4(G) glue to a homomorphism x: F(G) — A(G) of
graded rings.

Lemma 6.5.1. Let F': G — vectg be a functor and let g: A — A and B be
morphisms and objects in G. Then trF(¢g®0: AG B — A® B) =trF(g) @

Proof. We write g0 as the composition A B —2y A L5 A “2y A® B and obtain
trE (g @ 0) =tr (F(1a) o F(g) o F(ma)) =tr(F(g) o F(ma)o F(ta)) = trF(g) O

Proposition 6.5.2. Let GG be a finite abelian group. Then the ring homomorphisms
X: §(G) = A(G) and ch: R(G) — A(G) agree under the identification R(G) —»
5(G) induced by the monoidal equivalence =: (G S, ~ E) + (E ® T"(—))*".

In particular y is an isomorphism of graded rings. @

Proof. The complete symmetric polynomials generate the ring of symmetric polyno-
mials, hence by the E?f” generate the ring R(G). Therefore we see that

determines the ring homomorphism ch uniquely which means we only need to show
that x maps the functor Fyen = (ES" ® T”(—))GZS" t0 My (Y ry)-

We compute:

2

% Sn
Een (cC[G]") (Homen (cClcV & 0 cCle) B & 0 EY) )

1%

<Homa (GC[G]d’ E¥>V ® - ® Homg (GC[G]d, E;/)v) S

(Bl®---® E)™ = Sym"(EY)

I

It is straightforward to track the endomorphism (-g;7%);: ¢C[G]" — ¢C[G]" through

the 1somorphisms and see that it is the usual left-multiplication on E;l®n given by
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R ® (giegn))i. The proof is completed by

(2

(G)F" : (), @ - @ ("), = (gie”)
the next Lemma. O

Lemma 6.5.3. Let G be a finite abelian group and ~,...,74 € G* some (not
necessarily distinct) irreducible characters of G with corresponding representations
Ei, ..., E;. Then the character of the G-representation Sym"(@?zl E;) is given by
the complete symmetric polynomial A, (71, ..., 74)- v

Proof. Since G is abelian, all the E; are one-dimensional; choose a basis element
e; of E;. Then for each g € G, the element e; is an eigenvector of g: E; — FEj;
with eigenvalue ;(g). A basis of Sym™ (@D, E;) is given by monomials e;, - --- - e;,

with 1 <1y < -+ < 1, < d. This monomials are eigenvectors of g with eigenvalue

i, (9) - -+ - i, (g), hence the trace of g is given by > Yiy Y (g) =

1< <<in<d

h(is - 7) (9). =



100

7. Schur-Weyl duality for wreath products

7.1. Overview

We work over the complex numbers C. Let G be a finite abelian group and let
V = ¢C[G]? be a free G-representation of rank d.

The n-fold tensor product V®" carries canonical actions by the wreath product G1.S,,
and by the automorphism group Autg(V); clearly those two actions commute with
each other.

A careful study of this actions allows us to find a reciprocity between irreducible
representations of G S, and irreducible polynomial representations of Autg (V).

More specifically, we will construct for each n € IN an assignment (with 0 — 0)

{irred. G S,-reps (up to iso)} U {0}
l‘b (7.1)

{irred. polyn. Autg(V')-reps of homog. deg. n (up to iso)} U {0}
such that the n-fold tensor product decomposes as

Ven o~ @X/\(X)(I)(X,\),
A

where A labels pairwise non-isomorphic irreducible representations X, of the wreath
product G S,,.
The representations ®( X)) of Autg (V') are constructed by sending (the dual of) the

representation X, through the equivalence of categories
Zn: G1S,—repg — Polg(G—repg)

from Corollary and then evaluating the resulting functor =, (X)) at V.

Goal 7.1.1 (Theorem [7.7.1). The assignment ® is always injective outside of its
kernel (i.e. non-isomorphic representations which do not get sent to zero stay non-
isomorphic) and ® is always surjective. For n < d the kernel vanishes, hence in this

case the assignment is a bijection. [ Y

The cornerstone of our approach is the fact (established in Section that the

monoidal equivalence

Z: G S,—repe — Pol,(G—rep)
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categorifies the classical ring isomorphism
ch: Ko(G 1S, —repe) — A(G).

Remark 7.1.2. The structure and content of this section are a direct adaptation
of the corresponding chapter in Macdonald’s book [Mac95, §I.A] where the same
methods are used in the case G = {1}.

