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Introduction

In his seminal 1940 paper | |, Wigner introduced the 6j-symbols for the
first time, utilizing them as a tool to investigate the irreducible representations of
SO(3) and SU(2). Since then, 6j-symbols have been generalized to other compact
Lie groups and applied in different contexts. An example of such applications is
the construction of invariants of knots in 3-manifolds, for which we have basically
two main approaches: one based on quantum groups and the other on Chern-
Simons theory. Two references where we can see these approaches in action are
| | and | | respectively. The latter reference has been the source which
initiated our work: in the context of SU(N) Chern-Simons theory, 6j-symbols
are here shown to be a fundamental algebraic ingredient for the construction of
the so called colored HOMFLY polynomials, which are invariants of knots on the
3-sphere S*. Different branches of mathematics and physics meet around this
corner, so we refer to | | for a more complete discussion about 6j-symbols and
HOMFLY polynomials within topological strings, as well as to the introduction of
| | for a brief description of the link between quantum groups, Chern-Simons
theory and quantum topological field theory. Thus, since one of the main goals of
| | is to concretely exhibit HOMFLY polynomials, particular attention is paid
to the actual computation of 6j-symbols. We say that a 6j-symbol is computable
or solvable when we can provide an algorithm which takes it as input and gives
the value of its module as a complex number as output, computed or solved when
we know such value explicitly. At this point, the question arises spontaneously:

are we able to compute arbitrary 6j-symbols in the particular case of interest,
namely for the group SU(N)?
Is it possible to do it even for a general compact Lie group?

Our work is then devoted to the attempt of answering these open questions. In
order to do so, it is necessary to set the general framework and analyze the different
objects coming into play. In what follows, we provide an insight of the structure
and the contents of this thesis.



1. 67-symbols

If our main goal is the computation of 6j-symbols, the starting point is their ac-
tual definition. Strictly speaking, a 6j-symbol is a matrix coefficient depending on
six objects, but let us be more precise. Consider a compact Lie group G. If p is a
representation of G, we denote its associated G-module by V,,. Any irreducible G-
module is equipped with an inner product and is considered together with a chosen
orthonormal basis. Let \;, A\, be two finite-dimensional irreducible representations
of G: the coupling coefficients are the coefficients of basis change between the
standard orthonormal basis of Vy ® V)  and the standard orthonormal basis of a
fixed decomposition of V) ®V,, into irreducible G-modules. Consider now a third
finite-dimensional irreducible representation A3 of G. The following concept lies on
the associative property of the tensor product: the recoupling coefficients are the
coefficients of basis change between the standard orthonormal bases arising from
decomposing V) ® V,, ® V,_ into irreducibles after having coupled V),V , V),
differently. An example is given by the coefficients of basis change between the
standard orthonormal basis of a fixed decomposition of (V) ® V,,) ® V), (where
A1 and A, are coupled first) and the standard orthonormal basis of a fixed decom-
position of V) ® (V,, ® V,,) (where A, and A3 are coupled first) into irreducibles.
Such coefficients depend on A;, \y, A3, on an irreducible representation A in the
final decomposition of Vy ® V) ® V), and on two intermediate irreducible repre-
sentations Ajg, Agg in a fixed decomposition of Vy ®V,, and V), ® V) respectively:
a total of six representations. A 6j-symbol is then a specific linear combination
of recoupling coeflicients, all defined by the same six irreducible representations
and differing, in principle, by some other labels on which the sum is carried over.
We denote a 6j-symbol by {ii iz iz
dimensional irreducible representations defining it and rq,...,r, are multiplicity
labels. Ome can find several equivalent definitions and viewpoints on this in the
literature. Mentioned already, we will follow closely | |, which in turns adopts
the style used in | | and | ]. The core intention of Chapter 1 is therefore
to present a definition of 6j-symbols in the same fashion of | | and | |-

} , where the \; are the six finite-
T17T2T3Ty

The formula that justifies all our efforts in Chapter 1 is given by Equation (1.107):
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where we see a 67-symbol expressed as a sum of products of three 25m-symbols and
four 33m-symbols. The latter are specific linear combinations of coupling coeffi-
cients, whereas 2jm-symbols are particular cases of 3jm-symbols. Equation (1) is
proven in Proposition 1.4.1 by applying the Derome-Sharp Lemma (Lemma 1.3.1)
after expressing coupling coefficients in terms of 3jm-symbols in the sum at the
right-hand side of the following equation, i.e. Equation (1.24):

<(()\1)‘2)T12)‘12’)‘3)T)‘|(>‘1()\2/\3)7’23)\23)T/)‘> =
1
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where |A| denotes dim Vy. Taking then some terms to the left-hand side, we get
the desired linear combination of recoupling coefficients, i.e. a 6j-symbol. We did
not find an extensive proof of Equation (2) in the literature, so we present one in
Section 1.2 for completeness. A consistent part of Chapter 1 is then dedicated to
the definition and study of the recoupling coefficients, the 2j5m and 3jm-symbols.

Understanding the 27m and 3jm-symbols has been quite challenging. We wanted
to give a definition of 3jm-symbols written in the modern mathematical language
(i.e. making explicit the choice of bases and of morphisms of modules) that could
have led to the fundamental property expressed by | , Equation (2.1)], namely
Proposition 1.3.1. The difficulty lied in the interpretation of the information given
by | |, the only paper defining 3jm-symbols in a way that we found sufficiently
justified. After several attempts, we finally realized that the key was a differ-
ent choice of basis in the cases where the considered irreducible representation is
equivalent to its dual or not. Once we understood this aspect, we could provide
a suitable definition for the 2jm-symbols and a smooth procedure to achieve our
task. We remark that Proposition A.2.2 was essential to accomplish this goal,
since it guarantees the unitarity of certain matrices. We find this our approach to
25m and 3jm-symbols particularly interesting, since it offers an original, rigorous,
detailed and modern way of defining them.

It has been very laborious to comprehend how to define properly another ob-
ject of great interest: the 2j-phase. First of all, we recall some terminology. A
finite-dimensional irreducible representation A is said to be self-dual when it is
equivalent to its dual \, complex otherwise. In the case of being self-dual, \ is said
to be real (resp. quaternionic) when there exists a G-invariant symmetric (resp.
skew-symmetric) non-degenerate bilinear form on Vy. A result from Representa-
tion Theory tells us that A is one and only one of the following: real, quaternionic,
complex. The Frobenius-Schur indicator of A, denoted by ¢,, is defined as 1 when



Ais real, —1 when \ is quaternionic and 0 when A is complex. We illustrate now
a proposition describing the behaviour of 2jm-symbols (seen as a square matrix)
with respect to the associated representation being real, quaternionic or complex:

Proposition 1 (Proposition 1.3.4). Let \ be a finite-dimensional irreducible rep-
resentation of a compact Lie group G. Then:

By =1 A is either real or complex,

t()\) = B(A) where {
(
t(j‘) = oa(N) where O =B = {

By =—1 X\ is quaternionic;

>~

) =7(N) where v = 1 when X is self-dual;

1 X is real,

—1 X s quaternionic.

In particular, in the case X\ is self-dual we have that ¢\ = ).

The key of the proof is Fact A.2.3, which comes from an observation contained in
| , Section A.2| and consists in analyzing the properties of a unitary matrix
that makes another unitary matrix similar to its complex conjugate. Being stated
in | |, we knew that 2jm-symbols needed to satisfy the properties outlined
in Proposition 1, so this served as a guideline to understand how to define 25m-
symbols. To conclude, the 2j-phase associated with a finite-dimensional irreducible
representation \ is defined as the complex conjugate of ¢, and denoted by {\}.
In other words, this object is characterized by the property (A) = {A\}'(X). This is
how the concept of 2j-phase is presented in | | and | |. Furthermore, in
Proposition 1.3.5 we show that it coincides with the notion of 2j-phase described
in | , Equation (3.2.1)], despite in the latter only a certain subclass of groups
is considered, and it is curious to see that we do that by showing that 2jm-symbols
are particular coupling coefficients:

()‘)ab = \/W<1|/\b7 /_\a> ) (/_\)ab = \/W <i|5‘b’ )\CL) ) <1|/\b7 /_\CL> = {/\} <i|/_\a7 /\b> .

To achieve this, in Fact 1.1.1 we offer a precise usage of the unit vector |1) span-
ning the trivial submodule of V\, ® V5.

We remark that the proof of Proposition 1.4.1 plays a very central role, being
the playground where to test the correctness of definitions and properties of the
aforementioned objects.

The 2jm and 33m-symbols have by definition and adjunction properties beautiful
symmetries (see Propositions 1.3.2, 1.3.3 and 1.3.7) which we want to transfer to
the 6j-symbols via Equation (1): we explain in this way the symmetry properties
of 6j-symbols. In particular, we give a full detailed theoretic presentation of the
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Biedenharn-Elliot sum rule. The proofs of the symmetry properties of 6j-symbols
are useful to see in action all the objects and statements outlined previously. They
make us also understand what are the hypothesis we need to impose on the con-
sidered group and how these hypothesis intervene. Particular attention is given to
the crucial assumption that our group is quasi-ambivalent, i.e. {\}{ A\ }{ A3} =1
whenever A;, Ay, A3 are finite-dimensional irreducible representations such that V5,
appears as a summand in V) ® V), for {i,j,k} ={1,2,3}.

One last aspect is the notion of simple-phase group. The 3jm-symbols can be
defined up to a transformation via a unitary matrix. If we can choose such matri-
ces to make all 37m-symbols invariant under cyclic permutations of their columns
and up to a sign under the exchange of two columns, we then say that the consid-
ered group is simple-phase. In this case, the definition of 6j-symbols becomes more
simple: a 6j-symbol, instead of being a generic linear combination, is just a multi-
ple of a recoupling coefficient. As a consequence, there are symmetry properties of
67-symbols that become easier as well, in the sense that some summations carried
over certain multiplicity labels disappear. Such summations do not include any
change in the representations defining the involved 6j-symbols, so being simple-
phase or not do not affect, either positively or negatively, the specific problem of
establishing whether a 6j-symbol is computable or not. This is why the results of
| | in terms of computation of the needed 6j-symbols are not compromised,
even though the simple-phase version of the symmetry properties is the one used
despite the fact that SU(N) is not simple-phase for N > 4.

2. Computation of 6j-symbols

At present, no general algorithm exists for the calculation of the 3jm or 6j-
symbols, although one can find extensive works and literature on special cases, see
e.g. | | and references therein. In Chapter 2, we like to push these attempts
further to a wider class using the so called bootstrap method. In other words, we
want to see if 6j-symbols can be computed by exploiting their own symmetry prop-
erties. The strategy we propose consists essentially in working by induction on the
power of representations, a concept based on the existence of a finite-dimensional
irreducible faithful representation. We have then to restrict our attention to a
quasi-ambivalent group G admitting a representation with these characteristics.

We summarily present the steps of our computational method based on | |.

STEP 0. Fix a finite-dimensional irreducible faithful representation ¢ of G. For
computational reasons, we ask € to be of minimal dimension with respect to such
properties. If A is an arbitrary finite-dimensional irreducible representation of G,
then V) appears as a summand in a fixed decomposition of V.*"" ® V" into irre-



ducibles for certain minimal m,n € N: p(\) := m + n is called the power of \. If
an irreducible representation o has power n, we denote « also by n,. Notice that
p(A) =0 if and only if A € {€,€}.

STEP 1. We apply the Biedenharn-Elliot sum rule to reduce our study to primitive
ii i; iZ}Tlrzr?M such that either e
or € belongs to { \; | i =1,...,6 } but the trivial representation is not included.

STEP 2. We classify a primitive 6j-symbol {Al A2 )\3} by the power
/\4 )\5 >\6 T1T2T3T4

67-symbols only, i.e. to those 6j-symbols {

of A\i,...,XAg. This results in a partitioning of the primitive 6j-symbols into five
classes: Type I, Type II, Type III, Type IV and simple 6j-symbols. Type IV and
simple 6j-symbols are the only ones among these classes to include either € or €
with multiplicity at least two, and for this reason we call them base 6j-symbols.
Type II and simple 6j-symbols are also known together as core 6j-symbols.
STEP 3. We demonstrate that it is sufficient to focus on Type II, Type IV and
simple 6j-symbols only. Hence, once base 6j-symbols are solved as the base case
of our induction process, for the induction step it is enough to consider Type II
67-symbols.

We provide complete proofs of the computational ingredients used in STEPS 1-3.
We do this in a way such that we also provide the computational strategy to ac-
tually calculate the 6j-symbols in practice.

The base case for SU(N) is hereby important and done in detail. We show the
computability of all base quantum 67-symbols in Subsections 2.3.1-2.3.4 and give
the explicit value of the module of many of them. This result is one of our main
achievement, being the pillar of our method. It is interesting moreover because
base 6j-symbols are exactly the ones needed to compute the desired HOMFLY
polynomials in | |. It took time to describe all the possible base 6j-symbols
that can occur in the SU(N) case: Young diagrams have been a fundamental tool.
A non-trivial part for us was also to prove and utilize correctly Lemma 2.3.4 and
Lemma 2.3.5, which concern the uniqueness of a representation at a certain posi-
tion in a specific 6j-symbol after having fixed all the other five.

In the induction step we need to reduce any Type II 6j-symbol to 6j-symbols
involving only representations of lower power. Unfortunately, we are not able to
achieve this in full generality, but we solve this in the low power case, by which
we mean the following:

Theorem 1 (Proposition 2.3.5). Let N > 10. Assume S is a 6j-symbol of the
following shape S = {3 3 2”} , then S is computable.
0r0s

p p

3, € 2,

This is our most significant accomplishment, providing a first successful applica-

6



tion of our inductive method on a certain subclass of Type II 6j-symbols. We give
a rough idea of the proof. Due to its shape, we can choose the two free irreducible
representations of the Biedenharn-Elliot sum rule as either € or € when we apply
such symmetry to §. This choice allows S to be expressed as a sum of products of
known coefficients and four 6j-symbols, three simple and one correlated via other
symmetries to a 6j-symbol T of Type III. Proposition 2.2.6, contained in STEP 3,
shows that Type III 6j-symbols can be reduced to core and Type IV 6j-symbols.
Following its proof, we apply again the Biedenharn-Elliot sum rule to 7, reduc-
ing it to base 6j-symbols. We now have that S is entirely expressed in terms of
base 6j-symbols, which are already computed being the base case of the induction.

Although in principle there does not seem to be any theoretical obstruction in
completing the induction step of our computational method, several technical dif-
ficulties arise when the power of the involved representations becomes too high.
In | |, the definition of descendable 6j-symbols is given, showing a non-recursive
argument to compute primitive 6j-symbols in the SU(N) case when we assume a
particular restriction on the involved representations. In general, one could fix the
value of the power of some representations and via Young diagrams list all possible
Type II 65-symbols and calculate them one by one, but this does not give any cru-
cial insight nor a general approach. Instead we prefer to have a recursive algorithm.
In Remark 2.3.3, we explain in more details the obstacles one may encounter and
suggest a possible way on how to proceed, which is trying to understand if, putting
together the fourth, fifth and sixth symmetry of 6j-symbols, we are able to reach a
sufficient number of independent equations to solve the desired Type II 65-symbol.

We tried and tested various strategies in the attempt of showing the computability
of some more complicated Type II 6j-symbols without being successful. Never-
theless, these failed attempts of ours are actually interesting to be examined, but
for length reasons they are not reported here in this thesis.

A. Elements of Representation Theory

Appendix A contains background material for Chapter 1 and 2. As it emerged
from the above paragraphs, we are interested in understanding the conditions that
are needed on a group GG to make our computational strategy well founded from a
theoretical point of view. We collect the necessary facts in Section A.3, concluding
that being a connected compact simple Lie group not of type D,,.,, is sufficient to
admit an irreducible finite-dimensional faithful representation. Furthermore, these
characteristics imply G to be automatically quasi-ambivalent.






Notations and Conventions

Let us define some notations. Let V', W be vector spaces and ¢: V — W a
linear map.

e The different sum indices under a sum symbol will be listed without commas
between them.

e If z € C, then 2" denotes the complex conjugate of z and |z| its module.
e The dual and bidual of V are denoted by V¥ and V" respectively.

e If B is a basis of V then B" denotes the dual basis of B.

e Let V, W be finite-dimensional of dimension n and m. Let B = (vy,...,v,)
and C = (wy, ..., w,,) be bases of V and W respectively. We denote:

an

where v € V and v = ayv; + - -+ + ,v,, is the unique way of writing v as a
linear combination of the vectors of B, and:

Mep(p) = ([@(Ul)]& S [@(Un)]c)

which goes under the name of the matrix associated with ¢ with respect to
the bases B and C. In case V = W, we denote Mpg(p) simply by Mpg(p).
In case V.= W and ¢ = idy is the identity map, the matrix Mpge(idy/) is
called the matrix of change of basis of V' from the basis B to the basis C.

e The transposed of ¢ is denoted ‘i.
e We denote by GL(V) the group of invertible linear maps from V' to itself.

o If Ais a p x ¢ matrix, we denote the entry of A corresponding to the i row

and j column as Ay, ie. A= (Ay);
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If M is an n x n complex matrix, then "M denotes the transposed of M, M*

denotes the matrix obtained by M by complex conjugating every coefficients
of M and M" denotes "M*.

If A and B are a p x ¢ and an r X s matrix respectively, let:

Aij if it <pandj<gq,
(A® B)ij = { Bi—pyj—q ifi>pandj>q, (A® B)gwiy = AijBu
0 else,

be the direct sum and the tensor product of A and B respectively, namely:

AllB P Aqu
Ao B= (A O) AoB=| : -
- 0 B ) - . :
A.B ... AB
If V, W are finite-dimensional and B = (vy,...,v,), C = (wy,...w,,) are

bases of V' and W respectively, then we can define ordered bases of V& W
and V @ W as follows:

B @C = ((UI7OW)7 cee (vn70W)7 (OV7w1)7 ] (0V7wm>)7
BRC = (v, @Wy, ..., 0] @W,y,, Vg@W1, ..., VgQ@W,yp, ..., U QW ..., 0, R W,).

Throughout the thesis, a representation of a group G is a group homo-
morphism \: G — GL(U) for some complex vector space U, where U will be
said to be a G-module or the module associated with A\ and it will also
be denoted by V.

If A is a representation of a group G, we define |\| == dim V).

Let A: G — GL(U) be a representation of a group ;. The dual represen-
tation of A\ will be denoted by A. We recall that A is defined as follows:

X: G — GL(UY); Mg)="(Mg)™") Vg e@.
Therefore, the module associated with X is V5 = (V})".
If \: G - GL(V) and 0: G — GL(W) are two representations of G, we
denote by A@o and A®c those representations of G whose associated modules

are V), @V, and V) ® V, respectively: Vig, =V, @V, and Vg, =V, @ V.
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e The symbol 1 denotes the trivial representation of a group G, namely the
map 1: G — C such that 1(g) = 1 for any g in G. Then, V; = C is called
the trivial module.

To let the reader become more familiar with the conventions in use, we outline
here some basic facts of linear algebra:

Fact 1. If U, V. W, Z are finite-dimensional vector spaces with bases A, B, C, D
respectively and a:' V=V, B W =W, v W = Z, o: V> W, : U — Z are
linear maps, then we have the following:

Meg(p) - [v]g = [p(v)]e Vv €V, Mope(7) - Meg(p) = Mpg(y o v),
‘Mes(p) = Mgvev (to), o is invertible = Mpe(p™) = Meg(e) ™,
Mpge(a® B) = Mp(a) ® Mc(8), M cap)sea) (P @) = Mcep(p) @ Mpa(¥).

11
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Chapter 1
6j-symbols

In this chapter we define the notion of 6j-symbols and the main objects which
are useful to express them. We study different aspects of such objects and prove
the so called symmetry properties of 6j-symbols. All representations we are going
to work with will be over the complex numbers and finite-dimensional: if not
clearly stated, this will be assumed implicitly.

Throughout the chapter, G will denote a fixed compact Lie group defined over
R. We refer to | | for basic definitions and some more specific details.

1.1 Settings

Let us devote this first section to set our framework by fixing specific concepts
and structures and defining some specific notations.

e Throughout this chapter, if \: G — GL(V') is a finite-dimensional irreducible
representation of GG, then V will be automatically considered as equipped
with a chosen G-invariant inner product (see Definition A.2.1) which will be
often denoted by (:|-);, or more simply by (-|-) when there is no confusion
(such inner products are chosen to be antilinear in the first argument and
linear in the second one). This is made possible by Theorem A.2.1. Recall
in particular that by Proposition A.2.1 any two G-invariant inner products
on an irreducible module differ by a constant factor.

We do not assign such inner products in full arbitrariness: if V'V is the
(irreducible) dual module of V' we then make the following choice:

where ({|-),,)" is defined by (A.8). This guarantees that if B is an orthonor-
mal basis of V then B" is an orthonormal basis of V" (see Remark A.2.2).

13



Furthermore, we identify V and its bidual V" via the linear isometry of
modules J,,v o Jy, defined at the end of Section A.2.

o If V},... V. are irreducible G-modules with pre-chosen G-invariant inner
products hq, ..., h,, respectively, then V,®...®V,, and V, ®...®V,, will be
considered together with the G-invariant inner products h; & ... ® h,,, and
hi®...® h,, defined by (A.11) and (A.12) respectively.

o If \: G — GL(V) is a representation of G, then the symbols |A\l) denote the
vectors of an orthonormal basis of V' with [ running from 1 to |A|. We then

write v = y;ll (Ml|v) |Al) for a generic vector v of V.

e Let A\, Ay be two finite-dimensional representations of G. Let B, = (|\;l) :
I =1,...,|\]) be an ordered orthonormal basis of V) for i = 1,2. We then
use the following notation for any complex numbers v and 8 and any [y, [5:

a|Mly) + B Aols) = (a[Mly), BlAg, 1)) € Vi, @V,
(Aily, Aoy lo) = [Ml) (Ao, o) = [Alh) @ [ Mg, 1) € V), @V,

Then, B, ¢ B, and B; ® B, are the ordered orthonormal bases that we will
consider on Vy & V), and V), @V}, for the inner products (-|-)y, @ (:[*)y,
1 2

and <"'>VA1 ® <~|~)VA2 respectively.

Before the last observation, we recall the concepts of multiplicity, coupling between
representations and triad.

Definition 1.1.1. Let A\: G — GL(V), 0: G — GL(WW) be representations of G.
If W is irreducible, we call the number my := dim Homg(W, V) the multiplicity
of W in V. Equivalently, m{’ is also denoted by m$ and called the multiplicity
of o in A.

We denote by Irr(G) a complete set of pairwise non-isomorphic G-modules, namely
any irreducible G-module is isomorphic to exactly one element of Irr(G). If V is
a finite-dimensional G-module, then Theorem A.2.2 tells us that we can write
V=6 i V;; for some irreducible submodules V; of V. Let us explore the meaning
of the multiplicity: if W is an irreducible submodule of V' then Homg(W, V) =
D, Homg (W, V;), so by Schur’s Lemma dim Homg (W, V) is simply the number of

V; that are isomorphic to W. In particular, my’ is non-zero if and only if W is
isomorphic to some submodule of V', and this happens for only those finitely many
W in Irr(G) which are isomorphic to some V;.

Definition 1.1.2. Let A, ..., \,,, A be finite-dimensional irreducible representa-
tions of G' and fix a decomposition of V, ® ... ® V) into irreducibles. If V)

14



occurs as a summand in such decomposition, we say that \;,...,\,, couple to
A or equivalently Vy ,..., V) couple to V). If this is the case, by an abuse of
notation we write A € A\; ® ... ® A, or equivalently V, € V), ®...®@V, . In the
case A, ..., A\, and other finite-dimensional irreducible representations p, ..., i,
couple to A, we write A € (A ® ... Q@ \,) N (1 @ ... @ py,).

Definition 1.1.3. Let A\, Ay, A3 be finite-dimensional irreducible representations
of G. We call (A A)3) a triad when 1 € A\ ® Ay @ 3. If (A\[Ay)3) is a triad,
we denote (AAyA3) also by (A A3A37), where r is an integer number such that
0 <7 <my gaen, —1-

Remark 1.1.1. Let Ay, Ay, A3 be finite-dimensional irreducible representations of
G. By Fact A.2.2, (A Ag)3) is a triad when A\, € \; ® A; for {3, 7,k} = {1,2,3}.

e Let A\, Ay be finite-dimensional irreducible representations of G. By The-
orem A.2.2, we can decompose V) ® V), into a direct sum of irreducible
submodules. Therefore, we have an isomorphism of modules ¥ such that:

L N D A e Tap A (1.1)
A T

where the label A tracks the irreducible representations and r, running from
0 to mj\\1® x, — 1, tracks their multiplicity. In particular, we consider each V)\(T)
to be equal to V. Furthermore, by Proposition A.2.2 we can consider ¥ to
be an isometry (notice that W in general is not unique).

Now, if we choose an orthonormal basis By, = (|\;l;) : [; = 1,...,|)\;]) of V.
for i = 1,2 and an orthonormal basis B,, = (|rAl) : [ = 1,...,|}\]) of each
module V/\(T), we write:

V([ Ay, Agly)) = Z (rAW([Aly, Agla))) A (1.2)

rAl

Being U an isometry, (AU (|M\ 1y, Aolo))) = (T (|rAD)) [Aily, Agly) for any
r, 1, 11,1y, so we have the following equation as well:

A1, Aoly) = Z T (|rAD) [Mly, Asle) T (JrAD) (1.3)

We will often omit to specify the chosen isometry of modules ¥ and denote
the previous two equations simply by writing:

iy Aala) =D (PALAL, Aala) [PAT) (1.4)
rAl
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where the (rAl|A;l;, \yl,) are called coupling coefficients. Equation (1.4)
becomes an equality more than a notation when W is the identity and the
modules V/\(T) are all actual subspaces of Vy ® V) .

In order to maintain the same notation used in the main references, the
multiplicity labelling starts from 0. For instance, if an irreducible module
occurs with multiplicity 1 in a decomposition into irreducibles then it will
be labelled by the multiplicity label 0.

We outline two main facts regarding coupling coefficients.

Fact 1.1.1. Let A be an irreducible finite-dimensional representation of G of di-
mension d. Let B = ([A1),...,|Ad)) be an orthonormal basis of Vy and B" =
(A1), ..., |\d)). Consider the vector:

1 _ _
2= —— (|]ALAL) + ...+ |Ad, M) € V) ® V5. (1.5)

VIAl
We have that z is independent of B and the one-dimensional submodule spanned

by z is G-isomorphic to the trivial G-module. It is therefore possible to consider a
decomposition of V) ® V5 into irreducibles expressed by an isometry of modules:

V:Vy,oV; =-Cao @ Vu(r) such that  ¥(z) = (1¢,0,...,0). (1.6)

r,uFl

Defining 1) = (k,0,...,0) = kV(z) = V(kz) for some complex number k of
module 1, we have that the following equalities hold for any l,m =1,...,d:

k* - -

1|\, Am) = (1IN MDD 6, =
(1 ) = (1AL ALY 7

k
_5m7
V'

(1.7)
(1|, Xm> = (A, Am|1)", (1.8)
d d
D (A Mo [1) (LA, M) Z (NN (LML AD =) (AL A
Iyly=1 =1 =1
(1.9)

Proof. By Proposition A.1.1, the one-dimensional vector subspace Z of V), ® V5
spanned by z is indeed G-isomorphic to the trivial G-module and z is independent
of B. Furthermore, z has norm 1, so kz is an orthonormal basis of Z for any
complex number k of module 1.

We have mi@;\ — 1 by Fact A.2.2, hence when we write V, @ Vs = Z® Z* we know

that Z+ = {w eV, ® V; | (w|z) = 0} is a submodule of V that does not contain
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any further submodule which is isomorphic to the trivial G-module. Therefore,
a decomposition of V) ® V; into irreducibles can be expressed by an isometry of
modules:
VheWh=2ez"-Ca PV
ruFl

where by Schur’s Lemma W is forced to send z to:

U(z) = (k,0,....,00eCa P V"

ruFEL

for some complex number k of module 1 (¥ is an isometry and 2 has norm 1).
Fix now [,m € {1,...,d}. By definition of the notation in use, (1|\l,Am) =
(1|W(|Al, Am))). Since VU is an isometry, we get that:

(LN, Am) = (LT, Amd)) = (1) N, Am) = (k2| A, Am) = E* (2| AL, Am)

which coincides with d;,,,k*/ V/d by how z and the induced inner product on tensor
products are defined. Similarly:

O Am|1) = (T(IAL Am))[L) = N, Am| T (1)) = (ML Amlkz) = k (A, Am)2)

which equals d;,,,k/ Vd. From these results it follows immediately that (1|\l, Am) =
(M, Am|1)”. Finally, we have:

d d
> AL 1) (LA, M) = > (LA, M) (1AL, Alp) = Z (1A, ALY [P =
lhlp=1 I 12—1 lhilp=1
k:* 2 d
= Z 512 Z Op,1, = Z (L[ )‘l>|
hip=1 ll2 1 =1
where we have used the newly proven (1.7) and (1.8). O

Throughout the thesis, the notation |1) will always refer to the situation and
choices described in Fact 1.1.1.

