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Introduction

Many fundamental objects in representation theory such as Lie algebras, Weyl
groups or Hecke algebras have an affine version. These affine algebras appear nat-
urally in various places. For example, affine Hecke algebras and affine Weyl groups
play an important role in the theory of p-adic groups (see for example [IM65]) but
they are also connected with various other objects in representation theory such as
affine Lie algebras, affine quantum groups or diagram algebras. In this thesis we
explore some of these connections by studying affine versions of Schur-Weyl duality.

The original version of Schur-Weyl duality goes back to Schur [Sch01] and is con-
cerned with the commuting actions of the general linear group GL,, = GL,(C) and
the symmetric group S, on tensor space:

GL, A~ V& A S,. (1)

Here V = C" is the natural representation of GL,, and S, acts on V®" by permuting
the tensor factors. Usually this classical Schur Weyl duality also asserts that the
two actions generate each other’s centraliser. More categorically, this duality can
be rephrased as an equivalence between certain subcategories of GL,-mod and S,-
mod. The action of GL,, can also be replaced by SL,, or the Lie algebras sl,, and gl,,
and one can also pass to other fields than C. This thesis looks at generalisations of
Schur-Weyl duality in various directions that involve affine and quantum algebras
of some kind. We collect some known results, sometimes with new proofs, but there
will also be new examples. The following picture illustrates some of these known
generalisations of Schur-Weyl duality which we take as the starting point of our
investigation:

Higher: Quantum'
gly ~ M @ VE A HE AVE A H,

% Mﬁ

Classical:
sl, A VO A S,

Mﬁ“

Affine: Quantum affine:
8ly VO A S nnnnnnnnnenosonococods Uy (8l) v VET ~ HAT,

Let us explain these in a bit more detail. Affine Schur-Weyl duality, which appears
in [CP96], can be obtained from classical Schur-Weyl duality by replacing S, with
the affine Weyl group S = Z" x S,. At the same time one has to take an affine
version of the Lie algebra sl, and an affine version of the natural representation
V. Similarly, replacing S, by its Hecke algebra H, and sl, by its quantum group
Uy(sly,) yields quantum Schur-Weyl duality established by Jimbo in [Jim86]. This
takes place over the field of rational functions C(g) in the indeterminate g. Fusing
the two cases together, one obtains the quantum-affine case from |Gre97] and [CP96]
which involves the affine Hecke algebra H2T associated to S2. All of these three
dualities have a double centraliser property and an induced categorical correspon-
dence which we will prove in this thesis.

These results are well-known but our exposition will sometimes deviate from the



standard literature in order to give more elementary arguments. In the classical and
the quantum case the double centraliser property and the categorical correspon-
dence is an easy consequence of the double centraliser theorem together with a few
calculations. In the (quantum) affine case, however, the underlying vector space is
infinite-dimensional so that we do not have the double centraliser theorem at our dis-
posal. We will therefore need to use other techniques. This will lead us to look at the
quantum and affine versions of the (classical) Schur algebra S(n,r) = Endg, (V®").
Our proofs will make use of their structure and the quantum and affine versions of
the functor V& ®cjs,] —-

Higher Schur-Weyl duality, going back to [AS98| and then studied in detail in [BKO0S],
has a bit of a different flavour. It involves the so-called degenerate affine Hecke
algebra 73 introduced by Drinfeld [Dri86]. Roughly speaking, this algebra is con-
structed by formally adding generators to the group algebra C[S,] which behave
very similar to the Jucys-Murphy elements of C[S,]. These are elements generating
a maximal commutative subalgebra of C[S,] which can be used to develop a weight
theory for S, (similar to the highest weight theory for semisimple Lie algebras). As a
consequence, the degenerate affine Hecke algebra contains a lot of information about
the representation and weight theory of the symmetric group. At the same time,
higher Schur-Weyl duality replaces tensor space by M @V ®" where M is an arbitrary
(not necessarily finite-dimensional) gl,,-module and we will explain the construction
of commuting actions gl, ~ M @ V& .~ HI€. This is more flexible than classical
Schur-Weyl duality and makes it possible to connect the representation theory of

Seg or S, with infinite-dimensional gl,,-representations like Verma modules.

All of the dualities above can be associated to some kind of Lie algebra of type A.
There are also generalisations of the duality from for classical groups outside of
type A and also for the symmetric group. The respective actions on tensor space
are given by restricting the GL,-action:

GL, ~ V® ~ &S,

Here the centralising partner of the orthogonal group O, is the Brauer algebra
B, (n) for the parameter n € N which was introduced by Brauer in [Bra37]. If we
replace the orthogonal group by the symplectic group Sp,,, the centralising partner
will be the Brauer algebra B,(—n). This type B,C,D duality also has a higher
version. To construct this, we will explain how the Jucys-Murphy elements of the
Brauer algebra can be used to define a degenerate affine version of the Brauer algebra
denoted by \/(Z). This algebra was introduced in [Naz96] and is nowadays called the
affine VW-algebra (or sometimes also the Nazarov-Wenzl algebra). The associated
higher Schur-Weyl duality was studied in [ES18] and we will explain part of this by
constructing commuting actions g ~ M ® V& .~ /() where g is a simple Lie
algebra of type B, C or D and M is a highest weight module of g.

The duality at the bottom of connects the symmetric group .S,, with the partition
algebra P,(n) for the parameter n € N. This algebra was discovered independently



by Martin [Mar91] and Jones [Jon94] and studied in detail by Martin and others
[MS94], Mar96, Mar00, [HRO5]. Both the Brauer algebra and the partition algebra
can be defined more generally for any parameter 6 € C as vector spaces with a
distinguished basis given by certain set partitions (usually drawn as diagrams) and
a pictorial multiplication rule. There are many more algebras of this kind which
are often referred to as diagram algebras. These diagram algebras will also play an
important role in this thesis and we will review some important examples and the
associated Schur-Weyl dualities. A more detailed overview of diagram algebras can
be found in [Koe0§].

Our main new result:

As our main new result, we will construct an affine version of the duality between
the symmetric group and the partition algebra. For this, we first have to define an
action of the affine symmetric group S on V®" extending the action on the bottom
of . This will be the diagonal action induced along the group homomorphism
St GL,(C) which sends a permutation o € S, to the corresponding permutation
matrix and (ai, ..., a,) € Z" to the diagonal matrix with diagonal entries z%!, ..., %"
for a fixed € C*. Since this extends the diagonal action of the symmetric group,
the centralising partner of the Sf{ff—action should be contained in the partition algebra
and we would to like understand this subalgebra. For this we will define a diagram
algebra P,]?al which is spanned by partition diagrams that are balanced in a certain
way and we call this the balanced partition algebra. The balanced partition algebra
does not depend on a parameter § but there is a canonical inclusion P*2! ¢ P,(6)
for all § € C. In particular, there is an induced right action of PP on V®7. Our
main result is then the following.

Theorem The actions S ~ V& ~ PPal commute. If the multiplicative
order of x is bigger than r, the two actions generate each other’s centraliser.

After we had proved this result, we found out that the balanced partition algebra
was already defined in [Harl8], but for slightly different commuting actions. To
be more precise, it is shown in [Harl8] that the PP*-action on V®" generates the
algebra End vy, (V®")°P where M,, C GL,, is the set of invertible monomial matrices
acting diagonally on tensor space. We will recover this result by showing that S&ff
and M,, generate the same subalgebra of Endc(V®") if the multiplicative order of
x exceeds r. This also establishes the following double centraliser property which
appears as a problem in [Harl8, p. 21].

Corollary The commuting actions M,, ~ V& .~ PP generate each other’s
centraliser.

We will also look at a few properties of the balanced partition algebra P})al. In
particular, we show that P"?! is semisimple and we will parametrise the irreducible
PPal_representations by certain multipartitions. Moreover, we give a presentation of
PPal by generators and relations.

An outlook on further generalisations:

It would also be desirable to have a higher version of the duality between .S,, and
P.(n). Motivated by this, we will define the Jucys-Murphy elements of the partition
algebra. These elements were already introduced by Halverson and Ram in [HRO05],
but our construction will be slightly different. To be more precise, we will use Schur-
Weyl duality to define these elements for the partition algebras over large enough
positive integers and then interpolate to arbitrary values § € C. One advantage




of this approach is that it makes computations with the Jucys-Murphy elements
very straightforward. In fact, one can prove formulas involving the Jucys-Murphy
elements first for § € N by acting on tensor space and then for all § € C by a basic
interpolation argument. We will use this idea to verify a few formulas which were
also obtained in [Eny13] by other techniques.

These formulas will also make it clear that the relations between the standard gen-
erators and the Jucys-Murphy elements of the partition algebra are not local. This
locality property is crucial in the definition of the degenerate affine Hecke alge-
bra and the affine VW-algebra, which explains why defining a degenerate affine
version of the partition algebra might be a more difficult task. In the Brauer alge-
bra B, (0), for example, the Jucys-Murphy elements X Ty eens X’T satisfy the relations
si)?i - )?Hlsi =¢ —1fori=1,..,mr — 1 where s; and e; are standard generators
of B,(6). These relations involve only neighbouring indices and, more importantly,
they are stable under shifting indices. We will show that the analogous statement
for the Jucys-Murphy elements of the partition algebra does not hold.

The locality properties above are closely related to the fact that our diagram alge-
bras can be realised as endomorphism algebras in some monoidal diagram category.
The definition of these categories can be motivated by the observation that it is
actually unnatural to study Schur-Weyl duality on a fixed tensor space V& only.
Instead, it can be fruitful to look at all tensor spaces and morphisms between any
two of them at the same time. This categorical point of view has received a lot
of attention in recent years. In the last section of this thesis we will explain how
to generalise various diagram algebras into diagram categories and how to rephrase
their respective Schur-Weyl dualities in this categorical setting. In particular, we
will define a diagrammatic version of the balanced partition algebra and we give a
presentation of this category by generators and relations.

Here is a short summary of each section of this thesis.

Section 1: We recall the definitions of (affine) Hecke algebras and Weyl groups and
state a few basic properties. Proofs will be omitted.

Section 2: We give elementary proofs of quantum, affine and quantum affine Schur-
Weyl duality. We also explain how quantum Schur-Weyl duality can be used to link
the bar involutions of quantum groups and Hecke algebras.

Section 3: The main purpose of this section is to prove the Schur-Weyl duality be-
tween the symmetric group and the partition algebra as well as an affine version for
SZ‘H. This will lead us to defining the balanced partition algebra. We will also out-
line a few Schur-Weyl dualities for other diagram algebras and some basic techniques
often used in the representation theory of the partition algebra and its diagram sub-
algebras.

Section 4: This section is mostly concerned with the construction of higher versions
of Schur-Weyl dualities for simple Lie algebras. Our exposition will focus on the
role of the Jucys-Murphy elements and we will briefly explain their applications to
towers of semisimple algebras via the Okounkov-Vershik approach. We also give
a simple construction of the Jucys-Murphy elements of the partition algebra using
Schur-Weyl duality. We then use an interpolation argument to prove a few formu-



las involving the Jucys-Murphy elements of the partition algebra for any § € C by
checking them on tensor space.

Section 5: We introduce monoidal categories and explain how some of the diagram
algebras and Schur-Weyl dualities from this thesis fit into this setting by defining
their respective diagram categories. We also define the balanced partition category
which generalises the balanced partition algebra from section 3.
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1 Preliminaries on Weyl groups and Hecke algebras

In this section we will give a brief introduction to (affine) Weyl groups and Hecke
algebras associated to simple Lie algebras. Many of the things we will talk about
here are not strictly necessary to understand the succeeding sections since we will
mostly be working with specific examples in type A. However, it is often useful to
have the bigger picture in mind which is why we give a brief outline of the general
set-up. For a self-contained introduction to Coxeter groups and Hecke algebras, we
refer to [Hum90].

1.1 Affine Weyl groups

Let ® be a (crystallographic) root system in a Euclidean space E with inner product
(+,+). Let ®V be the dual root system in E consisting of the coroots a¥ = 2(;&).
For any o € ®, let s, € GL(E) be the reflection in the hyperplane perpendicular
to . Then the (finite) Weyl group W (®) = W associated to ® is the subgroup of
GL(FE) generated by the s, (a € ®). This is the same as the Weyl group associated
to ®V. Let Aff(E) be the group of invertible affine transformations on E (i.e.
transformations of the form x — Ax+d with A € GL(E) and d € E). Then there is
a group homomorphism E — Aff(FE) sending any d € E to the corresponding affine

translation map

T(d): E—E, zw— x-+d.

Definition 1.1. The affine Weyl group W (®) = W associated to ® is the
subgroup of Aff(E) generated by W and T'(®").

Let L(®Y) C F be the coroot lattice, i.e. the abelian subgroup of E generated
by the coroots. We can identify this via the map T with a subgroup of W#f. Note
that T(L(®Y)) N W = {idg}. Moreover, the identity s,7(d)so = T(sa(d)) tells us
that T(L(®Y)) ¢ W2 is a normal subgroup. This proves the following Proposition.

Proposition 1.2. The affine Weyl group is a semidirect product
W = T(L(®Y)) x W 2 Z" x W
where 7 is the rank of ®.

Example 1.3. Let ® be the root system of type A,,_1. We realise this as the set
of roots ® = {e; —e¢; | i # j} in the Euclidean space E = {}_ | ae; € R" |
Soria; = 0} with (e;,e;) = 6;j. Then ® = ®" and the associated Weyl group
W = S, acts on E by permuting the coordinates. The coroot lattice is given by
L(®Y) = {31, aie; € E | a; € Z}. Hence, we can realise W as the subgroup
of Z™ x S, consisting of those elements whose lattice coordinates sum up to zero
(where S,, acts on Z™ by permuting lattice coordinates).

There also is a slightly different approach to affine Weyl groups through affine
reflection groups. For any k € Z let

Hyp={zxe€FE|(z,a) =k}

and let s, 5 € Aff(E) be the reflection in the hyperplane H, j. It is straightforward
to check that T'(ka")sq = sak. In particular, WA can also be described as the
subgroup of Aff(E) generated by the affine reflections s, ;. Here is the analogue of
the Weyl chambers in the affine situation.



Definition 1.4. The connected components of E \ (Jaco Ha r are called alcoves.
k€EZ

Now assume that ® is an irreducible root system and let us choose a set of
positive roots ®T. Then there is a highest root ap € ®* uniquely determined by the
property that ag — 3 is a sum of simple roots for any 3 € ®* (including the empty
sum for § = ay).

Example 1.5. As in Example we realise the roots of A,_1 as ® = {e; —¢; |
i#jtin E={>""ae; € R"| > " | a; = 0}. If we choose the set of positive roots
¢t = {e; —ej | i < j}, then the simple roots are

Q1 =€ —€2, Q=€ —€3, .. Qp_1=E€Ey_1—En.

In particular, e; — e; = a; + a1 + ... + oj—1 for any @ < j. It now follows that
highest root is ag = e; — e, = a1 + ... + qp_1.

Theorem 1.6. Let «,...,a, be the simple roots of ® and «g the highest root.
Then S = {Say, -+ Sars Sag,1} 1S & generating system of W3, The affine Weyl group
WA acts simply-transitively on the set of alcoves. Moreover, (W, S) is a Coxeter
system.

Proof. See [IM65, Prop. 1.2, Cor. 1.8, Cor. 1.16] or [Hum90) Section 4]. O

Next, we explain how to construct the Coxeter diagram of W2, Given two roots
a, 3 € ® meeting at an angle § # 0,7 the product s, ;53 is an affine rotation by
20. If (a, B) < 0, the 4 possible values of

(a, B)?

2 _ —
4cos(0)” = 4W = {a, 8Y)(B,a") € {0,1,2,3}

correspond to the angles
0= (1—-1/k)r with k € {2,3,4,6}

in this order. The order of s,;sg; is then k. Note that the Weyl group W is
generated by the simple reflections corresponding to the simple roots «; (i = 1,...,7)
which satisfy (o, ;) <0 for i # j. Thus, the Coxeter diagram of (W, {sqa,, ..., Sa, })
is given by the Dynkin diagram of ® with double and triple edges replaced by edges
with label 4 and 6. A similar strategy works for the affine Weyl group: We have
(—ap, ;) <0 for i = 1,...,r since otherwise sq, (o) = ag — {ao, o )a; would be a
higher root. Since s4y,1 = 5_qg,—1, the Coxeter diagram of W can thus be read
off from the Dynkin diagram of ® extended by the root —ay .

Definition 1.7. The extended Dynkin diagram associated to ® is the diagram with
vertices —ay, a, ..., &, and an edge between two vertices « and 5 whenever («, 5) # 0
and a # (. The multiplicity of such an edge is (o, 3Y)(3,a") and an arrow points
to the shorter root whenever this value is greater than 1.

Remark 1.8. Since (—ag, o) ){ai, —ay) = (ap, o) ){ci, o) one can also construct
the extended Dynkin diagram by adding the root «g instead of —ag. However,
it is more natural to work with —ag so that (a,f) < 0 for any distinct a, 3 €
{—Oéo, Oy eeny OCT}.

Example 1.9. We determine the extended Dynkin diagram of the root system ®

of type A,_1 for n > 2. Keeping the notation from Example the simple roots
of A,_1 are a1 = e1 — eg,...,a,_1 = €,_1 — e, with the associated Dynkin diagram

e —e—0
An—l :
ar Qg Qp—2 Qp—1



The highest root is ayg = 1 — e, and

lifi=1n-1
Vv v )
—ag, o) Mg, —ay ) = o
(—ao, af)as 0/ {Olfz——2,...7n—2

The extended Dynkin diagram (and after relabelling of the vertices also the Coxeter
diagram of (W2 S)) is thus given by

1.2 Hecke algebras

Let us recall the definition and some basic properties of Hecke algebras for arbitrary
Coxeter groups. These algebras can be defined over the ring of Laurent polynomials
Z[q,q" '] but we are mostly interested in Hecke algebras over the ring of rational
functions C(q).

Definition 1.10. Let (W,S) be a Coxeter system. The (generic) Hecke algebra
H=HW)=HW,S) of (W,S) is the C(¢)-algebra with generators {H; | s € S}
and relations

(H1) H2 =1+ (¢! — q)H; for all s € S
(H2) H H H,... = H HsHy... for all s,t € S with s #£ ¢
et st

where mg; is the order of st.

Note that (H1) is equivalent to Hs(Hs+q—q ') =1 or (Hs+q)(Hs—q~*) = 0.
In particular, Hy is invertible with H;! = Hs 4+ q — ¢~!. For any w € W, choose a
reduced expression w = 1 - ... - §y(,,) and let

Hy,:=Hs -..-H

Si(w) *

Proposition 1.11. The element H,, does not depend on the choice of a reduced
expression of w and {H,, | w € W} is a C(q)-basis of /. Moreover,

H,H, = Hy if I(w) + l(w') = l(ww')

HyHg = Hys + (¢ — q)Hy if I[(w) > l(ws). ®)

for any w,w’ € W and s € S.
Proof. See [Hum90, Sections 7.1-7.4]. O

The Hecke algebra H (W, S) has the same generators as the group algebra C[W]
but the quadractic relation s> = 1 is replaced by the twisted quadratic relation
H? =1+ (¢! — q)Hs. In fact, one recovers the quadratic relation of the group
algebra by replacing the indeterminate ¢ by 1 and in light of that the Hecke algebra
H(W, S) is sometimes called a deformation of the group algebra C[W]. To be more
precise, there is a specialisation homomorphism of C-algebras

(Yol Hc[%q—l} — C[W]
H,.— =z
qg—1



where Hepgq-1) is the Clg, g ']-subalgebra of H generated by the H, with s € S.
The homomorphism ¢ is well-defined since it is compatible with the relations (H1)
and (H2) which are defined over C[g, ¢~!]. It follows from Proposition that the
algebra Hcjg o1 is also the Clg, ¢ ']-span of the basis {H,, | w € W} in H. The
specialisation homomorphism ¢ can be used to prove some basic properties of the
Hecke algebra like semisimplicity.

Proposition 1.12. If W is a finite Coxeter group, the Hecke algebra H = H(W) is
semisimple.

Proof. See also [Mat99, Cor. 1.17]. If #H is not semisimple, we can find h # 0 in
the radical of H. After multiplying with some element of C(¢)* and dividing by an
appropriate power of ¢ — 1, we may assume that h € Hcp 417 and o(h) # 0. Since
Helg,q-117Hepg,q-1) is contained in the radical of H, it is a nilpotent ideal. This shows
that C[W]p(h)C[W] = p(Hcjg,q-117Hc[g,q-1]) 18 @ non-zero nilpotent ideal in C[IW]
which contradicts the semisimplicity of C[W]. Hence, H must be semisimple. ]

For u € {—q,q~ '} there is a ringhomomorphism
ou:H—C(q), Hsr u.

This defines a (right) H-module structure on C(q) which we denote by C(g),. For
Sy C S, let Wy = (S)) C W be the corresponding Coxeter group and let ) be the
corresponding Hecke algebra. Note that there is a canonical inclusion H) < H with
H, — H,.

Definition 1.13. The (right) parabolic Hecke modules corresponding to the parabolic
subgroup W, C W are the H-modules

M = C(q) -1 @, H
N = C(q)—q ®n, M.

Let AW be the set of shortest right coset representatives of Wy in W. Recall
that for any w € W there is a unique decomposition w = wy - *w with wy € Wy and
Mw € AW. These elements satisfy [(w) = I(wy) + [(*w). By Proposition we
also have H,, = H, H»,,. This implies that H is a free left H, module with basis
{H, | w € *W}. We thus obtain bases for parabolic Hecke modules.

Proposition 1.14. The parabolic Hecke module M* (resp. NA) has the basis
{M, =1®H, € M* |z € "W} (resp. {N, :=1® H, € N* | z € *W}). The
generators of H act on these via

1® Hys if ts € "W, xs > x
1QHy, Hi =} 1@ Hys+ (¢ —q)H, ifzse W, zs<z
u® H, ifxsgz’)‘W

where u = ¢~! (resp. u = —q) and where > is the Bruhat order on W.

Proof. This follows from the multiplication formulas in (3|) and the fact that xs = rz
for some r € Sy if s ¢ *W (see for example [GPO0, Lemma 2.1.2]). O

There is another way to construct the parabolic Hecke modules. Let

Ty = Z '@,

zeW)y

10



For any s € Sy, we have

Ta\Hg = Z q_l(x)Hms + Z q_l(x)(H:cs + (q_l - Q>Hm)

€W, €W
xrs>x rs<zx
—Il(x)—1 —1
= E q () Hy =q "z,
zeWy

In particular,

2

x?\: Z q’l(’”)Hx _ Z q’l("’”)Hx Z quz(x) _ Z q’2l(‘”) 2

zeWy zeWy zeW) zeW)

and C(q)zy = C(q),—1 as Hy-modules. Using Frobenius reciprocity, we obtain an
isomorphism of H-modules
./\/l/\ ;> €T )\H

(5)
1® H, — x\H,.

In fact, this map is surjective by construction and for y € *W we have z)\H, =
erWA q*l(z)Hwy. Hence, the z)H, are linearly independent (for y € *W) which
shows that the map above is injective.

Remark 1.15. Let y) := erWA(—q)l(z)Haj. A similar argument to the one above
shows that N 22y, H.

Recall that a C-linear map ¢ : V. — W of C(g)-vector spaces is called C(q)-
antilinear if ¢(f(q)v) = f(¢~')p(v) for all f(q) € C(q) and v € V. There is a unique
C(qg)-antilinear ringhomomorphism

H—H with Hy=H;'=H,+q—q"

called the bar involution of H. This also extends to C(g)-antilinear bar involutions
on the parabolic Hecke modules M* and N via a® H — a® H. This is well-defined
since

ou(Hs) = =u+q—q ' =u(Hs +q—q ") = pu(Hs).

Theorem 1.16. For any x € W, there are unique elements

M, €M+ qZlggM, c M, M, €M, + > q 'Zlg '|M, C M*,

) Yy
N, €N, + Y qZlg]NyCN*,  N,eN.+> q 'Zg "IN, c N
) Yy

invariant under the bar involution. The elements M, (resp. M,, N,, N,) for
x € "W form a basis of M* (resp. N) called the parabolic Kazhdan-Lusztig basis.

Proof. See [Soe97, Thm. 3.1, Thm. 3.5]. O

Remark 1.17. For W) = {e} we have /\/l’\~: N)=H and M, = N, as well as
M, = N, for all z € "\W. The M, (resp. M) then form a basis of H called the
Kazhdan-Lusztig basis.

11



1.3 The gl, case

To any semisimple Lie algebra g we can associate a root system ®. In the previous
sections, we have defined the associated

o Weyl group W

o affine Weyl group Waff

e finite Hecke algebra H(W)

e affine Hecke algebra H(W?f).

For our applications it will often be more natural to work with gl,, instead of its
semisimple cousin sl,. In this section, we therefore define analogues of the above
notions for gl,. Note that gl, = sl, & C -1, is obtained from sl, by adding a
one-dimensional center. This will be reflected in the definitions that follow.

Definition 1.18. The Weyl group associated to gl,, is the same as the Weyl group
W = S, associated to sl,. The affine Weyl group associated to gl,, is the affine
symmetric group S := 7" x S,, where S, acts on Z" by permuting the lattice
coordinates.

By Example the affine Weyl group W2 associated to sl, is the subgroup
of ngf consisting of those elements whose lattice coordinates sum up to 0. By
Theorem and Example the group W2 can also be described as the Coxeter
group with Coxeter diagram

50

T

S1 52 Sp—2 Sp—1

To obtain a similar description of the affine symmetric group S we have to extend
the Coxeter group W#f by some diagram automorphisms. To be more precise, let G
be the group with generators sg, s1, ..., S,—1 and 7 with the relations from the Coxeter
group W above together with T8:77 1 = s;7— for i € Z where i € {0,...,n — 1} s.t.
i =i mod n. Let €1, ..., €, be the standard generators of the abelian group Z".

Lemma 1.19. There is an isomorphism of groups

@:G = gt
si—~>s;fori=1,...,n—1

—1

80 > Sp—1"""5828182 " Sp—1€1€,

T Sp—1-""8251€1.
Proof. See also [MS19, Lemma 2.1]. Let

¢S @
si—~s;fori=1,...,n—1

€1+ 8182 Sp—1T.

One can show by direct computations that ¢ and 1) are well-defined mutually inverse
group homomorphisms. O

12



For any field K, the Weyl group S,, of gl,, can be embedded into GL,(K) by
identifying an element o € S,, with the corresponding permutation matrix P, €
GL,,(K). This can be extended to an embedding of the affine symmetric group as
follows (at least if K contains an element of infinite multiplicative order).

Lemma 1.20. For any x € K*, there is a group homomorphism

@S GL,(C)
S, >0+ P,

20 - 0
az
Z" 3 (ay,...,apn) — 0 =
: -0
0 -+ 0 g0

The map ¢ is injective if and only if z is of infinite multiplicative order.

Proof. The assignments above define group homomorphisms S,, < GL,(K) and
Z"™ — GL,(K). The conjugation action of S, C GL,(K) on the set of diagonal
matrices is the action that permutes the diagonal entries. This shows that ¢ re-
spects the semidirect product structure of ngf and hence ¢ is a well-defined group
homomorphism. Note that ker(y) = {(a1,...,a,) € Z" | 2% = 1fori = 1,...,n}.
This proves the injectivity claim. O

Remark 1.21. Using the embedding S,, < GL,(C), the well-known Bruhat de-
composition for GL, (C) states that

GL,(C)= | | BwB

wESn

where B = {A € GL,(C) | aj; = 0 for ¢ > j} is the standard Borel (details on this
can be found in [Humi2bl §28]). There is a similar result for the group homomor-
phism S — GL,(K) from Lemma m For this, let K be a non-Archimedean
local field and x = 7 a uniformiser of the ring of integers O C K. Let

I:={Ae€GL,(O)|aiy € (m) C O fori>j}

which is called an Iwahori subgroup of GL,,(K). Then there is an Iwahori-Bruhat
decomposition
GL,(K) = || TwI.

weSaft

This explains why ngf is the natural candidate for an affine Weyl group of GL,, or
gl,,. For more details, see [IM65].

Next, we define the finite and the affine Hecke algebra associated gl,,. The finite
Hecke algebra associated to gl,, is the same as the finite Hecke algebra associated
to sl,, namely H(S,). We construct the affine Hecke algebra of gl,, by associating
a Hecke algebra to the affine symmetric group Szﬁ. For this we extend the Hecke
algebra of the affine Weyl group W2 of sl, by a diagram automorphism as in
Lemma

Definition 1.22. The (affine) Hecke algebra H(S2H) associated to S2T is the C(q)-
algebra with generators Hy,, Hy, ..., Hs,_, and HX! subject to the relations

(AH1) HZ =1+ (¢" — q)H,; for i € Z

13



(AH2) H, H, H, =H, H,H,_ for i € Z
(AH3) H, H, =H, H, for d,j € Z with i —j #0,1,n — 1
(AH4) H.H, = H,__H, for i € Z

(AH5) H H-'=1=H'H,.

There is another presentation of H(S2f) which is more similar to the presentation
of Sflff as a semidirect product Z" x S,,. Let B be the C(q)-algebra with generators
Hy,...,H,_1 and Xlﬂ, ..., X7 subject to the relations

(BER1) (i) H? =1+ (¢! —q)H; fori=1,..,n—1
(i) HiH;o1H; = Hiy1HiHy .y fori=1,...,n—2
(i) H;H; = H;H, for [i — j| > 1
(BER2) (i) X;X;'=1=X,'X; fori=1,..,n
(i) X:X; = X;X; fori,j=1,...,n
(BER3) (i) H;X;H; = X;11 fori=1,..,n—1
(i) H:X; = X,;H; for j #d,i + 1.

Proposition 1.23. There is an isomorphism
H(S2M) = B
Hy, — H;fori=1,...,.n—1
Hgy— X{' Xp(Hpoy -+ HyH{Hy - Hy 1) 7!
HT — Hn—l s H2H1X1.
Proof. This is a rescaled version of [MS19, Lemma 3.2]. O

The defining presentation of B is often called the Bernstein presentation. There is
a canonical algebra homomorphism

H(S,) — B = H(SaT)
HSi — H;.

Using this, we can talk about the elements H,, € H(S2%) for any w € S,. For any
a=(a,..,an) € Z" let X% = X{*-...- X2 Moreover, let Z" ~ S, act by permuting
the coordinates. Then by [Lus89, Prop. 3.6], the following holds.

Lemma 1.24. For any a € Z" we have
H; X% — X¥iH; € C(q)[XTY, ..., X ).
Proof. For a,b € Z™, we have
H;Xotb — x@tblsif, — (H; X% — XU ) X0 4 X@si(H; Xt — XUsifT).

Hence, the claim follows by induction if we can show the claim for X¢ = X]il. For
J # 4,1+ 1 the elements H; and X; commute and the claim is obvious. For X% = X;
this follows from the Bernstein relations:

HiX; — X Hy = Xip Hy ' — X H;
= Xip1(Hi+ (¢ —¢7") = HiXina
=(a—q ) Xit1.

14



The X% = X~ ! case also follows from this. In fact, multiplying with Xz-;ll on the
left and with —Xi_1 on the right in the equation above yields H; X" - X;FllHi =
(¢! — q)XZ._l. Now using
HiXis1 — XiH; = HiX;01 — H ' X
= HiXi1— (Hi+ (¢ —q ") Xin

= (¢ = ) Xin
the X¢ =X Z.ill case follows similarly. O

Lemma implies that the set {H,X% | w € Sy, a € Z"} spans H(S2F) as a
C(q)-vector space. In fact, this is even a basis.

Proposition 1.25. The set {H, X% |w € S, a € Z"} is a C(q)-basis of H(S2T).