Various other roads to a Schur-Weyl duality for wreath products G .S,, are known;
see [MS16| and references therein. &

7.2. Matrix coefficients

Let A be any (not necessarily finite) group and let p: A — Aut(W) be a represen-
tation of A on the m-dimensional vector space W. If we choose a basis of W then
p gives a map A — Aut(W) — End(WW) = Mat,,«m(C) or equivalently a collection
of m X m many maps p;;: A — C. We call the map p;; the matrix coefficient of

p for the pair (7, j) (with respect to the given basis).

Proposition 7.2.1. [Mac95, [.A.8.2] |[CWC62, (27.8)] Let p, o/, p”, ... be a bunch
of non-zero A-representations of dimensions m,m’,m”,... respectively. Then the

following are equivalent:

1. The representations p, p/,... are irreducible and pairwise not isomorphic.

2. Theset {pij, Pirjr,--- | 1 <4, 5 <m; 1 <d',j" <m';. .} of matrix coefficients is

linearly independent as a subset of the vector space C*# of functions A — C.

Remark 7.2.2. Choosing a different basis of a representation will of course change
the p;;’s but it will not change the subspace (p) == (p; | 1 < i,j < m)c C CA
generated by the p;;’s inside the space of all functions A — C. Hence Condition [2|in
Proposition is independent of any choice of basis. This of course also follows a

posteriori, since Condition (1} is basis-free. &

Remark 7.2.3. If we have representations p1, ..., p, of A then

(plr @ ®pin) = (p1) + -+ {pn) (7.2)

as subspaces of the vector space C* because in the correct basis the matrices de-

scribing the A-action on pcll1 @ -+ @ p are in block-form. &

7.3. Polynomial representations of matrix groups

If AC GL/(C) = Aut(P;csC - ¢;) C Mat;«(C) is an affine algebraic matrix group
(where [ is a finite set) then we have the ring O(A) = Clay; | 4,7 € I] C C* of
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polynomial functions on A, where z;;: A — C is the (i,j)-th coordinate function

(ast)s,tel = Qg

Note that the z;; are usually not algebraically independent. In fact we have

O(4

]

ClXy | 1,5 € f]/
xinXi]- Q[’
where 2 is the ideal of polynomials vanishing on A and the X,;: Mat;y;(C) — C
are the algebraically independent coordinate functions on Mat ;. (C).

If A is homogeneous, i.e. the ideal 2 can be generated by homogenous polynomials,
then we have a well defined decomposition O(A) = @, O(A) into the subspaces

O"(A) C O(A) consisting of all polynomial functions of homogeneous degree n.

Definition 7.3.1. We call a representation p: A — Aut(W) of the affine algebraic
matrix group A C GL;(C) a polynomial representation if all the matrix coeffi-
cients p;j: A — C of p are polynomial functions (for one, hence all bases of ). In
other words we require the subspace (p) of C* to be already contained in O(A).

In case A is homogeneous: we say that p is polynomial of homogeneous degree

n if (p) is already contained in O"(A). &
With the same proof as for polynomial functors one can prove:

Lemma 7.3.2. Every polynomial representation can be decomposed into a sum
of homogeneous ones. In particular every irreducible polynomial representation is

homogeneous. @

7.4. The n-standard representation

Let A C GL;(C) be a homogeneous affine algebraic matrix group and fix a natural
number n. We define the n-standard representation of A to be the n-fold tensor-
power T"(C") = CD @ - .. ® CY) with A acting diagonally on all components. We
want to compute the matrix coefficients of this action.

The vector space T"(CW) has a canonical basis given by monomials e¢;, ® -+ ® e;,

indexed by tuples (ji,...,5n) € I". Let a = (a;j)ijer be an element of A. We

compute
a.(ej, ® - ®ej,) = (Z az‘m%) Q- ® (Z az‘njnez'n>
1€l in€l
n
= Z H aizjz(eil Q- ® ein)
(i1yemnyin) €™ 1=1
which means that the matrix coefficient for the pair ((i1,...,4,), (J1,...,7n)) is given

by the monomial [[, x;;: a — [[,_;ai;. Since by definition the monomials
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[T, @i, span O"(A) we obtain

(T™(CD)Y)) = O (A). (7.3)

7.5. The ring of polynomial functions on A4,(G)

We denote by Aq(G) the group Aute(¢C[G]?) of G-automorphims of the free G-
module ¢C[G]”. Note that A4(QG) is an affine algebraic matrix group in the sense of
Section [7.3 with respect to the standard basis dG = {1,...,d} x G of ¢C[G]".
The subvariety m = Endg(GC[G]d) of End@(GC[G]d) = Matygxac(C) is de-
scribed by the equations a o g = goa for g € G. Hence the ideal A of C[T;s, |
1 <i,j < d;g,h € G] which describes this subvariety is generated by the (homo-
geneous) polynomials Ty in — Tirg).i(gn) (for f,g,h € G) as can be seen by an easy
computation.