Fact 1.1.2 (Unitarity of coupling coefficients). Let A\, Ay be finite-dimensional
irreducible representations of G. Consider a decomposition of V\ ® V), into irre-

ducibles via an isometry of modules W: Vy @V, — @, , VA(T). Choose orthonormal
bases B,y = (|rAl) : L =1,...,|)\|) for each V)fr) and B; = (|1NG) < L, =1,...,1N])
Jor V.. Then:

1. 21112 <)\1l1, )\2l2|7’)\l> <T/)\/l/|/\1l1, )\2[2> = 57"7"/5)\)\/5”/7'
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2.5 Oy, Aalo|r ALY (PN AL, Aoly) = Oy 100015
3. (Al Aala|r AL = (PN, Aoly) ™.
Proof. Consider the following matrices:
A= (PN A Aalo) )iy, B = ((Aly, Aala|r AL )0, e

Consider the orthonormal bases B := B; ® By of V) ® V), and C = Q),, B, of
D, V/\(T). Then we have that A = Mcg(¥) and B = Mge(¥1), ie. A is the

matrix associated with W with respect to the bases B of its domain and C of its
codomain, whereas B is the matrix associated with U™" with respect to the bases
C of its domain and B of its codomain. By Fact 1, we have that B = A, which
is exactly the content of 1.) and 2.) of the claim. Let us show 1.) more formally
in order to familiarize with the ket notation, 2.) is done similarly. We have:

[rAl) = Z (Al Aala|r AL [Arlys Aoly) (1.10)
ZIZQ
Ml Aalo) =Y (PN, Aglo) [P AT) (1.11)
Tl

Plugging (1.11) into (1.10) we get:
PNTY = (Ml Ao [P XY (Al Aol
Lilp

= (Nl Al NTY Y (PN, Al) [ AD)

l1ly AL
=D D AN, Aaly) (Ml Aol [P XT) | AT
rAl Il

which implies the claim by linear independence.
Let us now prove 3). Since B, C are orthonormal and W is an isometry, A is unitary
by Fact A.2.1. Therefore:

(</\151: >\2l2|7”/\l>)1112,mz =B=A"= AT ="'A" = t(<7")‘l|)\1l1a )‘2l2>)r/\l,1112* =

= (MM L1, Aalo))i iy o™ = (PN L, Aalo) )11y i
L]

1.2 Recoupling Coefficients

For this entire section, let us fix three finite-dimensional irreducible represen-
tations Aj, Ay, A3 with orthonormal bases B; = (|\l;) : ; = 1,...,|)\;]) of V) for
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i =1,2,3. We study now three specific ways of coupling V), , V3, V), and the basis
change occurring between them. Our goal is to give the definition of the so called
recoupling coefficients as outlined in | , Equation (3.2.16)] and then study
some of their basic properties. We recall once again Proposition A.2.2; which tells
us that G-isomorphic G-modules are G-isometric.

e There are isometries of modules:

V & V>\2 ® V>\3 (V/\1 ® V>\2) ® V>\3 @ v rm) ® V>\3 =

T12A12
“ @ (o) = @ @U
T12A12 T12A12 TA
where @, ,\(;12 and €D, , V/\(T) denote fixed decompositions of Vy & Vj,

and V)\(;m) ®V,, into irreducible modules respectively (notice that both r and
A depend on A5 and r;,). We obtain:

[Aly, Aalas Asls) = Z (ri2A12lia Arlys Aala) (A2 A 1al10, Asls) =

r12A12l12

Z Z (riaAialiafArly, Aala) (rAlA1alia, Asls) [(MA)rizhis AT AL

T12A12l19 TAL

(1.13)
where (|r19A19l12) : 119 = 1,. |>‘12|) and ([(A\Ao)rodie M)A c L=1,...,|A])

are chosen orthonormal bases of Vy, ("12) and V)\(r) respectively (the little label
((MA2)riahia, As) keeps track of the obJects that A\ and r depend on).

e There are isometries of modules:

V)\l ® V/\Q ® V)‘S = V)‘l ® (V)‘Q ® VA3) = V)\l ® @ VA(;%) =

T23A23
~ (ra23)
= @ (v ou) = B BV 1
Ta3A23 TagAaz )
where @T » /\2 /\;23 and €, V( denote fixed decompositions of V) ® V),

and V) ® V,\2§3 into irreducible modules respectively (both 7' and A depend
on g3 and r93). We have:

[Aly, Aaly, Agls) = Z (rasAazlos| Aola, Asls) [Arly, (Aads)Tas Agslas) =

T23A23l23
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Z Z (rasNaslas| Aalas Asla) (1A Ailys Agalag) [ ah)rashag) 7' AL
ra3A23laz ¢ A
(1.15)
where <|7’23)\23123> . 123 = |)\23|) and (| (M )\2)7'2;)\23 A3)T )\l> = 1, ceey |)\|)

are chosen orthonormal bases of Vy, ("23) and V( respectively. Regarding the
notation in use, the same Con31derat10ns as above hold.

In the two ways of coupling we analyzed above, we ended up with two bases:
one given by the vectors |(\MA)rhm,A)rAl) and the other one by the vectors
\(Al()\g/\g)rzg)\gg)r')\l). Let us analyze the transformation between these two bases.
In general we have:

|(>\ ()\2)\3)723)\23)T/>‘l> -
Z Z (MA2)T12A12, Ag) T)\ l | 1(AoAg)Ta5A03)T )\l> |(()\1)\2)T12)\127>\3)T)‘/l/> =

r12A12 )]

= Z <((>\ A2)T12M12, Ag) 7“)\‘ 1(A2A3)ra3A03)T )\> |((A1)\2)T12A12:>\3)T)\l> s (1-16)

r12A127

and analogously:

’((/\1/\2)7‘12/\12:)\3)7")\0 = Z <(/\1(>\2>\3)7‘23>\23)7"/)\‘(()\1)\2)7'12)\12-,>\3)T>\> ‘(/\1()\2)\3)723)\23)T,>\l>-
T23>\237",

(1.17)
Definition 1.2.1. The coeflicients
<((/\1/\2)7"12/\127 T)\| >\2>\5 7”23)\25)7“ /\> <(>\1()\2/\3)T23)\23)7"/)‘|((/\1>\2)7"12/\12aAs)r)‘> (1-18)

appearing in (1.16) and (1.17) which define the change of the final bases obtained
by decomposing V3 @V, ®V,, into irreducible modules by coupling firstly V) ®V,,
and secondly V), ® V), are called recoupling coefficients.

Remark 1.2.1. Notice that the recoupling coefficients do not depend on the basis
vectors thanks to Schur’s Lemma. Indeed, assume ¢ and 1 are the isometries of
modules used above such that:

@@Vr) V)\1®V/\2®VA3—>@@V(T

Ti2A12 TA rogA2z ')\

Let f := @ o '. Rigorously, what we have is:
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f (’()‘1(/\2)‘3)T23/\23)T’/)\l>) —
Z Z (A1 A2)ri2Aia, Az) 7“)\ l |f (| 1(AaA3)T93003)T /\l>)> |(()‘1)‘2)T12)\127/\3)T/\Il/> 7

rigA1ar N

which is written as:

|()\1()\2/\3)T23)\23)r/)‘l> -
Z Z <(()\1)\2)7"12)\12 T’/\ ! | 1(AoA3)ragAog)T" )‘l> |(()\1)\2)r12)\127,\3)7“/\ll/> '

ri2A127 N[

Being an isomorphism of modules, by Schur’s Lemma f does not map between
different V\’s or between different [’s, so we have:

f (’(Al(/\Q/\S)r%/\?S)r/)\w) -
= Z <((/\ A2)T 1219, A3) 7”)\‘ 1(A2A3)T23003)T )‘> ‘(()\1)\2)7“12)\127/\3)7')\0 ’

T12A127

which is written as:

‘(Al()w)\s)r23)‘23)r,)‘l> =

= Z <((/\ A2)T12A12, Ag) ’l”/\‘ 1(AaAg)ra3Aos)T >\> ‘((A1>\2)712)\127/\3)7’)\l> .

T12A127

Example 1.2.1. Let G = SU(2). Being determined by its dimension, a finite-
dimensional irreducible representation of SU(2) of dimension n will be denoted
by n. Let us focus on the representation 2 ®2®3 =153 H3 D 5: we will
analyze two ways of coupling the irreducible representations defining this tensor
product. Fix ordered orthonormal weight bases B = (e, ¢e;), C = (vy,vy,v3) of
V5, V5 respectively, where e; and v; are maximal vectors. What we will do is to
write down orthonormal weight bases of some irreducible submodules of tensor
products: this is achieved by starting from a normalized maximal vector (that we
will always put as the first vector of a basis) and applying the action of SU(2).
To make things more readable, throughout this example we will denote the tensor
product of generic vectors by omitting the symbol of tensor product, e.g. ¢; ® e,
and e; ® e; ® v, will be denoted by e;e; and e;e;v;, respectively.

Let us couple 2 ® 2 first. We decompose V, ® V2 into irreducible submodules and
write Vo ® Vo = A @ B with ordered orthonormal weight bases:

€169 — €961 €169 + €9€q
A: e OfA, B = €161, — =, €E9€ OfB,
{ V2 } ( VG ’ 2)
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where A =2 Vi, B = V3. We have that (A® B) @ V3 = C @ (B ® V3) where
C = A® Vz = Vs with orthonormal weight basis:

€162V, — €9€1V; .
C= 1=1,2,3) of C.
( V2 )

We decompose B ® V3 into irreducible submodules and write B& Vs = DS E G F
with ordered orthonormal weight bases:

D {€1€1U3 | €169V + €2€1Uy  €3630 }
V3 V6 V3 )
£ — \/56181?’2 — €1€9U] — €361V €361V — €9€9U; €1€3V3 + €9€1U3 — \/562621)2
2 ’ V2 ’ 2
of D, E respectively, where D =2 V;, E = V5, F' = V;. In the end, we have obtained
a decomposition (Vo @ V5) @ Ve 2 C @® D @ E & F that led to the choice of the
aforementioned orthonormal weight bases. These choices are induced naturally by

the representation theory of SU(2).
Let us now couple 2® 3 first. We have Vo, ® V3 = H @& K with ordered orthonormal

weight bases:
2 €1Vy €EoV 2
W= \ﬁev_ﬂ,ﬂ_ 2 0) ot i
( 321 \/g \/3 313

€9 2 2 e
K= (elvl, 21 \/jelv% \/jezvg + 13 3,621}3 of K,
V3 3 3 V3

where H =V, K = V,. We have that Vo @ (HOK) = (V,@ H) @ (Vo ® K). We
write Vo @ H = L& M and Vo, ® K = X @Y with ordered orthonormal weight
bases:

V6 V3 V6

M <\/§6162/U1 — €1€1V9 €1€9VU9 — €9€1V9y €9€9V1 — €1€1VU3 €E9€9Uy — \/562611)3)

£ o {6162@2 €1€1V3 + €9€9Uq €9€1V9 }
- )

V3 ’ V6 V3o V3

of L and M respectively, where L = V;, M = X = V3. Y = V,. We have therefore
the final decomposition Vo ® (Vo @ V) 2 L& M @ X @Y that led to the choice
of the orthonormal weight bases above.

Let us see now some examples of recoupling coefficients:

e calling D = {d} and £ = {l}, we see that d and [ are the opposite of each
other, so we obtain the recoupling coefficient (d|l) = —1;
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e the following equality holds:

\/561622)1 —eevy 1 ejepu — egeqvy _ 2 \/561611)2 — e169V] — €9€10;

V3 VB V2 3 2

namely, calling C = (¢, ¢9,¢3), € = (f1, f2, f3), = (mq, mg, m3) we have:

\/7.](17

giving us the recoupling coefficients (m1|c;) = 1/v/3 and (m,|f,) = —+/2/3.

Proposition 1.2.1 (Unitarity of recoupling coefficients). Recall (1.12) and (1.14)
and the notation we used there.

1.

Fiz irreducible representations Ay, Njo € Ay @ Ay with multiplicity labels ry,
and sy9 respectively. Fix an iwrreducible representation A € \{ @ Ay ® A3 with
multiplicity labels r and s. Then:

Z <((>\ A2)S19M125 A3) S>\| (A (AgAz)rogAgs)T )\> <( ()\2)\3)7”23)\23)7"/)\’((/\1/\2)7’12/\12>)\3)T>‘>
7“23>\237"/

— 4 8,5 (1.19)

Oy
T12512 )\12>\12

Fiz irreducible representations Aoz, Aas € Ay @ A3 with multiplicity labels oy
and sy3 respectively. Fix an irreducible representation X € Ay @ Ay @ A3 with
multiplicity labels v’ and s'. Then:

Z <()\1(/\2/\3)523)\,23)3/>\|((A1)\2)”'12)\127/\3)T>\> <((/\ A2)T12 12, A3) T)\| 1(A2A3)T23003)T )\>

T12A127

=4 ' 800 (1.20)

7“235235)\23/\
The following relation between recoupling coefficients holds:

<(>\1()\2)\3)7’23)\23)T/)‘|((/\1/\2)7"12/\127)\3)T)‘> = <(()‘1)‘2)712)\127 T>\| (A1 (A2 A3)rasAas)T )‘>*
(1.21)

Proof. Let us prove 1.) Consider (1.16):

|(/\1(>\2)\:a)r23>\2;3)rl)\l> = Z <((>\ )\2)512)\12 Az) 5)\’ 1(A2A3)T93003)T /\> |((/\1>\2)512X127)\3)5>\l>

!
S12A128
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and let us plug it into (1.17), getting:

’((/\1/\2)7’12/\127)\3)7")\0 = Z <(/\1(A2>\3)T23A23)T/)“(()\1)\2)7"12>\12-,)\3)70)\> ‘(/\1(>\2)\3)7”23>\23)7',)\l>
7”23)\237“,
= Z <()\1()\2/\3)r23)\23)7“/)\’((/\1/\2)7“12/\12,)\3)7“)\>

/
T93A237T

X Z <((/\1)\2)512/\’]2,)\3)8)\’()\1(/\2/\3)1‘23/\23)7“/)\>’(()\1/\2)512)\’12,)\3)5)\l>

/
$12A128

= Z ( Z <((/\1/\2)312)\’12,)\3)8/\|()\1()\2)\3)7"23)\23)7“/)\>

/ /
$12A128 To3A237

X <()\1()\2/\3)r23)\23)7”/)\|((/\1)\2)7’12/\127)\3)7“)\>) |(()\1)\2)312)\,127>\3)3)‘l> .

The claim follows by comparing the first and the last term of the equation above.
By doing this the other way around, we get 2.), whereas 3.) follows from Fact A.2.1
in the same way we proved 3.) of Fact A.2.2. O

The following result is stated in | , Equation (3.2.17)] and | , Equa-
tion (28)]. We propose here a slightly different version and give a proof for com-
pleteness.

Lemma 1.2.1. We recall the notation from (1.12)—(1.15).

1. Fiz wrreducible representations Aoz € Ay @ Az and X € A\{ ® Ay @ A3 with
multiplicity labels ro3 and " respectively. Let | € {1,...|\|}. Then:

Z (rasAaslas| Aalas Asls) (1A, Agslas) =

las

= Z (r1oA12l12| A1y, Aala) (P AL| Aqalia, Asls)

ri2A12l127

X <()\1()\2)\3)r23)\23)7”,)\’(()\1/\2)7‘12)\12,)\3)7“)\>. (1-22)

2. Fix wrreducible representations Mg € A\ @ Ay and A\ € A\ @ Ay ® A3 with
multiplicity labels r15 and r respectively. Let | € {1,...,|\|}. Then:

Z (r1oXalia] My, Aolo) (r Al Aialya, Asls) =

112

= Z (rasAaslas|Aal, Asls) (7" Ay, Agslas)

’
T 2323003

X (Mg riadia AT A s (Mg Ag)rashas) T’ A) . (1.23)
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Proof. The first statement follows by plugging (1.17) into (1.13) and comparing
the result with (1.15):

Z Z (rasNaslas| Aalas Asla) (1A Alys Agalas) [0 as)rashos) 1" Al

razAaslag '\l

= ‘)\1117 Aol /\3l3>
= Z Z (riadaliof Al Aola) (T AL Aralia, Agls) [(Aha)rizhiz, As)T AL

T12 >\12l12 Al

= Z Z<7“12)\12512|/\1517/\2l2> (rAlA12lia, Agls)

T19A19l1g TAL
/
X Z )\2/\3 7“23)\23 T )\| A )\2 r12)\12,/\3)7“)\> |( ()\2>\3)7‘23)\23)T /\]> .

T23 >\237’

Analogously, the second statement follows by plugging (1.16) into (1.15) and com-
paring with (1.13). ]

The next statement from | , Equation (3.1)] highlights how to write a
recoupling coefficient in terms of coupling coefficients. We give a proof for com-
pleteness.

1.2.1. Recall once again (1.12)—(1.15) and the notation introduced
there. Fix irreducible representations iy € A\ @Ay and Ay3 € A\y®@ N3 with multiplic-
ity labels 15 and o5 respectively. Fix an irreducible representation X € Aj @ Ay ® A5
with multiplicity labels v and r'. Then:

IA] (A2 1202, A5)T A O Ao ) rashos) T A) =
= Z Z (r19 19012 Ay, Aalo) (P AL A1alia, Asls)

111213 l12123l
X (ragAaglag | Aala, Agly)™ (' A\, )\23523>*' (1.24)
PTOOf. Multlplylng both sides Of (123) by <)\2l2, )\3l3|823,u23m23> <)\1l1, M23m23|8/)\l>

and summing over [y, [y, l3, Mgy, the left-hand side becomes:

Z Z (rioAiahia|Aly, Aala) (PAL[Araliz, Asls)

lig lilalymog

X (Aaly, Agls|Sa3fia3mag) <)\1l1>ﬂ23m23|5,)\l> )

whereas the right-hand side becomes:

Z Z <)‘2l27 )\3[3’323M23m23> <r23)\23l23])\212, >\3l3>

r'roghaglas \ 203
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X Z <)\1117#23m23‘5/)\l> <7’/)\l|)\1[17>\23523>

mazly
<(()‘ )\2)712)\12 >\3 T>\| /\2/\3)r23/\23)7“ )\>

_Z Z Arly, pagmag|s' ALY (A Uy, prazmas)

Mmagly

X <(()\1/\2)7’12)\127)\3)7“)‘|()\1(/\2)\3)523/123)T//\> =
<((>\ A2)T12A12, Ag) T)\‘ 1(AaAg)8030193) S )‘>

where we have applied 1.) of Fact 1.1.2 twice. We obtain:

Z (r12A12l12| A1y, Aala) (P AL Aqalia, Asls)

lLialylalzmas

X (S93fta3Maz| Aala, )\313>* <3,)\l|)\1l17 #23m23>* =
= <(()\1/\2)T12)\1z T)\| 1(A2A3)S931103) S /\>

where we have applied 3.) of Fact 1.1.2. Summing now over [ we get

Z Z <7’12)\12112|)\1117>\2l2> <7’)‘l|)\12l127)\3l3>

Ulialy lalgmog

X (S93/ta3Maz| Aala, )\3l3>* <5/)‘l|>\1117 ﬂ23m23>* =
|/\| < AA2)T12 12, Ag) 7”/\| 1(A2Ag)5931103) S )‘>

/ / . .
Renaming Sy3, fig3, Mag, S 10 793, Aag, ly3, 1 respectively, we get the claim O

Regarding the different ways of coupling V\, ® V, & V), there is of course a
third case in which we first couple A\; with As:

V@V, 0V 2V eV eV) 2V, e P wn| =

r13A13

= @ (5e) = @ @Y. 02

r13A13 r13A13 SA

(T13
Where @r )\13 )\13

and P,, V/\(S) denote fixed decompositions of V3 ®@ V), and

Vi, ® V)\ml“ into irreducible modules respectively (both s and A depend on A5 and
7"13). We have:
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(Al Agly, Agls) = Z (risAuslis| Mle, Agls) [Aala, (MAa)T13 M 5003) =
(EERSEUT!

Z Z (r13A1303] Ay, Agls) (AL Aisli3, Aala) [(Aa(Midg)rishis)SAL) , (1.26)

7’13>\13l13 SAL

where (|rishizlis) @ L3 = 1,..., | \3]) and (] MaMAs)rishis)SADY = 1 = 1,... |\|) are
chosen orthonormal bases of V ("13) and V respectively. All the C0n31derat10ns
regarding the notation hold as above.

In this third way of coupling, we end up with a third basis given by the vectors
|(Ma(AiAg)r13Ai3)SAL). Let us analyze the transformation between this third basis and
the one we got when we coupled first A\;, \,. We have:

‘(%()\1)\3)7"13)\13)3)\[) = Z <((/\1/\2)7’12/\12=)\3)7")"()\2()\1)\3)7”13)\13)5>\> |((/\1>\2)7”12/\12~,/\3)7a)\l> )

T12A127
(1.27)
|((/\1/\2)T12/\127)\3)T)\l> = Z <(>‘2()‘1)‘3)7'13)‘13)S)\|((/\1/\2)7'12)‘127)‘S)T)\> |(>\2()\1/\3)""13)\13)3)‘l> .
T13A138
(1.28)

Let us now analyze the transformation between the third basis and the second one,
the one obtained coupling first Ay, A5. We have:

|()\2(/\1/\3)7’13/\13)3)\l> = Z <(/\1(>\2)\3)T23>\23)T,)\|()\2()\1/\3)7’13)\13)3)\> |()\1(/\2/\3)r23/\23)7”/)\l> )

7‘23>\237"/
(1.29)
‘()\1(/\2/\3)7’23/\23)7“/)\0 - Z <()\2()\1)\ JrisAis) 5)\’ (A (A )T2:5A2:3)T/)\> |()\2()\1)\3)7“13)\13)3/\l> .
T13A138
(1.30)

1.3 j7m-symbols and j-phases

In this section we define and study the njm-symbols and nj-phases with
n = 2,3, which are presented in | | with other names and notations. They
are also defined in different fashions in | | and | |]. The meaning of the
terminology is the following: we use the letter j only, e.g. for a 2j-phase, when
we have the dependence exclusively on the representation, whereas we include the
letter m as well, e.g. for a 37m-symbol, when we have dependence also on the
chosen basis. We will make use of the concepts presented in Chapter A.

For this entire section, let us fix two unitary finite-dimensional irreducible
representations \;, Ay. Let us set our general framework.
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e By Theorem A.2.2, we can decompose V, ® V, into a direct sum of irre-
ducible modules, so let us fix an isomorphism of modules ¥ such that:

vV, @, - P, (1.31)

A

where ) tracks the irreducible representations and r labels their multiplicity.
By Proposition A.2.2, we can consider ¥ to be an isometry of modules.
Denote by Z the set of irreducible representations A we chose for such a
specific decomposition. Furthermore, denote by S the set of representations
of Z that are equivalent to their dual and by C the set of representations of
7 which are not. Call Z the set obtained by taking the dual to every element
of Z. In particular, if A € Z we consider each module V)\(T) to be equal to V.

e Choose orthonormal bases B, = (|\l;): [, = 1,...,|\]) of V), for i =
1,2 and B,y = (JrAl): 1 = 1,...,|A]) of V) for any A\ € Z, where B,,
coincides with B,, for any r, s in terms of vectors of V). Let us make further
assumptions on the choice of such bases, i.e. if A € Z we will consider the
following prescription:

— CASE X = ). Fix an isometry of modules ), : VA(T) — V/—\(T), where VS\(T)
is the dual of V/\(T). We will consider the following basis of V;\(T):

Box = tha (Bra) = (er (IFAD)) o ¥ (IrA D)) - (1.32)

Such a choice is consistent when the considered isometry from V/—\(T) to

V/\(T) is simply ¥,5 = w;,\l. It is easy to check the following property:
Mg, (Mg) = Mz, (Ag)) YgeG. (1.33)

— CASE X 2 \. We will consider the following basis of V;\(r):
87“5\ = (Br/\)v : (134)
In this case, (A.4) tells us that:

M, (Mg)) = Mg, (Ag))" Vg €G. (1.35)

1.3.1 Definition of jm-symbols

The goal of this subsection is to formalize the definition of the 2jm and 3jm-
symbols. This is done by showing the following proposition, which is introduced
in | , Equation (2.1)] and recalled in | , Equation (5.8)]:
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Proposition 1.3.1. With the notations and the settings established at the be-

o . . . AA o,
ginning of Section 1.3, there exist some coefficients (ll l2 ’[;) satisfying the
1 b .

following equality:

Ms, (u(@)] [ Ma, Oalo))] =
Sl 3 ), el (5 3 6) o

We will derive (1.36) and give an explicit expression for the involved coefficients
in the steps described below.

e Set A = B, ®B,, and B = ,, B,,, which are orthonormal bases of
Vi, @ V), and @,, V/\(r) respectively.

e We know that V), ® V,, and P, V/\(T) are the modules associated with the
representations p == A} ® Ay and o = P, , A" respectively, where A" = )
for any 7.

e Fix g € G. Call A = Mpg,(V) the matrix associated with ¥ with respect to
the bases A of its domain and B of its codomain. Notice that A is unitary
by Fact A.2.1. By Remark A.1.2, we have that:

Mulp(g)) = A Mg(a(g)) - A= AT My(a(g)) - A. (1.37)

By definition of A, B, p, o, we have that:

Mu(p(g)) = Mz, (Mi(g)) @ Mg, (Aa(9)), (1.38)
Ms(a(9)) = P Mz, (A(g))- (1.39)
A

Putting everything together, we obtain:

Ma, (M(9)) @ M, (ol0)) = AT D Ms 004 (140)
implying:
[MBM(}\I(Q))]ile [MBA2<)\2(9))]1'2J2 -
- Z |:AT] (i1i9)b . @ [MBM(A(g))]bc ) [A]C(j1j2)
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A
my @x, ~1 A

AT A A .
[ i|(i1i2)(l+r|)\) [MBM( (g))]lm (m+r|A)(J172)

eI =0  lm=1
2 1
M, @Ay — BY
= AT i) (M, (M Amtria o)+ (1:41)
AT r=0 I,m=1

Notice that by definition of A we have:
AlmtrMGrgz) = (TAMIAL1 Aaa) - (1.42)

e Let us analyze the case in which an irreducible representation of Z is either
equivalent to its dual or not. Fix A € Z with multiplicity label r.

— CASE A 2 )\
Recall the isometry of modules ), : V)\(T) — Vj\(r) we fixed at the begin-
ning of the current section and the choice of the following basis of VX(T):
B,5 = ¥, (B,). Consider the matrix associated with .., with respect
to the bases B,, of its domain and the dual basis B, of its codomain:

T = MB’I\‘/ABT)\ (?/)r)\). (143)

Notice that 7" is unitary by Fact A.2.1. By definition of 7" and (A.4),
we have:

Mg, (M) =T Mg (\g) - T=T"- Mg (Ag))"-T. (1.44)

If F' is any other matrix such that My (A(h)) = F~'- My (AMh))" - F
for any h in G, we have that TF ™' commutes with My (A(h)) for
any h in G, making TF ™' a multiple of the identity matrix by Schur’s
Lemma, implying F' = kT for some k € C. Hence, since we want to
define a unitary matrix () satisfying:

-1 «
Mg (M) = (") - Mg (A(R)) - (N) = (N)"- Mg, (A(h)) - "(N)
(1.45)
for any h in GG, we have only one option, that is to choose a unitary
scalar d, € C and define:

(\) = d,'T. (1.46)
By definition of (A) and the unitarity of dy, we get:
Al
MBM()‘<9)>lm = Z (A);a [MBM ()\<g))}ab (A)mb (147)
a,b=1
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We define (\) analogously, getting:

Al

M, s (N9)im = Y Nia [Ms s (A9))] 7, Vs

a,b=1

but since (1.33) implies My (A(g)) = Mp . (A(g)), we can set:

A

(N =\
and write:
— ‘)\l —
MBT;\<>‘(9))lm - Z (A)zka [MBT;(/\(Q))} :b ()‘)mb
a,b=1
— CASE A 2\

Recall the choice of the following basis of VX(T): B.s = (B,)".

(1.48)

(1.49)

(1.50)

We

consider an isometry of modules v, : V)\(r) — VA(T). By Schur’s Lemma,

¥y = cyidy, for some complex number ¢, of module 1.