Proof. This is also shown in [Lus89, Prop. 3.7]. Assume there is a linear dependence

Z pW,Q(Q) -Hy X% =0

WESn, aEZ™

with py.a(q) € C(¢)* not all 0. After multiplying with some element of C(¢)* and
dividing by some power of ¢ — 1, we may assume that py,4(q) € C[g,¢~!] and py 4(1)
not all 0. Let Bgjq 417 be the Clg, ¢ !]-subalgebra of B generated by the H; and
the X;. Let ¢ : Begq-1 — C[S2] be the evaluation at ¢ = 1 with ¢(H;) = s; and
©(X;) = €;. The C-algebra homomorphism ¢ is well-defined since it is compatible
with the relations (BER1)-(BER3) which are defined over C[g,¢~!]. We get

0=¢ Z Pwalq) - HuX® | = Z Pw,a(l) - we.

wESy, a€Z™ wESn, a€Z™

This is a contradiction since the we® form a basis of C[S2f]. Hence, the H,, X% are
linearly independent. O

2 Quantum and affine versions of Schur-Weyl duality

In this section we want to look at affine and quantum generalisations of classical
type A Schur-Weyl duality. Schur-Weyl dualities are concerned with commuting
algebra actions A ~ W «» B on a vector space W that generate each other’s
centraliser (meaning that the canonical algebra homomorphisms A — Endg (W) and
B — End4(W)°P are surjective). Very often this will induce an equivalence between
certain subcategories of A-mod and B-mod. We will explain four such dualities in
this section (classical, quantum, affine and quantum affine). The strategy will be
the same in all four cases:

Step 1: Construct commuting actions A ~ W ~ B.
Step 2: Show that Endg(W) ~ W « B generate each other’s centraliser.
Step 3: Show that the induced map A — Endg(W) is surjective.

Together this implies a double centraliser property for the actions A ~ W ~ B.
Surprisingly, Step 2 is the easiest and follows from a general argument which exploits
the structure of the algebras Endg (W) called Schur algebras. Step 2 also follows
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from the double centraliser theorem if B and W are finite-dimensional and B is
semisimple but this will not always be the case. The real work has to be done in
Step 1 and Step 3. This will usually boil down to a few explicit calculations.

The Schur-Weyl dualities from this section go back to [Jim86] in the quantum case
and to [CP96] and [Gre97] in the (quantum) affine case. However, some of our proofs
will be new (or at least a modification of the arguments in the sources above) since
we want to avoid using more complicated machinery. In particular, all our proofs
are self-contained and mostly rely on a few elementary calculations.

2.1 Classical Schur-Weyl duality

Before we look at the quantum or affine setting, let us briefly recall classical Schur-
Weyl duality. For V = C", we can equip V®" with the structure of a left s[,,-module
and the structure of a right S,-module (by permuting the tensor factors). Schur-
Weyl duality then states the following.

Theorem 2.1. The commuting actions sl, ~ V& .~ S, generate each other’s
centraliser.

Here the action of sl,, can also be replaced by SL,(C), GL,(C) or gl, and the
statement still holds. Let us briefly outline the standard proof of classical Schur-
Weyl duality. Details can be found in [EGHT11), Section 5.18]. The main ingredient
is the double centraliser theorem.

Theorem 2.2 (Double Centraliser Theorem). Let K be a field and let E be a
finite-dimensional K-vector space. For any semisimple K-algebra A C Endg(FE)
and B := End4(E), the following hold:

1. The algebra B is semisimple;
2. Endp(F) = 4;

3. E decomposes as a (A, B)-bimodule into
E=@PViow

where the V; are the irreducible left A-modules and the W; are the irreducible
right B-modules.

In light of this, it seems reasonable to look at Endg, (V®") in more detail.
Definition 2.3. The algebra S(n,r) := Endg, (V") is called the Schur algebra.

Remark 2.4. We consider the Schur algebra S(n,r) as an endomorphism algebra
but it can also be constructed by dualising the coalgebra of degree r homogeneous
polynomials in n variables (see [Gre06l, Section 2]). For a more complete description
of the Schur algebra which arises from viewing GL,(C) as an algebraic group, we
refer to [Don86].

Since CI[Sy] is semisimple, the double centraliser theorem tells us that the com-
muting actions

S(n,r) AV A S,

generate each other’s centraliser. Classical Schur-Weyl duality then follows if one
can show that the algebra homomorphism U(sl,) — S(n,r) induced by the sl,-
action is surjective. This can be done by direct computation. The double centraliser
theorem also establishes a link between the representation theories of sl,, and .S;.
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Corollary 2.5. There is a bijection

iso. classes of iso. classes of
. . . 1:1 . . .
irreducible sl,-representations » <— < irreducible S,-representations
appearing in V& appearing in V®"

For the rest of this section, we look at a slightly different approach to Schur-Weyl
duality which relies on the structure of the Schur algebra S(n,r) but avoids finite-
dimensionality and semisimplicity arguments as in the double centraliser theorem.
This will be useful when we prove generalisations of classical Schur-Weyl duality.

Definition 2.6. For n,r € N a composition of r with n parts is a sequence A =
(A1, A2,..., Ap) € N such that A\; + A2 + ... + A, = r. We denote the set of all such
sequences by A(n,r) and [(A) := (1,...,1,...,m,...,n) € {1,...,n}" forany A € A(n,r).
A A
1 n

For A € A(n,r) and V = C" (with standard basis vi, ..., v,) let
(VO := Spang{v; = vy, ® ... @ v, | #{l | iy = k} = M}

This is the (A1 — X2)hT 4+ (A2 — A3)h5 + ... + (An—1 — An)R)_-weight space for the
sl,(C)-action where hq,...,h,—1 are the standard basis elements of the diagonal
Cartan subalgebra of sl,. In other words,

(V®T))\ = {U S V®T ’ h;-v= ()\z — )‘i-i-l) . ’U}

and we have the weight space decomposition V" 2 @By, » (V). Since the sl,-
action and the S,-action on V®" commute, the weight spaces are preserved by the
S,-action. Hence, (V®"), is a (right) S,-submodule of V®". There is a distinguished
element

i) = Ui@Al ® ng))\z ®...Q U;?)\" S (V®T))\.

The element v;(y) is stabilised by the Young subgroup
S,\ = S)\l X S)\Q X ... X S)\T

and vy(y) generates the weight space (V®™), as an S,-module. By Frobenius reci-
procity we get a surjective S,-homomorphism

1y g — (V)
1®1+— Vi(A)

where 1) is the trivial S) representation and 1) Tg’;: 1) ®c[sy] C[S;] denotes in-

duction. In fact, the map above is an isomorphism since both vector spaces have

. . s . . . .
dimension || S;||. Hence, there is an isomorphism of S,-representations

B g v
AEA(n,r) (6)
1, Tg:\B 1®o+— Vi(A)-o-

There is another way we can realise a weight space as an .S,-module. Let

€\ i — Z g.

oESH
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Then Cey =2 1) as Sy-representations. By Frobenius reciprocity, there is an induced
homomorphism of .S,-representations

(VEx 2 13 17— exC[S,]. (7)

and a dimension count shows that this in fact an isomorphism. Note that

2

e3 = ZO‘ = Z or = |Sxlex.

gES) o,7ES)

Lemma 2.7. Let K be field, A a K-algebra, M a right A-module and N a left A-
module. Let e € A such that e? = ce for some ¢ € K*. Then there are isomorphisms
of K-vector spaces

Me = Homa(eA, M) eN — Homy(Ae, N)
me — (ea — (me) - (ea)) en — (ae — (ae) - (en)).
Proof. The assignment ¢ — %@(e) is an inverse to the maps above. O

By Lemma there is an isomorphism of vector spaces

()
S(n,r) = Endg, EB exC[Sy]

AEA(n,r)
= (P Homs, (exCIS,], euCIS)) ®
A pueA(n,r)

=~ B e[S e

A pu€A(n,r)

For any o € S, we have

euoey = ey - Z T =|0Sx"'NS,l- Z T

TETS) TESLOS)

We see that {e,yey | y € #S}} is a basis of €,C[S,]ey where #S} is the set of
(shortest) double coset representatives of S,\S,/Sy. We can use this to count the
dimension of the Schur algebra. In fact,

dime(S(n,r)) = Y dime(e,ClSrlen) = > [S:\S:/Shl. (9)
A €A (n,r) A pu€A(n,r)

Let us study the Schur algebra and its idempotents in more detail using the iso-
morphism from . For = € ¢,C[S;]ey, let ¢F |\ € Homg, (exC[S,], €, C[S;]) be the
homomorphism induced by left multiplication with z. We can consider this as an
element of S(n,r) via the isomorphism V®" = Drcagn,rn exClSr] (so that ¢ | acts
by 0 on ey C[S,] for X # \). Then ¢ , is the element corresponding to z under the
isomorphism from . Note that

, :cac’/ F =
i,/\ . ¢fu,x — {Ou,/\ 1 24 (10)

otherwise.
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1
Ta 7€
In particular, |S—1A|q§f\*>\ = qb/‘\sﬁ‘ Yes (n,r) an idempotent which is the projection

onto the weight space exC[S,] = (V") and 1 =37\ x¢ ) ﬁqbix. Moreover,

1.S(n, )85, = Homs, (VO )x, (VE"),) B g2, | @ € €,C[S,Jex}.

For n > r let

Then S, C S, is the trivial subgroup and ¢L,, € S(n,r) is an idempotent which is
the projection onto (V®"),. By there is an algebra isomorphism

(ﬁi’wS(n,T)(ﬁi,w = {d)(:f;,w | T e C[ST]} ; C[ST]
qﬁffjw — .

1

In particular, we can consider V®" as a right ¢01J7wS(n, )@, ,~module.

Lemma 2.8. We have V& = S(n,7)¢l, , as (S(n,7), ¢, ,S(n, )¢l ,)-bimodules.

s Pw,w w,w

Proof. The isomorphism is given by

Ve B eClS] = P sSmr)el, = Sn ek,
AeA(n,r) AeA(n,r)

e\t
exT —» <Z>/\,w.

The formulas from show that this is both S(n,r)-linear and ¢, ,S(n, )¢

w,w”
linear, i.e. an isomorphism of bimodules. O

This can be used to give a proof of the double centraliser property without using
semisimplicity.

Corollary 2.9. For n > r the commuting action S(n,7) ~ V& .~ S, generate
each other’s centraliser.

Proof. By definition, we have S(n,r) = Endg, (V®"). We need to show that the ho-
momorphism C[S,] — Endg, ) (V") is surjective. By Lemma this is equiva-
lent to showing that the homomorphism ¢}, ,S(n, )¢, , — Endg, ) (S(n,7)8} )P
is surjective. Lemma actually shows that this map is an isomorphism. O

The representation theoretic correspondence from Corollary can also be
proved using the structure of the Schur algebra. Let us first explain this approach
in a more general framework.

Let K be a field and let A be a K-algebra which is not necessarily finite-dimensional
(but unital).

Definition 2.10. We denote by A-Mod the category of (left) A-modules and by
A-mod the full subcategory consisting of the finite-dimensional (left) A-modules.

For any idempotent e € A we can consider the algebra eAe with unit element e.

There are functors
F: A-Mod — eAe-Mod

Mv—eM
G : eAe-Mod — A-Mod
N — Ae ®ese N.

(11)
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There is an isomorphism of eAe-modules eAe ®ca. N = N which is natural in N
and hence F o G 2 idgge-Mod- On the other hand, there is a natural transformation
1n:GoF — idanoeq With

- Ae @cpe eM — M

ae @ em —— aem.

Note, however, that 7y; is not an isomorphism in general (for instance, ny; = 0 if
eM = 0). Still, we can make the following observation.

Lemma 2.11. We have e - ker(nys) = 0. Moreover, 1y is surjective if AeM = M.

Proof. Since 1y restricts to an isomorphism of eAe-modules e- (Ae®qa.eM) = eM,
we get e - ker(na) = 0. Moreover, im(ny) = Ae - eM = AeM which implies the
surjectivity claim. O

Corollary 2.12. If AeA = A, then s is an isomorphism for all A-modules M.
In particular, G o F = ida.Mmoq and G and F' are equivalences of categories. More-
over, if G sends finite-dimensional eAe-modules to finite-dimensional A-modules,
this descends to an equivalence A-mod = eAe-mod.

Proof. We have
AeM = AeAM = AM = M.

so nyy is surjective by Lemma Note that
ker(nar) = Aker(nar) = AeAker(na) = Aeker(ny) = 0.

Hence, nps is an isomorphism. This shows G o F' 22 id4.\0q. We have already seen
that FloG = idege-Mod proving that F' and G are equivalences of categories. F clearly
preserves finite-dimensionality, so the equivalence descends to A-mod & eAe-mod if
G preserves finite-dimensionality. O

We want to apply Corollary to the Schur algebra. For this, we claim that
S(n,r)¢l ,S(n,r) = S(n,r). In fact, this follows from 1 = D oAeA(nr) |S—1A‘¢>i*/\ and

[SA 650 = (@30)° = #8080 € S(n.1)9, w5 (n, 1) (12)
for any A € A(n,r). Moreover, we have
ver ®(C[Sr] (_) = S(nv r)é&),w ®¢}U,w5(n,7")¢}‘,,w (_)

as functors from C[S,]-mod to S(n,r)-mod by Lemma Applying Corollary
yields the following.

Proposition 2.13. The functor

C[Sy]-mod — S(n,r)-mod
M — V" @¢is,) M

is an equivalence of categories.
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2.2 Jimbo’s quantum Schur-Weyl duality

We have already encountered the Hecke algebra as a deformation of the group al-
gebra. There is a similar construction for the universal enveloping algebra of a
semisimple Lie algebra (but recovering the original algebra in this case is more in-
volved than just specialising the parameter ¢ — 1). These are called quantum
groups. In this section we define quantum sl,, and explain its connection with the
Hecke algebra. Recall the Serre presentation of the semisimple Lie algebra sl,, (see
for example [HumI12al Thm. 18.3] for a proof).

Theorem 2.14. The Lie algebra sl,, is isomorphic to the Lie algebra with generators
ei, fi,hi (1 <i<mn—1) and relations

(S1) [hi,h;] =0

(52) [hi, €j] = aijej and [hi, fj] = —ai; f;

(S3) les, fi] = dijhi

(S4) ad(e;)'~*i(e;) = 0 and ad(f;)' =9 (f;) = 0 for i # j

where A = (aij)lgi,jgnfl = ((ai,a;/>)1§i7j§n,1 is the Cartan matrix of 5[n- The
relations above are called the Serre relations.

The defining relations of quantum sl,, are inspired by these relations.
Definition 2.15. The quantum group U,(sl,,) is the C(q)-algebra with generators
E,F, K (1<i<n-1)

and relations (whenever they make sense)

(UQ1) () KiK' =1=K 'K,
(11) KlKj = KJKl
(UQQ) (1) KlEj = qaijEjKi
(ii) K;Fj =q " FK;
Ki—K; "
(UQ3) (B, Fj] = 0ij——=
(UQ4) (i) E?Eir1 — (q+ ¢ EiEi Ei+ Ei E? =0

)

(i) FPEa1 — (g+ ¢ YEFnE + FigF2P =0
(111) EZ'EJ‘ = EjEZ‘ if ‘Z —j‘ > 1

(iv) FiFj =FjFif i —j| > 1

where A = (aij)i<ij<n—1 is the Cartan matrix of sl,.

The quantum group Uy (sl,) is a Hopf algebra with compultiplication
A Uq(sln) — Uq(ﬁ[n) ®(c(q) Uq(sln)
Ei~E K '+1®E;
FimFiol+K®F
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Remark 2.16. There are various other normalisations of the comultiplication A.
We have chosen this specific normalisation since it will behave well with respect to
the bar involutions we study in the next section. The other normalisations, which
are often used in the literature, can be obtained from our normalisation by passing
to the opposite comultiplication or by twisting by an (anti-)automorphism. For
example, our comultiplication is obtained from the comultiplictation in [Jan96] by
twisting with the bar involution introduced in the next section (see also [Jan96, (4)])
and then passing to the opposite comultiplication.

Of course, one has to check that A is a well-defined algebra homomorphism
(i.e. that this is compatible with (UQ1)-(UQ4)). These are some straightforward
calculations which will be omitted here. The comultiplication is also coassociative
which is easily checked on the generators. The comultiplication can be used to define
tensor products of Uy(sl,)-representations. There also is a counit and an antipode
for U,(sl,) but we do not write these down since we will not use them explicitly.
For more details on the construction of quantum groups and their Hopf algebra
structure, we refer to [Jan96] and [Lus10].

Proposition 2.17. The quantum group U, (sl,) has the structure of a Hopf-algebra
with comultiplication A defined above.

Proof. This can be found in [Jan96, Prop. 4.11] (but one has to use the twist from
Remark to get the result in our normalisation). O

There also is the notion of a natural representation. Consider the n-dimensional
vector space V; = C(q)" with standard basis vy, ...,v,. Then V, can be given the
structure of a Uy (sl,)-module via

Ei-vj = 0iy15-vj1
By vj =05 vj41

K;-vj = ¢%i =01 . vj.

Again, one can check by hand that this is compatible with (UQ1)-(UQ4). Using the
comultiplication A we can thus act with Ug(sl;,) on tensor powers of V,. We can
now ask what the centralising partner of this action is

Uq(sly) A V2~ 2

Since we have replaced the action of U (sl,,) used in the classical Schur-Weyl duality
by its quantum version Uy(sl,,), it is natural to take the quantum version of C[S,]
on the other side as well, that is the Hecke algebra

H, = H(S,).

To make this work, we need to define a right H,-module structure on Vq®r. This
will be done by ’deforming’ the permutation action of S, on tensor space. In the
classical case, we were able to decompose our tensor space into weight spaces and
hence into a direct sum of induced representation V®" = AEA(n,r) 1, Tg; Let us
investigate what the Hecke analogue of this construction would be. For V;, = C(q)",
the space

(Vé®’"),\ i= Spang(g{vi = viy ® ... @v;, | #{l | iy =k} = A}

is the simultaneous eigenspace for the action of Kj, ..., K;,_1 where the eigenvalue
of K; is ¢} A+1. We call (V")) a weight space (of the Ug(sl,)-module V7). The
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analogue of the trivial Sy-representation 1, for the algebra H, := #H(S)) is the
module C(¢),-1 and when inducing this up to H,, we obtain the parabolic Hecke
module

-
MY = C(q) -1 ®ny Hor-

Recall from Propositionthat M? has the basis {1® H, | z € *(S,)} where *(S,)
is the set of shortest right coset representatives of Sy in S,. So by identifying a basis
vector 1® Hy € M* for x € 2(S,) with v(y)., € (V")\ we obtain an isomorphism
of vector spaces
Uy = Brenmn ¥V P M S VE (13)
)\EA(n r)

Remark 2.18. Note that the identification ®A6A (n,r) 1A TST"’ Ve from @ takes
1®0,1®1 €1, TST to the same basis vector vy(y).; = vy(1).r in tensor space if o
and 7 lie in the same coset of S)\S,. However, for z € *(S,) and y € Sy, we get
()\)
1® H '—> Vi(\)-w
1) g 17, Y )
® Hy;t =q ®@H; v q "V

under the identification from . This means that in the quantum setting it does
actually matter what coset representatives we work with.

There is a (right) #H,-module structure on Vq®T induced along the identification
from . By construction, the H,-action preserves weight spaces and hence the
action commutes with the elements K, ..., K,,_1 on Vq@". However, it is not obvious
from the construction how the elements E;, F; € U,(sl,) interact with the Hecke
algebra. To understand this better, we derive explicit formulas for the H,-action on
tensor space.

Lemma 2.19. For any k =1,...,r — 1 and i = (41,12, ...,i,) € {1,...,n}" we have

Vi-sy, if i, < ik+1

v - Hg, = Vs, + (q_l — q)vi if i > g4
-1 ep s .

qg v if i = i1

Proof. Let v; = vy(\).¢ =g )(1 ® H,) for some A\ € A(n,r) and z € *(S,). Then
using the multiplication formulas for parabolic Hecke modules from Proposition
we obtain

v - Hy, = 9N (1 © H,H,,

Sk

)
V(1@ Hys, ) if xs, € M(S)), zsp >
= \111{)‘)(1 ® Hys, ) + (g7t — q)\Ilg)‘)(l ® H,)  ifxs, € M(S,), zsp < x
¢ vV H,) if s & M(S))
Vi-sy if zsp € M(S,), xsp > @
= vis, + (@ — Qv if w5, € M(S,), s < @
g v if s & 2(S,).

The rest of the proof follows from some well-known facts about the (Coxeter) group

Sn: We have

ik =lpt1 <IN -zsp, =1U(N) -z & Shasp, = She & wsg, & )‘(Sr)
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where the last equivalence uses that xs, & *(S,) implies xsj, = rx for some r € Sy
(see for example [GP00, Lemma 2.1.2]). Note that

lsy) l(z)+1 ifk-z7t<(k+1) 27!
xS =
T @) =1 itk > (k1) o

(c.f. [Hum90, Thm. 5.4]). The entries of I(\) are weakly increasing. Since i, and

ik+1 are the k-th (resp. (k+1)-st) entry of [(A)-x = (I(\)1.2-1,l(A)gg—1, cee L(A) jog—1)
we get 1 < ipgq if zsp > o and i > gy if s < z. This finishes the proof. ]

Proposition 2.20. The actions Uy(sl,) ~ V,*" ~ H, commute.

Proof. We first check the claim for r = 2. We have Hy = Spanc(q){He,Hs}. As
noted before, H; preserves the weight spaces of V. ® V' and hence H; commutes with
Ky,...,K,_1. To prove that H; commutes with the F; and the F;, we decompose
V ® V into eigenspaces for the endomorphism Hg and show that these eigenspaces
are preserved by the F; and the F;. For any 1 < j < k < n the formulas from
Lemma tell us that

vj®vj'Hs:q_1-vj®vj

(qvj®vk+vk®vj)-Hs:qvk®vj+vj®vk+(q_1—q)vk®vj

=q L. (quj ® v + Vi ® v;)

1

(quj QU — v ®vj) - Hy = ¢ o ® vj —v; @up — (¢ — q)ur ® v

= (—q) . (qil?}j R — v X Uj).
Thus, we have the eigenspace decomposition

V@V =8pancg) ({v;®v; [1 <j<ntU{qu@up+u,®uv; |1 <j<k<n})
@Span(c(q){qflvj@vk—vk@vj |1<j<k<n}

Recall that

AE)=FEeK '+10F
AF;)=F,1+K;®F,.

Hence, the F; and the F; act on the bases of the eigenspaces found above as follows
(where 1 < j < k <n):

, V; @ Via1 + Va1 @ v; ifj=i+1
Uj@l/jli qu; i+1 i+1 i 7 '
0 otherwise
( . . .
qUi @ Vi + v @ 4 ifj=14+1
E; v @ v; + v; @ vy ifj#i, k=i+1
qv; ® v +op @ vy o 490 TS A
(q+q v ®@v; ifj=di, k=i+1
0 otherwise
g v @ vy — v @ v ifj=i+1
_ E; _ oo . .
q 1vj®vk—vk®vjr—> q 1vj®vi—vi®vj ifj£i,k=i+1
LO otherwise.
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. V; @ Vig1 + Vit1 @ v; ifj=1
” ®Uj 'i qu; i+1 41 J '
0 otherwise
( . .
qUj @ Vit1 + Vit1 @ vj ifk=1
. Vig1 ® Vg + vk @ v; ifj=di, k#£i+1
q’Uj®’Uk+Uk®Uj'i> qﬁlflk i o . ] . 7&‘
(¢ + g )vit1 ® vig1 ifj=i,k=1+1
0 otherwise
qil’l)j @ Vit1 — Vit1 Q V; ifk=1
- F; _ P . .
qlvj®vk—vk®vj'—> qlvi+1®vk—vk®vi+1 ifj=i, k#£i+1
0 otherwise.

We see that the F; and the F; preserve the eigenspaces of the Hg-action. This shows
the claim of the proposition for » = 2. For the general case, consider H,, € H, with
ke{l,..,r—1}. By Lemmamthis acts on V" via

¥ @H, @id !
Since the comultiplication A is coassociative, any = € Ugy(sl,) acts on Vq®r as
(1[d®* T @A @id® F 1) (y) € Uy(sh,)®”

for some y € U, (s1,,)®" 1. By the r = 2 case, Hs commutes with A(z) on V@V for
any z € Uy(sl,) and hence H,, commutes with = on Vq®r . We have thus shown the
proposition for arbitrary r. O

Remark 2.21. Our construction of the H,-action is a straightforward by hand’
deformation of the classical permutation action on tensor space. However, the fact
that this commutes with the U,(sl,)-action is a bit mysterious when just checked
by brute force calculations as above. There is a more conceptual approach to the
Hecke algebra action on tensor space via the so-called universal R-matrix (we refer
to [Jan96l Section 7] for more details on R-matrices). Using this R-matrix the two
actions will commute pretty much by construction (see [Jim86]). We have chosen a
more computational approach instead since it highlights the analogy with classical
Schur-Weyl duality and requires less machinery.

Our next goal is a double centraliser property for the quantum case.

Definition 2.22. The algebra Sy(n,r) := Endy, (V") is called the quantum Schur
algebra or short the ¢g-Schur algebra.

By Proposition the Hecke algebra H, is semisimple and by the double
centraliser theorem (Theorem we get that

Sq(n,r) N VE A H,

generate each other’s centraliser. The U,(sl,)-action on Vq@”" induces an algebra
homomorphism U (sl,) — Sy(n,r) so proving a quantum Schur-Weyl duality boils
down to showing that this map is surjective. For this, we observe that the structure
of the g-Schur algebra is in many ways similar to that of the ordinary Schur algebra.
In fact, the isomorphism of H,-modules

IR

e @ ME P oo (14)

AEA(n,r) AeA(n,r)
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together with Lemma yields the isomorphism of vector spaces

Sqn,r) =Endy, | P oaHr |2 P zuHean
AEA(n,T) A pu€A(n,r)

Lemma 2.23. The set {x,H,x, | y € #S}} is a C(q)-basis of x,H,x. In particular,
dim(C(q) (Sq (na 7")) = dlm(c(S(TL, T))

Proof. Any x € S, is of the form x = ayb for some a € S, b€ Sy and y € rS with
I(z) = l(a) +1(y) +1(b) (see for example |[GPQO, Prop. 2.1.7]). Then H, = H,H,H,
by Proposition ﬁand r,Hyxy = q_l(“)_l(b)quy:cA. This implies that the z, Hyx
with y € “Sﬁ épan x,Hrxy. We claim that they are also linearly independent. If
not, there is a linear dependence

Z py(Q) : mtuxA =0

yers)

for some p,(¢q) € C(gq) not all 0. After multiplying with an element of C(q)* and
dividing by some power of ¢ — 1, we may assume that p,(q) € Clg, ¢!] and p,(1) not
all 0. Let ¢ : Hepgq-11(Sr) = C[S;] be the specialisation homomorphism at ¢ — 1.
Then ¢(x,Hyx)) = e yey and

0=¢ Z py(Q) : x,tu:E/\ = Z py(l) TEuYEN.
yensy yersy
This contradicts the linear independence of the e,yey in e,C[S,]e) and the claim
follows. In particular, dimg(g) Sq(n, 1) = 325 en(n,r) |9 \Sr/ Al o) dimc S(n,r).
O

Now, we are ready prove quantum Schur-Weyl duality which was first proved by
Jimbo [Jim86].

Theorem 2.24. The commuting actions Uy(sl,) Vq®T N H, generate each other’s
centraliser.

Proof. Our proof is an adaptation of the arguments from [KS12l Section 8.6.3].
However, we avoid using facts about the representation theory of U,(sl,). The
actions sl, ~ V& and Uy(sl,) ~ V,?" induce algebra homomorphisms
Y U(sl,) — S(n,r) C Endc(V®")
Vg : Ug(sln) — Sq(n,7) C Endey (V,27).
We know that 1) is surjective and we need to show that 1), is surjective. The space

Endg(y)(V,2") has the basis {Ej, j, ® ... ® E;,_j, | i, 51 € {1,...,n}}. Let Agpyq4-1) be
the C[g, ¢~ ']-span of this basis which is a C[q, ¢~ !]-algebra. Let

Qp: Ac[q7q_1] — End(c(V®r)

be the specialisation at ¢ — 1. Clearly, ¥, (E;), 1q(F;) € Agq,q-1) and

So(wq(Ez‘))
QP(wq(Fi))

Y(ei)
Y(fi)-
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This shows that S(n,r) = ¥(U(sly)) C ¢ o ¥g(Uglgq1)) where Ugjqq-1) is the
Clq, ¢~ ']-subalgebra of U,(sl,) generated by the E;, F;. In particular, we can find
X1,y Xm € Uglgq-1) that map to a basis of S(n,r) under ¢ o ;. We claim that
Yq(X1), ..., ¥q(Xm) are C(g)-linearly independent in Sg(n,r). If not, there is a linear
dependence

> i) - y(Xi) =0
=1

where the p;(¢q) € C(¢) are not all 0. By our standard division technique, we may
assume p;(q) € C[g,q '] for all 4 with p;(1) not all 0. Then

0=¢ <Zpi(Q) -%(&-)) =D 0il1) - @lwg(X0))
=1 i=1

contradicting the linear independence of ¢(14(X1)), ..., ¢(¢q(Xp)). This shows that
Pq(X1), ..., q(Xpm) are linearly independent. The surjectivity of 1, now follows since

m = dimg (S(n, 7)) "2 B dime ) (S, (n, 7))
This finishes the proof. O

Since H, is semisimple, we can apply the double centraliser theorem to obtain
the following duality on the level of representations.

Corollary 2.25. There is a bijection

iso. classes of iso. classes of
simple Uy (sl,,)-modules &5 ¢ simple H,-modules
appearing in V2" appearing in V2"

Remark 2.26. One can show that any finite-dimensional U, (s, )-representations is
completely reducible (see [Jan96, Thm. 5.17]). Hence, by Corollary there is an
equivalence between the subcategories of Uy(sl,,)-mod and mod-#, which consist of
those finite-dimensional representations whose simple constituents appear in Vq®r.
Alternatively, there is a straightforward quantum version of the arguments we used
to establish Proposition[2.13] In particular, these arguments show that for n > r the
functor Vq®” ®4,. (—) induces an equivalence of categories between H,-mod and the
subcategory of Uy(sl,)-mod consisting of those finite-dimensional representations
that are annihilated by ker(Uy(sl,) — Sq(n,r)).

2.3 Bar involutions

Recall the bar involution of the Hecke algebra which is the unique C(g)-antilinear
ring endomorphism of H, with the property that Hy = H; . There also is a bar
involution on U,(sl,,) and its representations Vq®". In [FKKO98] a connection between
the bar involution of the Hecke algebra and the quantum group is established (see
also [FK97]). The involution on Vq®’" is usually constructed using the so-called
quasi- R-matrix which is closely related to the R-matrix from Remark The
general construction of the quasi- R-matrix is non-trivial and can be found in [Lus10),
Chapter 4]. We will focus on the n = 2 case so that we can keep things explicit. In
other words, we consider the quantum group Uy (slz) with generators E, F, K +1 and
relations

K—-—K!

KK'=1=K 'K, KE=¢EK, KF=q*FK, [EF]= =

. (15)
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In this section we will also use the notation

m

" —q

q—q!
for any m € Z. This is sometimes called a quantum integer since one recovers the
integer m € Z for ¢ — 1. Similarly, we define the quantum factorial and the quantum
binomial coefficient

[m]!:=[m] - [m —1]-...- 1], [Z] . W'[E?]Lk]'

Definition 2.27. The bar involution of Uy(slz) is the C(g)-antilinear ring endomor-
phism

[m] = =¢" ' 4¢P+ .+ ¢ " eClg.q ]

T Uy(sly) — Ugy(sly)
F—FE
Fr—F
K+ K
It is easy to check that this is compatible with the relations from and it
is clear that this is an involution. We also define an involution oy, on the natural

representation V, = C(q)? of U,(sl2). This is the unique C(g)-antilinear map that
fixes the standard basis, i.e.

ov, (fi(@vi + f2(@v2) = filg o1 + fa(g v
This is Uy(sla)-antilinear in the following sense.

Definition 2.28. Let M be a U,(sly)-module and oy € Endc(M). We say that
o is Uy(sla)-antilinear if o (2 - m) =T - m for all z € Uy(slp) and m € M.