To proceed we need an easy lemma about the abelianization G* = G /[G,G] of

the group G.

Lemma 7.5.1. Let ~ be the equivalence relation on the set G x GG generated by
(f,h) ~ (fg,gh) for all f,g,h € G. Then the map

)= f1h
(f;R)—=f

¢: GxG G — G*

induces a bijection §: G x G / ~ —» G#P. Q

Proof. For any f,g9,h € G we have q(fg,gh) = g~ ftgh = f~th = q(f, h) since
g flg = f1 in G, hence q is well defined. For elements g1, ¢g2,9 € G we have

(1a, 91929) ~ (97", 929) ~ (91'95 ", 9) = ((9201) 71, 9) ~ (1@, g2919), hence the map

Gab g=(Lg) G x G/

18 a well defined inverse to q. O

Using Lemma we deduce that O(A4(G)) is the polynomial ring Clz;, | 1 <
i,j < d;g € G| in the d?|G*®|-many algebraically independent variables z;;, which
we view as the coordinate functions x;fjp, for any pair (f,h) € G x G such that
f'h =g mod [G,G].

This implies in particular that the space O"(M) of homogeneous polynomial

functions of degree n on Ay4(G) has dimension

dim O"(A4(G)) = ((‘P'Gab‘», (7.4)

n
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where ((:’:)) is the number of multisets of cardinality n contained in a given set of

size m and counts the number of monomials of degree n in m variables.

7.6. Decomposing the n-standard representation

Denote by T'(n, d) the n-fold tensor product (GC[G]d) . which is a representation
both of G S, and of A4(G) (and those actions commute).

Recall that the partition valued maps A € P,(G*) of total size n index the irre-
ducible representations X, of G S,. Hence by Corollary they also index irre-
ducible polynomial functors of homogenous degree n via the formula F) = =, (X)) =
Homgs, (XY, T"(—)).

We obtain representations RY of the group A4(G) by evaluating the functor Fy at

V= GC[G]d; more precisely, RS is given as the composition
RY: B A4(G) = BAutg(V) — G—repg B vecte.

This representations are clearly polynomial of homogeneous degree n.

Note that we have an isomorphism of G { .S, -representations
n ~ Vv \Y mn . \Y
T(X) = @A XY @ Homeysn (XY, T™(X)) = @A XY @ FA\(X),

naturally in the G-representation X. Hence by specializing to X = GC[G]d we

obtain the decomposition

T(n,d)= @ X ®RS (7.5)
AEP,(G*)

as S,-modules and as A4(G)-modules.

Ezample 7.6.1. For G = {1} and n = 2 we obtain the decomosition
T?(C%) =2 €Y, ®@ A*(C%) @ CY; ® Sym?(CY),

where C_; resp. Cy; are the sign representation resp. the trivial representation of
Ss.

This example also shows what can go wrong if we don’t have n < d: if specialize
to d = 1 then A?(C) will vanish in the above identity, hence the decomposition will

degenerate. In other words this is the case where some of the R{’s might be zero. ¢

We will see soon that this degeneration phenomenon cannot appear for n < d.
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7.7. Schur-Weyl duality for wreath products

Theorem 7.7.1 (Schur-Weyl duality for G S,). Assume G is an abelian group and

let n, d be natural numbers.

(1) Some of the A4(G)-representations R¢ (for A € P, (G*)) might be zero. All the
others are irreducible and pairwise non-isomorphic polynomial representations

of homogeneous degree n.

(2) For n < d all the R{ (for A € P,(G*)) are irreducible and pairwise non-

isomorphic polynomial representations of A4(G) of homogeneous degree n.

(3) Every irreducible polynomial representation of A4(G) is homogeneous of some

degree n and appears as R{ for some \ € P,(G*). Q

Remark 7.7.2. Note that Theorem is basically saying that the assignment
X, + R$ (and 0 — 0) gives a well defined mapping

{irred. G ! S,-reps (up to iso)} U {0}

|

{irred. polyn. A4(G)-reps of hom. degree n (up to iso)} U {0}

which is always surjective, is always injective outside of its kernel and is a bijection
if n <d. &

Before we can start with the proof of the theorem we need a couple of computa-

tions.