Therefore,

Mg, (¥,\) = c\djy where 1)y is the [A| x |A| identity matrix. We define

the following unitary matrix:

()\) = t(C)\]w) = C)\Iw.
Then:

Al

Ma,,(N9)im = D Nia [Ms,(A(9))] 1y Vs

Il,m=1
or equivalently, by (1.35):

Al

(M (AaD], = D Nia [Ms, ;M9 (Vs

I,m=1
e Let us continue (1.41):

(M, (M(9)], ;. [Ms,(Aa(9))], . =
= > Al [Ms, (Mg ))LmA(mwM\)(jljg)

AT rilm

=3 Ay M A9 A Guia)

AES r,lm
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(1.52)

(1.53)



+ 0 At ML AN AtmsriapGusa):

AeC rilm

apply (1.33) and (1.35):

_ZZ l+r\>\| iq4g) [MBv»X(j\(g))]lm A(m+r|)\|)(j1j2)

AES rlm

+ 0 At M N, Amriapua):

AeC rilm

apply (1.50) and (1.53):

= 2> Ay Vi (M AOD], Vb Apmsriapu)

AES rlm a,b
+ ZZZ l+7«‘)\| i1is) )7{1 [MBT;(E‘(Q))} ;m ()‘)mbA(m-FTP\\)(jlh)
AeC rlm ab
—ZZZ (l+r|)\| iyiy) (Mia [MB ( (g ))]:b ()‘>mbA(m+T|>\\)(j1j2)
AEZ rm a,b
A AT oo (A A A
— A (772 (A Lo
ZD \( h ) [(Mis (9], (h fs b)T
)\1 )\2 % : * )\1 )\2 1%
—ZZM( 2 e ], ()
nel r,ab

where, recalling (1.42):

Al

AL A _)
S = E Ynp (TAM|A 71, A 1.54
<]1 o b ) \/|T b | 1]1 2.]2) ( )

which is exactly the definition used in | , Equation (5.2)]. This shows
now Proposition 1.3.1.

Definition 1.3.1. The coefficients (A);; described by (1.46) and (1.51) are called
23m-symbols, whereas the coefficients (/\1 A2 A

i b> defined by (1.54) are called
1 J2 .

33m-symbols.

Remark 1.3.1. 1. The term 2jm-symbol we presented in Definition 1.3.1 is
the one used in | |. The same object is called 1j-symbol in | | and
Ljm-symbol in | |.

The term 3jm-symbol we proposed in Definition 1.3.1 is the one used in
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| | and | |. The same object is called 3j-symbol in | |. The
A Ay A
Ji J2 b

three representations A;, Ay, A (expressed by the “3;7) and on three basis
indices ji, jo, b (expressed by the use of the letter “m”).

reason to call ( ) a 3jm-symbol comes from its dependence on

2. In (1.54), we denoted the 3jm-symbols through a notation that goes under
the name of Wigner’s notation (see | ). This is also the choice made
in | |. In| |, the following symbol is used instead:

A hatt)rigiza = (A.l i~ “) . (1.55)

11 9

Remark 1.3.2. Mentioned in | , Equation (2.4)] and | , Equation (5.1)],
in principle we could have defined a 3jm-symbol even more generally in the fol-
lowing way:

N Al
ANy A) 1 , ‘
S :EH)‘)‘)‘TS—E A b (SAMIA G715 A 1.56
(.71 j, b ) : (A1A2)) \/Wm:1< Jmb € [ A1, Agdia) ( )
for some unitary matrix H (A A A) depending on Aj, Ay, A only. Indeed, the terms
H(AAA), get cancelled in (1.36) by their unitarity.

Remark 1.3.3. Notice that 2jm-symbols are particular cases of 3jm-symbols.
Indeed, with the notations above, we have:

Al 1
. = ——(N) - 1.57
(] 0 b>0 \/W( )jb ( )
This is the reason behind the name “2jm-symbols™ as it is done in | |, we

could define the symbol (j\ Z) for finite-dimensional irreducible representations

A, it to be equal to 0 when p 2 X and to |)\|_1/2 (A)j» when 1 = X, The “2j”
expresses the dependence on two representations A and p, whereas the letter “m”
expresses the dependence on the two basis indices j, b.

To conclude, if we consider the matrix H as well in the definition of 3jm-symbols,
more generally we get:

(j : 2) = L HM LYW, (1.58)

o VI
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Remark 1.3.4. From the definition of 3jm-symbols and the unitarity of the 2jm-
symbols, it follows that:

RY <

. . « (A1 Ag A
i i) = VTS (5 5) (1.59)

= Ju J2 -
More generally, we find:
< A A A
i) = VIS KON (Vi (jll > b), (1.60)
s b=1 s

where the matrix K (A AyA) is the inverse of H(A\ A\ )\), introduced by (1.56).

1.3.2 Properties of jm-symbols and Definition of j-phases

We want now to analyze the various properties of the jm-symbols.

Proposition 1.3.2 (Unitarity of 2jm-symbols). Let A\ € Z. Then (\) is a unitary

matrix, namely:
A A

Z(/\)Zl(/\)am = Z(/\)Zka(A)ma - 5lm‘ (161)

a=1 a=1
Proof. The unitarity of (A) follows directly from the way it is defined by (1.46) in
the case A = X and by (1.51) in the case A 2 A. O

Proposition 1.3.3 (Unitarity of 3jm-symbols). Consider the framework and the
notations established so far. Let A\, € Z. Then the following equalities hold:

A A A Ao op\ 1
Z (ll l2 l) (ll l2 m - ‘)\’ 5Ts5lm5>\u7 (162)
lLily T S
A1 )\2 5\ )\1 )\2 5\ * . i
Proof. The left-hand side of (1.62) indeed coincides with:
1 1 Y
Z(A)al<ﬂ)zm Z <7’>\CL|A1[1, )\2l2> <A1l17 A212|Slub>
A==
1 1 Al pl 1 IA| .
RO (N)at (1) o OrsOru0ap = oY > TNtV ionrs00, = |T|5lm5“%’
Pl a=1 b=1 a=1
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where we have used the definition of 3jm-symbols via (1.54), 3.) and 1.) of
Fact 1.1.2 and the unitarity of 2jm-symbols via (1.61).
The left-hand side of (1.63) indeed coincides with:

Al RY
1 «
N Z Z Z()‘)al(/\)bl (Aim, Agma|rAb) (rAalAily, Agly)
rA a,b=1 =1
1 1
:W Z (M, Agmy|rAa) (rAalAly, Aoly) = W6l1m16l2m27

ria

where we have used the definition of 3jm-symbols via (1.54), the unitarity of
2jm-symbols via (1.61), 3.) and 2.) of Fact 1.1.2. O

Recall the meaning of the real, quaternionic, self-dual, complex representation
terminology illustrated by Definition A.2.3.

Proposition 1.3.4. Let A € Z. Then:

(0) = By(\)  where By=1 X is either real or complex, (1.64)
By = —1 X is quaternionic;
3 =1 A is self-dual
(A) =m(r)  where I ” self-dual (1.65)
Y= cx/en A is complex;
1 A is real,
‘W) =0a(\)  where ¢y =mB={ —1 A is quaternionic,  (1.66)

cx/ex A is comple.
Furthermore, we have the following relations:

Br=0r= By =D, A== O = P =P - (1.67)

In particular, in the case X\ is self-dual we have that ¢\ = ¢5 coincides with the
Frobenius-Schur indicator of X.

Proof. CASE \ 2 \. Recall that ()\) was defined by (1.46) as d\'T where d, is a
chosen unitary scalar and 7" = ./\/leA B A(@ZJM) was the matrix associated with an

isometry of modules ¥, : V/\T) — Vj\(r). The matrix 7" had the property to make
Mg (M(g)) similar to its complex conjugate for any g in G, as expressed by (1.44).
Therefore, by Fact A.2.3 we get that *T = 1, T where ¢, is 1 when X is real and
—1 when A is quaternionic. By how it is defined, the same property holds for (1)),
i.e. "(A) = 1, (\). Furthermore, (A) = ()) as set by (1.49).

CASE X 2 X. By (1.51), we have that ()\) is a multiple of the unit matrix by a

factor ¢y of module 1, then () is symmetric and (\) = (¢5/cy)(A). O
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Throughout the thesis, the symbols (), v\, ¢\ will always denote the quantities
that they define in Proposition 1.3.4.

Definition 1.3.2. Let A be a finite-dimensional irreducible representation of G.
Consider the 2jm-symbols (\),;, associated with A. The coefficient:

(A} = &3 (1.68)

such that the equality (\),, = {A}(\)y, holds for any a,b is called the 2j-phase
associated with .

Remark 1.3.5. Let A\ be a finite-dimensional irreducible representation of G.
1. By Proposition 1.3.4 and Definition 1.3.2, we have:
== (1.69)
-
(A) ={r (N, (1.70)
1 A is real,

{A\}=4¢-1 A is quaternionic, (1.71)

cy/ex A s complex.

2. The notion and notation {\} of the 2j-phase we presented in Definition 1.3.2

is the one used in | , Equation (3.2.3)]. In other references we may find
different symbols and terminologies: in | , Equation (4.6)] the author
refers to ¢, as the 1j-symbol, whereas in | | the author does not as-

sign a name but when an irreducible finite-dimensional representation j is
considered then he denotes our ¢; by A;.

In the following proposition we want to recover the behaviour of the 2j-phase
outlined in | , Equation (3.2.1)] with respect to the braket notation:

Proposition 1.3.5. Let A € T and call n = |\|. Consider the basis B, =
(|AL), ..., |An)) of V)\(T) and B,5x = (]A\1),...,|\n)) of VX(T) accordingly to the pre-
scription given at the beginning of Section 1.3. For simplicity, we will drop the
multiplicity label v in what follows. For any a,b we then have that:

(Nap = VAL, Aa) (N = VIA(T]Ab, Aa) (1.72)

with the appropriate choice of a unit vector |1) (respectively, |1)) spanning the
submodule of V\ ® Vi (respectively, Vi @ Vy) isomorphic to the trivial module.
Furthermore, for any a,b we have:

(1]Ab, Aa) = {\} (1| Aa, Ab) . (1.73)
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Proof. To make the notation easier in this proof, we write B,, = (e,...,e,) (so
basically |Al) = e; where we omit the multiplicity label) and BTVA = (6y,...,0,).

CASE ) 2 \. Recall the fixed isometry of modules 1) = 1,,: V, N V(T Con-
sider the matrix 7' = Mgy 5 (¢,5) such that (A) = d\'T, con81der the basis

B.s = (Y(er),...,(e,)) of Vx(r) (namely |\l) = w(el) where we are omitting
the label r) and consider its dual basis D = B = (fi,..., f,) (through

the identification of V)\(T) and its bidual, D is the basis of V)\(T) such that
DY = B,;). Then:

Nas = dx ('T) , = daTha = dy (O]9 (e0)) (1.74)

by definition of 7" and the orthonormality of B)y. By Fact 1.1.1, we can make

the following choice:
A

Zel ® 0, (1.75)

and therefore derive (1.72):

Al
\/W(l\)\b,)\a>:\/_<\j‘/\—zez®9z e ® (e )>

Al Al

=d, Z (erley) (Bilv(en)) = dy Z O (Orlp(€q)) = dy (Op|tr(eq)) = (N)abs

=1
where we have used (1.74). Similarly, we have the analogous equality for \.

CASE X 2 ). In this case, we have (A)y, = 30, (N ap = €304 and B,s = B)y. By
Fact 1.1.1, we can make the following choice:

1A

C)
= — el®8l (176)
s

and therefore derive (1.72):

Al Al
VIAL([Ab, Aa) = \/_<\/—Z€l ® bylep ® 0, > = CAZ (erlen) (61]6a) =
Al

=Cx Z O (6110a) = cx (0p]04) = cxbap = (N)ap-
1=1
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Choosing:
Al

H=—23 60 (L.77)
=1

VIALE

we prove similarly the analogous equality for A, i.e. \/|A| (I|Ab, Aa) = (\) g

In the end, we can conclude (1.73):

(1|Ab, Aa 1|\a, Ab)

1 1 <
> = —(A)ab = —gb;()‘)ba = ¢:<
VAl VAl
where we have used (1.72) for A, Proposition 1.3.4 and (1.72) for . O

Recall now the notion of triad given by Definition 1.1.3 and let us present the
following concept:

Definition 1.3.3. A group is said to be quasi-ambivalent if, whenever three
irreducible representations p;, py, p3 form a triad, there is a choice of 2j-phases
such that the product of the three 2j-phases is the following:

{mHp2Hps}t = 1. (1.78)

Remark 1.3.6. 1. The concept of quasi-ambivalent group we chose to give in
Definition 1.3.3 is the one from | , Equation (3.2.20)]. Anyway, (1.78)
appears already in | , Equation (8.10)]: in this paper the author gives
also ideas and choices for the 2j-phases to show that any simple compact Lie
group is indeed quasi-ambivalent. This claim is supported in more details
in | , Section 4]. In | | and | | the author refers to a specific
finite-group of order 24 which is not quasi-ambivalent.

2. Another definition of quasi-ambivalent group is given in | |, but it is
not clear yet if it is correlated in some way with Definition 1.3.3. In this
paper, the authors prove that all simple compact Lie groups different from
Ey satisty their definition of quasi-ambivalence, which therefore could imply
Definition 1.3.3 but cannot be equivalent to it.

3. In the case three finite-dimensional irreducible representations p, py, p3 form
a triad, the quantity {p;}{p2}{ps} is denoted by u(p;psp3)” in | .

Next result shows what happens when we take the dual of the representations
in a 3ym-symbol:
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Lemma 1.3.1 (Derome-Sharp Lemma). Let Ay € Z. Then:

(lll l; lj) - Z A()\l/\2/\3)rs()\l)l1m1(/\Q)ZQmQ()\3)l3m3( 1 2 3)87

my Mg Mg

T 5,mMm1Mmomsg
(1.79)
where:
o * * x Al A A3 A A A
A<)‘1)‘2>‘3)rs — Q§I3<)‘l)a1b1 (/\2>a2b2()‘3)a3b3 (al Qs a3>T <bl b2 b3 S'
bybaby
(1.80)
If G s quasi-ambivalent, then we can make the following choice:
A<)‘l)‘2)‘3)rs = 57’5' (181>

Proof. The proof of (1.79) can be found in | .

The fact that A(A;AyA3),s can be chosen to be the Kronecker delta 4, for quasi-
ambivalent (compact Lie) groups is a theorem stated and proved in | |. The
link between A(A;Ay\3) and the notion of quasi-ambivalence consists in the fol-
lowing relation given in | , Equation (4.7)]:

A<5\15‘2/_\3>rs = {/\1}{)\2}{)\3}A()\1)\2)\3)sm (1'82>

where we recall that {A H{ {3} = &) &), 0%, In | , Equation (8.9)] we
find written:

A(j\lj\zj\?))rs = Cb)\l ¢,\2¢,\3A(>\1)\2)\3)sm

but this is only because it was already assumed previously that ¢, = £1 for any
finite-dimensional irreducible representation of G. n

Remark 1.3.7. If X is a finite-dimensional irreducible representation of G which
is not self-dual, in principle we can choose ¢, = c¢;(= 1) and therefore have ¢, =
1. However, in the case G is quasi-ambivalent it is useful to have {A; }{ A\ }{ A5}
equal to 1 whenever (A;Ay)3) is a triad, as Derome-Sharp Lemma clearly shows.
Therefore, in general and throughout the thesis we will always choose ¢, and c5 in
order to have {\} = £1.

For the reasons above, for an arbitrary finite-dimensional irreducible representation
A of G, we will have that:

{A\} = +1, (1.83)
which implies by (1.69) that:

2} ={\}. (1.84)
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Let us look now into the symmetry properties of 37m-symbols. Before to start
with the main result, recall that since GG is a compact Lie group, up to sign there
is exactly one left-invariant volume form dyu such that [ o A =1, determining a
well-defined normalized integral of functions: the invariant (Haar-) integral. We
will write the invariant integral using the notation fg e f(g) dp.

b, we have that:

R

Proposition 1.3.6. If \; € Z, then for any a,

/geG [MB“(M(Q))] arb; [MBAQ()W(Q))} [MBAS ()\3(9))} du

asby asbs

(M A A\ (A A A

B (al Qg a3)T (bl by b T' (1'85)
Proof. See | , Equation (2.5)] and | , Equation (5.12)]. O

Denote the permutation group of three objects by S;. A direct consequence of
Proposition 1.3.6 is given by the following corollary:

1.3.1. Let \ys € Z and a; € {1,...,|\]|} fori=1,2,3. Then:

Sl -zl l-sle )

It follows that there exists a unitary matriz M (m, A\ A3A3) (depending on the rep-
resentations Ay, Ay, A3 and on the permutation 7™ only) such that:

()‘w(l) )‘Tr(2) >‘7r3) ZM T A A9 As) s ()\1 A >\3> ’ (1.87)

Ar(1) Qr2) Ar(3) ap Gz as/,

2

-3

T

2 2

(1.86)

where m 1s an element of Ss. By the unitarity of 3jm-symbols, we get:

- (0 X ) (M)

Ar(1) Qr2) Gr(3) a; Gg as
In particular, we have that:
M(ﬂ', )\U(l))\U(Q))\U(3)) . M(O', )\1)\2)\3) = M(O' o, )\1>\2)\3) (189)
for any m, 0 in Ss.

Proof. See | , Equations (2.6), (2.7) and (2.8)], | |, | , Equations
(6.1) and (6.2)]. O
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Definition 1.3.4. Let A\; € Z. The unitary matrices M (m, \;\s\3) with 7 € S,
described in Corollary 1.3.1 by the equation:

(Mm An(2) Aw(B)) :ZM(W,AlAgAg)m(Al » A3) (1.90)
Ar(1) Qn2) An(3)/, S @ G2 A3/,

are called permutation matrices.

Proposition 1.3.7. Let \; € Z. Consider 3jm-symbols as defined via (1.56),
where a unitary matriz H(AXAA3) is introduced.

1. If Ay 22 Ay & A3 Z A\ then we can make some choices on H(AAyA3) to obtain
either

M(m, A\ A A3)ps = 0,5 VT € Sy (1.91)
or
M (i, M AoAs)rs = {IM A AT }0,s  and  M(c, \jAgA3),s = 0, (1.92)
for any interchange i and cycle ¢ of Sy, where { A\ AgAs7} = £1.
2. If \{ =2 Ay & A3, then we can make some choices on H(A\AyA3) to obtain:
M (i, M As) = { M A A3}, and  M(c, A\jAgA3) = 0, (1.93)

for any interchange i and cycle ¢ of Sy, where {\ A A\3r} = £1. More
precisely, {\MAsr} = 1 when A3 occurs in the symmetric tensor product of
A ®@ Xy and { AN} = —1 when A3 occurs in the anti-symmetric tensor
product of A\j ® Ag.

3. If A = Ny 2 N3, then we can make some choices on H(M A A3) to get
M (m, A\ A9)3) to be a real (orthogonal) matrix for any w in Ss and to obtain

M((]_Q), )‘1)‘2)‘3)7“5 = {)‘1/\2)‘3r}5rsv (194)
where { A\ AgAgr} = 1.
4. In all the cases above, it is possible to have M (7, \{AgAs) = M (T, \{AA3).

Proof. See | | and | , Section 6]. In the latter, the author gives explicit
values for M (m, A\;AyA3) for any 7 in S3 in the case A} = Ay = As. O

If (A A9A3) is a triad, then the notation and the choices outlined in Proposi-
tion 1.3.7 regarding the matrices M (m, A\; Ay A3) will always be assumed throughout
the entire thesis. In particular, {\; Ay A37} will denote M ((12), \; Ay A3),, in the case
A1l = Ay = A3 and denote M (i, A\{ Ay A3),,. for any involution 7 of S5 in all the other
cases.

Accordingly to | |, we give the following definition:
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Definition 1.3.5. Let (A A\y\3) be a triad and m € Ss. If M (7, A\; Ay A3) is diagonal,
then its diagonal entries are called 37-phases.

Remark 1.3.8. Notice that 2j-phases are a particular type of 3j-phases. Indeed,
by (1.57) and Definition 1.3.2 we find:

(2 é 2)0:%:{”@');:{” <2 ! 2)0 (1.95)

By (1.54) and (1.73), we find also that:

(2 ) 3)0 — (1ha, M) = (A} (136, Aa) = (A} (2 A é)o (1.96)
From the results above, together with the choices made in Remark 1.3.7, we have:
M(i, A1) ={\} and M(c,A\\1) =1 (1.97)
for any interchange ¢ and any cycle ¢ of S;. In particular, we can write:
{A} = {\\10}. (1.98)
The same thing holds for any permutation of A, A, 1.

Remark 1.3.9. Let (A;A3Ar) be a triad. By Proposition 1.3.7, we have that:

AMoA A A A A
(ll Ly Z)T_{Al)\z)\gr}(ll Ly l)r

for arbitrary [y, ly,l. Then, by (1.59) we get:
(PAXoly, Arly) = {A X Agr} (PALA L, Aol (1.99)

Definition 1.3.6. Let A be a finite-dimensional irreducible representation of G.
We say that A is simple-phase either when (A\)) is not a triad or when (AA)) is a
triad and it is still possible to make some choices on the matrix H(AA\) introduced
in (1.56) in order for the permutation matrices to behave as follows:

M5, A0\ )s = {AMPYS,, and  M(c, AM),, = 6, (1.100)

for any interchange ¢ and cycle ¢ of S;3. The group G is called simple-phase
when all its finite-dimensional irreducible representations are simple-phase. A triad
(apr) of G is called simple-phase whenever either «, 5, v are all non-equivalent
or exactly two of them are equivalent or o = § = v with « being simple-phase.
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Throughout the thesis, whenever \ is a simple-phase representation such that
(AA) is a valid triad, the choices expressed by (1.100) will always be assumed.

Remark 1.3.10. 1. The terms simple-phase representation and simple-phase
group are defined in | I, | , Section 7|, | |. The term simple-
phase triad is something we have introduced directly in this thesis to make
certain statements easier to present.

2. Let A be a finite-dimensional irreducible representation of G such that (AAr)
is a valid triad. Assume A to be simple-phase. Then {AAr} = +1 since
M (7, AAN) is a diagonal, unitary, real matrix for any = € Sj.

3. Let X be a finite-dimensional irreducible representation of G. Let A ® {21}
denote the mixed symmetry product of A in A® A ® A. Define the following:

oy 1= / (@ = (e du (1.101)

where Y, is the character associated with A\ (see Definition A.2.5). Then, by
| , Equation (11)] and | | we have that:

e ) is simple-phase & ky =0 < 1 € A® {21},
e )\ is not simple-phase < Ky #0 < 1 ¢ A® {21}.

4. All point groups are simple-phase (see | D-

5. The groups SU(2) and SU(3) are simple-phase (see | | and | | re-
spectively). All simple compact Lie groups apart from SU(2) and SU(3)
are not simple-phase. In particular, SU(N) for N > 4, SO(N) for N > 5,
Sp(N) for N > 4 are not simple-phase (see | , Section 5] and | D).

6. The permutation groups S, for n > 6 are not simple-phase (see | ]-

1.4 Definition of 6j7-symbols

Next goal is to define the 6j-symbols as specific linear combinations of re-
coupling coefficients. Such linear combinations are chosen based on the desire to
express a 6j-symbol via 2jm and 3jm-symbols (recall Definition 1.3.1), since these
present more clear symmetry properties summarized by Propositions 1.3.2, 1.3.3
and 1.3.7. Whenever an orthonormal basis of an irreducible module will be cho-
sen, it will be implicitly assumed to follow the prescription given at the beginning
of Section 1.3. All 2j-phases will be equal to +1 accordingly to Remark 1.3.7.

43



Furthermore, we assume G to be quasi-ambivalent (see Definition 1.3.3).

Throughout this section, we will consider three fixed finite-dimensional irre-
ducible representations A, Ay, A3 of G. Let B; = (|\;;) : ; = 1,...,|\]|) be an
orthonormal basis of V) for i =1,2,3. Recall again (1.12), (1.14), (1.25) express-
ing a chosen decomposition of Vy ® V), ® V)  into irreducible modules obtained
via coupling A;, Ay, A3 differently. We will use the same notations introduced in
these equations.

The first result we want to illustrate here is highlighted in | , Equations (9.6)
and (9.16)]. We give a proof for completeness and for a better understanding of
the objects and properties outlined in the previous subsections.

Proposition 1.4.1. Fix an irreducible representation A5 € A\ @ Ay with multi-
plicity label t5 and an orthonormal basis (|tioMialia: lis = 1,..., | 12])) of V/\(ltf).

Fiz an irreducible representation A € A\; ® Ay @ Ay with multiplicity labels t and s'.
Then:

DA S~ 03y 380, M((132), Aghash)

VARSPIRVAR®™ $12593

X HA A 2)srm, H (A2 AsN) e H (A A3 A3) 5y, H (A1 AasA) 0

’
T19TTo3"

123523

<((/\ A2)T12A12, Ag) 7a)\| >\2>\3)723>\23)T )\>

B T ok * * M )\12 Ag Az A A
- Z Z (/\3>b:sl3<)‘12>112b12()\2>l2b2 (l1 bia Iy t1o Iy b t

l12
lilals b3bioby

12923
Az Ao )\2) (Al Ao3 A>*
X . (1.102

s

Proof. Consider the following:
Z (rigAialia|Arlys Aala) (rAl[Aralia, Asls)

l1l5l3
lialasl

X (T93Ma3l93|Aala, /\3l3>* <7‘/)‘l|>\1117 )\23523>*

=AVIMe Vsl Y KA iz),60, K (Aadsh)

81285238

X K (A AgAag) im0 K (M Ags N
) ) A A A A2 Az A
X Z Z ()\12)1121312()\23)123b23 ()\)lb()\)lc (111 122 61122) 512 ( N l; b)s

l
lyloly biobbose 12
112123

44



X <}X2 *X3 X23:>* <}X1 ‘X23 ;i)*
lQ l3 b23 - ll l23 C o
= A VIVl D KA iz)e, K (AadsA)y
31255235

X K()‘2)\3>‘23)r23323 (>‘1)‘23>‘):’S’

* * ;X }\ ,X ;\ 'Xr ji
% Z Z ()\12)112512()‘23)1231723()‘)%()\)1@( bR 12) ( 1273 )
512 s

Iy, Iy b [ I3 b
L biabhase 1 ta D12 12 3
l12123l

X Z ()\2)l2b2()\3)l3b3(>\23)b23823 (622 3 23) ( 1 23 C)
523

bt by Co3 Iy o
3C2302
= W V |)\12 V ’)\23 {)\3}*{)\23}*

X Z K (A Ao 7'12812K()\IQ)\3)\)TSK<)\2)\3>\23)

81258238

XYY T Aty M2 A2ty (V)N Na) s s (A23) i
ll5l5 bygbbysc
L1203l bgcazby

% (/\1 A 5\12) ()\12 Az 5\) (/_\2 Az )\23) ()\1 Aa3 5\) '
Lo ly bio 51 lig I3 0 R by by o3 . L by ¢
= [Al V[ A2V [ A2 [{As H{ Aas }

X Z K (A Ao 7'12812K<>\12)\3>\)'I’SK()\2)\3>\23)

K()\l)\23)\>:l8/

723523

7‘23823[(()\1)\23)\):/8/
51253235
A A A Az Az A
X Z Z )\3 bsls )‘12 512b12<)‘2)l2b2 (ll l; b1122> <l1122 l; b>
l1l5l3 byob o ’

112123 b3b2

5 (/\2 5\3 >\23) ()\1 o3 )\) '
b2 b3 l23 523 ll l23 b S/
= |)" V |)\12| V |/\23|{>\2}

X Z K (A A A 12)r 0, K (M2 A30) 1 K (A2 A3 A03)

T23523K()\1>\23)\>:/s'
5125233/
XD AAARAIM((23), M Ai2A2) ey, M ((132), AsAasAa) i,
tyattag
T \x * * M A Ay A3 A A
Xz; ;()‘3)b3l3()‘12)l12b12<)‘2)l2b2(ll by o . ly 15 b t
1t2t3 Y12

112123 b3b2
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‘A3 ‘A23 ‘X2:> (}Xl ‘A23 ‘X:>*
. (1.103
(b3 l23 b2 tos ll 123 b o ( )

In the above, we have done the following: we have applied (1.60) to every coupling
coefficient and Derome-Sharp Lemma to the third 3jm-symbol in the sum; we
have inserted some 2j-phases accordingly to Definition 1.3.2; we have utilized the
unitarity of 2jm-symbols via (1.61); we have inserted the permutation matrices
accordingly to (1.90), noticing that M((12), AsA12\)s = {A3M12At}d,, by Propo-
sition 1.3.7; we have used the fact that 2j-phases are chosen to be £1 (see Re-
mark 1.3.7) and that {3} oz} = {3 A3 H{A}? = {\,} by quasi-ambivalence.
By (1.24), the left-hand side of (1.103) coincides with:

|)\‘ < A )\2 7‘12)\12 Ag T)\‘ )\2)\3)T23)\23>r )\>

We therefore get the conclusion by definition of H (being the inverse matrix of
K), by the orthogonality of the permutation matrices (see Proposition 1.3.7) and
by the relation {\} ™' = {\,}. O

Remark 1.4.1. Dealing with simple-phase triads only (see Definition 1.3.6), under
the hypothesis of Proposition 1.4.1 we find:

{)\1)\25\127“12}{)\12)\35\7“}{)\2}

V |>\12|\/ | Ags|
o N * * )\1 /_\12 )\2 )\3 )\12 5\
- Z Z </\3)b313<>‘12)l12b12()‘2)lzb2 <l1 by 1y . Iy b )

l
12
l1lals b3b12by

12l23
‘X3 ‘A23 ‘XQ:) (}Xl ‘X23 ‘X:>*
X . (1.104
<b3 by b) \i by v), 110V

Definition 1.4.1. Fix irreducible representations Aj5 € A\; ® Ay and g € Ay ® Ag
with multiplicity labels ¢, and t,3 respectively. Fix an irreducible representation
A € X\ ® Ay ® Ay with multiplicity labels ¢t and s’. The quantity:

A H{As Ao}
VARSTIRVAR ™ S12523

X Z H<)‘1>‘2)‘12)5127’12H(A12)‘3>\)trH<)‘2)\3)‘23)

/
71277237

<(()\1>\2)7“12)\12 T)\| 1(AaA3)T93A03)T )\>

M((23), MA1aA)1, 60, M ((132), AgAa3Ao)

123523

H()\l)\zg)\):/r/

523723

X (A2 2hz AT A (A (Ads)rasdas)r’ A)  (1.105)

is denoted by the following symbol, which is called a 6j7-symbol:

2 . 1.106
{/\3 A2 A tyotogts’ ( )
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1.4.1. With the assumptions of Proposition 1./.1, using a more general
notation we have:

AL Ay )\3} B . § .
{,ul Mo Us — Z Z Z (lul)m1n1<lu2)m2n2(/'bd)m3ns

lilyls mymamsz nynang

y At Hy o i p Ay i3 fu o A3 At A A3 *' (1.107)
i ny mg o\ lr ng ry \T01 1702 3 rs Lol 13 ry

The right-hand side of (1.107) consists of a sum of products of three 2jm-symbols

and four 3jm-symbols. Each of these four 3jm-symbols corresponds to one and

only one of the four triads involving the six representations defining a 6j-symbol.
More explicitly, if we consider a 6j-symbol:

{)\1 A2 /\3}
M1 Mo M3 r1r2r3r47

then the four involved triads are:

* N /\* N * / N 5

(Aqfigpisry) (t1 Aafizrs) ([l p2A373) (A A2Ag7y)

where * stands for conjugate representation.