We would like to construct a Uy,(slz)-antilinear involution on Vq®7“. The obvi-
ous candidate is the C(g)-antilinear involution a%” which fixes the standard basis.
However, this is not U,(sly)-antilinear.

Example 2.29. We have on V; ® V,

E- oy, @0v,(1200) =E- 100 =(E@K '+1®E) 1,0 =q¢ vy @

oy ®v1) = qui ® V1.

ov, X Uvq(E s U2 & ’Ul) = oy, ® av, (q7
This shows that oy, ® oy, is not U,(slz)-antilinear.

To solve this problem, we will twist the involution oy, ® oy, by an endomorphism

of V; ® V;,. For this, we extend the bar involution of Uy(slz) to Uy(sl) ® Uy(slp) via
r1 ® o = T1 ® Ta. Then, we can consider the map

AN Uy(sl) = Uy(sly) @ Uy(sla),  — A(T).

This is a coassociative comultiplication which is C(q)-linear. Specifically, we have
AEy=E®K+1®E, AF)=F®1+K'a®F AK)=K®K.
Now let M, N be U,(slz)-modules equipped with U, (sly)-antilinear involutions oy €
Endc(M), oy € Ende(N). For any ¢ € Endgg)(M ® N) define the bar conjugate
p=(opm®@on)opo(oy @on) € Endgg) (M @ N).

Since o) and o are Ugy(slp)-antilinear, the bar involution of Uy(sly) @ Ugy(slz) gets
identified with involution of Endg(g) (M ® N) under the map Uy (sly) ® Uy(sla) —
Endg(q) (M ® N). We can now give a general recipe to construct a U,(slz)-antilinear
involution opgn for certain M and N.
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Proposition 2.30. Let © € Endg(y)(M ® N) such that

A(x)o©® =0OoA(z) and ©oO=1
in Endg(g) (M @ N) for all z € Uy(slz). Then
OM@N ::@O(O'M@O'N) EEndc(M®N)

is a Uy (slz)-antilinear involution.

Proof. We have

ohen =600 (o ®an)oBOo(oy ®on) =000 =1
proving that ope N is an involution. Moreover, we have

ormeN o A(z) =0 o (opy ®on) o Ax)

=0OoA(x)ooy Ron
=A(ZT)oOooy Ron
= A(Z) comen

in Endc(M ® N) for any x € Uy(slz). This implies that oy gn is Uy(sly)-antilinear.
O

The hard part is the construction of an element O as above. This will make use
of the following observation.

Lemma 2.31. For any m > 0 we have
1) A(E)-E™@F™— E™@ F™ . N(E) = E™ @ [E, F™] + pn(¢) B @ [E, F+1]
2) A(F)-EmM@F™ -~ E"®F™-A(F) = [F,E™|® F™ + pn,(q)[F, E™ @ Fmt!
3) A(K)-E™@F™ —E™@ F™ . A(K) =0
where p,,(q) = %ﬁ_l).
Proof. Let us prove 1) (the other cases are similar). We have
AE)-E"®@F™"—-E™® F"-A(E)
=F""M @K 'F"+E"® EF" —E™ @ F"K — E™ @ F"'E
=E" @ (K 'F" — F"K)+ E™ ® [E, F™.

Moreover,

pm(q)FF[E, F]JF™Fk

NE

pm(q)[E, F™ ] =

b
Il
o

m

—q
+ 1]

Fk(K . Kfl)mek

I
NE

3

[

i
o

[ _3_ 1] <q—2(m—k‘)FmK . q—QkK—lF’m)
m
_ [n:‘i 3 (™ m+ 1F"K — ¢ ™[m + 1]K1F™)

= K 'Fm_ FMK.

I
NE

=
Il
o

Together, these two calculations imply 1). O
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We use a telescope sum argument and Lemma to construct an element
O € Endg(g)(M ® N) as it appears in Proposition m For this, let

k
OM =3 " (=1)"pm(q)E™ ® F™ € Ugy(sly) ® Uy(sly).
with pm(q) = [175" pi(g). By Lemma2.31] we get

k
AE)OW —0WA(E) = 3 (~1)"pn(a)(E™ ® [E, F™] + pu(¢) E™ @ [E, F™ 1)

I
—~
|
—_
~—

"h(0) B @ [E, P

k
+ Z(_l)mﬁm+1(Q)Em+1 ® [E, Fm+1]
m=0

— ( 1)kpk+1( )Ek+1 ® [E,FkJrl],
A" — 0WA(F) = ... = (—=1)*pra1(q)[F, B* ] @ FF,
AK)OW —eWA(K) =0

Now assume that £™ - M = 0 and F™ - N = 0 for m > 0. Then for k£ > 0 the
element ©() defines a unique endomorphism (independent of k)

0 :=> (~1)"pm(q)E™ ® F™ € Endg(y)(M & N) (16)

m>0
and A(x) 0 © = 0 o A(z).
Lemma 2.32. We have © 0 0 = 1.

Proof.
©08 = (Z (1" m(@E™ @ Fm) : (Z( " pnl™E™ @ Fm>
m>0 m>0
=) (=y" ( > ﬁk(q)ﬁs(ql)) E™®F™,
m20 k+s=m

N m— m— —at(g—a—1 m m(m— _—1ym
NOW pm(q) = Hi:ol pz(q) = Hi:ﬂl % (—1) q ( 1)/2% fOI’ m > 0.
Note that if k + s = m then

k(k—1)—s(s—1)=k*—k—s>+s=(k+s—1)(k—s5) = (m—1)(2k —m)

and hence
_ L h(e-1)-s(s—1)) (@ — 0 )¥g ! —g)°
Pr(@)ps(q™") = (—1)kFog2 k=l =sls=1)
P2 2= LT
-y (= 1) gh(m=(k—m) (q—q H)Frs
!
1 m M
_  —mm-1)/2\4 "4 ) q q m
q i M-
=0
The quantum binomial theorem implies that zk_ (—1)kqlm—1)k [73’] =0form >0
(see [Lus10, 1.3.4]). Hence © 0 © = po(q)po(g~') = 1. O
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We can now define the involutions oyer as follows. We have already constructed

. Assume we have constructed o for all 7 < r. Choose r1,r9 > 0 such that

ver
r =11 +re. It is easy to check that E™ - V®k m. Ok — () for all k and m > 0.
Hence, we can define oyer by applying Proposmon 2.30|with M = V2", N = V22
and O from . '

Example 2.33. Let us look at V; ® V,. We compute the action of the involution
ov,zv, = © ooy, ® oy, on the standard basis. Since oy, ® oy, fixes the standard
basis pointwise, this is the same as acting with © =14 (¢ — ¢ ')E® F + ... . Note
that F2-V;1:0:E2-Vq. We have

O(v; ® v1 -t

) =
O(v1 ® v2)
) =
)

(01 v @+ (¢ —q Ev @ Fvp = v ® 1
(

O(ve ® v1

(2 ®v

( )
1®v2+(q—q_1)Evl®Fv2:vl®v2

( )

( )

vy ®@v1 4 (@ — ¢ )Evy ® Fuy = v @v1 + (¢ — ¢~ g ® vy

v1 @1+ (¢ — ¢ 1) Bva ® Fog = vy @ vs.

S)

2

This looks very similar to the bar involution of the Hecke algebra. In fact, the
isomorphism @4 2.9 MA ®L\I]é>A) Vy ® Vg of right H,-modules from induces a
bar involution on V, ® V;, and we have

neun =10 H,) =010 H,) =0 cun

non=U"TeH) =10 H) = v v

v =y (0 H) = v (1o (H+ (¢ - ¢ "))

= v+ (¢ —q v @ v
v =0"YAeH,) =010 H) = v, @ v,

We see that the involution oy, gy, and the bar involution on V; ® V; are the same.

There is one more technical problem we need to address. In fact, our construction
of o,or depends on how we write r as a sum r = r; + 72 or equivalently on how we
q

bracket Vq®r. It can be shown that the involution oy, ¢ is independent of this choice.
q

Lemma 2.34. Let M, M', M" be Uy(slz)-modules with Ug(slz)-antilinear involu-
tions o, opr,0p and E™ - M =0, E™-M' = F™-M' =0 and F™ - M" =0
fOY m > O Then UM@(M’@M” = U(M®M’)®M” fOI' JM@(M’@M”) and J(M@M’)@M”
constructed as in Proposition with the © from ({16).

Proof. See [Lusl0), 27.3.6]. O

We can now extend the observations from Example to arbitrary tensor
powers.

Proposition 2.35. The bar involution on V:1®T induced by ®)\€A(n,r) M Iry Vq@r
is the same as the involution oY@

Proof. The r = 1 case is obvious. The r = 2 is proved in Example We proceed
by induction. Assume we have shown the claim for all 7/ < r. The bar involution
on Vq@”" is the C(g)-antilinear map uniquely determined by the properties

vi@k@)vz —vl ®v and z-H,, =7 H

k3
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whenever k+s =7,z € V,*" and i € {1,...,r7 — 1}. We have O(v; ® z) = v; ® z for
any r € V;]®7"*1 since F-v; = 0. Similarly, we get O(z ® v2) = x ® vy since F vy =0
and by the induction hypothesis we have

Qk Qsy _ Ok ®s _ Rk ®s
oy, ® O‘Vq®r'71(U1 ®uy®) =07 @ vyt = Oygr-1® oy, (v ®vy%).

3 — _ ®k ®sy _ , Qk ®s
Since Tyer = @OUVq®O-Vq®T—1 = @oqu®T_1 ®ay, we get oy e (v ®vy?) = v @y .

It remains to show that qu®r(x -H;) = oyer (z) - H;. For i > 1 we have

oyer (x-H;) =0o0y, ® O'Vq®'r-—1(33 -(1® Hi—1))

2 0((ov, ® o1 (2)) - (1© Hiy))

Y (©ooy, @ oyer (@) - (10 H; 1)

= (oyer(2)  H;

using the induction hypothesis in (a) and that H;_; commutes with the Ug(sly)-

action on Vq®’"_1 in (b). The i = 1 case follows from a similar argument using that

Oy @r :@O(0V®r71 ®Uvq). ]
q q

By Theorem |1.16|the isomorphism @, Aln,r) MA Ty also provides us with
bases {b; | i € {1,2}"} and {b* | i € {1,2}"} of V" uniquely determined by the
properties

O’Vq®r (bz) = bi

and b =v; + Z qZ[g]vj
J

resp. oy er (b)) =b  and bt=wv; + Z q—IZ[q—I]vl
J

where the sums run over all j € {1,2}" such that v; and v; lie in the same weight
space. These are called the canonical, respectively dual canonical basis of Vq®’". The
existence and uniqueness of the (dual) canonical bases can also be shown indepen-
dently (i.e. not using the Hecke algebra), see [Lusl0, Thm. 27.3.2] and [FKK9§|
Prop. 2.3’]. As an application of Proposition we compute some parabolic
Kazhdan-Lusztig basis elements by computing (dual) canonical basis elements.

Example 2.36. We use the notation (i1, s )| (Gt ooy Js) = (815 oo By J1y ooy Js ). I
E -V =0or F-b. =0, then

oyres (B b) = O @ b) = bt @ b
and hence b2 = bt @ bL. We immediately see that
plli = vy @b and b2 = pi V9.
Moreover, it follows from Example that 21 = V(2,1) — q_lv(m). A direct
computation shows that E - b1 = F . b21) = 0 and hence
bRV Z 2D @ p and  BIRD — i g p2),
For example, we get

B2 = p2D @ p2D) = (V1) — qflv(l,z)) ® (ve2,1) — q71U(1,2))

=U(2,1,2,1) — q_lv(1,2,2,1) - q_lv(271,1,2) + q_2U(1 2,1,2)-

y<yty
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On the parabolic Hecke modules side, this tells us that

M = M828183 - q_1M3283 - q_1M3231 + q_2M82

=—=898183
in M(22),

Remark 2.37. There are recursive formulas that compute the (dual) canonical basis
in [FKK98]. These formulas are used in [FKK98] to derive recursive expressions for
Kazhdan-Lusztig polynomials corresponding to maximal parabolic subgroups which
were originally obtained in [LS81] using other techniques. There also is a graphical
calculus for the (dual) canonical basis introduced in [FK97] (see also [BS11) (5.12)]
and [BSI10l (5.3)]) and the action of the elements E and F' on the (dual) canonical
basis can be described explicitly in this graphical interpretation.

2.4 Affine Schur-Weyl duality

In this section we want to look at an affine version of classical Schur-Weyl duality.
The natural replacement for the S,.-action on tensor space will be an action of the
affine symmetric group S2f = Z" x S;. The replacement for the Lie algebra s,
will be the affine Lie algebra sl, which we will define now. Recall that sl, can
be presented by taking generators e;, f; and h; subject to the Serre relations from
Theorem 2.14l The structure of these relations is encoded in the Cartan matrix of
sl, or equivalently in its Dynkin diagram. We have already encountered the Dynkin
diagram of affine type A in Example This is the diagram

—ay

N

(€51 Qg Qp—2 Qp—1

We can associate a (generalised) Cartan matrix A= (@i j)o<ij<n—1 to this with
entries

(17)

for 1 <i,j <mn-—1.

Definition 2.38. The affine Lie algebra ;[n is the Lie algebra with generators
ei, fiyhi (0 < i <n—1) subject to the Serre relations from Theorem with the
a;; being the entries from the generalised Cartan matrix A defined above.

Note that therg is a natural inclusion sl, — ;[n with e; — e; and f; — f;. The
affine Lie algebra sl,, can also be constructed explicitly as follows. For a Lie algebra
g, the loop algebra of g is the (complex) Lie algebra

L(g) := g ®c C[t,t ]

with Lie bracket
[z @p(t),y @qt)] = [z,y] @ p(t)q(t).

We can extend the loop algebra of sl, by a one-dimensional centre

L(sl,) := L(sl,) & Ce
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with Lie bracket

[z ®@p(t) + ac,y © q(t) + Be] = [z,y] @ p(t)q(t) + (2, y)ndn,—mc
where £(-,-) is the Killing form of s(,.

Theorem 2.39. There is an isomorphism of Lie algebras sl = L(sl,) which iden-
tifies x € sl,, C sl,, with x ®@ 1 € L(sl,,) C L(sly).

Proof. This can be found in [Kac90, §0.3, §9.11]. O
Note that there is a natural representation of the loop algebra L£(sl,,) (or in fact

even L(gl,,)) given by R
V=V ®cC[tt

with V' = C" and (z ® p(t)) - (v ® q(t)) = zv @ p(t)q(t) for z € sl,, v € V and
p(t), q(t) € Clt, t_ﬂ. This extends to a representation of L(sl,,) by letting ¢ act by 0.
The vector space V has the standard basis {v; | i € Z} where (by abuse of notation)

Vitkn ‘= U; & =k
for any i € {1,...,n} and k € Z.

Remark 2.40. The action s, = L(sl,) ~ V can also be constructed using the
generators e;, f; and h; from Definition In fact, one checks that

€ Vj = O1f * Vj-1

fi . ’Uj = (51] 'U]-i-l

hi-vj = (85 = &13) v
(where i € {0, ...,n—1} such that i =4 mod n) is compatible with the Serre relations
and hence deﬁnes an action sl, ~ V. Note that acting with ep (resp. fo) on V is the
same as acting with E,1 ®t € L(sl,) (resp. F et le L(s[ )). Conversely, the
action of e; @ t¥, f; @ tF € E(/g[n) for 1 <7 <n and k € Z can easily be constructed
by acting with the e;, f; € sl, for 0 < j < n. This shows that one can use both

constructions of the sl,-action interchangeably. In practice, we will only be working
with the loop algebra realisation of this action, though.

There is a natural (right) S,-action on yer (with tensor products taken over C)
given by permuting the tensor factors. We can also act with Z" on yer by letting
the k-th standard basis vector €, € Z" act by multiplying with ¢ in the k-th factor
of the tensor product, i.e.

Vip Q... QU - € =V Q... QVjp—n @ ... Q V..

One checks on the standard basis of V" that Sk O € O Sp = €g41 In Endc(f}@”).
Hence, we obtain an Sf}ff—action on V€. By construction, the actions

sl A VO~ goft
commute. There is another way we can think about ver,
Lemma 2.41. The action map
V" @qs,) CLS2T] — VEr (18)
is an isomorphism of (U(sl,), C[S2])-bimodules. Similarly, the action map
Ve @¢ ClZT] — V& (19)

is an isomorphism of (U(sl,,), C[Z"])-bimodules.

34



Proof. 1t is clear that the two maps above are bimodule homomorphisms. The map
from (19) is an isomorphism since it identifies the standard basis of V" ®@¢ C[Z']
with the standard basis of V. Note that the multiplication map

C[S,] ®c C[Z"] — C[S2M]

is an isomorphism of (C[S,], C[Z"])-bimodules. Then the composition

~

VE ®cs, CISHT] = VO ®¢s,) CS,] ®c C[Z] 2 VE" @c C[Z7] 5 VO
is the action map from . This shows that is also an isomorphism. O

Definition 2.42. The algebra S(n,r) := Endgas (V) is called the affine Schur
algebra.

We define

(VE)y = Spanc{vy, ® ... @ vy, | #{l | iy =k mod n} = A}
> (V¥7), ®c C[Z"] = (V¥")5 ®cs,) C[S27]

for any composition A € A(n,r). We can also interpret (17@”") A as a permutation
module via

IR

(VE)\ 2 (V")) ®¢is, CIS2T] = e)C[S,] @, C1S2] = e, C[S2f].

Most of our arguments about the structure of the Schur algebra can be applied word
by word to the affine Schur algebra. In fact, by Lemma[2.7| there is an isomorphism
of vector spaces

S(n,7) = Endgun (VE") 2 Endgar | P exClS | = P euClS2en
AEA(n,r) A u€A(n,r)

and for any z € ¢,C[S2f]e, there is a corresponding element NS S(n,r). These
multiply as in . For n > r we can consider

w:=(1,..,1,0,...,0) € A(n,r).

The same arguments as in the classical case show that there is an algebra isomor-
phism

LS, )8k, = Endgur (VO )) = {42, | @ € C[S2H]} = C[s2f]

and a corresponding isomorphism

[7®T%’ @ 6)\((: Saﬁ = @ ¢>\)\ n T)ngwg (n T)‘bww (20)

AEA(n,T) AEA(n,r)
of (S(n,r), qﬁwwS(n )¢5, ,)-bimodules.

Proposition 2.43. For n > r, the commuting actions S(n,r) ~ V& ~ &2
generate each other’s centraliser.
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Proof. The proof works exactly as in Corollary 2.9 In fact, by the definition of
the affine Schur algebra, we have S(n,r) = Endsaff(V@"). Moreover, there is an

isomorphism ¢/, , A(n,r)owyw — Ends(n,r)< (n,r)¢w7w)°p by Lemma It follows
from that S2T generates Endg(njr)(f/@)of’ and the proof is complete. O
This duality can also be made into a categorical equivalence.
Proposition 2.44. For n > r, the functor
C[$2]-Mod — S(n,r)-Mod
M — V" @gigam M

is an equivalence of categories. Moreover, this descends to an equivalence of cate-
gories C[S2f]-mod = S(n, r)-mod.

Proof The proof is the same as the proof of Proposition 2.13] In fact, we have
S(n, )L WS S(n,r) = S(n,r) which follows from 1 = = Y aeA(nr) ‘S)\|¢>\)\ together

with ¢}, € S(n, )L WS S(n,r) (see ) It then follows from Corollary that

ver ®cpsar] (—) is an equivalence of categories since
V®T ®(C[S$H] <—) g (n T)(ﬁww ®¢1 (n T)(;S(,lu " (—)

as functors from C[S2f]-Mod to S(n,r)-Mod by (2 The equivalence of categories
C[S*™-mod = S(n,r)-mod also follows from Corollary using that the functor

VO @cpsany (—) =V &gs,) CISET] @gjgen) (—) = VT @¢ps,) (—)
preserves finite-dimensionality since V®" is finite-dimensional. 0

_ We see that proving an affine Schur-Weyl duality involving the affine Lie algebra
sl, boils down to showing that the map U(sl,,) — S(n,r) is surjective. Let us first
look at the Z"-endomorphisms on V" in more detail.

Lemma 2.45. The natural algebra homomorphism Endgy ;-1 (‘7)@r — Endy- (17@”)
is an isomorphism.

Proof. There is a commutative diagram

Endc[t,t_r] (‘7)@)7" E— Ener (‘/}®T)

lResVT lReSV@)r

Home(V, V)®" ——— Home(VE, VEr).

The two vertical maps are isomorphisms of vector spaces since V=V ®c C[t, t71]
and VE" = VO g C[Z"]. The horizontal map in the bottom row is an isomorphism
of vector spaces since {E;, j, ® ... ® E;, ;. | 1 € {1,...,n} and 4; € Z} is a basis of
both Home(V, V)®" and Home(VE", VET). Hence, the horizontal map in the top
row is an isomorphism. O

We can use this to compute the S2f-endomorphisms of Ver. In fact,
~ ~ Sy ~ Sr
Endgen (VE7) = (EndZT(V@”)) > (EndC[trr](V)@T) (21)
where S acts on Endcy ;-1 (V )®T by permuting the tensor factors.
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Lemma 2.46. Let A be a C-algebra (not necessarily finite-dimensional). Then
(A®")" is generated as an algebra by the elements

A(a)=a®1° 141040197 2. +19 1t ga
where a € A.

Proof. This is well-known for A finite-dimensional but generalises to A infinite-
dimensional without problem. For example, the proof in [EGH™11, 5.18.3] uses
finite-dimensionality only to show that for a finite-dimensional C-vector space W
the S,-invariants of W®" are spanned by the w ® ... ® w for w € W. This extends
to W infinite-dimensional since any z € W®" is contained in W®" for some finite-
dimensional subspace W C W. O

Using Lemma and , we see that S(n,r) = Endsgﬁ(‘/}(@T) is generated by
the action of the Lie algebra Endcy ;-1 (V) (with the commutator bracket) on V&,
Lemma 2.47. The action L(gl,) ~ V induces an isomorphism of Lie algebras
L(gl,) = Endgg -1, (V) € Ende(V),

Proof. We have

Endcy-1(V) 2 Home (V, V @c C[t,t7']) 2 Endc(V) ®c C[t,t™] = L(gl,).

O

We have thus shown the following.

Corollary 2.48. The commuting actions £(gl,) ~ V& ~ S generate each
other’s centraliser.

To be consistent with previous dualities we have seen, we would like to replace
L(gl,,) by L(sl,). This is not quite as obvious as in the classical case since L£(gl,,)
also contains the elements I,, ® t* € £(gl,,) for k # 0. In contrast to I,, € gl,, these
do not act by multiplying with a scalar.

Lemma 2.49. For n > r, the actions of the Lie algebras L(sl,,) and L(gl,,) generate
the same subalgebra of End¢(V®").

Proof. Let A\ € A(n,r). By the classical Schur-Weyl duality, we can find an element
Xy € U(sly,) such that X acts as Pr(yer), O V& By Lemma X, will then
act as pr (e, on Ve, Now let z € gl,, and p(t) € Clt,t~1]. Since n > 7, we can
find some k € {1,...,n} such that Ay = 0. Then x ® p(¢) induces the same action
on (V¥ as (z — Tr(z)Ey k) ® p(t). Since z — Tr(z)Ey x, € sl,, we have shown that
xRp(t) OPI(jer), is induced by the L(sl,)-action. We can do this for any A € A(n,r)
and 3 ca () Pr(pory, = 1. Hence the action of z ® p(t) can be constructed from
the action of L(sl,). This proves the claim. O

We have thus shown the following.

Corollary 2.50. For n > r, the commuting actions 5A[n A Ve A Saff generate
each other’s centraliser.

Proof. This follows from Lemma and Corollary O

Using Proposition this double centraliser property can also be rephrased as
the following categorical equivalence which also appears in [CP96, Thm. 4.9].

Corollary 2.51. For n > r, the functor yer Qc[saf] (—) induces a an equivalence of

categories between C[gﬁﬁ]—mgd and the category of finite-dimensional sl,-modules
annihilated by ker(U (sl,) — S(n,r)).
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2.5 Quantum affine Schur-Weyl duality

In the previous sections, we have seen a quantum and an affine version of classical
Schur-Weyl duality. In this section we want to combine the two and describe a
quantum affine version of Schur-Weyl duality. The quantum affine replacement of the
group S, from the classical setting will be the affine Hecke algebra H2T := 7{(52).
We still need to define quantum affine sl,,. For any i € Z, let i € {0,1,...,n — 1}
such that i =7 mod n.

Definition 2.52. The affine quantum group Uq(ﬁA[n) is the C(q)-algebra with gen-
erators
E07E17"'7En*15 FOvFla"'aanla K()ivilila-“aK:fll

and relations (for all i,j € Z)
70 : -1 -1
(UQ1) () KK '=1=K 'K;
(i) KGHG = KK
(UQ2) (i) KGE; = ¢ E;K;
(11) K{Fj = qiang]*-KZT

_ KK
(UQ3) B, B3] = 65—
(UQ4) () BBy — (¢+q V) BB B; + B B2 = 0

)
(i) F?Fgr — (¢ + ¢ )P + Fg 7 =0
)

(iv
where A = (aj j)o<i,j<n—1 is the (generalised) Cartan matrix of ;[n as in .

Note that there is a natural algebra homomorphism U,(sl,) — Uq(;[n) with
E; — E;, F; — F; and K; — K;. As for the quantum group Uy(sl,,), one can check
that

A+ Uy(sln) = Ug(shn) ®c(q) Ug(shn)
Ei—E®K '+10FE
F-Fol+KoF,
K, — K;,® K;.
defines a coassociative comultiplication on Uq(;[n). There also is a natural repre-

sentation ‘7[1 of Uq(g[n). This is the C(g)-vector space with basis {v; | i € Z} and
action

El' . ’Uj = 5m’3 . Ujfl
Fi . Uj = (%J . Uj+1
K- v; = ¢’ 15 ;.
Hence, we have an action Uq(;[n) ~ XA/q@’". We define a (right) H2f-action on YA/q®T

by mimicking the identifications from Lemma More precisely, we start with
the isomorphism of vector spaces

VET 2 VE ¢y Clo) X, ., X;F
Viy—toyn @ o @ Vi = (Vi) @ . @u,) @ XF L X

38



By Proposition the multiplication map
Hr ®C(Q) C(Q)[Xitl, ...,Xril] — ,H?H

is an isomorphism of (#,, C(q) [Xlﬂ, <., XF1)-bimodules and we get an H-action
on Vq®7' induced along the identifications

VI 2 VE ®c() Clo) X ..., X
= ‘/q®7" OH, Hy ®(C(q) C(Q)[Xf:17 ) Xril]
= ‘/:]®T ®HT H?ﬁ"

Note that by construction, X; acts on YA/q@T as the shift vy — wvi_, in the i-th

coordinate. Moreover, the action of H, € H2f on Ve C YA/q®T is just the usual action
from quantum Schur-Weyl duality (i.e. given by the the formulas in Lemma [2.19)).
However, the action of H, on the whole space Vq®r is more complicated than this.

To gain a better understanding of the H*f-module YA/q@”, let us first show that the
H2_action is local in the following sense.

Lemma 2.53. For k € {1,...,r — 1} consider the algebra homomorphism
Lg - /Hgﬁ — /H?H, Lk(Xl) = Xk, Lk(XQ) = Xk:-i—lv Lk(Hl) = Hk.
Then for any x € ’Hgﬁ, we have () = id®* 1 @z @ id" ! as operators on ‘qu®’".

Proof. Let A := {z € H3T | wu(z) = id®** '@z @ id" %! on ‘A/q®"}. This is a
subalgebra of H3T and we need to show that A = H3%. Since X; acts on YA/q®r
as the shift v — vg_, in the i-th coordinate, we have XfEI,XQjEl € A and hence

C(q)[X{", X5 € A. Next, we show that H; € A. The space 17q®’" is spanned by
the elements of the form v - X% where v € Vq®” and a € Z" so it suffices to show that

e (Hy) acts as id®* ! @ H; @1d"~*~1 on v- X% Note that the elements 1;(H) = H,
and id®* ' @H; ®id"7*~! both commute with the action of X; for j # Kk, k+ 1.
Hence we may assume X¢ = X" X" = (X" X1"2) = 44,(X(™™m2)) for some
mi, mo € Z. Then
v- X2 Lk(H1> =" Lk(X(ml’mQ)Hl)
=0 (p(H X M2m)Y) 4y (X mome) fy X (m2ma)y)

© . 1d®F 1 @ H, X (m2m) g jqr—k-1

+o-id®F L g(xmm) gy - gy X (m2m)) @ jgrohet
=v-id®* T @xmm) [y @ id k!
=v- X id¥ @ @id !
Here (%) uses that X (™1m2) Iy — [, X (m2m1) € C(q)[ X!, X5 € A by Lemma
2.19

and that Hj, acts as id®* ! @ Hy@id"*tonwv € Vq@T by the formulas in Lemma
This shows that H; € A and hence A = H3T which completes the proof. O

By construction, the H*f-action on ‘7q®7’ = VE ®y, HM commutes with the
U,(sl,)-action. However, it is not obvious from the definition that the H2f-action

commutes with the action of the whole affine quantum group U, (;[n) To prove this,
consider the endomorphism

L:Vq—>Vq, Vi > Vit1 Vi € Z.
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Lemma 2.54. L®" commutes with the H2! action on YZI@T, ie. L% € Endyas (‘7(1@’").

Proof. Tt is clear that L®" commutes with the action of C(q)[ X, ..., XF1] on 17q®’".
Consider the vector space

W= {weffq®r|L®r_(w.Hi):(L®".w).Hi fori:1,...,7'—1}C‘7q®T.

The lemma follows if we can show that W = 17q®’”.

Claim 1: V& c W.

By Lemma @ the element Hj, € H2 acts as id®* 1 @ H; @id"*~! on Vq®r. Hence,
Hj, commutes with L& on V2" if Hy commutes with L ® L on V, ® V. In other
words, we may assume r = 2. We show that v; ® v; € W for any 1 < 4,57 < n.
For 1 < 4,5 < n, the claim follows directly from the formulas in Lemma The
remaining cases can be checked by direct calculation. In fact, we have

L®? . (v; @ v, - Hy) = L®* - v, @ v,
= Un+1 @ Vit1
= v @uig - X
CED 0 @ vigy - H X, ' H
=1 ®v1 - X, T H,
= Vi1 @ Upy1 - Hy
= (L®2-vi®vn)-Hs

for 1 <1i < n, as well as

L% (v, @i - Hy) = L®? - (0; @ vp + (¢ — q)v, @ v5)
= Vig1 ® Ung1 + (71 — Q)nt1 ® Vi
=vip1 Xy '+ (g7 = Qv @ v X7t
=01 ®@vip1 - (H X5 4+ (a7 = 9 X7 )

PEY v @i (XTUHT (7 - XY

= v ® Vi1 - X; ' H,
= Upt1 @ V41 - Hs
= (L®? v, @ v;) - Hy

and finally

L#?. (Un & vy - Hs) = q_1L®2 *Up @ Up
= q_lanrl & Un41
= @y - H X, X!
CED 0 @1 - Ho Xy "Hy(H, X1 H,) ™" H,

= v @vy - Xy X, H,
= Un+1 ® Un+41 - Hs
= (L®2 cUp, @ vy) - Hy.

This shows Claim 1.

Claim 2: If w € W, then w- X2 € W for any a € Z".
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L% commutes with the C(q)[Xit, ..., XF"]-action on T7q®’" and X¢H; — H; X% €
C(q)[XT, ..., X' by Lemma This implies
L¥ - (w- X*H;) = L¥ - (w - H; X%%) + L®" - (w - (X%H; — H; X%*%))
= (L®" - w) - H;X*% + (L*" - w) - (X*H; — H;X%*%)
= (L®" - w) - X%H,
= (L® - (w- X)) H;
proving Claim 2. R
Combining Claim 1 and Claim 2, we get V2" = V& - C[X{', ..., X "] ¢ W and
hence W = XA/q@”. This finishes the proof. O

Corollary 2.55. The actions Uq(g[n) ~ ‘A/q®7" A HM commute.