Lemma 7.7.3. For a finite set X we have the identity

2 (o) - ()

Q©

Proof. We start with the following identity of formal power series in the variables
T, T, ... and y1,Ys,... [Mac9h, 1.4.5]:

H(l T~ Z sx(x1, .. )sa(yr, - -)

1,7 AEP

By setting x; =y; =t for 1 <1< d and xz; =y; =0 fori > d we obtain the identity

1=t =D "si(t,....1)°

AEP
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which we can take to the | X|-th power to get

(1 d2|X| Z H Sx(a

A X—=>PaeX

By restricting to the monomial t*™ on both sides we get

ot = Z HS,\ 2,

AEPR(X) zeX

where c is the coefficient of " in (1 — tZ)*dzm, which is the same as the coefficient
of t" in (1—t)" X = (1t +2+.. YFIXI [t is an elementary calculation that this
coefficient is precisely <(d27|lX‘)>, hence specializing to t = 1 finishes the proof. U

Lemma 7.7.4. Let G be an abelian group, n,d € N and A € P,(G*). Then the

degree of the representation R§ is

dim R = [ sam(19). v

yEG*

Proof. The degree of the representation R§ can be computed as
dlm F,\(GC[G] ) = tl"F)\(ld G]d) = trF)\(('lg_l)i) = X(F)\)(la, ey 1(;),

where 1 1is the unit of the group G. By definition F) corresponds to X under the
isomorphism §(G) = R(G) and we saw in Section that x corresponds to ch,
hence we can replace x(Fy\) by ch(X,). Moreover, ch(X))(1g,...,1lg) is nothing
but the Schur function Sx(y«x)(1a,---,1c) = [ ca- a0 (Y(1a)s -, 7(1g)) by the
Property . Since the group G is abelian we have y(1g) = 1 for all irreducible
characters v € G* and the result follows. !

Remark 7.7.5. The Schur function sy, can be defined by the sum sy (21,...) =
>, a’ where T runs over the semistandard tableaux of shape A(y) [Sag01, Defini-
tion 4.4.1]. Hence is clear that the expression sy(,)(1?) counts semistandard Young
tableaux with entries contained in {1,...,d}. This number is always positive for
IA(7)] < d, hence R¢ is non-zero in the range n < d. &

After these preparations we can finally prove the Schur-Weyl duality for wreath

products.

Proof (of Theorem [7.7.1)). Putting together Lemma Lemma[7.7.5 (applied to
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X = G*) and Equation[7.4| we obtain (observe |G*| = |G| = |G| since G is abelian)

> dim*R{= ) (H sw(ﬂ))Q = ((dQ’nG*’D = dim O"(44(G)).

AEP,(G*) AEPL(G*) \zeG*
(7.6)

Equatz’on is a decomposition of T'(n,d) into copies of RS, hence by Equatz’on
and Equation [7.9 we have

O"(Ad(@)) = (T(n,d)) = Y (RS), (7.7)

AEPR(G*)

i.e. the matriz coefficients of the R$ jointly span O™(A4(G)). The total number of
this matriz coefficients is described in Equation[7.6, hence the matriz coefficients of
all the R are actually a basis of O”(M) by reasons of dimensions.

It follows from Propositz'on that all the non-zero RY’s are irreducible and non-
isomorphic representations of Ay(G), hence part 18 proved.

Conversely, let p be some irreducible polynomial representation of Ay. The repre-
sentation p must be homogeneous of some degree n by Lemma[7.3.9, hence we obtain
(p) C O"(AyQ)) = Z/\GPH(G*)U%@ by Equation . Therefore by Proposition|7.2.1
the representation p must be isomorphic to one of the R$’s; this proves part @
Part now follows directly from Remark which guarantees that RS is non-

zero for n < d. O
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A. Abstract Nonsense

A.l. The Grothendieck construction

When trying to define a category valued functor B — CAT one often faces the
problem of having to make some arbitrary choices.

The idea of the Grothendieck construction is that one can view a (pseudo-)functor
B — CAT as a “fibration” over B and that this “fibration” 7 — B can often be
defined by making no choice at all, or rather, by taking all possible choices.

Example A.1.1. Consider the (pseudo-)functor
?—Mod: Ring — CAT

which assigns to each ring A the category of A-modules and to each ring homomor-
phism f: A — B the functor B ®4 —. If one is really pedantic then this means
that we choose a specific model of the tensor product B ® 4 M for each A-module
M amongst all the possible models which satisfy the universal property.

What we could do instead is to define the category M of pairs (A, M) where A
is a ring and M is an A-module. A morphism (A, M) — (B, N) would then be a
ring homomorphism f: A — B together with a A-module homomorphism M — N
(where A acts on N via f). The category M admits an obvious functor M — Ring
which just forgets the second component.

Note that this whole construction is completely choice-free.

We can recover the category A—Mod as the fiber M4 over A. Moreover if (A, M) is
in the fiber over A and f: A — B is a ring homomorphism we can say that a model
for B®y M is any T € Mp together with a natural isomorphism Hom (7, —) =
Hom((A, M), —) of functors Mp — Set.