If some of the six irreducible representations in a 6j-symbol is trivial, then we
know automatically the value of such symbol. Here an example:

Fact 1.4.1. The following relation holds:

{M Ay )\3} {)\1 Ay /\3} :{)\3}{)\1/\2>\37’3}(5
T1TaT3Ty 00rgry

Hi o Ha Ay A1 VMV

A . .
3 involves four triads, let us analyze two
T1T27T3Ty

(1.108)

K1 Ha
of them. Being (A\;fi51r;) a triad forces i, to be equivalent to A, and r; to be 0 by

Fact A.2.2. Similarly, being (1, \y175) a triad forces j; to be equivalent to A, and

ro to be 0 for the same reason. Then we have that {%\1 A2 )\3} is equal to:
)\2 >\1 1 0073y

Z Z )\ )* )\1 5\1 1 5\2 AQ 1
2)myny (M), Long 0),\mi 1y 0,

l1lsl3 mymgonyng

Proof. The 6j-symbol {)\ Az

47



()\2 A )\3> ()\1 Ao )\3) -
X
ny my ry I, Uy I3 .
Z Z * <>\1 ]. )\1) ()\2 ]. )\2)
Lilols mymgna g i M \ny 0 L)\l 0 my),
Al A A Mo )
x {\ AQASrg}( L 13> (zl ) 13)
! 3 T3 1 2 3 T4

A A
f/’)‘_}lf/‘)\% Z Z 51"2 m2n2 (>‘2>lzm1()‘2)n1m1

lilaly mymaongng

A A A Ao M)
*th A2A3’"3}<1 v G )

:{/\1}{/\2}{/\1>\2>\3T3}ZZ<)\1 Ay /\3> (/\1 Ao )\3)*
VMV Al o ”2 ly 3 v Lol r

{A HAsHA A A3} 7"31"4 {Al}{AQ}{AlAQ)‘?,TB}

ARSIVARH Ml VIV

In the above we have done the following: we have applied (1.24) and Proposi-
tion 1.3.7, we have then used (1.57), (1.69), the unitarity of 2jm-symbols via (1.61)
and of 3jm-symbols via (1.62). Finally, by quasi-ambivalence we get {\; }{ Ay} =
{A3}, since 2j-phases are all assumed to be +1, as explained by Remark 1.3.7. [

Definition 1.4.2. A 6j-symbol is called trivial whenever one of the six irreducible
representations defining it is the trivial one.

1.5 Symmetries of 67-symbols

6j-symbols satisfy interesting properties. In this section, we present the ones
that go under the name of symmetries of 6j-symbols, which can be found in | ],
| |, | | in full generality and in | | in the case of simple-phase groups.

1.5.1 First symmetry: permutation of columns
Let us see what happens to a 6j-symbol when we play with its columns.

Proposition 1.5.1. 6j-symbols behave as follows under a cyclic permutation ¢ of
the columns:

A A A } _ _
o) “e(@) 7el3) = M{(c, M fiapis)p, s, M(c, 11 A fis) s
{’LLC(I) /'LC(2) IU“C(3) c(l)Tc(Q)Tc(J)T4 Z o o

51525354
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_ Al Ay A
X M(C, :U’1:u2)‘3)7"353M(C7 )‘1/\2>‘3)r4s4 {ﬂi qu Mz} : (1109>
518958354

Proof. The 6j-symbol {)\2 A3 )\1} is equal to:
Fo M3 Bi) o prir,

=D DD D I (775 KU (79 N (725w

l1l5l3 mymomg nyngng

y (/\2 M Ml) (Mz Az ﬁl) <ﬂ2 M )\1> (/\2 Az /\1)*
ly ng my ry \1102 I3 ry \T02 1703 L r L I3 0 ry
=) M((123), 11y Aofiz),, M ((123), iy f12A5) g5, M((123), Ay fipt)r s,

515953

X M((123))\1)\2)\3)7‘454 Z Z Z (M1);1n1(/ﬁ2);2n2(ﬂ3):n3n3

l1l5l3 mymomg nyngng

y (Ml Ay ﬂ3) <ﬂ1 Ho /\3) <)\1 Ho 43 ) <)\1 A )\3> "
my ly ng sy \Th1 172 3 53 i ng my s Lol 1 sy
- Z M((123)7 AlﬂQMS)rlslM((123)7 M1>‘2ﬁ3)r252M((123)7 Iallu2)‘3)r353

51525354

Al A A
X M((123)MA2As)r,s, {ui uz Mi} '
515825354

In the above, we have used (1.107), definition and properties of the permutation
matrices (see Proposition 1.3.7). The other cases are proved similarly. O

Proposition 1.5.2. 6j-symbols behave as follows under an interchange i of the
columns:

{Ai(l) Ai2)  Ai3)

= {1 Hua H s} M (i, Ay figfi3), s
iy Hi2) ui(3)}ri(l)ri(2)ri<3)r4 Z o

51898354
: _ - , Al Ay A
XM(Za /L1>\2/L3)T232M(27 /LIM2A3)T333M(27 >\1)‘2)\3)r4s4 {l’& ﬂz 'ui} : (1110>
51528354

Proof. The 6j-symbol {/\2 M /\3} is equal to:
o2 Hr H3) ., e,

ST ST s (1) (3 )iy

l1lyly mymomg ningng

X()\2 1 M3) <M2 A /13> (ﬂ2 Hq )\3) ()\2 A )\3)*
i ny my ry \TH ly ns rp N\ T2 l3 rs Lol s ry
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={p Y {2} {us}” Z ((12), Agfigfag)rys, M((12), pio A fis )y s,

52515354

X M((12) M2M1A3)r353 ((12 )‘2)‘ /\3 T454 Z Z nlml :L2m2(/13)23m3

lilsl3 “%1m2m3
1M2n3

y A1 plg o g fi o Ay ps p1 o flg o As A As)
ll Ty m3 mq l2 n3 ny Moy l3 55 ll l2 l3 sy
={p HpaHus} Z ((12) >‘2M1M3)r232M((12)7 foA1fi3) s,

52515354

_ A1 A A
51595354

In the computations above, we have used (1.107), definition and properties of
the permutation matrices (see Proposition 1.3.7), 2j-phases being +1 (see Re-
mark 1.3.7). The other cases are proved similarly. O

Remark 1.5.1. In the case we interchange the first and the second column, by
Proposition 1.3.7 we can write (1.110) as follows:

{)\2 A Ag

} ={ 2 - Hps Hpa M iars H Aol 1370 }
oo B H3) 0 rar,

Al Ay A
X {fapn Asrs H{ Ao A )\37"4}{ b —3} - (1111)
o M2 B3) o v,

In the case we work with simple-phase triads only (see Definition 1.3.6), the results
above simplify into the following:

1.5.1. Assume to deal with simple-phase triads only. Then the follow-
ing relations hold:

{Al )\2 )\3} — {)\2 >\3 A1} — {A:’) )\1 )\2} . (1112)
Hi P2 H3) Hoo B3 ), M3 H1 Mo T3T1T2T4’

Ao A1 A T [i
{ s 1 3} = {pad{p Hpa Hp M iar H Aot pars }
Mo M1 M3 ToTT3Ty

Al A A
X {fap Az H{ A2 A >\3T4}{ b2 —3} - (1.113)
My o i3 Py rarary

Proof. The claim follows simply by using the simple-phase hypothesis when ap-
plying Proposition 1.3.7 to Proposition 1.5.1 and 1.5.2. O
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1.5.2 Second symmetry: exchange of rows in two neighbour-
ing columns

The next symmetry regards the exchange of rows in two neighbouring columns,
where neighbouring columns means first and second, second and third, first and
third columns.

Proposition 1.5.3. The following relations hold:

{)\1 A )\3} :{)\1 Ho Ms} :{Ml Ay M3}
M1 M2 M3 TiToT3Ty G} )\2 >\3 T4T3ToT )\1 iz /\3 T3Tyr1T2

:{/vbl fo 5\3}
A1 Ay i3 roTyTaTS

(1.114)

Proof. The 6j-symbol {{\1 % Hs} is equal to:
f )\2 )\3 T4T3T2T1

Z Z Z ml”l )\2 maony ()\3)"13”3

l1l5l3 mymomg ninong

x(j\l Ao /_\3) (ﬁl 2 /\3) <M1 A ﬂs) (/_\1 2 ﬁ:a)*
li ny my r, \11 ly ns ry \T01 1702 l3 ry Lol s r

SO O ) ) Y Y i, (2242

a a
lilgly M1Mans 2
mi{moms 14203

P Ao s [ o Az MoA A
X (nl Mo l3>7‘2 (ml l2 n3>T3 (A) <>‘2)m2n2()‘3)n3m3 (ll Ny Mg .

Y OVK(Y VK= Y*[— 1* * * * A z
:{)\1} {)\3} {:ul} {:u3} § § : (,ul)nlml (ﬂ2)12a2(/’b3)a313 (ai Zz Z;)
lply ™17 "
m1m2 ajaszag

X(Nl A ﬂs) (ﬂl Ho )\3> (/\1 A /\3)
ny my 3 ry \171 ly ns rg \G1 T2 N3/

OO {0 A}

M1 Mg 3

Here, we have applied (1.107) at the beginning and at the end, we have used defi-
nition and properties of 2j-phase (see Definition 1.3.2 and (1.69)), we have applied
Derome-Sharp Lemma twice. Quasi-ambivalence implies {\ }{\3}{u H{us} =
I HAH Y {1 Hus ) = 1. The other relations are proved similarly. O
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Definition 1.5.1. These first two types of symmetries, i.e. permutation of columns
and exchange of rows in two neighbouring columns, are known as tetrahedral
symmetries.

With the use of the tetrahedral symmetries, we can easily compute all possible
trivial 67-symbols in the case of simple-phase triads:

1.5.2. Assume to deal with simple-phase triads only. Then the follow-
ing relations hold:

{)\1 Ao } { Ay } _ {)\3}{)\ >\2)\37"3}5 . (1.115)
Hi - 2 T{ToT3Ty >\1 00737y V |)‘ V |)‘2 o
AL A9 } { 1 A9 } {)‘2}{)‘ AaAgTa}
= 57, P (1116)
{'ul 1 T1ToT3Ty A1 0rg0ry ’)\1’ \% |)\3| o
AL Ao } {)\1 A } {)‘ HA A A }
— - 57‘ T 7 (1117)
{ 1 2 T1ToT3Ty 1 /\3 71007y ’)\2’ V ‘)\3‘ o
{/\1 Ay 1 } B {)\1 A1 } {/ﬁg}{ﬂl)\lﬂs”h} ) (1.118)
= 179 .
P fo B3 ), i Br H3) 5000 ’)\1’\/ |
{/\1 1 /\3} B {)\1 1 )\1} _ AmoHmpohirs} o (1.119)
= T3 .
P fo B3 ), Hi B2 1) org0 ’)\1’\/ Iz

{ 1 X\ } _ { 1 X\ } {Nl}{”l)\2ﬂ3r2}5 (1 120)
Ho M2 B3) v, Hi M2 B2}, .0 1/|)\2|,/|'u2—| Tor3

Proof. The statement follows simply by applying the suitable tetrahedron symme-
tries to the result of Fact 1.4.1. O

1.5.3 Third symmetry: complex conjugation

In this subsection we want to understand what happens when we take the
complex conjugate of a 6j-symbol.

Proposition 1.5.4. The following relation holds:

PR Pa Ro p3), o

Proof. By (1.107), the 6j-symbol {)\1 Az )\3} is equal to:
Hi B2 H3) o,

Z Z Z (Ml)mlnl(ﬂ2)m2n2 (NS)mSnS

l1lalz mymomg nyngng
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y ()\1 Ho N3>* (/h Ay ﬂ3)* <ﬂ1 M2 >\3)* ()\1 Ay )\3)**
Ly ny mg r, N0 ly ng ry N1 1102 3 s Lo Y

:Z Z Z Z Z Ml)mlnl(u2)m2n2(ﬂ3>m3n3

l1l5l3 mymomg nqngong 13203 €1C2C3
bybabs i1iai3

* — % * A [ * * TN K 5\
><(Al)llal(ug)@%(wmgbg(1 2 ’gfj) (11 my by (A2) 10y () ey (/;11 2 ug)
ry 2

a; Co g C3

_ s . . iy A A A
e (2, O (ﬁf 2 8) OO0 (3 )
r3 T4

as 1 1 13

Z Z Z (fis)] Ao i fin Ao i3
blcl b202 M3 bscs a; C bS bl as C3
ajagas bybybs crcacs T1 T2
y (Ml fo )\3> (>\1 Ag )\3)*
by ay rg \d1 Q2 A3/
A /,\2 )\3} again by (1.107). In the above, we have
Hy o flg o i3 TTaTy
applied Derome-Sharp Lemma on each 37m-symbol in the sum and we have used
the unitarity of 2jm-symbols (see (1.61)). O

which coincides with {

1.5.4 Fourth symmetry: unitarity

The previous symmetries regard properties of a single 6j-symbol. Here we want
to study particular expressions that involve more 6j-symbols at once.

Proposition 1.5.5 (Unitarity of 65-symbols). The following relation holds:

)\1 )\2 )\3 )\1 )\/2 )\3 ' _ (5)‘2)‘,25T2Té67"47'4/1 1.122
E |2 = =222 (1.122)
Hi B2 13) o per, (P10 2 H3 ) 0 Az

HoT1T3

Proof. For better comprehension, we will assume to work with simple-phase triads
only. The proof in the general case goes similarly.

Let us fix two irreducible representations Ays, Ag3 € Ay ® A3 with multiplicity labels
T9s, Sog Tespectively. Fix an irreducible representation A € \; ® \y ® A3 with
multiplicity labels 7', s". Recall the following definition of 6j-symbol:

{/\1 o3 /_\} :{)\23}{/\3}{/\1>\25\127”12}{>\12)\35\7"}
7‘127"23’[‘7'

A Az Mg \/|>\12’\/‘)\23

<(()‘ Ag)T12A12, Az) 7“/\| 1(AaAg)ra3Ao3)T )\>

23



Then we have:

Z |)\ |{)l1 )‘23 5‘} {%1
12 AS A12 AZ ’]"12’(‘23’]""", AS

N3 X}*
T19A 127 )\12 /\2 T128057s
_ {)\23}{)\3}{)\1/\25\127“12}{)\12/\35\7"}
= > e
VARSTIRVARERY
{)\/23}{)\3}{)\1>\25\127“12}{)\12>\35\7’}
X

VARSHRVARYS

<(()\1)\2)7’12)\127 )\3)7">\| ()\1(/\2/\3)r23/\23)7’/)\>

r12A12723

<(/\1()\2)\3)523/\/23)3/)‘|((/\1/\2)7"12/\127 )\3)7‘)\>

M) 3
V |/\23 \/ /\23 T12A2T23

{1 (AaAs)s2sM3)8 AL (M A) 112 Az, Ag)T A

<((/\ A2)T12 12, A3) T)\| Ag)T2303)T /\>
{)\23}{/\/23} 1
- ’ 5T23523 )\23>\/235Tl5/ - |/\ ‘5r23823 >‘23>\/235T'S/’
V[ Aas| |/\23‘ 2
where we have used that 2j and 3j-phases are +1 and we have applied 3.) and 2.)
of Proposition 1.2.1. O

1.5.3. The following relations hold:

> A { A A3} {A} Ao A3}* - —5“1“'15@"’257"3"3; (1.123)
A1r1my Hi K2 Hs T1TaT3Ty Hu Hz2 M3 PLTaTET, ’le
* 6 /(5 /(5 /
Z | As] {/\1 A2 )\3} { /\,2 )\3} — Mol N T (]194)
AaTaTy Hr B2 fs T1T2T3Ty Pa M3 7"/17‘27’§r4 ’/@’
* 6 /(5 /(5 /
S {/\ Ay Ag} {Al Ay )\?} _ Qw10
A3T3Ty K 2 Hs T1T273Ty Fu M2 M3 T/17“/2'r3r4 |N3’
Z |,u1 {/\ )\2 )\3} {)\ )\2 )‘3}* o 5)\1>\I16T17“,157’47“4,1. (1126)
H17T2T3 frfz s 172737y Pu M2 M3 r/lrgrg,rﬁl ’)‘1’
>\ )\2 )\3 )\1 /\/2 )\3 " _ 5)\2)\/2 (57"27“; 57"47“21 .
> el ok Tty Tarh (1 197)
M1 o 3 M1 o M3 ro | Azl
H2T1T3 1727374 T1ToTr3Ty
)\1 )\2 )\1 )\2 )\é ' _ 5)\3>\:°,57‘37“,35T47”:1 1.128
D lus = M (1.128)
H3T1T2 H2 Mg T17T27374 K1 Hz o H3 rlrzrérﬁl |)‘3|

Proof. The proof is given simply by applying the tetrahedron symmetries to the re-

sult of Proposition 1.5.5

matrices (see Proposition 1.3.7).
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1.5.5 Fifth symmetry: generalized Racah-backcoupling rule

There are three ways of coupling A;, Ay, A3 when we tensor them together. As
we discussed in Section 1.2, such process provides us in general with three different
orthonormal bases of V), @V, ®V, . Of course, one way to go from the first basis to
the second basis is going from the first to the third one and then from the third to
the second one. This will give us a simple relation between recoupling coefficients
that is presented in | , Equation (3.3.24)| and proved in the following fact:

Fact 1.5.1. The following relation holds:

Z <(()\1)\2)”‘12)\127/\3)T)\|(/\2()\1)\3)7'13)\13)3)\> <(/\2(/\ )\3)’13/\13 3)\| )\2/\3)123)\23)7“ )\>

A137T138

= ((MA)rishizs AT A (Ao dg)raghag) T’ A) . (1.129)
Proof. Let us plug (1.27) into (1.30):

|\ (o )7”23)\23)7"/>\Z> =

= Z <()\2()\ A3)T13A13) SM A3)T23A03)T )‘> |()\2(/\1)\3)7’13/\13)3)‘l>

r13A138

= Z Z <(()\ Ao)r12A12, A3 7")\| (Aa(A )\5)7"13)\15)5/\> <()\z()\ A3)r13Ai3) 3/\| 1(AaA3)T93A03)T >\>

TT12 7’13A13S
A2

X ‘(()\1>\2)7“12)\127/\3)7’)\l> .

Compare what we have obtained with (1.16), which was:

‘(Al()‘Q)‘S)r%)‘QS)T,)\l) = Z <((/\ A2)T12A12, Ag) 7")\’ 1(A2A3)ra3A03)T )\> ’((/\1>\2)7”12/\12~,/\3)7a)\l> .

riaAiar
By linear independence, we get the claim. O]
Before to prove the main result, consider the following lemma:

Lemma 1.5.1. The following relations hold:

<(()\1)\2)7’12)\12~,)\3)7")‘|()\1 )Tzs)\za)T,A>

== {)\ )\2)\127“12} < A2 A2, A3) 7")\’ 1(AaA3)T93093)T /\> (1130)
<((/\ )\2)7’12/\12,/\3 T)\| )\2)\3)725)\25)T /\>

= {)\QA3>\237023} < A /\2 7‘12)\12 T)\’ /\g)\z 7’23/\23)7” )\> (1131)

25



Proof. Using (1.24) and (1.99), we get:

|>\‘ < A )\2 7”12)\12 T)\| )\2)\’3 TZK)\QQ)T >\>

= Z <7’12)\12112|)\1117>\2l2> <7’)‘l|)\12l127)\3l3>

lLiols
l12l23l

X (rasAaslas| Aala, Asls) ™ (' ANy, Agslas)”
= Z {A A A0} (ripAialia [ Aala, Aly) (PAL[Aralin, Asls)

lylol3

l12l23l
X <7"23>\23523’)‘2l2, Agls)™ (r' MMy Ly, Agslas)”
|)\| {A AQ)\]_ZTIQ} < 7‘12>\12,/\3 TA| )725)\23)7" )\>
The second expression is proved analogously. O]

We are now ready to prove the fifth symmetry of 6;j-symbols:

1.5.4 (Generalized Racah-backcoupling rule). The following relation

holds:
Al Ay A = il
{ L A2 3} = {3 H{A fiapusr Hpm Aafisrs }
lLLl Iu’2 #3 T1T9T3T4

< ps vooA3 AL A )‘3}
y 5 o - . (1.132
Z ‘ ‘ { 1K1 } {Ml [y A }r rrys {,UJ3 v TToSTy ( )

vrs

Proof. For simplicity, we will assume to work with simple-phase triads only, i.e.
permutation matrices are diagonal and their values on the diagonal, namely the
3j-phases, are £1. The proof in the general case goes similarly.

By Lemma 1.5.1, the left-hand side of (1.129) is:

Z <((>\1)\2)7“12>\127/\3)T>\|()\2()\1)\3)7"13)\13)5)\> <(/\2()\ A3)T13M13) 5>\‘ 1(AaAg)rasAog)T )\>

A137138

= Z Mo HAwAisAs H A As Aasras }

A13T138

X <((/\2/\1)7"12/\127)\3)7“)‘|(/\2()\1>\3)7’13>\13)3/\> <(()‘ /\3)715)\13 )\2 3/\| )\5)\2)725)\25)7" )‘>

VvV |>\12|\/ |)\23|{>\2>\35\237“23}

B {)\3}{)\23}{)\2}{)\12)\35\7’}

% Z |>\13’7 {/_\2 )‘13 /_\} {%‘1 >\23 5‘} )
{)‘13}{/\1>‘3)‘13T13} /\3 )\12 /\1 T1o7137S )\2 /\13 )\3 r13r23sr/

A137138
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Then (1.129) is equivalent to the following:

Z ’)\13‘{)\1)\25\121"12}{)\_2)\35\237’23} {%\2 )‘13 /_\} {%\1 >\23 5‘}
Ai13T138 {)\13}{>\2}{>\1)\3)\13T13} /\3 )\12 /\1 T127137$ )\2 /\13 )\3 7“137"235”,

_ {>\23}{)\3}{)\1)\25\12T12}{)\12)\35\7"}

VALSEIRVARSS

where the right-hand side coincides with {

<((>\1)\2)7"12>\127 )\3)’/">\| (>\1()\2/\3)T23)\23)T/>\> )

A Ag A
Az Ag Ay
calling once again that 25 and 3j-phases are £1, we finally get:

A A - _
{5\1 )\23 A } = { A HAM A A0 H{ Ao A3 Ags7as }
3 12 2 7"121”237“7“/

} by definition. Re-
T12’I"23T’7"/

_ )\2 )\13 5\ A1 )\23 5\
X Z A {Aat{A AsAarist {)\3 A1a )\l}rum:ﬂ’s {/\2 s Ag T13T23ST/.

A137138

Rewriting the equation above in a more general notation, we get the claim, pro-

vided that by quasi-ambivalence we have {A}{ A3} = (A AP = {A\). O

Exploiting the previous symmetries, we can rewrite the Racah-backcoupling rule
in the following way:

1.5.5. The following relation holds:

{)\1 Ag )\3} :Z#M {M v )\1} {)\1 Ag )\3}
P Mo K3, fo ps Ao), 2 o v

(1.133)

where # denotes the product of specific coefficients which are known.

1.5.6 Sixth symmetry: Biedenharn-Elliot sum rule

In this subsection we give a complete proof of the last symmetry of 6j-symbols

based on the strategy sketched in | |. For this purpose, let us fix a fourth
irreducible representation A, with an orthonormal basis (|[Agls) : Iy = 1,...,|\4])
of V,. We will consider more ways of coupling the modules V) for i =1,...,4

in the tensor product Vy, ® V), ® V), ® V) ,. Regarding the notation about basis
vectors, the same considerations made in Section 1.2 hold.

Consider firstly:

V)\l & V>\2 ® VAg ® V>\4 = ((V>\1 ® VAQ) ® VAS) ® V)\4
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~ (r12) ~ T12
= @ V/\ ® V)\s @ V)\4 = @ (V)‘12 ® VAS) ® VA4
T12A12 T12A12
~ 7"125 ~ (T123
- @ @ V)\123 ® V)‘4 - @ @ <V>\123 ® V)‘4>
T12A12 T123A123 T12A12 T123A123

1%

S D Dw”

T12A12 T123A123 TA
where:

[Aily, Aaly, Asls, Aly) = Z (rizAiahia| Ay, Aala) [(Ada)T12 A 10012, Agls, Aaly)

riaA12lio

S>> (rdiehil Ml Aal) (riashioslias | Aializ, Asly)

ri2A12l12 T123A1230123

X (M A)r1aAa, As)T 193 A 12301935 Aaly)

S>> D trpdishiol Ml Aalo) (Pizshiashios [ Aizhia, Asls)

r12A12l12 T123 A 1230123 TAL

X <7’)\l|)\1231123, )\4l4> ‘((()\1/\2)7‘12)\127)\3)7’123)\1237)\4)7’)\0 .

Consider secondly:

V ® V)\z 0%y V)\g X V/\4 (V)\l (V)\z & V/\; ® V/\4 @ @ @ V/\ ’

ro3Ae3 S123A123 TA

where we have that |A;l;, \yly, Asls, \ly) equals:

Z Z Z <7”23)\23523’)\2127 )\3l3> (3123)\1231123‘)\111, )\23123>

rog3A2zlas S123A123l103 TA

X <r)‘l’)‘123l1237 )‘4l4> ‘(()\1(/\2/\3)7’23/\23)5123/\1237/\4)T>\l> .

Consider in third place:

VoW, oV, oW =1, el)e W elh) =P @ P,

TogAo3 T14A14 A

where we have that |A;l1, \yly, Asls, \ly) equals:

Z Z Z (rasAaslas|Aalys Asls) (riaAialia|Alys Auly)

rogAaglasz T14A 14014 TN

X <t)\”)\23l237 )\14ll4> |((>\2>\3)7“23)\237 (>\1>\4)T14)\14)t)\l> .
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Consider in fourth place:

e el 2o (heh)eh) =@ @ Gn’.