Proof. Since the Uy(sly,)-action and the H2f-action on ‘7q®7" commute, we only need

to show that the ’H?H—action commutes with Ey, Fy and K. To see this, we observe
that

-1 -1 -1
L ElL U = L Elvi—i-l = (52714_71[/ v; = (515111'_1 = Eo * Vg

and by a similar argument L™ Fy L -v; = Fy-v; and L™K L -v; = Ky - v;. It follows
that (L®")"toE1oL®" = Ey, (L¥") Lo F1o L®" = Fy and (L") 1o K10 L®" = K in
End(c(q)(f}q@’"). Since L& and Ey, Fi, K; commute with the H*f-action, Ey, Fy, Ky
also commutes with the #2f action. This proves the claim. O

Our next goal is establishing a double centraliser property.

Definition 2.56. The algebra §q (n,7) := Endyan (1761®T) is called the affine quantum
Schur algebra or short the affine ¢-Schur algebra.

We define

(‘7:1®7“),\ = Spanc{vi;, ® ... @v;, | #{l |44 =k mod n} = \;}
= (V) ®c() C@XT o X051 22 (V)2 @9, HYT
for any A € A(n,r). Then

=

(‘Z,@W)A = <‘/q®r))\ @3, HAT aHy @y, HA o gy 2l

and therefore
§q(n, r) = Enngfr(f}qw) = Endyas @ e HA | @ z, H ey (22)
AEA(R,T) )\,MEA(’N/,T‘)
by Lemma For y € mMH,&}ﬁx » there is a corresponding element
(ﬁw\ € Homﬁgg(xAH?ﬁ, x, HA) C §q(n,r) (23)

under the isomorphism from which acts on z\H* by multiplying with 3 on
the left (and by 0 on zyH2T for M # A). The ¢y, multiply as in . Note
that Prper), = mqﬁ\f}\ by l) The double centraliser property for the

affine ¢g-Schur algebra now follows from the same argument as for the (affine) Schur
algebra.
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Proposition 2.57. For n > r, the commuting actions §q(n,r) N 17q®r A~ HA
generate each other’s centraliser.

Proof. See also [Gre97, Thm 2.3.3]. The proof works exactly as the proof of Corol-
lary|2.9land Proposition In fact, using the identification H2% = qﬁ&WSq(n, r)qﬁhw
with y — ¢%, ., we get the isomorphism

17Q®T%’ EB ry M = @ gbif/\gq(n, 1)L = Sy(n, ) b
AEA(n,r) AEA(n,r)

of (§q(n, ), gbi,wgq(n, )¢5, .,)-bimodules. Now Lemmaimplies that the canonical

map HM — Endg

Sq(n,r

)(17q®r)°p is an isomorphism. O

Similar to the affine situation, this duality can also be made into a categorical
equivalence.

Proposition 2.58. For n > r, the functor

HAE-Mod —» §q(n, r)-Mod
M — VE" @00 M

is an equivalence of categories. This also descends to an equivalence of categories
H-mod = S, (n, r)-mod.

Proof. This follows from Corollary using §q(n,r)¢ij,w§q(n,r) = §q(n,7") and
the isomorphism of (§q(n,r), gbolj,wgq(n,r)¢3j’w)—bimodules ‘A/q@" = §q(n,r)¢}u7w. The
details work exactly as in the proofs of Proposition and Proposition O

We see that proving a Schur-Weyl duality involving U, (s?[n) boils down to showing

that the homomorphism U, (;[n) — §q(n, 1) is surjective. This will use the structure
of the affine ¢g-Schur algebra.

Lemma 2.59. For n > r, the affine ¢-Schur algebra §q(n, r) is generated by the
gf)z“;A and the ¢¢,, from with y € H2 and \, u € A(n, 7).

Proof. By Lemma we have Homyan (A 12T 2, HAT) = {gf)z,)\ |y € o, HMx)\ 1
This shows that Sy(n, r) is spanned by the ¢Z,A with y € z,Hzy and A\, u € A(n, 7).

This implies the lemma using that ¢y, o ¢l 0 oY = ¢Z*‘§”$A = p(q)¢}, , with

2(@) = (Soew, @) (Saew, 72 € Ca)* by 1), m
Now, we are ready to prove quantum affine Schur-Weyl duality.

Theorem 2.60. For n > r, the commuting actions Uq(s/:\[n) ~ 17q®7" A~ HM generate
each other’s centraliser.

Proof. We use ideas from [Gre97, Section 3.3]. By the quantum Schur-Weyl duality
we can find X € Uy(sl,,) such that X acts as qﬁﬁ“f* on V2" for any A\, u € A(n, 7).

This already uniquely determines X as an element of §q(n, r) and hence X acts as

gi)z*f * on 17(]®T. The claim now follows from Lemma if we can show that the ¢, .,

are induced by the U, (;[n)—action where y € H. For y € H, this follows again from
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the quantum Schur-Weyl duality. Note that z,, € x,Hf = (TZI@")W corresponds to
the basis vector vy, := v1 ® v2 ® ... ® v,. We then have

E.-...-E, 1E._1-..-Ey- Vi(w) = E.-... . By 199001 ®...0v,_1
=VUp_p V1 X ... VUp_1
=0, QU1 @ ... V1 - X1
= V()  Hr—1 ... - H1X3

and hence
1 Hy_1-...H1 X
E. ... E, 1FE._1-...- 570°¢w,w—¢ 1 141

w,w

on ‘7q®7'. Similarly, we have

FoFpo1-o - Frpr By By = Fobp—1 - oo - Frpn 02 Q03 @ .. @ U
=112 Q... 0 Vpr Q Upt1
:v2®...®vr®v1~XT_1
= vy Hi- oo He X

and hence 1
1 HyooHo1 X,
FOFn—l'--.'Fr+1F1-...-FTo¢w7w = ¢! 1 )

w,w

Note that Endyan (zo,HET) — H2T @Y, +— y is an algebra isomorphism. Moreover,
the Bernstein relations imply that H is generated as an algebra by #,, X; and

-1
X,'. In particular, Endyas (z,H2T) is generated by ngZJ*l"“'Hle, f,%&""HHXT

and the ¢f,, with y € H,. We see that any ¢f, ., € Endyan (z,H) is induced by
the action U, (f/;\[n) for any y € H2¥. This finishes the proof. O

Using Proposition this double centraliser property can also be rephrased as
the following categorical equivalence which also appears in [CP96, Thm. 4.2].

Corollary 2.61. For n > r, the functor 17:1®7" Qyatt (—) induces an equivalence of

categories between H?H—mod and the category of finite-dimensional U, (;[n)—modules
annihilated by ker(U,(sl,) — Sy(n,7)).

3 Diagram algebras

In this section we look at more generalisations of Schur-Weyl duality which are
still fairly classical in flavour. To this end, we will introduce several algebras with
a distinguished basis given by certain partition diagrams. In particular, we will
introduce the partition algebra which was defined and studied in detail by Martin
[Mar91l, MS94, Mar96, Mar00]. We will also explain a known Schur-Weyl duality
between the partition algebra and the symmetric group. Motivated by this, we will
prove a new Schur-Weyl duality in Section involving the diagonal action of the
affine symmetric group S on tensor space. For this we will introduce a diagram
subalgebra of the partition algebra which we will refer to as the balanced partition
algebra. The balanced partition algebra was also defined in [Harlg| in a slightly
different context but we will look at the structure of this algebra in more detail. In
particular, we will show that the balanced partition algebra is semisimple and we
will parametrise its irreducible representations. We will also give a presentation of
the balanced partition algebra by generators and relations.
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3.1 A Schur-Weyl duality for S,

Recall that classical Schur-Weyl duality states that for V' = C™, the commuting
actions

GL,(C) A V®" A S,
generate each other’s centraliser. One can also consider the symmetric group as
a subgroup S, C GL,(C) so that S,, acts diagonally on tensor space (instead of
permuting the tensor factors). Explicitly, this action is given by

0V & ... Vi, = Vg(3y) @ oo @ Vg(4,)

for any o € S, where vy, ..., v, is the standard basis of V. A natural question to ask
is what the centralising partner of this action is

Sp A VE A 2.
This is what we study in this section.

Definition 3.1. Let r be a non-negative integer. A (set) partition is an equivalence
relation on the set {1,2,....,7,1",2' ....7"}. The equivalence classes will be referred
to as blocks.

We define
A, := {partitions of {1,2,....,7,1",2",...r'}}.

The partitions in A, are usually drawn as diagrams with 2r dots which are aligned in
two rows each containing r dots corresponding to the sets {1,2,...,7} and {1’,2/, .., 7' }.
We indicate the blocks by connecting the dots that lie in the same block.

Example 3.2. Here are two partitions and diagrams representing them for r = 5:
di = {{17 2,’ 3/7 5}? {1/}? {27 3}7 {4? 4/}7 {5/}}7 dy = {{17 5}7 {1/7 2/}7 {27 3, 3/: 4/}a {47 5/}}

1 2 3 4 5 1 2 3 4 5

. . '

1 2’ 3 4’ 5’ 1 2 3 4’ 5’

When drawing partition diagrams, we will usually omit the labels of the dots.
Given two partitions dy,ds € A,., we can define their concatenation dy x do. This is
given by stacking d; on top of da (i.e. connecting the bottom row of d; with the top
row of d2) and removing all components of that stack that are not connected with
the top and the bottom row. We refer to the components removed in the middle of
the stack as free blocks.

Example 3.3. Let d;, do be the two partitions from Example Then

N\

dl*dQ =

———-=0
)
Il
~—~
[\
=~
S~—

D



is the concatenation of d; and do. Note that we have removed exactly one free block
to compute dq *ds which contains the dots {1’,5'} in the bottom row of dy and {1,5}
in the top row of ds.

We now use this concatenation rule for partitions to construct the partition
algebra which was introduced in [Mar91].

Definition 3.4. For 6 € C, the partition algebra P,(0) is the C-vector space with
basis A,. On diagrams dy,ds € A, C P,(d) the multiplication is defined by

dl . d2 = 5T(d1’d2)(d1 * dg)

with 7(d1, dz) := |{free blocks removed in d; * d2}| and we extend this bilinearly to
the whole vector space P,(9).

It is easy to check that P,(d) is an associative C-algebra with unit element
Lp) = {11} 42,2} o {rr'} ) = l . [

Example 3.5. For the partitions dy,ds € As C P5(d) from Example and Ex-
ample |3.3] we have

N\
N

dy - dy = 5r(d1,d2)d1 « dy 1, 5

Remark 3.6. The reader is probably familiar with the diagrammatic calculus used
in the definition of the multiplication of P.(J) in another example: Consider the
symmetric group S, with its right action on {1,...,7}. Then a permutation o € S,
can be interpreted as a diagram with r dots on the top and r dots on the bottom
and ¢ in the top row connected with j” in the bottom row if i - 0 = j. For example,
the element o € S5 with 1 /> 2 /> 5> 1 and 3 > 4 5 3 is represented by the

diagram

Multiplication in the symmetric group then just corresponds to stacking diagrams
on top of each other. This induces an inclusion C[S,] < P,(¢) for any ¢ € C.

We will now explain how to equip V®" with the structure of a right P.(n)-
module (where n is the dimension of V' = C"). For this we denote the standard
basis elements of V& by

Vi = Uy @ Vjy @ ... Q V5,
where i = (i1,12,...,%r) € {1,2,...,n}". Then End¢c(V®") is spanned by the matrices
Ej; with Ej; - v, = i v5. For any d € A, and i = (i1, ..., 4,), i’ = (i1, ..., 0v) let

i% i e (t~sind= i, =i,) for any t,s € {1,...,r, 1/, ...7"}. (25)
In other words, we have i i> ¢/ if labelling the top row of d with ¢ and the bottom

row of d with ¢/ induces a well-defined labelling of the blocks of d. We call this the
(i,1)-labelling of d.
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Example 3.7. Let r =5 and n = 4. Consider the partition

from Example We have (1,2,2,3,1) LN (2,1,1,3,4) since each block has a
unique label with respect to this labelling;:

On the other hand, (1,2,3,3,1) 7d¢> (2,1,4,3,4) since there are two blocks with more
than one label with respect to this labelling:

Lemma 3.8. There exists a unique right P,(n)-module structure on V" such that
d € A, acts as Z‘i Ej;; € Endc(V®").
iy =

Proof. Uniqueness is clear, since defining the action on the basis A, already deter-
mines the action on the whole algebra. It remains to show that the action from the
lemma is well-defined. For this, we need to verify that (v-dy)-ds = v-(dy - d2) where
di,dy € A, and v € V®". This follows from a calculation in End¢(V®")°P:

dio®Pdy=| > Eji|o®| > Fy;

dy do
] J—k
= 2 B
dy . da
i—>j—k
(x)
w) . S g,
dqxd
i——rk

= nT(dl’dQ) . d1 *dg) = dl . dg.

For (*:), observe that a sequence 1 4, J N k corresponds to a labelling of the blocks
of di xdo where we also assign a label to each free block removed in dj xds. For fixed
i and k there are n"(41:92) ways to label the free blocks proving the equality. O

Our next goal is to deduce the Schur-Weyl from the bottom row of (2)).
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Theorem 3.9. The actions S, ~ V& . P,(n) commute and generate each other’s
centraliser.

Proof. The proof will be done later in this section - see also [HR05, Theorem 3.6]. [

Let us introduce another basis of P,(d) which behaves well with respect to the
action on tensor space. For this, we introduce a partial order on A, via

dy < dg < dy is coarser than dy < (t ~ s in ds =t ~ s in dy). (26)

Definition 3.10. The C-basis {z4 | d € A} of P.(d) uniquely determined by the
property > @<qTar = d is called the orbit basis.

Note that this is a well-defined basis since the base-change is given by a unitri-
angular matrix with entries in Z.
Example 3.11. Consider the partition algebra P;(d). We have A; = {id, p1} where
id = l and p; = " . Then id < p; and hence id = ziq and p; = g + 2p,. In

particular, we get x,, = p; —id.

We can also describe the action of the orbit basis on tensor space explicitly. For
any d € A, and i = (i1, ...,4,), &' = (17, .., 3p0) let

i e (t~sind e iy =i,) for any t,s € {1,...,7,1',...,7"}. (27)

In other words, we have i —% ' if the (z,7')-labelling of d induces a well-defined
labelling of the blocks of d and labels for distinct blocks are distinct. In particular,
i 24 ¢ implies i 9, i, Note that for any 1,1 € {1,...,n}" there is a unique partition

Ta(iil) . . .. . .
d(i,i') € A, such that i BLCON ¢/. This partition is given by

d(i,i') == (t ~ s & iy = ig). (28)

Lemma 3.12. With respect to the action V®" ~ P.(n) defined in Lemma the
element x4 acts as Z,z_% Ej; € Endc(V¥®").
i—rj =

Proof. We have

. d .,(

o8 26
= twsindéit:is)(twsindétwsind(i,j’))d(j,g")gd.

Thus, we get in End¢(V®"):

It then follows by upwards induction along the partial order that x4 =) ca, E;;
1 Y

in End¢(V®"). O

We will often make use of the following observation when working with the orbit
basis. Let y = > e 4 cqrqa € Pr(n) and i LN j. Since d' € A, is the unique element
with ¢ SN J, the coefficient of E;; in y (considered as an operator on V) is cgr.

Corollary 3.13. The kernel of the homomorphism P,(n) — End(V®")°P induced
by the action V®"  P,(n) is spanned by {x4 | d € A, has more than n blocks}.
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Proof. 1f d has more than n blocks, then there are no i, j with 7 2d, J. This shows
that x4 acts by 0 on V®". Conversely, if d has at most n blocks, then there exist 4, J

such that ¢ Zd, J and x4 is the unique orbit basis element with non-zero coefficient
for F;;. This shows that the x4 with at most n blocks are linearly independent in

Endc(VE"). 0

We can now show that S, ~ V®" « P.(n) commute and generate each other’s
centraliser.

Proof of Theorem[3.9. For o € S,, we have o - v; = v,.;. Hence, 0o Ej;o00 ! =
Eyj i in Ende(V®"). It follows that Endg, (V®") is spanned by the orbit sums
> (i.j)co Eji where O is an orbit of the diagonal action S, ~ {1,...,n}" x {1, ..., n}".
Note that

(i,7)

This shows that Z(ij)e@ E;;= Z@_d) Ej i = x4 for the unique d € A, with ¢ 2, 4
LJ L= s j JrZ J

2 (4,7) e (=i g1 = jo) Vs € {10y, Uy '} & d(i, 1) = d(4, 7).

for some (and then all) (z,7) € O. The 24 which do not correspond to an orbit O as

above act by 0 by Corollargf Since the x4 form a basis of P.(n), we have shown
that the actions S, ~ V& «~ P.(n) commute and P.(n) generates Endg, (V®").
Since C[S,,] is semisimple, the double centraliser theorem implies that S,, generates
End pr(n)(V@’T). We have thus shown that the two actions generate each other’s
centraliser. O

We conclude this section with a few extra remarks about the relation between P,(n)
and P,(0) for arbitrary § € C. To be more precise, we explain an interpolation
technique which allows to lift information obtained from acting on tensor space to
arbitrary 6. The following lemma, puts this into a formal framework.

Lemma 3.14. Let B;(9), ..., Bi(d), Ci(9), ..., Crr(d) € P,(0) such that

Bi(6) = Y pi(6)d

deAr

Ci5)= 3 ¢f(6)d

deAr

for some p?(x),ql(z) € C[z]. Assume we are given p(z1,...,7;) € Clry,...,2;] and

a1, .-, ym) € Clz1,...,xm] such that p(Bi(n),...,Bi(n)) = ¢(Ci(n),...,Cn(n)) as
operators on V" for infinitely many n (with n = dim V). Then p(B1(9), ..., Bi(d)) =
q(C1(9), ..., C(8)) in Pp.(6) for all 6 € C.

Proof. Since the multiplication table of the basis A, has entries which are polynomial
in 6, there are polynomial p?(z), ¢%(x) € C[z] such that

p(B1(8), .., Bi(6)) = > p(6)d

deA,

g(C1(8), -, Cm(8)) = > ¢*(8)d,

deA,

By Corollary the homomorphism P,(n) — Endc(V®")P is injective for n > 0.
Hence, we get p?(n) = ¢%(n) for infinitely many n. This already implies p?(z) =
q%(x) which proves the claim. O
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As an application of the interpolation technique from Lemma we compute
some products of orbit basis elements. We start with a basic example.

Example 3.15. Consider the partition id = {{1,1'},{2,2},....{r,7'}} = l l

By Lemma this implies that x;q acts on V& as the projection onto the basis
vectors v; with i # 4; for k # [. In particular, we have J:?d = Ijq as operators on
V& for all n = dimV € N. Now, the orbit basis is a Z-linear combination of the
standard basis A, so we can apply Lemma to obtain x?d = Zjq in P.(9) for any
0 eC.

in A.. By 1' we have i =% j if and only if i = j and i, # i; for k # L.

The ideas from Example [3.15] can be easily generalised to compute products of
orbit basis elements for so-called propagating partitions.

Definition 3.16. For d € A,, we call a block B of d propagating if BN{1,....7} # 0
and BN{1’,..,7"} # 0. We say that d is propagating if all its blocks are propagating.
For dy,ds € A,, we say that dy and dy match if (i’ ~ j" in dy)<(i ~ j in dy) for all
i,j€{1,...,r}

Proposition 3.17. Let di,ds € A, such that d; or ds is propagating. Then
Td «d, if di and dy match
Ldy Ldy = e . (29)
0 otherwise.

in P.(9) for any ¢ € C.

Proof. For i € {1,...,n}" we have

Vi  Xd, Xdy = E Ui cXdy = E Tk

A sequence i Lo, j N k corresponds to a well-defined labelling of the blocks of d
and dy such that distinct blocks of dy (resp. dg) have distinct labels and the labels of
the bottom row of d; and the labels of the top row of do match. If d; and do do not
match this is not possible and then z4,z4, = 0 on V®". If dj and d2 do match and

1 ﬂ) J % k then j is uniquely determined by i and k since the blocks of di or da
are all propagating. Hence, such a sequence corresponds to a labelling of the blocks
of di x do which assigns to each block a unique label or equivalently 2 %—m% k. We
get

Vi Ty Tdy = E Vk = Vi * Tdydy-

C Tdyxdg
i—k

We have thus shown that holds as operators on V. The claim then follows
from Lemma using that the orbit basis is Z-linear combination of the standard
basis A, of P,(d). O

Products of orbit basis elements for non-propagating partitions are more com-
plicated than the formula in but they can still be computed using the same
techniques, at least for specific examples. To illustrate this, let us start with a
low-dimensional example.
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Example 3.18. Consider the partition algebra P;(J) with the orbit basis ziq = id
and z,, = p1 —id from Example Then

z, = (p1 — id)? = py? — 2p1 +id = (6 — 2)p1 +id
=(0— 2)(1‘p1 + zig) + wig = (0 — 2)xp1 + (6 — D)ziq.

We can also verify this equation using Lemma In fact, Lemma tells us
that

Tp =D Uit =)D v

i ikt
=(n—Dvi+ Y (n—2)vp = v+ (n = Daia + (n — 2)xy,).
ki

Then applying Lemma yields 22 = (6 — 1)ziq + (6 — 2)ap, for all § € C.
Here is a generalisation of Example which will be useful later on.

Lemma 3.19. Consider the partition diagram

d=" " ... "ea4, (30)

with 27 blocks. For d’ € A, let |d'| be the number of blocks of d’. Then

zi=> (H(a —|d|+1~ z’)) T (31)

d’ i=1

where the sum runs over all d’ € A, with [BN{1,....,7}| <1and |[BN{l’,....,7"}| <1
for each block B of d'. For § = 2r — 1, this formula becomes 2% = (—1)"rlz,.

Proof. Let 2% = daea, cd/(é)md/ for some cg(d) € C. For n > 0 we can find

i,j € {1,..n}" such that i SLIN J- Then the coefficient of Ej; in 2% € Endc(V®) is
cqg(n). By Lemma |3.12 m this is the same as the number of possible ways to label the
middle row of

i1 192 T
° ° °
° ° °
° ° °

Jj1 J2 Jr
with labels k1, ..., k, € {1,...,n} such that the i1, .., 4., k1, ..., k, are pairwise distinct
and the ki, ..., k-, j1, ..., jr are pairwise distinct. If iy = i5 or j; = js for some
t # s, it is impossible to find ki, ..., k. with this property and then cg(n) = 0.

Otherwise, there are cg(n) = % p0551b1e ways to choose ki, ..., k, where

m = [{i1, ..., ir, j1, -, jr t| = |d’'|. This proves (31)) for 6 = n > 0. We then get
for all § € C by Lemma Note that |d’| E {r,r +1,...,2r} for any d' € A,
with |[BNA{L,..,r}| <1 and [BN{l,...,r"}| <1 for each block B of d’. On the
other hand, we have [[;_;(2r —1—|d|+1—¢) =01if |d|=r,r+1,..,2r — 1 and
Hl 1@2r—1—|d|+1—14) = (—1)"r!if |d'| = 2r. This shows that becomes
z2 = (=1)"rlzy for 6 = 2r — 1. O
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3.2 The structure of the partition algebra

In this section we summarise a few known facts about the representation theory and
the structure of the partition algebra P,(d). To be consistent with the Schur-Weyl
duality from Theorem [3.9] we will work with right P,(d)-modules. Actually, it does
not matter whether one prefers left or right modules here since there is an algebra

~

isomorphism P,(0) = P.(§)°P given by flipping diagrams upside down. Note that
dimg¢ Pr((s) = ‘Ar| = B(QT)

where B(m) is the number of partitions of the set {1,...,m}. The number B(m) is
often called the m-th Bell number.

Remark 3.20. The Bell numbers can be written as B(m) = >_}" | S(m, k) where
S(m, k) is the number of partitions of the set {1, ...,m} with k blocks. The numbers
S(m, k) are often called the Stirling numbers of the second kind. The S(m,k) can
be computed using the recursive formula S(m, k) = S(m — 1,k —1) + mS(m —1,k)
and there even is an explicit expression: S(m,k) = %Z?ZO(—l)k_j (I;)jm This
can be used to compute the Bell numbers. Alternatively, the Bell numbers can be
computed using the recursion B(m) = Z:ol (" 1)B(l<:). These formulas can be
found in many text books (see for example [HHMOS, (2.96), (2.100) and (2.105)]).

By definition, the d € A, generate P,(0) as an algebra. Clearly, this generating
set is far from being minimal and we want to give a more efficient presentation of

P.(9).
Definition 3.21. For § € C we define C,(d) to be the C-algebra with generators

S1y -4y Sr—1 and plap%’anpgv "'7pr7%7pr

and relations (whenever they make sense)

P1) (@) =1
(ii) sis5 = 5584 for |i —j| > 1
(i) 8455415 = Si+15iSi4+1
(P2) (i) p; = opi fori=1,2,..,r
(il) pf = ps fori=33 ..r—12
(ii) pip;1pi = pi
(iv) pipj = pjpi for |i —j| > 3
(P3) (1) sipipi+1 = piPi+15i = PiPit1
(i) sipy1 =pip1 =piy1si
(iil) sipisi = pit1
(iv) $iSi+1D;4 1814181 = Piy.3
(V) sipj = pjsi for j#i—3%,4,i+%,i+1,i+3.
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Theorem 3.22. There is an isomorphism of algebras
Cr(6) — P.(9)

i i+l

U (i+1)

e ]
R
1)
Proof. See [HR05, Thm 1.11] O

Remark 3.23. Even though the generating set of the presentation above is much
smaller than the set A,, it is still not minimal. For example, the elements po, ..., p,
can be omitted since p;41 = sip;s; by (P3)-(ii).

Next, we study semisimplicity of P,(0). By the double centraliser theorem
Endg, (V®")P is always semisimple and P,(n) = Endg, (V®")°P for n > 2r by
Corollary This argument can be extended to n = 2r — 1 as follows: By Corol-
lary the kernel K of the action V"~ P.(2r — 1) is one-dimensional and
spanned by x4 where d is the partition with 2r blocks as in (30]). Since P, (2r—1)/K
is semisimple we have Rad(P.(2r — 1)) C K and hence Rad(P,(2r — 1)) = K or
Rad(P.(2r — 1)) = 0. By Lemmawe have 22 = (—1)"rlzg in P.(2r — 1). Since
Rad(P-(2r — 1)) is nilpotent we get Rad(P-(2r — 1)) = 0 and hence P.(2r — 1) is
semisimple. We have thus shown the following.

Proposition 3.24. The partition algebra P,(n) is semisimple for any integer n with
n>2r—1.

Seeing this argument, one might think that P,.(J) is always semisimple or at least
for positive integers § = n. However, this is not the case.

Proposition 3.25. The algebra P, (1) is not semisimple for any r > 1.

Proof. There is an algebra homomorphism P, (1) <% C, d — 1. This is well-defined
since d-d' € A, C P-(1) for any d,d’ € A,. The homomorphism ev; defines a (right)
Py(1)-module structure on C which we denote by L) (@). The result then follows if
we can show the following claim.

Claim: The homomorphism of right P,(1)-modules P, (1) < L) () does not split.
Proof of claim: If the homomorphism does split, we can find a non-zero element
y = Y. cqd € P.(1) such that y - d' = y for all ' € A,. For any d € A, we have
1"~ 2 in d*p%. Since y = y - ps, we get that ¢g = 0if 1’ £ 2/ in d. On the other
hand, 1/ ¢ 2’ in d * py for any d € A,.. Since y =y -p1 we get ¢g =01if 1’ ~ 2" in d.
This implies y = 0 which is a contradiction. O

There also is a general semisimplicity result for the partition algebra.
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Theorem 3.26. For any ¢ € C the partition algebra P, (¢) is semisimple if and only
if 0 ¢{0,1,...,2r — 2}

Proof. 1t is not hard to prove that P.(J) is semisimple for all but finitely many
0 € C (see for example [CO11, proof of Thm. 3.15]). The key idea is to use
that a finite-dimensional algebra A is semisimple if and only if its trace form is
non-degenerate. One then uses that the trace form of P.(J) is represented by a
matrix whose entries are polynomial in §. This is degenerate for only finitely many
& where the determinant of this matrix vanishes. Finding the explicit values where
the algebra is not semisimple is a bit harder. This was done in [MS94]. t

Our next goal is to parametrise the irreducible representations of P,.(J). Let A
be a finite-dimensional algebra and let e € A be an idempotent. If AeA = A there
is an equivalence of categories eAe-mod= A-mod by Corollary 2.12] In particular,
if AeA = A we have a bijection

iso. classes iso. classes
. 1:1 .

of simple — of simple

A-modules eAe-modules

For AeA # A, there are more simple A-modules than simple eAe-modules. In fact,
the next result states that we are missing exactly the simple A-modules which are
the restriction of a simple A/(e)-module along the projection A — A/(e) (where
(e) = AeA is the two-sided ideal generated by e). We formulate this result for right
modules which is more natural in the partition algebra setting.

Lemma 3.27. Let A be a finite-dimensional C-algebra and e € A an idempotent.
Then there is a bijection

iso. classes iso. classes iso. classes
of simple right AL L of simple right » LI { of simple right
A-modules A/(e)-modules eAe-modules

Resi/(e)(S) +— S € mod-A/(e)
Head(S ®¢ac €A) +— S € mod-eAe.

Proof. The simple right A/(e)-modules are in a 1:1 correspondence with the simple
right A-modules that are annihilated by e. One can show that the simple right
A-modules S with Se £ 0 are in a 1:1 correspondence with the simple right eAe-
modules using the functors M — Me and N — N Q4. €A from . Details can
be found in [Gre06, Thm 6.2g]. O

Consider the idempotent e = p, _1 of P,(d). There is an algebra isomorphism
2

ePr(8)e — Pr_1(5), dwsd\{r,r'} (32)

where d\{r, '} is the partition in A,_; obtained from d by forgetting the dots with
label r and r’. Hence, we can describe the irreducible representations of P,.(J)
inductively using Lemma if we can describe the irreducible representations of
the algebra P.(0)/(e).

Lemma 3.28. For the idempotent e = p,_1, we have (e) = Spanc A4,\S,.
2

Proof. Let d € A,;\S,. If d has a block B with |[BN{1,...,7}| > 1 we can find o € S,
such that r ~ r — 1 in od. Then d = 0~ eod € (e). Similarly, if |[BN{l’,...,7"}| > 1
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we can find ¢ € S, such that 7' ~ (r — 1) in do and then d = doeo™! € (e). If
all blocks of d satisfy |[BN{l,...,r}| <1 and |[BN{1l’,...,7"} <1 there must be a
block B of d with |B| = 1. Then d = p;d’ if B = {i} and d = d'p; if B = {i'}
where d’ € A, is the partition obtained from d by connection ¢ with 7. We have
pr = prepr and p; = opyo for some o € S,. This shows that p; € (e) and hence
d € (e). This proves Spanc 4,\S, C (e). For d € A, let pn(d) be the number of
propagating blocks of d. Then pn(d*d’) < min{pn(d), pn(d’)} since any propagating
block of d x d' is obtained by merging at least one propagating block of d with at
least one propagating block of d’. Moreover, pn(d) = r < d € S, and hence
Spanc A, \S, = Spanc{d € A, | pn(d) < r} is an ideal containing e. This shows
that (e) = Spang A, \S;. O

Here is the classification theorem of the simple P, (¢)-modules.

