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Introduction

The idea of categorification goes back to Crane and Frenkel [CE94] and the method
has become more and more popular in recent years. The philosophy of categorification
is to replace set-theoretic notions by corresponding category-theoretic notions and so
obtain additional structure. Categorification should be viewed as the inverse process of
decategorification, where the decategorification procedure that one wants to use has to
be specified beforehand. Often, and also in this thesis, the involved decategorification
is taking the Grothendieck group of a category or the graded Euler characteristic of
a chain complex. Then categorification means that given a module we have to find a
category whose Grothendieck group is this module, or given a polynomial we have to
find a complex whose graded Euler characteristic is this polynomial.

In the late 1990’s, Khovanov [Kho00| categorified the Jones polynomial using Khovanov
homology. The Jones polynomial is a classical combinatorial invariant of knots and links.
Khovanov homology gives a link invariant strictly stronger than the Jones polynomial in
the sense that it can distinguish more links [BNO2]. Motivated by this, various authors
set out to categorify known structures in the hope of obtaining better invariants or
invariants for higher dimensional manifolds.

The Temperley-Lieb algebra T'L,, is an algebra over Z[q, ¢~ '], generated as a module
by planar diagrams connecting n upper points to n lower points and a multiplication
defined by stacking two elements on top of each other. As an algebra it is generated by
elements

The Temperley-Lieb algebra is a quotient of the Hecke algebra and plays an import-
ant role in the theory of knot invariants. While giving an alternative description of
Khovanov homology, Bar-Natan categorified the Temperley-Lieb algebra in a cobord-
ism language [BN05]. His construction is neither the first nor the only categorification
of the Temperley-Lieb algebra [BEK99, [Str05l [EIi10], but the setting and its variations
have been used extensively [MNO§|, Rus09, [CK12, MT07].

The Temperley-Lieb algebra and also the Jones polynomial are closely connected to the
representation theory of U, (slz). The Hopf algebra U, (slz) is the quantum enveloping
algebra of the Lie algebra sly of complex trace zero square matrices of size two. The
connection is given by the fact that

TLY = Endy, (q1,) (V™) (1)
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where TLC is the Temperley-Lieb algebra with coefficients extended to C and V the
quantum version of the natural representation. Using this, one can calculate the Jones
polynomial by cutting a knot into certain generating pieces to which one assigns Uy (sly)-
linear maps from V®" to V®™. Then the Jones polynomial is obtained as f(1) where
f: VO — V80 = C(q) is a Uy (slz)-linear map determined by the knot. The isomorph-
ism (1)) turns V®" into a TLE-module.

Our first goal in this thesis is to categorify the n-fold tensor product V", not only
its endomorphism algebra Enduq(sb)(V‘@”). We want to do this in a way such that
we can see the standard basis as well as the action of the Temperley-Lieb algebra.
The categorified Temperley-Lieb action should be given by the action of Bar-Natan’s
categorification. In other categorifications of V®, [FKS06l [FSS12], this action is not
as direct.

The U,(slz)-module V®" splits into weight spaces (V®")g;_,, and thus we obtain a
categorification of V®" by categorifying each weight space for k = 0,...,n and then
taking the direct sum. The weight spaces have a special basis, the canonical basis
[FK97], which can be described by cup diagrams. Cup diagrams are combinatorial
objects given by planar diagrams consisting of half circles.

As a first step of our categorification, we adapt Bar-Natan’s construction. The category
Cob(n), which is the foundation of Bar-Natan’s categorification of the Temperley-Lieb
algebra, consists of objects given by Temperley-Lieb diagrams and morphisms given by
cobordisms between them modulo some relations. In our setting, the canonical basis is
the easiest to categorify. We categorify the canonical basis analogously to Bar-Natan’s
categorification of the Temperley-Lieb algebra by defining a category Cup(n, k) where
the objects are given by cup diagrams with two different kinds of boundary points. The
morphisms are cobordisms as in Bar-Natan’s categorification but we impose additional
relations involving the new boundary points. The new relations are motivated by a
coloured TQFT that has been used to describe the cohomology of 2-block Spaltenstein
varieties in [Schal2].

In this naive categorification, the canonical basis elements are categorified by certain
cup diagrams T(A), where A is in a finite poset A(n, k). Summing up the homomorph-
ism spaces Homeyp(n,k) (T(X), T(1)) yields an algebra, called the generalised Khovanov
algebra. Generalised Khovanov algebras are a generalisation described by Stroppel
in [Str09] of the algebras used in Khovanov’s original categorification of the Jones
polynomial [KhoOQ]. They have been extensively studied by Brundan and Stroppel
in [BS11al BS10, BS11bl BS12| and are connected to category O for gl,, [BS11h].

A greater difficulty is the categorification of the standard basis of V®". For that we
have to go to the homotopy category K b(Cup(k, n)) of bounded complexes with entries

in C/lﬁ)(n, k), where C/u\p(n, k) is some kind of additive closure of Cup(n, k) with grading
constraints. In K (Cup(k, n)) we inductively define an exceptional sequence V*(A):

Theorem (Definition Theorem [6.3.2)). There are objects V*(X), A € A(n, k), in
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Kb(éu\p(k:,n)) that form a graded exceptional sequence, i.e.

Home(C/u\p(n,k)) (V) V() (1) [4])

C, ifl=0=j and A = p,
0, ifANPpor(l#0andX=u)or(j#0 and X\ = p).

Via a certain duality we obtain the complexes V(\) which finally lead to a categorific-
ation of the standard basis:

Theorem (Theorem Corollary [7.2.10). The category Kb(éu\p(k:,n)) categorifies
the (2k — n)-weight space of VE™. More precisely, there is an isomorphism of C(q)-

modules

(C(q) ®Z[q,q*1] KO (Kb((/]u\p(k,n))) l> (V®n)2k—n'

Under this isomorphism the V(A), A € A(n,k), are sent to the standard basis vy, the
T(A) to the canonical basis and the V*(\) to the dual standard basis. Furthermore,

&) Kb(C/{l\p(k,n)) categorifies VO™,
k=1

The objects T(A) lie in what is generated by the exceptional objects. We describe
the T(A) by taking iterated cones of the exceptional objects V*(u) and giving explicit
combinatorial formulas for the exceptional objects appearing in this construction.

Theorem (Theorem (7.1.3). The object T(\) is an iterated cone of all the shifted excep-
tional objects of type q1°8CM V* (1) with C(A\)p oriented.

Here, C()\) is a certain cup diagram and the degree of an orientation C(A)u is also
defined in a combinatorial way.

The Temperley-Lieb algebra contains a special idempotent p,, called the Jones-Wenzl
projector, which is uniquely determined by

pi:pn and p Ui =0=Up, fori=1,...,n—1.

The Jones-Wenzl projectors can be used to define the coloured Jones polynomial [MV94].
They are also an important ingredient in the Turaev-Viro invariants of 3-manifolds
[TV92].

Via the isomorphism the Jones-Wenzl projector p, can also be considered as a
U, (sly)-linear map from V™ to itself. On this side, the Jones-Wenzl projector factorises
into a projection operator m,: V" — V,, composed with an inclusion operator ¢,,: V,, —
V@ where V,, is the biggest indecomposable summand of V¥, The projection and
inclusion satisfy the following properties

tn(=).U; =0, n(—.U;) =0, T O Ly, = 1id, (2)

which immediately yield the characterising properties for p,, = 5, o m,.

Using Bar-Natan categorification of the Temperley-Lieb algebra, Cooper and Krushkal
[CK12] and Rozansky [Rozl10| categorified the Jones-Wenzl projector. Cooper-Krushkal
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defined a categorification of the Jones-Wenzl projector, called the universal projector,
which is a certain chain complex unbounded in one direction and unique up to homotopy.
In contrast to the bounded complexes appearing in Khovanov homology, the complex
for the universal projector cannot be bounded, since the coefficients in the Jones-Wenzl
projector are not polynomials but rational functions. They can be interpreted as infinite
power series and so should lead to infinite complexes. The categorified Jones-Wenzl
projectors of Cooper-Krushkal and Rozansky have been used to categorify the chromatic
polynomial [CHK11] and spin networks |[CK12, [Hog12].

There is also a categorification of V€™ and the Jones-Wenzl projector in a representation
theoretic setting by Frenkel, Stroppel and Sussan in [F'SS12]. In contrast to [CK12| and
[Roz10], there the Jones-Wenzl projector is categorified via a composition, which is
missing in the description via universal projectors. A first step of matching the two
constructions is to find the factorisation in a setup using the Bar-Natan approach. We
also hope that this simplifies the calculations with categorified Jones-Wenzl projectors
and so make it easier to calculate categorified spin networks in order to categorify the
Turaev-Viro invariants.

Our second goal is to construct a categorification of the Jones-Wenzl projector where
one can actually see the factorisation and to compare this with the action of the uni-
versal projector. For that we construct a special chain complex L()\g) in K? (611\;)(145, n))
containing all the exceptional objects V*() in a non-trivial way, which has no analogue
in the categorification of Cooper-Krushkal. For this construction we need to construct
(up to scalar) unique degree 1 morphisms between the V*(\)’s and consider how they
give rise to degree 2 morphisms. The construction of L(\g) is motivated by [BS10] see-
ing the V*(\) as a resolution of L(\g). The actual definition is quite involved and done
by showing that there are some (implicit) maps forming a complex which contains the
V*(A)’s. The differential restricted to neighbouring A’s is up to a sign just the explicitly
constructed degree 1 map. The complex L()\g) has the important property that the
category Cob(n) categorifying the Temperley-Lieb algebra acts trivially on it.

Theorem (Definition [10.1.12] Remark [10.1.13| Theorem [10.3.1)). There exists a chain
complex L(Xo) in K°(Cup(n,k)) such that L(Xo).U; ~ 0 for all i and [L(X\g)] =
[i]pn(vay) in the Grothendieck group.

Here, [L(\o)] is the class of L()\g) in the Grothendieck group K (Kb((fu\p(k:,n))) and
v), is the standard basis element of (V®")y,_, that is also a canonical basis element.
The quantum binomial coefficient [[Z]] is an element of Z[q, ¢~ 1].

Using this complex L(Ag) and its endomorphism ring End (L()g)) we can construct two
functors satisfying the analogue of :

Theorem (Definition [11.1.2] Lemma [11.1.10] Remark [11.1.11} Definition [11.1.13
Lemma [11.1.16] Theorem [11.1.20)).

There are functors
F: Kg(Cup(n, k) — D&* (End(L()\o))-gfmod )

and
G: D&t (End(L()))-gfmod ) — K (Cup(n, k))
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such that

G(—)ul ~ 0, F(—Z/{l) =0, FOG|(—) %Id(—).

Here, K, and DZ?,’+ denote the homotopy category of chain complexes bounded from
the right and the derived category of cochain complexes bounded from the left satisfying
certain finiteness conditions C' and C’, respectively, that are needed to obtain finite sums
in the construction of /' and G. G| means that we obtain the last equation only when
restricting to objects of a subcategory containing the image of F'. But this is enough to
derive P o P ~ P on objects for P := (G o F' analogously to the uncategorified picture.

The theorem means that F' and G “categorify” the projection m, and the inclusion ¢,
respectively, and hence their composition Go F' the Jones-Wenzl projector. For a precise
statement of this categorification in terms of Grothendieck groups one would need to
apply the method of completions of Grothendieck groups from [AS13| to this context.

The main difficulty in the construction of these functors is as follows: In a chain complex
of modules over a ring every entry would have elements, but L(\¢) is just a chain complex
in an additive category. Therefore, we cannot view L()\o) as an End (L(/\o))—module.
The functors F' and G should be morally seen as a pair of contravariant functors adjoint
to the right.

The universal projectors P(n) constructed by Cooper-Krushkal and Rozansky are in-
ductively defined and are huge complexes that are impossible to write down explicitly
for general n. The construction of Rozansky is in contrast to the one of Cooper-Krushkal
inductive in the construction of the complex for a fixed n and does not rely on smaller
values for n. Using this, we can explicitly calculate the result of applying the universal
projector to T(\g) for £ = 0 and k = 1. Since the properties of P(n) and G o F' yield
automatically that they agree on other T()), they agree on all of C/u\p(n, k).

Theorem (Proposition [11.3.1] Theorem [11.3.14). For general n and k = 0 or k =
1 the functors G o F' and (—).P(n) are isomorphic as functors from Cup(n,k) to

K~ (Cup(n, k)).

Here, (—).P(n) is the action of the universal projector which is induced by the action
of Cob(n) on Cup(n, k). Furthermore, G o F' and (—).P(n) have the complex L(\g) as
a common fixed point for all n and k.

There are two main difficulties in the programme of this thesis. Firstly, the morphisms
in the category Cup(n,k) are very difficult to understand explicitly. We introduce
a combinatorial method to determine the graded dimension of Homeyp(n k) (C, D) by
constructing a circle diagram DC' and applying a certain function F.,. The function
Feor should be considered as the object part of a certain functor defining a coloured
TQFT as described in the appendix. But even with the knowledge of the dimension of
the Hom-spaces it is difficult to obtain factorisations. We use the action of Cob(n) on
Cup(n, k) to better describe the morphisms of Cup(n, k) and to obtain a factorisation
result.

The other main difficulty throughout the thesis is that the categories @)(n, k) and
Cob(n) are not abelian, only additive. To get abelian categories we consider the heart
of certain t-structures in K°( Cup(n, k)) which contain the V*(A)’s and T(A)’s. One of
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the t-structures is motivated by the standard t-structure and the other one is defined
by measuring how far a complex is away from being linear, called the linear t-structure.
Another fact that shows the importance of the complex L()o), is that it is the injective
hull of T(\g) in the heart of the linear t-structure.

Outline

We define the objects of study first combinatorially, then on the representation theory
side and finally categorially. In Chapter [I} we introduce the combinatorial gadgets for
our categorification. We define up-down-sequences, cup diagrams and the Temperley-
Lieb algebra and investigate their interplay. Chapter 2] defines what we want to categor-
ify. We connect the different bases in V®" to the combinatorial objects from Chapter
Furthermore, we consider the special behaviour of the canonical basis under the action
of the Jones-Wenzl projector.

In Chapter [3| we start categorifying. We recall Bar-Natan’s construction of the category
Cob(n) and the categorification of the Temperley-Lieb algebra. In analogy we define the
category Cup(n, k), give an alternative description for the morphisms and obtain a first
categorification result. Analogously to the action of T'L, on cup diagrams described in
Chapter |1} in Chapter [4| we define an action of Cob(n) on Cup(n, k) and use this action
to describe morphisms in Cup(n, k) of low degree.

In Chapter [5] we fix notations in homological algebra and gather statements about ho-
motopic complexes that will be used later. The most important concept is the Gaussian
elimination, a method to obtain a homotopy equivalent chain complex after deleting cer-
tain entries. We recall some spectral sequence arguments to obtain a theorem that is
repeatedly used to calculate homomorphism spaces of complexes in K (C/u\p(n, k:))

The goal of Chapter [6]is to construct the complexes V*(A) and show that they form a
graded exceptional sequence. On the way we obtain many results on homomorphisms
between T (z) and V*()\) in K (C/u\p(n, k)) that will be important later on. In Chapter
we write the T(\)’s as iterated cones of V*(u)’s, construct V(u) via duality and obtain
an iterated cone description of the T(\)’s via the V(u)’s from the duality for free. Using
this and the naive categorification from Chapter |3, we obtain a categorification of V®"
with visible standard basis.

In Chapter |8, we define two t-structures on Kb(C/lﬁ)(n, k)) that both contain the V*(X)
in the heart. We show that the T(\) are tilting objects in one of the hearts and simple
in the other. Chapter |§| classifies degree 1 morphisms between different V*(\)’s in
K b(C/LEJ(n, k)) and gives an explicit construction. Furthermore, we examine how they
give rise to degree 2 morphisms.

We start Chapter by constructing the complex L(\g). We show that U; acts trivi-
ally on L(Xo), study End (L(\)) and consider L(Xg) as a linear complex. Using this
complex L(Ag) in Chapter we construct the functor F'. We define the functor G and
consider the composition F' o G. After recalling Cooper-Krushkal’s universal projector
and Rozansky’s construction of it, we describe the action of the universal projector on
T(\o) for small k to show that it agrees with applying G o F'.
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In the Appendix [A] we recall coloured cobordisms and coloured TQFT. We show that
Cup(n, k) is equivalent to a category defined in analogy to generalised Khovanov algeb-
ras.
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Chapter 1

Combinatorics of Sy,

This chapter introduces the combinatorics and basic definitions used later on. Although
some of the results are interesting on their own, the purpose of some might be unclear
until they are used as a crucial ingredient in the proofs of later chapters.

We introduce minimal length coset representatives of (S x S,,_x)\S,, and their connec-
tion to super standard tableaux and up-down-sequences. In particular, we study the
natural partial ordering induced by the Bruhat order on the symmetric group. Moreover,
we consider the action of the Temperley-Lieb algebra on cup diagrams. In particular,
we define the degree of an oriented cup diagram and investigate how it is affected by
the action. Lastly, we introduce circle diagrams and a function from them to vector
spaces that is used in Chapter

1.1 Minimal length coset representatives

Definition 1.1.1. By s; we denote the simple transposition (7,7 + 1) of the symmetric
group S, and by [ : S,, — Zy the usual length function with respect to simple trans-
positions. Fix 1 < k < n and denote by W, . the parabolic subgroup S; x S,,_;, of S,,.
Let

wmin — 2171];1 = {z €S, | l(sjz) > l(Z) VSJ' S ka}.

The following lemma explains the name minimal coset representatives for W™ see e.g.
[BBO05, Corollary 2.4.5(1)] .

Lemma 1.1.2. In each coset of Wy, ;;\S,, there exists exactly one element of minimal
length given by some w € W™,

Recall the following property of W™ see e.g. [BB05, Lemma 2.3.4]:

Lemma 1.1.3. An element w € S,, belongs to W™ if and only if no reduced expression
for w starts with s; € W, .

This means that every reduced expression of w € W™ starts with s,. For example,
min

83589848185 € W673 .

We now consider further properties of elements of W™ that will be used later.
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Lemma 1.1.4. Let w € W™ and assume ws; ¢ W™ for some simple transposition

si. Then l(ws;) > l(w).
Proof. Since w € W™ we have I(s;w) > [(w) for all s; € W, x, thus
l(sjw) =1l(w) +1 (1.1)

for all s; € W, . From ws; ¢ WM we obtain that there exists some 8j, € Wy 1 with
l(sjows;) < l(ws;), i.e.

l(sjows;) = l(ws;) — 1.
With [(ws;) < l(w) + 1, this yields I(sj,ws;) < l(w). On the other hand,
l(sjows;) > l(sjow) — 1 = l(w),

where the equality follows from (1.1)). Altogether, we have [(sj,ws;) = [(w) and thus
lwsi) > I(sjows;) = L(w). O

Remark 1.1.5. Let s;, ...s;. and sj, ...s;,. be two reduced expressions of some w € S,,.
By [Mat99, Theorem 1.8] we can pass from one reduced expression to another using only
the braid relations

SmS1 = S18m, for Im —1| > 1 (1.2)
S1SmS1 = SmSi1Sm for |m — 1| = 1. (1.3)
Corollary 1.1.6. Assume w € W™" = ;’l}f such that ws; ¢ W™, Then there is a

reduced expression of w of one of the following forms

o w=35; ...8, (and in particular i # k) or

® W =S| ...5,88+15i; ---S; wz’thll,...,lte{1,...,n—1}

for some iy, ... i, € {1,...,n— 1} with |i; —i| > 1 forall j=1,...,7.

xample 1.1.7. Consider w = $359545155 in en wso i since
E ple 1.1.7. C d € Wgst. Th Wetsh,

535254518552 = 835254515285 = 5352515452855

= 538251525485 = 535182515455 = 515352515485

and we have the reduced expression s3sos15455 of w which satisfies the second case of
the corollary.

Proof(Corollary). Let s;, ...sj, be a reduced expression of w. By the previous lemma
we know that sj, ...s;,s; is a reduced expression of ws; which can be transformed to
a reduced expression starting with s,, ¢ # k, using the braid relations by assumption.
If this transformation can be achieved using only the relation , we are in case 1
(and ¢ = ¢). In the other case, where we have to use at least one relation of type
, assume myq, ..., Mgy is a minimal set of braid relations for the transformation. If
mi,..., Mg, ¢ < a, only move the s; by relations of type , then there are only s;,
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with |j, —4| > 1 to the right of the s;, since the braid relations do not change the set of
appearing indices. Applying this to x = a, we see that there has to be some first m, of
type (1.3)) involving the s;, since otherwise we could permute the s; to the right again
and would gain a reduced expression of w starting with s,, ¢ # k, in contradiction to
w € W™ After having applied my, ..., m._1, the reduced expression has to be of the
form

Sty -+ - S1:SiSi+£15iS4, - - - Si

T
and by the considerations above we know |i; —i| > 1 for j =1,...,r. Thus
WS; = Sy +++ 51, 5i5i+1547 - - - 5i,. 54

and w has a reduced expression of the desired second form.

O

Definition 1.1.8. We define the super (n, k)-box tableau as a k x (n — k)-box, where
the top-left entry is k& and the entries increase by 1 in the rows from left to right and
decrease by 1 in the columns from top to bottom.

Example 1.1.9. The super (9,5)-box tableau is

‘wa%m
MENEE
EINEEE
NEEEIES

Definition 1.1.10. Let Y'(n, k) be the set of tableaux contained in a super (n, k)-box
tableau top and left aligned.

Example 1.1.11. d € Y(9,5), since

ot

DN || Ut
N[ W[ =] D

W k|
= OOy ~J|Co

Remark 1.1.12. Note that Y(n,k)NY (n, k') = @ for k # k', but Y (n, k) and Y (n', k)
have nontrivial intersection. For instance

71819

(=}

€ Y(10,5) NY(11,5)

DO | Q0| | Ot
W || Oy
ut

(but not in Y(9,5)).

In other words, given T' € Y (n, k) one can determine the value of k, but n has to be
given separately, since T only gives a lower bound for n.

Definition 1.1.13. Given a tableau T € Y (n, k), the row reading word defines an
element in the symmetric group, denoted by s(7"), by sending an entry i to the simple
transposition s;.
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Example 1.1.14. s = 85565758545556535455589583 € S, for n > 9.

N[O | | Ut
W | | Oy
ot

Note that s(7T') is always a reduced expression.

Lemma 1.1.15. The w € W™" are in bijection to Y (n, k) via Y (n,k) > T ~ s(T).

Proof. This follows directly from [Str05, Prop A2], since tableaux in Y (n,k) are de-
termined by the rightmost entries of the rows, thus Y'(n, k) is in bijection to the S(n, k)
defined there. O

Definition 1.1.16. Let

A(n, k) = {a:a1a2...an|aiE{/\,\/},{al,...,an}:{/\,...,/\,\/,...,\/}}.
—— ——

n—k

We call a A € A(n, k) a AV-sequence or more precisely an (n, k)-AV-sequence. We write
A(4) for the ith entry of A.

We denote by g the element A,... A,V ..., V.

—— ——
k n—=k

Example 1.1.17. A(4,2) = {AAVV, AVAV, VAAV, AVVA, VAVA, VVAA}.

Note that the cardinality of A(n, k) is (}).

Lemma 1.1.18. There is a canonical bijection ¢ : A(n, k) — W™ sending \g to e.

Proof. S,, obviously acts on a A(n, k) from the right by permutation of the a;’s and
every AV-sequence is in the orbit of A\g. The stabiliser of A\g is Sy x S,,_p = W, 1. So
A(n, k) is in bijection to W, x\Sy, which in turn is in bijection to W™t by Lemmam

[

Lemma 1.1.19. Two reduced expressions of the same element in W™" are related by
a finite sequence of moves s;sj = sjs; for |i — j| > 1.

Proof. By Remark it is enough to show that no reduced expression of an element
in W™ contains the subword s;s;+1s;. Assume there is an element w € W™ with
reduced expression s;, ... S;, 5;5+15;5j, -..S;,- By Lemma m, also s;, ... S;,8i8i+15i,
Siy - .- 8i,8i8i+1 and s, ...8;.8; are reduced expressions of different elements in W™,
Under the bijection of Lemma s € W™ js send to Ags. Let A = A0Siy - - - Siy.-
By considering all the possible AV-sequence at places ¢,¢ + 1,4 4+ 2 resp. ¢+ — 1,4,¢ + 1
in A we see that two out of A\s;, As;s;+1 and As;s;+15; have to be equal. But this is a
contradiction to the isomorphism. O

Corollary 1.1.20. There is a bijection ¢ : Y (n, k) — A(n, k) given by T — \os(T).

Proof. This is the composition of Lemma [1.1.15( and Lemma[1.1.18 O
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Lemma 1.1.21. Let T € Y(n, k). We can read off the A\V-sequence ©'(T) € A(n, k)
from the tableaux T' embedded in the box super tableau: We start at the lower left corner
of the boxr Young tableau, then go up until we reach the embedded tableau, follow its
contours and then go right until we reach the right upper corner of the box Young tableau.
This path gives a AV-sequence by associating a A to going one step up and a V to going
one step right.

Example 1.1.22.

71819110{11]12
6(7|8]|9]|10]11
5|6|7[8]9]10
415|16]7|8]|9 ~ AAVAVVAVVAAVA
345|678
2(314|5|6|7
112(3(4|5|6

Proof. We prove this by induction on the number of boxes in 7. If there is no box,
the contour path obviously gives Ag = Age. Assume that the assertion is true when we
remove one box. Consider the rightmost box in the lowest row of T" and assume it is
labelled by i. Since all the boxes with the same label are on a diagonal, the right step
given by this box is the ith step in the contour path. Let 7" be the tableau without the
box. Now, the contour path of T differs by from the one of T” by changing VA at places
i, 141 to AV. Since s(T') = s(T")s; and \gs(T”) is the contour path of 7" by induction,
the assertion follows. O

Altogether we have the bijections

Y (n, k) wmin A(n, k)

-1
T — s(T), w——— Nw (1.4)

contour of T’

/

P

Example 1.1.23. For n = 8 and k£ = 4 we have
516]7]
415

314

—  848586578354855825358481 +—  VAVVAAVA.

‘r—nww.&‘

Definition 1.1.24. The Bruhat order on W™ is the partial order defined as follows:
For w,y € W™ we say w < y if there is a reduced expression 5j, ... 85, of w and some
Siyy- .-, 8i, such that s;, ...sj,8; ...s; is a reduced expression of y.

r

This induces a partial order on A(n,k): For A\,u € A(n,k) we say that A\ < p if
©(A) < @(p). With this definition A\g is minimal, since ¢(\g) = e.
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Remark 1.1.25. Recall that [(w) for w € S, is equal to the number of inversions of
w. Under the bijection

WM s A(n, k)

w — Agw

the number of inversions correlates to the number of transpositions of AV to VA that are
used to go from Ag to Agw. In particular, this means for ws; > w with w, ws; € W™in
that Apw has the labels AV at places ¢ and 7 4+ 1 and Agws; has the labels VA at places
i and ¢4+ 1. Thus, A < p if g arises from A by a sequence of swapping neighbouring AV
to VA.

Note that our definition of A <  is reversed to the Bruhat order in [BS10].

Example 1.1.26. In A(4,2) we have

VAAV
L ™
ANVV < AVAV VAVA < VVAA
™ L
AVV A

and VAAV and AVVA are not related.

Definition 1.1.27. We write 1 = X (or just g — A) if A > g and X = pus;.

We say that us; is undefined, if p(u)s; ¢ W™, This is the same as saying that the
application of s; does not change pu.

We say there is a path from p to A, u ~~~~> X, if there is a sequence Mg, ..., A, such

that Ag =, Ar = Aand A\;_1 — \; fori =1,...,r. Hence, u < A if and only if there is
a path from p to A.

Example 1.1.28. In this language, the previous example morphs to

VAAV

S1 S3

AV =25 AVAV 0 VAVA =25 VVAA -
\
AVV A

Furthermore, VAAVSss is undefined and there is a path for example from AVAV to VAVA.

Now we show different facts concerning the previous definitions that will be used in
proofs later on.

Lemma 1.1.29. Let i/ <N and N 25 X\, ¢/ 2% u for some i. Then u < \.

Proof. The case p/ = X is clear. If ¢/ < X then there is a path u/ ~~~~s X', If this

path starts with =%, we have u = p’s; < N < X and we are done. So assume that this
is not the case, then
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Si

N —

o

1S
W,

where p is not on the path p’ ~~~+ X'. We show now that there is also a path from

i to X\ via p. This will give p < X as desired.

-
Consider the following V . Since we can apply s; and sj, i # j, to p/, we

4 LN p
have |i — j| > 1, because otherwise p/(i) = A, p/(j) = A, /(i +1) =V, /(G+1) =V
is not possible. Therefore, we can apply s; to p and s; to 7 and arrive at some 7:

, T2
y /' . We can now apply this to u’ ~~~» X until s; appears
s Sj

i

V——m—m20p

N 2\

Si

o

and get u < X < \. If s; does not appear in i/ ~~~~ )\, we obtain

°

e —> e

Sq /"JJJJJJ'
%/’L

!/

I

Si

N —

and again p < A
O

Corollary 1.1.30. Let X\ # p (i.e. A\ < p or they are not comparable) and N LINSY
Then ps; is undefined or X' # p and X' # ps;.