T12A12 T124A124  SA

where we have that |A;l;, Aoly, Agls, \yly) equals:

S D rdehl Ml Aals) (Fiaahizddiaal Aaliz, Aala)

rioA12l12 T124 M 1040124 SN

X <S>‘l|>‘3l37 )‘124l124> |(/\3(()\1)\2)7’12)\127>\4)T’124)\124)S)‘l> .
Consider in fifth place:
Weoh,eoWh oW =2 eoW,eWhen)=d P Pn’
T14A14 S124A124 SA
where we have that |A;l;, Aoly, A3ls, \yly) equals:
ST D riadiaual Ml Aly) (S19ahiaaliaal Aalo, Avalia)

r1aA14l14 S124A1240124 SA

X <$)\l|)\3l3, )\124[124> |()\3(/\2(>\1)\4)7‘14>\14)8124)\124)8)\l> .
Let us now analyze the transformation between the first and second final bases:

|((Al()\2)\3)7"23)\2%)512'3)\1237 )\4)7’)\l> =

= Z <((()‘ /\2)7’12)\12 )\3)7”123)\123 )\4 T)\| >\2)\3)T23>\23)3123)\123 )\4)T)\>

r12A127123
‘((()‘ A2)T12A12, A; )7"123)\1237)\4)7’)\[) (1134)
|((()\1>\2)T12>\127/\3)7123/\1237/\4)7’)\0 =
= Z <(()\1 (/\2)\3)7'23/\23)8123>\123.,>\4)7“)\|(((/\]/\2)r12/\]2,)\3)r123)\]23,)\4)7“)\>

r23A235123

X ‘(()\1(/\2/\3)7"23/\23)5123/\123,/\4)7”)\l> . (1-135>
Let us analyze the transformation between the first and third final bases:

|(()\2)\3)7"23)\237 ()\1>\4)7“14)\14)t)\l> =

- Z <((()\1)\2)7”12)\127)\)T123)\1237)\4 T>\| )\2 7“23)\237()\1/\4)7”14)\14)t>\>

r12A12
r123A1237

X [ ((Ad)riodiz As)rizshias AT AL, (1.136)
|((()\1)\2)r12)\12,)\3)7“123)\123,)\4)7’)\l> =
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= Z <((>\2)\3)7‘23>\23 (A >\4)7“14>\14 t)\‘ (A )\2 T12A12; >\3)7”123>\123 >\4)7’)\>

To3A23
r14A140

|(()\z)\ a3 Aaz; (A1 )\4)7”14)\14)t)‘l> (1-137)
Let us analyze the transformation between the second and third final bases:

|((/\2/\3)7“23/\237 (/\1/\4)T14/\14)t)\l> =

- Z <(()\1()\2)\3)1”23)\23)5123)\1237)\4)7“)\|(()\2)\3)r23)\23,()\1)\4)r14)\14)t)\>
S123A1237
X |(()\1()\2)\3)7’23)\23)5123)\1237)\4)T)\l> 5 (1138)
’((/\1(>\2>\3)T23)\23)5123)\123 )\4)7”)\l> =
= Z <((>\2>\3)T23)\23 (A1 >\4)7“14>\14 t)\| )\2)\3)7"23)\23)3123)\123 >\4)T)\>
r14A140

X | ((AaAs)rashas, MAg)ra A ) EAD) (1.139)
Let us analyze the transformation between the first and fourth final bases:

| (/\3(0\1 )\2)7”12>\127 )\4)T124>\124)S>\l> =

- Z <((()‘ A2)T12A12, A3)T123 123, Ag) T/\| (As((A )\2)712/\127)\4)7”124)\124)3)‘>
A123T1237
|((()‘1)‘2)712)‘12 >\ )Tlgg)\lzd )\4)T)\l> (1140)
|(((>\1>\2)T12)\12 A3)T123A 123, /\4)7”)\l> =
= Z <(>\3(()\ A2)T12A12, Ag)T124 M 14) 3)\| (A1 A2)T12A09, A3)T123 A 123, )\4)7")\>

A124T1248

X |(>\3(()\1/\2)7’12)\127)\4)T124)\124)5)\l> . (1-141)
Let us analyze the transformation between the fourth and fifth final bases:

|()\3()\2(/\1)\4)7“14/\14)5124/\124)5/\l> =

- Z <()\3(()\1)\2)7“12)\127 /\4)7”124/\124)5/\| ()\3()\2(/\1)\4)7“14/\14)5124>\124)5/\>
Al2T12T124
X |()\3(()\1>\2)7“12)\12,/\4)7’124/\124)5/\l> ) (1~142)
‘()‘3(()‘1/\2)T12)‘127 )\4)7“124)\124)3)\l> =
= Z <(/\3(>\2()\1)\4)7"14)\14)5124)\124)5)\|(/\3(()\1)\2)7"12>\12-,)\4)7”124>\124)3)‘>

A14T145124

X |(A3(/\2(>\1>\4)7“14)\14)5124>\124)5)\l> . (1-143)
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Let us analyze the transformation between the third and fifth final bases:
‘(>\3()\2(/\1/\4)7’14/\14)5124/\124)5)‘l> =
= Z <(()\2/\3)7’23)\23=()\1/\4)7’14)\14)t)\|(>\3()\2()\1)\4)7"14)\14)5124>\124)3)\>
Ag3Tagl
X |(()\2/\3)7’23)\237()\1/\4)7’14)\14)t)\l> ) (1-144>
|((>\2)\3)”‘23>\237 (/\1>\4)”‘14/\14)t)\l> =

= <()‘3()\2()\1 /\4)”'14)\14)5124)\124)3)\ | ((A2A3)ra3 a3, (A >\4)7‘14/\14)t)\>

A12451248

X |()\3(/\2(/\1>\4)”'14/\14)5124/\124)3>\l> . (1 . 145)

Remark 1.5.2. In the expressions above, we sum up on some indices but not on
others accordingly to Schur’s Lemma, as already explained by Remark 1.2.1.

The statements of the following lemmas, facts and corollaries refer to fixed
irreducible representations Ay € A\ @ Ay, Aoz € Ay ® A3, Ay € Ay ® Ay with
multiplicity labels riy, 795, 714 Tespectively, Aoz € A\{ ® Ay ® A3 with multiplicity
labels 7193 and s193, A € A} @ Ay ® A3 ® A\, with multiplicity labels r and .

Lemma 1.5.2. The following relation holds:

Z <((()\1)\2)7"12)\127 )\3)T123>\1237 )\4)7‘/\| (()\1(/\2)\3)T23/\23)5123/\12:57 /\4)7’/\>

5123
X <((/\1(>\2>\3)T23)\23)5123)\123a )\4)T)\| ((A2A3)T23A23, ()\1)\4)7’14)\14)t)\>
= <(((>\1)\2)”‘12)\127/\3)"'123/\1237/\4)74)\‘(()\2)\3)7'2?\237 ()\1)\4)7'14)\14)t)\> . (1-146)

Proof. We will write |((AAs)rashes, MA)rud)EAL) in two ways: we first use (1.136)
and then (1.138), in which we insert (1.134). What we get is the following:

Z <(((>\1)\2)7"12>\12-, >\3)7'123>\1237 >\4)T>\’((A2A3)7‘23A23> ()\1/\4)7'14)\14)t)\>

T12A12
T123A1237

X ’((()‘IAZ)TlZ)‘lZv A3)T123 M 1235 /\4)T>\l>
= |((/\2)\3)7'23/\23a(/\1/\4)7'14/\14)t>\l> =
= Z <((/\1(>\2)\3)7“23)\23)5123)\1237)\4)T>\|((/\2/\3)7'23/\237(/\1/\4)T14/\14)t)\>

S123A123T

X |((/\1(/\2>\3)”‘23/\23)8123>\1237)\4)T>\l>

= Z <Z <(((/\1/\2)T12/\127 )\3)7"123)\123a )‘4)T)\|((Al()‘QAS)T23)‘23)3123)‘1237 )\4)T)‘>

T12A12 S123

T123A1237
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<(((/\ /\2)712/\127)\3)7"123)\1237)\4 T)\‘ )\2)\3)7"23)\23)5123)\1237)\4)7")\> )

X ’(((/\1/\2)712/\127 )\3)7”123)\1237 /\4)T)\l> .

We get the claim by comparing the first and the last term of the equation above.
O

Lemma 1.5.3. The following equality holds:
<(((>\1)\2)7"12)\127/\3)7"123)\1237)\4 T/\| ((A2As)ragAas, (M )\4)714)\14)t/\>

= <((()\ A2)T12 12, A3)T123 123, Ag) T/\| ((A /\2)7"12/\127)\4)7”124)\124)3)\>
T124A12455124
X (s A2) 1202 M) T1240020) SA| As (Ao (A As) 7140 14) 124 M24) SA)
X <()\3(Az()\1)\4)7"14)\14)3124)\124 5)\| (A2A3)Ta303, ()\1>\4)7“14)\14)t)‘> . (1-147)

Proof. Notice that |(AAs)rashes, (MA)ruA)tAl) is equal to both:

Z Z )\ >\2 T19A12, /\3)7’123/\123 A1) TM )\2)\3 Ta3 a3, (A1 )\4)7”14)\14)t/\>

r12A12 T123A1237

X ’(((AlAZ)rH)\le A3)T123A1235 /\4)T)\l>

by (1.136) and:

Z <()\3(>\2()\1)\4)7"14)\14)3124)\124)3)\|((/\2)\3)7"23/\237 (/\1>\4)7”14/\14)t)\>
A12451248

X ’ (Ag(Az( Ay )\4)7“14>\14)5124)\124)5)‘l>

= Z <()\3()\2()\1/\4)7’14)\14)5124/\124)5/\|((>\2)\3)T23>\237(>\1)\4)T14)\14)t)‘>

A12451248

X Z <()‘3(()\1 )\2)7’12>\127 /\4)7"124)\124) S/\| ()\3()\2 ()\1)\4)7“14)\14)5124)\124) S/\>
1271247

X ’ ()\3(()\1)\2)7”12/\127 /\4)7’124/\124)5)\l>

= Z <(/\3(>\2()\1)\4)7"14)\14)5124)\124)5)\‘((A2>\3)723)\237()\1>\4)7“14)\14)t)\>

A12451248

X Z <(/\‘a(()‘ )\2)7"12)\12 )\4)7’124)\124 5)\| /\2 )\ )\4)7“14)\14)5124)\124)5)\>

A12T12T124

X 5 ((MA2)T12M12, Ag)T123A123, As) 7")\| (As(( )\1)\2)712)\127)\4)7“124)\124)8)‘>
/\1237“1237”

|(((/\ A2)T12A12, A3) 123 A 123, /\4)7“)\[)

by (1.145), (1.142), (1.140). The claim follows by linear independence. O
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Fact 1.5.2. The following equality holds:

<(()\1(/\2/\3)7'23/\23)5123/\]23,/\4)7“)\‘((()\1/\2)7'12)\12,)\3)r123)\123,)\4)7”>\>
= (M (AoAg)rashos) S 193 A 123 (M) riahis, M) 193 A 103) - (1.148)

Proof. Notice that |[((\As)rahz, As)T123 1230123, Asly) 1s equal to both:

Z <T)‘l’)‘123l1237 )\4l4> |(((/\1/\2)7"12/\12= A3)T123\123, )\4)7")\l>

rAl

= Z <<7">\l|)\123l1237)\4l4>

rAl
T23A235123

X <((/\1()‘2)\3)7'23)\23)5123)\12&A4)T)\|(((/\1A2)7‘12/\127/\3)7‘123/\1237/\4)T)\> )

X |((>\1()\2/\3)7‘23)\23)5123)\1237)\4)70)\0

by (1.135) and:

Z <()\1(/\2)\3)7’23/\23)5123)‘123 | (()\1)\2)7"12)\127 )\3)T123)‘123>

r23A235123

X[\ (AaAs)rashas) S123 A 12301935 Agly)

= Z ((7‘>\l|/\12311237)\4l4>

r Al
To3A235123

X <()\1(/\2/\3)7"23/\23)8123)‘123|(()\1)\2)7’12)\127/\3)r123>‘123>)
X |((/\1(>\2)\3)7"23)\23)5123>\1237 )\4)T>‘l>
by (1.17). The claim follows by linear independence. O
Fact 1.5.3. The following equality holds:

<(()\2/\3)7’23)\23= ()\1/\4)7’14)\14)t)\| (()\1(/\2>\3)723/\23)5123/\1237 /\4)7')\>
= <()\23(/\1/\4)7'14/\14)t>‘ | ((MA23)5123M123, )\4)7">\> . (1 . 149)

Proof. Knowing that |A;l1, Ayly, Aals, \4ly) equals both:

Z Z Z <7’23)\23523|>\2l2, )\3l3> <3123)\123l123‘)\1l1; )\23123>

rogA2zlas S123A123l123 TA

X <T/\”)‘12311237 )‘4l4> |(()\1()\2)\3)7“23)\23)5123)\123,)\4)7”>\l>
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and

= Z Z Z<T23)\23123\)\2127)\3l3> (riadialial My, Auly)

rogAaslas T1aA14lis A

X <t>‘l|>‘23l237 /\14l14> |(()\2)\3)7"23)\237 ()\1>\4)7“14)\14)t)\l> )

by 1.) of Fact 1.1.2 we have that |((\(AAs)rashes)sizshizs, A)TAL) equals:

DTN YT (siashiashiosl Ml Aaslag)” (PAL A aglig, Aaly)

r14 140 lolgly lagliasliy

X (Tradalial Mly, Aala) N Aoglag, Avalia) [(ads)rashas, (A EAL)
= Z <(/\23()\1)\4)7"14)\14)t/\|(()\1)\23)5123)\12&)\4)T)‘> |((/\2/\3)7"23)‘23>()‘1/\4)714)\14)t>\l> )

T14M14t
where we have applied (1.24). The claim follows by comparing with (1.139). O

Fact 1.5.4. The following equalities hold:

(M A)T12M02: A3)T125M025 AT A A3 (A A)F12A12, Ag)T124A124) SA)
= (M2 A3)T133 023, AT A (A3 (Mg M) hiza) SA) 5 (1.150)
{(As((MA2) 122025 A P12 M20) SA| Mg (Aa (A A F1adss) 1240 124) SA)
= <((>\1>\2)7‘12>\127>\4)74124)\124‘(/\2(>\1>\4)Tl4>\14)3124)\124> ; (1'151)
(A3 A)T1aA L) $1240020) SA| (Ao As)Tas a3, (A Ag)r1adss) EA)
= (MM )s120M20) SA] (AaAs)rashas, Aa)EA) (1.152)

Proof. The first overlap is independent of the (A1 A2 12712) coupling, the second of
()\3)\124)\8), the third Of ()\1>\4)\147’14). Il

Putting together the two lemmas and three facts above, we finally get:

1.5.6. The following relation holds:

Z <(()\1/\2)7"12)\127 >\3)T123)\123 ‘ ((>‘1(/\2/\3)7'23/\23))5123)\123>
5123

X <((/\1)\23)5123)\1237>\4)T/\|(>\2:5(/\1/\4)T14/\14)t>‘>

= Z <((>\12)\3)7"123)\1237 )\4)T)‘|(/\3(>\12)\4)7"124)\124)3)\>

T124A12488124
X <(()\1)\2)7’12)\127>\4)r124/\124|(/\2()\1)\4)7’14)\14)3124>‘124>
X <()\3(/\2>\14)5124>\124)5)\|(()\2/\3)7’23)\237)\14)t>\> .
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The corollary above states a very general relation between recoupling coefficients,
where no particular assumption is made. In what follows, we will convert our
results in terms of 6j-symbols, where all the conditions regarding phases, jm-
symbols, quasi-ambivalence stated at the beginning of Section 1.4 are assumed.

1.5.7. The following relation holds:

*
} : {041 Qg 043} {041 Qg 043}
3 Bi B Bs cregesh (V1 V2 V3 ) g 0 aun

= {a H{um HBaBrases} Z M((13)a5352%)010’1]\/[((23)7ﬁ153042)620/2
c;c;d;d2

X M(<123) 1/21730_[1)d d/ M((132), V3DIC_¥2)d2d/2

X Z |§|{51V1§€1}{52’/2562}{53’/3563}{VQ Vs él}d’lc’le?,eg

fejezes
x{”3 B 5} {”1 b 5} . (1.153)
B v Q dycheres Bo vy 0y dgczene;

Assuming to deal with simple-phase triads only, (1.153) becomes:

Qp Qg Qg Q) Qg Qg i
zh: {51 By D3 }c10203h { Vi p V3 }dledsh
= {041}{7/1}{ﬁ35_204101}{ﬁ16304262}{526104303}

X Z |§|{51’/1561}{52’/2562}{53%563}{ 52 é}
gejegey 3 dyciezes
vs By & v B €
S TR A L

Proof. For simplicity, we will prove (1.154) only. The general case is done similarly.
By Lemma 1.5.1 and the definition of 6j-symbols, we get:

Z <(()\12)\3)7’123)\1237 )\4)T>\ | ()\3(/\12>\4)7’124)\124)3>\>
T124A12458124

X <((/\1)\2)T12/\127)\4)T124>\124| (Aa(A /\4)7“14/\14)3124)\124> <(>\3()\2)\14)5124)\1z4)3)‘|((Az)\:s)T23>\237/\14)t)‘>
= Z {)\12/\3)\1237”123} < )\s)\m T193A123) /\4 T/\| )\12/\4)7"124/\124) /\>

T124A12488124
x {\ )\2/\127’12} ((MaA)riohiz, AT 124 A 124 Mo (MiA)r1ada) 8124 A 124)
X {)\2)‘3/\23T23} < ((A3A2)Ta3A93, Arg t>\| As( )\2)\14)5124)\124)5/\>
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— \/|)‘123|\/|>‘12|\/|)‘14‘\/|>‘23| Z

A i A Ao A\
{123 AT H{ Ag3 A AL} [ Ar2a] { M2 A A 124124}

T124A12455124

X{%\?’ )‘124 /_\} {%‘2 )\14 5‘124} {_)‘3 >\124 /_\}* )
)\4 /\123 /\12 7123712475 )\4 >\12 >\1 T1271471245124 /\14 /\23 /\2 r23512418

By Corollary 1.5.6 and Lemma 1.5.1, the latter is equal to:

Z (A9, M) 123 A 123] (A1 (Aads)rashas) ) S123 A 123)

5123

X {)\1)\235\1237”123} <(()\23/\1)5123)\1237 )\4)7’)\|(/\23()\1)\4)r14)\14)t>\>

V |/\12| V |>‘23| {)\1 )‘23 /_\123}
T1272371235123

;23{’\23}{)‘3}{)‘1)‘2)‘12r12}{)\12)\3)\1237"123} A3 Az Ay

VARSERIRVARSY {)lgg A4 5\}
512371471

X

{)\14}{)\4}{>\123/\4/_\7“} )‘4 )\123 A1

Therefore we have:

%\1 )\23 )\123 /\723 /\14 A {)‘14}{>‘4}{)‘23}{)‘3}
)3 As A A Ay A .
T1272371235123 51237147

>\123
5123

X AN A A 1712 H A2 A A 257128 HAas MMt} Z Maal { M2 aA2am104}

T124A12455124

% %\3 )‘124 5\ %\2 )‘14 5\124 _>\3 )‘124 5\ "
/\4 )‘123 )‘12 /\4 /\12 /\1 >‘14 )‘23 )‘2 t.
712371247 1271471245124 723512418
(1.155)

We will now use former symmetries to manipulate what we have obtained. Ex-
changing rows in the last two columns, permuting the columns cyclically and
applying the third symmetry, we have:

/\23 A14 X } {Al )\23 X123}*
k& — O HA M A A A A :
Pt ot {3

r14tr8123

exchanging the rows in the first two columns, we get:

/\2 )‘14 /_\124} 5‘4 /_\12 )‘124
\ = {)\14}{)\124}{)\12}{)\1} 3 3 ;
{)\4 )\12 )\1 T1271471245124 >\2 )\14 /\1 1471251247124

applying the third symmetry, exchanging the second and the third column and
exchanging the rows in the first two columns, we get:

Ay Aoy A - s
{5\3 /\124 A } :{)\14}{>\124}{)\}{)\3)\23)\27‘23}{>\14)\)\23t}
14 23 2) 1usiouts
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i o Au Ae A
X {A1sA oA 1248124 H{A3AA 1245} { 5\134 5\2 )\122;} /
trogs124S

permuting cyclically the columns, we have:

{%\3 Aizg A } _ { A Az >\124}

)\4 >\123 >\12 7123712475 /\12 )\4 /\123 712371245

Rewriting (1.155) using the last observations gives the conclusion, where we recall
that nj-phases are +1 and that by quasi-ambivalence we have:

{AsHA AR = s H A A - AP A2 {0)°
:{Al}{k}({)\%}{)\m}{)‘})({Az}{Aa}{Azs})({)\1}{)\2}{)\12}) = {)\1}{>‘}-
Il

1.5.8 (Biedenharn-Elliot sum rule). The following symmetry property
holds:

{%i 5 %i}qu:|a3|{a1}{vl}{ﬁzﬂ1ascs} 2. M((3).Byfaon)e,g

cieadydyd, dy
X M((23), B1B503),,, Z |va| M((123), va00 ) g M((132), v31102) 4, 4,
Vs
2 2 2 Vo 52 §
X Z &l {Brv1€er H Baraea H{ Bavales} ~
gejeges /33 Vi ™ diCiesez

X{Vg Bs f} {V1 By f} {041 Qg aB} (1.156)
b @ dicheres Bo vy g dzczeqeq 1. 72 Vs dydydsk

Assuming to deal with simple-phase triads only, (1.156) becomes:
ap ay @ = = =
TN [PATCE MR TER MOTCE RS
B Ba Bs) .o

X Z 1] 5| { Bivr&er H Bavatea H Bavses} {;3 f; § }
diciezeq

aq
32
erexezdidy

X{Vs B 5} {Vl B f} {0‘1 2 a3} . (1.157)
B v Qy dycyeres By vy dscseqe; i 2 s dydadsk

In the equations above, vy, vy are irreducible representations chosen such that the
right-hand side does mot vanish identically, namely the triads involving v, or v,
must be valid triads.
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/
a1 Oy O3
Vi Vy s

Proof. Multiply both sides of (1.153) by |vs] { } and sum over
dydodsk

Vs, dy, dy: the claim follows then by applying the fourth symmetry to the left-hand
side of the obtained expression. O

Definition 1.5.2. Equation (1.156) is known as the Biedenharn-Elliot sum
rule as well as the pentagon relation.

With the appropriate choices, (1.156) can be seen as a recursive relation. We will
exploit this explicitly in the next chapter, together with the following:

1.5.9. The following version of the Biedenharn-FElliot sum rule holds:

YR S ST CE S S S

AR
cicadadydy ”6356,
5154 1€2€3

x {Bivi&er H Bavnea Havsingd, M ((13), 552V2)e234M(<23)7 ﬁl/B3a2)c2c/2

3 _ Qq V3 U
X M((123)»5’/353)e351M((132)7 ’/3,”1042)(12d’2 { 51 ﬁz 52}
151844y

. B v, B a; s
x{ 3 D3 f} { 1 B f} { 12 3} . (1.158)
61 Vi Qg d/20/26163 62 V2 %3 dzczeqe; i s dydydzk

In case we deal with simple-phase triads only, we get:

{gi %; gg}clchgk = |as| {81 HB1Bsac2 H{ BaBrases}

X Z |V3| |§| {Blylgel}{aly3172dl} {021 gz 22}61€3€2d1

132}
ereqezdidy

X{Vs Bs f} {Vl o f} {O‘l X2 043} . (1.159)
61 Vi Qo dycgeres 52 2 43 d3czege; iz Vs dydadsk

Proof. Exchanging first and third column and exchanging rows in the first and

second column, the 6j-symbol {VQ e & } in (1.156) is equal to:
dllclleSeQ

By vy

{anHwsHBs} D M((13), €vsBs) s, M((13), a1 Ba3s).. o,

51525354

X M((13), agv) g, M((13), €2v0)ess, {O? i ZZ} '
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Substituting this into (1.156), we get the claim via the following equalities given
by Proposition 1.3.7, Corollary 1.3.1, Remark 1.3.7 and quasi-ambivalence:

ZM((l?))aﬁngOél) ’M((B) %ﬁzﬁs)c Ty 5c152;
ZM (123), V2V3041)d d’M((13) 041’/3V2)d = {041’/3V2d1}5d1537
4y

2{531/3563}1\4((13) 03Bs) e, ZM 123), £v385)..s,

{a Hon} = {al}{al} ={a}* =1; {Vl}({V3}{53}) ={nHe = {8} =1{8}
[l

1.6 Quantum 6j-symbols

It is possible to generalize the concepts of coupling and recoupling coefficients
to one-parameter deformations of universal enveloping algebras, i.e. to quantum
groups. Usually, the deformation parameter is denoted by the letter ¢ and we
have that in the limit as ¢ — 1 the classical algebra is retrieved. For a detailed
introduction to this topic, we refer to | | and | |. In the context of
quantum groups, we can then define the so called quantum 6j-symbols. With
a slightly different definition of 3jm-symbols proposed in | |, one can check
that all the same symmetry properties analyzed in Section 1.5 apply to quantum
67-symbols as well, apart from the following modification of the fifth symmetry:

Proposition 1.6.1 (Generalized Racah-backcoupling rule). The following relation
holds:

A Ay A _ _
Q(C*1+CA3+C“1+C”3)/2 { e 3} = {3 HA 1 figpzry H{pm Aafizra }
My Mo U3 Py rarars

G LL S A S I S
riTT3S rToSTy

fo Ay M3 VvV
(1.160)

vrs

where C,, is the quadratic Casimir operator acting on the module V,, associated
with the representation «. Assuming quasi-ambivalence, we get {us}{r} = {As}.

Proof. See | |- O

As in Subsection 1.5.5, applying different symmetries to the result above leads to:
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1.6.1. Denoting by # the product of specific known coefficients, we get:
{/\1 Ag )\3} :Z#M{Ml v >\1} {/\1 Ag >\3}
R Y po ps Ao AH2 v
(1.161)

A last remark on the notation: within this quantum frame, if x is an operator
or a number, we define the following:

q:r/2 o qf:):/Z
q° —4q
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Chapter 2

Computation of 67-symbols

The present chapter wants to deal with the following question: are 6j-symbols
computable? Is there a way to exploit the symmetry properties of 6j-symbols in
order to be able to know explicitly the absolute value of an arbitrary 6;j-symbol?
Stated like this, the question addresses the problem very generically. We will focus
on certain types of groups admitting particular irreducible representations that will
allow us to categorize 6j-symbols in different classes. We will then analyze sepa-
rately these classes more in details in the case of the group SU(N). Another goal
is to give detailed and rigorous proofs, since they will also serve as a computational
strategy in case the reader is interested in computing a specific 6j-symbol.

Throughout the chapter, G will denote a simple connected compact Lie group
not of type Dgyen- These conditions imply G to be quasi-ambivalent (see Defini-
tion 1.3.3 and Remark 1.3.6), enabling us to utilize all the results of Chapter 1, and
they guarantee the existence of a finite-dimensional faithful representation which
is irreducible (see Section A.3 for details). We therefore fix a lowest-dimensional
irreducible faithful representation ¢ of G. Although it is not a common refer-
ence, when we use the expression primitive irreducible representation in this
chapter we refer either to € or to €.

Before to continue, we define some other notation. If V' is a vector space and
A is a representation of G, we write the following for any k,l € N:

Vik,1) =V e (V) VY1) = (V)" oV (21)
Ak, 1) =2\ @ (N Ak, 1) = (0" @ 2% (2.2)

2.1 Power of Representations

We present now the notion of power of an irreducible representation and study
some basic properties of it. This concept is illustrated in | , Chapter 3].
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Definition 2.1.1. Let A be an irreducible representation of G. By Theorem A.3.1,
we have that A € ¢(m,n) for some m,n € N. Choosing m, n minimal with respect
to this property, we define the power of A as p(\) = m + n.

Fact 2.1.1. Let A\, u, v be finite-dimensional irreducible representations of G and
lete € {eé}. Then:

1. p(A) = p(\);
2. (Auw) is a triad = |p(A) — p(p)| < p(v) < p(A) + p(p);
3. (eAp) is a triad = p(A) — 1 < p(u) < p(A) + 1.

Proof. 1. Assume X € €(m,n) with m,n minimal, so that p(A) = m + n. Then
A € €(m,n) = e(n,m), hence p(A) < n +m (by the minimality of p(})).
Consider A € e(h,l) with h,l minimal, so that p(\) = h 4+ 1. Then \ €
é(h,1) = €(l, h), so p(A) <1+ h (by the minimality of p()\)).

We conclude that p(A\) < n+m = p(\) <1+ h = p(\), getting p(\) = p()).

2. Assume X € €(a,b), p € €(c,d) with p(A) = a+ b, p(u) = ¢+ d. Suppose
(Auv) is a triad.
We have that v € A ® p, which implies v € €(a,b) ® €(c,d) = e(a+ ¢, b+ d),
implying p(v) < a+c+b+d=p(A) +p(p).
By Fact A.2.2, we have that i € A ® v, therefore by the result we have just
proven we have p(u) = p() < p(A) + p(¥) = p(A) + p(v), which implies

p(p) — p(A) < p(v). Always by Fact A.2.2) we get A € u ® , hence p(\) =

p(A) < p(u)+p(v) = p(p)+p(v), which implies p(A) —p() < p(v). Therefore
we can conclude [p(A\) — p(u)| < p(v).

3. The claim follows directly from 2.). O

We now define the concept of ordered triad and ordering between ordered
triads, as illustrated in | |:

Definition 2.1.2. A triad (A A;)\3) is said to be ordered or in standard order
when the following condition is satisfied: p(A;) > p(Ay) > p(A3).

If (AjA9A3) and (g popg) are ordered triads, we say that (A;AyA3) is greater than
(A A2A3) and write (A AgAg) > (1 piafts) when:

p(A3) > pps) if p(As) # p(us);
p(A2) > ppg) if p(As) = p(us);
p(M) > p(py)  if p(Ag) = plus), p(Ag) = p(is).
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We illustrate a useful notation for the power of a representation. We will also
use the symbol n, with n € N to denote a generic irreducible representation of
power n. More precisely, if a is an irreducible representation such that p(a) = n,
we can write o = n,,. In particular, if 3 is another irreducible representation such
that p(a) = p(B) = n, we write @ = n,, and = n,, without necessarily implying
that o and § are equal. For instance, if the symbol n,, is used more times in the
same 67-symbol or among different 6j-symbols, the representations denoted by it
do not necessarily coincide.

Remark 2.1.1. With the settings established above, the 2j-phase of a finite-
dimensional irreducible representation A of G' can be easily determined from the
2j-phase of €. Indeed, exploiting quasi-ambivalence, it is not difficult to see that
the following relation holds:

D} = e, (2.3

2.2 Primitive 6j7-symbols

In this section we focus on the class of the so called primitive 6j-symbols. We
will prove that any 6j-symbol can be expressed in terms of a further subclass
of primitive 6j-symbols, i.e. the core 6j-symbols. The definitions we adopt in
this section are the ones used in | |, apart from the terms simple and base
67-symbol which are introduced by us in this thesis.