We can thus recover the original functor 7—Mod by making lots of choices of such
models T'= (B, B®4 M). &

Keeping this example in mind we can give a general construction.

Construction A.1.2. Let I': B — CAT be a pseudo-functor. The Grothendieck

construction I' x B is the following category:

1. Objects are pairs (c,b), where b is an object of B and ¢ is an object of the

category I'%.

2. A morphism (¢,b) — (¢/,b) is a pair (a: I'j(c) = ¢, f: b = V'), where f is a
morphism in B and « is a morphism in T'y.

o

The identity on the object (c, b) is (g, (¢) — ¢, id,), the composition of composable
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arrows (¢, b) (&), () B9, (", ") is given by

(Dople) = Ty(Ts(e) 25T, () 5 ¢ go f) &

The category I' x B comes equipped with the obvious projection functor p: I' x B —
B.
We want to classify the functors p: D — B that arise this way. For any object b € B
we denote by D, the fiber of p over id,, i.e. the subcategory D, C D of morphisms
Y such that p(v) = id,.

Definition A.1.3. A functor p: D — B is called an op-fibration of categories

(over B), if the following condition is satisfied:

(M1) Let f: b — V' be a map in B and F' € D, an object in the fiber. Then we
require the existence of an object G € Dy and a morphism ¢: F' — G lifting
f (i.e. p(p) = f) such that for any object H € D the square

D(p,id)

D (G, H) D (F,H)

I I (A1)

B, p(H)) 2L B (5, p(H))

is a pullback of sets. )

Proposition A.1.4. The projection functor p: I' x B — B is an op-fibration of

categories. Q

Proof. Abbreviate D := I' x B. Let a morphism f: b — b in B and an object
F = (¢,b) € Dy be given. I claim that the morphism ¢ = (idr,(), f): (¢,b) —
(C¢(e), V') = G is the desired lift of f.

Indeed if for any other object H == (¢,b) we are given a morphism g: ¥ — b = p(H)
and a morphism 1 = (a: T'yp(c) = ¢, h: b — I;) F — H such that h = p(¢)) = go f
then ¢ = (a: Ty(Tg(c)) — ¢, g) is the unique lift of g such that 1 = Yow. In other
words, elements g € B(V',p(H)) and ¢ € D (F,H) with go f = p(¢) glue uniquely
to the element 1) € D (G, H), i.e. the square is a pullback. O

Now we want to study the converse. Fix an op-fibration p: D — B of categories.
Observe that |[(M1)|is saying in particular (by restricting the pullback to the fiber of
the element idy € B (V,V')) that for all F' € D, the functor

F(F)=D(F,=);={peD(F,-)|plp) = f}: Dy — Set  (A.2)

is represented by the object G € Dy (via the universal object ¢ € f.(F)(G)).

The assignment F' — f,(F') is contravariantly functorial in F' € Dy, i.e. we have
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a functor f,: Dy — [Dy, Set|°P. Saying that all the f,(F’) are representable means
that f, factors through the Yoneda embedding Dy < [Dy, Set]°?, i.e. we get an
induced functor f,: D, — Dy.

Moreover, for composable morphisms b Ty 25 b in B we can restrict the
pullback in to the fiber of the element g € B (b',b0") and obtain that

D (p,id) : D(f.(F),~), — D (F,-)

gof

is an isomorphism of functors D,» — Set (which is also natural in F). Thus we
get a canonical isomorphism of the corresponding representing objects g, (f«(F)) =
(g o f)+(F) which is also natural in F'.

Therefore we obtain a pseudofunctor D: B — CAT given by b — D, on objects and
by (f: b = V) — (fi: Dy = Dy ) on morphisms.

From the proof of Proposition[A.1.4we know that if p was of the shape D =T x B —
B then for F' = (¢,b) and f: b — b as above a representing object of the functor
D (F,—); can be chosen to be (I';(c),V'). Hence if we identify I'(b) with D, by
mapping a: ¢ — ¢ to (Tig,(c) & ¢ — c,idy): (¢,b) — (¢/,b) then the functor
D: B — CAT becomes nothing but I' itself.

Corollary A.1.5. We have a one-to-one correspondence
{pseudo-functors B — CAT} B, {op-fibrations over B} O

Remark A.1.6. Both sides of this correspondence are in fact 2-categories and the
Grothendieck construction can be upgraded to an actual equivalence of 2-categories.
See the literature |[Joh02, Theorem 1.3.6] for more details. &

A.2. Semidirect products of categories

Let S be a monoid with unit 1 € S.