Proof. Assume N > pu, then A > p since A > X and we have a contradiction. Assume
ps;i is defined and X' > ps;, then ps; < p since we already know A # p. Applying the
previous lemma for p/ = ps; we obtain g < A and thus a contradiction. O

Definition 1.1.31. The relative length between A\, € A(n,k) is defined, following
[BS10], as

E(Av N) = ZEZ()\’ N)a
=1
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where

G\ p) =947 17 <dand A(j) = V} = #{j [j <7 and pu(j) = V}

for0<i<n.

So £;(\, ) counts the relative inversion, i.e. how many more V’s there are in A compared
to p at the positions to the left or equal to the ith place. We note that A > pu if and
only if £;(A\,u) >0 for all 1 <i <n.

If A > p, the relative length £(\, ) is just the minimum number of transpositions of
neighbouring VA pairs needed to get from A to u. Furthermore, if A > u, then ¢(\, ) =
£(X\, Xo) — £(p, \o).  Note that for w € W™ and A = A\gw we have £(\, \g) = l(w).

For example, £(VAAV, AVVA) =140 — 140 =0 and £(VAVA, AVAV) = 2.

Lemma 1.1.32. Let A — As;, p — ps; and pn < X. Then us; # \.

Proof. Since p < A, we have in particular £(u, A\g) < £(A\, Ag). Moreover, £(us;, \g) =
0y Xo) + 1 < U(A, Ng). From A < As; we know that ps; # A If us; > A, then
0 < l(psi, A) = £(psi, Ao) — £(A, Ao), but this is a contradiction. O

Lemma 1.1.33. Let A — As;, pp — psi, A # p and £(A\, o) = €(p, No). Then p and As;
are not comparable.

Proof. Assume p and As; are comparable. If As; < p, then A < As; < p and we get a
contradiction. Hence, As; > p. From £(p, Ag) +1 = £(X, Ag) + 1 = £(Asi, A\g) we obtain
(A, 1) = £(X\, Aog) — £(1, No) = 1, hence As; has to come from p by one transposition of
a pair VA, i.e. 2y Xs; for some j. But from A — As;, p — ps; we know A(i) = A,
Ai+1) =V and p(i) = A, p(i +1) = V. So for getting As; from p after applying s;
the only possibility is j = i. Thus us; = As;, which is a contradiction to p # A. O

Lemma 1.1.34. If A 25 )\s; SAEN Asisii1, then the tableauz T' = @' ~1(A\s;si41) is
obtained from T = ©'~1()\) by adding two boves with content i resp. i + 1 at the end of
a common row of T'.

If X 25 \s; Zim, Asis;_1, then the tableaux T' = @'~ Y (As;is;_1) is obtained from T =
©'~Y(\) by adding a box with content i at the end of some row and a box with content
1 — 1 at the end of the row below and directly below the box with i.

Proof. Since T = ¢'~Y(\), by we have A = X\gs(T). We want to find 77 with
Aos(T") = Asisiy1 = Aos(T)sisit1, i.e. with s(T”) = s(T)s;si+1. So we have to add two
boxes labelled 7 resp. i+ 1 to T to get T'. The index i determines the label of the box
to be added and hence the diagonal where it can be added. So its position is unique
and then the box with entry (7 + 1) must be next to it in the same row.

415]6]7] 4]5]6]7]
For example T' = 24 2] and i = 3, then T" = ggi
1] 1

The second case where the boxes have to be added in the same column works similar. [
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Lemma 1.1.35. If w € W™ has a reduced expression Siy « .- Si,.8iSi+1 it follows that
Siq o S5, 5i41 ¢ Wmm.

Proof. Consider T' € Y (n,k) such that w = s(7), i.e. s(T) and s;, ...$;, 5;Si+1 are
reduced expressions of w. Instead of deleting the s; in s;, ... s, s;5;,41 we delete it in
s(T') and then use the relations of S,, to show that the result has a reduced expression
starting with something other than s;. To better visualise the transformation of the
reduced expression, we stay in the language of boxes in tableaux and move these around
using the relations of S,,.

First we consider the case + = 4. By Lemmal[I.1.34] in T there is a row r that contains
i (i+ 1) associated to the s;s;+1 at the end of s;, ... s;.8;8;41. After we delete i, we can
move ¢ + 1 to the front of the row using . If r is the first row, then ¢ + 1 # k since
we moved it past the first box. If r is not the first row, we can move ¢ + 1 to the end
of the row above r. Because T' € Y (n, k), we know (i + 1) (i 4+ 2) has to be in this row.
We can change i + 1 to i + 2 and move it past them (using (1.3))). Now we move i + 2
to the front and iterate the argument until we reach the first row.

7]
. Then r is the third row from the top and

5|6
415
3[4

For example, let i =3 and T' =

[»aww.u

7] 5[6]7] 5[6[5]7] 6[5]6]7] 4]5[6]7]

> (Ot
[$23 (=]

>

~

a2

[»—-mw»&

[.—-u;w.b
B
ot

[=]ro]ee]s
[=]ro]eo]m
[=]ro]eo]m
[»—llw QO
[~]o]ee]o

Now consider the case = = —. Again by the previous lemma, there is a row r in T
that contains ¢ — 1 (and not 7) and in the row ' above there is 4 and nothing bigger.
If we delete i, the row r’ is either empty or contains 7 — 1 at the end. If the row
r’ is empty, the ¢ — 1 is the only entry of the row r and can now move one row up.
If v was the first row, then now the upper left box is not k and we are done. If r’
was not the first row, then ¢ — 1 is by 2 smaller than all the entries above and can
be moved by until it is the upper left box. Since it still cannot be k, we are
again finished. Now assume r’ is not empty. Then the rows ' and r have entries
i—tii—t+1,...,0—2,i—1,i—t—1,i—t,.... — 1. By moving the elements of r’
as much as possible to the right by and then applying repeatedly we get
i—t—1,(i—t,i—t—1),(i—t+1,i—1t),(i—t+2,i—t+1),...,(i—2,i—3),(i—1,i—2).
Now the row r’ starts by ¢ — ¢ — 1 and the entries the rows above r’ are all bigger than
it —t. Thus, ¢ —t — 1 can be moved by to the upper left box and is not equal to k.

4[5[6]7]
For example, let : =5 and T' = géi . Then 7’ is the second row from the top, r the
1]
third and
;126[7[ i[5[6[7 i[5[6]7 i[5[6]7 i[5[6[7 2[4[5[6]7]
~[3]4]2]3]4]~ [3]|2]4]3]4]~ [3]2]3]4]3]~[2]3]2]4]3]~ [3]2]4]3
2[3]4
1 L1 1] L1 L1 1]
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1.2 Combinatorics with cup diagrams and Temperley-Lieb
algebras

Definition 1.2.1. The Temperley-Lieb algebra TL, is the Z[q, ¢~ ']-algebra generated
by Ui, ...,U,_1 subject to the following relations:

U? = [2]U; (1.5)
Uin = UjUi, |Z —]| > 1
U;Ui1U; = U, (1.7)

where the quantum integer [2] is defined by [2] = ¢ + ¢ %

The row reading word defines a Temperley-Lieb element similar to Definition [I.1.13

Definition 1.2.2. Let T' € Y (n, k), then the row reading word defines an element in
TL,, denoted by U(T), by sending an entry i to Uj.

78]

g = UsUsU7UsU,UsUgU3UsUsUUs € T'Ly, for n > 9.

Example 1.2.3. U

DO QO | [T
W (OO

Remark 1.2.4. From the definition and the bijections from the previous section, we

get: If 55, ...8;, € W™ is reduced and U = U;, ... U;,, then U = U(T) for T € Y (n, k).

Remark 1.2.5. Recall that T'L, can also be seen diagrammatically as the Z[q, ¢~ !]-
module with basis crossingless matchings on a rectangle with n points each on two oppos-
. . _ U U U ‘\-) . . . .
ite sides, for example T L3 = <[ J [, | [, m\, %> Multiplication of basis

m, i
elements is performed by putting the right on top of the left and replacing every closed
internal loop by the factor [2], regarding a wiggled line as the same as a straightened

line. For example, I Y [ = ‘% Obviously, the diagrams [] & |] generate
i i (N

TL, as an algebra and satisfy préc.isély the relations (1.5)—(1.7)) of the U;’s, where i
denotes that the cup starts at the ith place.

In this diagrammatic point of view we have a nice description of U(T') for T' € Y (n, k):

2[3
U(12
516]7[8]
4|56 _
U 30405 = ETLQ
2[3

lowest = and going up diagonally to the right. The second row corresponds to

the second diagonal, and so on. So in total the shape of the diagram corresponds
to reflecting the tableau and then rotating so that the former upper left box is the lowest:
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Following [BS11a] and [Schal2] we define cup diagrams:

Definition 1.2.6. Let A € A(n, k). The (extended) cup diagram C()\) associated to A
is defined as follows: We enlarge A by adding k& V’s on the left and n — k A’s on the

right, i.e. V...VAA...A,. Then we build the diagram inductively by connecting any

k k
ne
adjacent pair VA in the region below, and then continuing the process for the sequence

with these points excluded. To remember the added V’s and A’s that do not belong to
A, we color the points at the associated position green.

When all VA’s are connected, no unmatched A’s or V’s can remain. So extending the
sequence allows to connect everything with cups.

Example 1.2.7.

SN
C(VAV) = \U_b/, C(VAVAAY) = \\\/

)
C(/\\/\/) — S Q//, C(/\/\/\\/\/) = @ QJJ

Note that in C()\g), the first k& black points are connected to left green points and the
others to right green points.

Definition 1.2.8. Let L, ;. be 2n points on a line where the leftmost k& and rightmost
n — k are coloured green, the rest black.

Example 1.2.9. L73 = e o o o o o o

Definition 1.2.10. We define the set of extended cup diagrams eC(n,k) as all the
crossingless matchings of L,, ;, with the condition that every arc has at least one black
point above it or at the endpoint.

Remark 1.2.11. Note that the condition of having at least one black point below
(including endpoints) forbids arcs between two left green points or two right green
points.

From the definitions we immediately obtain:
Lemma 1.2.12. There is a bijection between A(n,k) and eC(n, k) given by A — C(\).

Definition 1.2.13. Let e/a(n, k) be the Z[g, ¢~ ]-module with basis eC(n, k).

We recall the following well-known crucial fact:
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Proposition 1.2.14. There is a (right) action of T Ly, on e/é(n, k) given by putting the
TL, diagram on top of an extended cup diagram and smoothing, using O = q+q~ L. If
the result is not in eC(n, k), we define the result as zero.

Proof. Straightforward following the arguments of [LS13]. O

o e [V %

Notation 1.2.16. We number the dots in an extended cup diagram increasing from
left to right such that the first black point is labelled 1, i.e.

k4l k42 0 1 N ntl 2n—k

so that the AV-sequence A gives the label A(¢) at point i. As a shorthand notation for
“the point 7 in C(X)” we write “[4],”. By t(|j|,) we denote the target of the arc starting
at 7], and by s(|j],) the source of the arc ending at [j],.

We now consider some properties of the action defined above.

Lemma 1.2.17. Let \, pn € A(n, k) with X\ 2 p. Then C(u) = C(\).U;.

Proof. We have A = (i) and V = A(i+1). Here, |i], is the endpoint of an arc starting
in s(|¢],) and [i+ 1], the starting point of an arc ending at ¢([7 + 1],). Applying U;
connects s(|i],) and t(|i+1],) as well as |i|, and |i+1],. But this is just C(As;)
where A < As; = p since we changed AV to VA.

O]

Corollary 1.2.18. Let s = s;,...5i, € W™Mn e reduced and define U := U, ... U;
Then C()\Os) = C()\Q)U

i

Corollary 1.2.19. As a T'L,,-module, g&’(n, k) is generated by C(\g) and hence so is
eC(n, k) := C(q) ®z)q.q-1 €C(n, k) as a TLE -module.
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Lemma 1.2.20.

(¢+q ") CH) iFAG) =V, A+ 1) = A

C(Asi) with As; > A if A(i) = A, @i+ 1) =

C(\).U; = ¢ C(N) with N < A ifA@) =Ai+1)=V (md t(li+1],) not green,
or A(i) = A(i+ 1) = A and s(|i],) not green

0 otherwise.

Moreover, the X' from the third case can be described explicitly: If \(i) = A(i + 1) =
then X' = As(ip14(ji41))) and if A(i) = A(i + 1) = A, then X' = s 4((5),)), where by
S(ap) € Sy, we denote the element sqSq+1 - .- Sp—1-

Proof. We check all the possibilities for A(i), A(i + 1) € {AV}:

e A\(i) =V, A(i+1) = A: Then |i], and |7 + 1], are connected. Applying U; creates
a circle which we replace by (¢ + ¢~1), getting C(A).U; = (¢ + ¢~ 1) C(N\).

e \(i) = A, A(i+ 1) = V: This case was already proven in Lemma [1.2.17]

e \i) = A(i+1) = V: Then |i], is connected to t(|i],), [+ 1], to t([i+1],)

and ¢([i],) is to the right of ¢([i+1],). So if t(|i+1],) is green, then so is

t(l4],) and C(X).U; is not an element of eC(n, k), so C(A\).U; = 0. If t(|i+1],)

is not green, then applying U; connects |i], and i+ 1], as well as ¢(|4],) and

t(“ + IJ)\>. Thus C(/\)Uz = C()‘S(i—&-l,t(Li—&-le))) and )‘S(i-l-l,t(Li-i-lj)\)) < )\ since it
comes from A by a sequence of AV to VA.

e \i) = A(i+1) = A: Then |i], is connected to s([i],), [i+ 1], to s([¢+1],)
and s(|i+1],) is to the left of s(|i],). Therefore, if s([i],) is green, then so is
s(li +1],) and C(X).U; is not an element of e/a(n, k), so C(\).U; = 0. If s(|i],)
is not green, then applying U; connects |i], and [i+ 1], as well as s(|i],) and
s([i+1]y). Thus, C(A).U; = C(As(is((i],))) and Ass((if,)) < A since it comes
from A by a sequence of AV to VA. O

Definition 1.2.21. An orientation of a cup with black endpoints is a labelling of the
points with A and Vor Vand A,eg. @ % or @ butnot ¢ @ .
— — —

A cup with black endpoints is clockwise (anticlockwise) oriented, if its leftmost vertex
is labelled A (V) and its rightmost vertex is labelled V (A).

An orientation of a cup with one black and one green endpoint is a labelling of the
black endpoint with A if it is to the right of the green one and with V otherwise, e.g.

@ or ¥ . Note that cups with a green point can only be oriented in one way.
- —

Let € A(n,k) and C € eC(n, k). Then we say that Cu is oriented, if, when we label
the black points by p, all the cups are oriented, i.e. only cups of the following form are
allowed:

L >
L
1
{ >4

)
—/ —/ —/ —/
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AYAA
Example 1.2.22. This is oriented: @

CREIRT

whereas the following is not:

Note that A always orients C(\). Furthermore, C()\g) can only be oriented by Ao since
every cup has a green endpoint determining its orientation.

Lemma 1.2.23. Let A\, € A(n, k). Assume A\(i) = Ai+ 1) = V and i+ 1], is
connected to a green point in C(\). If C(\)p is oriented, then u(i) = p(i+1) = V.
Assume N(i) = A(i+1) = A and |i], is connected to a green point in C(N). If C(A)p is
oriented, then p(i) = p(i +1) = A.

Proof. If (i) = A(i +1) = V and [i+ 1], is connected to a green point in C(A), then
|i], is also connected to a green point: @// So only u(i) = u(i+1) = V is possible
by definition. The other part follows analogously. O

Lemma 1.2.24. Assume that C(\).U; = C(X'). Then
{1/ | C(\N)v is oriented} = {,u, ws; | C(\)p is oriented, ps; deﬁned}.

Proof. In C(\), |i], is connected to some |a], and |i+ 1], is connected to some [b],.
By assumption, in C(X'), we have an arc between |i|,, and [i+ 1],, and between |a],,
and |b],,.

We first show D: Assume p satisfies that C(\)u is oriented and ps; is defined. Since
us; is defined, we know that p(i) # (i 4+ 1). Since p orients C(A) and u(i) # p(i + 1),
we know that p(a) # p(b) (where we see u(c) as V if ¢ is a left green point and u(c) as
A if ¢ is a right green point), thus p orients C(\'). Since [i],, is connected to [i + 1]/,
we also have that ps; orients C(\).

We now show C: Assume C(\)v is oriented. Thus, v(i) # v(i + 1) and v(a) # v(b)
(where we again see v(c) as V if ¢ is a left green point and v(c) as A if ¢ is a right green
point). Since v(i) # v(i 4+ 1), vs; is defined. If v(a) # v(i), then C(\)v is oriented and
we are done. If v(a) = v(i), then vs;(a) # vs;(i) and for v/ = vs; we have that C(\)v/
is oriented and v's; = v is defined. O

Definition 1.2.25. Let p € A(n, k), C € eC(n, k) such that Cp is oriented. Then we
define the degree of Cp, deg(Cp), as the number of clockwise oriented cups in Cu, i.e.

s (3 =1 den(4L5) = (3 =0 (4Ls) = (es) =0
For example,

Note that we always have deg (C(A)A) = 0, since by construction of C()) all the cups
in C(A)A are oriented counter-clockwise.
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Lemma 1.2.26. Assume C(\).U; = C(X') and pick p such that C(X\)p is oriented and
us; is defined.

If 1> psi, then deg (C(N)p) = deg (C(A)p) — 1 and deg (C(N)us;) = deg (C(A\)p).
If o < psi, then deg (C(N)us;) = deg (C(A\)p) and deg (C(N)p) = deg (C(A\)p) + 1.
Note that C(N ) and C(N')us; are oriented by the previous lemma.

Proof. Again, in C(X), [i], is connected to some |a|, and [i+ 1], is connected to
some |b],, whereas in C()\’), we have an arc between |i],, and [¢+1],, and between

la|,, and [b],,, and the rest is the same. We consider all the possibilities for the arcs
involving the endpoints a, b, i, ¢ + 1:

C(\) (V)

w b a i i+l

1) NP A
b a i 1+l

w boa i ifl

2) NP AN

a 7 i+l b

§
C
'. G '.

IS
~
~
+
—_
>

.
C
£

S
~
~
+
—_
(=

~.
.
+
—
(=l
IS
~
~
+
—_
(=
IS

€
€k

.
.
+
—
(=l
IS
~
~
+
—_
(=l
IS

(
(

7)

If > ps; then ps;(i) = A= p(i+1) and ps;(i+1) = V = u(i). Since C(\)u is oriented,
we are in one of the cases 1), 2), 4), 6), 7). Furthermore, we have pus;(a) = u(a) = A or
a is a green point and us;(b) = p(b) = V or b is green. Now we check the orientations in
the possible cases: For case 4) in C(\)u both arcs are oriented clockwise, as well as in
C(XN)usi, whereas in C(\)u only one is oriented clockwise. If we are in cases 1), 2), 6),
7) then in C(\)u one arc is oriented clockwise, as well as in C(\)us;, where in C(\)u
none is oriented clockwise.

If w < ps; then ps;(i) =V = p(i+1) and ps;(i+1) = A = u(7). Since C(\)u is oriented,
we are in one of the cases 2), 3), 4), 5), 7). Moreover, we have us;(a) = u(a) = V or
a is a green point and us;(b) = u(b) = A or b is a green point. Again we check the
orientations in the different cases: In cases 3), 4), 5) the arcs in C(A\)u are both not
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oriented clockwise, as well as in C(\)us;, where in C(\')u there is one cup oriented
clockwise. If we are in cases 2) or 7), then in C(A\)u only one arc is oriented clockwise,
as well as in C(\)us;, where in C(\)u both are oriented clockwise.

O
Definition 1.2.27. Let C,D € eC(n,k) be extended cup diagrams. Then CD is

defined as reflecting D at the horizontal axis and putting it on top of C. We call C'D
a circle diagram.

Example 1.2.28. Let C = @ and D = @ . Then CD =
Lemma 1.2.29. There are exactly n circles in C(u)C(A) iff C(A) = C(p), i.e. A= p.

Proof. This is true because every circle contains an even number of black or green points
(where it intersects the z-axis) and at least 2. If A\ # p, i.e. C(\) # C(u), then there
are points a, b that are connected in C(A), but in C(u) the point a is connected to some
¢ #b. Soin C(u)C(N) the circle containing a and b contains also ¢ and thus > 3 points.
Since there are 2n points (black or green) altogether, there are now < n circles. O

Definition 1.2.30. A circle inside a circle diagram is called red if it contains more then
one right green point or more then one left green point. Other circles that contain a
green point are called green. Circles without green points are called black.

This colouring is motivated by [Str09] and also allows to consider circle diagrams as
objects of the category of coloured cobordisms (cf. Section |A.1]).

Example 1.2.31. With C and D from Example [1.2.28] C'D consists of two green

circles. Moreover, CC = @ consists of one black and three green circles.

Furthermore, for C' as before and D = {2 & J = C(\g) we have one red and

one green circle in CD = % . DD ={O @ has only green

circles.

Note that C(A\)C(A) does not contain red circles. It consists solely of green circles if
and only if A = Ag.



Chapter 2

The background story: The
quantum group U (sly)

This chapter introduces the objects we want to categorify: The weight spaces of the
U, (slz)-module V" and the different bases of V™. We connect the bases to the cup
diagrams of the last chapter and to the action of the Temperley-Lieb algebra. After
that, we conclude with the definition of the Jones-Wenzl projector and recall some of
its properties.

2.1 Finite dimensional representations

For the definitions, we mostly follow [FSS12|. Let C(q) be the field of rational functions
in an indeterminate q.

Definition 2.1.1. Let U, = U,(slz) be the associative algebra over C(q) generated by
E,F, K, K~ subject to the relations:

KK '=K'K=1

KE = ¢*EK
KF =q2FK
!
q—q

U, is a Hopf algebra with the following comultiplication:

AE)=12E+E®K', A(F)=KF+F®l, NAK*)=KeK*

For a variable ¢, the t-quantum integers are defined as [k]; = Z;:é tF=2=1 and the
t-quantum binomial coefficients as [}], = %, where [n]! = [1]; - [2]¢- - - [n]+. For
example, [1]y =1, 2]y =t +t71, By =+ 1+t 2and 5], =t* + 2 +2+¢2 474
Note that [k]_, = (—1)*"1[k], and [Z]_q = (—1)ntk [Z]q. We leave out the index and
denote [—] = [—]; in case ¢t = ¢, the indeterminate from above. Note that for t = g or
t = —q, the quantum integers and binomial coefficients live in Q(q).

25
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Let V,, be the irreducible U, (sly)-module with basis {vg,v1,...,v,} such that
Kil’t)l' = (—q)i(%_")vi EUZ‘ = [’L + 1]fq'Ui+1 F’Ui = [TL — i+ 1],qvi,1,

where we set v_1 =0 = v,11. A direct sum of modules of the form V,, is called a type
I-module. Note that here we differ from the conventions of [FSS12] by the change of
variable g — —¢q. This is necessary to harmonise with the combinatorial picture.

In the following, we mostly consider the irreducible U;-module V' = V; and its tensor
powers. Recall that V®" is an Ug-module via G.(v;, ®...Qv;,) = A™(G)(v;, ®...Qv;,)
for G € {K*' E,F}, where A" =(1®...@1®@A)o---0(1®A)oA.

Definition 2.1.2. For M a finite dimensional U;-module of type I the weight space
decomposition is defined as M = Qg Mg, where Mg = {m € M | Km = (—q)Pm} are
eigenspaces of K.

Example 2.1.3. Since K.(v;, ®...Qv;,) = Kv;, ®...@Kv;, = (—q)"' 7%, ®...Qu;,
(where we use the shorthand notation #1 — #0 = #{j | i; = 1} — #{j | i; = 0}), the
space

<v®n) :<vi1®”.®vin’{i17"‘7in}:{17'..71707-.-70}7ﬁ:2k—n>

consists of eigenvectors with eigenvalue 8. Since these vectors v, ®...®wv;,, i1,...,i, €
{0,1} form a basis we have V" = (V®")5.

Definition 2.1.4. Let a = (a;,, ..., a;,) with a;; € {0,1}. As a shorthand notation we
denote v, 1= Va;, ®...® Vg, -

Note that we can identify a with an AV-sequence A € A(n, k) for some k by identifying
A with 1 and V with 0. Thus, we also write vy for standard basis elements of V&"
instead of va. In particular, standard basis elements of (V®™),,  are of the form v)
with XA € A(n, k).

There is a C(g)-bilinear form (—,—) on V" such that

(va, vp) = {1 Ha=b. (2.1)

0 otherwise,

(ct. [FSSTZ, (5)]).

Definition 2.1.5. The canonical basis in (V®™),,  is defined via
vor= 3 g COm,
w:C(A)p is or.

where A\, u € A(n, k). Up to an obvious renormalisation this is the twisted canonical
basis from [BS10]. Note that the base change matrix to the standard basis of (V®™),,
is a triangular matrix with 1’s on the diagonal.

Example 2.1.6. For n =4, kK = 2 we have the following canonical basis of (V®4)O:
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® VOAAVY = Uapavy = U1 @ V1 Q Vg ® Vg

since AAVV is the only orientation of (2 J &~ J

_ —1
® VOAVAY = Uavav T @7 Uaavy

since C(AVAV) = v has only the two orientations

AVAV and AAVV with the right degrees

_ —1
® VOUAAY = UVAAV T @ TUAVAV

since C(VAAV) =

{6

_ —1
® VOAVVA = UavvA T @7 Uavav

(AR S
since C(AVVA) \\Lj

_ -1 -1 -2
® VOVAVA = UyavA T @7 UavvA T G “Uvany + @ “Uaavy

since C(VAVA) M

_ —1 —1 2
® VOVWAA = Uyvan T @ Uvava TG “Uavav + @ “Uanvy

since C(VVAA) =

&

Note that voy, = vy, holds for every n,k, since )¢ is the only possible orientation of
C(Ao)-

It is a well-known fact that TLS = Endy, (V®"), see e.g. [Str05, Proposition 4.2]. With
our conventions this isomorphism sends U; € TLS to Cip = id®0-D gy ® id®("_i_1),
where u : V®2 — V®2 is defined via

0 ifr=s=0orr=s=1,
u(vy ® vs) = v ® Vg + qUo ® vy ifr=0,s=1,

gl @utvy®v ifr=1,s=0.

In particular, using this isomorphism, we can view V®" as a right TLC-module. Also,
since u does not change the number of 0’s and 1’s, we have that (V‘gm)/8 is an TLE-
module, too.

Explicitly, when we label again by AV-sequences, we have

Vps; + QU if ps; < p,
V.U = S v, + g 1oy, if psi > p, (2.2)
0 if ps; = .

The following lemma gives us the main idea for the categorification in the following
chapters.
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o~

Proposition 2.1.7. The assignment C(\) — voy defines an isomorphism gé’(n, k)C
(Ve of TLS -modules.

Proof. Since basis elements are sent to basis elements bijectively, we clearly have an
isomorphism. It remains to check the compatibility with the TLS—action, i.e. to show
that C(A).U; — voy.U; holds:

C()).U; is determined in Lemma . By the formula for v,.U; we have

vox.U; = Z g~ 9B COM (y, .+ g ) + Z g~ 9BCOIM (y, .+ quy).
w:C(A)p is or. w:C(A)p is or.
H< 8 H>psi

We now consider different cases of entries of A at places ¢ and i + 1. If A(¢) = V and
A(i +1) = A, then

{p | C(\)u is oriented } = {v,vs; | v < vs;, C(A\)v is oriented },
since the cup belonging to A(7) and A(i + 1) can be oriented in two ways. Thus,

UQ?)\-UZ' = Z (q_ deg(C(VY) (Uusi + q_lvu) +q deg(C(A)vsi) (UV + qvusi))

v:C(A)v is or.
v<vs;

= Y ¢ B, + g+ qu + P,

v:C(A\)v is or.
v<vs;

= Y ¢ B+ g (v + quis,)

v:C(A\)v is or.
v<vs;

=(¢+ qil) Z (¢~ deg(C()\)u)UV +q deg(C(/\)zzsi)vVSi) =(q+ qil)v@%
v:C(A\)v is or.

v<vs;
since deg (C(A)vs;) = deg (C(A\)v) — 1 for v < vs; follows from A(i) = V, A(i +1) = A.
From Lemma [1.2.20| we know C(\).U; = (¢ + ¢~ ') C()\), so we are finished in this case.

If A\(9) = A(i+ 1) = V and in C(\) the point i + 1 is connected to a green point, then
using Lemma |1.2.23| we get that voy.U; = 0. Also, vo.U; = 0if A(i) = A(i+1) = A
and in C()\) the point 7 is connected to a green point.

In all the remaining cases we have C(A\).U; = C(X) for some N. Thus, using
Lemma[1.2.24] at the second equality sign and Lemma [1.2.26] at the forth, we get

VN = Z qi deg(C(Al)V)UV

v:C(N)v is or.

= Y (qf deg(CN )y 4 g~ deg(C(A’)usn%i)

w:C(A)p is or.
wus; is def.
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- Z <q—deg<c<x>u>vu+q—deg<c<x>usi>%)

w:C(A)p is or.
i <p

N Z (q— deg(C()\/)M)vlu +q~ deg(C(A/)MSi)UHSi)

w:C(A)p is or.
8>

— Z <q—deg(C(>\)u)+1UH+q—deg(C(>\)u)vusi>

w:C(A)p is or.
psi<p

+ Y <q— deg(CM—1yy 4 g~ deg(cmu)vm)
w:C(A)p is or.

i >
= > O pu )+ Y g I (g, )
w:C(A)p is or. w:C(A)p is or.
i <p 1Si> 1

:’UQQ)\.Ui.
O

The previous proposition yields the following well-known fact directly from Corol-

lary |[1.2.19]

Corollary 2.1.8. As T'L,,-module, (V"),, . is generated by v,.