Theorem 3.29. For § # 0 there is a bijection

of simple right

P,.()-modules

iso. classes
1:1
{ with 0 < [A| <r

Young diagrams A }

For § = 0 and r > 0, there is a bijection

of simple right

iso. classes
1:1 {
P.(0)-modules

Young diagrams A
with 0 < [A| <r

Proof. See also [Mar96l, Corollary 5.1] or [CO11, Theorem 3.4]. The claim is obvi-
ous for 7 = 0 since Py(8) = C. We have P;(§) = Spang{1,p1} = C[X]/(X? — §X).
For § # 0 this has two irreducible representations which we can be identified with
{0,J}. For 6 = 0 we have P;(0) = C[X]/(X?). This has one irreducible repre-
sentation which we identify with {{}. Hence, we have shown the claim for r = 1.
The composition C[S,] — P.(0) — P.(6)/(e) is an isomorphism by and the
irreducible representations of S, are indexed by Young diagrams A with |A\| = r.
Moreover eP,(0)e = P,_1(0) by (32). Lemma then tells us that

iso. classes iso. classes Youne diaerams
of simple right LN of simple right U { Ouwiih ;ﬁ; i TS } .
P,(6)-modules P,_1(8)-modules N
The claim now follows by induction. O

Remark 3.30. Lemma [3.27| also gives a recipe to recursively construct the simple
P.(§)-modules. For r = 1 the irreducible P;(d)-modules are

LO(0) := Py(8)/(p1 - 0)
LY@ = Pi6)/ (1)
(which are equal for § = 0). Now assume we have constructed the simple P,._1(0)-

modules LU~D()) for 0 < |A| < r — 1. Then the simple P,(§)-modules are defined
as:

L) Resy, (5] S(\) if |\ =7
Head(LU"Y(X) ®cp, (5)e €Pr(8))  if [A[ < 7.

Here e = p, _ 1 the module S(X) is the Specht module of S, corresponding to A and
the restriction is along the algebra homomorphism P,.(§) — P,.(0)/(e) = C[S,].
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The double centraliser theorem tells us that decomposing V& as a (S, P.(n))-
bimodule gives a bijection between simple C[S,,]-modules and simple P,(n)-modules
appearing in V®". We can now ask what this bijection does with respect to the
indexing set from Theorem Let A = (A1,...,A;) be a Young diagram with
0 < |A| < r. We define

)‘[n] = (n — |)\‘, )\1, AQ, ceny )\l)

which defines a Young diagram if and only if n — [A| > A;.

Example 3.31. We decompose V as a (C[S,], Pi(n))-bimodule for n > 2. Note
that v1 + ... + v, spans a copy of the trivial representation which corresponds to
the Young diagram (n). On the other hand, (v; + ... +vy,) - p1 = n(vi + ... + v,) s0
V1 + ... + vy, spans a copy of the Py (n)-representation L(M)((0)) = L(V(@). The space
W= {3 avi| Y ;a; =0} CV is also an irreducible S,-representation which
corresponds to the Young diagram (n—1, 1) (see Example . Note that z-p; =0
for all z € W. Hence, W is a direct sum of n — 1 copies of the P;(n)-representation
LM((1)) = LO(O). This shows that

V= (S((n) ® LY(0) & (S ((n - 1,1) @ (1))
as (C[Sy], P1(n))-bimodules. Note that (n) = (0)p, and (n — 1,1) = (1), so
V = @ocpjcr SAmp) @ LO ).
Here is the bimodule decomposition of V®" for general r € Ny.

Proposition 3.32. There is an isomorphism of (C[S,,], P-(n))-bimodules

Ve 2 B S(A\p) @ L)
A

where the sum runs over all Young diagrams A with 0 < |A| <7 and n — |A| > A;.

Proof. This is a bit technical. Nonetheless, we outline the main ideas of the proof
since this is omitted in the literature. By the double centraliser theorem, we have a
decomposition of the (C[S,], P,(n))-bimodule

vere @ AP e L))
0<[AI<r

where the A ()) are distinct simple C[S,,]-modules or 0. We need to show that

A(T)()\) _ S()‘[n}) ifn— ’/\| Z )\1 (33)
0 otherwise.

For » = 0,1 the claim can be checked by hand as in Example We proceed by
induction. It is not hard to check that

LU=DO)  if A <7

L™ o
WPy {o if A =1

as right p,_1P.(n)p,_1 = P,_1(n)-modules. In particular
2 2

@ A(rfl)()\) ® L(rfl)(A) ~ Or—1 o y®r 'pr_% ~ A(T‘)(/\) ® L(rfl)(/\)
0<|A|<r 0<|A[<r
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as (C[Sy], Pr—1(n))-bimodules. This proves for 0 < |A| < r using the induction
hypothesis. Let

W := Spanc{v; | i; # i for j £k} D {v € V¥ |v-(p,_1) = 0}.

1

2
Then AT(\) ® LI(X) € W for |A| = since LI (\) - (p
argument as in [Del07, Prop. 6.4] shows that

W= P S(p) @SN
A

1 ) = 0. A combinatorial

as (C[Sy], C[Sy])-bimodules where the sum runs over all A, u with |\ = r, |u| = n
such that A C g and p/A is a horizontal strip. The S(u) appearing together with

S(\) = Resgz(n) L)(X) are then of the form S(u) = S()\’M) where [N] <ror X =\

Here the latter case occurs if and only if n — |A] > A;. Since we already know that

S( {n]) = A(r)()\/) if |N| < r, we get A(r)()\) - 5()\[”]) if n—|A\| > A, and A(r)()\) —0
otherwise. This proves the claim. ]

3.3 A Schur-Weyl duality for S2%

Recall the affine symmetric group S2f := Z" % S, from Section In Lemma m
we have seen that for any € C* the inclusion S,, < GL,(C) sending o € S, to
the corresponding permutation matrix P, extends to a group homomorphism

s GL,(C)

S,>0— P,
z* 0 0
a2
Z" > (a1, ..., an) — 0 @
SO
0 0 z%

This induces a diagonal action of S2T on tensor space and we can ask as before what
the centralising partner of this action is

St~ yET A 7, (34)
This is what we study in this section.

Let ®, : C[S2¥] — Endc(V®") be the homomorphism induced by the S2f-action on
V@, The first thing we have to worry about is how the answer to depends on
x. For this, we look at the action of Z" C S on V®. The abelian group Z" is
generated by the standard basis vectors €1, €a, ..., €,. These act on V& via

- (i, ® . @uy,) =2 W=k Ly @ @ (35)
For x € C*, we denote by ord(x) the multiplicative order of .

Lemma 3.33. Let 2’ € C*. Then we have Im(®,/) C Im(®,) for any x € C* with
ord(z) > r. In particular, Im(®,) = Im(®,/) whenever ord(z’) > r and ord(z) > r.

Proof. Let k € {1,....,n}, m € {0,...,r} and

Wi = Spanc{vy, ® ... @ v;, € VO | #{l | iy = k} = m}.
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Then V& = @) _, Wy, is the eigendecomposition of V" with respect to the endo-
morphism @, (ex) where W, is the eigenspace corresponding to the eigenvalue ™ .
We then have

,
D, (e) = Z ™ pry, and pry, = H

m=0 o<i<r
l#m

(I)x(ek) — xl

.%‘m—ﬂfl

This shows that the subalgebra of Endc(V®") generated by ®,(e) is the same the
subalgebra generated by the projections pryy,, ..., pry, . Note that

r

() = Y (@) pry,

m=0

so ®,/(e) is contained in the subalgebra of Endc(V®") generated by @, (ex). More-
over, ®,(0) = (o) for all o € S,,. Since S is generated by S,, and the ¢; we get
Im(®,/) C Im(P,). O

Let M,, € GL,,(C) be the set of invertible monomial matrices acting diagonally
on V€. Let ® : M,, — Endc(V®") be the induced algebra homomorphism. We
can use M, to reinterpret the S2-action in a way that is independent of x.

Corollary 3.34. Let € C* with ord(z) > r. Then Im(®,) = Im(®).

Proof. We have S < M,,, so Im(®,) C Im(®). On the other hand, M,, is gener-
ated by S,, and the diagonal matrices with exactly one diagonal entry y # 1. The
homomorphism ® maps such a diagonal matrix into Im(®,) and Im(®,)C Im(P,)
for all y € C* by Lemma This shows that Im(®) C Im(®,) and the claim
follows. u

Let us now return to the question what the centralising partner of the ngf—action
(for ord(z) > r) or equivalently the M,-action is. By (35), we have in Endc(V®"):

EkEz,zeil — x#{l\jz:k}—#{l\iz:k}Eﬁ. (36)

If § 24 J for a partition d € A, we have
#{ o=k} —4{l i =k} = [Bn{l, .../} = [BN{L,...r}| (37)
where B is the block of d with label k in the (Z, j)-labelling of d (and B = 0 if the

label & does not occur). Hence, Ej;; € Endc(V®") commutes with the Z"-action on
verif |IBNn{1,..,r} =|BnN{l,...r'} for all blocks B of d.

Definition 3.35. A block B of a partition d € A, is called balanced if contains the
same number of dots from the top row of d as from the bottom row of d, i.e.

IBN{1,...,r} = |BN{l,...r"}.

We call d € A, balanced if all blocks of d are balanced and we denote the set of
balanced partitions by AP?l.

Example 3.36. The following two partitions are balanced:
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On the other hand, the following two partitions are not balanced and we have marked
the non-balanced blocks in red:

N

Here are a few basic properties of balanced partitions.
Lemma 3.37. For any two balanced partitions dy,ds € AP?! the following hold:

1) The concatenation dj x do is balanced.
2) In the concatenation dj * do no blocks have to be removed, i.e. r(dy,ds) = 0.

3) If d € A, and d < d; then d is balanced.

Proof. Since d; and dy are balanced, their blocks are propagating. Hence, any block
B of d; is connected with the top row of d; and thus it cannot be removed in dj xds.
Similarly, any block B of ds is connected to the bottom row of dy and thus it cannot
be removed from dj xds either. Hence, we have r(d;, d2) = 0 which proves 2). Let B
be a block of dy x d. Then B is obtained by fusing a collection of blocks By, ..., By
of di with a collection of blocks By, ..., By of ds. We then have

IBNA{Ll,...r} =|(B1U...UBg)N{L,...,r}
=[(B1U..UB)N{l, ....r"}|
= |(ByU...UBy)N{1,....,1}|
= |(B1U...UBy)N{l,...r"} = Bn{l,..1"}

This proves 1). For 3), observe that any block of d is a union of blocks of d; which
are all balanced. Hence the blocks of d are also balanced. O

Definition 3.38. The balanced partition algebra P is the C-vector space with
basis A}?al and multiplication dj - dg := dqy x dg for dy,ds € AEal, extended bilinearly
to the vector space P2l

By Lemma balanced partitions are closed under concatenation, so the mul-
tiplication of PP is well-defined. PP% is also associative and unital. In fact, we
can consider PP as a subalgebra of P,.(d) in the obvious way for any 6 € C. This
inclusion is compatible with the multiplication since free blocks never occur when
multiplying two balanced partitions.

Remark 3.39. We have seen in Remark that the dimension of the partition
algebra can be computed recursively. A similar technique works for the balanced
partition algebra. For this, let

B*(r) = |AP| = dim¢ PP
be the r-th balanced Bell number. There is a map AP — Uo<k<r AP which sends

d € AP?! to the partition obtained by removing the block of d that contains the dot
e in the top right corner. For example, for r = 5 we have
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We claim that the fibre of an element d' € A',gal under the map above has size
(T?) (1)- In fact, any d € AP in the fibre of d' differs from d’ by a single block
which contains the dot e as well as 7 — k — 1 other dots from the topofdand r—k
other dots from the bottom of d. There are (rﬁzil) = (Tgl) possible ways to choose
the position of the r — k — 1 dots on the top and (rik) = (]:) ways to choose the
position of the » — k dots on the bottom. This proves the claim about the size of

the fibre. In particular, we get the recursion

-5

k=0
Using this recursion, one can check that the values of B (r) = dimc PP for
r=20,1,2,3,4,5,6,... are 1,1, 3,16, 131, 1496, 22482, ....

For § = n € C, we have defined an action V®" .~ P.(n) and via the inclusion
PPal <5 P.(n), this induces an action V& .~ PP, We now show that this is the
centralising partner of the S2-action. For this we make use of the orbit basis of
P.(§) from Definition which was denoted by {z4| d € A,}.

Lemma 3.40. For any balanced partition d € AP we have x4 € PP?. Moreover,
{z4| d € AP¥} is a basis of PP3.

Proof. We have d =, ;za in Pr(5). By Lemma the d’ occurring in this
sum are balanced if d is balanced. It then follows by upwards induction along the

partial order that z4 € PP, The {z, | d € AP} form a basis of P! since the base
change to the standard basis AP?! is unitriangular. O

We now come to the main theorem of this section.

Theorem 3.41. The actions S ~ V& ~ PPal commute. If ord(z) > r the two
actions generate each other’s centraliser.

Proof.

Step 1: The actions commute.
For d € AP and i %% J, we have that seen in and that Ej;
commutes with the Z"-action. Moreover, x4 =Y o, E;; in End¢(V®")°P
i i

and thus x4 commutes with the Z™-action. Since z4 also commutes with the

Sp-action we get that x4 commutes with the S2f-action. By Lemma m
the x4 span P so Step 1 follows.

Step 2: PP generates Endgar (V)P if ord(z) > 7.
Let y € EndS%H(V@”)Op. By Theorem the endomorphism y is induced
by an element ZdeAr cqxrq € Pr(n) for some ¢4 € C. By Corollary |3.13| the
element x4 acts by multiplying with 0 if d has more than n blocks, so in this
case we may assume c¢g = 0. For d € A, with at most n _blocks and ¢4 # 0,
we can find i,j € {1,...,n}" such that i =% j. Using 1) and 1} we see
that the coefficient of Fj;; in ekyelzl =y is

B L L EE |
where B is the block with label & in the (7, j)-labelling of d. Since
|BNA{l,...,7”"} = |Bn{1,..,7} € {-r,...,—1,0,1,....,r}

and ord(z) > r, the block B has to be balanced. Since k and hence also the
block of B was arbitrary, we deduce that d is a balanced partition. This
shows that ) ;.4 carq € PPal proving Step 2.
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Step 3: S generates End prat (V") if ord(z) > 7.
If » < ord(x) < oo, then @, : C[S2f] — Endc(V®") factors through

Dy

C[S2H] » Ende (V)

\/

C[(Z/m)™ % Sy)

where m = ord(x). Since (Z/m)™ x S, is a finite group, we see that Im(®,,)
is semisimple. The result then follows from the double centraliser theorem.
If ord(z) = oo, we pick 2/ € C* with r < ord(2’) < co. By Lemma we
have Im(®,) = Im(®,/) and the result follows from the previous case.

O]

We can also rephrase this as the following duality for the monomial matrices

M.

Corollary 3.42. The commuting actions M, ~ V& .~ S generate each other’s
centraliser.

Proof. Let x € C* with ord(xz) > r. Then the actions of M,, and ST on V®"
generate the same subalgebra of Endc(V®") by Corollary The result now
follows from Theorem [B.41] O

Let us briefly outline a Schur-Weyl duality for the S2f-action where z € C* is
root of unity of order m (possibly < r).

Definition 3.43. A block B of a partition d € A, is called m-balanced if
\BN{1,...,r} =|BNn{l,...r"}| mod m.

We call d € A, m-balanced if all blocks of d are m-balanced and we denote the set
of m-balanced partitions by A7~Pal,

Clearly, balanced partitions are also m-balanced for any m € N. However, free
blocks can occur when concatenating m-balanced partitions. For example, we have
to remove r(d,d) = 1 free block to compute d * d where

—_

2 m
_ - m—bal
d= e AN,
—— —
m

)

2

Apart from this, the analogous statements of Lemma hold for m-balanced
partitions.

Lemma 3.44. For any two m-balanced partitions dy,ds € A7~ P2 the following
hold:

1) The concatenation dj x dg is m-balanced.
2) If d € A, and d < d; then d is m-balanced.

Proof. The proof is word by word the same as the proof of Lemma [3.37] when re-
placing equalities by equalities mod m. O
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Hence, we can define the m-balanced partition algebra
Pm=Pal(§) .= Spanc AT Pl ¢ P,(6)
for any € C. We then have the following Schur-Weyl duality.

Proposition 3.45. Let 2 € C* be a root of unity of order m. Then the actions
Saff ~ O ~ Prbal(n) commute and generate each other’s centraliser.

Proof. The proof is essentially the same as the proof of Theorem when replacing
balanced by m-balanced. O

Remark 3.46. 1. If m > r any m-balanced partition d is balanced since we have
IBNA{L,..,r},|BN{l,....,7"} € {0,...,r} for each block B of d. In this case
Proposition [3.45| recovers the Schur-Weyl duality from Theorem [3.41

2. If m =1 (i.e. x = 1), any partition is m-balanced and the S,, and S2f-actions
generate the same subalgebra of Endc(V®"). Hence, we recover the duality
Sp ~VE A Po(n) = PFP3(n) in this case.
3.4 A presentation of the balanced partition algebra

This section is devoted to deriving an efficient presentation of the balanced partition
algebra similar to the one given in Theorem The first step will be to derive a
presentation for a sublagebra of PPl

Definition 3.47. A partition d € A, is called horizontal if k ~ k' indfor k =1, ....r.
Let
Aber.— {d € A, | d is horizontal}
PPt .= Spanc{d | d € AM"}.

Note that horizontal partitions are always balanced and a concatenation of horizontal
partitions is again horizontal. Hence, PThor C Prbal inherits an algebra structure from
phal,

Definition 3.48. We call P the horizontal partition algebra.
We want to derive a presentation of the horizontal partition algebra.
Definition 3.49. CI' is the C-algebra with generators
gij=qiforl<i<j<r
and relations
(HOR1) qi2,j =qij for 1 <i<j<m;
(HOR2) ¢;jqk; = qk,14i,j for1 <i<j<r,1<k<i<r;
(HOR3) 4ijajk = @i kdjk = i,k for1<i<j<k<r.
Proposition 3.50. There is an isomorphism of algebras

hor . .~hor ~~ hor
¢, Y — P,

i J
v ]
i’ j)
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Proof.

o OMor is well-defined:
It is straightforward to check that the ®1°T is compatible with (HOR1)-(HORS3).

o OO is surjective:
The standard basis of P'°" is indexed by partitions of the set {1,...,7}. Let Q
be a partition of this set and dg € Abor the corresponding basis element. Let

qQ = H qi,j-

1<j s.t.
i~j in Q

Then @2 (qq) = dg-

o DT is injective:
The map ®I°" sets up a bijection between the basis AT of PPT and the
qQ € Chor as above. It suffices to show that the qQ span Chor as a vector
space since then the gg must also be a basis of C2' and ®2°" must be an
isomorphism. Monomials of the form ¢ = ¢, j; - ... - Qi j,, SPan Chor and
Phor(g) = dg for some (). Hence, it suffices to prove the following claim.
Claim: We have ¢ = qg.
By (HOR1) and (HOR3), we may assume that the g;, j, are pairwise distinct.
Then all the factors of the product ¢ appear also in the product gg since
Phor(g) = dg implies ij ~ ji in Q. We show that multiplying ¢ with the extra
factors from ¢g gives the same element in chor If {ig, iy 0 {ig, jr} # O the
Qap With a < b and a,b € {4, ji, ix, ji} appear in gg. These can inserted in the
product g using (HOR1)-(HOR3). In fact, for i < j < k, we have

(HOR3) (HOR3) (HOR1) o o (HOR2) 9
4%k = 4qikGE = 4%k = 4%k = <Qi,jQi,k)

(HOR3) (HOR2) o (HOR1)

= 4ij9%k%9%k = 4%k = 4ij9%k9k-

Repeating this argument, wee see that multiplying ¢ with all the g¢; ; where
i~ jin Q gives the same element in C"°". This shows that ¢ = qQ-

O

We can now return to our original goal, which was to give a presentation of P!
by generators and relations.

Definition 3.51. C"? is the C-algebra with generators

51,y 8p—1 and ps,ps,....,p,_1
2 2 2
and relations
(BAL1) (i) s? =1 fori=1,..,r—1;
(ii) sisj = sjs4 for |t — 5] > 1;
(iii) §iSi4+18i = Si+1SiSi+1 for ¢ = 1, ey T — 2;
(BAL2) (i) (pﬂ_%)z =DPiyl fori=1,...,r—1;
(ii) PipiPjyl = PjiPiyl fori,7=1,....,7m—1;
(BAL3) (i) SiDiyl = Pipl = DiyLSi fori=1,..,r—1;



(ii) SiSi+1Di 1 Si415i = Pyy 3 fori=1,..,7r—2;
(111) Sipj+%:pj+%8i fOl“j?éZ'—l,Z',Z'—Fl.
There is an algebra homomorphism

bal . vbal bal
o O — P,

o 1 X ]
(1)
i i+l

e LT
(1)

One can check by hand that this is compatible with the defining relations of CP#.,
However, it is probably easier to observe that the generators of CP2! are a subset
of the generators of the algebra C,(J) (from Definition and the relations of
CPal are a subset of the relations from C,.(§). Hence, there is a natural algebra
homomorphism CP2 — C,.(§) and the map ®P¥! is the composition CP¥ — C..(§) =
P,.(6) whose image is contained in P” C P,.(d). There also is an inclusion

C[S,] — CPl 55 s;.

(bbal
This is injective since the composition C[S,] — CP¥ = phal is the diagrammatic
inclusion from Remark Let B, be the subalgebra of CP® generated by the
api+;o_1 where 0 € S, and i = 1,...,r — 1. We then have 0 B,0~! = B, for any
2

o € S,. Moreover, CP¥ is generated by B, and S,. In particular,
chal = B,.C[S,] and PP = phor.CIS,]. (38)

where the second equality follows from the fact that any balanced partition has
a decomposition ¢ - o with a unique (upper) horizontal part ¢ € A" and a (not
necessarily unique) permutation part o € S,. For example,

TEA
X X

We will use to prove that ®P¥ is an isomorphism. For this we analyse the
restriction of ®P* to B,. Note that ®Pal(g)Phorgbal(g—1) = gpPhorg=1 = phor for
all o € S,. Since ®p*(p,, 1) € P we get Im(®2!5,) C P". In fact, we even

2

T
have Im(®P¥ |5 ) = PP since

] -

——eneaa

371‘7]' = .%'jﬂ' = Sj_lsj_g...$i+1pi+%8i+1...Sj_QSj_l S Br. (39)
is a preimage of ¢; ; € C'f}or = Pﬁmr under @Eal forl1<i<j<r.
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Lemma 3.52. For 1 <i{ < j <7 and o € S,, we have aaci,ja_l = To(i),0(j)-
Proof. It suffices to prove the claim for ¢ = s; a simple reflection.

Case 1: k<i—1lork>j.

In this case s; commutes with Pig Lo Sitls s Sj—1 and hence also with x;;.
We then get spx; ;s = i = Tsp.(3),5(5)"

Case 2: i < k<j—1.
In this case, we have

SkLijSE = Sj—l---8k+25k5k+13k---5i+1pi+%5i+1---Sksk+15k8k+2---5j—l

= ijl---5k+15k3k+15k—1'-'5i+1pi+%5i+1~-5k—13k+15k5k+1---ijl
= 5j715j72--~5i+1pi+%3i+1---5j723j71
= Tij = Tsp(i),s(4) -

Case 3: k=i#j—1lork=i—1.

This case follows from

S8iLi,58; = ijl---5i+25i3i+1pi+%3i+13i3i+2---3j71

= Sj—l---Sz‘+2SiSi+1Sz‘PZ-Jr%$i5i+181‘8i+2---8j—1

= Sj—l--~3i+23i+13i3i+1pi+%3i+13i3i+15z’+2~--3j—1

= Sj—l--~3i+23i+1pi+%Si+13i+2---3j—1

= Sj—lu~3i+2pi+%3i+2u-5j—1 = Ti+1,5-

Cased: k=jork=j5—1%#1.
This case follows from s;x; ;s; = 8j8j—1e-Si41Di1 1 Si41--8j—18] = Tij41-

Case 5: k=i=75—1.
Here, spx;iy15; = SiDiy 180 = Pyl = Titli = Loy (i) sy (i4+1)-
The claim now follows for o = sy. O
Corollary 3.53. The restriction of ®b# to B, induces an isomorphism
Mg, : By 5 PP

Proof. We have already seen that Im(®P%|p ) = P"" using the elements from .
It remains to show that ®P!|p is injective.

Claim: W : phor = Chor B, gij — x;j is a well-defined algebra homomorphism.
Assuming this claim, we get

W(@Eal(gppréa_l)) =U(0giit10 ")
= ‘I’(%(i),a(i+1))

= Lo (i),0(i+1)

12.02) —1 —1
= 0Z;i+10 :O'pH_%O'

for any o € S, and i = 1,...,7 — 1. This shows that ¥ o ®¥|5 = idp_and hence
®bal|p s injective. It remains to show the claim that W is well defined, i.e. that
the z;; satisfy (HOR1)-(HOR3). We have

viy = (pz)® =ps =212
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Let o € S, such that o(1) =i and 0(2) = j. Then, by Lemma we have

2 —1\2 -1
azm = (O'IIZ'LQO' ) = O’(L‘LQU = xm

so the z;; satisfy (HOR1). Similarly, (HOR2) follows from

L1234 =P3P7 =P71P3 = T3 4T1.2
2 2 2 2

1,2%23 = P3Ps = PsP3 = T23T1,2
2 2 2 2

and (HOR3) follows from

T12T23 = P3Ps5 = PsP3 = S2P5P3 = S2P3P5 = S2P3852P5 = T1,3X2.3
272 272 272 2 2

|t
(NI

by conjugating with an appropriate o € S,.. We have thus shown that ¥ is well-
defined. This finishes the proof. O

Now, we have all the ingredients to prove the presentation theorem.
Theorem 3.54. The map ®P?! : C’Pal — PTbal is an isomorphism of algebras.

Proof. We have already seen that ®b is well-defined so it remains to show that
®bal is an isomorphism. Note that ®P2! is the identitiy on C[S,] and an isomorphism
on @b\ . B, 5 Phor by Corollary We have PP = phor. C[S,] as well as
chal = B, .C[S,] by , so @bl is surjective. Hence, ®P! is an isomorphism if and
only if we can lift the basis AP of P to a spanning set (and then also a basis) of
CPhal, We prove that such a lift exists:
By the algebra CP?! is spanned by the elements ¢ - ¢ where ¢ € (®Pal)=1(Abor)
and o € S,. These elements satisfy ®>*(q- o) € A2 and any d € AP has a lift of
this form. Hence, it suffices to show that each d € AP has at most one lift of this
form, i.e.

®*(g0) = B (¢'o") = g0 = ¢'0’.
for any ¢,q € (®Pa)~1(Abr) and 0,0’ € S,. After multiplying with ¢'~! on the right
in both equations, we may assume o’ = 1. Note that ®b?(q)o = ®P2l(go) = ®P2(¢))
implies ®P2!(¢q) = ®P2!(¢) since the (upper) horizontal part of a balanced partition
is unique. This shows that ¢ = ¢’ by Corollary Let @ be the partition of
{1,...,r} corresponding to the element ®>2!(q) € AL°T. We can then find 7 € S, such
that 7-Q = {{1,...,i1}, {i1 + 1,...,41 + 42}, ...}. Then ®2°"(7¢7r~!) is the horizontal
partition corresponding to 7 - () which can be written as

—1
TqT T = (p% e -pil_%) : (pi1+% e 'pi1+i2—%) .
Then @b (rqr—) 70771 = ®P3l(7¢771) implies 70771 € S, x S;, X ... and we get
(rq7=Y) - (to77 1) = 7q7~" by (BAL3)-(i). This shows that go = ¢ = ¢’0’ and the
proof is complete. ]

3.5 The representation theory of the balanced partition algebra

By Corollary and Lemma the kernel of the action V¥ .~ PPl is spanned
by the x4 where d € AP has more than n blocks. Since any balanced partition has at
most  blocks, PP acts faithfully on V" for n > 7. In this case Endgas (V)P =

PPl is semisimple by the double centraliser theorem. We have thus shown the

following.

Proposition 3.55. The balanced partition algebra Pfal is semisimple for any r € N.
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Our next goal is to parametrise the irreducible PP*-representations. To any

d € AP?! we can assign a partition A\(d) := (11,22, ...,) (meaning a partition of an
integer and not a set) where [; is the number of blocks B of d with |B| = 2i. Note

that
Md) =Y Li= Y |Bl/2=r

B block of d
Since balanced blocks are always propagating, Proposition tells us that

(40)

Tasxqr if d and d’ match
TagZgr = .
0 otherwise

for any d,d’ € AP, Note that d and d’ can only match if \(d) = A(d’). Hence, PP
decomposes into a product of algebras

P =T1] Bx (41)
A7

where By = Spanc{z4 | d € AP with \(d) = A}. Moreover, for any A I- r there is a
distinguished element ey € A" corresponding to the set partition

Q(}\) = {{1, ey )\1}, {)\1 + 1,5 1+ )\2}, }
of {1,...,r}. The element ey is an idempotent in PP# and x., is an idempotent in
B, by .
Lemma 3.56. We have B) = Bz, B).

Proof. Let d € AP with \(d) = A. The top row of d corresponds to a partition of
the set {1, ...,7} and hence to an idempotent ¢ € A,}3°r such that ¢ and d match with
gd = d. In particular, x4 = x424 by . We can then find o € S, with oeyo™! = q.
Note that

q=oey- e,\a_1 =o0ey-e)- e,\a_l.

Moreover, oey and exo~! (resp. oey and ey) match. Hence,

bal bal
Td = TqXd = ToeyTeyg-1Td = ToeaTeyTeyg-12d € P Tey PP =" B\xe, B

by . This shows that By = Bz, By. ]

As a direct consequence, Corollary (or the analogous statement for right
modules to be precise) tells us that there is an equivalence of categories

mod-B) = mod-z., By, - (42)
The following proposition determines the right hand side of this equivalence.
Proposition 3.57. There is an algebra isomorphism
Tey Bate, = C[S), X Sy, X ... xSy, ]
where A = (111,282 mbn),

Proof. Let d € AP™ with A\(d) = \. By we have that z.,z4 = 24 if the top
row of d is given by the set partition Q(X) and x.,xq = 0 otherwise. Similarly,
Zq%e, = xq if the bottom row of d is given by the set partition Q(X) and zgx., =0
otherwise. Hence x., By, is spanned by all those x4 where the top and the bottom
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row of d € AP are given by Q()). Since the blocks of d are propagating, we see that
d connects each block of Q(\) in the top row of d with a unique block of Q()) in
the bottom row of d. In other words, d permutes the blocks of Q(A). The fact that
d is balanced is equivalent to the fact that d only permutes blocks of Q(A) which
are of the same size. Moreover, the composition of two such diagrams d and d’ is
just given by composing the corresponding permutations of the blocks of Q(\). This
shows that z., Baze, = C[S;, x S, x ... x 5},,] since there are [; blocks of size i in

Q(N). O

This already completely determines the representation theory of P2 In fact,
we get equivalences of categories

b 1 H
a @mo - = GBmod—a;exBAxeA
AFr AFr

(43)

B modCs, x5, x ...
A=(141,212 . )r

Remark 3.58. This gives another proof of the fact that Prbal is semisimple from
Proposition [3.55

To give a nice parametrisation of the irreducible P},’al—representations, we need
the following definition.

Definition 3.59. A multipartition is a tuple of partitions A = ()\(1),)\(2), ...) such
that [A®)| = 0 for i > 0.

Corollary 3.60. There is a bijection

iso. classes multipartitions
of simple right § <5 ¢ A= (AL, A®) )
PPal-modules with ST(A®] .5 =7

Proof. The irreducible representations of C[S;, X S}, X ... X S, ] are parametrised by
multipartitions A = (AN, A®) | X)) with |\®)| = [;. Moreover,

ST =30 = (10,2, mi).

so S |A®| . i = 7 if and only if (141,22, ..., m!'™) is a partition of r. The claim now

follows from . O

3.6 Dualities for other diagram algebras

We have already seen a few dualities with diagram algebras like the symmetric group
algebra or the (balanced) partition algebra. More generally, we refer to any subalge-
bra of the partition algebra as a diagram algebra if it is spanned by a set of diagrams
S C A,. In this section we briefly discuss a few more important examples of diagram
algebras and their associated Schur-Weyl dualities. Explaining all of these in detail
would be beyond the scope of this thesis so proofs will be omitted.

The Brauer algebra: Having seen classical Schur-Weyl duality for s, and GL,(C),
the first question one might ask (putting the affine and quantum generalisations we
already explained aside) is whether there are similar dualities for other simple Lie
algebras or algebraic groups. In type B, C, D, this can be answered using the Brauer
algebra which was introduced in [Bra3T].
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Definition 3.61. For any 6 € C, the Brauer algebra B,(J) is the subalgebra of
P.(6) spanned by all diagrams d € A, with |B| = 2 for each block B of d.