Definition A.2.1. An action of S on a category C (written I': S ~ C) is a functor
I': BS — CAT with C = I'(%). ]

Fix such an action I': S ~ C. We define the semidirect product C xr S of C
with S (along I') by applying the Grothendieck construction (see Appendix |A.1]) to
the functor I': BS — CAT. Explicitly, C xr S has an object (¢, x) for each object
¢ € C and a morphism between two objects (¢, *), (¢, %) € C xr S is a pair (f,s),

where s € S and f: I's(¢) — ¢ is a morphism in C. Composition is given by

(g: Ty(d) = ") o (f: Ty(c) = ,s) = (goTy(f): Tis(c) = ", ts)
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Note that this generalizes the usual semidirect product of groups in the sense that
B(G xrS) = (BG) xr S when S is a group and acts on a group G (or, equivalently,
on the category BG) via I

Remark A.2.2. It is immediate from the definition that if the action I': S ~ C is
trivial then we recover the usual product of categories in the sense that C xp S =

CxBS. &

A.2.1. Universal property

The category C xr S comes equipped with some extra structure:

e The functor (—,*): C < C xr S given by ¢ +— (¢, *) on objects and by (f: ¢ —
A= (f:Ti(c)=c—d,1): (e,%x) = (¢, *).

e For each s € S the natural transformation P := (idr,,s): (—,x) = (—,*) o [';
given on the object ¢ € C by the morphism (idr, (), s): (¢, %) = (I's(c), %).

satisfying P,I'y o P, = P, for all s,t € S.

Proposition A.2.3. The semidirect product C xr S together with the inclusion
(—,%): C <= C xr S and the natural transformations {P;}scs satisfy the following

universal property:

1. Let D be a category equipped with a functor F': C — D and a set {Q: F' =
Fol's}ses of natural transformations such that Q['s0 Qs = Qs for all s, € S.
Then there is a unique functor F= Fxr@: CxpS — D such that Fo(—,*) =
F and FP, = Q,.

2. Let D be equipped with a second such structure (F": C — D, {Q.: F' =
F' oT}ses) and let a: F = F’ be a natural transformation. Then « is a
natural transformation F'xrQ = F' xrQ’: C xpr S — D (i.e. a is natural also
with respect to the extra morphisms of the category C xr S) if and only if «
is compatible with the Qs and @’ in the sense that @), o a = al's o Qs for all
seS. @

Remark A.2.4. This proposition generalizes the well known statement for represen-
tations of semidirect products that a representation p: B G x.S — vect,, is the same
thing as a representation p: B G — vect;, together with G-maps ps: p — I'i(p) (i.e.
natural transformations p — p o I'y) satisfying I'Sp; 0 ps = pys. &

Proof (of Proposition [A.2.3). 1. We unravel the defining equations of F: The
first says that F(c,%) = F(c) and F(f,1) = F(f) for objects ¢ and morphisms
f in C. The second says that for each object ¢ € C' we have F(idps(c), s) =
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F(Py(c)) = Q.(c). Each object of C xr S is of the shape (c,%) and each
morphism (f: Is(c) — ,s): (¢,x) — (,%) of C xp S can be written as

idp_(0),s ) ol )
(ra@#), (T(c), ) D, (¢, x). Hence F is uniquely

the composition (c,x)
determined.

To show existence we define F by the above formula, i.e. we define F(c, x) =
F(c) forc e Cand F(f: Ty(c) = ¢, s) == F(f)Qs(c). If (g: Tu() = ¢",t) and
(f: Ts(c) = ,s) are composable with composite (g o I'y(f): T'is(c) — ", ts)

we have to see

F(9)Qu)F(f)Qs(e) = F(g,)F(f,5) = F((9,)(f,5)) = F(g) F(Te(f))Qus(c)
which is immediate from the properties of {Qs}ses-

2. Because of the factorization (f,s) = (f,1)(idr,,s) we see that for « to be a
natural transformation of functors C xpr S — D is the same as being com-
patible with the morphisms of the shape (idr,(),s): (¢,*x) — (Is(c),%) for
¢ € C. This compatibility is expressed by the equation F'(idp,,s)a(c) =

a(l's(c))F(idr, (), s) which translates to Q' o o = al's 0 Q, using the definition
of F and F. 0

We identify the object ¢ € C with the object (¢, %) € C xr S and view the functor

(—,%): C <= C xr S as an inclusion of categories.

A.2.2. Functoriality

Let : S — S’ be a monoid homomorphism, let F': C — C’ be a functor and let S
and S act on C and C’' viaI': S ~ C and I": S" ~ C’ respectively. Assume further
that F' has an I-I"-equivariant structure, i.e. isomorphisms F o'y = F’@(S) o I for
all s € S (satisfying some coherence).