Note that equation (2.2) defines the well-known parabolic Hecke module AP [Str05)]
Lemma 1.4]; in particular, from this observation Corollary follows immediately.

2.2 Jones-Wenzl projectors

Adapting the definition of [FSS12| to our sign convention, we define:

Definition 2.2.1. Let |a| is the number of ones in a and v™ := ] Um,
ml—q
Define the projection m,: V®"® — V,, by the formula
1
Tn(va) = (—¢) @0l = (—q)_l(a)W%l (2.3)
|a]

—q
where [(a) is equal to the number of pairs (7, j) with i < j and a; < a;.

The inclusion ¢, : V,, — V®" is the intertwining map

ve Y (=)', (2.4)

where b(a) is the number of pairs (4, j) with i < j and a; > a, i.e. b(a) = |a|(n — |a|) —
I(a). Note that these morphisms are U;-equivariant. The composite p,, = ¢, o m, is the
Jones-Wenzl projector.
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Note that when we consider for an Ol-sequence a the corresponding AV-sequence A,
then I(a) = ¢(\, \g). This is true since [(a) counts the number of pairs (V, A) where the
V is to the left of the A. But this is exactly the number of swappings of neighbouring
AV to get from A...AV...V = Ag to A, which is £(\, o).

Example 2.2.2. In the case n = 2 we obtain

p2(v10) = L2 ( : Ul) = —[2] " (vo1 — quio)

2
b
and p2(voe1) = 0, since

T2 (voo1) = ma(vor + q_lvlo) = (—q)_lvl + q_1v1 =0.

The Jones-Wenzl projector has the following important property (see e.g. [FSS12]).

Proposition 2.2.3. The endomorphism p, of V®™ is the unique Uy-morphism which
satisfies for 1 <i<mn—1:

i) Pn ©Pn = Pn
ii) Cipopn =0
i) ppoCin =0
Even a stronger version of i)-iii) holds:
Lemma 2.2.4. a) 7, 0, =id
b) Cinoty,=0

¢) mpoCin =0

Proof. a) We compute

T O L (VE) = Z (—Q)b(a)ﬂn(va) = Z (—Q)b(a)(—Q)_l(a) [nl Vk

la|=k la|=Fk k’] —q

_ 1 _ \k(n—k) _ —21(3)0 = 1 K Vp =
AP Pl v i e

where the second last equality holds by substituting ¢ with —¢ in [Sch12l Proposition
2.2.5].



2.3. JONES-WENZL PROJECTORS IN THE TEMPERLEY-LIEB ALGEBRA 31

b) We calculate

(0).Ui = 3 (—g) R0y, 1

A=k
— Z (_q)k(nfk)ff()\,)\o)(qb\sz' —l—q*lv,\) + Z (_q)k(nfk)ff(/\,)\o)(v)\& +qv)\)
A=k A=k
A<AS; A>As;
= ) (—FTRTERMI (o) Y (—g) PRS0 (s 4 oy )
|A=Fk [A=k
A< As; A<As;
= ) (—g)f R ((U)\si +q o) =g H(oa + qwsi)) =0
A=k
)\<)\Si

using £(As;, Ag) = €(A, Ao) + 1 for X < As;.
c) For A < As; with |A| = k, we have
T (0A.Ui) = Ta(0rs, + ¢~ '02)
_ <<_q>f€()\si,)\o) + qfl(_q)fé(/\)\o)>vk
= (—gq)tsid0) (1 + q‘l(—Q)) =0.
The case A > As; follows analogously and the case A = As; holds trivially. O

It is especially easy to consider the behaviour of 7, and p,, when applied to most of the
canonical basis:

Corollary 2.2.5. For X\ # X\ we have

Tn(von) = 0= pp(voy).
On the other hand, for A = \g we have T, (voy,) = v* and

(_1)k+n

R

Proof. For A\ # \g we have vo) = voy.U; for some X' and some i by Proposition m
and Lemma[1.2.17] Thus, m,(voy) = 0 follows from the previous lemma. Since voy, =
vy, We obtain 7, (voy,) = v¥ by definition. Plugging this in yields

—b(a)

DPn (UOAO ) = Va-

1 (—1)ktn —b(a)

v :ank:Tan =" Va.
pn( Q”\()) ( ) [k]_q (k) [k] ‘alqu

2.3 Jones-Wenzl projectors in the Temperley-Lieb algebra

Recall the following well-known statement (see e.g. [KL94) 3.1.1)):
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Proposition 2.3.1. There is a unique non-zero element P, € TLE such that
i) P2 =P,
it) P, U, =0=UP, foralli=1,...,n— 1.

This assertion yields together with Proposition that the Jones-Wenzl projector P,
is sent to p, under the isomorphism T'LS 2 Endy, (V®™).

Kauffman and Lins [KL94| 3.2| even give an explicit formula which under our conven-
tions transfers to the following:

Lemma 2.3.2. In the Temperley-Lieb algebra let H; = U; — qld. For s = s;,...8;, @
reduced expression in Sy, let H(s) :== H;, ... H;, and H(e) :=1d. Then

in

o= — 3" (—) H(s),

|
[[nﬂ " s€Sy

where [n] = (¢** —1)/(¢*> = 1) and [n]! = [1] - [2] - - - [n].

Example 2.3.3. For n = 2 we obtain using the formula above

1 1
P2 = g (-0 M+ H(w0) = 7 (14 +(-0) (V1 — g10))
1 q 1
= W<“+q2>ld‘qu) Sy gt =g

When fixing n and k and applying P, to the standard basis vector vy, in (V"),,
using the formula above, then we can restrict the number of s for which we use H(s)
in the formula:

Lemma 2.3.4. Let Ao € A(n, k). Then
S () Ouy H(s) = [ — K] S (=)o H(s) (2.5)

S€S, sEW R

Proof. By vx,-Ui = 0 for all i # k. Hence, vy,.H(s;) = —qu), for i # k. By [BB03,
Proposition 2.4.4] every s € S, has a reduced expression of the form s;, ...s;.5j ...5j
withi; #kfort=1,...,rand s;,...5j, € W™in - For s with such a reduced expression
we have

Ung-H(s) = (—q) vr, - H(Sj, ... 55).

By counting elements we see that for fixed ¢ = s;, ... s, all possible s;, ... s; € S xS, _
appear. Thus, in the sum on the left hand side of (2.5 a fixed vy,.H (s) with s € Wmin
appears in total with factor

> (=9 = [k][n — k],

tESE XS, _k

where the equality holds because of [Hag08, Theorem 1.1]. O



Chapter 3

The Bar-Natan approach to
categorification

In this chapter, we recall Bar-Natan’s categorification [BNO5| of the Temperley-Lieb
algebra and use a similar construction to define a category which is the foundation for
the categorification of V®", But before doing this, we need to recollect some categorical
constructions.

3.1 Categorification tools

Definition 3.1.1. A pre-additive category is a category C in which the morphism sets
between two given objects are abelian groups and the composition maps are bilinear.
A (Z-)graded pre-additive category is a category C where every morphism set is a graded
abelian group and the composition is bilinear and respects the grading: For objects
A,B,C we have C(A,B) = @,.,C(A, B); with C(B,C); o C(A,B); C C(A,C)itj and
idy € C(A, A)O

Let C be a graded pre-additive category. Following [MOS09] we define CZ to be the

category such that ob(C%) = ob(C) x Z and for A, B € ob(C) and i,j € Z we have
Homez((A, ), (B, 7)) = C(A, B);—j. Composition is just composition in C.

Note that CZ is pre-additive, too.

A graded pre-additive monoidal category is a graded pre-additive category that is also
monoidal and has the property that the functor ® : C x C — C satisfies C(A, B); ®
C(A',B"); CC(A® A/, B® B');}; and ® is bilinear.

Note that if C is graded pre-additive monoidal, then CZ is pre-additive monoidal, indeed

we can define a functor

®% . % x Ct — C*
((A,4),(B,j)) — (A® B,i+ j)
(f: (A3) = (A7), 9: (B,j) = (B',j") = (f®g: (A® B,i+j) — (A ®B,i+j).

33
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If I is the unit in C and a, [, r are the associativity, left unit and right unit isomorphisms,
we define I” = (I,0). Then associativity and unity in Z allows us to define 0” = o x idz
for o € {a,l,r} such that the required coherence diagrams obviously commute.

On C% we have an autoequivalence
(1) : c% — ¢t
(A,i) — (A,i+1)
(f: (A1) = (B,j)) = (f: (Ayi+1) = (B,j+1)).

Note that

f € HomCZ ((A71)7 (Baj)) = C(A7 B)Z—] = C(A7 B)i+l*(j+1)
= Homgz ((A4,i+1),(B,j+1)).
The autoequivalence has an inverse (—1), such that (1) o (—=1) =id = (—1) o (1). We
denote (i) := (1) o---0o (1) and (—i) := (=1)o--- 0o (—1)
—_—————

) )

Having this in mind, for objects in C* we also use the notation A (i) := (A4,1).

By the degree of a morphism in C% we mean its degree in C, that is for a morphism
f € Homez ((A, 1), (B, 7)) we have deg(f) =i — j.

Following [BNO5| we define the additive closure of a pre-additive category:

Definition 3.1.2. For C a pre-additive category Mat(C) is the category with:

Objects: formal finite direct sums (possibly empty) €., O; of objects O; in C.
Morphisms: For objects O = @;", O; and O' = @, O}, a morphism F': O’ — O is
an m x n matrix I = (Fj;) of morphisms Fy;: O; — O; in C. Morphisms in Mat(C) are
added using matrix addition and composition is defined by a rule modelled on matrix
multiplication:

((F”) o (G]k))lk = ZF” o ij.

If C is equipped with an autoequivalence (1), then this induces one on Mat(C), too. If C
is monoidal, then there is an induced monoidal structure on Mat(C). Moreover, if there
is an autoequivalence (1) compatible with the monoidal structure on C, then it is still
compatible with the monoidal structure on Mat(C).

For C a graded pre-additive (or graded pre-additive monoidal) category we denote C=
Mat(C%).

Remark 3.1.3. For C a graded pre-additive category, C has as objects direct sums of
some A (i) and as morphisms matrices of morphisms f: A (i) — B (j) such that seen
as a morphism in C the morphism f satisfies deg(f) +j —i = 0.

Definition 3.1.4. The split Grothendieck group Ky(A) for an additive category A is
defined as

Ko(A) = Z{Iso(A)) / ([A® B] = [A] + [B]),
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i.e. it is the free abelian group generated by isomorphism classes of objects of A modulo
the relation specified above.

If A has an autoequivalence (1) we set ¢'[A] = [A (i)] and this makes K(A) into a
Z[q, ¢ ']-module.

If moreover A is monoidal, then A®.A4 — A induces Ko(A)@Ko(A) — Ko(A), endowing
Ky(A) with an algebra structure.

In the spirit of this and also since it is better readable, we will often use A (i) and ¢‘A
synonymously.

3.2 Categorification of the Temperley-Lieb algebra

We start with defining the category that is used to categorify TL,,.

Definition 3.2.1. Let R be a integral domain in which 2 is invertible. Let Cobg(n)
be the category with

Objects: Compact 1-manifolds with boundary the n upper and n lower marked points
in a rectangle, where the upper points are on the upper side of the rectangle and the
lower ones on the lower side. We call the union of the upper and lower marked points
P.

Morphisms: A morphism f: A — B is a formal R-linear combination of cobordisms
with boundary AU P x [0,1] U B (nicely embedded in the (rectangle x[0, 1])) regarded
up to boundary-preserving isotopies modulo the following local relations:

S @ [[4Z42 o

Here, the first relation means that whenever a cobordism contains a torus as a connected
component, it may be deleted and replaced by the factor 2. Analogously, the second
relation says that every cobordism containing a genus 3 surface is 0. The last relations
means that whenever we find a tube inside a cobordism, then we can replace it by
% times the sum of two cobordisms that arise when we replace the tube inside the
cobordism by the first summand of the relation resp. the second summand.

The composition is given by the bilinear extension of composing cobordisms and rescal-
ing, i.e. when we have f: A — B and g: B — C, we glue the two copies of B and rescale
the cobordism to length 1. For a cobordism f we define a degree via deg(f) = n— x(f),
where x(f) is the Euler characteristic of the cobordism.

We call the relations (3.1) the Bar-Natan relations; the last of the relations is called
neckcutting. Note that the neckcutting relation is homogeneous of degree 0.

Furthermore, the degree is compatible with composition, so Cobg(n) is a graded pre-
additive category.

Remark 3.2.2. When we use the shorthand notation ﬁ = ;ﬁ@ the Bar-Natan
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relations become

9 .
NANGCY

When we refer to the Bar-Natan relations or neckcutting in the future, we will mean
this version.

©
®

First note that ‘ = 0 follows from the relations: When we apply neckcutting to

the middle of the sphere we obtain

Furthermore, we get = 0 analogously by using neckcutting to cut in the middle

between the two e’s and then use @ = 1. Moreover, we can show ﬁ = ﬁ@ =0,

by using neckcutting to cut between a part containing the two e’s and the rest, and
then applying that a sphere with two or three o’s is zero.

Example 3.2.3. For example, \kJ and \C}‘ are objects in

Cobg(5). In Cobg(2) with, for example, R = Z[5], we have % €

HomCObR(2)<::<, I D and 5%—3% € Homggp p(2) (ﬁ’ z)

The boundary of is U x[0,1]U I I . Note that we usually do not draw the

rectangle resp. the cuboid where the objects resp. morphisms are embedded in. Here is

= . s
an example with these habitats drawn explicitly: XJ : g [ [ .
o

Here is an example for the composition and an application of neck-cutting;:

(B-d-I5-2 %

Moreover we know, deg = 1, deg(C)) = —1 and deg(¢) = 1. Since

deg (% ) = 0, we have that gj : : (1) — I I is a morphism

in Cobg(n)Z, but gj: - I I is not.

Cob(n) is even a monoidal category by putting objects or morphisms on top of each
other followed by rescaling. Furthermore, the degree defined above is compatible with
the monoidal structure, turning Cobg(n) into a graded pre-additive monoidal category.

The relations in Cobg(n) allow the following delooping argument from [BNOT7|:
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Lemma 3.2.4 (Delooping).

If an object S in Cobgr(n)? contains a O, then it is isomorphic in Mat (CobR(n)Z) to
S (1) @ S’ (=1), where S is S with the O removed. The isomorphism and its inverse
are given by

H

a(1)

ol

We give the proof to help the reader to get a feeling for the relations.

Proof. We check that the compositions of the morphisms given above are the identity:
Going from O to itself, we get the right hand side of neck-cutting, which is equal to the
identity. Now going from @ (1) @ @ (—1) to itself we obtain

o @) 6

O

We have a shorthand notation for the saddle cobordism: Between the parts, where the

saddle cobordism is applied, we draw a thick line. For example, for " : ﬁ — [ {
’ . .

we draw >[< and for the saddle cobordism going in the opposite direction we draw

H:ll=> =

Remark 3.2.5. With ﬁ@ =2 d we can write morphisms of Cobg(n) as linear

combinations of cobordisms without genus and and decorated by several e’s.

Using ﬁ = 0 we see that morphisms in Cobgr(n) are linear combinations of cobord-

isms without genus and up to one e on each connected component.

Also, we can use the Bar-Natan relations to split the cobordism into parts where each
connected component has exactly one boundary component, see also [Nao06|. In par-
ticular, cobordisms from an object T to itself are linear combinations of 7" x [0, 1] with
at most one dot on each component. Therefore, we draw these summands as T with

dots on the components of T'. For example, for we draw x
[
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Notation 3.2.6. We can consider basis elements of T'L,, as objects of the category
Cobg(n); this holds in particular for U; € T'L,. To distinguish them, we write U; for
U; seen as an object of Cobg(n).

Also, most of the time we denote the tensor product A ® B in Cobg(n) simply by
juxtaposition AB.

Note that in this notation, the equalities (1.6 and (|1.7) from the definition of the
Temperley-Lieb algebra hold now up to isomorphism: U;U; = U;U; for |i — j| > 1 and
Ui U = U;.

Furthermore, using neckcutting, (1.5 has the counterpart U; U; = U; (1) ®U; (—1).

The following categorification result for the Temperley-Lieb algebra can be found in
IMNOS8| Theorem 5.2] and [CK12, Lemma 2.6]:

Theorem 3.2.7. The category G(IOR(TL) categorifies T Ly, in the sense that we have an
isomorphism of Z[q, ¢~ ']-algebras

K() (C/(%R(n)> = TLn
between the split Grothendieck ring and the Temperley-Lieb algebra.

The proof relies heavily on the fact that by using neck-cutting, every object in Cob r(n)
is isomorphic to a direct sum of objects without circles, and of course, the isomorphisms
corresponding to the Temperley-Lieb relations from the previous remark.

3.3 The category Cup(n, k)

Our goal is to categorify V" as a T'L,-module such that we can see the standard basis.
Having Proposition [2.1.7/in mind, it is conceivable that a first step should be a categor-
ification of eC (n, k) as a Z[q, ¢~ ']-module. For this, analogously to the categorification
of TL,, we now define a new category, where objects are modelled on extended cup
diagrams (cf. Definition with additional circles.

We fix n > k > 0. Let L, be the sequence of coloured points

e o6 o o o
—_—— —}/

from Definition

Definition 3.3.1. Let R be a integral domain in which 2 is invertible. Let Cupg(n, k)
be the category with

Objects: Compact 1-manifolds embedded in a rectangle with boundary L, ; on the up-
per side of the rectangle, with the additional condition that no component contains two
right or two left green points.

Morphisms: A morphism f: A — B is a formal R-linear combinations of (nicely embed-
ded) cobordisms with boundary AUL, ;, x [0, 1]UB regarded up to boundary-preserving
isotopies modulo the local Bar-Natan relations and the following additional relations:
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1) A connected component containing a dot and one green boundary line is equal to 0:

W_O

2) A connected component containing two left green or two right green boundary lines
is equal to 0,

where again we use the notation ﬁ = %ﬁ@ . The composition is given by the

bilinear extension of composing cobordisms and rescaling analogously to the composition
in Cobg(n). Again, we define the degree of a cobordism by deg(f) = n — x(f), which
turns Cupp(n, k) into a graded pre-additive category.

Remark 3.3.2. Note that, since the Bar-Natan relations also hold in Cupg(n, k), a
version of Remark is true for Cupp(n,k): Cobordisms in Cupp(n,k) are linear
combinations of cobordisms without genus and and decorated by e’s such that every
connected component has exactly one boundary component. Furthermore, each con-
nected component is decorated by at most one e, and no e’s if it also contains green
boundary lines.

We also use the shorthand notations for cobordisms from the previous section.

Example 3.3.3. In Cupp(2,1) there are only two objects without circles up to iso-
morphisms:

o u ad (M)

Possible morphisms between those are the identity morphisms, the two saddle morph-
isms and the degree 2 morphism resp.

f= ey @ U

e
e

Note that f o g = h holds because of neck-cutting and Relation 1), whereas go h = 0
and h o f = 0 also because of Relation 1). Furthermore, deg(f) = deg(g) = 1 and
deg(h) = 2.

In Cupp(3,1) there are 3 objects without circle up to isomorphism: (4 QJ/ ,

\U_b/ and @/ . An example for an object with a circle is given by
\UQb/ . Moreover, the following morphisms f and g in Cupp(3, 1) are interest-

ing, since the composition is zero because of Relation 2):
. 'S RS EXKS A\ A W
f= R N 2N
2 U 1\
g = : — .
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Note that Relation 2) does not imply that the following composition of f and ¢ in
Cuppr(4,2) is zero, which look similar locally:

Here relation 2) cannot be applied since some of the boundary lines that were green in
the previous example are now black.

Notation 3.3.4. We can consider the extended cup diagrams C(A) as objects of
Cupg(n, k). When doing so we denote them by T(\). Here T stands for tilting, see
Proposition Note that every object of Cupp(n,k) without circles is isomorphic
to some T(\). To see this, we observe that differently wiggled cups are isomorphic, since
there are obvious degree 0 morphisms between them whose composition is the identity
because of isotopy: We have

) - \U U
and now @ o W = id since is isotopic to y . Analogously, the

other composition is the identity, too.
Lemma also holds for Cupg(n, k) instead of Cobg(n), since only the Bar-Natan-

relations are used in the proof:

Lemma 3.3.5 (Delooping).

If an object S in Cupg(n, k)% contains a O, then it is isomorphic in Mat (CupR(n, k‘)Z)

to S (1) ® S’ (—1), where S’ is S with the O removed. The isomorphism is given by
(1)

ol

3.4 Alternative description for the morphisms using circle
diagrams

Before coming to our first categorification result, we need to know more about the
morphisms of our category Cupg(n, k). For this, we want to give an alternative de-
scription using the function F.,; defined below.

Definition 3.4.1. Analogously to Definition |1.2.27| for C, D objects in Cupg(n, k) we
define the circle diagram CD as the result of reflecting D at the horizontal axis and
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putting it on top of C. Again, a circle inside a circle diagram is called red if it contains
more then one right green point or more then one left green point. Other circles that
contain a green point are called green. Circles without green points are called black.
Note that now C'D can also contain circles that arise from circles in C' or D. These are
always black.

SRS S/
Example 3.4.2. For C = () and D = @ the circle
diagram C'D = @ has exactly one circle of every colour.

Definition 3.4.3. Every circle diagram is the disjoint union of coloured circles. Let
O, be a red, Og4 a green and Oy a black circle. We define F.y : {circle diagrams} —
C-vector spaces via setting Foo(Op) = Clz]/(2?), Feot(Oy) = C, Fer(Or) = 0 and then

tensoring together (over C), i.e. for a circle diagram O we have

(Cla)/(@)** @c C29 if r =0,

Font(0) =
wol(O) {0 if >0,

where r is the number of red circles in O, g the number of green and b the number
of black ones. Here, we keep the C®9 on purpose to be better able to describe maps
between tensor factors later on.

Example 3.4.4. For C, D as in Example[3.4.2lwe get Fr.,;(CD) = 09C®C[z]/(2?) = 0.
O

Moreover, CC = @

Our goal now is to show Homcyp,(nk)(C, D) = «l(DC) in Theorem m For
an intermediate step, we define categories Cobg(n,m) analogously to Cobgr(n) (cf.
Definition . The only difference is that in Cobg(n, m) the number of upper and
lower points is allowed to be different. We fix n upper and m lower points and call the
union of points P.

, 50 Foot(CT) = (Cla/(22))** @ C#3.

Definition 3.4.5. Let R be a integral domain in which 2 is invertible and let m + n
be even. Then Cobg(n, m) is the category with

Objects: Compact 1-manifolds with boundary the n upper and m lower marked points
P in a rectangle, where the upper points are on the upper side of the rectangle and the
lower ones on the lower side.

Morphisms: A morphism f: A — B is a formal R-linear combination of (nicely embed-
ded) cobordisms with boundary AU P x [0, 1] U B regarded up to boundary-preserving
isotopies modulo the Bar-Natan relations . We make this category into a graded
one via

m-+n

2

deg(f) = = x(f)- (3:2)

Note that in this case also a version of Remark [3.:2.5] holds: Every morphism in
Cobg(n,m) is a linear combination of cobordisms in which every connected component
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has boundary, the boundary of the component is connected itself and every component
contains at most one e.

Definition 3.4.6. The objects of Cupg(n, k) reduce to objects in Cobg(2n,0) by for-
getting the colouring. Let I: ob (Cupg(n,k)) — ob (Cobg(2n,0)) be the colouring
forgetting map. Note that this does not extend to a functor in any obvious way.

However, the relations on morphisms in Cupg(n, k) are the same as in Cobg(2n,0)
except for the two additional relations concerning green points. So we have a canonical
surjection

1I: HomCobR(Qn,O) (I(C)v I(D)) - HomCupR(n,k) (Cv D)
given by quotiening out the extra relations.

In the following, we omit the base ring R in case R = C and simply denote Cob(n) :=
Cobg(n), Cup(n, k) := Cupe(n, k) and Cob(n,m) := Cobc(n,m). From now on, we
restrict ourselves to this case, even though most of the results hold more generally for
any R.

Definition 3.4.7. Of course we can define a circle diagram CD for C,D objects in
Cob(2n,0) as before and also apply the function F,,. Since C'D contains only black
circles we just write F(CD) in this setting. In particular, F(C'D) = (C[x]/(xQ))@),
where b is the number of circles in C'D.

For circle diagrams C'D with C, D objects of Cup(n, k) we define w5 : F(I(C)I(D)) —
Fcol(CD) by defining it on every tensor factor and then tensoring together:

70, : Cla]/(2?) % Cla]/(2?)
O, Clz]/(z?) = C

1—1

x+—0
7o, : Clz]/(z?) > {0}

and Txy = Tx Q Ty

for Oy a black, Oy a green, O, a red circle and X and Y arbitrary disjoint unions of
circles.

For objects we obviously have Fo(CD) = mop <f(I(C)I(D))>.

For an alternative approach to this theory using coloured TQFT see Section [A.1] The
forgetting colour map and the similarities of II and 74 will allow us to proof our desired
isomorphism first for the uncoloured case and then go over to the coloured setting.

The following lemma collects some easy topological sliding properties expressed in terms
of morphism spaces in Cob(2n,0).

Lemma 3.4.8. a) We have isomorphisms of graded C-vector spaces

Homgop(2,0) (Y, U) & Homeop(0,0)(2, O) (1) and
Homop(2,0y(U, U) = Homggh(o,0) (O, @) (1) -

—
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b) More generally, let C, D be objects of Cob(2n,0). Then there are isomorphisms of
graded vector spaces

HomCob(Zn,O) (07 D) = HomCob(O,O) (Qa Dé) <n> and

Homegp(20,0)(C, D) = Homggp0,0)(CD, D) (n),

where by DC we mean that we reflect C at the horizontal azis, put it on top of D
and identify the boundary points and analogously for C'D.

Proof. a) The morphism space Homcgy,(2,0)(U, U) is 2-dimensional with basis given by
the identity morphism y and the identity morphism with dot ‘ﬁ’ . On the other
hand, Homgg(0,0) (2, O) is also 2-dimensional with basis (7) and (s). The assignment

W — () and — () defines an isomorphism of vector spaces. Pictorially, the
cap gets slided to the other side:

Since deg (@) = 0 and deg () = 2 whereas deg (()) = —1 and deg ((3)) =1,
the isomorphism is homogeneous of degree —1 and so the first isomorphism follows.
The second one is analogous.

b) Repeatedly applying sliding cups as in E[) to basis elements in Homgqp(2,,0)(C; D)
defines an isomorphism of vector spaces

HomCob(Zn,O) (Ca D) = HomCob(O,O) (@7 Dé)

Each sliding move does not change the Euler characteristic of the cobordism repres-
enting the basis vector, but the number of boundary points decreases by 2. Hence
by the total change in degree is 1 per slide, thus n in total, since C has n cups.
If there is a circle, we can write it as NoU and slide the cup and cap separately. The
degree does not change by sliding a circle this way. This gives the first isomorphism,
the second is analogous.

O

Recall that Cob(n) is a monoidal category (Cob(n),®,1d). We have the following basic
properties for homomorphism spaces:

Lemma 3.4.9. Let S, T € Cob(n), then there is an isomorphism of graded vector spaces

Homcop(n) (S @ Ui, T) = Homgop ) (S, T @ Us).
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In particular, if U = U;, ® ... @ U;,, then Homegpn) (U, T') = Homggp ) (Id, T ® U,
where U is obtained from U by reflection at a horizontal axis, i.e. U ZU; @...U;, .

Proof. Since U; = UoN we can apply the sliding move twice to obtain the isomorphism.
The Euler characteristic stays the same as well as the number of boundary points, thus
so does the degree. O

Lemma 3.4.10. Let C, D be objects of Cob(2n,0) such that DC has r circles. Then
Homcop(0,0) (2, DC) = F(DC) (—n)

is an isomorphism of graded vector spaces, when we define the degree on F(DC) as
follows: Let f =11 @ ... ® z, be a basis element of F(DC), i.e. x; € {1,x}. Define
deg(1) =0, deg(z) =2 and deg(f) =n—r+ >, deg(z;).

Proof. Let A = C[x]/(2?), i.e. F(DC) = A®". By Remark every morphism
f: @ — DC is a linear combination of nested () and (s). We identify () (with
deg(())) = —1) with 1 € A and () (with deg((s)) = 1) with z € A. Comparing the total
degrees gives the shift by —n. O

Corollary 3.4.11. Let C, D be objects of Cob(2n,0).Then there is an isomorphism of
graded vector spaces

HomCob(Qn,O) (Ca D) = ‘F(Dé)

Proof. This follows directly from the previous lemma and Lemma [b)). O

Theorem 3.4.12. Let C, D be objects of Cup(n, k) such that DC has r circles. Then
there is an isomorphism of graded vector spaces

Homcup(mk) (C, D) = ]:col(Dé)

with the degree in Foo(DC) defined as follows: Let f = 21 ® ...z, be a basis element
of Feat(DC), i.e. 7; € {1,2}. Define deg(1) = 0, deg(z) = 2 and deg(f) =n —r +
22:1 deg(z;).
Proof. Let
P: HomCob(Qn,O) (I(C)¢ I(D)) - *F(I(D)I(C))
be the isomorphism from Corollary [3.4.11] From Remark we have the surjection
II: HomCob(2n,0) (I(C)7 I<D)) - HomCup(n,k) (C7 D)
Furthermore, from Definition [3.4.7] we have

Tpe i F(I(D)I(C)) — Fea(DO)



3.4. ALTERNATIVE DESCRIPTION FOR THE MORPHISMS 45

with

FoalCD) = np (F(1C)T(D)).