Clearly this algebra contains the symmetric group algebra C[S,] (when consid-
ered as a subalgebra of P,(4) as in Remark [3.6)). It is not hard to see that B,(d) is
generated as an algebra by C[S,| and the elements

i i+l

i1y
In fact, there is the following presentation of the Brauer algebra.
Proposition 3.62. The Brauer algebra B,.(d) is the algebra with generators
815009 Sr—1,€15---5,€Ep—1

and relations (whenever they make sense)

(BR1) (i) s?=1

(i) $iSi+18i = Si+18iSi+1
(iii) sis; = 58 if o —j] > 1
(BR2) (i) ¢ = e,
(ii) €;e;i+1€; = €;
(BR3) (i) siei =¢€; =¢;S;
(11) Si€j = €;5; if |Z _]| >1
(iil) S;€i+1€; = Si+1€;

(iv) ejeit15; = €iSi+1

Proof. See [GW09, Section 9 and 10]. O

Let V be an n-dimensional C-vector space with a non-degenerate bilinear form
(,): VeV = C. Let

g:={zegl(V)| (zv,w) + (v,zw) =0 Yv,we V}.

Assume further that (x,y) = €5(y, z) where ¢; € {£1}. If ¢; = 1, then g = so0,, and
if ¢ = —1 then n is even and g = sp,,. Pick a basis v1,...,v, of V and let vl Lo
be the basis defined by (v;,v7) = &; ;. Let S, act on V®" by permuting the tensor
factors and ¢; as id® ! ®e @ id" ! where

n

VR W - e; = eg<v,w>'2vi®vi (44)

i=1

One can check that this extends uniquely to an action V" .~ B, (egn).

Remark 3.63. If g = so,, and (v;,v;) = d;;, the B, (n)-action on V" is just the
restriction of the P, (n)-action on V®" along the inclusion B,(n) < P,(n). Note that
C[S,] € Br(n) C P,(n) all act on V®". On the other hand S,, C O0,(C) C GL,(C)
and we get

C[S] = Endgr, o) (V") C Endo, o) (VF")™ C Ends, (V)P = Py(n)

for n > 0. This is already a hint that the Brauer algebra might be a good candidate
for the centralising partner of the O, (C)-action.
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Let x € g and zv; = Z;‘L:1 xj;v;. Then xj; = (wv;,v7) and

n n n
zv' = Z(vj,$vi> vl = — Z(mvj,vi> ) = Z —zi07.
j=1 j=1 j=1
Hence,
n .
r-(vQw-e)= eg<v,w>m-2vi ® v
i=1
n n
) . 45
= eg<v,w> . Z TV &Q vt — eg<v,w> . Z Tijv; @ 7 (45)
i,j=1 i,j=1
= 0.
and
(z-v@w)-e=(xv@W+vRIW)-€
n
= ¢;((zv,w) + (v, 2wW)) - Zvi ® v (46)
i=1

=0.

It follows that the B,(egn)-action commutes with the g-action on V®". Actually,
one can prove the following Schur-Weyl duality

Theorem 3.64. For ¢; € {*1}, the commuting actions g ~ V& ~ B, (egn)
generate each other’s centraliser.

Proof. See [GW09, Chapter 10]. O

Similar to the partition algebra, the Brauer algebra B,(d) is almost always
semisimple.

Proposition 3.65. The Brauer algebra B, (d) is semisimple for ¢ & Z.
Proof. See [Wen88| Cor. 3.3]. O

Remark 3.66. It can be shown that B,.(J) is not semisimple for some integers
d € Z. For more precise semisimplicity criteria we refer to [Rui05] and [ASTT17].

There is a nice explanation for the failure of semisimplicity of B,(n) using another
kind of Schur-Weyl duality. For this wee need to dive into the world of Lie super
algebras.

Super Schur-Weyl duality for gl(V):

Definition 3.67. A wvector superspace V = V5 @ Vi is a Z/2-graded vector space.
For v € V homogeneous, let |v| € Z/2 denote the degree of v. A Lie superalgebra
g = gg @ g7 is a vector superspace with a Lie superbracket [-,] : g x g — g. This
means that [g;, g;] C gi+; and that [-, -] satisfies super skew-symmetry

[2,9] = —(=1)"¥[y, 2]
and the super Jacobi identity
(D), [y, 2]] + () ¥F [y, [2,2]) + (=1) W[z, [, y]] = 0.

with z,y,2 € g homogeneous. For Lie superalgebras g, g a homomorphism of Lie
superalgebras is a linear map f : g — ¢ satisfying f([z,y]) = [f(x), f(y)].
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The most prominent example of a Lie superalgebra is the Lie superalgebra gl(1)
where V' = V5 @ V7 is a vector superspace. The grading on gl(V') is given by

gl(V)g == gl(Vg) @ gl(V7)
gl(V)7 := Homc(Vo, V1) @ Home (V1, Vo)

and we equip gl(V') with the super commutator bracket

[, y] == wy — (=1)"Wyz
for z,y € gl(V) homogeneous extended bilinearly to the whole space gl(V).

Definition 3.68. For a Lie superalgebra g and a vector superspace V, a g-module
structure on V is a Lie superalgebra homomorphism g — gl(V). We then also call
V' a (super) representation of g.

Given two g-modules V, W we can define a g-module structure on V @& W via
z-(wt+w)=av+zwandon VW viaz-v@w =zv@w+ (=1)#y @ zw.
Hence we have an action of gl(V) on V®" and we can resume to our business of
constructing commuting actions and Schur-Weyl dualities. In fact, defining the
super swap operator s € End(V ® V') by

vew-s:=(—1)"y o (47)

induces a right action of S, on V®". With the same techniques as in the classical
case (but keeping track of signs) one can prove the following Schur-Weyl duality.

Theorem 3.69. For any vector superspace V the actions gl(V) ~ V& .~ S, com-
mute and generate each other’s centraliser. Moreover, V®" is completely reducible
as a gl(V)-module.

Proof. See [CW12, Thm. 3.10]. O

This might not look surprising, given the dualities we have seen so far. However,
the category of completely reducible representations of a Lie superalgebra is usually
not closed under taking tensor products and V®" may not be completely reducible
for some other Lie superalgebras (like for the duality that follows next).

Super Schur-Weyl duality for osp(V'): Let us now investigate the super analogue of
the classical dualities in types B, C, D. For this, let (-,-) be a non-degenerate bilin-
ear form on the vector superspace V' such that (-,-) is symmetric on Vy x Vp, skew
symmetric on V7 x Vi and 0 on mixed products. We define the orthosymplectic Lie
superalgebra to be

osp(V) := {z € gl(V) | (zv,w) + (=1)1*I"l(v, z2w) =0 Vo, w € V homogeneous}.

It is easy to check that this inherits the structure of a Lie superalgebra from gl(V)
and we have an action osp(V) ~ V. Let {v; | i € I'} be a homogeneous basis of V/
and denote by {v’ | i € I} the basis with (v;,v7) = §; ;. The action of the symmetric
group algebra C[S,] on V®" from can be extended to an action of the Brauer
algebra B, (dim Vy — dim V}) by letting e; acts as id®" ! ®e @ id"""~! where

vRw-e:= (v,w) - Z(—l)‘””vi ® v
i€l

A direct computation (c.f. [ESI6, Section 3]) shows that the osp(V)-action and
the B,(dimVp — dim Vj)-action commute. This means that there is a canonical
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homomorphism B, (dim Vp — dim Vi) — Endge,)(VE")°P. Note that V" is in
general not completely reducible as a osp(V)-module. In particular, the bimodule
V" will not decompose into a sum of outer tensor products of simples as in the
double centraliser theorem. Nonetheless, one can prove the following.

Theorem 3.70. Let m,n € Ny such that dim V) € {2m,2m + 1} and dim V; = 2n.
If (dim Vp,dim V1) # (2m,0) and r < n + m, the canonical algebra homomorphism
B,(dimVy —dim V;) — Endosp(v)(V@W)Op is an isomorphism.

Proof. This was proved by Ehrig and Stroppel [ES16]. O

Remark 3.71. There is a nice explanation for the failure of semisimplicity of B, (n)
for somen € Z (c.f. Remark using the duality from Theorem By choosing
Vo and V; with dim Vy — dim V; = n and dim Vy + dim V; large enough, the Brauer
algebra B,.(n) can be realised as the endomorphism algebra of the osp(V)-module
V@ B.(n) not being semisimple then corresponds to V®" not being completely
reducible as an osp(V')-module. It would be interesting to have a similar explanation
for the failure of semisimplicity of the partition algebra P, (d) for some § € Ny but
no such argument is known to the author.

The walled Brauer algebra: We want to talk about one more type of Schur-Weyl
duality fitting into the classical setting. The motivation for this comes from the ob-
servation that not every irreducible representation of the (algebraic) group GL,(C)
appears in some tensor power of V' = C". On the other hand, it is known that
any finite-dimensional GL,,(C)-representation appears in V& @ V*®$ for some non-
negative integers r,s. We explain how to construct a Schur-Weyl duality for these
mixed tensor powers.

Definition 3.72. The walled Brauer algebra B, 4(9) is the subalgebra of the Brauer
algebra B, s(9) spanned by all diagrams d with the property that any block B of d
contains elements from both {1,...,r, 1, ...} and {r+1,....,7+s, (r+1), ..., (r+s)'}
if and only if B is not propagating.

This is called the walled Brauer algebra since it has a standard basis which can be
interpreted as Brauer diagrams with a wall separating the dots in {1,...,r,1’,...;7'}
from the dots in {r + 1,....,7 + s,(r + 1), ..., (r + s)'} such that strands cross the
wall if and only if they are not propagating. Here is an example of a walled Brauer
diagram in B3 ()

W

Clearly C[S, x S;] is a subalgebra of B, 4(d) and there is a distinguished diagram

e = ] ]

—
_l’_
[y

—

] € By (6).

4

b-gd

s=<
=
+
—
=



In fact, it is not hard to see that B, 4(d) is generated by C[S,, x.Ss] and the element
er. Let vi,...,v, be a basis of V and let v',...,v™ be the dual basis in V*. We
can act with S, x Ss on V& ® V*®$ by letting S, permute the tensor factors of
V& and letting S permute the tensor factors of V*®3, This extends uniquely to
an action V®" @ V*® ~ B, (n) by letting e, act as id%?-r*l ®e ® id{e}ffl where
e € Endc(V ® V*) acts by

v®f-e:f(v)'2vi®vi
i=1

Remark 3.73. Identifying v; with v* gives (non-canonical) isomorphisms of vector
spaces V & V* and V& @ V*®s =2 V@ +s The induced action of B, s(n) on V&5
is then just the restriction of the P.44(n) along the inclusion B, s(n) C Prys(n).

One can show by direct computation that the GL,(C)-action and the B, 4(n)-
action on V® @ V*® commute. We even have the following mixed Schur-Weyl
duality

Theorem 3.74. The commuting actions GL,,(C) ~ V" @V*®$ ~ B, ((n) generate
each other’s centraliser.

Proof. The endofunctors V ® (—) and V* ® (—) on Rep(GL,(C)) form a biadjoint
pair. This induces an isomorphism Endgr,, ) (V¥ ) = Endgyr,, ) (V" @ V*®9).
One can check that on diagrams this is the same as flipping the subdiagram on the
dots {r +1,....,7 +s,(r + 1), ...,(r + s)'} upside down. Hence, this isomorphism
identifies permutation diagrams with walled Brauer diagrams and the result follows
from classical Schur-Weyl duality. For more details see [Nik07]. O

Remark 3.75. There also is a super version of mixed Schur-Weyl duality (see [BS12,
Thm 7.8]).

4 Towers of algebras and Jucys-Murphy elements

Most of the diagram algebras from the previous sections come in the form of a
tower. For example, there is the tower C[Sy] C C[S;] C C[S2] C C[S3] C ... of
symmetric group algebras induced by the inclusions S; < S;y1 with sx — s,. We
will explain how the structure of towers like this can be analysed using the so-called
Jucys-Murphy elements. Moreover, these elements can be used to construct so-called
higher Schur-Weyl dualities which also involve infinite-dimensional representations of
Lie algebras like Verma modules. Our main sources in Section [{.1] will be [OV96] and
[CSST10] and in Section (resp. Section we will follow [AS98 BKO§| (resp.
[ES18]). Motivated by the results from Section [4.1}Section we will study the
Jucys-Murphy elements of the partition algebra in Section [£.4] These elements were
introduced by [HRO5] but our construction will be slightly different using Schur-Weyl
duality. We then use an interpolation argument to give new proofs of some formulas
for the Jucys-Murphy elements (in particular Lemma and Proposition
which were also verified in [Eny13] using other techniques. We will also show that
the relations between the Jucys-Murphy elements and the standard generators of
the partition algebra are not local (see Proposition explaining why deriving a
higher Schur-Weyl duality for the partition algebra might be a more difficult task.
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4.1 The Okounkov-Vershik approach

The representation theory of a semisimple Lie algebra g is usually developed by
analysing the action of a Cartan subalgebra h C g on the representations of g. In
fact, b is a maximal abelian subalgebra of g and any finite-dimensional representa-
tion decomposes into simultaneous eigenspaces for the action of . These eigenspaces
are called weight spaces and any finite-dimensional irreducible g-representation is
uniquely determined by its weight space decomposition. One can try and imitate
this approach to develop the representation theory of a finite-dimensional semisim-
ple algebra A. The strategy is to look at the action of a maximal commutative
subalgebra of A on the irreducible representation of A. In JOV96], Okounkov and
Vershik used this approach (which was pioneered by Nazarov) to develop the rep-
resentation theory of S, only assuming a few basic facts about the representation
theory of finite groups. In this thesis, we are less interested in the Okounkov-Vershik
approach as a new way to develop the representation theory of the symmetric group
but rather as a general framework to study finite-dimensional semisimple algebras
(whose irreducible representations might already be known by other methods). Let
us explain these ideas in a bit more detail.

Consider an arbitrary tower of finite-dimensional semisimple algebras
(CgA()CAchQCAE}C... (48)
Let A; be an indexing set of the simple A;-modules V* (N e AZ)

Definition 4.1. The branching graph of a tower as in of finite-dimensional
semisimple algebras is the multigraph with vertices

A0|_|A1L|A2|_|A3|_|...

such that [Resﬁ? ) VA V#] is the number of edges between € A;_1 and A € A;.

We say that the branching is multiplicity-free if no multiple edges occur.
Remark 4.2. Note that
[Res’y” VA : V#] = dimHomy, , (V¥ Resy”_ V?)
= dimHomy, (Ind}"_ V*,V?)
= [Ind4"  V*: V]

by Frobenius reciprocity. Hence, the branching graph encodes both the decomposi-
tion of restriction and induction applied to irreducible representations.

In what follows, we make the following assumption:
(A): The tower of semisimple algebras Ag C A; C ... has multiplicity-free branching.

In other words, we assume that for any A € A; there is a multiplicity-free decompo-

V=P

B/

sition

where p ' A means that u € A;_1 and there is an edge between @ and X in the
branching graph. Note that Ag = C has a unique irreducible representation V20
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which is one-dimensional. Applying the branching rule recursively, we get that any
irreducible representation V* of A,, has a canonical decomposition

vV =Pw
T

where the sum runs through all paths T'= Ay Ay ... /* A\, in the branching
graph starting at Ay € Ag and terminating at A\, = A. Vr is the one-dimensional
subspace of VA uniquely determined by the property that Vi lies in the V*i-isotypical
component of V* for all i = 0,1, ..., n.

Definition 4.3. By choosing non-zero vectors vy € Vp for each path T as above,
we get a basis of V* that is unique up to scaling. This is called the Gelfand-Tsetlin
basis.

Note that
A2 € Ende(V?) C Ende [ @ V?
AeA, AeA,

and we can consider the Gelfand-Tsetlin basis of @, V2. This basis is indexed
by the set of all n-step paths in the branching graph

Path(n) :={Ao A1 7. 2 | Ni € A}
Let Z(n) be the centre of A,.

Definition 4.4. The Gelfand-Tsetlin algebra GZ(n) is the subalgebra of A,, gener-
ated by Z(1), ..., Z(n).

Lemma 4.5. The algebra GZ(n) C A, C Endc (®A6An VA) is the algebra of

C-linear operators on B, 4 V* that are diagonal in the Gelfand-Tsetlin basis.
Moreover, GZ(n) C A, is a maximal commutative subalgebra.

Proof. See [OV96l Prop. 1.1] or [CSST10, Thm. 2.2.2]. O

Assume now that we are given generators X, ..., X, of GZ(n). In particular,
we have X; - vy = a;vr for some a; € C and we call

a(vr) = (a, ..., am)

the weight of vp. Let Spec(n) = {a(vr) | T € Path(n)} be the set of weights.
Since the X; generate GZ(n), we see that vy is uniquely determined (up to scaling)
by its weight. In fact, if a(vp) = a(vp) and X € GZ(n), then X - vp = cup
and X - vpr = cvg for the same ¢ € C. In particular, pry,. (vr) = vr implies that
pry,.(vrr) = vy and hence vy € V. We see that there is a bijection

Path(n) N Spec(n)
T — afvr).

If we equip the set Path(n) with an equivalence relation where T~ T" if T and T”
terminate at the same vertex, we get an induced equivalence relation ~ on Spec(n)
such that the equivalence classes parametrise the irreducible A,-modules. This can
be used to study the representation theory of A, by looking at the weight structure
of irreducible representations. The art is of course to find a particularly nice gener-
ating set X7, ..., X;,, of GZ(n) for which there is a good combinatorial description of
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Spec(n). Here, 'particularly nice’ is not a term we can make mathematically precise
and its meaning will depend on the application. Hence, from this point onwards,
we have to work with specific examples (though there are still some similarities in
most applications).

As a first example, let us look at the tower of symmetric group algebras
Cz= C[So] C C[Sl] - C[SQ] C (C[Sg] C ... (49)

induced by the inclusions S; < S;t1, Sk — Sk. One can show that this tower satisfies
assumption (A).

Proposition 4.6. The branching graph of the tower is multiplicity-free, i.e.
[Resg" VA VH] € {0,1} for any n > 1.

Proof. This can be done by elementary methods using the fact that A C B has
multiplicity-free branching if and only if Z(B, A) :={b € B | ab=ba Va € A} is
commutative. For more details see [OV96] or [CSST10, Thm. 2.1.20, Cor. 3.2.2]. O

For 0 <k <nlet

Zyi= Y (ij)€C[S] (50)

1<i<j<k
with Z() = Zl =0.

Definition 4.7. For 1 <4 < n the elements
are called the Jucys-Murphy elements of C[S,,].

Note that X; = 0. Clearly, Z; lies in the centre Z(i) of C[S;] and hence we have
Xi € GZ(n) for all 1 <i <mn. One can even show the following.

Proposition 4.8. The Jucys-Murphy elements X, ..., X,, generate the Gelfand-
Tsetlin algebra GZ(n).

Proof. See [OV96] or [CSST10, Cor. 3.2.7]. O

It follows from the general set-up that any Gelfand-Tsetlin basis vector is uniquely
determined (up to scaling) by its weight for the action of the Jucys-Murphy elements.
To see what weights can occur, one needs to understand how the Jucys-Murphy el-
ements interact with the standard generators sy, ..., sp,—1 of C[Sy].

Lemma 4.9. We have 5, X; = Xjs; if j #4,7+ 1 and s5;X;s; + 5; = Xj41.

Proof. X; commutes with C[S;_1] since X; = Z; — Z;_1 and Zj, is a central element
of C[Si]. This proves that s; and X; commute for ¢ < j — 1. The generator s;
commutes with C[S;_1] and hence with X; for j < i. Finally, we have

i—1 i
siXisi+si=) (it +s=>» (ji+1) =X
p= =1

O]

Here is an example that illustrates how the relations above may be used to study
the weight structure of the Jucys-Murphy elements.
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Proposition 4.10. Let V be a finite-dimensional representation of S,. Then the
eigenvalues of X; on V are all integral for i = 1,...,n.

Proof. The claim is obvious for ¢ = 1 since X; = 0. We proceed by induction.
Assume we have shown the claim for X;. The commuting operators X; and X;11
diagonalise simultaneously in the Gelfand-Testlin basis of V. Let v € V' be such a
simultaneous eigenvector with X;v = av and X;11v = bv for a,b € C. Then

Xi((a—=b)s;v +v) = (a—b)X;siv + Xjv i3 (@ —b)(s;iXit1 — v+ X;v
=(a—=10)-bsijv— (a—b)v+av=">b((a—0b)s;v+v).

If (a—b)s;v+v # 0 this shows that b is an eigenvalue of X;. In this case b is integral
by the induction assumption. If (a — b)s;v + v = 0, then s;v = cv for some ¢ € C
and since s? = 1, we get s;v0 = +v. Then (a — b)v = v and hence b = a & 1. Since
a is integral by induction assumption, we get that b is integral. O

The relations from Lemma [4.9| can also be studied in the following more formal
set-up.

Definition 4.11. The degenerate affine Hecke algebra HI% is the C-algebra with
generators si, .., Sp—1, X1, ..., Ty, and relations

(HDEG1) (i) s?=1 fori=1,..,n—1
(i) 8;8i+18i = Si+18iSi+1 fori=1,...,n—2
(ili) sis5 = s58; if i —j]>1
(HDEG2) (i) sjxis; + 8i = Tit+1 fori=1,..,n—1
(i) siz; =xjs; if j#id,i+1
(ili) zjz; = xja; fori,j=1,...,n.

Remark 4.12. There also is a diagrammatic interpretation of the degenerate affine
Hecke algebra (which is also explained in [Khol4l Section 2]). We still interpret the
elements of the symmetric group as permutation diagrams. However, in contrast to
the partition algebra, we omit the dots at the end of strands which usually indicate
the elements of a block. Instead, the generator x; corresponds to the identity diagram
with a dot on the i-th strand, i.e.

i

Similarly, a monomial :Uf corresponds to the identity diagram with k& dots on the
i-th strand. The defining relations of the degenerate affine Hecke algebra can then
be read as the constraint that dots may be moved freely along strands but an error
term has to be introduced when passing through a crossing. In fact, (HDEG2)-(i)
can be rewritten as s;x; = x;4+18; — 1 which can be interpreted (locally) as

X=X 1
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By Lemma there is a surjective algebra homomorphism
HiEs s C[S,)]
S —> S; (51)
Note that there is an inclusion C[S,] < ’Hdeg with s; — s;. This is injective since
51)
the composition C[S,] — ngg C[Sy] is the identity.

Lemma 4.13. The kernel of the canonical homomorphism H4® — C[S,] from
is generated by ;. In particular, we have Ha/(z1) = C[S,].

Proof. Clearly, the ideal I = (z; — X; |1 <i<n)C ngg is contained in the kernel
of the homomorphism from (51). Moreover, I8 is generated by C[Sy] and the
x; which are identified with the X; € C[S,] after modding out I. Hence, Hdee /1
is generated by C[S,] and the canonical map Ha®/I — C[S,] is an isomorphism.
Note that 1 — X7 = x1 and

si(x; — Xi)s = siwis; — 5i X8 = (i1 — 8i) — (X1 — 85) = @ip1 — Xig1.
This shows that I = (z1) and the claim follows. O

Using the algebra homomorphism from , any C[S,,]-module can be considered
as a ngg—module by letting x; € ngg act by multiplying with the Jucys-Murphy
element X;. Using the relations of the degenerate affine Hecke algebra, one can give
a complete combinatorial description of the set Spec(n). Moreover, this can be used
to determine the branching graph of the tower in . To state this result, we need
to define the Young graph.

Definition 4.14. The Young graph is the graph with vertices indexed by partitions
{AFOU{AFTFU 2} U{NF3}U ...
and an edge between pu 14— 1 and A+ ¢ if and only if p C A.

Here are the first 5 layers of the Young graph

0

U

N
\

D:I:DH:D

To any box (x,y) in a Young diagram A - n, we can associate content ¢((x,y)) = y—=
(where by convention the z-coordinate increases from top to bottom and the y
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coordinate increases from left to right). For example, the contents of the boxes in
the diagram (4,4, 3,2,1,1) are given by

0[1]2
—1[ 0
—2[-1]0
—3[-2
—4

-5

To any path T = Ag A1 ... /A, in the Young graph we can associate a content
vector ¢(T") € C™ where ¢(T); is the content of the box of A;/A;_1. Let Cont(n) be
the set off all contents ¢(T") of n-step paths 7" in the Young graph. The S,-orbits
define an equivalence relation ~ on Cont(n), i.e.

(a1, ...,an) = (b1,...,by) :& Jo € S, such that a; = by (i) for all 4.

Using the Jucys-Murphy elements, the following is shown in [OV96] (see also [CSST10,
Thm. 3.3.7)).

Theorem 4.15. The Young graph is the branching graph of the symmetric group.
We have Cont(n) = Spec(n) and the content vector ¢(T) of a path T' is the same as
the weight «(T"). Moreover, the equivalence relations ~ and = coincide.

This is now an explicit tool that can be used to decompose a representation of
Sy into irreducibles once it has been decomposed into simultaneous eigenspaces for
the action of the Jucys-Murphy elements.

Example 4.16. Consider the permutation representation V' = C" of .S,, with stan-
dard basis vy, ...,v,. For i =1,...,n — 1, the vectors

w; =v1 +v2 + ... + v — Wi
are common eigenvectors of the Jucys-Murphy elements. In fact, one can check that

(k—1w; ifk<i
Xk-wi: —Ww; iftk=14+1
(k—2w; ifk>i+1.

Hence, V' contains an irreducible representation corresponding to a Young diagram
whose boxes have content {—1,0,1,...,n — 2}. This is the Young diagram

0 1 2 |...|n=3n-2
-1

The vector
Wy =V1 + V2 + ... + vy

is also a common eigenvector with Xy - w, = (k — 1)w,. This correspond to the
Young diagram

0 1 2 |...|n=2|n-1
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The vectors wy, ..., w, form a basis of V' and their respective weights are given by
(0,-1,1,2....n—1),(0,1,-1,2,...,n —1),...,(0,1,....,n — 1, —1), (0,1, ..., n).

Since these weights are pairwise distinct, every irreducible in V' appears with mul-
tiplicity 1. This shows that there is a decomposition

V = Spanc{wi, ..., wp—1} ® Spanc{w,} = S <H:I] []) @S ... 0.

4.2 Higher Schur-Weyl duality

As mentioned in the previous section, the degenerate affine Hecke algebra ’ngg plays
an important role in the representation theory of the symmetric group via the ring
homomorphism e C[Sy], 1 — 0. In this section, we consider a generalisation
of classical Schur-Weyl duality, often called higher Schur-Weyl duality, that relates
the degenerate affine Hecke algebra with gl,. Apart from the algebra Fdes being
interesting by itself, this generalisation can also be motivated by a desire to look
at infinite-dimensional representations of gl,, like Verma modules. In fact, following
[AS9§], we will construct commuting actions

al, ~ M@ VO ~ Hdes

where M is an arbitrary (not necessarily finite-dimensional) gl,,-module and V' = C"
is the defining gl,,-representation. For the gl,-action on M ® V®" we just take the
usual action on tensor products. The more difficult part is the construction of an
interesting ngg—action on M ® V®" that commutes with the gl -action.

For this, recall the construction of the Casimir element: Assume we are given a
non-degenerate symmetric invariant bilinear form (-, ) of gl,, where invariant means
that ([z,y],2) = (z, [y, 2]) for all z,y, z € gl,,. Pick a basis {X, | v € B} of gl,, and
let {X7 | v € B} be the dual basis with respect to (-,-). Then the Casimir element
for (-,-) is defined as
C:=> X,X7€U(gl,).
veB

It follows from the invariance of (-, -) that C' is a central element of U(gl,,). Moreover,
C is independent of the choice of a basis which follows from the next lemma (using
the multiplication map gl ® gl,, — U(gl,))-

Lemma 4.17. Let V be a finite-dimensional vector space with a basis v, ..., Un,.
Let v',...,v™ € V* be the dual basis. Then S v @vt €V ®@V* does not depend
on the choice of the basis vy, ..., Up,.

Proof. The canonical isomorphism V' ®@ V* 2 End¢(V) sends > v; @ v° to the
element idy € Endc (V). This is independent of the chosen basis. O

As a central element of U(gl,,), the Casimir operator defines a gl,,-endomorphism
of any gl,,-module M. We would like to have a similar element that induces a gl,,-
endomorphisms on tensor products M ® N.

Definition 4.18. The pseudo Casimir element in U(gl,,) ® U(gl,,) is defined as

Q=) X, 90X,
veEB
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By Lemma the pseudo Casimir element €2 is independent of the choice of
the basis. In particular, we have 2 = Z'ye g X7 ® X,. Using this, we can relate the
Casimir element with the pseudo Casimir element via

AC)-Co1-18C=) (X,®1+18X,)(X"@1+1®X7)

YyEB
Y XX 91— 18 X,X)
veB veB (52)
= Z(XW X7+ X7 ®X,)
veB
=20

Lemma 4.19. The pseudo Casimir element 2 commutes with A(x) for any = € gl,,.

Proof. The Casimir element C' € U(gl,,) is central. Hence, C®1 and 1QC are central
elements of U(gl,,) ® U(gl,,) and therefore they commute with A(x). Moreover,

A(z)A(C) = A(zC) = A(Cx) = A(C)A(z).

This shows that A(x) commutes with €2 F(AC)-C®1-1®C) . O

This also shows that €2 commutes with the gl, action on an arbitrary tensor
product M®N of gl,,-modules. This is already a hint that {2 might play an important
role in the construction of the HI%-action on M ® V®". We now take a specific
choice for the invariant bilinear form (-,-), namely

(z,y) :== Tr(ay).

The Lie algebra gl,, has the standard basis {F;; | 1 <4,j < n} and Ej; is the dual
basis vector of Ej; with respect to (-,-). Hence, we can express the pseudo Casimir
element as

0= > E;®E; (53)

1<i,j<n
Considered as an operator on V ® V, this is very familiar.

Lemma 4.20. The pseudo Casimir element €2 acts as the swap operator on V& V.

Proof. It suffices to check this on the standard basis of V' ® V. There we have
Q-v; ®vj =v; ®v; by which is the swap. O

We can use the pseudo Casimir element to describe the action of the Jucys-
Murphy elements of C[S,] on M @ V&" (where S, acts on M ® V& by permuting
the tensor factors of V®"). For 0 < j < i < r, we define

Q=1 X, @197 g X" 019" € U(gl,)®" .

By Lemma the element Qj; acts as (j i) € S, on M @V® for 1 <j<i<r
where S, acts on M ® V" by permuting the tensor factors of V®". Hence,

Xi= ) (54)
1<j<4

as operators on M @ V" where X; = (1 i)+ ...+ (i — 1 i) is the i-th Jucys-Murphy
element of C[S,]. To construct an H°8_action that also interacts with the M com-
ponent of M ® VO we will add the element Qg; the sum in .
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Theorem 4.21. There is a unique right action of 9% on M @ V" such that

1) the Hi-action extends the C[S,]-action on M @ V&

2) z; € Mo acts as > o<j<i i

Moreover, the actions gl,, ~» M ® VO A ngg commute.