Then we obtain a functor F' xpp 0: C xp S — C' xS’ given by F' on objects and
(f:Ts(c) = d,s) — (I”G(S)(F(c)) =~ F(Ts(c)) RilON F(d), 9(8)) on morphisms. It is
straightforward to check that this construction is functorial in the pair (F, ) up to

pseudo-natural isomorphisms.

A.2.3. Enriched semidirect product

Let (V,®) be a complete and cocomplete closed symmetric monoidal category and
let CAT), denote the (not enriched) 2-category of V-categories, V-functors and V-

transformations.

Definition A.2.5. A functor I': BS — CAT) is called a V-action of S on the
V-category C = ['(%). )
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We can define an enriched version of the semidirect product

Construction A.2.6. The V-category C xr S has the same objects as C and we
define

(C xr S) (¢,c) = HC (Cs(e), )

seS

with composiiton given by
C(Ty(c),d) ®C(To(c), ) 224 € (Th(), To(¢)) ® C (To(¢), ") == C Ty, ") &

Remark A.2.7. The enriched semidirect product satisfies an universal property which
is the V-enriched analogue of Proposition and characterizes V-functors C Xr
S — & out of the semidirect product (and V-natural transformations between them)
as V-functors F': C — £ together with a set {Qs: F' = F o'y} of V-natural trans-
formations satisfying the compatibility conditions Q;I's o Qs = Qs for all s,t € S.
¢

We can deduce the following useful Lemma.

Lemma A.2.8. Let £ be a V-category. Let S be a group and let C and C’ be two

V-categories with V-linear actionsI': S ~ Cand I7: S ~ C'. Let F and F’ be full V-

subcategories of [C, £] and [C’, £] respectively and let ®: F — F’ be a V-equivalence.

Assume that ® is S-equivariant in the sense that for all s € S the functors I';: [C, ] —
[C,&] and I': [C",E] — [C', &] restrict to the subcategories F and F’ respectively

and correspond to each other under the equivalence ®.

Denote by Fg the full subcategoriy of [C xr S,&| consisting of those V-functors

F:C xpr S — & whose restriction C < C xr S Ly & lies in F ; similarly define Fy.

Then we can construct a certain V-equivalence of categories ®g (see the proof)

making the following diagram commute:

Fo=uF
Resg . ST TResg)‘1 s (A 3)
Fs -2y 7

Moreover, this construction is functorial in ® in the sense that (®! o ®?)g = &L o §%

for two composable equivalences ® and ®2 as above. v

Proof. By the universal property of the semidirect product, a V-functor in Fg is the
same thing as a V-functor F' € F together with a coherent S-indezed set {Qs: F =
F o Ts}ses of V-natural transformations. Under the equivalence ® (which is S-
equivariant) this datum corresponds to a V-functor F' € F' together with another

such coherent set {®(Qs) }sesof V-natural transformations which then assemble to a
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unique V-functor in F.
We have thus described the functor ®s on objects; the description on morphisms is

analogous. It is clear that the assignment ® — ®g is compatible with composition.

O

A.2.4. Wreath products

We are interested in the case where S < S, is a subgroup of the symmetric group
with the canonical action I' on the category C" = C x --- x C by permuting the
factors, i.e. I'o: (f1,..., fa) = (fo1(1)s---s fo-1(n)) for o € S. In this case we de-
note the category C" xr S by C1 .S and call it the wreath product of C by S.
If S <T <5, are nested subgroups then we obtain an inclusion of categories
C"=Cl{l} = C1S = C 1T = CS,.

Of course we can generalize to the V-enriched setting and define the wreath product
of a V-category C with S as the semidirect product C®" S where S acts on the

n-fold tensor product of V-categories by permuting the factors.

The diagonal embedding A: C — C" is invariant under the action of S, i.e.
I'nc oA = A for all o € S. This means that A is equivariant if we equip C with
the trivial action of S, hence we obtain a functor Cx B S — C1S which we also call A.

A.3. Calculus of canonical mates

We work in a 2-category C. We will mostly be interested in the case C = CAT and
we will use the terminology from CAT (e.g. map or morphism for a 1-cell, natural
transformation (isomorphism) for an (invertible) 2-cell, etc.) where it makes sense.
We collect some abstract statements. All the proofs are purely formal manipulations
and are omitted. See Groth’s book |Grol6, §8.1] for more details.