Let f € Homcopy,(2n,0) (1(C),I(D)) be a basis element and let y = ®(f). II(f) con-
taining a connected component with two left green lines or two right green lines is
equivalent to y having a tensor factor corresponding to a red circle, i.e. T=(y) = 0.
II(f) containing a connected component with a dot and one green boundary line is
equivalent to y having a tensor factor coming from an x € C[z]/(x?) corresponding
to a green circle, which is send to zero by m,z. Thus, ® induces an isomorphism
HomCup(n,k)(Ca D) = fcol(Dé). O

Corollary 3.4.13. Let T(\), T(u) be objects of Cup(n,k) such that C(u)C(N\) has r
circles. If there is no red circle in C(u)C(X), then there is a (up to scalar unique)

non-zero degree n — r cobordism in Homcyp(n ) (T(X), T(w)). All other cobordisms in

Homcyp(n k) (T(N), T(1)) are of higher degree. If there is a red circle in C(u)C(X), then
HomCup(n,k) (T()‘)7 T(M)) = 0.

Proof. The degree of the cobordism without e’s is deg(1®...® 1) =n+r-(—1). The
rest follows from Theorem [3.4.12] above. O

We also obtain the following result, which will be an important ingredient for our
categorification (Theorem 3.5.4)):

Lemma 3.4.14. Let A\, € A(n, k). Then

C ifA=up,

HomCup(n,k) (T()\)7 T(:U'))O = {0 otherwise

and Homeyp(nx) (T(A), T(w)), = 0 for all negative r.

Proof. Let r be the number of circles in C(x)C()\). By Lemma we obtain r < n
with equality only for A = g. When A = p there cannot be a red circle since every circle
runs through exactly two points and there are no arcs connecting two left green or two
right green points. Thus, by Corollary the first assertion follows. We always have
n —r > 0, hence the second assertion follows. O

The morphisms from T(\g) to itself are up to scalar only the identity:

Lemma 3.4.15.

Hom(lup(mk)(T()‘O)’T()\O))’"g 0 otherwise

{(C ifr =0,

Proof. The first case is clear by Lemma [3.4.14] Since there are only green circles in
C(Xo)C(Ao), we have Fop( C(Ag)C(Ag)) = C. Thus, by Theorem [3.4.12 we obtain
dim Homcyp(n, k) (T(Xo), T(Ao)) =1 and there cannot be more morphisms. O
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3.5 First categorification

In this section we finally obtain our first categorification result. For that, we need to
consider the following subcategory.

Definition 3.5.1. Let CupT(n, k) be the full subcategory of Cup(n,k) with objects
[T\, A € A(n, )},

Remark 3.5.2. The category Mat (CupT(n,k)Z) is the skeleton of the category
Mat (Cup(n, k)Z): By delooping (Lemma , every object of Mat (Cup(n, k)Z) is
isomorphic to some object of Mat (Cup(n, k:)Z) without any circles, i.e. to some ob-
ject where no direct summand contains circles. But every object of Cup(n, k) without
a circle is isomorphic to some T(A) (cf. Notation and there is no isomorphism

T(N\) =2 T(u) for A # p by Lemma |3.4.14}

The following lemma is a slight generalisation of the main argument in the proof of
IMNOS8, Theorem 5.2]. For our categorification we want to apply it to Cup T(n, k).

Recall that we use the notations ¢X and X (1) instantaneously for X an object of some
BZ, B a graded prg—additive category. For r € N[g,q7 1], r = Zj ajq¢’ with a; € N, we
write rX for EB]- FXD--DdPX.

aj

Lemma 3.5.3. Let B be a graded pre-additive category. Let X;, i = 1,...,7r be rep-
resentatives of the isomorphism classes of objects. Assume that the grading has the
following additional properties:

e deg(f) >0 forall f: X; — X, and

o ifdeg(f) =0 for f: X; = X;, theni=j and f =c-id for c € C.

If we now have an isomorphism ¢: €, 1:X; = @, riX; in Mat(BE), where ry,r €
Nlq, ¢! are multiplicities including degree shifts, then r; = i for all i.

Proof. To restrict to the case where we have only multiplicities in N we do some prelim-
inary considerations. Recall for f: ¢*X; — ¢° X in Mat (B”) we have deg(f)+s;—s; =
0. Thus, from the assumptions we obtain deg(f) > 0 if s; # s;. Furthermore, if s; = s;
we only have deg(f) = 0if ¢ = j and in this case f = ¢-id. Consider ¢°X; ERRYER q° X,
where Y = ¢'X; with ¢ # s or i # j. Then we have deg(f) > 0, deg(g) > 0 and thus
deg(g o f) > 0. But this means that g o f = 0, since deg(go f) — s+ s = 0.

Now assume ¢: @, raYe = P, roYe where Y, = ¢°*X;, and Y, # Y3 for a #  and

Ta, s € N are multiplicities.

We now follow the proof of [MNOS8, Thm 5.2| even more closely: We fix any /3 and set

J =P raYa, J =P riYa.

a#f B
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1

Then ¢ and =" can be written as 2 X 2-matrices

_ ©o0 : Tng — T‘%Yg ©o1 - J — T‘%Yg
SOIO:T',BYﬂ—)JI ©11: J=J ’

ool = Poo: TsYe = 1Ys Do J = rpYp
@10:7"//3}/[3—)(] @11:J/_>J

Calculating the composition ¢~y we see that idrsy; = Poopoo + Poipio. By the
considerations above, we know that ©¢y;p10 = 0 and ¢oo and @, are matrices with
entries the identity up to scalars. Thus, we can write @9 = M id and Pyy = NV id where
Misa 7"'5 X rg-matrix and IV a rg x 'r%—matrix with coefficients in C. We obtain NM =1
and by repeating the arguments for =1 also MN = 1. So we get rg = r/ﬁ. O

The lemma gives us our first categorification, a categorification of eC (n, k) (cf. Defini-

tion [[.2.13).

Theorem 3.5.4. (Tll\p(k,n) categorifies gE’(n, k) as Z[q, g ']-module, i.e.

Ko(Cup(k,n)) = C(n, k)
[T(V)] = CA).

Proof. By Remark we know that every object of C/u\p(k, n) is isomorphic to some
sum of (shifted) diagrams without circles, i.e. to some sum of (shifted) T(A)’s. Recall
that [T(\) (I)] = ¢'[T(\)]. Therefore, every element in the Grothendieck group can be
written as some ) a;[T(A)] with a; € Z]g, Y.

To show that the [T(A)] are a basis, we need to see that nothing else is identified:
Assume there is an isomorphism ¢: @@, 7\ T(X) = @, 7y T()\), where ry and ) are
multiplicities including degree shifts. Then, using Lemma [3.4.14] we can apply the
lemma above to CupT(n, k) and get 7\ = r}.

Thus, the [T(\)], A € A(n, k), are a Z[q, ¢~ '] basis of the Grothendieck group and by
sending [T(A)] to C(A\) we get the desired isomorphism. O
Remark 3.5.5. Note that the lemma above can also be used to prove the categorific-

ation of T'L,, as in Theorem see [MNOS, Theorem 5.2].

Furthermore, in view of Proposition we also have a vector space isomorphism

C(Q) ®Z[q,q_1] Ky (éll\p(k?, n)) = (V®n)2kfn ’

but since we have neither the T L,-action nor the standard basis categorified yet, we do
not call it a categorification of (V®™),, . Our next task is to categorify the T'L,-action.






Chapter 4

Interplay of Cob(n) and Cup(n, k)

The aim of this chapter is to categorify eC (n, k) as T'L,-module. To achieve this aim,
we introduce an action of Cob(n) on Cup(n, k). This action is then used to find out
more about morphisms in Cup(n, k). Finally, we consider functors from Cup(n,k) to
Cup(n — 2,k — 1) associated to elements in Cob(n — 2,n).

4.1 Categorified Temperley-Lieb algebra actions

Before defining the action of Cob(n) on Cup(n, k) we consider the general setting of a
monoidal category acting on another category.

Following [JK02] and [Hov99] we define:

Definition 4.1.1. Let A be a category and D = (D, ®, I,a,l,r) a monoidal category.
A (right) action of D on A is a triple (.,«a, \), where . : A x D — A is a functor,
aacp : A(C® D) = (A.C).D a natural isomorphism and A4 : A — A a natural
isomorphism, such that the following diagrams commute:

ida .ac,p,E QA,C,DRE

A((C®D)®E) A(C®(D®E)) (A.C).(D ® E)
(A(C® D)).E Qaco e (A.C).).E
A.(I® D) tALb (AI).D A(D®I) fant (A.D).I

idm /A.idD idm A

A.D A.D

Remark 4.1.2. Let A be an additive category and let D be an additive monoidal
category. Assume D acts on A such that the action is compatible with the additive
structures. Then an action of D on A induces an action of Ko(D) on Ko(A).

We want to get an action of Cob(n) on Cup(n, k) analogously to Proposition [1.2.14
But there is no 0 in Cup(n, k), so we need to add it artificially:

49
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Definition 4.1.3. Cup(n,k)? is the category Cup(n, k) with an additional object 0.
More precisely ob ( Cup(n, k)°) = ob (Cup(n, k)) U{0} and

Homcyp(n 1) (C, D) if C #0# D,
HOmCup(n,k’)o(C7 D) - {{0} ’ otherwise.

For f an object in ob (Cob(n)) and C € ob (Cup(n,k)) let f be obtained from f
by adding additional identities, one for each green point in C'. For example, for C' =

@ and f = leeobtainf: ‘ ZIH

Let C.f = 0 if glueing f on top of C' is not (even after rescaling) an object in Cup(n, k).
Otherwise, let C.f be the object in Cup(n, k) obtained from this after appropriate
rescaling. Note that C.f = 0 if and only if the glueing of f on top of C creates a

connected component containing two left green or two right green boundary points.

Example 4.1.4.

v 21l ey

|\

(W = =0

i

12

1

G

Similarly, for cobordisms a € Homggh(n(f,9) and F' € Homeyp(n,k) (C; D) define F.a
by considering the cobordism M obtained by glueing o on top of F with additional
identities and rescaling, setting F.ao = 0 if M is not a morphism in Cup(n, k).

Moreover, we set 0.f = 0 and 0.a = 0 for f € ob (Cob(n)) and a € mor ( Cob(n)).

Proposition 4.1.5. By extending the assignment (F,a) — F.a from above linearly we
obtain an action of Cob(n) on Cup(n, k)°.

Proof. This follows directly from the definitions and the isotopy relations, since the
isotopy relations make morphisms, that compress parts of an object and elongate other
parts, into isomorphisms. O

Remark 4.1.6. We have C/u\p(n, k)= Cup/(ak)o := Mat (( Cup(n, k)O)Z) since 0 gets
identified with the empty sum when applying Mat(—).
Corollary 4.1.7. The action from Proposz'tz'on extends to an action of C/o\b(n) on

(Ttﬁ)(n, k) compatible with the additive structures.
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Proof. The action of Cob(n) on Cup(n, k) is compatible with degrees since the Euler
characteristic is additive under glueing. Thus, the assertion follows directly from the
definitions and the remark above. O

The equalities from Lemma [1.2.20] turn now into 1somorhlsms of objects in C (n, k)°
and Cup(n k) respectively in the setup of Proposition 5land Corollary [4.

Lemma 4.1.8. In C/u\p(n, k) we have

gTA\)®q TN if A(@) =V, G+ 1) = A
T(A.si) with A.sip > A if A(i) = A\, i+ 1) =V
T(N).U; =2 T(N) with N < A if A(@) = A+ 1) =V and t(A(i + 1)) not green

or A7) = AM(i+ 1) = A and s(\(7)) not green,

0 otherwise,

where by t(A(j)) we denote the target of the arc starting at A(j) and by s(\(j)) the
source of the arc ending at \(j).

In particular, T(Xo).U; =0 for i # k and T(Ao). U = T(Nosk).

Proof. The proof of the different cases follows step by step Lemma [1.2.20] replacing
equalities by isomorphisms.

The assertion for Ay follows from the fact that in C()\g) the black points 1,...,k are

connected to left green points and the black points k£ 4+ 1,...,n are connected to right
green points. Thus, when A(i) = A(i + 1) = V, then ¢(A(i 4+ 1)) is green and also when
A(@) = M+ 1) = A, then s(A(7)) is green. O

Our next goal is to proof the analog of Corollary [1.2.19|in our situation.

Definition 4.1.9. Let A be a category with an action of a monoidal category D. Then

A is generated by x € ob(A) if for every y € ob(A) there exists f € ob(D) such that

y = x.f and for every F : a — b € mor(.A) there exists a : f — g € mor(D) such that
=1id, .a where F' :2.f 2 a — b= x.g.

Theorem 4.1.10. Cup(n, k) is generated by T()\g) under the action of Cob(n).

Before proving this, we have to consider how the morphism T(A\) — T(x) of minimal
degree arises from a morphism in Cob(n).

Proposition 4.1.11. Let T(\) and T(u) be elements in Cup(n, k) and assume T(\) =
T(Xo).S and T(u) = T(No).T in Cup(n,k) with S,T € Cob(n). Then there exists a
cobordism ogr S — T with deg(pst) = n — | where 1 is the number of circles in
C(N)C(u). Moreover, if Homeyp(n k) (T(A), T(1)) # 0, then (T(Xg) x [0,1]).¢051 # 0.

Proof. Put C(\)C(u) = C(X\)T'SC()g) on one side of a cuboid and consider the cobor-

dism from @ to C(A)C(u) given by nested (7)’s. This cobordism, seen as a morphism of
Cob(0) has degree —I. Now we pull the boundary strands along the cuboid as follows:
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2 /

Z "z

11

The result describes a cobordism Id — T'®.S which has now degree n—I, since the Euler
characteristic is the same as before moving the strands and we have now boundary points
in the degree formula. By Lemma this corresponds to a cobordism g7 : S — T
of same degree.

The neckcutting relation cannot be applied to the cobordism (g since it cannot be
applied to the cobordism from @ to C(\)C() it came from. Also, pgr contains no
o’s. Thus, (T(\g) x [0,1]).¢os,7 can only be zero by the additional relation 2). But
under the isomorphism from Theorem being 0 because of the additional re-
lation 2) corresponds to a red circle in C(\g).TC(N\g).S = C(u)C(\), which means

Homeyp(n,k) (T(A), T()) = 0 by Corollary O

Proof of Theorem[4.1.10. On the level of non-zero objects without circles this follows
from Lemma by the arguments for Lemma [1.2.18, Moreover, since T(\g).U; =0
for i # k by definition, the object 0 can be generated from T()\g). In case we have a

non-zero object C' with circles, we first remove the circles to obtain C’, find the element
T in Cob(n) such that C" = T(\g).T by the start of the proof and then replace T" by
T" where T" agrees with T except of circles (the difference of C' and C”) added.

On the level of morphisms we first consider the case where the source and target
do not contain circles, i.e. they are isomorphic to some T(\) and T(u), respectively.
Assume Homeyp(n k) (T(A), T(p)) # 0 for T(A) = T(Xo).S, T(u) = T(Xo).T. Let
s be the morphism from Proposition and let Yg7 = (T(Xo) x [0,1]).¢057.
Then by Proposition we obtain g7 # 0 and deg(vs7) = n — r for r the
number of circles in C(u)C(A). Thus, by Corollary [3.4.13 Vs is the cobordism of
minimal degree in Homgp(n 1) (T(Xo).S, T(Xo).T'). By Remark M basis vectors in
Homcyp(n,k) (T(/\o).S, T(No). T ) not of minimal degree can be obtained by adding dots
to g which is the same as adding first dots to ¢ g7 and then applying to T(Ag) % [0, 1].
If T(Xo).S and T(\g).T contain circles let S” be S without the circles and 7" be T without
the circles. By Remark a basis element ¢ of Homeyp(n k) ( T(X0)-S, T(Xo).T) is of
the form ¢/ U d U b, where 9" € Homgyp(n k) ( T(X0).S", T(Ao).T"), d is () or (&) on the
circles of S and b is () or (3) on the circles of T'. Hence, 1 = (T(X) x [0,1]).(¢'UdLIb),
where ¢’ : §” — T’ is the cobordism constructed above satisfying 1" = (T(X) x
[0,1]).¢.

O

Corollary 4.1.12. 611\1)(71, k) is generated by T(Xo) as a @)(n)—module.

Remark 4.1.13. On the level of Grothendieck groups, the action of @)(n) on
Cup(n, k) matches the action of T'L,, on eC(n,k), so we have categorified eC(n, k)
as an T'Ly-module. Corollary is in fact a categorified version of Corollary [1.2.19
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4.2 More results on morphisms between tiltings

With the action of the U; and the tools from Section we can now describe the
morphisms in Cup(n, k) more concretely. In particular, we can decide when there are
morphisms of low degrees from T(\) to T(x) when we know how A and p are related.

Proposition 4.2.1. For A\, u € A(n, k), there is an isomorphism of graded vector spaces

HomCup(n,k)o (T(A) Ui, T(/’L)) = HomCup(n,k)O (T()‘)7 T(:u) Ui )

Proof. First assume T(X).U; # 0 # T(p).U;. By Theorem [3.4.12} there are isomorph-

isms of graded vector spaces

HomCup(n,k) (T()‘> Ui, T(M)) = Fol ( C(A)Ul (M))
HomCup(n,k) ( T()‘)v T(M) U; ) = Feol ( C()‘)C(:U’)Uz) .

But C(\).U;C(p) = C(N)C(1).U; so we get the desired isomorphism. In case T(\).U; =
0 = T(u).U;, the assertion is clear. Now assume T(\).U; = 0 and T(u).U; # 0. In
this case, U; connects two right green points or two left green points of C(A). Thus,
there is a red circle in C(A).U;C(n) = C(A)C(p).U; and the assertion follows from
Feot(C(N)C(p).U;) = 0. The remaining case follows analogously.

O

Remark 4.2.2. For T(\).U; # 0 # T(u).U;, the isomorphism from the proposition
above is given by sliding the U; to the other side, analogously to Lemma Even
more, 1 : T(X).U; — T(u) is isomorphic to some (T(A\g) x [0,1]).¢ for ¢ : SU; — T
and T(A) = T(\o).S, T(n) = T(No).T by Theorem When ¢ is send to ¢’ under
the isomorphism of Lemma then 1 is send to ¢' = (T(A\g) x [0,1]).¢" under the
isomorphism of Proposition

Lemma 4.2.3. Let A =% p or pn =% X. Then

0 fp=0,

Homcyp (k) (T()\)vT(M))p = {(C ifp=1

Proof. First assume A —% p. Then the first case follows from Lemma Since
T(u) = T(XN).U;, there is a degree 1 morphism id.H; : T(A).Id — T(N).U; = T(p)
given by the saddle. This is non-zero, since none of the relations can be applied: There
is no neck to cut, no e and a single saddle cannot connect two left green or two right
green boundary lines when source and target are non-zero. By Corollary [3.4.13] it is
unique up to scalar.

For the case 1 = X note that Homcyp(n,k) ( N, T ,u)) HomCup(n k) ( (n), T()\)),
since by Theorem they are isomorphic to fco ( ) or fcol( (A)m),
respectively. But ]-"COI( ()T(N) = Feor(T(A)T(p)) since T )T(A) and T(A)T ()
have the same number of black, green and red mrcles O
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Notation 4.2.4. We denote the saddle cobordism from Id — U; by H;. This is mo-
tivated by the pictorial shorthand notation H introduced in Chapter The saddle

going in the other direction is denoted by H; : U; — Id. If, as in the lemma above,
A 25 p, we also denote the saddle cobordism T(\) = T()).Id M T(A).U; = T(p)
by H;. Analogously, we write H; : T(u) — T(\) for the saddle cobordism induced by

Lemma 4.2.5. Let A 25 v =% ji, then Homgyp (k) (T(p), T()\))p =0 forp=0,1 and

C if there is no red circle in C(X\)C(u),

Hom T(p), T(N)), =
Cup(nk) ( (1), T( ))2 {0 otherwise.

Moreover, if there is no red circle, then the basis element of degree 2 is given by H; oﬁj
and if i # j £ 1, then there is no red circle.

Proof. Again, the assertion for p = 0 is true because of Lemma [3.4.14 By the
Lemma and Corollary [3.4.13| we know that C(~)C()\) contains n — 1 circles. Since
C(p) = C(v).U; we go from C(v)C(X) = (C(v).1d)C(A) to (C(r).U;)C(A) = C(1)C(N)

by changing some | | to >Z. By doing this, either two circles are connected to one or

one circle is split in two. So C(u)C(\) contains either n or n — 2 circles. But it cannot
contain n circles since we already know that there is no degree 0 map from T(u) to
T(XA). Thus, by Corollary there is no degree 1 map and there is (up to scalar)
a unique degree 2 map if and only if there are no red circles. Neckcutting and the
additional relation 1) cannot be applied to the degree 2 morphism H; o ﬁj, thus it can
only be zero by the additional relation 2). But this is equivalent to having a red circle.

It remains to check that there is no red circle if ¢ # j + 1. Since i # j £ 1, there
is no interaction between U; and U;. So red circles can only arise, when U; or Uj
connects two arcs with left green points or two arcs with right green points in C(A).
But C(\).U; = C(v) # 0 and since i # j == 1 we have As;s; = Asjs;, thus A — As; and
C(N).U;j = C(As;) # 0. So neither U; nor U; can create a red circle. O

Lemma 4.2.6. Let A\, ;u € A(n, k). Then there is a non-zero degree 1 map H : T(\) —
T(w) if and only if X and p differ only by changing not necessarily neighbouring AV to
VA or vice versa.

Proof. First assume that in \ there is a (not necessarily neighbouring) VA which we
change to AV in p. Because of the green dots in C()), there is a cup directly below
the one given by our VA-pair (with one endpoint to the right and one endpoint to
the left of our given cup) and going to C(u) just changes these two nested cups to two
neighbouring ones. In between, there is a saddle cobordism which is obviously non-zero.
Reading this cobordism the other way gives a cobordism for the other case.

Now assume the existence of the degree 1 map. Since by adding e’s we can only raise
the degree by 2, there is no degree 0 map. Thus, by Corollary there are n — 1
circles in C(A)C(p). So there are n—2 circles containing 2 points and one with 4 points.
Let i1, 142,13, 74 be the points on the 4-point circle from left to right. In one of C(\) and
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C(u) we have that iy is connected to ig and i3 to i4 and in the other i; to i4 and iy to
i3. But by the definition of extended cup diagrams this just means that A\ = p.(is,i3),
where (ig,i3) € S,, is the transposition swapping i with is. O]

The following lemma tells us conditions for factorising the degree 2 map given by two
saddles from T(u) to T(\) over a special degree 1 map.

Proposition 4.2.7. Let A 2% v 2 ;i and let H T(r) — T(\) be a non-zero degree
1 map, where T < . Assume there is a non-zero degree 1 map H' from T(u) to T(7).
Then j =1+ 1.

Proof. By Lemma [4.1.8|we have T(x1) = T(\).U; U;, hence C(u)C(7) = C(N)U;U;C(7).
The existence of H' implies that C(A\)U;U;C(7) must contain (n — 1) circles of which
one passes through four points and the others through 2 points each. Analogously,

the existence of H implies that C(A\)C(7) = C(A\)IdId C(7) has (n — 1) circles. Hence
passing from C(A\)U;U;C(7) to C(A)Id1d C(7) does not change the number of circles.

Now assume i # j = 1. Then, A(i) = A = A(j) and A(i + 1) = V = A(j + 1). Since
7 < A and there is a degree 1 map between T(7) and T()), by Lemma we are in
the situation that there are indices [; < lo such that A = 7 except for A\(I1) = V = 7(l2),
A(l2) = A = 7(l1) and [; and Iy are connected in C(\). By the same argument as in
the proof of Lemma m there is a 4 point circle in C(A)C(7) containing the points
l1, lo. Let I} <15 be the other two points on this circle. Note that I} < I} < Iy < I,
A1) = 7)) = Vv and A(,) = 7(I5) = A holds by the definition of extended cup
diagrams.

Because of this and since A(i) = A, A(i+1) = V, only one of 4,i+1 can be in {l}, 15,11, l2};
the same holds for j,j + 1. Consequently, the other one is part of a 2-point circle in
C(M\)C(7). Moreover, i,i 4 1 cannot lie on the same 2-point-circle; the same is true for
J,j+ 1

Now we show that when passing from C(\)1dId C(7) to C(A\)U;U;C(7) the number of
circles does not stay the same. Changing Id to U; (for | =i or [ = j) either connects

two circles to one or splits one circle into two. The change Id to U; can only turn one
circle into two if the points [,] + 1 lie on the same circle. We know that at the start,
1,7 + 1 cannot lie on the same circle and the same holds for j,7 + 1. We show that
1,9+ 1,5,7 + 1 lie on at least 3 different circles. Then, even after connecting two of
them, the remaining two still lie on different circles. Obviously, there cannot be a single
circle containing all 4,741, 7, 7+ 1. Also, they cannot all lie on two 2-point circles, since
considering the up-down-sequence A those cross the horizontal line in VAVA or VVAA
which does not contain two different subsequences of AV. We now consider a 2-point
circle and the 4-point circle. We consider merges of the sequences VA of the 2-point
circle and VVAA of the 4-point circle with the condition that the VA of the 2-point
circle are next to each other since otherwise the lines cross. All the possibilities are

VAVVAN, VVAVAN, VVVAAN, VVAVAN, VVAAVA

and we see that there are never two distinct subsequences of AV.

Therefore, when applying first U; and then Uj, the number of circles decreases both
times, which is a contradiction. So ¢ # j + 1 is not possible. O
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Lemma 4.2.8. For X,Y,Z arbitrary objects of Cob(n), the following diagrams com-
mute in Cob(n)

idx idy, idy Hjidz

XU;YIdZ XU;YU; Z
a) J/idx H;idy id;qidy J/idx H,; idy idy; idz
XIdYIdZ XIdYU;z

idX id]d idy H]' idZ

idx idy, idy H; idz

XU;YU; Z XU;YIdZ
b) J/idX Hz idY idLlj idZ J/idx ﬁz idy id]d idZ
XIdY U; Z XI1dYldZ

idx idjqidy H;idz
where Hy : Id — U; and H; : U; — 1d are the saddles.

Proof. In a) both compositions are equal to idx H,idy H;idz and in b) both composi-
tions are equal to idx H; idy ﬁj idz. ]

Remark 4.2.9. From the lemma above we obtain that when T(\).U; = 0, then H;j o
H;: T(N\).U;U; — T(N) is zero. This is true since it factorises over 0. For example, for
n =3 and k = 1 we obtain that Hy o Hy: T(A\g).U1 U2 — T(Ng).U1 — T(Ng) is zero,
since T(X\g).Us = 0 by Lemma [4.1.§

More general, if T(X\). XY U; Z = 0 for some objects X,Y, Z of Cob(n), then the cobor-
dism H;oH;: T(X\o). XU; Y U; Z — T(No).XY Z equals zero, even if T(\o).XU; Y Z #
0.

4.3 Reducing the number of boundary points

The reduction of the number of boundary points introduced in this section will be
helpful later when we want to use induction on the number of boundary points.

Let L:k be L,j with an additional green point on the right and an additional
green point on the left. For example Ljo = e e o o whereas LIQ =

Let Cup(n, k)4 be the category defined as Cup(n, k) but with boundary points L:er
instead of L, j and the additional condition that in all objects the outermost left and
the outermost right green point are connected.

84 \ &
For example, w is an object of Cup, (4,2).

Note that because of the neckcutting relation and the additional relation 1), every
morphism in Cup(n, k)4 consists of linear combinations of morphisms f LI d x [0, 1] for
d the arc connecting the two outermost green points and f a morphism of Cup(n, k).
It follows that the functor from Cup(n, k) — Cup(n, k) given by adding the arc d on
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objects and d x [0, 1] on morphisms yields an equivalence of categories. On objects, the
inverse is given by just deleting the outer arc.

Let Cup(n, l<:)9r the category Cup(n, k)4 with an extra object 0 as in Definition m

An object A € Cob(n — 2,n) induces a functor

Py : Cup(n, k) — Cup(n — 2,k — 1)%
C—CA
[ f(AX[0,1]),

where C.A is putting A together with identities on the green points on top of C' and
rescaling if this gives an element of Cup(n—2,k—1)4 and 0 otherwise and f.(A x [0, 1])
is putting (A x [0, 1]) on top of f and rescaling if this is a morphism of Cup(n—2,k—1)
and 0 otherwise. Of course we can extend this functor to Cup(n, k)? in the obvious way.
Note that every T(\) € Cup(n, k) with A # Ag has an arc connecting the two outermost
green points. Considering T(Ag).A we see that either an arc connecting the outermost
green points or an arc connecting two right green or two left green points is created.
Thus, when C.A = 0, then the addition of C' connects two left green points or two right
green points, since elements of Cup(n — 2,k — 1)4 can have circles everywhere,

Example 4.3.1.