Definition 2.2.1. A triad is said to be primitive when it includes either € or €.

Definition 2.2.2. A 6j-symbol is said to be primitive whenever it is not trivial
and contains either € or €. A 6j-symbol is said to be non-primitive when it is
neither primitive nor trivial.

Next result, stated in | | together with the main idea of the proof, shows
that the study of 6j-symbols can be reduced to that of primitive 6j-symbols.

Proposition 2.2.1. Fvery non-primitive 6j-symbol can be computed in terms of
primative 65-symbols.

Qp Qg Qg
b Ba B3
the six irreducible representations of & are 1, € or €. Let us assume as to be
the smallest representation of S, i.e. the representation of lowest power (we can
do this by eventually applying the tetrahedral symmetries of 6j-symbols seen in
Definition 1.5.1).

Let us utilize now the Biedenharn-Elliot sum rule in the version given by (1.158).

Proof. Pick a non-primitive 6j-symbol & = { } , namely none of
cicocgk
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In such equation, two irreducible representations v; and v, can be chosen. What
we want to do now is to specify v; and v, in the different cases that may occur.
Consider a3 € €(m,n) with m,n € N minimal with respect to this property, so
that p(as) = m + n. Since S is non-primitive, we have that p(as) > 2.

CASE n = 0. We have az € €™, hence m > 2. Consider the following expression:

LN (6®(m—1))®6%’ (@n) ®e%@(7]®6),

®(m— -1)

where € Do @n 71 is a decomposition of e®m=1 into irreducible repre-
sentations. Therefore, there exists an irreducible representation 1" among the
representations 7 in the decomposition above such that a; € ' ® e. We then

set v, 1= €, vy := 7. In this way the triad (7,v50;4) is valid and p(1y) < p(as).

CASE m = 0. We proceed as in the previous case: we have that oy € " with
n > 2 and that oy € ' ® € for some 1’ € "D We set Vv =6 vy =1
and get that the triad (7v,03) is valid and p(v,) < p(as).

CASE m,n > 0. This case is analogous to the previous ones:
— in the subcase in which a3 € e®n’ for some i’ € e(m —1,n) we set v 1= ¢,
vy = 1] getting that the triad (7;1503) is valid and p(1,) < p(as);
—in the subcase in which ay € ' ® € for some 1’ € e(m,n—1) we set v, := €,
vy =1 getting that the triad (;1503) is valid and p(1,) < p(as).

In all the above cases, we end up with an expression of the type:

Q) y 0y _ oy vy 1
TR S 9D SECEUR P ) SRR

Evg s184d;

where C(cyesk) is a sum of products of terms consisting of 2j-phases, 3j-phases,
coefficients of permutation matrices and primitive 6j-symbols depending on the
Qy V3 Iy

€ B Baf, .
we are done. Otherwise, notice that v, is part of 7, implying that the smallest
irreducible representation of 7 has power strictly less than p(as) (since p() =
p(v3) < p(as)), enabling us to repeat the whole process of this proof knowing that
it will end in a finite number of steps. O

multiplicity labels ¢y, cq, k. Call T = If 7 is primitive,

Next task is to characterize primitive 6j-symbols depending on the number
of primitive triads they have. This characterization is found in | | and here
we give complete proofs together with some properties of the different subclasses
of 6j-symbols that will arise. Of course, primitive 6j-symbols have at least two
primitive triads.
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Proposition 2.2.2. A 6j-symbol with exactly two primitive triads can be related
by the various symmetries to only one of the following:

{2 p f} ot p(N) > pla), (2.5)
A a [

Goa o
PR SR 2.7

where the triad at the top row is in standard order and the greatest among all four.

Proof. Fix a primitive 6j-symbol § with exactly two primitive triads. Via an ex-
change of rows in two neighbouring columns, we can move the primitive irreducible
representation to the bottom row of §. Call T" and V' the two non-primitive triads
of §. Either T or V is the triad at the top row, so let us say that T is such.
Non-primitive triads are greater than the primitive ones, so we only need to focus
on T and V. Call p the irreducible representation directly above the primitive
representation in §, then 7" and V' have p in common. If 7" > V then we permute
the columns of & to have the representations of 7" in standard order and we are
done. If T < V then we exchange rows in the neighbouring columns of S which do
not contain p and € so that V' (up to take the dual for certain representations) is
now at the top row; we then permute the columns of S to have the representations
of V in standard order and we are done. We have therefore obtained the following
three types of primitive 6;j-symbols:

A a B .
{8 B o/}rlwgm’ (@)
A a _
{/3/ € )\,}7’17‘27‘37‘4 7 (b>

A«
{o/ N f} ’ (c)
T17T273T4

When p(A) = p(«) in (a), we can exchange the first two columns to relate this
6j-symbol to (b). Analogously, (b) and (c) are related when p(a) = p(5). Adding
the restriction p(A) > p(a) in (a) and p(a) > p(f) in (c¢) distinguishes the various
forms. ]

Definition 2.2.3. Primitive 6j-symbols like in (2.5) are said to be of Type I,
like in (2.6) of Type II, like in (2.7) of Type III.
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Lemma 2.2.1. Let S = {A a, 5/
e [ «

have that p(\) > p(a’), p().

Proof. Being S of Type I requires p(\) > p(«a), so since (ead@’) is a triad we have
p(a’) < p(a) + 1, implying p(a’) < p(a) + 1 < p(A) + 1 hence p(a’) < p(A).

Analogously, being S of Type I requires p(\) > p(a) > p(8) therefore p(\) > p(8),
so since (£3'B) is a triad we have p(3') < p(B) + 1, implying p(8') < p(B) +1 <
p(A) + 1 hence p(B') < p(N). O

A a f
/8,8)\/

following implication holds:

} be a 65-symbol of Type 1. We then
1727374

Lemma 2.2.2. Let S = { } be a 6j-symbol of Type II. Then, the
T1T2T3Ty

p(N) > p(X) = p(B) < p(B). (2.8)
By contraposition, we have equivalently that:
p(B") = p(B) = p(N) < p(N). (2.9)

Proof. Call A= (\af3), B = (f'a)), where A is already in standard order. Being
S of Type II implies that A > B.

Assume p(X') > p(A\). We then have that p(\) > p(\) > p(a) > p(B) and therefore
p(N) > p(B') since p(8') < p(8) + 1.

Let us show that p(8') < p(a). Indeed, if p(8’) > p(a) then the following things
happen:

— we have that p(\) > p(8') > p(a), enabling us to order B as B = (N f'a);

— the power of the third representation of A is greater or equal than the power of
the third representation of B since A > B, i.e. we get p(5) > p(a);

— we have that p(a) = p(f) since p(a) > p(B) (A is in standard order);

— the power of the second representation of A is greater or equal than the power
of the second representation of B since A > B, i.e. we get p(3) > p(3’), against
the assumption p(3') > p(a).

Since we proved that p(a) > p(8'), we can order B as B = (MNaf'). Having
p(B8) > p(B) would imply A < B, against the condition A > B. Therefore, we

conclude p(8’) < p(p). ]

Lemma 2.2.3. Let S — {A, N
a A

have that p(8) < p(X),p(a’).

Proof. Since S is of Type III, we have that p(a) — 1 > p(83) and since (oaé) is a
triad, we have that p(a’) > p(a) — 1. Putting together these two facts, we obtain

&?} be a 67-symbol of Type III. We then
T1T2T3Ty
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that p(a’) > p(a) — 1 > p(B). )
Since S is of Type III, we have that p(\) > p(a) and since (A\e) is a triad,
we have that p(\) > p(\) — 1. Putting together these two facts, we get that

p(N) > p(\) — 1> p(a) — 1> p(B). O

Proposition 2.2.3. A 6j-symbol with exactly three primitive triads can be related
by the various symmetries to only one of the following:

{A “ 213} : (2.10) {21” % 2?} , (2.11)
‘1 &2 @ 172737y ‘1 2 <3 172737y

where the triad at the top row is in standard order and the greatest among all four.

Proof. Fix a primitive 6j-symbol & with exactly three primitive triads. The only
chance is that among the six irreducible representations defining S only two or
three of them are primitive. Via an exchange of rows in two neighbouring columns,
we can move all primitive irreducible representations to the bottom row of §. In
this way, the only non-primitive triad 7" of S is at the top row. Automatically, T
is the greatest triad. We then permute the columns in order to put 7' in standard
order. We have therefore obtained the following types of primitive 6;j-symbols:

A a f A a f

S S Lodh e
1727374 172737y

A a B A a f

{81 N 82}7‘17“27"31“4 7 (f> {81 2 83}7‘17”27”37‘4 ' (g>

These classes are not totally distinguished, hence we require p(A) > p(5) in (e)
and p(A) > p(a) > p(B) in ().

Furthermore, p(A\) = 2 in (e) and since the triad at the top row is ordered we
have p(«a) = p(8) = 2 as well, violating the requirement p(A\) > p(3), so this form
vanishes.

In (f) we also have p(a) = p(5) = 2 which does not fit the condition p(A\) > p(a) >
p(/3), so this form vanishes as well.

Finally, we have p(5) =2 in (d) and p(\) = p(a) = p(8) = 2 in (g). O

Proposition 2.2.4. A 65-symbol with no non-primitive triads can be related by
the various symmetries to only one of the following:

{2 N zl} , (2.12) {;p ! ?} , (2.13)
2 T172T3T4 p 3 4 T172T37T4

{31? 2 51} : (2.14) {2p % 51} : (2.15)

€2 2p <3 T172T3T4 2p 2 & 1727374
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{ﬁ “2 83} : (2.16) {% “1 @} : (2.17)
€4 & Ce 172737y 3 f1 &5 172737y

{% 2, &} , (2.18) {A @ ;} , (2.19)
T1T2T3Ty

€2 €3 &4 €2 &3 S

where the triad at the top row is in standard order and the greatest among all four
(67-symbols like in (2.16)—(2.19) only occur for the groups where a triad of the type
(€169€3) exists).

Proof. Let S be a primitive 6j-symbol with no non-primitive triads. Then & must
have at least two primitive irreducible representations. We classify S based on the
number of primitive irreducible representations that S contains.

e Assume S has exactly two primitive irreducible representations. Then the
only configuration for which we have no non-primitive triads is when the two
primitive irreducible representations are in the same column, column that
must be put at the third place if we want the triad at the top row to be in
standard order. Therefore, we obtain (2.12).

e Assume S has exactly three primitive irreducible representations.
In the case where we have two primitive irreducible representations in the
same column, this column must be put as the third one (same reason as
above) and S can be related to:

A« &1
, 2.20
{82 )\, 3 }7"17‘27’3T4 ( )

for which we have o = 2, N = 2, and so A = 2,,3,. In the case A = 2,
we further permute the first two columns to get (2.15), whereas in the case
A =3, we have (2.14).

In the case we do not have two primitive irreducible representations in the
same column, we put the two of them that are in the same row at the bottom
row. The primitive irreducible representation that we then find at the top
row is sent to the third column to get the triad at the top row in standard
order. In this way we have (2.19).

e Assume S has exactly four primitive irreducible representations. Then there
are two cases with the triad at the top row as the greatest one and in standard
order: either we find the four primitive irreducible representations in the last
two columns or we find three of them at the bottom row and the other one
in the third position of the top row. The other irreducible representations
are forced to be of power 2. In this way we get (2.13) and (2.18).
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e Assume S has exactly five primitive irreducible representations. Requiring
the top row to be the greatest and in standard order, we get only one option,
that is (2.17).

e If S has exactly six primitive irreducible representations, we have (2.16).
]

Definition 2.2.4. Primitive 6j-symbols like in (2.12) are said to be of Type IV.
Primitive 6j-symbols like in (2.10), (2.11), (2.13)—(2.19) are said to be simple.
A 6j-symbol which is either simple or of Type II is called a core 6j-symbol. A
67-symbol which is either simple or of Type IV is called a base 6j-symbol.

)\ a &

Lemma 2.2.4. Let § = {a' V- } be a Type IV 6j-symbol. We then
2 T172T3Ty

have that p(\'), p(a’) < p(N\).

Proof. Call A = (\agy), B = (N@'e;). Since S is of Type IV, we have that
p(A) > p(a) > 1, hence A is already in standard order and A > B.

If p(\') > p()\) then the only way we can have A > B is to have p(a’) < p(a).
This implies p(A) > p(\) > p(a) > p(a’), hence p(\') > p(a’) + 1, against
p(a’) —1 < p(XN) < p(a’) + 1. We therefore conclude p(\') < p(N).

Let us show now the implication: p(a’) > p(A\) = A < B. Assume therefore that
p(a’) > p()\). We then get:

/

p(a’) > p(A) = p(a) and p(a) -1 < p(a’) < p(a) +1,

implying p(a’) = p(a) + 1 and p(a) = p()\). Being B a triad, we have p(a/) — 1 <
p(\) < p(a) + 1, hence the following considerations cover all possible cases:

if p(\')=p(a’)+1 then p(\)=p(a’)+1>p(\)+1 (against Fact 2.1.1),
if p(\)=p(a) then A < B,
if p(\')=p(a’)—1 then p(\)=p(a)—1=p(a)=p(\) then A< B,

making us conclude A < B. Now, since the lemma is assuming A > B, the just
proven implication p(a’) > p(\) = A < B entails p(a’) < p(\). O

Let us show now that in principle it is sufficient to reduce our attention to core
6j-symbols only. The following results are again stated in | | and here we give
complete proofs.

Proposition 2.2.5. 65-symbols of Type I can be computed in terms of Type II and
Type 1II 6j5-symbols.
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Proof. Let § = {2 g, 5,} be a Type I 6j-symbol: p(\) > p(a) > p(f).
1727374

Lemma 2.2.1 tells us that p(\) > p(a’), p(8"). We will work in two cases.

CASE p()\) > p(a’). The Racah-backcoupling rule (see (1.160)) reads:

A a f B o v B A a p
{8 ﬁ/ O/}rlrzrgnl—Z#{g 5, A}T’lrgs {O_/ v g}rrzsnl,

vrs

where # denotes the product of specific coefficients which are known. Regarding
this last expression, we have that:

p(v) = p(A) —12>
p(v) = p(\) —12>

«
v # €€ since p(v) > p(a) > 1.

We prove that the 6j-symbols in the sum above are related either to Type II or to
Type III 6j-symbols.

/
e The first term in the sum above is related to U = {5”' f O; } . Call
'I”I’3'r'18

A= (\B), B=(vBd).

Assume A > B. Via the exchange of rows in the second and third col-
umn first and a permutation of columns afterwards, we relate U either to

{% @ ;B/} if p(a’) > p(B') or to {g g @} if p(8") > p(d),

9 9

which are respectively a Type II and Type III 6j-symbol.
Assume now A < B. Being p(v) > p(8),p(c’), U can be related either to

/

g, (i; f if p(a’) > p(B) or to the Type III

6j-symbol { ﬂ”, f O&f }Wls it p(a’) < p(B).

the Type II 6j-symbol {

TT1T3S

A a f

o Let us focus on the second term 7 = {a y 6} . Call A = (\ap),

B = (vd'B).
If A > B, then T is already of Type III if p(a) > p(f3), otherwise is related
to the Type II 65-symbol {2, /f (; if p(B) > p(a).

TSToTy

Assume now A < B. We then move the triad B at the top row and be-
ing p(v) > p(a’),p(B), T can only be related either to the Type II 6;-
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N
M ®I

symbol {

e 5

CASE p(a) = p(\). Let us permute the columns of S via the cycle (132) and then
apply the Racah-backcoupling rule:

a B A v A a B A
{5, o g}rﬂgmm—Z#{ﬁ o a}rﬂ”’ls{g v B}M?’ST“

vrs

«a

_/
C;\} if p(8) > p(a’) or to the Type III 65-symbol
TToSTy

> Q1
M ®I

} if p(a’) > p(B).

Again, # denotes the product of some known coefficients and p(v) > 2,p(a). In
what follows we prove that the 6j-symbols in the sum above are related either to
Type II or to Type III 67-symbols.

e v oA . A a g
e The first term PR is related to U = _ . Call
/8 a a T’Q’I"T’IS S’I"Q’f"l"l

a v £
A= (B, B=(Bva).
If A> B, being p(\) = p(a’) > p(B’) we have that U is either of Type III if

/ —/
p(a’) > p(B') or it can be related to the Type II 6j-symbol {2 i O; }
STrToTy

if p(8') = p(a’).

Assume now A < B. Then we put B at the top row. The only problem may
occur in the case p(8') > p(v), p(a), because in this way U would be related
to a Type I 6j-symbol. Anyway, this case does not occur. Indeed:

p(A) = p(B)+1=>p(B) > p(v) >
>

p(\) > pla )Zp( )

but this last condition is excluded by the assumption p(a’) = p()\). There-
fore, we can move ( to the second or to the third column preserving the
triad B in standard order, making U related either to the Type II 6;-

— /
symbol {(;/, i ?\é} if p(8') > p(a) or to the Type III 6j-symbol

{

STiToT
/

oY)

U

/

} it p(8') < pla).

Qi
> Q
™
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e v
A=(raB), B = (va).
If A> B, then T is of Type II.
Assume now A < B. We show that p(3') < p(v):

p(8) >p() = p(B) =pA),p)=pB) =pla)=p\) -1 = A=B

against the assumption A < B. Being p(v) > p(a),p(8'), T is related either
— /

to the Type II 6j-symbol {Ii g i if p(a) > p(B') or to the Type I11

B
sisymbol {5 5 Th it () > pla)(=p(9)

e The second term {a B )\} is related to 7 = {;\, C; 5} . Call
rT3STY

STT3Ty

sT4T3T

]

Proposition 2.2.6. 6j-symbols of Type III can be computed in terms of core and

Type IV 67-symbols.

A a f

Proof. Let S = {o/ N 81} be of Type III: p(A) > p(a) > p(B) > 1. Let
cicocsk

us apply the pentagon relation to S in the version given by (1.158). In order to

do this, we specify the choice of the two free irreducible representations vy, vy

appearing in such equation. Consider 8 € ¢(m,n) with m,n minimum with such

property. Being S of Type III requires p(8) > 1, i.e. m +n > 2. Hence we have

B € gy ® B for some irreducible representation 3 with p(8) = p(8) — 1. We

therefore choose v, to be &, (we recall &, to be either € or €) and v, to be 8. Let

us write the pentagon relation with these choices:

A« %3 . A Vg &9 Vg gi é
{O/ )\/ 51} k o Z #{5 )\/ 51} d {O/ 6/ o docl
C1C2€C3 C1518407 2C2€1€3

Evzereqes
"a A«
S R N S
2 dzczezey 2 3 dydydsk

dydyey cady
5154

where # denotes the product of specific coefficients which are known. In the
following, we are going to prove that each of the four 6j-symbols in an arbitrary
addend of the sum above is related either to a core or to a Type IV 6j-symbol.
Notice that p(A) > 3, p(§) > p(X') =1 > p(8) =1 > 1 and p(r3) > p(A) — 1 >
p(B) > 1. In particular, if p(§) = 1 is admitted for some & in the sum, we can
conclude:

M)

A=3,, v3=2, XN=2, o/ =2, a=3, =2, p(f)=1

P
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e In the case p(§) = 1, we have that R = A "3 is a core 6j-
6 A €1 d
€1518407
symbol of the type {3” 2 1p} . In the case p(§) > 1, we eventually
1p 2p 1p c18184d7

apply some tetrahedron symmetries to put the greatest triad at the top row
and in standard order, making R related to a Type IV 6j-symbol.

e Focus now on the second 6j-symbol appearing in an arbitrary addend of the

sum in (¥): T = {V?} %1/ é: . Assume p(B') = 1. If p(§) = 1 then T
@ @ dl26/26163 - ,

is related to the core 6j-symbol {Zf Z:’ f } — {il)’p gp 110} :

1) hegerd, D P P cheseqdsy

whereas if p(§) > 1 then T is related to a Type IV 6j-symbol.
Assume now p(’) > 1. We have:

Lemma 2.2.3 = p(\),p(a’) > p(B) = p(8') +1 > p(5)

p(N) =1<p() <p(\)+1 = p(&) >p(A),

Sisof Type Il = p(a) >p(B) = pla)>pB)

p(AN) =1 <p(vs) <p(A\) + 1, p(A) > p(B) > p(B) = plvs) > p(F)

Consider the only two non-primitive triads of 7: A = (£a'8') and B =
(aiyB"). If we want to put them in standard order, the above proves that /3
can be put at the last place.

— CASE p(¢) = p(8'). We have B > A by the relations above, therefore
— /
T is related to the Type III 6j-symbol {(g gj} ? } . Anyway,
1 coeserds
the greatest triad of the latter is strictly less than the g;eatest triad of
the initial 6j-symbol S, i.e. B < (Aaf) since p(8') < p(B), so we can
apply again the same whole procedure.

— CASE p(¢) > p(B'). If B> A, then T is related to the Type III 6;-
/

symbol {(g 73} ? . If B < A, then T is related to the Type 111
a 51 clze3eld2
6j-symbol {5 S f } . Since A, B < (Aaf3), in both situations
3 1 6362d261

the greatest triad is strictly less than the one in &, making possible to
consistently apply the whole procedure again.

o Call A= (Na'p), B=(a'¢8'). Observe that A > B: indeed by Lemma 2.2.3
$ may be considered as the smallest irreducible representation of A and A3’
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can be considered the smallest irreducible representation of B because of:

>p(B) =p(B) +1>p(d),
p(A'>2p(ﬁ)=p( B+ 1> p(p),
p(&) = p(\) =1 > p(B).
(

The third 6j-symbol in an addend of the sum in (*) is therefore related to

)\/ d/ 6
u pu— = _ - .
{6/ €2 5}8261(1363
Noa o2

If p(8) = 1, namely 8’ = &5, then U = { _ p} which is a core
63 €2 5 eperdscs

6j-symbol. From now on let us assume p(3’) > 1.
If p(\') > p(a) then U is of Type II.

—/ N/
Assume now p(a’) > p(X). U is then related to U’ = {? g/ g}

2 e1eqdsc
which is of Type I. We then proceed similarly to the proof of the previogug
statement. Let us permute the columns of U’ via the cycle (132) and then
apply the Racah-backcoupling rule:

N B & B g, v & Nopoa
{6/ § 82}62d36163_2#{5/ § )\1}627"615 {5_2 v 6}”13303

vrs

Again, # denotes the product of specific known coefficients and p(v) >
2,p(\). In what follows we prove that the 6j-symbols in the sum above are
related either to Type II 67-symbols or to Type III 6j-symbols with greatest
triad strictly less than the greatest triad (Aaf3) of the initial 6j-symbol S.

-/
_ gy V . a £ B
The first term {5/ ¢ )\,}e » is related to A = {)\ y 52}36 .
D )\/ B/ 2 1 o o 2 1
andtoB:{g— & 5} . Call A = (aép), B = (vN'F') and
2) seqeqr

notice that these two triads are already in standard order exactly as we

have just defined them.

If A > B we consider A. If p(¢) > p(8') then A is a Type III 6j-symbol

whose greatest triad is strictly less than the greatest triad (Aaf) of S

from which we started. Otherwise, if p(¢) = p(’) then A is related to
o g€

the Type II 65-symbol {/—\, e D

sregeq

If A < B we consider B, which is of Type III since p(\') > p(\) — 1 >

p(B) = p(B) +1> p(B). But there are no problems, since B is strictly

less than the greatest triad (Aaf) of S.
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/

-, ~
— Focus now on the second term {{\ b a,} which is related to C =
€2 ¥V ﬂ rdgscs
a XN Io] NAY: o I ot :
- . Call A= (a’X'f), B= (v\'() and notice that these
ﬁ €2V srdscs

two triads are already in standard order exactly as we have just defined
them. Therefore, C is of Type II. In particular, p(3) > p(8) —1 = p(3')
implies A > B so there are no other cases to consider.

e In the end, consider the 6j-symbol V = { )\, o 6} from (*). When
p& v dydydsk

we order the triad (a733'), we see that 3’ is strictly the lowest representation,
since the inequality p(a), p(v5) > p(f’) is implied by the conditions:

p(A) = p(a) > p(B), p(A) —1<p(s) <p\)+1, p(B)=pB)—1.

Hence, (Aaf3) > (ai3f3’), so V is a core 6j-symbol. If p(3) > 2, then V is in

particular of Type II.
O

Proposition 2.2.7. 6j5-symbols of Type IV can be computed in terms of trivial
and core 6j-symbols.

. A« &q
Proof. Let § = {o/ N e

The triad A is in standard order and A > B. The Racah-backcoupling rule reads:

A« &1 . Z # Ey UV & A« &1
/ !/ - / !/ — —/
o N &y o A Ey V « ’
T1ToT3Ty r1TT38 TToSTy

vrs

} be of Type IV. Call A = (\ag,), B = (Na'sy).
1727374

where # denotes some specific known coefficients and 0 < p(r) < 2. Let us
show that the 6j-symbols in the sum above are either trivial or related to core
6j-symbols.

e The first 6j-symbol {82, ;, 51} we see in the sum above is related
a TTrr3s
Aa w o
to T = - . If p(v) = 0, T is trivial and we are done. If
f1 &2 A T3S

p(v) = 1, Lemma 2.2.4 assures the triad at the top row to be in standard
order and the greatest one, making 7 a core 6j-symbol like in (2.19). If
p(v) = 2, the triad at the top row is strictly the greatest one and it is in
standard order by Lemma 2.2.4, making 7 a core 6j-symbol like in (2.10).
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e The second 67-symbol we see in the sum above is U = {;\ ,O/é ;1,} I
2 TToSTy4

p(v) = 0 then U is trivial and we are done. If p(v) = 1 then U is a core
\ /
6j-symbol like in (2.19). If p(v) = 2 then U is related to {;\ ? 7} :
2 1 T4ToST
The latter is a core 6j-symbol like in (2.10), since the triad at the top row
is in standard order by Lemma 2.2.4 and it is strictly the greatest one.

O
We formally state our result in the following theorem:

Theorem 2.2.1. If G is a connected simple compact Lie group not of type D .yen,
then any 6j-symbol can be computed in terms of core 6j-symbols. In this case, the
computability of all core 65-symbols implies the computability of any 67-symbol.

2.3 The SU(N) Case

The goal of this section is to investigate our initial question concerning the
SU(N) case: we will try to understand if giving six finite-dimensional irreducible
representations of SU(N) defining a 6j-symbol is enough to know its absolute
value. We will see that this is indeed possible for base 67-symbols.

Denote the fundamental representation of SU(N) by e. Notice that e is an
irreducible faithful representation of minimal dimension, therefore primitive. We
will use €, €; to denote either € or its dual €. Furthermore, we denote the adjoint
representation of SU(N) by ad and the quantum parameter by g.

If N is high enough, the irreducible representations at quantum level behave like
their classical counterparts (see | |). Therefore, when working with quantum
67-symbols the hypothesis of having N high enough will always be implicit. In par-
ticular, working with SU(N) allows us to use an important tool: Young Tableaux.
We define the notation Y (\) to denote the Young diagram of an irreducible rep-
resentation A of SU(N). The reader may find further details in Section A.4,
especially regarding the notation we are going to utilize.

Despite having stated that we will work with /N high enough, throughout the re-
sults of this section we will distinguish different cases for N: the reader may either
look at the cases with highest N only if interested in quantum 6j-symbols or con-
sider all the cases if interested in classic 6j-symbols (for which we need to be more
careful since some situations may not occur when N is not high enough). In other
words, we present the results with lower N to take into account the limit to the
classic case.
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The value of the quantum dimension of the following representations will be used:

A=, =P gy o, g =
_ INV]IN +1J[N +2] _ [N = IN][N +1] _ [N = 2J[N — 1[N]

Remark 2.3.1. The multiplicity label for a primitive triad is automatically 0.
Indeed, it is easy to see via Young Tableaux theory that if X\ is a generic finite-
dimensional irreducible representation then all summands of a decomposition into
irreducibles of A ® € have multiplicity one.

Lemma 2.3.1. Fiz an ordered primitive triad A = (Aag) of SU(N). If N is even
then p(A\) > p(a). If N is odd and Y (X\) has a column of hight (N — 1)/2 then a

decomposition of A ® € into irreducibles has exactly one summand of power p(\).
Proof. Tt follows by Young Tableaux theory. m

Lemma 2.3.2. Let N be even. Let A = (Aae) be an ordered triad, then p(\) =
p(a) + 1. 1t follows that 65-symbols like in (2.15) do not show up for SU(N).

Proof. Tt follows by Young Tableaux theory. m

2.3.1. Let N be even. Let S = {/\, @ f,} be a Type II 65-
/B € 0ry0ry

symbol. Then we have that either p(A\) > p(\') or p(B) > p(B').

Proof. If p(\) < p(\') then by Lemma 2.2.2 we conclude that p(3’) < p(5). The
case p(A) = p(X\') does not occur by Lemma 2.3.2, so the remaining possibility is
therefore p(\) > p(\). O

2.3.2. Let N be even. Let S = >\, O[, “1 be a Type IV
a A c2 1727374

6j-symbol. Then p(a) = p(A) — 1, p(X) = p(a) and p(a’) € {p(\), p(a) - 1}.