Proof. Uniqueness is clear since ngg is generated by C[S,] and the z;. We need to
verify that the actions of the generators of HI% are compatible with the defining
relations of HI%. For the symmetric group relations, this is obvious. Note that z;
acts as Qp; + X; on M ® V®". We then get in Endc(M ® V) that

siisi + si = sifdoisi + 8 Xisi + 8i = Qos, () + Xig1 = Tit1
by Lemma [£.9] and
8jxiS; = SjQOZ'Sj + SjXZ‘Sj =i +X; = x;

for j # 4,7+ 1. It remains to show that the actions of the z; commute. This follows
if we can show that Qj commutes D ;. ;Qx for any 0 < j < i <[ < r. If
i, # k then Q;; and 3 commute. We claim that (;; also commutes with €25 +€;;.
Without loss of generality we have r =2, j =0, 4= 1 and [ = 2. Then

Qo2 + o = ZX7®1®X7+21®X7®X7: ZA(XV)@)XW'
yEB V€B V€B

This commutes with 91 = Q2 ® 1 by Lemma m This proves that the ngg—action
is well-defined.
For the statement about the commuting actions, observe that the C[S,]-action on

M®V®" clearly commutes with the gl,,-action. The §2j; commute with the gl,,-action
by Lemma [£.19] This finishes the proof. O

Example 4.22. 1. For M = C the trivial gl,,-module we can interpret M & V"
as the tensor space V®". Then the element g; acts by 0 and z; acts by
multiplying with the i-th Jucys-Murphy element X; € C[S,] (see (b4)). We
conclude that the ngg—action on V®" is induced by the S,-action along the
algebra homomorphism Hies C[Sy] from and we recover the classical
Schur-Weyl duality

al, ~ VE A C[S,] « Hice,

2. For M =V we have M ® V& = V¥ *1 By classical Schur-Weyl duality, the
canonical C[S,1]-action on V+1 is a centralising partner of the gl,-action.
By the x; € HI® act by multiplying with X;;; € C[S,+1]. Note that z;
acts as Xo = s;. On the other hand, the s; € ngg act as sjt1 € C[Sp41].
Hence, the HI°_action is induced along the surjective algebra homomorphism

deg _, C[Sy+1] with s; — s;11 and z; — X;11. Note that this homomorphism
is well-defined by Lemma

Remark 4.23. Given a gl,-module M, it is natural to ask whether there is a
(double) centraliser property for the commuting actions gl,, ~ M ® V& ~ e,
It is of course hopeless to establish such a property for arbitrary M. However, it
turns out that He — Endg (M ® V®")°P is surjective for certain parabolic Verma
modules M. Moreover, one can show that the kernel of this map is generated by a
polynomial of the form p(x;) = H§:1(5'31 —u;) for some [ € N and u; € C. Hence, we
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obtain an isomorphism He /p(z1) = Endg (M ®V®")°P establishing a link between
the representation theory of the degenerate affine Hecke algebra and parabolic Verma
modules. The algebras 3 dee /p(x1) are also often referred to as degenerate cyclotomic
Hecke algebras and one calls [ the level of ’ngg/p(xl) (see [BKOS, Introduction
and Section 3]). As we have already seen in Example classical Schur-Weyl
duality can be interpreted as a duality for the degenerate cyclotomic Hecke algebra
H8 /(21) = C[S,] of level 1. For other parabolic Verma modules M, one will
encounter degenerate cyclotomic Hecke algebras of higher levels. This explains why
we refer to the construction in this section as higher Schur-Weyl duality. More
details on this and proofs can be found in [BKO0S].

4.3 The affine VW-algebra

There also is a version of higher Schur-Weyl duality in types B,C,D. To describe
this, we first need to explain what the Brauer analogue of the degenerate affine
Hecke algebra is. Our definition of the degenerate affine Hecke algebra was moti-
vated by certain relations between the standard generators and the Jucys-Murphy
elements of C[S,]. We proceed in a similar way for the Brauer algebra. Recall the
standard generators $i,...,$y-1,€1,...,e,—1 of B;(J) subject to the relations from
Proposition [3.62] The Jucys-Murphy elements for the tower of algebras

Cx BO((S) C Bl((S) C BQ((S) C Bg((S) C ...

were defined by Nazarov in [Naz96|]. Here the inclusion B;(d) C Bj4+1(9) is given by
adding the strand {i+1, (i+1)'} to the diagrams in B;(d). This tower is semisimple
if 0 ¢ Z, but B,(§) might not be semisimple for § € Z (see Proposition and
Remark . Still, the definition of the Jucys-Murphy elements makes sense for
any § € C. For any 1 <i<j <rlet

Gi)=(j) = I :I::I: I

and R
Zp= Y (i5)— > (ij)eBwo)
1<i<j<k 1<i<j<k

for any k > 0 (with Zo = Z; = 0).
Definition 4.24. For 1 < i < r the elements

> (5 - 1 = > 5 - 1 .. 7N

Xim ot Zi—Zin="5—+ > (G- > (9

1<5< 1<5<4

are called the Jucys-Murphy elements of B, (9).

Note that X 1= 5;21. The following observation is useful for understanding the
structure of the Jucys-Murphy elements.

Lemma 4.25. The element Zj, lies in the centre of By(6).

Proof. For any o € Sj, we have

o(i jlo~t = (o(i) 0(j)) and o(ij)o~" = (o(i) o(5)). (55)
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This shows that Z\k commutes with the elements of Si. On the other hand, (a b)

commutes with (i j) and (¢ j) if {a,b}N{7,j} = 0. We claim that (a b) also commutes
with (a i) — (b ¢) for any distinct a,b,7 € {1,...,k}. In fact, we show that

(@d)-((ai) = (1)) =0=((ai)—(bi))-(ab)
By it suffices to prove this for a = 1, b =2 and ¢ = 3 . This case follows from

. N

TV _ ?"\? _ _ « > o o
(12)-(13)= i /m L] 12)-23

« e

A

and the equation (1 3)-(1 2) = (2 3)-(1 2) which is obtained by flipping the diagrams
above upside down. This proves that (a b) commutes with (a i) — (bi). By a
similar argument (a b) commutes with (b i) — (a i) and hence also with Z. Since S,
generates B, (d) together with the (a b) we see that Z, lies in the centre of B, (§). [

Here are some relations between the X;, s; and e;.

Lemma 4.26. The Jucys Murphy elements X1,.., X, of B, (0) commute pairwise.
Moreover, X; commutes with s; and e; for j # 7,7 + 1 and

$5iXisi + 8; — € = )?1;+1 61'()?1' + )?i—s-l) =0= ()?7, + )?i-i-l)ei- (56)

Proof. The Z are central in B;(d). Hence, the )A(Z = Z - Z,l commute pairwise
and X; commutes with s; and e; for i < j — 1. Moreover s; and e; commute with

B;_1(0). This shows that s; and e; commute with X j for j < i. The relations from
can be checked by direct computation (see [Naz96, Prop. 2.3]) O

This motivates the following definition.

Definition 4.27. Let r € N and fix a system of complex parameters = = (wg)k>0-
The affine VW-algebra Y/, (=) is the C-algebra with generators

815005 8r—1, €1,..,€r—1, Yl,.-, Yr

subject to the Brauer algebra relations from Proposition [3.62] and the relations

(VW1) elylfel = wre for k>0

(VW2) (i) siy; = y;si for j #£i,i+1
(ii) ejy; = yjei for j #i4,i+1
(i) viy; = yjvi fori,j=1,...,n.

(VW3) (l) SiYiSi + Si — €, = Yit+1 fori=1,...,n—1
(ii) ei(yi +yir1) =0 fori=1,...,n—1
(iii) (yi +vit1)ei=0 fori=1,...,n—1

Remark 4.28. We do not impose any conditions on the wy in our definition of the
affine VW-algebra. However, it can be shown that the relations of \{/, (Z) imply
that

k
wrer = eryfe; = ... = (—wp — wWp—1 + Z(—l)]_leflwk—j)el
j=1

83



for any odd positive integer k (see [Naz96l Lemma 2.5 and (4.6)]). In particular, we
have e; = 0 in \/,.(2) unless the parameters wy, satisfy the admissibility condition
—2wp, = wg—1 + Zle(—l)jwj,lwk_j for any odd positive integer k.

Remark 4.29. As for the degenerate affine Hecke algebra, there is a diagrammatic
interpretation of the affine VW-algebra. We interpret s; and e; as the usual permu-
tation and Brauer diagrams (omitting the dots at the end of strands that usually
indicate the elements of the blocks). The element y; corresponds to the identity
diagram with a dot on the i-th strand. Then the relations (VW3) can be rewritten
as

SiYi = yit18i tei — 1, ey = —€iYit1, Yi€i = —Yi+16€;

which have the diagrammatic interpretation

X=X =21

< Y N N

= — and = —

N 2 N A

In other words, we can move dots freely along strands but passing through crossings
introduces an error term and sliding trough cups or caps introduces a sign. Moreover,
(VW1) tells us how to remove bubbles, at least if the bubble is at the left end of the

underlying Brauer diagram:
~—
k =Wk -
O A

VS

For arbitrary bubbles one has to be a bit more careful. However, one can show that

the relations of \Y/, (Z) imply that e;y¥e; = w,(g Je; for some w/,(€ € V,.(2) (see [Naz96),
Prop. 4.2]).

For wy = 6 there is an algebra homomorphism B,.(6) — \/,.(2) with s; — s; and
e; — e;. Moreover, if we have wy = 5(55—1)k for all £ > 0 then there is a surjective
algebra homomorphism
WT(E) — Br(d)
Si —— S; (57)
e, — €;
Yi )?i-
It follows from eleel =e (5 1) el = 5(5;21)%1 and Lemma that this homo-

morphism is well-defined. Let g be one of the type B,C,D Lie algebras and let V' be
the defining representation of g. We would like to construct commuting actions

g M VE A WT(E)

for a g-module M (which will not quite be arbitrary) and an appropriate choice of
parameters =. As in type A, this will make use of the pseudo Casimir element. Let
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(+,-) be a non-degenerate symmetric invariant bilinear form on g. Let {X, | v € B}
be a basis of g and {X” | v € B} the dual basis. Then C :=)___; X, X" is a central
element of U(g) called the Casimir element.

YeEB

Definition 4.30. The pseudo Casimir element in U(g) ® U(g) is defined as
Q=) X,®X"cU(g).
yEB
By the same arguments as in type A, one checks that
e 0=1(A(C)-1®C-C®1);
e () commutes with A(x) for all z € g;
e ) does not depend on the choice of the basis {X, | v € B}.

Let us now take a specific choice for the invariant bilinear form (-, -), namely
1
() = 5 Te(zy).

We determine the action of 2 on V ® V. Let g be defined with respect to the non-
degenerate bilinear form (-,-) on V ® V. Recall that (z,y) = e5(y, z) for all z,y € g
where ¢; = 1 for g = s0,, and ¢; = —1 for g = sp,,. Let {v; | i € I} be a basis of V
and {v’ | i € I'} the basis defined by (v;,v7) = §; ;.

Lemma 4.31. The pseudo Casimir element acts as s — e on V ® V where s is the
swap operator and v @ w - e = (v, w)eg >y Vi @ V.
Proof. See also [ES18, Remark 2.5]. To avoid having to deal with a lot of signs,
we assume g = 502, Or § = S02,4+1. Lhe sp,,, case works similarly. We work
with I := {-m,...,—1,1,....m} if g = sog, and [ := {—-m,...,—1,0,1,...,m} if
g = S09,,+1. Assume that g is defined with respect to the the non-degenerate
bilinear form on V' given by (v;,v;) = d; —;. This implies vt =v_;. Let
Fij=Ej;—-E_j i€g

for all 7,5 € I. One can check that

2Q0) = Z Fi,j ® Fj,i-

i,j€1

We have Fj, ;@ F ;-v;®v; = 0 unless i € {l, —k} and j € {k, —l}. Hence, for i # —j,
we get
20 -v; ® vj = (Fj,i X Fl’J + F—i,—j ® F_]’,_i) CU; QU = 21)]' RU; =20; ® (I (S — 6)

Noting that Iy, = 0, we get

20, Qu_; = Z Fr;® Fp + Z Foir®@Fg—i| vi®v
kel\{—i} kel\{i}

= — Z Vp QU_f — Z V_f & Vg

kel\{—i} kel\{i}

=2v_; Qu; — 22% & V_k
kel

=20, Qu_;-(s—e).

This proves the claim. ]
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Recall the action of B, (egn) on V& from Theorem which induces an action
M ® VO .~ By (egn) fixing the M component. Lemma tells us that

PN egn — 1
X, = 5 + Z 'jS
1<j<e

as operators on M ® V&, As in type A, we would like to add the element Qg; to
this sum so that we also interact with M. There is one more technicality though
that did not appear in type A: We have to explain how to choose the parameter set
= appearing in relation (VW1).

Lemma 4.32. If M is a highest weight module of g and y € Endg(M @ V ® V),
then there are complex numbers (ay(M))g>o With e1y¥e; = agx(M)e; as operators
on MVeV.

Proof. The vector ), ;v; ® v' € V ® V spans a copy of the trivial representation
and induces an inclusion L(0) < V ® V. Consider the composition

k
ML) =MeaVeVLMeVeV 3 Mo L0).

By general highest weight theory, this endomorphism (as any other endomorphism
of M =2 M ® L(0)) is of the form ay(M) -idys for some oy (M) € C. Precomposing
with e; yields ejyFe; = ag(M)egon M@V V. O

Note that e;yle; = e} = egner and hence ag(M) = egn in the setting of the
lemma above. It is now clear how to construct commuting actions for a higher
Schur-Weyl duality of g.

Theorem 4.33. Let M be a highest weight module of g and Z = (ax(M))i>0 as in
egn—1
2

+ Q1. Then there is a unique right action of \/,.(Z) on

Lemma [4.32| for y =
M ® V" such that

1) the \/,(E)-action extends the B, (egn)-action on M ® V&"

2) yi € Y/, (E) acts as Egn;l + > 0<j<i Y-

—

Moreover, the actions g ~ M @ V& A Y/, (E) commute.

Proof. 1t is clear that 1) and 2) uniquely determine the action of \/,(=). Hence,
we need to prove this action is well defined, i.e. that it is compatible with the
defining relations of \/, (£). (VW1) holds by Lemma Observe that y; acts as
Qo; + X; on M ® V. Relations (VW2)-(i), (VW2)-(ii) and (VW3)-(i) then follow
from Lemma using that s;Q0; = Qos,(j)s; and e;Qo; = Qoje; for j # i,i + 1.
(VW2)-(iii), (VW3)-(ii) and (VW3)-(iii) need a few extra calculations as in [ES1S|
Appendix] (see also [DRV13, Thm. 2.2]).

The B, (egn)-action commutes with the g-action by the classical type B,C,D Schur-
Weyl duality (Theorem . Moreover, y; commutes with the g-action since (2
commutes with A(z) for all z € g. Hence, the actions g ~ M @ V& A /()
commute. O

Example 4.34. 1. For M = L(0) the trivial module, we can identify M @ V&"
with the tensor space V®". Then Q; acts by 0 and y; € \/,.(E) acts as the
i-th Jucys-Murphy element X; € B,.(egn) by Lemmam Hence, the \/,.(Z)-
action is induced along the algebra homomorphism \{/,(Z) — B,(egn) from
and we recover the classical duality

g VO A By(egn) « w (2).

r
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2. For M =V, we have M ® V& = V®*+1 The algebra B,1(egn) is a cen-
tralising partner for the g-action on V® 1. The element y; € Y/, (Z) acts
as )?iH € By1i(egn) by Lemma and s;,e; € /,.(2) act as si41,€i41 €
B,11(egn). In particular, the \/,(2)-action is induced along the algebra ho-
momorphism \/,.(2) = By41(egn) with y; — Xz‘+1, S; > Si+1 and e; — e;41.
This homomorphism is well-defined by Lemma

Remark 4.35. We already noted for type A that Fdee surjects onto the algebra
Endg (M ® V®")°P for certain parabolic Verma modules M (Remark . A
similar statement holds for the affine VW-algebra and the Lie algebra g = s09,,. In
fact, one can show that for certain parabolic Verma modules M the homomorphism
V. (E) = Endg(M @ V)P is surjective with kernel p(y;) = Hi’:1(?/1 —u;) for some
[ € N and u; € C. This establishes a link between parabolic Verma modules and the
so-called cyclotomic affine VW-algebras \Y/,.(Z)/p(y1). For more details, see [ES1S].

4.4 Jucys-Murphy elements in the partition algebra

Having seen Jucys-Murphy elements and higher Schur-Weyl duality for C[S,] and
B, (0), it is natural to attempt a similar construction for the partition algebra. This
is surprisingly more difficult and to the knowledge of the author an analogue of the
degenerate affine Hecke algebra or the affine VW-algebra has not been defined in
the partition algebra setting, yet. In this section we introduce the Jucys-Murphy
elements of P,(d) and try to explain why these elements are more difficult than in
the previous examples.

Consider the tower of algebras
C= Po((S) C P1(5) C Pg(é) C Pg(d) C .. (58)

where P;(0) C P;41(0) is the usual diagrammatic inclusion which adds the block
{(i + 1,(i + 1)’} to the diagrams in A; C P;(§). Recall that these algebras are
semisimple for § € Ny and also for § € Ny if § > 2r — 1. To apply the techniques
from the Okounkov-Vershik approach, we would like to have that the branching
of P;(0) C Pj11(0) is multiplicity free whenever P;(d) and P;41(d) are semisimple.
Unfortunately, this is not the case.

Example 4.36. We show that P;(§) C P»(d) does not have multiplicity-free branch-
ing for any § € C such that P;(d) and P»(0) are semisimple. We use the fact that
an inclusion of semisimple algebras A C B has multiplicity-free branching if and
only if the centraliser Z(B, A) is commutative (c.f. [CSST10, Thm. 2.1.10]). For
Py(0) = Spanc{1,p1} C P2(6) we have p1pz = pap1 and

p1(0ps — p1ps — pap1) = 6p1ps — Pips — p1pap1
2 2 2 2 2 2
= —Plpgpl
= 517%1?1 —P1p3p1 — pgpf
= (5]?; — pips —pﬁpl)m-
2 2 2

Hence, pp and 6p% —P1ps — pap1 lie in Z(P»(5), P1(9)). On the other hand,

p2(5p§ —p1ps — pgpl) =9 - -
2 2 2

-~ e :
and (0ps — p1pz — pap1)p2 =6 _ / _
[ ]

1/
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This shows that Z(P2(d), P1(6)) is not commutative and the branching P; () C Pa(9)
is not multiplicity-free.

To get multiplicity-free branching, we need a finer filtration than the tower in
. For this we analyse the structure of V®" as an S,, representation. Note that
V = C[S,/Sn-1] is a permutation module with basis {g | g € Sy/Sn—1}-

Lemma 4.37. For any S,, representation M the map
Indg"  Resy" M =C[S,] ®cjs, M — M&cV
gRmMr— gmeEqg.
is an isomorphism of S,, representations.

Proof. 1t is straightforward to check that this is a well-defined S,,-linear map with

inverse m ® g +— g ® g~ 'm. O

Hence, we have
VO 2 Indyr Resy VOl =(Indy Resy' )1, (59)
where 1,, is the trivial representation of S,,. We can therefore refine the tower of
partition algebras by inserting the centralising partners of S,_1 ~ Resé:_l V& for
r € Ny into our tower. Note that Resgz_l Ve can be identified with the S,,_1-
representation V®" ® Cuv,, C VE+l,
Definition 4.38. We define the half tensor space by VE+: = VO ®Cy, C VO,

We also define the set
Ar+% :={d € Ay41|r+1and (r + 1) lie in the same block of d}.

1
Then any d € A, 1 stabilises V@ 3 and hence we can consider d as an element of
2

Endg, |, (V®T+%) which induces commuting actions S,,—1 VErts A Spanc A, 1.
2

Definition 4.39. The algebra P, 1(6) := Spang A, 1 C Pr11(6) is called the half
2 2
partition algebra.
Remark 4.40. It is easy to check that P, 1(6) is a subalgebra of P,.;1(5) which is
2
generated by P.(0) and p, 1.
2
Recall that A, is partially ordered via d’ < d if d’ is coarser than d. Note that,
de A, 1 and d <dimply that d’ € A, 1. Recall also that {z4 | d € A,41} is the
2 2

unique basis of P41(8) such that d = >,y xa. It follows by induction along the
partial order that d € A, 1 implies x4 € P, 1(J). Hence, {xq|d € A 1} is a basis
2 2 2
of P, 1(6) which we call the orbit basis of P, 1(9).
2 2

Example 4.41. Consider the algebra P% (6) with basis A% = {id,pl,p%,p%pl,plp%}

and partial order ps < pips,id,psp1 < p1. Then, using that x4 = d — >, 24,
2 2 2

the orbit basis can be computed as follows:

Tp, = P1 — xp1p% — Xid — xp%pl - :I:p% =Pp1— plp% —id —P%pl - 4p%
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Theorem 4.42. The commuting actions S,_; " VErts A P, 1(n) generate each
2

other’s centraliser. Moreover, the set {4 |d € A, | 1 has more than n blocks} spans
the kernel of the induced algebra homomorphism P, 1(n) — Endsn_l(V‘g”%)op,
2
In particular, we have P, 1(n) = Endgn_l(V@””Jr%)Op ifn>2(r+ %)
2

Proof. This is analogous to the proof of Theorem (3.9 (see also [HR05, Thm. 3.6]).
O

We can now study the refined tower of algebras
C= Py0) C P%(é) C Pi(9) C P%(d) C P(9) C Pg(é) C ..
For = n and r € Ny, these algebras fit into the Schur-Weyl dualities

S, ~ Ve A Pun)
Spo1 A VETE A PH% (n) (60)
Sy o~ VEFHL A~ Poy(n).

Each of the dualities in gives a bimodule decomposition into outer tensor prod-
ucts of simples

ver gZAiQ@Bi

®r+i ~ / /

Verts =3 AL @ B
j

Vet~ N " Al @ By
k

which satisfy the following property.

Proposition 4.43 (Seesaw resciprocity). We have

(n)

P
1) [Respjn%) B} : Bj] = [Resg"  A;: Al

PT n Sn .
2) [Resp:%((g) B : B = [Resy Ay : A).
Proof. See also [CSSTT0, Sections 7.5.3 and 7.5.4]. We prove 1) (the proof of 2) is
analogous). We can decompose V& as a (C[S,,_1], P,(n))-bimodule in two ways.

Restricting from the (C[S,—1], PH%(n))—bimodule Vs we get

®r A PT+%(n) / /

VEr =y [Resp 5 Bj:Bi]- Aj@ Bi. (61)
jsi

Restricting instead from the (C[S,], P,(n))-bimodule V", we get

VE = [Resg" | A;: Aj]- A} ® B, (62)
g
Comparing the coefficients in and implies 1). ]
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For 2r € {0,1,...,n} the P.(n) action on tensor space is faithful by Theorem
and Theorem and in this case P,(n) is semisimple. Hence, the representation
theory of the (finite) tower of semisimple algebras

Py(n) C P% (n) C Pi(n) C...C Panl C Pz (n) (63)

is completely determined by Schur-Weyl duality.

Proposition 4.44. Let 2r € {0, 1, ...,n}. Then the irreducible P,(n)-representations
VA can be indexed by the partitions A - n (resp. A\Fn —1ifr € Z + %) with the
property that the Specht module S()\) appears in V®". Moreover, the branching of
the truncated tower in is multiplicity-free with

P v itrez
P,y (n) fit
1(n A=0
ReSP:J(r%) V;’}r | = g 1
2 P v ifrez+:.
HCA
\ A/ =0

Proof. The claim about the indexing set of the irreducible representations of P.(n)
follows from the double centraliser theorem using that P.(n) = Endg, (V®")°P (resp.
P,(n) 2 Endg, ,(V®")°P if r € Z+ %) for n > 2r. The branching rule now follows
from Proposition and the branching rule of S,,_1 C S,,. O

Note that for r € Z the irreducible S,, representations appearing in V& (resp.
the irreducible S,,_i-representations for r € Z + %) can be determined recursively
using the branching rule of S,,_1 C .S,,. This can be used to determine the branching
graph of the tower from .

Example 4.45. The following graph is the branching graph of the tower from
for n = 5.

Py(5) [(ITT1T1]

P: (5) Djj:]\

Pi(5) [TTTT] o
-

P (6) NN mEE

Py (5) (TTTT] Eamm EEm T
s :

P3 (5) EEEN o 8 @j

Remark 4.46. We have already seen that the irreducible representations L (\) of
P,.(n) can be indexed by Young diagrams A with 0 < |A| <. This can be connected
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with the set of irreducibles V,* from Proposition which are indexed by the
partitions p F n such that S(u) appears in V®". In fact, Proposition tells us
that the irreducible representation L("()) for the first indexing set corresponds to
VTA["] for the second indexing set. The branching graph of P,(n) with respect to
the first indexing set is then just obtained from the branching graph in the second

indexing set by deleting the first row of each partition.

We now use Schur-Weyl duality to construct Jucys-Murphy elements for the
algebras P,(n) for n > 2r. Recall the central elements Z, € C[S,] from (50).

Definition 4.47. Let 2r € Ny and n > 2r. Then Zr(n) = Z» is defined to be
the unique element of Endg, (V)P 2 P,.(n) that acts on V" by multiplying with
Zy, € C[S,] if r € Ny and by multiplying with Z,,_1 € C[S,_1] if r € Ny + %

Note that Z,, (resp Z,—1) commutes with both the S, (resp. Sy,_1)-action and
the P,(n)-action on V®". This shows that Z,.(n) is a well-defined central element of
P.(n) for n > 2r.

Definition 4.48. Let 2r € Ny and n > 2r. Then for i € {%, 1, %, ..., } the elements

Xi = Xi(n) := Zi(n) — Z;_1(n) € Pr(n)

are called the Jucys-Murphy elements of P,(n).

Note that Z, (resp. Z,—1) acts as the scalar (}) (resp. (";1)) on the trivial
representation V®° (resp. V®%). In particular, X1 (n) = ("51) - () =—(n—-1)is
2

also just a scalar.

Remark 4.49. Our normalisation of the Jucys-Murphy differs from the normalisa-
tions in [HRO5] and [Eny13] by a constant factor but agrees with the normalisation
in [CSST10, Rem. 8.3.19]. In fact, we will see that our normalistation is adapted
to the indexing set of the irreducible P,(n)-modules from Proposition [£.44] The
normalisation in [HR05], on the other hand, is adapted to the indexing set of simple
P,.(n) modules from Theorem

Lemma 4.50. For 2r e Ngand n > 2r. Let T = Xg /A1 A\ 7 ... A bea
2

path in the branching graph of P,(n) as described in Proposition Let v be a
corresponding Gelfand-Tsetlin basis vector. Then

cNifh-1) el
X, vp = 1 (64)
—e(A_y/N) Hi€Z+ g

were ¢(A/p) denotes the content of the box A\/u (if A and p differ by a single box).

Proof. Let A F k and let S(\) be the corresponding irreducible Si-representation.

Then the element Zj, = X1+ Xo4...4+ X} acts as ) ., ¢(b) on S(X) by Theoremm

Now v lies in the A;-isotypical component of Res?((g)) V@ and in the A, _1-isotypical
[ 2

P.(n)

component of Res n) V@ Then the element Z; acts as > ben, €(b) on vr and

P _1(
~ 2 ~ ~ o~
Z;,_1actsas ) .y . c(b) on vy. It follows that X; = Z; —Z, 1 acts by the formulas
2 ’L‘fj 2
in (64). O
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We have determined the branching graph, the Jucys-Murphy elements and the
weight structure of P.(n) for integers n > 2r. Now, we want to interpolate this
(or at least the Jucys-Murphy elements) to arbitrary § € C. The main ingredient is
the following lemma.

Lemma 4.51. For any 2r € Ny there are polynomials pf(z) € C[z] such that
Zr(n) =D gea, pl(n)d € Py(n) for all n > 2r.

Proof. See also [COII, Section 4.1]. We give the argument for r € Z with the
r € Z+ % case being similar. Since the base change between the standard basis
and the orbit basis is unitriangular and integral, it suffices to show that there are
¢X(x) € Clz] such that Z,(n) = D deA, qd(n)z4 for all n > 2r. For this, write

Zy(n) = Z (n)xq.

deA,

with ¢d(n) € C. For d € A, let i,j € {1,...,2r}" C {1,...,n}" such that i KN J.
Then c2(n) is the coefficient of v; in v; - Z,(n) = Zy, - v;. This is the same as the
number of all pairs 1 < a < b < n such that (ab)-i = j. If i = j this number
is ¢?(n) = (";'C”) where |d| = [{i1, ..., ir, j1, -, jr }| is the number of blocks of d. If
i # j then we can find k € {1,...,7} such that i, # ji. Then (a b)-i = j implies
{a,b} = {ir, jx}. We see that c?(n) € {0,1} and this value is independent of n since

i and j are independent of n. In particular, ¢?(n) is polynomial in n for all d € 4,

as claimed. This finishes the proof. O

We can use this to define Jucys-Murphy elements for arbitrary § € C using the
interpolated central elements

Zr = Z,(6) = Y p(0)d € P(9)
de Ay,

with the p¢(z) from Lemma

Definition 4.52. Let 2r € Ny and 6 € C. Then for ¢ € {%, 1, %, ...,r} the elements
Xi = X;(0) := Zi(0) — Zi-1(6) € P.(9)

are called the Jucys-Murphy elements of P,(6).

Note that by definition, the Jucys-Murphy elements are of the form

Xi(0) =Y ¢/o)d

deAy

for some ¢f(z) € C[r] and that this recovers the Jucys-Murphy elements from Def-

inition 4.48 for § = n € N with n > 2r. Since X1(n) = —(n — 1) for infinitely
L2

many n, we get ¢3(z) = 0 for all d # id and ¢'¢(z) = —(z — 1). This shows
2 2

that X1(6) = — 1 for all § € C. In fact, such deformation arguments (which we
2

formalised in Lemma [3.14)) are generally useful to do computations with the Jucys-
Murphy elements X;. We use this to prove some basic properties of the X; for all
d € C. Most of these were also verified in [Eny13] by other methods.

Lemma 4.53. The element NZk(@ € Py(6) is central for any § € C. In particular,
the Jucys-Murphy elements X1, X1, X3,..., X, € P.(§) commute pairwise.
2 2
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Proof. We already know that the elements Zk(n) € Py(n) are central for n > 2k.
Moreover, by construction, the element Zk(6) is polynomial in the standard basis.
The equation dZj(8) = Z(8)d then follows for any 6 € C and d € Ay by the
standard deformation argument from Lemma Hence Z;,(8) € Py(6) is central.
It is then clear that the Jucys-Murphy elements commute since )21 = Zi — Zi_l. ]

Note that this implies that )/(v% + X1+t X, =7, — Z) is central in P,.()

(keeping in mind that Zy € Py(6) = C). One might also wonder whether there is a
degenerate affine version of the partition algebra. This would require some relations
involving the Jucys-Murphy elements and the standard generators of the partition
algebra. The following relations hold.

Lemma 4.54. For any i € {1, 3 ,7} and 0 € C we have

)9 aga"

(Xl;% + Xi)pi =0= pl()?z + XZ) (65)

1
2
in P,(9). Moreover,
> S e, 1
Xipi = piX; lfj#l—iﬂ
> > 1 1
Xjs; =5, X; ifj#i— ,z,z+22+1andi€Z.

Proof. Since the Z; € Py(0) are central and )A(:j = Z - 2 1, we see that )Af
commutes with p; for j > ¢ and s; for j > i+ 1. Moreover p; and sl commute
with P;_1(6) and hence with X for j <i— 1 It remains to prove . By our
standard interpolation argument (Lemma (3. it suffices to prove these equatlons
as operators on V& for n > 0. Note that Xi_% + X, =2;,— Z;_1. Fori € Z, let

j=(1,.0i) €{1,...,n}" and j' = (j1, ..., ji—1). Then

Uj + (Xz—% + Xi)pi = vj - (Z Zz 1)Di
7
= Z (U(a b)-j — V(a b)j’ ® Uji) *Pi
1<a<b<n
= Z(v(aji)-ﬂ ® Va = V(q j;)-j’ @ vj;) * Di
a#ji
= Z V(q ji)-g' X v — V(q ji)g' ® v = 0.
a#ji
1<k<n

By Lemma (3.14] this implies ()ZL_

with Z 1 and Z and hence also with )NCZ-_ 1+ )N(Z This proves pi()N(i_
2

and . follows for 4 E Z.

To prove . ) for i+ 5 L (with i € Z) it suffices to verify the equation as operators on

yeits = Yoig Cop:

1 + X;)pi = 0 in P;(6). Moreover, p; commutes
2
1 +X;)=0

U © Un ‘pi+§()~(i + XH%)
=V ® Un 'pi—i-%(éi-i-% ~Z; 1)
= 0jin * Vjt @ Vp @ Up - (ZH—% - ZZ—%)
=0j,n- Z (V(a b)-j' © V(a b)n ® Vn — V(g b).j ® Un ® vp) = 0.