1

S/

12
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The equivalence Cup(n — 2,k — 1); = Cup(n — 2,k — 1) extends to an equivalence
Cup(n — 2,k — 1)3_ =~ Cup(n — 2,k — 1)°. Using this we consider P, as a functor from
Cup(n, k)° — Cup(n — 2,k —1)°.

Mostly, we will use a special P4 for A = n; ://ﬂ\\ and write —.N; instead of
P, (—). i
Lemma 4.3.2. For )\g’k € A(n, k) we have

TGNk = TOG )

TOAPFY.Ni =0 fori # k.

Proof. If i # k we connect either two left green points or two right green points. For
i = k we have

TOPF).Ny =

Of course, we can find similar statements for A # Ag along the lines of Lemma but
we omit this, since we will not need it later on.

Lemma 4.3.3. For C,D € Cup(n,k), there exists an isomorphism of graded vector
spaces

HomCup(n,k)O (C, D. Z/Ii) = HomCup(n—Z,k—l)O (C.ﬂi, Dﬁz) (4.1)
Proof. Assume first that D.U;, C.N; and D.N; are all not zero. Then by Theorem [3.4.12]

HomCup(n,k)O (07 D. ul) = HomCup(n,k) (Cv D. uz) = Fool (D U; 6)
HomCup(n—2,k—1)0 (C-miy DmZ) = HomCup(n—2,k—1) (C~mi7 sz) = ]:Col(D' M m)

But D.U; C and D.N; CN; agree except for the green outer circle that C. N; DN; lacks.
Thus,

Fool (C’D.Lli) = fcol(c. M m) ®C = Feoo (C. N; m)

The degrees also agree, since we go from n —r to (n — 1) — (r — 1) for r the number of
circles in CD.U; and deg(1) = 0. Hence, the claim holds in this case.

We have D.N; = 0 if and only if D.U; = 0, since this only depends on which arcs are
connected by the lower cap of ;. Thus, we are also done in this case. If C.n; = 0
then we are done by the analogous argument since we know Homeyp(n )0 (C, D.U;) =

Homgyp (k)0 (C- U, D) by Proposition [4.2.1} O
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Remark 4.3.4. For C.N; # 0 # D.N;, there is in fact a natural and canonical iso-
morphism realising (the inverse of) (4.1)) given by sliding the U to the other side or
alternatively by the composition

Homgyp (n—2,k—1)(C-Ni, D-N;) — Homeyp(n 1) (C-Ui, D.U;) — Homeyp(n,i) (C, D.U;)
g—g f=fos,

where ¢ is obtained from g by adding the identity cobordism of the added cup and s is
the saddle cobordism.






Chapter 5

Homological algebra

In this chapter, we summarise the homological algebra that will be needed in the follow-
ing chapters. As in the first chapter, some statements are exactly what is used later and
their purpose might not be clear now. We start by recalling some standard definitions
and statements about homotopy equivalences between complexes. After that, we apply
the theory of spectral sequences to get Corollary which will be used extensively
later on.

5.1 Homotopy equivalences

We start by recalling some standard constructions to fix the notations and sign conven-
tions.

Let A be an additive category.

Let (A,d) =+ — Aj1 M A; i, A;_1 — ... be a chain complex with entries in A.
The shifted complex Alp] is defined via A[p]; = A;—, with differential (—1)Pd.

Let Ch(A) be the category of chain complexes and Ch®(A) the category of bounded
chain complexes. We use ~ to denote homotopy equivalences of chain complexes. Let

K (A) be the homotopy category of chain complexes and K°(A) the homotopy category
of bounded chain complexes.

Let (A,da), (B,dp) be chain complexes and f: A — B a chain morphism. Then
Cone(f) = A[l] @ B is the complex with Cone(f); = A;—1 ® B; and differential
di((ai_l,bi)) = (— da(ai-1), fi—1(ai—1) + dB(bi)). If X is another chain complex
and g : Cone(f) — X is a chain map, then g|p : B — X is also a chain map and
gla : A[1] — X is what we call a multi-map, i.e. it does not commute with the differen-
tials.

Recall (see e.g. [Wei94]) that K (A) is a triangulated category with distinguished tri-
angles given by those isomorphic to triangles of the form

ALB4 Cone(f) & A[1].

If D is an additive monoidal category, then for (X,d™),(Y,d¥) € Ch(D) the tensor
product X ® Y is the complex defined by (X ® Y); = EBz‘-s—j:l X; ® Y; with differential

61
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d given by
dlx,ev, = (&} ®@idy,,(-1)'idx, ®d) ) : X; @Y; = X;_1 ®Y; & X; ® Vj_1.

When D acts on A, i.e. the functor . : A x D — A from Definition is compatible
with the additive structures, for (A4,d4) € Ch(A) and (X,dX) € Ch(D), we define the
action A.X as the complex with (4.X), = @i—i-j:n A;.X; and differential d given by

d‘A,-.X]- = (d?.idxj, (—1)2 idAi dj() : AZX] — Ai—l-Xj 37, Ai-Xj—l-

Recall that the tensor product of homotopic complexes results in homotopic complexes.
Of course, the same is true for the action.

In the following we need a notion of some complex being part of another that is weaker

than being a subcomplex. We say that A is a partcomplex of B € Ch(A) if every

A; is a summand of B; and every differential in A appears also in B. For example,
d,d’

As LN A1 — 0 is a partcomplex of Ag M A @ Al 5 Ag. Also, if A — B is a chain

map, then A[l] is a partcomplex of Cone(A — B). In particular, every subcomplex is

also a partcomplex.

Lemma 5.1.1. Let (C,d%) and (D,d") be chain compleves in K (A).

a) Let A be a partcompler of C with Homp4)(A, D) = 0. Assume we have C; =
A;® By for alli. Furthermore, assume there is some f € Hompg(4)(C, D) satisfying
fic10d%|a, B, , = 0. Then there is some f' with f ~ f' and f'|a = 0. If moreover
d%|B,—a;_, =0, then f!|p = fi|B-

b) Let A be a partcomplex of C with Hompg () (D,A) = 0. Assume we have C; =
A; @ B; for all i. Furthermore, assume there is f € Hompa)(D,C) satisfying
d°|B,—sa,_, o fi = 0. Then there is some f' with f ~ f' and f'|a = 0. If moreover
d%| 4,18, =0, then fl|p = filp.

Proof. a) Having f;_q o d°| A,—B; , = 0 yields that f|4 is a morphism of chain com-
plexes, so we have a homotopy h: A[l] — A with fl]4 = dPh + hd*. Now
B = h@0: C[l] — C gives a homotopy between f and f' = f — (dPh/ + h'd®)
since f — f' = dPh + Wd®. But

Fla = fla— (dPh+ hd* +0) =0
as desired. Now assume in addition dc\ B;—A, , = 0. Then

flls = filg — (AP0 4 hd®|p, s a,_, +0d°|B, 5B, ,) = filB.

b) This follows analogously.
O

Lemma 5.1.2 (Gaussian Elimination). Assume we are given a complex X in Ch(A)
which looks locally like

o> A—>BeC—->DE - F — ... (5.1)
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with differentials
B —> D

Assume ¢: B — D is an isomorphism. Then X is homotopy equivalent to a complex
X' which agrees with X except that the part (5.1)) is changed to

J—ﬁogpflo'zE <,

A—=C

A homotopy equivalence is given as follows

,@71

2R,
bW e

A—2yo Y g, F

where §' := 6 — Bop Yo~y and the vertical maps define the morphisms of complexes and
the red map going from right to left defines the homotopy. All maps that are not drawn
are zero.

The passage from X to X' is called Gaussian elimination with respect to .

Proof. Explicit calculation, see also [BNO7, Lemma 4.2]. O

Corollary 5.1.3. Let X,Y, Z,U in Chb(A) be complexes. Let

)

(ie.co: X > Z,v:Y >Z, : X —>Uandd:Y - U)

F:«DQ:X@Y%Z@U

be a chain morphism with p;: X; — Z; an isomorphism for all i and set ' = § — B o
o lon:Y = U. Then

Cone(X Y L7 U) ~ Cone(Y LN U).
The morphisms in either direction are given by
©; o

0
0 id 0 0 f id 0
XY B Z; it1 = Y; 1" ;
(0 0 _Bi—i-lO(P;_ll id> DY, D +1€BU+1<; b Uit 0 0
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the homotopy for the composition f o g is trivial and for g o f given by

1

00 ¢;7 0
00 0 O
0 0 0 0 Xi18Y 10 Z,0U; - X; @YD Ziy1 DUz
00 0 O

Proof. We repeatedly apply Gaussian elimination to ¢;, starting with the biggest ¢
which exists, since the complexes are bounded. O

Corollary 5.1.4. Assume we have chain morphisms f: A — B and 3: C — A of
bounded complexes. Then

3 0
<idc 0 .O ) : Cone (Cone(C’ fop B) (0 ld) Cone(A L B)) — Cone(B)[1]
0 0 idg O

id 0
1s a homotopy equivalence with inverse 8 i and homotopy
0 0
000 O
0 0 0 id
000 ol° Cii1® B, ®A;®Bi1 — C;® Biy1 ®Aip1 ® Biga.
000 O

Proof. We repeatedly apply Gaussian Elimination with respect to id: B, — B, starting
with the smallest r. O

Lemma 5.1.5. Let f: A — B be a morphism of complezes and assume §: C = A and
a: B S D are homotopy equivalences. Then Cone(f) ~ Cone(f") where f" = afp.

Proof. See e.g. |Rosllal Prop.3.3]|. O

Later on, we will need this statement more explicitly for the special case where a = id:

Lemma 5.1.6. Let f: A — B be a morphism of complexes and 5: C — A a homotopy
equivalence with inverse 3': A — C via homotopy maps Hy: C[1] — C and Hy: A[1] —
A. Then the following maps are homotopy inverses

0 o ! 0
(g id) : Cone(C EALN B) = Cone(4 ER B): <—fﬁo H, id) .

Proof. By |Rosllb, Lemma 3.1] and the explicit formulas from its proof (with slightly

other signs due to our different sign convention for cones) we know that Cone(5) is
homotopic to zero via the homotopy

i (H1 + [ Hop — f'BHy [
—(HoHa8 — HoBHy) —Hj

) : Cone(3) — Cone(p)[1].
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Thus, Cone(f)[1] is also homotopic to zero via H. Composing with the the explicit

maps from Corollary |5.1.4) we obtain that Cone < </B 0) ) is homotopic to zero via

0 id
000 0 id 0
000 id 0 f|=(idc 0 0 0
H= i .
0000 |0 i (OOidAO>
000 0 0 0

The explicit formulas from the proof of [Rosl1bl Lemma 3.1] now say that our desired
homotopy inverse of (B O) is Hy2: Cone(A — B) — Cone(C — B)[1]. We calculate

0 id
Hy+p8'HB—-p'BH, 0 f 0
—f(H2H2B3 — HoBHy) 0 —fHy id
—(HyHy8 — HofHy) 0 —Hy 0
0 0 0 0

and obtain Hyy = ( ?;-I 1(31)
- 2

5.2 Spectral sequences

We start by recalling some facts about total complexes that for example can be found
in [HS97]. We then use these together with the general theory of spectral sequences.
For an introduction to spectral sequences we refer to [Wei94].

Let B = (Bp,) be a double complex with the two differentials d': By, 4 — Bp_1,4 and
d": B,q, — Bpg—1. Instead of the usual total complex which is defined using direct
sums we consider here the (second) total chain complexr Tot'! B defined by

(Tot" B), = [] Bog
p+q=i

with differential d = d’ + d".
Definition 5.2.1. Let (C,d¢) and (D,dp) be chain complexes in Ch(A). The double
hom complex B is given by By, , = Hom4(C_,, D,) with differentials

d(f)= (-1 fods: C_pyy — D, and

d'(fy=dpo f: C_p — D4y
for f € By 4.

Then the total complex Hom(C, D) := Tot"! B is the chain complex of homomorph-
ism from C to D. For f = {fpq: C—p — Dg} the differential is given by (df),q =
(=P fpr140dc +dp o fpgi
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Lemma 5.2.2. Let C=(--- = C; - Cyp —0) and D = (--- — Dy — Dy — 0) be two
chain complexes. Then there is a spectral sequence with E;’q = Hq(Hom(C,p, D), d”)
which weakly converges to Hp+q(Hom(C, D)) If the spectral sequence collapses, then
1t converges.

Proof. Consider the double hom complex B, , = Hom(C_,, D,). By assumption, we
have B, , = 0 except for p < 0 and ¢ > 0. So by [Wei94, 5.6.1] the conditions for
[Wei94] 5.5.10] are satisfied and the spectral sequence associated to the double complex
has E! . = Hy(Bp.,d") and weakly converges to Hpiq(Tot" B) = H,y,(Hom(C, D)).
If the sequence collapses, it is in particular bounded above, so we get convergence by

[Weid, 5.5.10]. 0

Corollary 5.2.3. Let C = (--- = C; — Cp) and D = (--- — D1 — Dy) be two chain
complezes. Assume Hl(Hom(Ci,D)) =0 for all i and all l # 0. Then the following
holds:

a) The spectral sequence from Lemma with E;’q = Hq(Hom(C,p,D),d”) col-
lapses at E? at the latest and converges to Hp+q(Hom(C, D))

b) Hy(Hom(C, D)) = ker ((Ho(Hom(Co, D)) 4, Ho(Hom(Cy, D)), where d is the
map induced by precomposition with dc .
¢) If Hy(Hom(Cy,D , then Hy( Hom(C, D)) = Ho(Hom(Cj, D)).

0.

e) If Hy(Hom(C;, D)
and H;(Hom(C,

0 for alli # j, then H_;(Hom(C, D)) = Hy( Hom(C}, D))

) =

d) If Hy(Hom(Cy, D)) = 0, then Hy( Hom(C, D))
) =
)) =0 for alll # —j.

f) Assume that the maps induced by precomposition with dc
Ho(Hom(C;, D)) — Ho( Hom(Ciy1, D))

are zero for alli. Then H_;(Hom(C, D)) = Hy(Hom(Cj, D)) for all j.

. 1 o 1 . . .
Proof. a) By assumption, E,,=0for ¢ #0, so E" is concentrated in a single row.

- «—— Hy(Hom(Cy, D)) «—— Hy(Hom(C1, D)) —— Hy(Hom(Cy, D)) «——— 0

0 0 0

The differentials of E' go horizontally, so E? is also concentrated in a single row
and therefore the spectral sequences collapses at E" for » < 2. Thus, the assertion
follows from Lemma [5.2.2
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b) The differentials at the E'-page are induced by the differential of the double complex
d = (—=1)P*9*!_ody. Thus,

Ho(Hom(C, D)) = B} = H(0 — Hy(Hom(Co, D)) > Ho(Hom(Cy, D)) )
— ker (Ho(Hom(Cy, D)) * Ho(Hom(C, D))).
We can ignore the sign, since it does not change the kernel.
c¢) This follows from b) since in this case the kernel is just Ho(Hom(Cp, D)).
d) Again, this follows from b) since the kernel is 0.

e) With the additional assumptions, the spectral sequence even collapses at E! and
only E1 0= Hy(Hom(C}, D)) is non-zero. The assertion follows.

f) If — o do induces the 0-map, then the spectral sequence collapses at E! and
H_;j(Hom(C,D)) = Elj,O =~ Hy(Hom(C}, D)).

O
Remark 5.2.4. For complexes C, D € Ch(A), we have
H;(Hom(C, D)) = Homp 4 (C, D[—i])

Indeed, we defined Hom(C, D) via Hom(C, D); = [[,, Hom4(C_p, D;—p) with differ-

ential given by (df )y, = (—1)P 9 fpr140dc+dpo fpgr1 for f={fpqe: C—p — Dy}. So
if we label the maps in Hom(C_,, D;_,) by f,: instead of f,;—, we get the following
formula for the differential:

(df)pi-1 = (—1)""fppri0dc +dp o fp
Thus, for d = d;: Hom(C, D); - Hom(C, D);_; we have
kerd; = {{fpi}p|dp o fpi = (=1)" fpy1,5 0 de} = Homgy,4)(C, D[—1])
and
imdj1 = {{fpi}p ‘ Fhiv1 = {hpit1tp: foi = (@hiz1)pi = (—1)'hpy1i410de +dp o hp,i—‘rl}
= {f = {fpi}tp € Homeya)(C, D[—i]) | f ~ 0}.
A direct consequence of this remark and the previous corollary is:

Corollary 5.2.5. Let C =(--- - C; =+ Cy — 0) and D = (--- — Dy — Dy — 0) be
two chain compleres. Assume Homp () (Cy, D[l]) = 0 for all i and all I # 0, where C;
1s in homological degree 0. Then the following holds:

a) If Homg(4)(C1, D) = 0, then Homg (4)(C, D) = Homg(4)(Co, D).

b) ]fHOmK(A)(CO,D) = 0, then HOmK(_A)(C, D) =
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c¢) If Homg(4)(C;, D) = 0 for all i # j, then Hompg(4)(C, D[j]) = Hompg(4)(Cj, D)
and Homg (4)(C, D[l]) =0 for all | # j.

d) In general, Homp(4)(C, D) = ker (HomK(A)(C’O, D) —ode, Hom g 4)(Ch, D))

e) Assume that the maps Homg(4)(C;, D) —ode, Homg(4y(Cit1, D) are zero for all i.
Then Hom g (4)(C, D[j]) = Hompg(4)(Cy, D) for all j.



Chapter 6

Exceptional Objects

In this chapter we inductively construct chain complexes V*(A) which will turn out to
form an exceptional sequence in K b(étﬁ)(n, k)) In the first section, after the definition,
we give an alternative explicit description of the V*(\) by cube-complexes and consider
some immediate properties. After that we study V*(A).N; as a means to show that there
are no maps from T'(Ag) to (shifted) V*(A)’s. In the last section, we consider maps from
shifted T(A)’s to V*(u) in order to investigate maps between the V*(u) and to finally
show that they form a graded exceptional sequence. The V*(u) will be an important
ingredient for categorifying the standard basis of V®™" in the next chapter.

6.1 Construction of the exceptional objects V*(\)

Let K = K? (C/u\p(n, k)) be the homotopy category of bounded complexes with entries
in C/IE)(TL, k). Recall that we use A (i) and ¢*A synonymously.

Definition 6.1.1 (Construction of V*(\)).
We inductively construct objects V*(A) in K. Let V*(A\g) = T(Ag) in homological degree
0. Now assume V*()\) is already defined. For A 2 ;1 we define

V* () = Cone (q v\ V*()\).ui> ,

where H; = id. H;: ¢ V*(\) = ¢ V*(A).Id — V*(\).U; given by the saddle cobordism in
every homological degree.

Example 6.1.2. For n = 3,k = 1 we have:

VH(AVV) = T(A) = AN

V*(VAV) = ¢ U &) \K\J_‘v/
2 - < U N '8,

= ¢ v —— ¢ T —— )

69

V*(VVA)
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For V*(VVA) note that V*(VAV). U2 20 — &), thus
V*(VVA) = Cone (q VE(VAV) = V*(\//\\/).ng) > Cone <qV*(\//\\/) NS, )

is the complex depicted above.

Definition 6.1.3. Consider the r-dimensional cube R, (cf. [BNO5, 2.3]) whose vertices
are all the r-letter strings of 0’s and 1’s. The edges of the cube are marked by r-letter
strings of 0’s, 1’s and precisely one x, where the x marks the coordinate which changes
from 0 to 1 along a given edge. The cube is skewered along its main diagonal from
00...0 to 11...1 such that vertices with the same sum of coordinates are on a vertical
line.

001 -1 011

00% y \11
01x
N

For example, Rz = o0 —*% 010 101 2Ly 111 -

*
/
*00 /1 0 11x

Let 1 <ij,...,3, <n. We define a complex R(i1,...,i,) in Ch(C/o\b(n)) as follows:
For xz € {0,1} we define b(x) to be the other value, i.e. b(z) =1 — z.

For w = (wy ... w,) with w; € {0,1} let
'LU(?::[, s 7ir) - qzl b(wi)Bil e Bira

L{il if w; = 1,
Id ifw; =0.
For £ = (& ...&,) an edge-label with &; = * let

where B;, = {

E(in, .. yip) = (~1)Z> 8D id L id H, id. L id, (6.1)

where HZ-]. : Id — Z/lij is the saddle cobordism.
Finally, let R(i1,... i) = Ry(i1,...,1ir), i.c.

R(iy,....ie)i= B wlir,..., i)
w:y wi=l

with the differential given by the outgoing edges. Note that the choice of signs for the
differential ensures that the square of the differential is zero.

Example 6.1.4. We have, for example, (001)(3,2,4) = ¢! T1H01dIdUy = ¢*TdIdU,
and (101)(3,2,4) = qU31dU4. The differential in between is given by (x01)(3,2,4) =
(-1)'*OH3idid = — Hzidid.



6.1. CONSTRUCTION OF THE EXCEPTIONAL OBJECTS V*()) 71

Doing this for the whole cube R3 we obtain

A1diau, 2 s 1auyu,
idid Hy ~Haidid -~ . Hsidid
- id id Hy Y
R(3,2,4) = 1q1a1d M2 2 1974, 1d gUsTdUdy 28 Us sty

—Hsidid
o & \/ ® ot
Hsidid idid Hy \ idid Hy

P Us1d1d mqu;), Us1d

where UsUo U, is in homological degree 0.

Proposition 6.1.5. Let s;, ...s;, € W™" be reduced, where W™" is the set of minimal
coset representatives as in Definition|1.1.1. Then

V*(Aosil N Sir) = T()\()).R(’h, ey ir).

Proof. We show this by induction on r. It is obviously true for » = 0. Now assume it
is true for r — 1, i.e. V¥*(Xosiy -.-si,. ;) = T(Xo).R(i1,...,9r—1). Then V*(Agsi, ... si,)
is defined as

Cone (q V*(XoSiy - Sip_y) iR V*(XoSiy - -8, ) - Ui, >
. . H;, . .
~ Cone <q T(Xo).Rlit, ... ir_1) —2 T(Ao).Rli1, ..., ir_1).Us, )
Now

Cone <q T(Ao)-Rlit, - - ir—1) 75 T(Ao).R(i1, .. ir—1)-Us. = T(Ao).Rlit, ... m)

follows directly from the construction of the cube complex R(iy,...,i.): The ¢-shift
of ¢T(Ng).R(i1,...,i,_1) is taken into account by ¢2:°) since b(w;,) = 1 there.
Because of the cone, the signs of ¢ T(\o).R(i1,...,i—1) inside the cone are changed
by —1 and this is reflected in the formula, since b(¢;,) = 1. The maps inside
T(No).R(i1,-..,ir—1)-U;, stay with the same sign since there b(¢;.) = 0, as prescribed
by the cone. The remaining maps all get positive sign, since i, is the last index. O

Example 6.1.6. For n = 6 and k = 3 we obtain T()\g).R(3,2,4) =
PN NG
P

N
—Hy Q@/H'U

since T(Ag).X = 0 for X € {quZ/{3L{4, ¢ 1d1d Uy, ¢*>1dUs Id} and the remaining
entries of R(3,2,4) applied to T()\g) are isomorphic to what is depicted above.

. H-
Py T ey

Lemma 6.1.7. Let s;, ...s;, = sj, ...5;, be reduced expressions in W™". Then

R(i1, .. yir) Z R(J1, -y Jr)-
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Proof. By Lemma the reduced expressions s;, ... s;, and sj, ... s;, in W™ differ
only by a finite number of moves s;s; = s;s; for |i — j| > 1. Hence, it is enough
to consider the case where (i1,...,i,) and (ji,...,j,) differ by swapping neighbouring
indices at places m and m+ 1. Say (im, im+1) = (@, B), (Jm, Jm+1) = (5, @) and is = js
for s ¢ {m,m + 1}. We have the height-isomorphisms

UsUg =UgU,, U Id = TdU,, IdUg =Ugld, (6.2)

where the first holds since |o — ] > 1. We define ¢: R(i1,...,ir) — R(j1,...,7r) by
defining it on the direct summands at every homological degree via

(—1)bCwm)b(wmi1) ,

Sy

w(i17'-'7i7‘):Bil-"BaB,B"'BiT le,BBaBz

= sm(w)(j1,.--,Jr), (6.3)
where ¢ is given by one of the height-isomorphisms from (6.2)) or Id Id = 1d Id.

If ¢ is a chain map, it is clearly an isomorphism. We check that ¢ is a chain map on
every square in the cubes. It suffices to check this locally, since the global situation only
differs by an overall sign. Locally at places (m, m + 1), a square in R(i1,...,i,) looks
like

Uy 1d B,Bgs
Id1d UsUs ' B,Bgs BuBgs -
Bg

\Ba

In the second case where we have a square in which B, Bg do not change, the commut-
ativity with the differential is obvious. In the other case, we have

IdUyg

Uy Id

IdId
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The vertical maps are the isomorphisms part of ¢ with sign calculated from (6.3|) and
the horizontal maps are the differentials with local sign as in (6.1)). Since the squares
containing vertical maps commute, we are done.

For s;, ...s;. and sj, ...s;, general reduced expressions the isomorphism R(i1,. .., i)
R(j1,...,Jr) is given by a finite composition of (6.3)).

0O IR

Thus, we get together with Proposition [6.1.5

Corollary 6.1.8. The complex representing V*(u) does not depend (up to isomorphism
of complezxes, not just homotopy equivalence) on the reduced expression s;, ...s;, for
n = )\0.82‘1 ... 8

e

For later reference we calculate the overall signs in a special case of Lemma [6.1.7] using
(6.3):

Lemma 6.1.9. Lets;, ...s;

r

= Siy ... 54, ... 8i,8i; be reduced expressions in W™". Then
R(i1,...,1ir) is isomorphic to R(i1, ..., 15 ..., 10, 1;) via

L (C1)e)0 ) S
w. (i1, ..., 0p) L4 (s(j,r)(w))(zl, N I A )

where sy = sj...s.—1 moves place j to the end and ¢ is a composition of height-

isomorphisms as in (6.2)).

Now we study the entries of V*(u). By delooping we know that every summand with
a circle appearing in V*(u) is isomorphic to a sum of (shifted) T(A)’s. The following
lemma specifies which T(\)’s can appear.

Lemma 6.1.10. V*(u) is isomorphic (as a complex) to a compler X with Xo = T(p)
and for 1 # 0, X; has entries (shifted) T(\) with A < p. In particular, all entries of X
are (shifted) T(\) with X\ < p.

Proof. We proceed by induction on £(u, Ag). For V*(X\g) =
Now assume it is true for g/ with g/ =5 g, thus V*(i/) = X’ with X’ satisfying the
conditions. Hence, V*(u) = Cone (¢ V*(1/) — V*(i).U; ) = Cone (¢X' — X'.U;). By
assumption there are no circles in the summands of X’ and all summands of X| are
some T(A\) with A < ¢/ < p for I # 0 and X[; = T(x'). Therefore, the part ¢X’ of
the cone has the asserted form and V*(u)o = T(¢').U; = T(p) by Lemma since
w's; = p.

We use delooping (Lemma to resolve all circles in X'.U; and consider all possible
cases of T(X).U; given by Lemma IfTON).U; =< qT(N)@qg P T(N) or T(N).U; =0
or T(\).U; = T(N) with A’ < ), then the assertions are obviously satisfied. In the
remaining case we have T(A).U; = T(\s;). Since A < g/, i/ 2% pand A 25 \s; we
obtain As; < p by Lemma[[.1.29} Furthermore, \s; # pi's; = p1, thus As; < p.

T(Xo) it is obviously true.

O

Lemma 6.1.11. Let X be a complex in K. Then

Cone(qX —% X.Uy). U; ~ ¢ ' X.U;
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and the maps for the homotopy equivalence are

(0 a) g X1 Ui B X Ui U = q_an-Mi3 (g) ,

where a = idx ./ with o/ =id (3 id—p () id : U; U; — U;, where p is identity with a
dot, and ,8 =idyx .,3/ with ﬁ/ =id @ id:U; - U;U;.

Proof. We have

H. H; .idy,
Cone(¢X — X.U;).U; = Cone (qX. u, —= X.(Z/lil/li)).
Now we apply Lemma [3:3.5 to the second part and get an isomorphism to

Cone (qX. U; 9 X U g XU, )

where p’ is identity with a dot on the lower part of U;.

We apply Corollary for Y = 0 and get the first assertion. The corollary gives
homotopy inverse maps

0
(0 —pl id) : qXn—1.U; ®gXn. Ui g ' X Uy = ¢ ' X Uiz | O
id
We compose with the isomorphism from Lemma [3.3.5] and get the second assertion.

O
Corollary 6.1.12. Let us; be defined. Then

1 7% .
. g V*(us) . U; if p> psi,
Vit LV |
qV*(usi). U; if < ps;.

If 1 < ps;, then the homotopy equivalence is given by

<g> (VUi ), = (@ V() Us ),y @ (g V() Uilhi ), = (g V' (si)- Us),,,

where B = idy«(,y .6 and ' =id () id : U; — U; U;.