Proof. By Lemma 2.2.4 we have p(\) < p()\), which implies p(\) < p(A\) by
Lemma 2.3.2. Since the the triad at the top row of S is in standard order, we have
p(a) < p(A\) again by Lemma 2.3.2. Always by Lemma 2.3.2, the options left for

p(a’) are then either p(a) + 1 = p(A) or p(a) — 1. O
Fact 2.3.1. 6j-symbols like in (2.16)—(2.19) do not ezist for SU(N) with N > 3.
Proof. 1t follows by Lemma A.4.2. m
Fact 2.3.2. 6j-symbols like in (2.15) do not exist for SU(N) with N > 5.

Proof. Tt follows by Lemma A.4.3. O
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2.3.1 Subcase (2.13)
Let us focus on 6j-symbols like in (2.13), hence call:

S = {A “1 62} (2.21)
H €3 4] o000
where p(\) = p(p) = 2.

Proposition 2.3.1. § can assume the following values only:

{ag ¢ 6} and its conjugate {ai ¢ 6} , (2.22)
ad € €J o000 ad € €J o000
z ad € €
ad € e and its conjugate Mo _ , (2.23)
M € € € €
0000 H 0000
o € € . . M € €
=5 and its conjugate q _ (2.24)
ad € € 0000 ad € €] 1000
and if N > 4 we have also:
z ad € €
ad € e and its conjugate o _ _ , (2.25)
H € € € €
0000 B 0000

™
[
M M

O
B ©°© and its conjugate { E(li } . (2.26)
ad € €} 000 a 0000

Proof. We analyze all possible combinations for the values of ¢, €5, €3, 4.

IfS = {)\ ¢ 6} we see that (Aee) and (Aée) must be valid triads, implying
€€ o000

A€ (e®e)N(E®e), but the latter is empty, therefore S cannot have this shape.
If S =

g ¢ is allowable, then the same is true for its conjugate, which

A
K Jgooo :
would fit the previous discarded case, therefore § cannot have this shape.

IfS = {A ¢ 6} we see that (\e€) and (fie€) must be valid triads, implying
0000

L€ €

AEe®eand p € € ®E, implying A = p = ad.

IfS = {A ‘ 6} we see that (A\ée) and (fiee) must be valid triads, implying
H€ € 0000

ANEe®eand p € € e, implying A = ad and p = m, B

IfS = {2 2 6} we see that (Aee) and (Aé€) must be valid triads, implying
_ 0000

A€ (e®e)N(E® E), but the latter is empty, therefore S cannot have this shape.
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IfS = {A ¢ 6} we see that (Aee) and (ji€e) must be valid triads, implying
0000

TG

ACe®eand p € €Q e, implying = ad and /\—EE

IfS = {)\ ¢ 6} we see that (\é€) and (Aée) must be valid triads, implying
€€ o000

A€ (E®E) N (E®e), but the latter is empty, therefore S cannot have this shape.

Its = {)\ ‘ E} is allowable, then the same is true for its conjugate, which

K€€ 0000
would fit the previous discarded case, therefore S cannot have this shape.

IfS = {2 z 6} we see that (A\ée) and (Aee) must be valid triads, implying

_ 0000

A€ (é®e€) N (e®e), but the latter is empty, therefore S cannot have this shape.
A € €

ItS = _ is allowable, then the same is true for its conjugate, which
K€€ o000

would fit the previous discarded case, therefore S cannot have this shape.

IfS = {)\ ¢ ﬁ} we see that (\ée) and (\é€) must be valid triads, implying
0000

TG

A€ (E®e)N (€® E), but the latter is empty, therefore S cannot have this shape.
A € : : : . :

ItS = I g E is allowable, then the same is true for its conjugate, which

would fit the previous discarded case, therefore S cannot have this shape.
The four cases left, where three of £, 4, €49, £, are € and one is €, are obtained by
conjugating S in the above cases where three of them were € and one was €. [

2.3.3. The module of S is computable.

Proof. By Proposition 2.3.1, we see that either \ or u is the adjoint representation,
which can be substituted only by the trivial one. Therefore, utilizing the unitarity
symmetry we can compute the module of §. All cases are similar, so we give just
one example with A = 1 = ad, for which we use (1.123) and (1.120):

_ZW A e € ? " € € 2+|d| ad € € ?
a N ad e € 0000 ad € € 0000 ! ad € ¢ 0000
2
_n {ad}{ad ec0} ‘ad"{ad ¢ e} o 4 Jad {ad € e} ?
v‘€’\/|€| ad € ¢ 0000 ’ ‘2 d e e 0000

implying

Had e}
ad € ¢ 0000

I —ladl 1] /NP = [N = 1[N + 1]

|ad| €| [N - ][N+1HN]
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(N — 1[N + 1][N]\/¢"/2 — ¢ /?

\/(q1/2 —q 7 1

N =N + 1V fg 2 g2 NIV

2.3.2 Subcase (2.14)

Let us focus on 6j-symbols like in (2.14), hence call:

8:{A “ 51} (2.27)
€2 K €3 h000

where p(\) = 3 and p(a) = p(p) = 2.

Proposition 2.3.2. § can assume the following values only:

HO 4 T 4 €
{EE & 6} and its conjugate {E_ & i} , (2.28)
¢ ad €} 0 € ad €} 000
e T 4
{H A 6} and its conjugate {EE a_ i} , (2.29)
€ M €)oo € <) o000
H — oo
{H i} and its conjugate {EE 6} , (2.30)
e ad €] g € ad 0000
{DI‘ - 6} and its conjugate {IID - 6} (2.31)
¢ o0 € o000
and if N > 4 we have also:
= H _
H ad e and its conjugate H ad € ) (2.32)
e ad e € ad €
0000 0000
H _ o
H ad € and its conjugate H a_d ¢ ) (2.33)
e B e 0000 € H € 0000
H = D _
H H e and its conjugate H H e ) (2.34)
e ad € € ad e
0000 0000
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{E'_j - 6} and its conjugate {EP - é} : (2.35)
€ H 0000 € H € 0000
{EP - 6} and its conjugate {EP . S} , (2.36)
€ T oo € El:' €J 0000
{EP E 6} and its conjugate {EP : E} , (2.37)
- T €J g000 € EE' €J 0000
{E'_j d 6} and its conjugate {EP ] e} (2.38)
€ B €)oo ¢ B €
and if N > 6 we have also:

M M

E E‘ 6} and its conjugate {H El } i 2.39
{E H e 0000 T ¢ H 0000 (239

Proof. We analyze all possible combinations for the values of €, €5, €.

CASE 1: § = {i\ @ 6} . We see that (ea€) and (éue) must be valid triads,
0000

o€
A oad €

implying &, i € e ® €, hence « = ad = and so § = {e .

} . We observe
0000

_ o
that (Aade) is a triad, implying A € ad ®e¢, hence A is either EED or (if N > 4) B .
A a €
€ [ €

€

{i\ Ef _} . We have that (Aadé) is a triad, implying A € ad ®e, hence A
0000

CASE 2: § = { } . As above, we see that @ = ad and so § =
0000

[

is either E:D or (if N > 4) EE In the first case we have y = m whereas in the

second i = [, since (\ji€) being a triad implies A € i ® € (recall p(u) = 2).

CASE 3: § = {)\ @ ¢ . As in CASE 1, we see that p = ad and so

€ B € 0000

S = Aa ¢ . We have that (Aad€) is a triad, so A is either = or (if
e ad €J .. H

N > 4) i as in CASE 2. In the first case we have a = 0 whereas in the second

_H ]
a =H, since (Aae) being a triad implies A € a ® € (recall p(a) = 2).
CASE 4: § = {)_\ “ 6} . We see that (€ae€) is a triad, implying o € € ® € so
€ H €] o000

« is either mor (if N > 4) H (the power of His 2 for N > 4 and 1 for N = 3 since
in this case we have = €).

SUBCASE a = m. We have § = {)_\ - E} . Here we see that (Amme) is
0000

€ [ €
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a triad, so A € M ® e. Hence \ is either @0 or (if N > 4) 7, therefore either

S = {DI‘ - 6} or S = {B_j = 6} . In the first case pu = 0O, whereas
€ ) o000 € H €)oo -
in the second p can be either &0 or H, since (\ji€) being a triad implies A € 1 ® e.

SUBCASE « = H (recall that here we are assuming N > 4). We have that
S = {)\ 2 6} . Here we see that (\He) is a triad, so A € H® e. Hence A is ei-
0000

€ 1 €
ther P or (if N > 6) E, therefore either S = {EP i 6} orS = E H e :

B € A €)0000 _6 12 0000
In the first case p can be either @ or § whereas in the second p =, since (Afie)
being a triad implies A € i ® €. m

2.3.4. The module of S is computable.

Proof. Consider all different values for S computed in Proposition 2.3.2.

CASE 1. If a representation of S is the adjoint, then we see it appearing in a
triad of the type (ade€€), where it could be substituted only by 1, but when we
consider the other triad containing ad we realize that 1 cannot be part of this
other triad. In other words, if the other five representations are fixed then the
only irreducible representation that fits the position in which ad is located is only
ad itself. Therefore, the module of S can be easily computed with the unitarity

symmetry. Let us give an example using (1.124):
el
€ M€ 000
2]

oo, ) (E0, °
SIS CHE TS CRN S
N — N[N + 17

0000
(] _
HH ad e}
€ M €) h000
oo M

CASEQ:S:{
€ m

2

Y

implying
2

S YY)

} . In this case we see that the representation at
0000

" . . . . OO O €
position (2, 1) is unique if we fix the other five, in the sense that if { e U Z}
0000

is a well defined 6j-symbol, then . = o because this value of y is the only one that
fits the triad (omojpe€) (by (A.16)). Therefore, we can use the unitarity symmetry

via (1.127):
oo oo - mam
€ = Im €
0000 0000 0000

1 oo M 2
m—;w{ o
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implying

L

o [N][N 4+ 1)

B A

v

CASE 3: § = {EP = 6} I {)\ a 6} is a valid 6j-symbol then A €
€ B €)oo ¢ f 0000

(m®e)N(H®e€), where (m®e) N (B €) = { B } by what we see in (A.16), making

us conclude A = F. Therefore, similarly as above we use the unitarity symmetry

in the form of (1.123):

}0000

2

1 A D € A m oe) — | oo @ €

ah B BT &

€l € €) o000 L€ €J 0000 0000
implying

HD:D m €} S 3]
€ T €)oo el Pl [N = 1NN +1]
CASE 4: § = {EP E:‘ 6} . This case follows from the previous one, because
0000

H @ ¢

here § is simply obtained by { .

} via exchanging the rows in columns
0000

2 and 3 and then conjugating.

CASE 5. § = {EP E E} . Similarly to the above cases, the irreducible
0000

representation at position (1,1) can be either P or @@0. The latter gives us a
6j-symbol which has been already computed in CASE 2. We apply the unitarity
symmetry via (1.123), finding that |¢| ™" is equal to:

s}z [-m|f =g

[3][N+ %[N + 2] 1
W H][N+1] " NPIN + 17

2

H B

I

_ 0o m €
T ||ID| € M ¢
0000
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where a straightforward computation shows that [3][N + 1] — [2][V + 2] = [N —1].

CASE 6: § = {E g 6} (recall that here we are assuming N > 6). The
€ €
0000
irreducible representation at position (1,2) is unique when the other five repre-
sentations are considered as fixed, since it has to lie in (E@ Nexe) ={H}
Hence, by using the unitarity symmetry via (1.124) we get:

1
NN 1]

H B

2

ﬁ{jw {5 ! } — {ﬁ = } ,
implying
- SO R
e8| B W-1m

CASE 7: § = B_j B ¢ . If N = 4,5 then the result is straightforward.

€ B € g _
Ass_ume N > 6. The irreducible representation at position (1,1) can be either 2
or H, where the latter concerns the already solved CASE 6. Hence:

s-onl 8,0 -mIE 8 R E

implying
i8] il
€ 8 oo “J 0000
1 BIN-1-[JN=2] _ 1

B OBIIV-UNT [N -1
where [3|][N — 1] — [2][N — 2] = [N + 1]. We then have:

T8
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2.3.3 Subcase (2.11)

Let us focus on 6j-symbols like in (2.11), hence call:

S = {Al A A?’} (2.40)
1 &2 &3 000r,
where p(A;) = p(Az) = p(A3) = 2.

Proposition 2.3.3. § can assume the following values only:

{ad - II‘} and its conjugate {ad - II‘} , (2.41)
€ € _6 0000 € E_ € J o000

{ad : E‘} and its conjugate {ad E‘ H} , (2.42)
€ € 6_ 0000 €€ €)oo

{a_d = H} and its conjugate {ad - E} ) (2.43)
€ € “Joono € _6 €J o000

{ad : II‘} and its conjugate {ad a D_]} , (2.44)
€€ J o000 € € €)oo

{ad ad ad} and its conjugate {a_d a_d a_d} ) (2.45)
00074 € < € Jooor,

where vy = 0,1, together with all the symbols obtained by permuting the columns
cyclically.

Proof. CASE § = {/\1 Az )\3} . Here the first triad is (A €e) and since
00074

€ €

e®é = 1@ ad we deduce that \; = ad. The second triad is (A\y€€), implying
Ay € € ® € and therefore \y = t,F. The third triad is (A\see), implying A3 € e ® ¢
and therefore Ay = @0, F. The fourth triad (ad A,\;) carries no multiplicity, since
ad has multiplicity one as a summand in a fixed decomposition of M ® &5, H® {,
m® B, B® 0 into irreducibles.

PP

CASE § = { e )\3} . Here we see that apart from the fourth triad
0007,

(A1A2A3), all other triads are the same: (\;e€). We can therefore conclude that
A1 = Ay = A3 = ad. Notice now that ad has multiplicity 2 as a summand in a fixed
decomposition of ad ® ad into irreducibles, hence we have that the fourth triad
(adad ad) carries multiplicity 2. O
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2.3.5. The module of S is computable.

Proof. Consider all different values for S computed in Proposition 2.3.3.

CASE 1: § = {aﬁd ES ES} . By the unitarity symmetry, || is equal to:
0000

A M ™ 2 axi m m
Shjit T E = [ad| j gt j
3 0000 0000

Utilizing (1.120) together with nj-phases being +1, we get:

e ol )t
€ € € 0000 |a(1‘ |€| € € ¢ 0000 |a(1||e| |EI]| ‘

CASE 2: § = {ad : E‘} . Similarly as above, we get:
0000

ENEIe
€ € €Jopol ladllel B/

CASE 3: § = {ad = H} . In this case, the irreducible representation at
0000

€ € €
|ad|Had mn) a}
€ 0000

1 1
~elfad] [N = 1[N][N + 1]

2

0000

2

position (1, 1) is unique, so we get:

1 A m A
a=rmr 7Y
0000

(N
€ € ¢ 0000

2 2

9

implying

€

CASE 4: § = {ad : ED} . Similarly as above, we get:
€ € Joo0o
(8, - e
€ ¢ ) o0 le| |ad] [NV —1][N][N + 1]
CASE 5: § = {aed aed aed} . By the fourth symmetry, ]E\_l equals:
0007

2 2

:Hl ad ad} +|ad|z {ad ad ad}
€ € € Joooo € ) 000

1=0,1
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implying via (1.120) that:

Had ad ad} 2 Had ad ad} 1 ( 1 )
+ = (1-—).
€ € €00 N lad| |e| lad|

Let us choose a multiplicity separation scheme in which we set:

{ad ad ad} _0
€ € € )om
and therefore have:

Had ad ad} 2_ 1 (1_ 1)
I lad| €| lad| /

We now explain why we can do this. Since mgg‘md = 2, we do not have a unique
solution for the modules of the involved 6j-symbols due to a SU(2) uncertainty. Let

/
M € SU(2) and call A = {ad ad ad} , B = {ad ad ad} , (g,) =
€€ € J oo € ¢ Joon

M- (g) . What happens, of course, is that ]A|2—|— |B|2 = |A’}2 + |B'}2, so by using

2

matrices of SU(2) we can move from A) to other vectors keeping |A|* + | B

B

/
B/
along a hyperbole from a generic point to the point of intersection with an axis. [

invariant. We decide to move to with B’ = 0. Geometrically, we are moving

2.3.4 Subcase (2.12) - Type IV 6j-symbols

In the SU(N) case we are able to compute Type IV 6j-symbols directly, without
recurring to core 6j-symbols. We make explicit every passage of the strategy
proposed in | |. Call:

Sz{% N “} . (2.46)
« €2 0000

Denoting by # the product of some specific known coefficients, the Racah-backcoupling
reads:

(Ca+Ce +C +C.)/2 ¢ _ (C,+Cy+C 1)/2 €y V & A a g
q 1 2 S Zq A |V|#{O/ A/ )\}OTOO {52 v 6[/}7'000.

(2.47)
Let us analyze the case o’ = \ first.
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Lemma 2.3.3. Let ¢, = € and ey = €. If & = X then the module of S is
computable.

Proof. By our assumptions, v in (2.47) can be either ad or 1. Therefore, denoting
by # the product of some specific known coefficients, (2.47) becomes:

A o € € ad ¢ A o €
Cy\+C. _ (CoqtCoatC1)/2y
AN € 0000 AN A 0000 L€ ad A 0000

(C14+Ca+C 1)/2 € 1 € A a €
G e E
A Ao LE 1 A g0
implying:

Cr\+C. —(Cog+CotC.1)/2 Ao € € ad € A«
e (10 G BN M de w3
/\ /\ € 0000 >\ /\ >\ 0000 € ad 0000
(C14+CatC)/2 ~(CaatCatC )2y JE 1 € Aa e
+q N q A #{ / } { } . (2.48)
)\ )\ )\ 0000 e 1 )\ 0000

Replacing ¢ by ¢! in the last equation we obtain:
~(C3+C) (CaatCatCy)f2y JA @ €| [ ad e A
S FR IR FR
A A€ ong A A oo L€ ad 0000
€ A« e}
L (249)

A}oooo{e L A o000

Subtracting (2.49) to (2.48) we have:

+ q_(cl+CDL+C)")/2q(Cad+Ca+C/\’)/2# {
A a € e 1 € A
I S S R R I
AN E 0000 AAA 0000 € 0000

2.3.6. If o' = )\ then the module of S is computable.

>~

> M

> o
>~

> =

€
A

= Q
> ™

Proof. In the proof of Lemma 2.3.3 we did not use any fact regarding the ordering
of the triads, so we can always start from S and eventually exchange the first and
the second column to make ; and e, be the conjugate of each other, since this
symmetry requires all the second row to be conjugated. We then then eventually
conjugate the whole symbol to have e at position (1, 3). O

Let us see now the case in which o’ differs from \.

Lemma 2.3.4. Lete; = € and ey = €. Consider the five irreducible representations
of S at position different from position (2,1) as fized. If &' # X\ then o is uniquely
determined
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Proof. We are assuming that S is a well-defined 6j-symbol, that o/ # X and that
A, XN, o are fixed. Consider the following triads:

(We) = deN®e, (@Ne) = o' eNw®e,
(Ae) = @ €AX®e, (dae) = acad ®e

and consider the following decomposition:

Neeae

IIZ

A D@ ... DY) Ve
AR)B (A R)B(13R6)D... 0 (1;R¢)
V@ B Vi) B B (Y D - D V)

DV, ) D (AD . Dy, D DV D DB Vymy,),

e 11

||2

(
(
(
(@@

where \=v,, 0 =15, U, Qe=v, D ... D Vim,- Bach v; has multiplicity 1. Notice
that @ belongs to a fixed decomposition of A® e and of @’ ® ¢, but it cannot belong
to other decompositions v; ® e. We can see this with Young diagrams: Y (y;) is
obtained by adding one box A to Y/(\') and Y (v;;) is obtained adding one box B
to Y (v;); if B is added to the right or below A, then v;; appears only once as a
summand in the final decomposition, otherwise it appears only twice since we can
build Y (v;) as Y(X) to which we add first the box B getting a diagram Y'(v,)
and then adding the box A getting a diagram Y (v,;) which equals Y (v;;).

Since & is fixed we have that & is known, then & € v; ® € for only two choices of 7.
One choice corresponds to v; = A and the other determines o’ uniquely. In other
words, & selects A and o', which are then the only two irreducible representations
that can fit the position (2,1) of S. O

2.3.7. Let £, = € and €5 = €. Then the module of S is computable.

Proof. By the unitarity of 6j-symbols and Lemma 2.3.4, we get:

r A H/\ «Q 6} {)\ o e}
T~ / — / —
Al AN E 0000 A€ 0000

{ A« e} 2
! —
AN € 0000

is known by Corollary 2.3.6. ]
2.3.5 Subcase (2.10)

Let us focus on 6j-symbols like in (2.11), hence call:

S:{A “ 6} (2.50)
1 €2 ) ggor

2 2

9

where
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Proposition 2.3.4. Up to conjugation, S can assume the following values only:

A A ad
A« ad} . 5 (2.52)
{ if a# X, (2.51) {e € ,u} ’
€ € 1 000 0007
A o @ A a B
{6 6 } 253 { H} L 259
K 0000 € € H 0000

Proof. We classify S accordingly to the different values that £, and 4 can assume,
namely (£,25) = (€,€) and (gq,&5) = (€, €) up to conjugation.

CASE S = {i\ O; b : the triad (€e¢f) implies f = ad. We then have either
~ - 0007
a# Xor a= A\ If a# X\ then Corollary 4 of | | implies m3%, = 1, so r = 0.
CASE S = {? (: b } . the triad (ee) implies f = 0@, F. Since Y(B) is either
) 000r
a row or a column, m§®a = 1 by Corollary 1 and 2 of | |, sor=0. ]
. A a B .
Lemma 2.3.5. Consider the case S = < _ . Consider all representa-
€ € H)oono

tions apart from u as been fived. Then only two things can happen: either we have
a unique choice for pu (i.e. p is uniquely determined) or we have two choices for p.

Proof. Consider the following triads:
(Nep) = peEI®e, (Faji) = a€u®e.
Consider the following decomposition:

AROReXM B..01)ReE (N Re)D...0 (VD¢
(@ . OV)D ... ®Wa D@ ... D Vap,)
(@@ ... Q) D... OV @ ... D Vy,),

I

I

where o = vy, v, @ € = ;1 @ ... ® vy, Bach v; has multiplicity 1. We have
that A is given, so we know all the v;’s and v;;’s. The representation « is given as
well. The question is: what is the multiplicity of « in the final decomposition? In
other words, how many v;;’s are equivalent to the given a? The answer is either
one or two. We can see this with Young diagrams: generally speaking, Y (v;) is
obtained by adding one box A to Y()\) and Y (1;;) is obtained adding one box B
to Y (1;); if B is added to the right of A or below A then v;; appears only once as
a summand in the final decomposition, otherwise it appears only twice since we

can build Y(1;;) as Y (A) to which we add first the box B getting a diagram Y (v,)
and then adding the box A getting a diagram Y'(v,;,) which equals Y'(v;;).
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Hence, if a appears only once as a summand in the final decomposition then
a = v;; for a unique 7, identifying a unique v; and making p be this v;. If instead
« appears twice in the final decomposition then a = v;; for only two choices of 4,
say a = v, = Vg with a # ¢, so u can be either v, or v,. O]

2.3.8. The module of S is computable.

Proof. Consider all different values for S computed in Proposition 2.3.4.

A a ad

CASE 1: § = { } , a # \. By unitarity, we get:
€ € HJ oo

H)\ « ad}

€ € HJoo0o
since the only irreducible representation that could replace ad would be 1, but this
cannot happen since a # A.

CASEQ:S:{)‘ A ad
€ € W

% MZHA )y ad}

2 1

~ Jad]{pl

} . By unitarity, we get:
0007

2 —
A Al
0007 € € HJ o000

RN R R
e e lad| \ |ul € #J o0l )
Call M = mi%;\, then 7 runs from 0 to M — 1. We choose a multiplicity separation
scheme where we set:

HA A ad}
€ € oo

and therefore have:

H)\)\ad} 1 (1 ||H>\)\1} 2
€ € J oo |ad| |:“| H ) 0000 '

The explanation for this process is the same we have given in CASE 5 of Corol-
lary 2.3.5 but generalized to M > 2.

CASE 3 5_{A o B
€ € U

implying

>

[

000r

2
=0 for r=1,... M -1

2

} . Let us make explicit the strategy suggested in
0000
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| |. By Lemma 2.3.5, we have either one or two choices for p when we con-
sider the other five representations as fixed. In the first case, by the unitarity
1

€ M ( )( |/B| |‘ |

In the second case, call p, py the only two irreducible representations that can

fit the position (2,3) and call X; = {>_\ o B } . The Racah-backcoupling
€ € Hi) g0

rule establishes a linear relation between X; and X,. Indeed, denoting by # the
product of some specific known coefficients, (1.161) reads:

X=#mie oo e s
B € Hi ¥)o000 LE € V) 0000

€ pyp A € py A
4 |u1|{ } X+ 4 w{ } X,
€ i X o000 € i X o000

which allows us to express X, in terms of X; and Type IV 6j-symbols (recall that
Type IV 6j-symbols are computable as shown in Subsection 2.3.4). We write X,
as X5(X,) to emphasize when X, is expressed via X; as just explained. By the
unitarity symmetry, we have:

2

1
W = | ‘X1‘2 + | o X% = || 1 X0+ |12 |X2(X1)|27
which solves the square module of X;. We then solve the square module of X,
through the linear relation between X; and X,. O]

2.3.6 Subcase (2.6) - Type II 6j-symbols

Let us now focus on 6j-symbols like in (2.6). Call:

A a B
8 B {ﬁ/ € A/}OTOS (255)

where p(A) > p(a) > p(8) > 2 and p(8), p(X) > 2. Call A= (Aaf), B = (FaX),
then we have also A > B.

Lemma 2.3.6. Assume N > 8. Then we have that p(a) > 3. As a consequence,
p(A) > 3 as well.
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Proof. Assume p(a) = 2.

The condition 2 = p(«a) > p(B) > 2 forces p(f) to be 2

A triad of the type (2,2,¢) does not exist for N > 4, therefore (B'eB) being a triad
implies p(B') = 3.

If p(\") > 3, then the following is the standard order for B: (\''a). The standard
order of A is (A\a3). Since p(a) = p(B) and p(B') > p(a), we conclude B > A,
against the initial condition A > B. We therefore conclude that p(\') = 2.

Now, B is a triad of the type (3,2,2,), but such a triad does not exist for N > 8. [

Lemma 2.3.7. Assume N > 8. If p(B) = 2 then p(\) = p(a) = p(8) = 3,

p(\) =2, ie S= {3p 3 2”} )
31’ € 2p 0r0s

Proof. Assume p(f) = 2.

A triad of the type (2,2,¢) does not exist for N > 4, therefore (3'¢/3) being a triad

implies p(3') = 3 (recall p(8’) > 2).

Let us now prove p(\') = 2. Assume by contradiction p(\") > 3. Then o must have

the smallest power within the representations in the triad B (indeed, p(3') = 3

and p()\") > 3 tell us that the possible standard orders for B are (aX' "), (Nap'),

(NB'a), but in the first two cases the condition A > B would imply that p(3) >

p(B') which is a contradiction). Then A > B implies p(a) < p(8) = 2 namely

p(a) = 2, against Lemma 2.3.6.

A triad of the type (2,2,¢) does not exist for N > 4, therefore (Ae\’) being a triad

implies p(\) = 3.

Finally, we have 3 = p(\) > p(a) > 3 (where the last inequality follows by

Lemma 2.3.6), implying p(«) = 3 O

Lemma 2.3.8. If N = 8,9 then assuming p(\') = 2 and p(B8) > 2 we get that

p(\) =p(a) =p(B) =3 and p(8') =4, i.e. S = {ip 3 Sp} . If N > 10, the
€ 2 0r0s

P
case in which p(\') = 2 and p(3) > 2 does not occur.

p

Proof. Assume N = 8,9. Assume p(\') = 2 and p(f) > 2. The triad (A\é)") implies
p(A) < p(XN) + 1 = 3, therefore by Lemma 2.3.6 we get p(A) = p(a) = 3. By the
hypothesis, we then have p(3) = 3 as well. Triads of the type (3,2,2,) and (3,3,¢)

do not exist for N > 8, therefore (a3'\') and (/3 B¢) being triads imply p( ") #2,3.
Then p(8') = 4, since 2 = p(B) — 1 < p(B') < p(B) + 1 = 4 due to (8'Be) being a

triad. Hence, we conclude that S must be of the type § = {Sp 3 3”} :
PJ 0ros

4. € 2
P
Assume now N > 10. For such N, a triad of the type (3,3,3,) does not exist, so it
is not possible to have a 6j-symbol of the type S = {ip 3€p ;’p , which would
14 P ) 0ros
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be the only possibility if we require p(\') = 2 and p(8) > 2, as shown above. We
conclude that for N > 10 the case p(\') = 2 and p(3) > 2 does not occur. O

Lemma 2.3.9. Assume N > 10. Then p(\) = 3 implies p(5) = 2.