1<a<b<n-—1
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This proves PH%()NQ + X'H%) =0 on V&3, Moreover, Pitl commutes with ZH%
and Z, 1 and hence also with XH_; + X;. This implies (X; + Xi_;)pH; = 0 and
2 2 2

2
the proof is complete. O

Lemma gives us nearly all the relations one would like to have for a good
definition of a degenerate affine version of the partition algebra. The only relation
that is missing is a relation that tells us how the s; commute/interact with X for
Jj=1- %,i,i + %,i + 1. In fact, this is the crucial point where the analogy to
CI[S;] and B,.(d) breaks down. The main problem is that the quasi-commutator
5;X; — X;115; cannot be expressed locally for j =i — %, i. Let us make a bit more
precise what we mean by local here. The Jucys-Murphy elements of the symmetric
group satisfy the relation s;X; — X;115; = —1 and in the Brauer algebra case we
have s; X; — X;415; = e; — 1. These are expressions which only involve neighbouring
indices. Moreover, we can consider the shift homomorphisms

Sk : Br(0) — By1x(0)
Si — Sit+k
€ —> €itk-
Then
SipkXith — Xight15ipk = —1 = Sp(—1) = Sp(siX; — Xiq15:)
and ;5 Xipr — Xighs18i4k = €ipk — 1 = Sp(e; — 1) = Sp(siXs — Xiy18:)

in C[S;] and B, (9) for all 7 and k. In pictures this means that the error term for the

expression

is a picture without dots which does not depend on where the crossing takes place
within the whole diagram (explaining why we call this local). The shift operator
above extends to the partition algebra via
Sk : Pr(0) — Prix(9)
Si — Si+k
Di ¥ Ditk-
We will show that the expression si)?i — )N(Hlsi for the Jucys-Murphy elements of

the partition algebra is not local. Let us first derive a general formula for the action
of the X; on tensor space.

Proposition 4.55. Let 7 € N, i = (i1,...,4;) € {1,...,n}" and &' = (i1,...,7r—1).
Then for n > 2r and r € N the Jucys-Murphy elements X, and X _ 1 act on V& as

Vs * XT = Z U(j ir)d
iir
vie Xy == D Vi ® Vi
iir
Proof. By Definition [£.47] we have

=
N
Il
s
S]
=
<



We also need the action of Z_l on VO, We claim that
2

[ ZT,l = Z U(q b)-4 ® v,

1<a<b<n
a,b#iy,

In fact, the claim is true for i, = n by the definition of the element ZT_ 1. For
2
general i, € {1,...,n}, this then follows from the S,-equivariance of Z._1 € P,(n).
~ ~ ~ ~ ~ 2
The proposition now follows since X, = Z,. — ZT_% and XT_% =Z. 1— 1. O

=3
Proposition 4.56. The expression si)NQ — )N(Hlsi is not local. In fact, we have
SiahXitk — Xivht15irk 7 Sk(5iX; — Xit15:) (66)
in Prig+1(9) for all k > 0,1 <¢ <r—1 and all but finitely many ¢ € C.

Proof. If the expression si)N(i — )N(Hlsi is local for infinitely many ¢ then it is local
for all § by our standard interpolation argument. Hence it suffices to show
for some 6 € C. We will show this by acting on tensor space for § = n > 2r.
Consider the vector v := v®z+k®v®r+1 . sipp € VTR Using the formulas from
Proposition we get

Ve S Xipe = 07T @ Xy, = E U?H_k @y
i#1
Qit+k—1 Qr—i | v
U+ Xighi1Sish = v§ XU @v vy - Xi+k+13i+k

®z+k 1
—ZU 1j)2®’0(1j)1®’02 " Sitk
J#1
_Zv@)z—i-k ®Ulj)2®v®r i
J#1
_ Z ,U(JE'Z)H-k ® 'U?T+1_Z + ,Ugin—&—k: QU ® vé@r—z.
J#1,2

by Proposition and hence

7 i+k+1 i+ i
V- (80 Xitk — Xigkr18ivk) = 03 T 0§ @ o) @ 0§77 (67)

On the other hand, N B
(e Sk(SZXl — Xi+131) = Ul ® w (68)

for some w € VET1=F We see that 75 for k > 0. This proves the claim. O

Remark 4.57. Similar calculations to the ones above show that s,-)?i - X ;_18; and
2

SiXi X

iy1Si are not local.

The only way out for a local expression of the error term for si)?i — )~(i+1sz»
seems to be to allow other Jucys-Murphy elements (or pictorially dots) in the error
term. These should at least have index < i so that one can give a basis of the
corresponding degenerate affine algebra in terms of dotted diagrams. However, no
such nice relation is known to the author.

Remark 4.58. Recursive formulas for the Jucys-Murphy elements which also give
an expression for s;X; — X;118; can be found in [Eny13, (3.1), (3.3)] . However,
the error term in [Eny13] is not local (not even when allowing other Jucys-Murphy
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elements) since they involve elements o} which are not local in the standard gen-
erators. These recursive formulas (and most other formulas in [Eny13]) can also
be verified using our standard interpolation technique after one has checked them
on tensor space and after one has shown that the matrix representing the action of
oy on tensor space (with respect to the standard basis) has entries which depend
polynomially on n.

We conclude this section by describing the action of the Jucys-Murphy elements
along the isomorphism

C[Sn} AC[Sp_1] (C[Sn] OC[Sp_1] *+ OC[Sn_1] 1, = (C[Sn/S _1]®T ~ or
Gr®gG-1®.00R1—70—1g1RGGr—1 92X ... ®7r.

from . For this we act on elements of the form
V=0r®..07918g0 € C[Sn] ®C[Sn71] ®(C[Sn—1] 1, = ver
with g; € S, for i >0 and gy =1 € 1,.

Proposition 4.59. We have

V-Xi=...®0i41 ®9iXn®gi1® ...
v )?i—% =.®0®(-Xn)gi-1900gi2® ...

fori=1,...,r.

Proof. Recall that Z acts on V& by multiplying with Z,, on the left and Z ,_1 actson
2

V=3 by multiplying with Z,_; on the left. Note that for any C[Sy]-module M and
f € Endg, (M) the isomorphism from Lemma identifies idy ® f € Endg, (VM)
with idg(g,) ®f € Endg, (C[Sn] ®c(s,_,] M). In particular, we have

U')A(:i:U-(Zi—Zi_l)
2
= ®Git1®0ZnGi R G-1® .. — 0. G Q Zp-19i—1 ® Gi—2 X ...

= ®9it1 ®GiZn ®Gi-1 @ ... — .. @ Git1 ® §iZn—1 ® gi-1 @ ...
= .. ®Gi+1¥6iXn®gi1® ...

and

v-)N(F% :U-(Z» 1 _Zifl)

=3
=..00i®Zn19i 190G 20 .. — ... Qg ® LnGi 1D gi2® ...
=.06®(-Xn)gi-190i2® ..

O

The standard generators of P,.(n) can also be described explicitly as operators
on (Indgzi1 Resgzil)’"ln.

Proposition 4.60. We have

1) v Pl = ®gi® prg (9i-1) ® gi—2 ® ... fori=2,...,r
2) Vopi=2 e, /50 PGit1®Y ®9'9igi-1®gi2®.. fori=1,..r
3) v-8;i= ... gito2 D Gi+1Gi ®g[1 ® 9iGi-1 Q gi—2 X ... fori=1,...,r—1
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if g € S,,—
where prg . : C[S,] = C[S,—1], g+ g 19 i '
" 0 otherwise
Proof. All of this can be done by direct calculation. We give the argument for

1). Recall that, p,_1 acts on V®" by projecting onto the basis vectors v; with

J € {1,...,n}" such tQhat Ji = Ji—1- Note that v corresponds to the basis vector
v; € Ve with j; = grgr—1---gi(n). In particular, we have
Ji = Jic1 € grgr—1-gi(n) = grgr—1---gi-1(n) & gi1(n) =n & gi1 € Sp1
which implies 1). O
Proposition [£.59] and Proposition [£.60] are an alternative to the formulas from

Proposition if one wants to do calculations with Jucys-Murphy elements. For
example, we have

VPl (X + Xi—i—%)

2

(.@prg. (9 ®..) (Xi+ XH%)
e @prg,  (9)Xn ® o+ @ (= X5) prg,  (9i) @ ...

—

*

= . X, prSn_l(gi) ® e .. (—Xy) prSn_l(gi) R ...
=0

=

where () uses that X,, commutes with C[S,,_1]. This gives another way to verify
the equations from Lemma [4.54

Remark 4.61. The formulas from Proposition 4.60| might also be useful if one
is interested in quantising the duality between the symmetric group S, and the
partition algebra P.(n). The natural representation of the Hecke algebra is the
n-dimensional parabolic Hecke module

Vy = Mo @,y 4 1C(0) = Ho O,y Hot

where z, = > s, ¢ '@ H,. However, defining a ’diagonal’ action of the Hecke
algebra on Vq®’” is not straightforward, since we do not have an obvious candidate
for a comultiplication on H,, which specialises to the comultiplication of CI[S,] for
q — 1. On the other hand, restriction and induction along H,,_1 C H,, makes perfect
sense for the Hecke algebra and we can define the "tensor space’ for the Hecke algebra
by

TQ(T) = Hn Oy Hin @4y oo Oy Hn @3,y M

T

We could now try to define a quantum partition algebra by finding analogues of the
elements p;,p,_1,s; € Pr(n) as described in Proposition . In fact, the map
2

H, ifxeS,1

pr cHp = Hp—1, Hy— i
Hn " " ’ 0 otherwise

is an (Hpn—1, Hn—1)-bimodule homomorphism (which follows from Proposition |1.11])
and hence induces an endomorphism

P.

11—

= i @pry, | @idiy! € Endy, (T(1).

N|=

Let D be the set of shortest left coset representatives of S,,_1 in S,,. Consider the
element Y p H, ® Hy,—1 € Hyp, ®94,_, Hy. One can check that the map

O Hy @y Mo = Ho @34,y Moy a @b Y Hy @ Hy-rab
z€D
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is an (Hy, Hy,)-bimodule homomorphism (see [LS13, Lemma 5.3]). In particular,
this induces an endomorphism

P = idy @® @idy,! € Endy, (Ty(r)).

Unfortunately, defining an analogue of the element s; € P,.(n) is not that simple
since obvious candidates like the assignment H, ® H, ® H, — H,H, ® H,—1 @ H, H,
on H, ®yy,, , Hn®xy, , Hn are not well-defined. For instance, if s € S,,_; is a simple
reflection and sx > x, then
H®H, 11— HH, ® H,—1 ® H,
but 1@ HiHy; ® 1 =1® Hey ® 1 Hyy @ Higpy-1 @ Hyy = HiHy @ Hyp1 ® H’H,.
Nonetheless, one can construct a basis of Endy, (7,(r)). Note that the endofunctor
V @c (=) = C[Sy] ®¢s,_,] (=) on Rep(S,) is self-adjoint since V' = V* as S,-
representations. Hence,
Endg, (V®") = Homg, (1,,, V")
= Homyg,, (€,C[Sy], C[Sh] @[S, 1] -+ OC[S,_1] C[Shlen)
= enC[Sh] ®¢s,_,) ClSn] ®cys,_1] - ®csa_1] ClSn] ®cys,_11ClSnlen

2r—1

by Lemmawhere en = desn o. This space has basis {€, g1 ®.... R gor—1 Ren}
where the (g1, ...., g2r—1) are representatives of

{*} XSp_1 Sn XGp—1 oo XSp_q Sn X5n71{*}' (69)

2r—1

A similar argument can be used to describe Endy,, (7,(r)). In fact, one can check
that Indz:[[:i1 and Resy"  form a biadjoint pair of functors (see [LS13, Prop. 5.4]).

Hence, the endofunctor H, @y, , (—) = Ind%z,l Resy" (=) on Hp-mod is self-
adjoint. In particular,
Endy,, (Ty(r)) = Homyy,, (Hnan, To(2r))
= x,Hn My Hn My -+ OHpy Hn ®Hn_1/Hn55n-

2r—1

This space is spanned by the elements {e, ® Hy, ® .... ® Hy, , ® e,} where the
(21, ...., T2r—1) are representatives of @ In fact, a straightforward specialisation
argument (as in the proof of Lemma @D shows that these elements are linearly
independent and therefore form a basis. This shows that dimg(,) Endy, (T5(r)) =
dim¢ Endg, (V7).

5 Diagram categories and their monoidal structure

This last section will serve as an outlook on applications of the monoidal category for-
malism to Schur-Weyl duality. This gives a more conceptual framework for studying
Schur-Weyl dualities for tensor spaces of varying size at the same time. Section [5.1
introduces monoidal categories and the partition category following [EGNO16] and
[CO11]. In Section we introduce a new monoidal category which we call the
balanced partition category. This category generalises the balanced partition algebra
from Definition We also give a presentation of the balanced partition category
by generators and relations.
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5.1 Monoidal categories

When studying Schur-Weyl dualities in the previous sections, we only considered
the morphism spaces Homy(V®", V®S) for r = s where usually A is an alge-
bra/group/Lie algebra with a left action A ~ V®" for all r € Ny. In fact, for classical
Schur-Weyl duality it might seem that all the interesting information is already con-
tained in these endomorphism spaces. For example, HomGLn(C)(V@”, V®s) =0 for
r # s since ¢ - I,, acts by multiplying with ¢” on V®" and by multiplying with ¢ on
V®s for any ¢ € C* so that there are no non-zero homomorphisms that commute
with all ¢- I, if r # s. However, thinking about it this way does not take into account
the additional structure that comes with the isomorphism of GL,,(C)-representations

VO @c VO yerts
and the associated homomorphism of algebras
Endgy,, ((C)(V®7“) Rc EndGLn(C)(V@)S) N EndGLn(C)(V®T+S).

On top of that, the space Hom 4 (V®", V®$) will actually be non-zero for most other
Schur-Weyl dualities and some r # s. Forcing ourself to only look at the = s case
is sometimes even a bit unnatural. Take for example the relation e? = de; from the
Brauer algebra. In diagrams this is the bubble removal axiom

N\

£y
\
VA

o

)
i

which should really have nothing to do with the cup and the cap that remain on the
top and on the bottom. Moreover, the action v @ w-e1 = e5(v, w) > | v; ®v* from
is actually the composition of two actions, namely first computing the pairing
€g(v, w) and then multiplying with > I ; v; ® v’. The better picture for the bubble
removal axiom would be

VY

(}-

As homomorphisms between tensor spaces this can be interpreted as

[«

= CHC'ZUi@)Ui € Homc(C,V @ V)
a ( i=1 )

) =&l ) € Home(V @ V,C)
() =idc € Homc(C, C).

It follows from the calculations in and that these are actually g-module
homomorphisms (where g = s0,, or g = sp,,). We can also interpret this as a categor-
ical approach to Schur-Weyl duality as follows: Where before we were just studying
one object V®" and its endomorphisms, we are now looking at the collection of ob-
jects V& with r € Ny and morphisms between any two objects of this kind, i.e. the
full subcategory of g-mod whose objects are the V", Let us put this into a more
axiomatic framework to take full advantage these ideas.
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Recall that a category C is called C-linear if all its Hom-spaces have the struc-
ture of a C-vector space and composition of morphisms is bilinear. From now on,
all categories are assumed to be C-linear. Moreover, all functors are assumed to be
C-linear as well (i.e. C-linear on Hom-spaces).

Definition 5.1. A monoidal category T = (T,®,a,1,1,7) is a category T together
with:

e a bifunctor ® : 7T x T — T
e a natural isomorphisma: (—® -) ® — — —®@ (- ® —)
e an object 1 € T

e two natural isomorphisms [ :1® — — —and7: —® 1 — —.

satisfying the pentagon axiom

(WeX)oY)® Z

AWRX,Y,Z
aw,x,y Qidz

We(XeY)®Z WeX)e (Yo Z)
\LQW,X(@Y,Z J/CLW,X,Y@Z

id a
We(XeY)®Z) W Bax Y.z WeXe(Yo2)

and the triangle axiom

(X®1)eY Xy y X® (1Y)
rx ®idy
\ A@ly
X®Y

forall W, XY, Z € T. The functor ® is often called the tensor bifunctor, 1 = (1,1,r)
is called the unit object and « is called the associator. The monoidal category 7 is
called strict if a, | and r are the identity transformations.

Given two monoidal categories (T,®,1,a,l,7) and (77,&',1’,d',1",r"), a (monoidal)
functor between these categories a pair F' = (F, J) consisting of a functor F': T — T’
and a natural isomorphism

J:F(-)& F(-) = F(-®-)
with F(1) = 1’ such that the following diagram commutes

U (X),F(Y),F(7)
TR0 F0. 1

(F(X) &' F(Y)) &' F(Z) FX) &' (F(Y) &' F(Z))
le y®'idp(z) J’idF(X) ®'Jy,z
FX®Y)®' F(Z) FX)®' F(Y®Z)
L]X®Y,Z J/JX,Y®Z

F(X@Y)® 2) — %2 | pix ey e2).

We call (F,J) an equivalence of monoidal categories if F' is an equivalence of the
underlying categories.
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Remark 5.2. One can define and study many interesting properties of monoidal
categories such as abelian, End¢(1) = C, symmetric (which means that ® is symmet-
ric) or rigid (which means that objects have duals). A monoidal category satisfying
all of these properties (or some of these depending on the author) is called a tensor
category. Not all our monoidal categories will satisfy these properties (except for
symmetric and End¢(1) = C) and we will not talk about these in further detail to
not overcomplicate things. For an introduction to tensor categories and monoidal
categories in general, we refer to [EGNO16].

The usual tensor product constructions for rings, modules and representations
give rise to many examples of monoidal categories.

Example 5.3. Let G be a group and let Rep(G) be the category of finite-dimensional
representations of GG. This is a monoidal category with the tensor bifunctor ® = ®c,
i.e. the tensor product of representations with the diagonal G-action. The unit ob-
ject is the trivial representation.

Let us look at another example of a monoidal category that is adapted to the
Schur-Weyl duality setting. Let C,, be the full subcategory of Rep(S,,) whose objects
are the representations of S,, which are isomorphic to V®" for some r > 0. The
tensor bifunctor of Rep(S,) restricts to a tensor bifunctor on C, and the trivial
representation C = V®% is a unit object of C,. It follows that C, inherits the
structure of a monoidal category. We can think of C, as a generalisation of all
the algebras Endg, (V®") at the same time. Let us now define the analogue of the
partition algebra in this categorical setting.

Definition 5.4. For any 6 € C, the partition category P(6) is the category with
objects [r] indexed by integers r > 0 and morphism spaces

Homps([r], [s]) := Spang As

where A, is the set of all partitions of the set {1,...,s} U{l,...,7"}. We interpret
these as diagrams with r dots on the bottom and s dots on the top. For d; € A,
and dy € A,; we define the composition

d1 o d2 = (5T(d1’d2)d1 * dg

where dj *ds is the diagram obtained from stacking d; on top of do and removing all
free blocks in the middle where 7(d;, d2) is the number of these free blocks removed.
This is a strict monoidal category with unit object [0] and tensor bifunctor

[r] ® [s] := [r + 5]
where
® : Homp(s)([r], [s]) x Homps([], [s]) — Homp(s)(Ir + ], [s + )
is given by putting diagrams next to each other without overlapping.

Example 5.5. Here is an example of a composition and a tensor product of mor-
phisms in P(6):

LN

/

~~

€Homyp ) ([4],[1]) €Homp 5 ([2],[4]) €Homyp ) ([2],[1])
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5 S VU O gl

€Homp 5)([2],[4]) €Homp ) ([4],[1]) €Homyp 5)([244],[4+1])

In the world of algebras, constructing a right action V" .~ P,(n) corresponds
to the construction of an algebra homomorphism P,(n) — Endg, (V®")°P. In the
monoidal category setting this corresponds to a contravariant monoidal functor

F:P(n)—C,

which is given by
F([r]) = V®"

on objects. To explain what this functor does on morphisms, consider d € A, .
Recall that for r = s this acts on V®* as

Z Ej;; € Homg, (V¥ V¥") = Homeor (VE", V) (70)

d
i—rj

withi € {1,...,n}° and j € {1,...,n}". Here the notation g LN J means that labelling
the top row of d with i and the bottom row d with j induces a well-defined labelling
of the blocks of d (see ([25])). This notation extends without problem to the r # s
case and we can define F'(d) € Homg, (V®",V®*)°P by (70). The same argument as
in the r = s case shows that this is S,,-equivariant and compatible with composition.
It is also clear that this is monoidal functor.

Schur-Weyl duality states that the algebra homomorphism P,(n) — Endg, (V®")°P
is surjective. In the monoidal categorical set-up this is the following statement.

Theorem 5.6. The contravariant monoidal functor F': P(n) — C, is full, i.e.
F - Hompypy ([r], [s]) — Homg, (V*, V")
is surjective for all r,s > 0.

Proof. In the r = s case this is Theorem For r # s the proof works exactly the
same. O

Remark 5.7. Any finite-dimensional S,-representation appears as a direct sum-
mand of a direct sum of some V®" (this follows for example from the branching
rule in Theorem . In other words, closing up the category C, under taking
direct sums and direct summands recovers the whole category Rep(S,,). More for-
mally, one can define the additive closure Add(C) of a category which consists of
formal direct sums X & ... & X,,, with X; € C and HomAdd(C)(@;?:l X;, EBi.:l Y;)
consists of all [ x k matrices where the (7, j)-th entry is an element of Home (X;,Y5).
This makes the notion of closing up a category under taking direct sums precise.
Similarly, one can define the Karoubian envelope Kar(C) of an additive category
C. The objects in this category are pairs (X, e) where e € End¢(X) is an idempo-
tent morphism and Homp,,4)((X,e), (Y, f)) := fHomu(X,Y)e. This makes the
notion of closing up a category under taking direct summands precise (see [Kar08|,
Section I-6] for more details). Moreover, if C is a monoidal category there is a canon-
ical monoidal structure on Add(C) and Kar(Add(C)). It is not hard to show that
Kar(Add(C,)) = Rep(S,) as monoidal categories and there is a monoidal functor
F' : Kar(Add(P(n))) — Rep(Sy). The functor F’ is not quite an equivalence of
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categories, but it is surjective on objects and morphisms. Hence, one can think of
Kar(Add(P(t))) as the category that interpolates Rep(S;) for ¢t € C not necessarily
an integer. The category Kar(Add(P(¢))) was introduced in [Del07] is nowadays
called a Deligne category. This Deligne category can be used to study properties of
Rep(S;) which are stable under varying t. For more details, we refer to [Del07] and
[CO11].

One can also interpret other Schur-Weyl dualities and diagram algebras in the
monoidal category setting. For example, we can define the Brauer category B(9) to
be the subcategory of P(d) with the same objects but morphism spaces spanned by
Brauer diagrams, that is

Hompgs)([7], [s]) = Spanc{d € As,; | |B| = 2 for each block B of d}.

Note that Homps([r], [s]) = O unless r + s is even. It is straightforward to check
that B(9) inherits the structure of a monoidal category from P(9).

5.2 The balanced partition category

We now apply the techniques from the previous section to the balanced partition
algebra.

Definition 5.8. The balanced partition category PP?! is the strict monoidal category
with objects [r] for » > 0 and morphism spaces

Hom([r], [s]) = Spang¢ AE’Z}I
where AEf}ql is the set of all d € A, such that
HBN{l,..,s}|=|Bn{l',...,r"}|

for each block B of d. Composition is again defined by stacking diagrams on top of
each other and the the tensor bifunctor ® puts diagrams next to each other.

Note that A, = 0 for r # s and hence the underlying category of Phal decom-
poses as

Pl = | (), B (71)

r>0
where ([r], PP") is the category with one object [r] and End([r]) = PP¥. However,
this is not a decomposition of PP® as a monoidal category since ([r], P"®) is not

T
closed under the tensor bifunctor.

We can also write down diagram categories by generators and relations which is
more efficient than for the underlying algebras. In fact, it allows us to state relations
locally without repeating generators and relations over again. Let us explain this for

PPal Recall from Theorem that the endomorphism algebra Endppa ([r]) = PP
has generators SY), o sf,r_) (T), p(;), - pff_) 1. Using our monoidal structure, we
2 2

; and p

3
2
can rewrite these as

s =1 s @1dP N and ", =1dP T epP @idT. (72)

1 3
i+3 2

We can also express the relations of PTbal more efficiently using the monoidal struc-

(" (" _ (=)

ture. For example, it suffices to know the relation s Pifr =D in the r = 2 case
2

2
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since then
Sl(r)pz(?% = (19! ®s§2) ®id¥ 1) o (1P ®p(§) ® 1dEr—i1)
— ¢ @5t 0 p?) @ 1dPT !
= idd! ®p(2) ® iz?r—z’—l (73)

3
2

=)y

Let us now explain how to define a strict monoidal category by generators and
relations. First, we briefly outline the construction of a free strict monoidal category

F (for a rigorous construction we refer to [Kasl2, Section XII.1]):

(i) Given a collection of generating objects a; for i € I the objects of F are
formal tensor products a;, ® ... ® a;, (including the empty tensor product 1).
We define the tensor product of two such objects in the obvious way, i.e. by
juxtaposition of the two formal tensor products.

(ii) Given a collection of generating morphisms S(X,Y") for all objects X,Y €
F, we construct from this a collection S(X,Y) for all X,Y € F. This is
obtained by closing up the S(X,Y) under formal compositions and formal
tensor products (also including the empty composition idy). To be more
precise, we recursively introduce formal elements f o g (when f and g are
composable) and f ® g subject to the formal condition

(fofY®(god)=(f@g)o(f®@d).

We define Hom#(X,Y) := Spanc S(X,Y).

F is a strict monoidal category with the obvious composition and tensor bifunctor.
By construction the category F has the following universal property:

Let T be a strict monoidal category with a collection of objects F(a;) € T for all
1 € I. Then there is a unique assignment on the level of objects F' : F — T
with a; © F(a;)) and F(X®Y)=F(X)® F(Y) for all X, Y € F. Assume further
that we are given a morphism F(f) € Hom7(F(X), F(Y)) for any X,Y € F and
f€S(X,Y). Then F : F — T extends in a unique way to a monoidal functor with

FE5F(f).

To introduce relations on the free category F, we explain what the analogue of an
ideal in our categorical setting is.

Definition 5.9. Let 7 be a monoidal category. A tensor ideal N of T is a collection
of subspaces N (X,Y) C Hom7(X,Y) for all X,Y € T with the property that N
is closed under left and right composition as well as left and right tensoring. More
precisely, we require for any W, XY, Z € T and g € N(X,Y) that

fogeN(X,Z) VfeHom(Y,Z)
gofeNWY) Vf € Homy (W, X)
fRGeNWRX,ZRY) Vf € Homy (W, Z)
JOfENXOW,Y®Z) VfeHomr(W,2).

Example 5.10. Let F : 7 — T’ be a functor of monoidal categories and let
ker(F)(X,Y) :={f € Homy(X,Y) | F(f) = 0}. Then ker(F) is a tensor ideal in 7.
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Given a tensor ideal N in a monoidal category 7 we can define the quotient
category 7 /N which is the category with the same objects as T but

Homy/n(X,Y) := Hom7(X,Y)/N(X,Y).

It follows from the definition of tensor ideals that this inherits the structure of a
monoidal category from 7. Furthermore, given tensor ideals N” and N’ of T we can
define their intersection N NN’ by

NNAN)X,Y) :=N(X,Y)NN'(X,Y).

It is clear that this is again a tensor ideal. Hence it makes sense to talk about the
tensor ideal generated by a collection of morphisms by intersecting all tensor ideals
containing these morphisms. We now know how to make sense of a strict monoidal
category with generators and relations by constructing a free strict monoidal cat-
egory generated by a collection of objects and morphisms and then modding out
a tensor ideal generated by some relations. Let us explain this for the balanced
partition category

Definition 5.11. We define F"?! to be the free strict monoidal category generated
by a single object * and two morphisms

5= >< € Homz(* ® *, % ® %),

p= € Homz(x ® *, % ® *).

Moreover, we define A2l to be the tensor ideal in " generated by the relations
(CBALL) (i) sos=idsg«
(ii) (s ®1idy) o (id1 ®s) o (s ®idy) = (id1 ®s) o (s ®idy) o (id1 ®s)
(CBAL2) (i
(ii
(CBAL3) (i) sop=p=pos
(i) (id1 ®s) o (p®idy) o (idy ®s) = (s ®idy) o (idy ®p) o (s ®idy)

Remark 5.12. The relations (CBAL1)-(CBAL3) have the following diagrammatic
interpretation:

pep=Pp

)
)
)
) (p®idy) o (idy ®p) = (id1 @p) o (p @ ida)
)
)

(CBALI1) : = I I =

(CBAL2) : = =
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(CBALS)Z = = =

The categorical analogue of the presentation Theorem is then the following.

Theorem 5.13. There is an equivalence of monoidal categories

]_-bal/./\/'bal AN Pbal

* — [1]
5 852) = >< € Homgpuai ([2], [2])
pr—p = € Hompua ([2], [2)).

Proof. By the universal property of the free strict monoidal category FP? there is
a monoidal functor G : FP¥ — Phal with G(x) = [1], G(s) = 552) and G(p) = p(;).
Clearly, G is bijective on objects. G is also full since the standard generatorszof
Endpea ([r]) = PP lie in the image of G by and Hompua ([r],[s]) = 0 for
r # s. Hence, the induced functor 7P / ker(G) = P 2 is an equivalence of monoidal
categories. The theorem follows if we can show that A™P® = ker(G). Note that
NPA(X V) =0 = ker(G)(X,Y) whenever X # Y since Hom zva (X,Y) = 0 in this
case. The relations (CBAL1)-(CBAL3) clearly hold for G(s) and G(p) and hence
NPA(X X)) C ker(G)(X,X) for all X € F"3 By Theorem we have that
ker(G)(X, X) is generated by the relations (BAL1)-(BAL3). Since these relations
can be built from (CBAL1)-(CBAL3) using the monoidal structure (as in (73))), we
get that ker(G)(X, X) c NP(X, X) for all X € FP2 This proves the claim. [

Remark 5.14. One can give similar persentations of other diagram categories like
the Brauer category B(9) or the partition category P(d). Defining a strict monoidal
category by generators and relations can also be very useful when it is not obvious
how to write down a diagrammatic basis with a multiplication table. For exam-
ple, this can be used to define a diagrammatic version of the affine VW-algebras
\V,.(Z) (see [RS19]) which also gives a more natural framework for the admissibility
conditions from Remark (see [RS19, Lemma 3.4]).

Remark 5.15. We can also apply the formalism of additive closures and Karoubian
envelopes from Remarkto Phal However, Kar(Add(PPa!)) should not be thought
of as the category that interpolates Rep(Si) (or Rep(M;)) for ¢t € C since not all
irreducible representations of Sf;ﬂ (resp. M,,) appear as a direct summand of a
direct sum of some V®". Let us still say a few more words about the category
Kar(Add(P"a)). Forgetting about the monoidal structure of P we have

Kar(Add(P™)) @ Kar [ Add { ||t PP | | = @ Kar (Add (( 22)))
r>0 r>0

where (%, PP®) is the category with a single object x and End(x) = PP*. One can
check that for an algebra A, the category Add((*, A)) is equivalent to the category of
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free right A-modules of finite rank and Kar(Add((x, A))) is equivalent to the category
of finitely-generated projective right A-modules (the latter follows for example from
[Kar08, Thm. I-6.12]). In particular, we have that

Kar(Add(P")) = @5 mod-PP*!
r>0

using that the balanced partition algebra is semisimple by Proposition Note,
however, that this is not a decomposition of Kar(Add(P")) as a monoidal category.
Nonetheless, this shows that the category Kar(Add(PPa)) is abelian and semisimple.
Moreover, Corollary implies that the simple objects of Kar(Add(P")) are
indexed by the set of all multipartitions (of arbitrary size).
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