Proof. If > ps;, then V*(uu) = Cone (¢ V*(us;) — V*(us;).U; ) and the assertion fol-
lows from Lemma [6.1.11|for X = V*(us;). If u < ps;, then V*(us;) = Cone (¢ V*(p) —
V*(n).U; ) and the assertion follows from the lemma for X = V*(p). O

Lemma 6.1.13. Let X be a complex in K and j € {i + 1,1 — 1}. Then

Cone (qune(qX Hi, X.U;) 1, Cone(¢X Hi, X.Z/l,;).Z/{j>.Z/l,- ~ g X. U U (1.
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Proof. Since U; commutes with cones in the weak sense that Cone(f).U; = Cone(f.U;),
we have

Cone (q Cone(¢X H, X.U;) 1, Cone(¢X M x, ui).uj).ui
= Cone (q Cone(¢X LN U;). U; i) Cone(qX LN U;).U; Ul-).

By Lemma [6.1.11

(g) g XU S5 Cone(gX 25 X.Us). U

is a homotopy equivalence, where § =idx .6’ with 8’ =id () id : U; — U;U;. Thus,

Cone (q Cone(¢X N X.U;). U, i Cone(¢X LN X.U;).U;j Ui)
Hjo O
~ Cone (X.Z/[i —J—(i)% Cone(gX LN X.U;). U Z/{i)
0

= Cone (X.Z/li sy Cone(¢X.U; U; o, X.Lliujbli)>

0
= Cone (X.Z/{i ﬁ Cone(qX.U;U; Lol X.Lli)>,
where v = idx .7/ with v/ = Hjo8": U; — U;U; — U;U;U; and in the last step we
use the isomorphism ¢: U; U; U; = U; with id = 1o +’. Applying Corollary with
C =0, we obtain

(u) -

Cone (X.L{i L) Cone (qX.Z/[jZ/Ii —Ii’—> X.Ui)> ~ qX.Uiuj[1]~

Proposition 6.1.14. If = us; then V*(u).U; ~ 0.

Proof. From the assertion we get ;1 = Aow with ws; ¢ W™, We prove V*(A\ow).U; ~ 0
by induction on I(w). If [(w) = 0 then V*(u) = T(N\g) and V*(u).U; = T(Xo).U; =0
by Lemma since from es; = s; ¢ W™ we know i # k. If [(w) > On then
by Corollary either there is a reduced expression w = s;, ...s;. and @ # k or a
reduced expression w = 78;8;+15;, -..S;, for some 7 =5, ..., € Wit where in both
cases |i; —i| > 1.

In the first case
V*(,u)?/{z = Cone (C]V*()\Osil e Sir—l) — V*(Aosil . Sir_l).uir )L{z

> Cone (q V*(NoSiy - 80,1 )-Ui = V(Nosiy -85, ). Ui Ui, )

since U; and U; commute. But (s;...s;, ,) € WU (s ...8 )8 =
s5i(8iy - 5i,_y) & W™ and I(s;, ...s;,_,) < l(w), thus V*(Xosi, ... 8i,_,).U; ~ 0 and
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thus V*(u).U; ~ 0 by Lemma

In the second case assume first 7 = 0. Then for X = V*(A¢7) in Lemma [6.1.13] we get
V* (). U; =~ qV*(No7). U1 U;[1]. Now I(T) < I(w) and 7s;5,41 € W™ reduced, hence
by Lemma [1.1.35| 75,41 ¢ W™ thus V*(A\oT).U;+1 =~ 0 and therefore V*(u) ~ 0.

If » > 0 then
V*(M)Uz = Cone (q V*(/\oTsisiilsil . 3@'771) — V*()\OTsisiilsil N Siril).uir )Z/{Z

=~ Cone (q v*()\OTSiSiilsil NN Sir_l).ui — V*()\OTSiSiilSil c. Sir_l).ui uir )

since U; and U;, commute. But (75;5;415i, -..5i,_,) € W™ | (78;8018i, ...5;,_,)8; &
W™ and [(78;8i418i, - - - Si,_,) < L(w), thus V*(A\oT8i8i+184 - - - 8i,_,)- Ui = 0 and thus
V* (). U; >~ 0. O

Now we know that V*(u).U; is either homotopic to zero or to some other V*(u').U;
(up to internal shift).

6.2 Behaviour under reducing the number of boundary
points

The first goal of this section is to describe V*(u).N; explicitly. N; has been defined
in Section and can be considered as the lower half of ¢/;. Thus, N; acts on V*(u)
analogously to what we have shown for the action of U; above.

Proposition 6.2.1. a) Let u > ps;. Then V*(u).Nn; =~ ¢~ V*(us;).N;.

b) Let = ps;. Then V*(u).N; ~ 0.

Proof. a) By Corollary we know V*(u).U; =~ q 'V*(us;).U; and by
Lemma the maps for the homotopy equivalence are either zero or the iden-
tity on the upper cup of U;. Applying the functor N; yields V*(u).U;.N; =~
q ' V*(us;).U; .N; where restricted to the circle given by U;.N; = M;O the maps
for the homotopy equivalence are either zero or the identity. Using delooping

(Lemma [3.3.5)) we obtain
g V* (). Ny &g LV ()0 ~ V*(usi). Ny ®q 2 V* (psi).Ny

and the maps for this homotopy equivalence are only between ¢ V*(u).N; and
V*(pusi).N; resp. ¢~ V*(u).N; and g2 V*(pus;).N;. Hence, ¢ V*(u).N; =~ V*(us;).N;
and ¢~' V*(u).N; ~ ¢~2 V*(us;).N;, thus we obtain the assertion by shifting.

b) By Proposition we have V*(u).U; ~ 0, thus applying the functor N; we
obtain V*(u).U;.N; ~ 0. Using delooping (Lemma to resolve the circle of
U; .N; = N;0O we obtain ¢ V*(u). N; &g~ V*(u).N; ~ 0. Therefore, in particular
q V*(u).N; ~ 0 and shifting this yields the assertion.

O
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For A € A(n, k) let AT be X with places i,i + 1 deleted. For example, for A = VVAA we

obtain Af2 = VA,
Proposition 6.2.2. For u € A(n, k) we have
0 if = psi,
V*(1).Ns = V¥ (i) if < psi,
V*(ut) (1) if p > ps;.

Proof. We prove this by induction on the relative length £(u, Ag). For £(u, Ag) = 0,

n—2,k—1

ie. p = Ao, we have p = ps; for all i # k and A = ()\g’k)Tk, so this is just
Lemma Now assume the assumption holds for all i and all p with £(u, Ao) <
£(X, Xo). We choose j such that As; < A, i.e. the assertion holds for As; in particular.

We distinguish different cases of the distance of ¢ and j.
e i = j: By Proposition a) and induction hypothesis we know
V*(A).Ni ~ g P VF(Ns).ny ~ g LV (()\si)ﬁ).

Since i = ()\si)“ and As; = As; < A we are done.

e |i —j| > 1: In this case we can slide U; and N; past each other and we have

U;N; =NilUj where j' = jif i > jand j' = j — 2 if i < j. Hence,
V*(A).N; = Cone (g V*(As;) —5 V*(Asj). Uy ) .0

= Cone (q V*(As;).N; 1, V*(Asj). N .Uy )

(Cone(O —0) if As; = Asjsi,
~ § Cone (V* ((As)17) 25 V¥ () 1)-Uyr ) if Asy < Asgs
Cone (V* (Asj)T) 1, g tv* (()\sj)“).uj/) if As; > Asjsi,
0 if )\Sj = )\sjsi,
=VH (()\Sj)TiSj/) if )\Sj < ASjSi,

O ((Asj)Tisjr) (—1) if As; > Asjs;,

0 if )\Sj == )\S]’Si,

1

V*(/\Jh) if Asj < AsjSi,

| VF(AT) (=1) if Asj > Ass;,

where the homotopy equivalence holds by induction hypothesis. For the last two

isomorphisms we use that since i — j| > 1 we have (As;)lis; = (Asjs;)li = AT
and ATi > (Xs;)Ti since A > As;. Now we are done since A = \s; < Asj; = \s;s;

and the same for < or > instead of = because |i — j| > 1.
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e i = j+1: By construction we know A\(j+1) = A and As;(j+1) = V. We consider
two cases for A(i 4 1):

e A\(i+ 1) = A: In this case A(i)) = A(i+ 1) = A and V*(A\).n; ~ 0 by
Proposition b), thus we are done.

e A7+ 1) = V: In this case As;(i) = As;j(i +1) = V, thus V*(As;).N; ~ 0
by Proposition b). Furthermore, T(a).U;—1.N; = T(ar).N;—; for all o,
therefore

V*()\)ﬂz =~ Cone (qV*()\sj).ﬁi — V*(/\Sj).Uj. n; )
~ Cone (0 — V*(ASJ'). M1 ) = V*()\Sj). M1 -

Altogether we have A(i — 1,4,7 + 1) = VAV and As;(i — 1,4,1 + 1) = AVV.
Therefore, A < As;, Asj < Asjs;—1 and ATi = (\s;)Ti-1. Using the induction
hypothesis we obtain

V*()\)ﬂz ~ V*()\Sj).ﬂi,1 ~V* (()\Sj)h_l) = V*()\T')
e ¢ = j — 1: This works analogously to the case i = j + 1.

O

Lemma 6.2.3. Let B be a complex in K(@(n, k)) and A an object of C/Lﬁ>(n, k)
viewed as a complex concentrated in degree 0. Then

Hom (A.U;[j], B) 2 Hom . ~—~ (A[j], B.U;)

K (Cup(n,k)) K(Cup(n,k))

=~ Hom A Ny [j], Bﬁz)

K(@up(n—2-1))
Proof. Consider the complexes
+o+ = Hom(A. Uy, Bj1) 2227 Hom(A. Uy, By) 22°= Hom(A.U;, Bj_1) — . ..

and

(dpidy,)o— (dpidy; )o—
s — HOHI(A, Bj+1.ul') EE—— HOHI(A, B]uz) EE—— HOIH(A, Bj,l.l/{,-) — ..

°

where all Hom are Homéu\p . The entries of the complexes are isomorphic by Pro-
position [£.2.1] and these isomorphisms are compatible with the differentials since the
differential only acts on the part that is not moved. Thus, the complexes are iso-
morphic and the first isomorphism of the assertion follows from Remark The

second isomorphism follows analogously using Lemma [1.3.3] O
Lemma 6.2.4. Homg ( T(Ao) (1) [5], V*(Aos)) =0 for all j,1.
Proof. By definition, V*(Agsi) = g T(Ao) LN T(Xosk). There is only a map T(Ag) (I) —

gT(XNo) if { =1 and in this case it is ¢ - id for some ¢ € C by Lemma [3.4.15| Thus, if
the map
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1%

T(Xo) (D) [1] T(xo) () ———0

1 Jevia 1
V*()\st) qT()\o) —k> T()\st)

1R

is non-zero, the composition of c¢-id with Hy is non-zero, too, i.e. it is not a chain map.
Thus, there is no non-zero chain map from T(\g) (I) [1] to V*(Aosi). By Lemma
and Remark there is only a non-zero map T(\g) (I) — T(Aosg) if I = 1 and in this
case it is given by ¢ - Hy for some ¢ € C. So every non-zero chain map T(Xo) (I) [0] —
V*(Aosk) is homotopic to zero by c-id : T(Ag) (1) [0] = V*(Ao)1 = ¢ T(No):

1R

T(ho) () 0] 0 ——— T() )
! | M lem

V*()\()Sk) = qT()\()) H—k> T()\()Sk)

Theorem 6.2.5. Homg (T(Xo) (1) [7], V*(1)) =0 for all j,1 and p # Xo € A(n, k).

Proof. For k = 0 or k = n the assertion is clear since there is no AV-sequence p different
from Ag in these cases. Now fix n,k with n > k& > 0 and assume the assertion is true
for all smaller values of n and k. We do induction on £(u, o). If ¢(u, No) = 1, ie.
= A\oSk, then the assertion is true by the lemma above. Now let ;1 — ps; and assume
the assertion is true for p. By definition V*(us;) = Cone (¢ V*(p) — V*(u).U; ), thus
we have an exact triangle ¢ V*(u) — V*(u).U; — V*(us;) — q¢V*(p) [1]. Therefore, we
get a long exact sequence

- = Homg (T(Xo) (1) [4], V*(u).Us ) — Hompg (T(No) (1) [], V*(1154))

— Homg (T(Xo) (1) [j], ¢ V= ()[1]) — ...

By induction we have
Homy (T(Xo) (1) [5], ¢ V*(w)[1]) = Homg (T(Xo) (I = 1) [j — 1], V*()) = 0.

Thus, after showing Hompg (T(Xo) (1) [j], V*(r).U; ) = 0 we are done. Lemma
yields

Home(CTu\p(n,k)) ( T(Ao) (1) 4], VF(w)- U, )
> Hom o e a1y (TO0)- i {0) [,V (12). 0% ).

By Lemma we are done in the cases i # k since then T(Ag).N; = 0. In the remaining
case i = k we have T()\g).N; = T(A)) for A = /\g_wj_1 = )\3‘“. By Proposition we
know

V* ()N, ~ for m € {0, —1}.

0

V*(uf*) (m)
In case V*(u).N; = 0 we are obviously done. In the other cases we are done since the
assertion is true for all smaller n and k, except for the case that ufx = \g. But ufr = \g
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is only possible if 4 = Ag or 4 = Agsi and the former one is not a possible value of
while the latter case is already shown. O

This theorem will be the basic ingredient for the next section.

6.3 Exceptional sequences

Before we can show that our V*(A) fit into the general setting of exceptional sequences
we have to define the exceptional sequences in a graded setting.

Definition 6.3.1. Let D be a C-linear triangulated category with internal grading-shift
(=). Elements {X,}acq, for X, € D and Q a finite poset, form a graded exceptional
sequence if the following two conditions hold

(E1)  Homp (Xa, Xg (i) [j]) =0 for a # B and all i,

(E2)  Homp (XOHX& (@) [J]) - 0 otherwise.

{(C if i = j =0,

The goal for this section is the following:

Theorem 6.3.2. The V*(X\) form a graded exceptional sequence.

As a first step, we want to consider maps from shifted T(\) to V*(u). The initial case
A = Xg has been already covered in the last section. Now we deduce insight about maps
from shifted T(\)’s to V*(u) from the initial case A = ¢ using the sliding properties
from Proposition [:2:1]

Lemma 6.3.3. Let A — \s;. Then
Hompg (T(As;) (1) [j], V¥ (n)) = Homg (T(A) (1) [5), V' (n)-Us )

foralll, j.

Proof. Since As; > X\ we have T(As;) = T(\).U; by Lemma [4.1.8] Thus, the assertion
follows directly from Lemma [6.2.3] O

Si

Lemma 6.3.4. Let p € A(n, k) such that us; is not defined. Let N' =% X. Then for all
7,1 we have

Homy (T(A) () [7]. V* (1)) = 0.

Proof. By Lemma [6.3.3] and Proposition we obtain

Homy (T(\) (1) [j], V* (1)) = Homy (T(N) (1) 11, V* (). U )
= Homy (T(X) (1) [j].0) = 0.

—



6.3. EXCEPTIONAL SEQUENCES 81

Lemma 6.3.5. Let A — As; and j fived. If ps; # i and
Homy (T(A) (1) [5], V*(n)) = 0 = Hom (T(A) (1) [5], V*(us:))
for all 1, then
Homp (T(Asi) (1) [5], V(1)) =0

for all l.

Proof. By Lemma we only have to show Hompg (T(X) (1) [5], V*(r).U; ) = 0.

Assume first ps; > p. Then by definition V*(us;) = Cone (¢ V*(n) — V*(p).U; ), thus
we have an exact triangle ¢ V*(u) — V*(u). Ui — V*(us;) — g V*(u) [1]. Therefore, we
get a long exact sequence

-+ = Homg (T(N) (1) [5],¢ V(1)) — Homg (T(A) (1) [5], V*(w)- Us)
— Homg (T() (1) [j], V* (u5:)) — ..

Since we know the outer parts to be zero, the same follows for the middle part.

Assume now g > ps;. Then V*(u) = Cone (¢ V*(us;) — V*(usi).U;) and by
Lemma [6.1.12) V*(u).U; ~ q 1 V*(us;).U;. As above, we have an exact triangle
qV*(usi) = qV*(p).U; — V*(1n) = ¢ V*(us;i) [1] which gives us an exact sequence

-+ = Hompg (T(X) (1) [5], ¢ V*(ps;)) = Hompg (T(X) (1) [5], ¢ V(). Uy )
— Hompg (T(N) (1) [5], V¥(n) — ...

Since we know the outer parts to be zero, we get Homg (T(X) (1) [5], ¢ V* (). U; ) = 0
for all I and thus Hompg (T(X) (1) [5], V¥(n).U; ) = 0, too. O

Proposition 6.3.6. For A # 1 we have Homg (T(X) (1) [], V¥(n)) = 0 for all j,1.

Proof. This is clear for A = Ag by Theorem Now we proceed by induction on
£(\, Xo). Consider N 2% X where the claim is already proven for X'.

Let A # p. By Corollary [1.1.30| we have that ps; is not defined or X' # p, pis;.

If ps; is defined, we get Homg (T(X) (1) [5], V*(1)) = 0 by Lemma and the induc-
tion hypothesis, since we have i, us; £ N

Now assume pus; is not defined. Then we get Hompg (T()\) (1) [j],V*(,u)) = 0 by
Lemma [6.3.4 O

Lemma 6.3.7. Let D be a complex and A be an object in C/lﬂ)(n, k). Assume
Hompg (Afi], D) = 0 and consider a complex C with C; = A® B. Let f be a chain
map in Homg (C, D) with f; =0 for j <i. Then f ~ g where gi|a =0 = g; for j <i
and gi|B = filB.

Proof. This is a special case of Lemma for B; = C) for all j # 7 and B; = B. Since
fic1 = 0 we have f;_1dc|a;pB;_, = 0 for i = j and for i # j it holds anyway since
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then A; = 0, thus g;[a = 0. Also, since A;_; = 0 for j < i, we have d¢|a;_, B, =0, so
gilB = fj|p for j <.
O

Proposition 6.3.8. Let C, D be complexes in K and f: C — D a chain map. Let
I' C A(n, k) and r € Z. Assume

a) Homg (T(X) (j) [I], D) =0 for all j,l and X € T,

b) fi=0 fori<r,

¢) for all i > r we have C; = G§ T(Aé) (ij) with )\;- el.
j=1

Then f ~ 0.

Proof. This follows inductively using Lemma[6.3.7 We start by applying the lemma to
i =7 and A =T(A}) (rj) for j = 1 and obtain a homotopy equivalent chain map which
is also zero on A. Since fi|p 1s not changed, we can go on by applying the lemma for
j = 2 and so on, until the new homotopy equivalent chain map is zero on all of Ci.

Then we go on with C,.11 and iterate until we obtain a homotopy equivalent chain map
that is 0 on all of C. O

We can now show the condition ( of the exceptional sequence where K is the trian-
gulated category and A(n, k) the poset:

Theorem 6.3.9. Hompg (V*(A\)[j] (), V*(r)) =0 for all j,1 and all X # p.

Proof. For a fixed p we set I' = {\ € A(n,k) | X # u} and let r = 0. Let f €
Homy (V*(N)[5] () , V*(1)), then condition b) of Proposition is trivially satisfied.
By Proposition condition a) holds. By Lemma every V*(\); is isomorphic
to a sum of shifted T(\) with X < A. Assume X\ > p. Then we get A > p and a
contradiction. Thus, the last remaining condition for Proposition [6.3.8] is satisfied and
it yields f ~ 0. O

The next goal is to show that the (j # 0)-part of condition (E2) of the exceptional
sequence holds.

The (5 < 0)-case follows analogously to the previous theorem:

Lemma 6.3.10. Homg (V*(X) (1) [j], V*(X)) =0 for j < 0 and all L.

Proof. Let 7 = 0 and I' = {p € A(n,k) | p < A} C {p € A(n,k) | p # X\}. By

Lemma [6.1.10} condition ¢) of Proposition is satisfied, by Proposition con-
dition a) is satisfied, too and condition b) holds trivially, thus Proposition yields

the assertion. O

Proposition 6.3.11. Let j # 0. Then Homg (T(X) (m) [j], V*(n)) = 0 for all X, p
and all m.
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Proof. For A\ # p this is true by Proposition m So it remains to show the claim for
A > Fix j #0.

We now use double induction. The outer induction is induction on ¢(A, p) = I: The
assertion is already shown for [ < 0 since [ < 0 is only possible for A # u. Moreover,
note that ¢(\, u) = €(A, Xo) — €(1, A\o), since we only consider A > p. Assume that the
assertion is true for [ — 1 > —1. Now we show it for [ and to do this we proceed by
inner induction on £(u, Ao).

For ¢(u, A\g) = 0, i.e. = Ao, the assertion is clear since V*()g) has no non-zero entries
outside of homological degree 0. Now consider p and assume the assertion is shown for all
v with (v, A\g) < €(p, No). Since £(p, Ao) > 0and 0 <1 = L(A\, u) = LA, A—0)—L(p, Ao),
we know A\ # Ao and we can choose ) such that A =% X. We have either X' # u
or N > p. In the first case we have Homg (T(N) (m) [j], V*(n)) = 0 for all m by
Proposition [6.3.6] In the second case consider

O 1) = 6N, Xo) = £(p, Ao) = £(A o) = 1 —L(p, Ao) =1 — L.

Therefore, also in this case, we already know Homg (T(X) (m) [j], V*(1)) = 0 for all
m by induction hypothesis of the outer induction.

Now consider us;. We have to distinguish several cases:

o If us; is undefined, then Hompg (T(A) (m) [j], V*()) = 0 holds for all m by
Lemma[6.3.4]

e Assume ps; > p: Now we have either N # ps; or X' > pus;. In the first case,
Homp (T(XN) (m) [j], V*(usi)) = 0 for all m by Proposition [6.3.6, In the second
case, we have

K(A',usi) = f()\l, /\0) — E(usi, /\0) = g()\, )\0) —1- E(M, )\0) —1=1-2.

Therefore, Homg (T(X) (m) [j], V*(usi)) = 0 for all m also in this case by in-
duction hypothesis of the outer induction. With Lemma [6.3.5] we now get
Hompg (T(X) (m) [5], V¥(r)) = 0 for all m.

e Assume ps; < p: Again, we have either N # ps; or N > ps;. In the first case,
Hompg (T(N) (m) [j], V*(us;)) = 0 for all m by Proposition m In the second

case, we have
N psi) = LN Xo) — €(psi, Mo) = LN, Xo) — 1 — £(p, o) +1 = 1.

But since £(usi, Ao) = (i, Ag) — 1, we know Hom g (T(N') (m) [4], V*(us;)) = 0 for
all m by induction hypothesis of the inner induction. Again, we apply Lemmal6.3.5
to get Hompg (T(A) (m) [j], V*(r)) = 0 for all m.

O

Corollary 6.3.12. Let X € K be a complex such that X; = 0 for i < 0. Then for all
€ A(n, k) we have

Homg (X, V*(u)) = 0.
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Proof. We apply Proposition for I' = A(n, k) and » = 1. The Proposition [6.3.11
yields the only non-trivial condition. O

In particular, we get our needed (j > 0)-case and even more:

Corollary 6.3.13. For all A\, € A(n, k), l € Z and j > 0 we have

Homp (V*(X) (1) [j], V" (1)) = 0.

Now we consider the (j = 0)-case:

Proposition 6.3.14. For all A € A(n, k) we have

Hom (T(\) (1), VF(V)) = {<Oc fvi i

Proof. We first consider the (I = 0)-case: By Lemma we know V*(A)g = T()),
so we can consider the chain map given by the identity from T(A) to V*(\). By
Lemma the identity morphism does not factorise and is up to scalar the only
degree 0 morphism, thus it cannot be homotopic to zero and we obtain C in case [ = 0.

The case for | # 0 follows by induction on ¢(X, \g). By Lemma it is clear for
A = Xp. Now let A < As;. By Lemma we have Hompg (T(Xs;) (1), V¥(Xs;)) =
Homy (T(A) (1), V*(Xs;).U; ).  As before the distinguished triangle ¢ V*(A) —
qV*(As;) = V*(As;) = ¢ V*(N)[1] yields the long exact sequence

-+ = Hompg (T(X) (1), g V*(X)) = Homg (T(X) (1) ,q V*(Xsi).U;)
— Hom (T()\) (1) ,V*()\si)) —

For [ # 1 the first term is equal to zero by induction and the last term is always
zero by Proposition since A #? As;. So the middle term is zero for [ # 1, ie.
0 = Homg (T(X) (I — 1> V*(As;). Ui ) = Hompg (T(As;) (L —1),V*(Xsy)) forl £ 1. O

Corollary 6.3.15. For all A € A(n, k) we have

Hompg (V¥(A) (1), V*(\)) =0 for 1 #0.

Proof. Let f: V*(A)(l) — V*(X\) be a chain map. By Lemma V*(A)o = T(N)
and by Proposition we have Homg (T(X) (), V*(X)) = 0, hence f ~ g with
go = 0 by Lemma [6.3.7 Applying Proposition [6.3.8] for » = 1, I" maximal and using
Proposition to have condition a), we obtain g ~ 0. O

Corollary 6.3.16.

Homyg (V*(X),V¥(\)) = C

Proof. By Proposition |6.3.11] we have Homg ( V*(\);, V¥(A)[L ]) = 0 for all 7 and all

[ # 0. Using Lemma|6.1.10] Proposition yields Hom g ( A1, V¥( )) = 0. Thus,
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by Corollary a) we obtain
Hompg (V*(X), V¥())) = Homg (V*(X)o, V¥(N))

which gives the assertion by Proposition [6.3.14] since V*(\)g = T(\) by Lemma [6.1.10]
O

In the proof above we used the spectral sequence argument Corollary a), since we
could not apply Lemma because this needs all maps to the right to be zero. We
could also have used the spectral sequence argument (more precisely Corollary c))
from the previous proof to show Theorem [6.3.9] Corollary [6.3.12] and Corollary [6.3.15]

Altogether (Theorem Lemma [6.3.10, Corollary [6.3.13 Corollary (6.3.15, Corol-
lary [6.3.16]), we finally have proven Theorem

For later reference we want to collect what we have proven about maps from T(A) to
V().

Remark 6.3.17. All in all (Prop. |6.3.11} Prop. Prop. [6.3.14]) we have shown in

this section:

0 ifk#0,
. 0 ifXZupu,
C ifA=pl=0=F






Chapter 7

Categorification

In this chapter we prove that the exceptional objects from Theorem generate
the triangulated category K by showing that every T()) can be constructed as an
iterated cone from some shifted V*(u)’s. This can be seen as some sort of base change
between the T(\) and the V*(u). We explicitly determine which V*(u)’s occur in this
construction. Then, we define a notion of duality and dual complexes and show that
the duals of the V*(u) categorify the standard basis in V®". In the last section, we
categorify the bilinear form on V®".

7.1 Iterated cones

To describe the T()) via cones of V*(u) we first investigate how to write V*(p).U; as a
cone of other V*(u/). In Corollary [6.1.12] and Proposition [6.1.14] we already considered
V*(u).U;, but now we want to describe it only by other V*(v) without ; appearing,.

Proposition 7.1.1. Let u € A(n,k) and 1 < i <n. Then
0 if ps; is undefined,

V* (). Ui = § Cone (V*(usi)[—1] = ¢ V*(n)) if w< psi,
Cone (™1 V* () (1] = V() if > ps.

Proof. The first case is just Proposition For us; > p we have V*(us;) =
Cone (¢ V*(1) — V*(u).U;) and the assertion follows.  In the case ps; < pu we
have V*(p) = Cone (g V*(us;) — V*(us;).U; ) and since ¢ V* (). U; ~ V*(us;).U; by
Corollary the assertion follows again after a g-shift. O

Lemma 7.1.2. [f X € K = Kb((fu\p(n,k)) is an iterated cone of shifted V*(u)’s, then
so 18 X.U;.

Proof. By Proposition we know that each V*(u).U; is a cone of some V*(v)’s.
Since Cone(A — B).U; = Cone(A.U; — B.U,;), the assertion follows.

Theorem 7.1.3. Every T(\) is an iterated cone of V*(u)’s. More precisely,

87
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i) T(\) is an iterated cone of

{qdeg(c(k)“) V*(u) | C(A\) is oriented}

i) in the final complex, all ¢@#(CM V* (1) are right-aligned, i.e. the rightmost non-
zero entry is in homological degree 0.

For i) recall that for an extended cup diagram C(\) and a AV-sequence u we defined
that p orients C(A\) when all the cups get oriented (Definition |1.2.21)) and the degree of
this orientation is the number of clockwise oriented cups (Definition [1.2.25)).

Before the proof we look at an example.