Proof. Assume p(A) = 3. We know that p(\) > p(a) > 3 by S being of Type II
and Lemma 2.3.6, hence p(a) = 3. For N > 10, there is no triad of the type
(3,3,3,), so p(B) cannot be 3. The only case left is p(5) = 2. O

p=p-p

2.3.9. Assume N > 10. The following four conditions are all equiva-
lent: p() =2, p(X) =2, p(A) =3, S = {gp v 3} .
p 0r0s

€
P
Proposition 2.3.5. Let N > 10. Assume S to be of the following particular

shape: § = 5 3 2% . Then S is computable.
3 2p 0r0s

p

Proof. Denoting by # the product of some specific known coefficients, the version
of the pentagon relation given by (1.158) makes S coincide with:

RICE IR S S TRE W
Evgetz § e A 000 poea a o0 L€ €2 p oooo \E1 €2 V3 ooos7

where we have chosen v, v, to be primitive: 1, = ¢; and v, = ¢,. This choice is
legitimate since p(3) = 2, p(B8') = p(A\) = p(a) = 3. Notice that p(v;) = 2,4.

. . A 3
Let us now examine the terms in the sum above. The symbols { V3 82} ,
0e00

£ e N
0!
A o .
{51 b é} , { o B } have at least three primitive triads: they have
€ €2 Bfogn L1 2 V3] g,
already been shown the computable in the SU () case in the previous subsections.

vy N &
ﬁ/ &1 o
{2 VE?’ 32,} , we see that ¢ is involved in the triad (£e2,), implying p(¢) = 0, 2.
0e00
If p(&) = 0 then U is trivial, therefore computable. Assume now p(§) = 2. Then,
— ol /
U= {1/3 % 2p} so U is related to the symbol T = {a ? {\ } after
3 €1 3y 0t0z § U3 & 00t' 2’

an exchange of rows in the first and second column and a cyclic permutation of
the columns. Notice that T = S 3 2_” is a Type III 67-symbol. We
2, 2p/4p €1 oot

apply again the pentagon relation, getting 7 equal to:

a N3 &y n &1 Y es & a g X
2_# 1y £ ey f '
o Y3 €1J 0000 €3 o000 (V3 €4 or'oo LF2 €4 T3 ) g0,
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after choosing the two free irreducible representations to be primitive, i.e. to be €5
and €,. All the four symbols in the latter sum have at least three primitive triads
and are therefore computable, making 7 (and so &) computable as well. ]

Lemma 2.3.10. Assume N > 10. If p(5') = 2 then p(B) = 3, implying p(\') > 3,
p(A) >4 as well.

Proof. Assume p(3') = 2. At the beginning of this section we recalled p(3) > 2.
The triad (3'e/3) of S cannot be of the type (2,2,¢) since such a triad does not
exist for N > 4, therefore p(3) > 3. By 3.) of Fact 2.1.1, p(8) < p(8') +1 = 3.
We therefore conclude p(5) = 3.

By Corollary 2.3.9, p(3) = 3 implies then that p(\) > 3, p(\) > 4. O

Lemma 2.3.11. Assume N > 12. If p(8') = 2 and p(a) = 3, then the following
are all the allowed Type II 65-symbols:

{4p 3, 3,,} {4,, 3, 3p} {Gp 3, 3p} (2.56)
2y € 3pfo0s 2y € 5pfo0, Zy € Bpfon, '
Proof. Assume p(f') = 2 and p(a) = 3. By Lemma 2.3.10, we have that p(3) = 3,
p(\) >3, p(A) > 4. By 2.) of Fact 2.1.1, p(\) < p(a) + p(B’) = 5. Since a triad
of the type (4,3,2,) does not exist for N > 10, the values that p(\") can assume
are 3 and 5.

In the case p(\') = 3, the only possibility for p(\) is to be equal to 4, since
4 < p(\) <p(\N)+1=4 (using 3.) of Fact 2.1.1).

In the case p(\') = 5, we have 4 < p(\) < p(\') + 1 = 6. Here, p(\) = 5 does not
occur for N > 12, since in this case a triad of the type (5,5,¢) does not exist. [

Remark 2.3.2. Consider N > 12.

We saw in Corollary 2.3.9 that if we start by imposing either the condition p(A) = 3
only, or p(3) = 2 only, or p(\') = 2 only, then all the other representations involved
in S have only one possible value for their power. These are the minimal values
for the power of \, 5, \.

We now wonder what happens if we start by imposing a condition on p(3') instead,
e.g. the minimal value for the power of 8" which is p(8') = 2. If we add the
requirement of p(a) = 3, then by Lemma 2.3.11 we have finitely many cases for
the power of the other representations of S. If we do not impose a limit on the
power of a, then the problem is that the condition p(3’) = 2 alone is not enough to
have a bound on the power of the other representations. For instance, the following
are all allowed Type II 6j-symbols with p(8’) = 2 and p(a) = 4:

{5p 4, 3p} : {513 4, 3p} : {719 4, 31)} ' (2.57)
21” € 41’ 0r0s 2[2 € 6p 0r0s 2p € 61’ 0r0s
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In general, for p(3') = 2 and p(a) = n > 3 with N high enough, the following are
all the allowed Type II 6j-symbols by Lemma A.4.6:

{(n+1)p p 3:0} {<n+1)p np 3p }
2p € My J s 2y e (n+2),f40

{(n N 3)p " " ip2>p}0ro; (2.58)

P

We conclude the chapter with the following remark, in which we highlight the
main issues in computing 6j-symbols involving representations of high power.

Remark 2.3.3. Consider § = {)\, “ ﬁ,} = {4p 5 3p} .

B € A 0r0s 2p € 31’ 0r0s
One option to compute § is to use the unitarity symmetry. The only representa-
tions of & which we can sum over and obtain representations of lower power are
A and . For instance, summing over A we would have representations of power
2 at position (1,1) (giving us a symbol which is computable by Proposition 2.3.5
after applying some tetrahedral symmetries) and all the other representations of
power 4 which can fit position (1,1): in general we have more than one of such
67-symbols with different \’s of power 4. Hence, the unitarity symmetry alone
can help us only in the case where A is uniquely determined, i.e when the Young
diagram of )\’ is made of three boxes in one row or one column only.
Another option is to apply the pentagon relation via (1.158). In this case we obtain
sums of factors involving four 6j-symbols. At least one of these, call it T, is either
of Type I or of Type III. The idea is then to follow the proofs of Proposition 2.2.5
and Proposition 2.2.6 to compute 7. The problem then lies in the fact that along
this process we utilize again the Biedenharn-Elliot sum rule, facing other Type II
6j-symbols of the exact same nature of S, constituting an obstacle to an induction
argument on the power of representations.
A third attempt would be then to apply the strategies above (eventually together
with the Racah-backcoupling rule) and check if it is possible to reach the right
amount of independent equations to indeed show the computability of S.
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Appendix A

Elements of Representation Theory

In this chapter we present some peculiar elements of Representation Theory
which are needed to study and compute 6j-symbols as defined in Chapter 1. For
this purpose, we fix a compact Lie group G.

A.1 General Remarks

In this section we highlight some general remarks about Representation Theory.

Remark A.1.1. If \: G — GL(V) is a finite-dimensional representation of G and
B is an arbitrary basis of V', then for any g in G we have that:

Mg (M(g)) = "Ma(A(g) . (A1)

Remark A.1.2. Let \: G — GL(V) and 0: G — GL(W) be two equivalent
representations of G. This means that there exists an isomorphisms of modules
@: V. — W. Denote the conjugation by ¢ with ~,, namely:

Yo: GL(V) = GL(W);  7,(f) =po fop™
We then have that the following diagram commutes:
GL(V)
e
G \ Ve
GL(W)
In terms of matrices, for any g in G we get:
Me(a(g)) = Mes(p) - Mu(A(9)) - (Meg(#)) . (A.2)
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Let us see now a description of the one-dimensional trivial G-module seen as a
submodule of the tensor product of a finite-dimensional G-module with its dual:

Proposition A.1.1. Let \: G — GL(V) be a finite-dimensional representation
of G and \: G — GL (VV) its dual. Let B = (vy,...,v,) be a basis of V and
BY = (6y,...,0,) its dual basis. Consider the following vector in V@ V" :

2=, Q01+ ...+0v,R80,. (A.3)

Then (A ®@ N)(g)(2) = z for any g in G, i.e. the vector z spans a one-dimensional
subspace of V@ V" which is G-isomorphic to the trivial G-module. Furthermore,
z s independent of B.

Proof. Let g € G. Call A = (A;;);; = Mgp(A(g)) and B = (B;;),; = My (Ag)).
Recall that B =A™, Then we have that:

A@N(9)(2) =D AN (v ®6:) =Y Ag)(vr) @ Ag)(0) =
k=1 k=1
= Z (ZA > ; (ZBjkej) = > AuBjvi@0; =
i= = ijk=1
- ZA,L]{: U®9 - ZA,Lk U’L®0]:
2,7,k=1 ’ij‘ 1
1,5,k=1 i,j=1 i=1

To show that z is independent of B, pick another basis C = (wy,...,w,) and its
dual C¥ = (n;,...m,). Call now A = (A);; = Mpc(idy) and B = (By;);,; =
M vy (idyv). Notice that B =A™, We then have that:

Zwk Q1 = Z (Z Aikvi) ® (Z Bjk9j> = Z A Bjv; © 05 =
k=1 i=1 j=1

1,7,k=1

_ Z A (¢ LUiRO = > Ay (A—l)kjvi@gej

i,5,k=1 i,5,k=1
i,5,k=1 2,7=1 =1
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A.2 Unitary Representations

Let us study what happens when we introduce more structure on a G-module.

Definition A.2.1. Let A\: G — GL(V) be a representation of G. An (Hermitian)
inner product h: V x V — C is called G-invariant when h(A(g)(v), A(g)(w)) =
h(v,w) for all g in G and v,w in V. A G-module together with a G-invariant inner
product is called unitary, as well as its associated representation.

We will consider an inner product A(-,-) to be antilinear in the first argument and
linear in the second one.

Definition A.2.2. Let A\: G — GL(V) and 0: G — GL(WW) be representations of
G. Let h be a G-invariant inner product on V' and k£ a G-invariant inner product
on W. An isomorphism of modules ¢: V' — W is called an isometry of modules
or a G-isometry when h(u,v) = k(¢(u), p(v)) for any u,v in V. When such an
isometry of modules exists, we say that V' and W are G-isometric.

Fact A.2.1. Let V be a finite-dimensional complex vector space equipped with a
Hermitian product h(-,-). Let f: V — V be a linear map and let B, C be arbitrary
orthonormal bases of V. We then have that f is an isometry, i.e. h(f(v), f(w)) =
h(v,w) for all v,w in V, if and only if Meg(f) is a unitary matriz.

A.2.1. Assume A\: G — GL(V) to be a finite-dimensional unitary
representation with a G-invariant inner product h on V. Let B, C be arbitrary
orthonormal bases of V' with respect to h. Then Mcg(A(g)) is a unitary matriz
for any g in G.

Proof. Since A is unitary by hypothesis, we have that A(g) is an isometry for any
g in G by definition of unitary representation. The statement then follows by
Fact A.2.1. O

Remark A.2.1. Assume A\: G — GL(V) to be a finite-dimensional unitary rep-
resentation with a G-invariant inner product h on V. Let B be an orthonormal
basis of V. We know that Mg(A(g)) is a unitary matrix for any ¢ in G by Corol-
lary A.2.1. Therefore, for any ¢ in G we have that:

Mg (A(9)) = ‘Ms(A(9)) " = "Ms(A(9))' =" (‘Ms(\(9))) = MBO‘(Q))(*Aa Y
where we have used (A.1). .

Theorem A.2.1. Let V be a finite-dimensional G-module. Then V possesses a
G-invariant inner product.

Proof. See | , Theorem (1.7)]. O
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Theorem A.2.2. Let V be a finite-dimensional G-module and W a submodule of
V. Then there exists a submodule U of V' such that V. =W @& U. In particular,
any finite-dimensional G-module is a direct sum of irreducible submodules.

Proof. See | , Proposition (1.9)]. O
Lemma A.2.1 (Schur’s Lemma). Let V' and W be irreducible G-modules. Then:

1. a morphism of modules ¢: V — W 1is either an isomorphism or the null
map;

2. the dimension of Homg(V, W) is either 1 when V =W or 0 otherwise;

3. if  is an isomorphism of modules from V to V', then ¢ is a scalar multiple
of the identity map.

Proof. See | , Theorem (1.10)]. O

Let us see some applications of Schur’s Lemma:

Proposition A.2.1. Let V' be a finite-dimensional irreducible G-module. Then
any two G-invariant inner products on V' differ by a real positive constant factor.

Proof. Let h and k be two G-invariant inner products on the finite-dimensional
irreducible module V. Define two maps H, K: V — V" such that:

H(v) = h(v,-) and K(v) = k(v,-)

for any v in V. It is easy to see that both H and K are injective antilinear
morphisms of modules, which are also surjective due to the finite-dimensionality
of V. Hence, K 'o H: V — V is an isomorphisms of modules. Since V is
irreducible by hypothesis, by Schur’s Lemma we have that K~ o H = ¢idy for
some ¢ € C, i.e. H = ¢K. We therefore conclude that h = ¢k. Furthermore,
ok(v,v) = h(v,v) € Ry and k(v,v) € R, for any v in V, hence ¢ € R,. O

Proposition A.2.2. Let V and W be finite-dimensional unitary G-modules. If V
and W are G-isomorphic then they are G-isometric.

Proof. Let h and k be G-invariant inner products on V and W respectively.
Assume V' to be irreducible. Let ¥: V' — W be an isomorphism of modules (so
W is irreducible as well). Define h': W x W — C such that:

R (u,v) = k(¥ (u),¥(v)) Yu,v e V.
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It is easy to check that h' is a G-invariant inner product on V, therefore h = ¢h' for
some ¢ € R, by Proposition A.2.1. Define ® := 1/¢¥, which is still an isomorphism
of modules. We have that ® is an isometry, indeed for any u,v in V' we get:

k(®(u), ®(v)) = k (\/5‘1’(%6)7 \/5‘1’(11)) = Ok(¥(u), ¥(v)) = ¢l (u, v) = h(u,v).

In the case V' and W are not irreducible, we consider a decomposition into ir-
reducible submodules guaranteed by Theorem A.2.2 and apply the statement to
each single irreducible summand. O]

Before to present next fact, recall the notions of multiplicity and coupling between
representations outlined in Definitions 1.1.1 and 1.1.2.

Fact A.2.2. Let A\, Ay, A3 be finite-dimensional irreducible representations of G.
Then the following statements hold:

1. M\, Ay couple to 1 & Ny =2 \y;
2. the multiplicity of 1 in A\; ® \y is 1;

3. A1, Ag, A3 couple to 1 < A\, Ay couple to 5\3 & A, A3 couple to Ay Ao, A3

3 1 D VO VI vt
couple to Ay. Furthermore, my gx,ox, = MY’ gy, = my oy, = Mgy, -

Proof. 1., 2. Since Homg(V,, ® V,,,C) = Hom(V,,, V5, ), we have that:
m}\l®)\2 = dim HomG(V)\1 ® Vi, C) = dim HomG(V)\l, V;\Q),

where the latter is 1 in the case V), and V5 are G-isomorphic and 0 otherwise
by Schur’s Lemma.

3. Consider the following isomorphic modules:

Homg ((Vy, ® V3,) ® Vy,,C) = Homg(Vy, @ V), V5,),
Homg ((Vy, ® Vi) ® Vy,,C) = Homg(Vy, @ V,,, V5,
Homg ((Vy, ® Vi) ® Vy,,C) = Homg(Vy, @ V), V3,)-
Since V) @V, @ V), = V), @V, @V, for {i, j, k} = {1,2, 3}, the dimension of

all the spaces above is the same, getting the claim by definition of multiplicity.

]

Definition A.2.3. Let A be a finite-dimensional representation of G. We define
the representation A and the module V, to be:

e real when there exists an antilinear map J: V, — V, such that J? = idy,
and J o A(g) = A(g) o J Vg € G;
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e quaternionic when there exists an antilinear map J: V, — V) such that
J = —idy, and Jo A(g) = A(g9) o J Vg € G;

e self-dual when )\ is equivalent to \;
e complex when ) is not self-dual.

Definition A.2.4. Let X\ be a representation of G and H: V, x V, — C a bilinear
form on V. We say that H is G-invariant when H(\(g)(v), A(g)(w)) = H (v, w)
Yo, w € Vjy.

Proposition A.2.3. Let A be a finite-dimensional representation of G. Then:

1. X is real if and only if there exists a G-invariant symmetric non-degenerate
bilinear form on V,;

2. X\ is quaternionic if and only if there exists a G-invariant skew-symmetric
non-degenerate bilinear form on V.

Proof. See | , Proposition (6.4)]. O

Proposition A.2.4. Let X be an irreducible finite-dimensional representation of
G. Then X is one and only one of the following: real, quaternionic, complex.

Proof. See | , Proposition (6.5)]. ]

Definition A.2.5. Let X\ be a representation of G. Define the following map:
Xa: G —C; g Trace(A(g)). (A.5)
Then Y, is called the character associated with A.

Proposition A.2.5. Let \ be a finite-dimensional irreducible representation of G.
Then:
1 X s real,

/ xalg®) dp =< =1 X is quaternionic, (A.6)
geG

0 X is complez,

where the symbol of integration refers to the (normalized) Haar-integral.
Proof. See | , Proposition (6.8)]. O

Definition A.2.6. Let )\ be a finite-dimensional irreducible representation. Then
the number fg cc X)\(g2) dyp is called the Frobenius-Schur indicator of A and we
will denote it by ¢,.
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Fact A.2.3. Let X\ be a finite-dimensional unitary representation of G of dimension
d. Let J be a unitary complex d x d matriz. Let B be an orthonormal basis of V.
If J- Mg(A(g)) - JH = Mg(Mg))* for any g in G, then J is either symmetric or
skew-symmetric, i.e. *J = ¢J where ¢ = 1. In such a case, X is self-dual and ¢
is the Frobenius-Schur indicator of \: if J is symmetric then X is real and if J is
skew-symmetric then X is quaternionic.

Proof. If ¢ € G, the condition J - Mg(A(g)) - J ' = Mg(A(g))* implies both
T Mp(M9))"-J = Mp(Ag)) and J*- Mg(A(9)"- (J71)" = Ms(A(9)). Putting

these latter two expressions together, we get:
T Mp(Mg)" - (T = Mp(M(g) = T M(Xg))" - J,

namely

(J7J) - Mp(Ag)) = Ms(Mg)) - (J7J)

for any ¢ in G. By Schur’s Lemma, we get that J*J = ¢I, for some ¢ € C, where
I, is the d x d identity matrix. Since J is unitary, we have that |¢| = 1 and:

oI, = JJ = ("J)'J, namely Y =¢"J

Observe now the following:

(¢° )T =o' = o1,

JJ =N
=Tt ) =0T = ¢l

JJ = J(JT)

showing that J*.J = JJ*. We therefore conclude that:
dly=JJ =TT =(JJ) = (p1y)" = "Iy,

implying ¢* = ¢, i.e. ¢ € R. Hence, ¢ is a real number of module 1, i.e. ¢ = +1.
Since B is orthonormal and A is unitary, we have that Mz(A(g)) is unitary for any
g in G by Fact A.2.1, therefore the initial condition J-Mzg(A(g))-J "+ = Mg(A(g))*
implies *"Myz(A(g)) - J - Mg(A(g)) = J for any g in G, proving that .J defines a
non-degenerate G-invariant bilinear form H on V, (where H (v, w) = "[v]g-J - [w]g
Vv, w € Vy). By Proposition A.2.3, we have that:

¢ =1 < Jissymmetric < H is symmetric = A\ is real,

¢ =—1 & Jis skew-symmetric < H is skew-symmetric = A is quaternionic.

By the above, we see that ¢ coincides with the Frobenius-Schur indicator in the
corresponding cases. O
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Let V be a finite-dimensional G-module together with a GG-invariant inner prod-

uct h. Define the map:
Jy: V. o= VY

v = h(v,) (A7)

It is easy to see that [J; is well defined, antilinear and bijective. Define the map:
R VixVvY o — C
0.w) = h(F0), T (W)
It is easy to see that h" is a G-invariant inner product on V. Define the map:
Tyv: | 78N VA
0 — RV,
which again is well defined, antilinear and bijective. We define also:
[ AT VAR SEL VAR C
(p0) = W(T() T ()
Again, h"" is a G-invariant inner product on V. For any v, w in V, we have:
h(v,w) = b (T 0 Ty) (v), (T 0 Ty) (w)),

hence J,v o Jy is a linear isometry between V' and its bidual, when the latter is
equipped with A"". For this reason, we consider V and V""" identified via Tyvody.

Remark A.2.2. If B = (vy,...,v,) is an orthonormal basis of V and B' =
(0,...,0,) is its dual basis, notice that Jy (v;) = 6; for any i and that B is
orthonormal with respect to h”.

(A.8)

(A.9)

(A.10)

Consider a second finite-dimensional G-module W together with a G-invariant
inner products k. Define the following maps:

hek: (VeW)x(VeW) — C
((Ub w1)7 (Uz, wg)) —> h(vh Uz) + k(wl, wg) ) (A.ll)
hok: (VoW)x(VeW) — C
(V] @ Wy, vy @wy) = h(vy,vy) - k(wy, wsy) (A.12)

and extend them antilinearly on the first argument and linearly on the second
argument. It is easy to check that h & k and h ® k define G-invariant inner
products on the (standard) G-modules V & W and V ® W respectively.

Remark A.2.3. If B and C are orthonormal bases of V' and W respectively, then
B @& C and B® C are orthonormal bases of V& W and V & W when equipped with
h ® k and h ® k respectively.

All of the above easily generalizes to the case in which we consider direct sums
and tensor products of more than two modules.
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A.3 Faithful Representations

In this section we will analyze some sufficient conditions for our arbitrary com-
pact Lie group G to have a faithful finite-dimensional irreducible representation.
We will also see what such conditions allow.

Definition A.3.1. A representation \: G — GL(V') of G is called faithful when
A is injective. In this case, we call V' a faithful module.

Recall the notation V (k1) = V¥ @ (VV)@ defined by (2.1) for a generic vector
space V and for k,l € N.

Theorem A.3.1 (Peter-Weyl Theorem). The group G admits a finite-dimensional
faithful representation. Furthermore, if V is a faithful G-module then every irre-
ducible G-module is G-isomorphic to a submodule of V(k,l) for some k,l € N.

Proof. See | , Theorem (5.13)] and | , Theorem (4.4)]. O
A.3.1. FEvery irreducible representation of G is finite-dimensional.

Proof. Fix an arbitrary irreducible G-module W. By Theorem A.3.1, there exists
a finite-dimensional faithful G-module V' and W is isomorphic to a submodule of
V(k,1) for some k,l € N. Being V finite-dimensional, so is V' (k,[) and so is W. [

Proposition A.3.1. An infinite compact Lie group has countably infinitely many
non-equivalent irreducible representations.

Proof. See | , Chapter 3, Section 4, Excercise 3|. O

Definition A.3.2. A faithful representation of G of minimal dimension is called
primitive, as well as its associated module.

Proposition A.3.2. The following holds:
1. if V 1s a primitve G-module, then it is finite-dimensional;
2. the group G admits a primitive representation.

Proof. 1. Assume V to be a primitive G-module. We know by Theorem A.3.1
that G has a finite-dimensional faithful representations, therefore V must be
finite-dimensional by the minimality of its dimension.

2. Let W be a finite-dimensional faithful G-module (we are allowed to do this
by Theorem A.3.1). The set:

{dimV | V is a faithful G-module and dimV < dim W }

is finite and non-empty, hence its minimum exists.
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Remark A.3.1. The compact Lie group S' x S' is Abelian, therefore all irre-
ducible representations are one-dimensional (see | , Proposition (1.13)]), but
in this case none of them is faithful, so no primitive representation of S* x S* is
irreducible. In particular, S* x S' is not a simple Lie group. Hence, when we look
for hypothesis for which primitive representations are irreducible, we need to ask
the compact Lie group under consideration to be simple.

Remark A.3.2. We know that SU(N) admits an N-dimensional irreducible rep-
resentation that goes under the name of fundamental representation. Such repre-
sentation is faithful of minimal dimension. It is natural then to ask ourselves the
following question:

if G is a simple compact Lie group, does it admit a faithful irreducible
representation?

The answer in general is no: the center of a simple Lie group of type Ds; is not
cyclic, so no irreducible representation is faithful. For all the other types (A4;, B,
C,, Es, E7, Eg, F,;, G5), such a representation exists.

A.4 Some properties about irreducible representa-
tions of SU(N)

In this section we study some properties about finite-dimensional irreducible
representations of the compact Lie group SU(N) with N > 3.
We will make use of the tool of Young tableaux (see | | as a reference). Let us
establish the following convention: when a box in a Young tableau 7' is coloured in
gray, it highlights the fact that such box is missing from 7. We use this notation
to make clear how many boxes would be needed to reach the hight of N boxes in
certain columns of a tableau. For instance, denoting the fundamental representa-
tion of SU(N) by €, we have that e corresponds to the tableau [ and its dual €

_u
corresponds to the tableau []:= E, where the gray box tells us that the column

there has N — 1 boxes. Another example is given by . , which corresponds to ad,

the adjoint representation of SU(N). The reason why this convention turns out to
be useful is the following: let A be a finite-dimensional irreducible representation
of SU(N) and T its associated Young tableau with columns 77, ..., T,,, then it is
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not difficult to realize that the power of A (see Definition 2.1.1) is

t=1,...,m; a is the total number of boxes needed
. for the columns from T} to T; to be of height N; b is
p(A) =ming a+b
the total number of boxes among the columns from
Tiy 1 to T,

1

(A.13)

A.4.1 Irreducible representations of power 2
We have:
1] LL1 O

Ded=C0eH |:|®|j:1@E . Oed=r @E. (A.14)

Therefore, for N = 3 the irreducible representations of power 2 are:

[I] and N

For N > 4, the irreducible representations of power 2 are:

() Lo = L
(1] and ——, H , and H (A.15)
A.4.2 Irreducible representations of power 3
We have:
(MeO=T1eH, HeO=HoH-,
o IO o OO O
- Q=F oL@ —0=rrm @
= H o =
[]

H®D_H H (A.16)

Therefore, for N = 3 the irreducible representations of power 3 are:

[TT7 and o= e
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For N = 4, the irreducible representations of power 3 are:

[IT] and

| and

and

For N =5, the irreducible representations of power 3 are:

[I[] and :

| and ,

and

For N > 6, the irreducible representations of power 3 are:

[IT] and

[T

B and@7

A.4.3 Products of irreducible representations

We have:

i

| and

a and

LI Il=L1L111®

H®E B8 °E “m

[1]

E@Ihzw&%

HeH=He

.

Y

-

HEN

s

MeH=

e

7.

[L]

E oH=rmel
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and
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(A.17)

of power 2



(1] (1] []
[D®":1@H @ﬁj ,
H®E1@ED@:,

(O [
®"=E @ﬁj

From all the above computations we can conclude the remaining products of irre-
ducible representations of power 2 by simply taking the dual.

A.4.4 Some Results

Lemma A.4.1. If X is a finite-dimensional irreducible representation of SU(N)
then ad € A ® A.

Proof. If we represent A and A as Young diagrams A and B, then B is comple-
mentary to A. When we perform A ® B, it is easy to see that one way of arrange

L]
the boxes gives rise to the tableau | which corresponds to ad. O

=

Lemma A.4.2. If N > 4, then a primitive triad of the type (£,e5¢3) does not exist
for SU(N).

Proof. We analyze all the products that can produce irreducible representations
of power 2, namely e ® €, e ® €, e ® €. As we see above, if N > 3 then neither € nor
€ can be a summand in a decomposition of such tensor products. O]

Lemma A.4.3. If N > 6, then a primitive triad of the type (2,2,¢) does not exist
for SU(N).

Proof. Above we saw all Young diagrams corresponding to irreducible representa-
tions of SU(N) of power 2. By examining every product of the type 2, ® €, we
see that no decomposition presents an irreducible representation of power 2 as a
summand. O

Lemma A.4.4. If N > 8, then a triad of the type (3,2,2,) does not exist for
SU(N).

Proof. By the computations above, if N > 8 then no irreducible representation
of power 3 can be a summand of a decomposition of the tensor product of two
irreducible representations of power 2. O
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Lemma A.4.5. Let A\, «, ( be irreducible representations of SU(N) such that
B E€AXRa. Assume p(A) = p(a) =2. If A = a = = ad then the multiplicity of
B in A® a is 2, otherwise is 1.

Proof. Tt follows from the computations above. O

Let us see now a (general but not optimal) condition regarding the admissibility
of a triad depending on the parity of the power of its representations when N is
high enough:

Lemma A.4.6. Let (Aaf) be an ordered triad. If N > 2(p(\) + p(«)) then
p(B) =2 p(A) +pla).
Example A.4.1. Let (Aaf3) be an ordered triad.

o If (A\af) = (4,4,n,) and N > 8, then n must be even, i.e. n € {0,2,4}.

p-p'"p

o If (A\af) = (4,3,n,) and N > 7, then n must be odd, i.e. n € {1, 3}.

pP-p P
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