Definition A.3.1. Let f: z — y be amap. A map fi: y — x in the other direction
together with natural transformations f; o f = id (called counit) and id = f o fi
(called unit) is called a left adjoint of f if the triangle equations are satisfied,
i.e. the composite transformations f = foid < fo fiof <« ido f and fi = fioid =
fio fofi=ido f are the identity.

The map f, is called an adjoint inverse, if the unit and counit are both natural

isomorphisms. In this case we denote it by f~1. s

Remark A.3.2. We will abuse notation and call f, the left adjoint; the unit and
counit will be carried along silently and sometimes decorated in a way to make clear
that they belong to f.
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If we say that a map f admits a left adjoint, it shall always be understood that we
are thereby also fixing such a left adjoint and denoting it with the standard notation
fi (with the unit and counit implicit).

When drawing diagrams we decorate a map with — if it admits a left adjoint and

by = if it admits an adjoint inverse. &

Consider the following 2-cells where all arrows admit left adjoints.

g f g f
o > ® > ® . > ® > o (A.4)
N S oA S

we obtain natural transformations

Q: g!Oﬁ=h>910f10h0h!égloflofogoh!zj;g!ogofl!:%h!

(A.5)
Bii gofihohogofi&mofogogofi&hofofilh
Next consider the 2-cell
[ ] —) [ ]
1 2
*Tf\ Tf (A.6)
[ —) [
where we assume f! and f? to admit left adjoints. We obtain a new square
o Y .o
ol
n| (A7)
[ —) [
inhabited by the following natural isomorphism:
i flodl éf!zoaloflofll L 260 f20a%0 f} QGQOJ@!I (A.8)

We call the natural transformations «y, £y and 7 the canonical mates of the

2-cells a, B and 7 respectively.
Lemma A.3.3. Canonical mates are compatible with pasting of 2-cells. @

Corollary A.3.4. If the natural transformations a and § in diagram [A.4]are inverse

to each other then so are their canonical mates oy and f. U

Warning A.3.5. Even if the 2-cell v in diagram is invertible, it is usually not

true that the canonical mate = is an isomorphism. For example, the mate of the
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identity cells

o 9o ° % b
Tf \\ 1dT idT N\ 4Tf (A.9)
[ ] —) [ ] [ ] 1—d> [ ]

are nothing but the unit id = fo f; and the counit fio f = id of the adjunction. <
As the next Lemma shows, the above example is the only obstruction.
Lemma A.3.6. Assume the maps f! and f? in the diagram admit not only a

left adjoint but an adjoint inverse. Then the 2-cell v is invertible if and only if its

canonical mate 7 is an isomorphism. @

A.4. Some enriched category theory

We will briefly list some lemmata which will be used in Section[6.2] For a systematic
theory of enriched category theory, see Kelly’s book [Kel82].

We work over a complete and cocomplete closed symmetric monoidal category V.

The Yoneda principle is: if one can build two (potentially different) functors out of
instances of the Yoneda-maps Y?: D — [D,V)],, and Yp: D — [D,y, V], evaluation
functor [D,V] ® D — V and the Hom-functor Homp: Do, ® D — V then those two

functors will be V-naturally isomorphic.
Lemma A.4.1 (Enriched Yoneda). |[DK69, 5.1]

i. There is an isomorphism p(d) = [D,V](D (d,—),p), natural in d € D and
p € [D,V]. In other words, the functor

Hom [D,V]

Dw[D,V] X5 D, V., ® D, V] %

is naturally isomorphic to the evalutation map.
ii. If L: [D,V],, — V is representable, then a representing object can be chosen

D
to be L!D: D D, V]op L5 V. In other words the functor

[YD V]

(D.V] <7 (1D, V] V] 7%, D,y

is naturally isomorphic to the identity functor. Q

Lemma A.4.2. Let p1: Dy — V, po: Dy — V and F: D; ® Dy — V be V-functors.

Then we have a canonical isomorphism of objects in V

[th] (pladl = [D2vv] (p27 F(dh _))) i) [Dl ® D27V] (Pl ® pZ’F) )
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which is natural in p; € [D1, V)], p2 € [D2, V] and F € [D; ® D,, V). V)

Proof. We calculate:

LHsz/dED [p1(dy), [Da, V](pa, F(dy, —))]

_ /MDI [pl(dl) /d26D2[,02(d2) F(dy, )]

/ / Pl dl p2,F(d1>d2)H

d1€D1 Jda€Do

= / [p1(d1) ® pa(da), F(dy,dz)] = RHS
(d1,d2)€D1®@D2

where the first = comes from the fact that ends commute with [—, —] in the second
variable (by definition); the second is the “Fubini theorem for ends” [Kel82, 2.1] to

join the two ends and the Hom-Tensor adjunction in V to modify the argument. [
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