Example 7.1.4. In case n = 3 and k = 1 we have

qzd&/ Y qw @ @/

@ ~ id id
PO S (P Y
by Gaussian elimination (Lemma [5.1.2)) with respect to the two identities. Note that
the complexes

V= ¢ oy L (WY = ()

gV (VAV) = R AEY —= .y w

are right-aligned in the right complex, i.e. start on the right in homological degree

0. Furthermore, deg <@) = 0, deg (@) = 1 and AVV does not orient
NP

Proof. We first show that T()) is an iterated cone of V*(u)’s by induction on £(X, Ag).
Since T(A\g) = V*(X\o), we clearly have that T()\g) is an iterated cone. Assume the
assertion is shown for all N with £(\, \g) < £(\, Ag) and choose N =5 A. Then T(\) =
T(\).U; by Lemma and by induction T()\') is already an iterated cone, hence
T()) is an iterated cone by Lemma[7.1.2]

We check now that properties i) and ii) hold. For Ag they are obviously true. We assume
that X 25 X and T()\) is an iterated cone of the required form. Applying U; changes the
appearing V*(u)’s according to Proposition By Lemmal[1.2.24] and Lemma
(for X' playing the role of A in the lemmas) we obtain property i). The right alignment
of property ii) follows then from Proposition again, since if V*(u) is right aligned
V*(u).U; is of the form Cone(A[—1] — B) with A and B right aligned. O

7.2 Reflected complexes and categorification of V"

In this section we will finally obtain our categorification of V®". But beforehand we
need to describe how we obtain the complexes V() by reflection.
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Definition 7.2.1. In Cup(n, k) for a cobordism f: A — B we denote by f*: B — A
- ) s *_ R

the reflected cobordism. For example, H : I I - = and H = >1< P I I

This extends to Cup(n, k)? via sending f: A (i) — B {(j) to f*: B{—j) — A (—i) since

deg(f) = deg(f*). By taking * on every component of the matrix of morphisms we can

extend * to Mat (Cup(n, k)%) = Cup(n, k).

For a complex (A, d) we define the reflected complex A* by setting A* , = @, a; (—my)

if Ay =P, a; (m;) with differentials djf: A*, ,, — A" .

Schematically:

*
—k+

complex

o @ ) B D, ai (s1) D D, ) —

reflected complex
dax ar
o= 691 C; <—ll> —0> 691 a; <—8¢> —1> 691 bl <—m2> — ...

We denote V*(A)* by V(A) for A € A(n, k).

Example 7.2.2. For n =3,k =1 we have

v = Uy g (Y = ()

N - ~
v (W) St WY e vy
where @/ is in homological degree 0 in both complexes.

Remark 7.2.3. For complexes A, B and a chain map f: A — B we obtain a chain
map f*: B* — A* by setting (f*); = (f—:)*. Then we have

Cone(A ER B)* = Cone(B* it i A")[-1].

From reflecting the assertion of Theorem [7.1.3] we get that every T()) is an iterated
cone of the same V(u)’s, only shifted in the other direction:

Corollary 7.2.4. For any X\ € A(n, k), the object T(X) is an iterated cone of
{q_deg(c()‘)“) V() | C(A\)p is oriented}

and in the final complex, all g~ 4e8(C(MIw) V(u) are now left-aligned.

\
Y
— Y

For example, for n = 3 and k = 1 we have

-1

Y

) =~ \

& =Y
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where Q& is in homological degree 0.

Almost directly from the definition of K = K b(C/li)(n, k)) we obtain the following
statement:

Lemma 7.2.5. Every element of K can be constructed by iteratively taking cones and

homological shifts of {¢" T(\) |i € Z,\ € A(n,k)} =: 7.

Proof. Every entry of a complex in K is isomorphic to a direct sum of elements in T,

which we can construct with A & B = Cone(A[—1] N B). From that we can construct
the complexes inductively. O

Using Corollary [7.2.4], we immediately get:

Corollary 7.2.6. FEvery element of K can be constructed by iteratively taking cones
and homological shifts of {¢* V(\) | i € Z, X € A(n,k)}.

Definition 7.2.7. Let A be an additive category and K(A) its homotopy category of
bounded complexes. Let Ky(K(A)) be the triangulated Grothendieck group, i.e.

Ko(K(A)) =Z{Iso(K(A))) /([B] = [A] + [C] for distinguished triangles A — B — C)

By Iso(K(A)) we mean isomorphism classes in K(A), i.e. classes of homotopy equivalent
complexes.

As for Ko(A), if A has an internal grading shift (—) we set ¢'[A] = [A (i)] and this
makes Ko (K(A)) into a Z[g, g~ *]-module.

By definition, in Ko(K(A)) we have [C & D] = [C] + [D] for two complexes C,D and

[C] =322 (—1)"[C], where C; is seen as a complex in degree 0, and the sum is finite

because the complexes are bounded. By e.g. [Rosl1b| the triangulated Grothendieck
group of IC(A) is canonically isomorphic to the split Grothendieck of A, i.e.

Remark 7.2.8. For some A\ € A(n, k), i =1,...,t, assume that X is an iterated cone of
shifted (homologically and internally) V(A?) such that in the final complex V (A\%) (s;) [r;]
appears. Then from the formulas above we get the following equality in K(K):

[X] = (-)"g V(A

For our main categorification theorem recall the weight space decomposition V& =

@ (V®™),y,_,, from Section .

Theorem 7.2.9.

a) Kb(C/li)(k,n)) categorifies the (2k — n)-weight space of V®™. More precisely, there
is an isomorphism of C(q)-modules

®: C(q) ®z4,4-1 Ko (Kb(C/i)(ka”)» = (V") g
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b) Under this isomorphism the V(A),\ € A(n,k), are sent to the standard-basis vy
whereas the T(X) are sent to the canonical basis from Definition[2.1.5

Corollary 7.2.10. @ Kb(éll\p(k,n)) categorifies the C(q)-vector space V™ with

k=1
weight space decomposition @ (VE™)y .

k=1

Proof of Theorem[7.2.9. We already know K| (Kb(éu\p(k,n))) = Ko((fu\p(k:,n)) by
(7.1). Furthermore, by Theorem we have an isomorphism of Z[g, ¢~ !]-modules
Ko(Cup(k,n)) = eC(n,k) which sends [T(A)] to C(X). After complexification and
identification of e/a(n, k)C with (V®"),, . we get an isomorphism &': C(gq) ®Z[q.9-1]
K (C/lﬁ)(k:,n)) >~ (V@) _, sending 1 ® [T(A)] to voy by Proposition
From Corollary and Remark we obtain

[T(M] = > g~ B COMV ()],

w:C(A)p is oriented

By Definition [2.1.5| we conclude that

D: C(g) @zigq-1) Ko (K (Cup(k,n)) ) = Clg) 240 Ko(Cup(k, n)) &> (Vo)

sends 1 ® [V(p)] to the standard basis vector vj,. O

Remark 7.2.11. Note that we still have an action of C/(i)(n) on Kb((Tli)(n, k)), which
induces the action of T'L,, on V®" on the level of Grothendieck groups. Hence we have
categorified the standard basis as well as the action of the Temperley Lieb algebra.

7.3 Categorified bilinear form

We now want to investigate how to obtain the bilinear form on V®" from its categori-
fication K®(Cup(n, k)).

Using the isomorphism ®: C(q) ®z(q,,-1] Ko (Kb (C/u\p(k:, n))) = (ven),, . from The-
orem [7.2.9| we define a Z[q, ¢~ !]-bilinear form (—, —) on Kj (Kb(éu\p(k:,n))) via

([M], [N]) = (®(1 ® [M]), 2(1 @ [N])),

where the bilinear form on V®" is defined by (2.1 from Definition m
The goal of this section is to prove the following theorem:
Theorem 7.3.1. For two complexes M, N in K := Kb(C/J{l\p(k,n)), we have
([M],[N]) = "(—1)" dim Homg (M, N* () [i])¢’.
1,J

Before the proof, we need some more properties of V(\) which follow almost directly
from the definition via reflection.
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Lemma 7.3.2. a) There is a representative of V(X) in K which is T(\) in homological
degree 0 and consists of sums of shifted T(N) with X' < \ in negative homological
degrees.

b) For \,u € A(n, k) we have

0 ifk#£0,
0 f A ,

Hom (V0. TO) @) =40 TR0
C ifA=pl=0=k

Proof. a) For complexes A, B in K we have that A = B yields A* = B* directly by the
definitions. Thus, the assertion follows from Lemma [6.1.10]

b) We have Homg (V(X), T(k) (j) [[] ) = Homg (T(w) (—3) [=1], V*(X)), because every
map in Hompg (T(p) (—j) [=1], V*(X)) gives one in Homg (V(X), T(w) () [I]) by
reading the cobordism from the other direction (and vice versa). The same holds of
course for homotopies. Thus, the assertion follows from Remark [6.3.17]

O]

The following theorem will be used as a basic ingredient of the proof of Theorem [7.3.1

Theorem 7.3.3. The V(\) are dual to the V*(\) in the following sense:

C ifj=0=tand A= p,
0 otherwise.

Hompg (V(X), V*(u) () [5]) = {

Proof. We distinguish three cases: A # p, u # A and A = p. Here, the case that A and
p are unrelated is treated twice, but nevertheless all possible relations appear.

First assume A # p. By Lemmal7.3.2)a), V() has entries (shifted) T(X) with X’ <\, in
particular ' # p. Thus, the assertion follows from Proposition using Lemmam
inductively.

Now assume g # A. By Lemma b) we have Homg (V(X), T(i) (t) [5]) = 0 for
© # X and V*(u) contains only such T(y') by Lemma [6.1.10L The reflected version of
Lemma [6.3.7 holds and we can use this to get the assertion inductively as before.

So only the case A = p is left to show. Let | = £(\, A\g), then the rightmost non-zero
entry of V()A)[l] is in homological degree 0. The assertion is equivalent to

By Lemma btain Hompg (V(A)[1])i, V¥(X) (t) [j]) = 0 for all i and all j # 0.

Since by Lemma [7.3.2h) we have V(\)g = T()) and other V()\); contain (shifted) T()\)
with A < X, we obtain Homg ((V(A)[])i, V*(X) (t) ) = 0 for i # I by Proposition m



7.3. CATEGORIFIED BILINEAR FORM

93
Thus, by Corollary c), we have
. - JHomg (T(X), V*(A)(t)) ifi=I,
Homp (V(A)[I], VF(A) (1) [i]) = ( ) .
0 otherwise.
But by Proposition we have
C ift=0,
Hompg (T(A), VF(A) (t) ) = )
0 otherwise.
O

Lemma 7.3.4. Let A, B, X be complexes in K, f: A— B and fix j € Z. Then

a) Z(_l)i dim Hom (X, Cone(f) (4) M)

- Z(_l)i(dimﬁomK (X, B (j) [i]) — dim Homy (X, 4(j) [1]))

b) Z(_l)i dim Hom g (Cone(f), X (5) ['L])

7

_ Z(—l)’(dimHomK (B, X (j) [i]) — dim Homg (4, X (j) [i]))

Proof. We only prove a), since b) is analogous. From the exact triangle A (j) — B (j) —
Cone(f) (j) — A (j) [1], we obtain the the long exact sequence

-+ = Homg (X, A(j) ) — Homg (X, B (j) ) — Homg (X, Cone(f) (j))
— Homg (X, A (j) [1]) — Homg (X, B (j)[1]) — ....

Thus, by calculating dimensions using that the complexes are bounded, we get

0:

7

Z(—ni(dimﬂomK (X, A () [i]) — dim Homg (X, B (j) [i])

+ dim Homg (X, Cone(f) (j) [z}))

Proof of Theorem[7.31. Let 9(M,N) := Zm(—l)idim Homy (M, N* (j) [i])¢’.

We first show ([M],[N]) = 9(M,N) for M = V() and N = V(u). By Theorem
we have

(VOO [V()]) = (02, ) = {1 i A=

0 otherwise.
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On the other hand, by Theorem [7.3.3] we know

1 if A=p,

0 otherwise.

(VA V(n) = {

Thus, we get equality in this basic case.

Now we want to show the equality for general complexes in K using Corollary

For that, we consider how ([—], [~]) and ¥(—, —) change under homological and internal
shifts and cones.

We obviously have 9(M,N (t)) = ¢"9(M,N) = 9(M <t> N) and 9(M,N[t]) =
(—1)"(M,N) = 9(M [t],N) Also, ( I[N ()]) = ¢ ([M],[N]) = ([M (t)],[N]) and
([M], [N[t]]) = (=1)*([M], [N]) = ([M[t]], [N]) holds dlrectly by the definition and the

bilinearity.

Furthermore, using Lemma[7.3.4] and Remark [7.2.3] for complexes X, A, B and f: A —
B we get

9 (X, Cone(A ER B)) = (-1) Z(—l)i dim Hom <X, Cone (B* - A*) (j) [i])qj

i,
=(-1) Z <d1mHomK (X, A* (j) [i]) — dim Homg (X, B* (j) [z]))qj
,J
=9(X,B) —9(X, A)

and

9(Cone(A & B), X) = Z(—ni dim Hom <Cone (AL B), x* () [i])qj
— Z(_ni(dim Homy (B, X* (j) [i]) — dim Homy (4, X* (j) (i) )’
— 9(B,X) — 9(A, X).
On the other hand, we have
(1), [Cone(A L B)]) = ([X],[B] - [A]) = (1X).[B]) — (1X).[4]) and
([Cone(A &5 B)],[X]) = ([B] - [4], [X]) = ([B], [X]) - ([A].[X]).

Therefore, the equality for general complexes follows inductively. O

Remark 7.3.5. Theorem together with Theorem shows that under the
categorification isomorphism ®: C(q) ®zq.4-17 Ko <Kb (C/u\p(k, n))> = (VEM),y,_,, the
class of V*(\) gets sent to the dual of the standard basis element vy. Hence, the V*(\)
categorify the dual standard basis.



Chapter 8

Two t-structures on K (@)(n, k))

In this chapter, we show that V*()\) is a linear complex, almost exact in some precise
sense and contained in the heart of two different t-structures. Up to now we have
worked with additive categories, but these t-structures allow us to consider the abelian
subcategory given by the heart. For the first t-structure, considering a functor F we
define the notion of F-exactness and F-homology to construct an analog of the standard
t-structure using F-homology. The second t-structure is built by measuring how far a
complex is away from being linear. We study the properties of T(A) in the two hearts.

8.1 V*()\) as a linear complex

The linear complexes which we define now will turn out to form an abelian subcategory
of K = Kb(Cup(n, k)). Linear complexes can be defined in a general setting [MOS09),
but we restrict ourselves to the context we need.

Definition 8.1.1. We say that X € Ch® (C/?u\p(n, k)) is a linear complex if for all ¢ we
have X; = (P, T()\é-) (1) for some Aé € Aln, k).

Before we can show that the V*(\)’s are homotopy equivalent to linear complexes, we
need some preparations.

Definition 8.1.2. Let F' : C/IE)(TL, k) — Vsp be a functor, where Vsp stands for the
category of finite dimensional vector spaces. A complex C' is called F-exact, if F(C) is

an exact chain complex of vector spaces. The complex C is F-ezxact at C; if F(C) is
exact at F'(C);.

Theorem 8.1.3. For all \,p € A(n,k) and all | € 7Z the complex V*(N\) is
Homgr (T(w) (1), —)-ezact at all V*(X); except at V*(X)o.

Proof. We show that for ¢ # 0 we have H; (HomC ( /\))> = 0. By
Remark [5.2.4 we have Hi(HomC/u\p (T(u) )) S (T(u) (I [, VEN).

which in turn is zero for i # 0 by Proposmon O

95
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Lemma 8.1.4. Let C = (C.,dy) be a complex in Kb((ﬁﬁ)(n7 k)) such that all differen-
tials are degree 1 maps and all cup diagrams contained in C' have at most one circle.
Let A be a (shifted) cup diagram containing a circle and assume A is a summand of
C;. Assume C is Homé;p(A, —)-exact at C;. Then there is a (non-zero) part of the
differential d leaving A, i.e. there is a summand X of Cj_1 such that the restriction of
d; to A — X is nonzero.

Proof. Assume there is no map leaving A and write C; = A @ B. Then
dj=(0,9): A®B=C; - Cj_1
for some g : B — Cj_1. By assumption
Hom(A, Cj41) 2 Hom(A, C;) %> Hom(A, Cj_y)
is exact in the middle, where d™ = (d,,, o —). At Hom(A, C}) the kernel of d’ equals

{(a,b) € Hom(A, A) ® Hom(4, B) = Hom(A,C;) | (0oa,gob) =0}
={(a,b) € Hom(A, A) ® Hom(A,B) | gob=0}
= HOIH(A, A) &) ker dj‘Hom(A,B)'

So in particular (id,0) has to be in the image of d’™!. We choose f € Hom(A, Cj41)
such that /1 (f) = (id, 0).

By assumption, A = ¢" T(X\) U O for some r and A and Cj11 = D1 @ --- @ D, with
D; = q""'T(\;) or D; 2 ¢" T()\;) U O for some 7; and \;. We choose the labelling such
that dj11|p, = 0 precisely for [ <1i < p. Since by assumption the differentials are degree
1 maps, by Remark [3.1.3] we have r; =741 for all 1 <i <|.

Write f = (f1,...,fp) A=D1 ®---@® D,. Then

A id A

8.1
(fl"“ml 41 ( )

& D;

i=1

commutes since d/T1(f) = (id, 0).

Using delooping (Lemma [3.3.5) we identify A = ¢"*' T()\) @ ¢"~! T(\) and consider
the maps induced by the maps in the previous diagram for each 1 < ¢ < [. There are
two cases: Either D; 2 ¢"H1 T()\;) or D; 2 ¢" M T(\) U O = ¢" 2 T(N\) @ ¢" T(N\;). By

Lemma 3.4.14] and Remark there is only a map ¢* T(u) — ¢Y T(v) if > y. Thus

A—14 4
using delooping, the diagram ]N /d‘ is either isomorphic to
i 41
D;
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q'r+1 T()\) id qr+1 (\)

52 /
qr—lT()\) \ id qr IT )

qT—H T()‘l)
or to
qr-i-l T(\) id qr+1 T(A
® /
1T gL T(\

id
e

where no arrow means the map is zero. Hence, we have dji1 o filgr—1p(y) = 0 for all 4
and also

l
> dj10 filg-rmp =0.
=1

But this is a contradiction to the commutativity of (8.1)).

Theorem 8.1.5. V*(u) is homotopy equivalent to a linear complex.

Before the proof we want to look at an example.

Example 8.1.6. A complex of the form
¢*T(p) = ¢ T(n) WO — T(n) ® T(v)

with T(x)@T(v) in homological degree 0 is not a linear complex, since T(u)LIO appears.
Using delooping (Lemma [3.3.5]) we see that the complex is isomorphic to

¢ T(p) = ¢ T(p) ® T(u) — T(p) & T(v).

Now, all the entries are sums of shifted T(u’), but the shifts do not match the homolo-
gical degrees, so the new complex is still not linear. If we assume that the differentials
in the original complex were saddles such that delooping creates identities in the dif-
ferentials between the two copies of ¢ T(u) and between the two copies of T(u), then
we can apply Gaussian elimination (Lemma [5. with respect to those identities to
obtain a homotopy equivalent complex of the form 0 — 0 — T(v) which now is clearly
linear.



98 CHAPTER 8. TWO T-STRUCTURES ON K°(Cup(n, k))

The important point of the following proof is to ensure that when we resolve circles,
there are enough identity maps to eliminate the two factors that come from delooping.

Proof of Theorem[8.1.5. We show this by induction on ¢(u, \g). For p = )¢ it is ob-
viously true. For the following note that since Homé@ (C, —)-exactness is homotopy
invariant, it is preserved under Gaussian elimination. Furthermore, if we talk about a
“map”, we always mean some f : ¢'C — ¢’ D for C, D € Cup(n, k), which is part of the
differential of the complex.

Consider p such that the assertion is true for all x/ with £(u', \g) < £(u, Ao). Choose
a g/ such that ¢/ 2% u. Before we start, we assign to each summand of V*(u) =
Cone (q V(') — V*(u).ui) the label “upper” or “lower” depending on whether it is
a summand of the homological shift of ¢ V*(u') or of V*(u/).U;. By induction, V*(u')
is linear and thus the partcomplex ¢ V*(u/)[1] of V*(u) is linear. In particular, upper
summands do not contain circles. Lower summands arise from the application of U; to
V*(i'), thus they are either a ¢™ T(v) or contain one circle. If the lower summands
contain a circle, they are of the form ¢™ X = ¢ T(v)UO = ¢" T(v).U;. Here T(v).U; =
T(v) UO hold by Lemma [4.1.8

We inductively construct a homotopic complex that is linear by reducing step by step
the number of circle-summands of V*(u); for minimal j.

After each reduction step, the following conditions (x) hold:

e every summand that still exists has already been a summand at the start (i.e.
summands are only deleted, not changed or added)

e for each lower summand of V*(u);, [ > j, there is exactly one upper summand
with a map from the upper summand to the lower summand and it is of the form

gt T(7) SN T(7).U,; for some T

e all maps are saddles up to scalars

By induction and construction of V*(u) as a cone this is obviously true in the beginning.

Now let j be minimal such that V*(x); has a summand containing a circle. By con-
struction of V*(p) this summand is some ¢/ X with X = T(v).U;, i.e. ¢/ X is a lower
summand. By Lemma we know that there is a map leaving ¢/ X.

By condition (*) there is exactly one map a entering ¢/ X that is coming from an upper

summand and it is of the form ¢" ™! T(v) E2UN q" T(v).U;. When we resolve the circle
in ¢/ X using delooping (Lemma we get ¢ 1 T(v) ® ¢! T(v) and a composed
with the delooping isomorphism is an isomorphism onto the summand ¢/*! T(v). Using
Gaussian elimination (Lemma we can delete ¢/T1 T(v) = ¢/ T(v). Since ¢X
has only this one entering map coming from an upper summand, by Gaussian elimin-
ation only maps that go from lower to upper summands are changed, where the lower
summand is a summand of V*();41. These new maps are still saddles (up to scalar),
since in the Gaussian elimination process we compose two degree 0 maps with a saddle.

In particular, the map leaving ¢/ X composed with the resolving-isomorphism is still
there. Let Z be its target. By minimality assumption Z = ¢~! T(+/) and the map
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@X — ¢! T(V) was a saddle. Since X contains a circle and T(¢) does not, the
saddle s has to connect the circle to another component. Composing this with
171 T(v) = ¢? X, which is part of the resolving-isomorphism, we get a non-zero degree
0 map, i.e. an isomorphism ¢/~! T(v) — ¢/~! T(+/). (Note that by Lemma this
means v = v/'.)

So we can delete ¢/ ! T(v) — ¢/~! T(v) by Gaussian elimination. This only changes
maps going from V*(u); to V*(u);j—1 and does this by composing two degree 0 morph-
isms with a saddle. Therefore, all morphisms are still saddles (up to scalar). Hence,
after each step the conditions (x) are still satisfied.

We iterate until no summand with a circle is left. Since all the surviving summands
are summands already present at the start, they have the right degree. Note that
the elimination process never eliminates V*(u)o = T(p): From the process above that
elimination would mean that after delooping V*(\); contains a summand T()). But
we know from Lemma that this cannot be true. O

Since V(A) is just the reflected complex (cf. Definition [7.2.1) and by definition the
reflected complex of a linear complex is again linear, we immediately get

Corollary 8.1.7. V() is homotopy equivalent to a linear complex.

8.2 Generalities on t-structures

We start by recalling the definition of a t-structure in a triangulated category, for a
more detailed treatment see e.g. [KS94].

Definition 8.2.1. Let D be a triangulated category and let D<? and D=° be full
subcategories. Then (D=0, D=Y) is a t-structure on D if the following conditions are
satisfied with D=" = D<0[—n] and D=" = D=9[—n]:

(T1) D=~ c D=V and D= c D=0
(T2) Homp(X,Y) =0 for X € ob(D=Y) and Y € ob(D=1)

(T3) For any X € ob(D), there exists a distinguished triangle X° — X — X — XO[1]
in D with X° € ob(D=Y) and X' € ob(D2!).

The full subcategory D= N D= is called the heart of the t-structure.
The heart has the following important properties:

Proposition 8.2.2. The heart is an abelian category. A sequence 0 — X =Y 5 Z —
0 in the heart is exact if and only if there exists a distinguished triangle X = Y 2
Z % X[1] in D.

Proof. See e.g. [KS94, Prop 10.1.11] resp. [KWO01, Theorem II1.3.1]. O

For later use we need the following property of Ext! in the heart, see e.g. [KWO1,
Lemma I1.3.2]:
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Lemma 8.2.3. Let C = D=0ND20, then for X,Y € C we have
Exts(X,Y) 2 Homp (X, Y[1]).

Remark 8.2.4. The isomorphism ¢ of Lemma [8.2.3| can be defined as follows: An
element a of Ext}(X,Y) is given by an exact sequence 0 — Y — Z — X — 0. By [KS94]

Proposition 10.1.11 (iii)] there is a unique h : X — Y[1] such that Y — Z — X LN Y[1]
is a distinguished triangle in D. We define the map ¢ by sending a to h.

We will now construct two different t-structures in the triangulated category K =
Kb(C/u\p(n, k)) The first one should be viewed as an analog of the standard t-structure
in the bounded derived category D’(A) for an abelian category A. Since we neither
start with an abelian category nor work with the derived category of some module
category this construction requires some work.

8.3 The homological t-structure

The first of the two t-structures is build using homology functors (measuring F-
exactness).

Definition 8.3.1. Let F : C/u\p(n, k) — Vsp be a functor. The F-homology of a
complex X € Ch (Cup(n, k:)) is the family of vector spaces H' (X) defined by
Hf (X) = Hi(F(X)),

(2

which is the ith homology of the complex F(X).

We are mainly interested in the case where F' is the functor

F(-)= &P Homgz (T(A) (i), —). (8.2)
AEA(n k)
1E€EL
Lemma 8.3.2. For X € K" (C/u\p(n, k)) and X € A(n, k) there are only finitely many
i € Z such that Homg (T(X) (i) ,X) # 0. Therefore, F(X) is a finite sum for F as

m ,

Proof. By Theoremall Homcyp(n, k) (T()\), T(,u)) are finite dimensional, and since
there are only finitely many A and pu, the maximal degree of maps is bounded by some
b. By delooping (Lemma X is isomorphic to a complex containing only direct
sums of shifted ¢" T((A)’s for some r € Z and some A € A(n, k). Since X is bounded, the
appearing ¢-shifts in X are bounded above by m, and below by my. Hence, if we take
i larger than b + mg, then Homc/i)(T(/\) (1) ,X) = 0 for all 7. Since degrees of maps
are non-negative by Lemma [3.4.14] we obtain the same result when taking ¢ < m;. The
second assertion follows from the finiteness of A(n, k). O

From now on we consider the triangulated category D = K = K b(C/u\p(n, k:)) together
with the functor F' from (8.2). We define subcategories for the t-structure in analogous
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fashion as for the standard t-structure, where we have to note that the inequalities look
slightly different since we denote our complexes homologically and not cohomologically.
Let D=9 be the full subcategory of D with objects complexes X with H (X) = 0 for
i > 0; D=V is defined analogously with < 0.

Our goal is to show that this gives a t-structure. But before doing this, we need to
understand D=" better.

Lemma 8.3.3. Let X be an object in D=°. Then X ~ Z for some complex Z with
Zj =0 for all  <O0.

Proof. By Gaussian elimination (Lemma , the complex X is homotopic to a com-
plex Z that contains no isomorphisms as a part of the differential, i.e. written in the
matrix form of Definition B.1.2] the entries of the differential matrices are never iso-
morphisms. Since X is an object of D=, the same holds for Z. Let m be minimal such
that Z,, # 0 and assume that m < 0. Since Z,,, # 0 there are some \' € A(n,k) and
l; € Z such that Z,, = @;_; T(\) (I;). Now Homg (T(A!) (L) [m],Z) contains the
map given by T(A!) (I;) < Z,, since by minimality of m this is a chain map:

T()\l)j/lﬁ [m] = j)/ E—— T(/\l\g <l1>
A - Zin Zom 0

It is not homotopic to zero, since there are no isomorphisms in the differential of Z.
Thus Hp,(Homey, (T(AY) (11, Z)) = Homg (T(AY) (I1) [m], Z) # 0. But this contradicts
HE(Z) =0 for m < 0. -

Corollary 8.3.4. (T2) for t-structures holds.

Proof. Let X € ob(D=") and Y € ob(D=!) = ob(D=Y). Then Homg(X,Y) =
Hompg (Z,Y) for Z as in the lemma above. By assumption, H'(Y) = 0 for all 4 > —1,
thus Homg (T(A) (j) [i], V) = Hi(HomC/u\p(T()\) (j),Y)) =0foralli >0, all j € Z
and all A € A(n, k). Since Z; = 0 for i < 0 we can use Lemma analogously to the
proof of Proposition to obtain Homg (Z,Y) = 0 and we are done. O

Proposition 8.3.5. (T3) for t-structures holds.

Proof. Let X be a complex in K. If H{'(X) # 0 we have Homy ( T(XY) (1;) [0], X) # 0
for finitely many choices (A", l;) € A(n, k) x Z, say 1 < i < m. For each such pair (X", ;)
let f1,..., f[" be a basis of Homg ( T(XY) (1;) [0], X). We now enlarge X to a complex
B constructed inductively, such that B € ob(D=1). Let By = X; @ Ay for

Ag = @@TW) ().
i j=

Then,

B = 5 X35 X 2B % Xo— X0 ...



102 CHAPTER 8. TWO T-STRUCTURES ON K°(Cup(n, k))

with differentials as in X except for da|x, 54, = 0, da|x,—x, = d5, di|x,5x, = di¥
and

dl’@;’;lT(Ai)(m%XO S i

for all 4 is a complex, since the fij are chain maps. Now Homg (T(\?) (I;) [0], B°) = 0
for all ¢ since all the possible maps into X factorise over B; via maps of the form c-id,
thus HY'(B%) = 0. We continue to do the same procedure for 1 instead of 0 and B°
instead of X and obtain a complex B with H jF (B') = 0 for j = 0,1. Iterating until
we reach m = max{l | X; # 0} we obtain a complex B = B with H]F(B) = 0 for all
j > 0. Therefore, we have B € ob(D=!). Let A be the partcomplex given by the A;, j =
0,...,m but now starting in homological degree 0. By construction, A is concentrated
in non-negative homological degrees, thus A € ob(D=<"). Let g : B[-1] — A be the
chain map given by g;|x,,, 4, = 0, gjla;»a, = id. Then, for example by iterated
Gaussian elimination (Lemma starting from the left of the complex Cone(g) we
obtain finally X ~ Cone(g). In particular, X fits into a distinguished triangle B[—1] —
A — X — B. By rotation we get the desired triangle A — X — B — A[l]. O

Since condition (T1) of the t-structure is clearly satisfied we obtain in total:

Theorem 8.3.6. (D=0, D=Y) is a t-structure on D.

We call this t-structure the homological t-structure on K and denote by C" its heart.

Proposition 8.3.7. The q" V*(\)’s are contained in the heart C" for every r.
Proof. This follows directly from Theorem [8.1.3] O

Our next goal is to justify our notation T(A) by showing that these objects are tilting
objects in C* in the sense of [Soe99]. We start by verifying the assumptions from there.

Proposition 8.3.8. In the heart C" of the homological t-structure the V*(\) (j), A €
A(n, k), j € Z>o, are indecomposable objects such that

1. Homen (V¥(A) (m), V*(p) (j) ) = 0 unless A > p,
2. Extéh (V*(A) (m), V*(p) (j) ) = 0 unless X\ > p,

))
3. dlmHomch(V*< ) (m), V*(u) (j) ) < oo, and
dim Extpy (V*(A) (m), V*(p) (j) ) < oo for all A, p, m, j.

Proof. By Theorem we know
End (V*(A) (j)) =End (V*(\)) =C
which is local, thus V*(\) (j) is indecomposable. Since

Homen (VF(X) (m) , V* () (7)) = Homg (VZ(A) {m) , V¥ () (7))
= Homg (V*(A) (m — j), V()
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the first condition holds by Theorem [6.3.9] For the second condition note that by
Lemma [8:2.3] we know

Excten (V) (m) , V¥ (i) () = Homg (V*(X) (m) , V() (5) [1])
= Homg (V*(A) (m — j) [=1], V¥ ()

which is zero unless A > p by Theorem [6.3.9) By Lemma we also see that it is
zero for A = p, so we have the second condition.

By Theorem Homcyp(nk) (T(v), T(v')) is finite dimensional. Since V*())
can be represented by a bounded complex of shifted T(v)’s by Lemma
Homg (V*(X) (j), V*(n)) is contained in a finite product of Homeyp(n k) ( T(v), T(/))’s
and hence also finite. By the same argument using Lemma the other part of the
third condition follows, too. O

Definition 8.3.9. Analogously to [Soe99] we say that an object M in the heart C*
admits a finite V*-flag if 0 = My € M; C --- C M, = M such that M;/M; 1 =
q* V*(\¥) for some A\* € A(n, k) and some s € Z. Moreover, the V*-flag ends with V*(\)
if V*(\) = M, /M,_,.

Proposition 8.3.10. The T(A\)’s are indecomposable tilting objects in the sense that
they are the unique indecomposable objects in C* satisfying

(a) Extéh (T(A),V*(v) (j)) =0 for all v € A(n, k) and all j € Z
(b) T(X) admits a finite V*-flag ending with V*(\).

Proof. Here we want to apply the dual version of [S0e99, Proposition 3.1] under the
condition of Proposition m The proof works analogously to the proof of [Soe99,
Proposition 3.1]: As induction start one takes T'(A\) = V*(\) for A minimal. In the
induction step, instead of reducing the set {A(v) | v € A} to {A(v) | v € \,v # u} for
p a smallest element below A, we have to reduce the set {V*(v) (j) | v € A(n, k),j € Z}
to {V*(v)(j) | v € A(n,k),v # u,j € Z}, where v is a smallest element below A
which exists since A(n,k) is finite. The rest works in the same way. Thus, there
exist indecomposable objects T' = T(A), A € A(n, k), called the indecomposable tilting
objects, which satisfy conditions a) and b) and they are unique up to isomorphism.
We check the defining conditions for our T(\): We have

I

Endcn (T(X)) = Homg (T(X), T(A)) = Homeypmr (T(A), T(V)), = C

0
by Lemma thus Enden (T(N)) is local and hence T()) is indecomposable.  Since
Extl, (T(A), V¥(v) (j) ) = Homg (T(X), V¥(v) (j) [1])
by Lemma Propositon yields
Exts, (T(N), V*(v) () =0

for all v and all j. We prove the existence of the flags by induction on £(\, \g). It is
clear for T(A\g) = V*(Ao). If there is such a flag for some T(\) and A — As;, then there
is one for T(As;) = T(N).U; by the next lemma (Lemma (8.3.12)). O
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Remark 8.3.11. Applying the grading shift by j there exists a unique T(X) (j) which
satisfies a) and admits a finite V*-flag ending with V*(X) (j). An object of the form
T =D, ; T(N)¥™3 (j) is called tilting.

The above result makes a connection to standard results from representation theory.
It is known [BS1l1al] that the algebra A from Remark is quasi-hereditary (or its
category C of finitely generated A-modules is highest weight) in the sense of Cline,
Parshall and Scott. In particular, C has a class of standard objects A(\) and dual
standard objects V(A), A € A(n,k). A module T in C is then tilting if and only if it
has both a A-filtration and a V-filtration. In particular, it is tilting in the above sense
by [Don98, Appendix].

Under the identification of ®)\1M€A(n7k) Hom (T(X), T(n)) = A our V*(X) and V(\)
correspond to the standard and dual standard objects, resp.

To finish the proof of Proposition we have to prove the following lemma:

Lemma 8.3.12. Let M € C" and assume M has a finite V*-flag. Then M.U; € C"
and M.U; has a finite V*-flag. If the V*-flag of M ends with V*(X) and \ — As;, then
the V*-flag of M.U; ends with V*(\s;).

Proof. We do induction on the length 7 of the filtration. If »r = 1, then M = ¢°* V*(\)
for some A. By Proposition we either have M.U; ~ 0, and M.U; is in the heart
with a filtration of length 0, or there is a distinguished triangle

¢ VW) [-1] = ¢ V() = M.U; — ¢ V*(v)

for some t,p and some v, pu. If A — As;, then v = As; and ¢ = s. By rotation
we get the distinguished triangle ¢? V*(u) — M.U; — ¢! V*(v) — ¢? V*(u)[1]. Since
g? V*(p) and ¢" V*(v) are in the heart, so is M.U; by [KS94, Proposition 10.1.11]. By
Proposition the sequence

0—q”V*(u) = M.U; = ¢ V*(v) = 0

is exact in C" and thus we obtain a filtration 0 C ¢’ V*(u) C M.U; with
M.U; /¢° V*(p) = ¢ V*(v). In particular, if A — \s;, then the filtration ends with
Now assume 7 > 1. Then there is an exact sequence 0 — M,_1 — M — ¢°* V*(A\) - 0
in C", where ¢®*V*(\) = M/M,_1, giving a distinguished triangle M, 1 — M —
¢*V*(\) — M,_1[1]. Since Cone(A — B).U; = Cone(A.U; — B.U;), the triangle
M,_1.U; - M.U; — ¢*V*(N).U; — M,_1.U;[1] is also distinguished. By [KS94
Proposition 10.1.11] and Proposition M.U; is in C" and

0— M,_1.U; = MU 5 ¢* V(.U =0

is an exact sequence in C". By induction there is a finite V*-flag 0 = MycM;C---C
Ml’ = M,_1.U; and by the induction start we have an exact sequence

0= PV (1) = ¢ V- Ui = ¢t Vi) —= 0



8.4. THE LINEAR T-STRUCTURE 105

for some ¢,p and p,v with v = As; and t = sif A - As;. Let p =7 om: M.U; —
¢® V*(\).U; — ¢" V*(v) and let M, , := ker(p). Since tom = 0 we have M/ C M],,.
Furthermore 0 — Mj , — M.U; Py ¢! V*(v) — 0 is exact, thus M., C M,
M.U; with M, /M1 = ¢" V¥(v). It remains to show M], /M| = ker(p)/M,_1.U;
g’ V*(u). But this follows from Lemma below with A = M,_1.U;, B = M.U,,
C =g V*\).U;, E=q¢"V*(v), F =ker(p), X = ¢? V*(u) and Y = ker(p)/M,_1.U,.
0l

R i

Lemma 8.3.13. Assume in an abelian category all sequences in the following diagram
are exact

[an}

o— o< —o

/-

S|

/

oy
O Q< X< o
(@]

/

o

Then X =2Y.

Proof. We apply the snake-lemma to

0 A F Y 0
[ A
0 B—4,p 0

and since ker(f) = 0, ker(0) =Y, coker(a) = C, coker(f) = E, coker(0) = 0 we get an
exact sequence

0—-Y—>C—FE—NQO.

Thus, by uniqueness of the kernel we obtain X Y. O

8.4 The linear t-structure

The second t-structure is constructed such that the heart is given by the linear complexes
from Definition All the important complexes appearing in this thesis will turn
out to be (homotopy equivalent to) linear complexes.

Theorem 8.4.1. Let D = Kb(al\;)(n, k))and let D= be the full subcategory with objects
complezes X with X; = @ ¢" T(u) where ky—12>0; D=0 s defined analogously with
< 0. Then (D=0, DY) is a t-structure on D.
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We call this t-structure the linear t-structure and denote by C! its heart.

Proof. We have that D= is the full subcategory of complexes X with X; = @ ¢" T(u)
where k,, — 4 > n; analogously for <. Therefore, D=1 ¢ D=0 and D=! ¢ D2V is clear.

For (T2) note that because of Corollary all morphisms in Cup T(n, k) are of
non-negative degree and every complex is isomorphic to one with entries direct sums of
shifted T(A)’s. Assume there is A € ob(D=Y) and B € ob(D=!) with f; : A; — B; not
zero for some j. Then there is some summand ¢" T(p) of A; and ¢° T(X) of B; such
that f; restricted to those is not zero. Let g : ¢" T(u) — ¢° T(X) be the restriction. We
have r —j < 0Oand s —j > 1,sodeg(g) =r—s=r—7—(s—j) <0, which is a
contradiction to Lemma [3.4.14] Thus, there is no non-zero map from A to B.

Now let X € D. We write each X; as X; = X; & X;% where X; = @ ¢"* T(n)
where k, —i < 0 and X;" = @ ¢" T(u) where k, —i > 1. We have d;| - : X; —
X, ,® X', = (d;,0) by the proof of (T2). Thus (X~,d~) defined by (X_l)i =X, is
a complex and the inclusion ¢ : X~ — X is a morphism of complexes. Using Gaussian
elimination (Lemma with respect to all ¢; to eliminate all summands of X~ we see
that Cone(:) is homotopy equivalent to some Y € D=1, Thus, the desired distinguished

triangle for (T3)is X~ = X =Y — X[1]. O

Corollary 8.4.2. The linear complexes form an abelian subcategory of Kb(C/{l\p(n, k)).

Proof. Clearly, the linear complexes are the heart of the linear t-structure which is
abelian by Proposition [8:2.2] O

Thus, by Theorem [8.1.5] and Corollary [8.1.7], we have:

Corollary 8.4.3. The V*(\)’s and V()\)’s are contained in the heart C' of the linear
t-structure.

Proposition 8.4.4. The T(\)’s are simple objects in the heart C!.

Proof. Let Z be a linear complex and f : T(\) — Z a chain map. We have to show
that f is either a monomorphism or 0. Assume f # 0. By [KS94) (10.1.17)], ker f ~
7=0(Cone(f)[~1]) and for X° — X — X! — X°[1] a triangle as in (T3) we have
70X ~ X, by [KS94, Proposition 10.1.4].

Since f # 0 because of Lemmawe have Zop =Y © T(\) and ' := flroy-1o) =
¢ -id. Thus, inside Cone(f) we can apply Gaussian elimination (Lemma with
respect to f’ and obtain Cone(f) ~ Z’' with Z! = Z; for i # 0 and Z) =Y. Now Z’ is
still a linear complex, thus (Z’[—1]); contains only summands ¢™ T(u) with r, —i =1,
thus 7=9(Z'[-1]) =~ (Z'[-1])” =0, i.e. ker f ~ 0 and f is a monomorphism. O

Corollary 8.4.5. The simple objects in C' are the T(\) (i) [i] .

Proof. Let i # 0 and assume Z is a linear complex such that 0 # f : T(X) (4) [i] - Z
is not a monomorphism. Then Z (—i)[—i] is also a linear complex and f(—i)[—1] :
T(X) — Z (—i) [—i] is not a monomorphism which contradicts Proposition [8.4.4 Thus,
the T()\) (i) [i]’s are simple.
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Assume some linear complex Y with Y; # 0 is simple and Y is not isomorphic to some
T(u) (i) [¢9]. Let T(A) (i) be a summand of ¥; and consider f : Y — T(A) (i) [7] given
by id on T(A) (i) and 0 elsewhere. To Cone(f) we can apply Gaussian elimination
(Lemma with respect to id and obtain Cone(f) ~ Z[1] where Z is the linear
complex with Z; =Y for j # i and Y; = Z; & T(\) (i). By the formulas from the proof
of Proposition we know

ker f =~ 759 Cone(f)[-1] ~7=Z ~ Z #0,

where 797 ~ Z since Z is in C! and Z # 0 since Y is not isomorphic to T(X) (1) [i].
Thus, f is not a monomorphism and Y cannot be simple. O

We will revisit linear complexes in Chapter [L0] when we consider the role of the complex
L(Xo) constructed there in the heart of the linear t-structure.






Chapter 9

Morphisms between exceptional
objects

In this chapter, we investigate morphisms of degree 1 and 2 between the V*(\)’s. Un-
derstanding these morphisms will be crucial for constructing the complex L(\g) in the
next chapter, which will lead to a categorification of the projection m,. We give an ex-
plicit construction of all degree 1 morphisms and examine how they give rise to degree
2 morphisms.

9.1 Degree 1 morphisms

As a first step to understand morphisms from ¢ V*(As;) to V*(A) for A — As;, we
consider maps from g V*(As;)o = ¢ T(As;) and ¢ V*(As;)1 to V¥(A).

Lemma 9.1.1. Let A — Xs;. Then
Homp (¢ T(As;), V¥(A)) = C.
Proof. By Lemma there is (up to scalar) only one degree 1 map from T(\s;) to

T(XA) which gives a chain map ¢ T(As;) — V*(\), since V*(\)g = T(A) by Lemma [6.1.10]
Assume that it is homotopic to zero:

/C]T(J/)\Si)
VE) 2 V()2 —25 VEO) — 2 T(N)

This means there is a factorisation of the map f : ¢ T(As;) — T(A) over V*(\);. We
have deg(f) = 1 = deg(d1), thus the factorisation map T(As;) — V*(\); has to be of
degree 0. By Lemma [6.1.10f V'(\); has entries (shifted) T(n) with p < A < As;. In
particular, u # As; and therefore, by Lemma there is no degree 0 morphism
T(As;) — V*(A)1. Thus, there is no such nullhomotopy. O

109
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Proposition 9.1.2. Let A — Xs;. Then
Hompg (g V*(Xs;)1, VF(A)) = 0.
Proof. We have V*(As;) = Cone (¢ V*(A) = V*(X).U; ), thus
gV Asi)1 Z @V N @ gV N1 U Z TN @ g V(N1 U; .

By Lemma [6.1.10} any summand ¢" T(p) of V*(X); satisfies y < A. Using Lemma [4.1.§

gives

qT(p) ®q ' T(n),

) T) forv < p <A,

T(p). Ui = .
T(psi) with ps; > p,

0.

But Lemma (1.1.32provides ps; # X if us; > p. Thus, ¢ V:(A\)1.U; =2 @ ¢ T(v)

some V:V}_‘)\

for some r, and

VOsn =P Te P d Tw).

some v:v £\
Therefore, we can apply Remark to obtain Hompg (¢ V*(As;)1, V¥(N)) = 0. O

Theorem 9.1.3. Let A — \s;. Then
Hompg (¢ V*(As;), V(X)) = C.

Proof. By Remark [6.3.17| we have Homp ((¢ V*(As;));, V¥(A)[I]) = 0 for I # 0 and all
j. By Proposition we know Hompg (qV*()\si)l,V*()\)) = 0, thus the assertion

follows from Corollary a) and Lemma [9.1.1} O

Our next task is to construct a non-trivial element of the homomorphism space
Hom g (q V*(/\SZ'),V*(/\)).

Remember that for w = (wy,...,w,) a vector with entries 0 and 1, w.(i1,...,4,) was
defined as B, ... B;,. (up to shift), where

U;, ifw =1,
B;, =

Definition 9.1.4. Let A\ = \s; = v. We define a collection of maps fy, : ¢ V¥*(v) —
V*(\) as follows:
We know ¢ V*(v) = Cone (qQV*()\) — qV*(/\).L{Z-). Let fy, = a @ B where 3 :

gV*(\).U; id-Hy, V*(A) is given by the saddle from U; to Id.

To define the map o we switch to the cube description. Let v = Xo.s;, ...,
where s;, ...s;, € W™ is a reduced expression and s;, = s;. Recall that V*(v) =
T(Xo).R(i1,...,ir) and the entries of the complex V*(v) are (up to degree-shift) of the
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form T()\o).('w.(il, o ,ir)), where w is a 0, 1-vector as before. In particular, every entry
of V*(v) is determined by its w (cf. Definition [6.1.3, Example |6.1.4]).

For w = (wn,...,w,) let W = (w, ..., wy—1). Assume w; = 1, then we denote by wlj
the tuple where w; is changed to 0. We know that w/: describes an entry of V*(X) for
i=1,....r—1.

Now let w describe an entry of ¢ V*()) inside V*(v), i.e. w, = 0. For each j such that
wj =1 we define a map au,; : T(Xo). (w.(i1, ..., i) = T(Xo).(Wls).(i1, ..., 0r—1))
via Qup,j = T, - id Hj id where 1, ; € {£1,0} will be specified later. Finally we define
@ Via &l (w.(i1,.sir)) = {Qw,j }jaw;#0- All the other maps are zero.

One crucial step will be to choose the 7, ; such that fy, becomes a chain map (cf.
Proposition [9.1.10)).
Note that we always have an easy description of fy, in homological degree 0: (f).), =
Bo = id H;.
Example 9.1.5. Recall

P2 1dUs 1d 2280170045 1d

—idHyid ididHy idid Hy

[S5)
o —(ing id\) O
R(3,2,4) = Pididid 2 24, 1d1d q1dUsty 9 2oty

idid Hy
. & \/ ® -
idid Hy id Hz id \ idHs id

2
q° IdId Uy mdQZ/kg Idi,

from Example [6.1.4] We have
R(3,2,4) = Cone (qR(3,2)1d 2% R(3,2).Uy )

for

qldids 29 v dy

R(3,2) = V o iV

21d1d ~29 (y51d

Now we want to describe a chain map
qV*<)\0838284> = qT()\o).R(?), 2, 4) — T()\()).R(3, 2) = V*(/\08382)
as in the definition above.

In a first step we get a collection of maps qR(3,2,4) — R(3,2):
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q3 Idis1d _— q2 UsU-1d

7]3 id Hs id

¢*1dIdIld — P U3 1d1d 21dU Uy ——— qU3 U2 U,

S%) @
did Hy
31dId U, Us1d idid 74

nAH 5 id iy idid Ha

W2id iy id \ qldUs|—————— Uzl

V

Here, the blue maps are 3 and the red maps are a with the n* € {0,1, -1}, where we

¢@Idld ——— qU31d

denote n' = 7(110),15 n? = 7(110),25 nd = 1(010),2 and nt = M(100),1- Consider for example
w = (110), then w describes the entry w(3,2,4) = qU3U21d inside R(3,2,4). For
j =1 we have w; = 1 and w]j = (01) describes the entry (01)(3,2) = ¢IdU> inside
R(3,2). Thus we have some aq,; = n*H3zid : ¢*UsUs1d — qIdUs. Analogously the
other red maps are constructed.

The trick is now to choose the 7' such that we obtain a chain map after applying
everything to T()\g). In this example one might be able to guess them, in particular
since T(Ao).IdUs = 0 = T(Ao).IdU2 Id, but there is still some calculation involved.

The first part of showing that f) , is a chain map is easy:
Lemma 9.1.6. The map B : ¢V*(A).U; — V*(N\) from the previous definition is a

chain map.

Proof. This follows directly from Lemma[4.2.8]f]), since the signs in V*(X).U; and V*(X)
are the same. O

Now we need to work out the coefficients 7, ; from the definition.
The next notation is motivated by the following: When we consider the composition of

the two saddles

2
FanY

=

q qu

w
— )

then using neckcutting this composition is equal to % + x in the shorthand nota-

tion from Remark [3.2.5]

By (e)(w.(i1,...,ir)) we denote the sum of the following two cobordisms from
(w.(i1,...,ir)) to itself: They both consist of (w.(i1,...,i,)) % [0,1] with one dot
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each. For the first summand, there is a dot on one of the components of B;, x [0,1] and
for the other one on the other component.

Example 9.1.7. Still using the shorthand notation for cobordisms with e’s (Re-
mark , in the simple case of our motivation above we have for w = (1) and
(i1) = 1 that (e1)(w.(i1)) = 4+ % . In a bigger case, for (i1, i) =

(5,6,7,8,4,5,6,3,4,5,2,3) and w = (1,1,1,0,1,0,1,1,1,1,1,1) we have

since w.(i1,...,i,) = o | As in Remark|1.2.5] the U;, or Id;; are pictured

diagonally inside the boxes starting from the lowest box and counting following the
diagonals, and the e’s have to be on the two components of the 6th box.

Now let z = (z1,...,2) be a vector with entries 0,1, —1. We define z(w.(i1,...,i,)) =
Sz (o) (w.(i1,...,4)). It is a morphism from (w.(iy,...,%,)) to itself in Cup(n, k)
of degree 2.

Example 9.1.8. In the previous example take z = (0,0,0,0,0,1,0,0,0,—1,0,0). Then

o)) = |+ ,,,,,,,, LRI | ] [ LR |

FLA TN TR

Finally, by T(/\O).z(w.(il, ... ,ir)) we denote the previous cobordism applied to T(Ag) X
[0, 1].

RJU | LR

.,l_
|

Proposition 9.1.9. Let w be a vector with entries 0 and 1 and fix (i1,...,i) such
that s;, ...s;, € W™n s reduced. Then there is a choice of z such that z, = —1 and
T(Xo).z(w.(i1,...,ir)) =0 for all w with w, = 0.

Proof. Since the — x [0, 1] plays no role when considering connected components, we
reformulate the calculus using the diagrams from Example above. Applying a
diagram to T(Xg) gives 0 if the diagram has a dot on a line connected to the bottom,
so we just use this formulation. Altogether we are considering a Z-linear combination
X of diagrams each of which is obtained from a fixed Temperley-Lieb diagram T by
adding exactly one dot. The coefficients will turn out to be in {£1}. We therefore
can abbreviate X a the single Temperley-Lieb diagram T equipped with signed dots
indicating the coefficients.

First consider w = (1,...,1,1). We have w.(iy,...,i,) = U;, ...U;,. By Remark
we know that w.(i1, ..., ) is isomorphic to some U(T) for T' € Y (n, k) and U, is asso-
ciated with a box B which is rightmost in a row of T. Let {j1,...,ja} C {i1,-..,%r-1}
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be the entries of the row of B in T, read from right to left, beginning one left to B. We
set

g =

1 ifl=1 mod 2,
—1 if/=0 mod 2.

{71,---,d} € {i1,...,ir—1} be the entries of the column of B, read from bottom to
top, beginning one above B. We set

) =

{1 ifl=1 mod 2,
Zj
l 1

ifl=0 mod 2.

We set z. = —1 and all other z; = 0.

This satisfies the conditions for all w with w, = O:

Let {k1,...,k.} be a permutation 7 of {i1,... 4.} such that U;, ... U, = Uy, ... Uy, =
U(T), the Temperley-Lieb diagram constructed from the row reading word of 7. We
know that w.(i1,...,i,) = @.(k1,..., k) where @ = w(w). Also z(w.(i1,...,i,)) =
Z(w.(k1,...,k)) where z = 7(z). Thus, it is enough to show the claim for
Z(w.(k1,...,kr)). We denote the index associated to the box B in T by a, so iy = a;
and let ks = 75 in the permutation, so iy, = ks = a.

N| W[ =] Ot
W] ot O

Then ji,...,ja =a—1,...,a —d and (os)(@.(kl, .. .,kr)) is the sum of the diagram
which has dots on top of the strands a and a + 1.
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— .
?
? ? ? ?
/
/
? ? ?
/
/
? ?
?
Let j; = ky. Independent of whether Bj; = Uj; or = Id, we know that

(o) (tA.(kl, ..., ky)) is the sum of the diagram with one dot above B;, on strand a—1+1
and one below Bj, on strand a — [.

+ + ) [ i
- ) ii:
+ + ] g +

With the choice of signs for z as described above, in z(w(ki,...,k,)) these kill each
other and furthermore the one dot on strand a of By, except for the lower dot of Bj,.
But since we know that the diagram is of Y (n, k)-form, this dot is on a line connected

to the bottom and the diagram is zero anyway.

R 2 w :
? ¢
R b S 4
? ? 7 ?
+ p +
- ot
? ? 7
_ =
¢ / .
? 7
\
?

Since ks = a we know that ji,...,j, = a+1,...,a+d. Again, for jj = k;» independent
of whether By = Uy, or = Id, (o) (w.(k1, ..., k) is the sum of the diagram with one
dot above le/ on strand a + ! and one below le/ on strand a + [+ 1. With the choice of
signs as before, in z(w(k1,...,kr)) these kill the dot on strand a + 1 of By, and each
other except for the dot below Bj;z/' But since j/, is in the first row, this dot is always

on a line connected to the bottom. O

Proposition 9.1.10. With the notation from before and z as in Proposition[9.1.9 let

M j 1= (—1)2r>123 20 25,

Then (a @ B)|qv+(x) from Definition is a chain map.

Before proving this we consider what the map f) , now looks like:
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Remark 9.1.11. Let T € Y (n, k) such that U(T) = U,, ...U;,. Note that up to sign
the chain map from Definition[9.1.4] T(Xo).R(i1, ..., r) = T(Xo).R(i1,...,4ir—1) is given
by idﬁi]. id : w.(i1,... i) = w'.(i1,...,ir) where w’ = w]j for some j such that i; is
in the same row or column of 7" as 7, and w; = 1. Here, w]j is again setting the jth
entry to zero and Vv means deleting the last entry of v. In particular, the maps a and
B from fy, = o @ B can be described in the same fashion since setting the last entry
from 1 to 0 and then deleting it agrees with the other definition of S.

Example 9.1.12. For £ = 1 and arbitrary n we only have one A in the sequences in
A(n, k) and every A € A(n, k) can be described as A = X\g.s1 ... s; for some ¢ < n. The
tableau associated to \ is a single row of the form [ 1[2[3]...[r | Therefore, for r+1 <n
and ¥ = MXg.S1...5441 the vector z constructed in Proposition [9.1.9] is of the form
(1)1, (=1)'72,...,=1,+1,—1). Thus, the chain map f, consists up to sign of all
possible saddle cobordisms (i.e. no 1, ; is zero) and the sign is (—1) 21155 bW (1)t
for the map starting at the entry determined by w when j < ¢t + 1 is deleted and +1 if
J =1t+1 is deleted.

Proof of Proposition[9.1.10, We show that all possible squares commute. All squares
are given by an starting point determined by w with w, = 0 and an endpoint w’.
First we consider squares with w # w’. Because of this assumption, the map /3 is not
involved in such squares and only the differentials inside ¢ V*(A) play a role. Also w
and w’ have to contain the same number of 1’s, so w # w’ can only happen if there are
1 <i# j <rsuch that W, = wj forall k # ¢,j and w; = w; =1, w, =0, W; = w; =0,
w = 1. Let w' be the same as w but for w; = 0 (i.e. W' = wli) and let w’ be the

J
same as w except wj = 1. So (up to signs) we consider the square

idH;id
_— wj

idﬁiidl lidﬁiz’d
- idHj id
Y

w'.

Up to signs, this square commutes by Lemma E[) The map w — w’ has sign
(—1)%a>i*Wa) - Since w;j = 0 but (w?); = 1, the map w’ — w’ has sign
(_1)Zr>q>ib(wg)z4 — (_1)Zr>q>ib(wq)zi(_l)"/(ivj)’

7

where

(i) 1 if j >,
(i, 5) =

’ 0 otherwise.
Thus w — w’ — w'’ has in total the sign

(_l)v(iJ)(_l)ZDj b(wg) | (_1>Zr>q>ib(wq)zi - _(_1)7(1'7]')21.’

since w, = 0. The map w — w"’ has sign (—1)27‘>Q>ib(wQ)zi and w' — w’ has sign

(—1)Za> b(wy) _ (—1)Xr>a> bwa) (1 )y D+,
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Thus for w — W' — w’ we have total sign

(=1)2r>a>s UWa) 5 (1) 2y bwa) (L7 )+ = _(_1)7(0d) 5

and the signs agree.

If w’ = w, then (up to signs) we have to consider

id H, id .
w M iy,

idHiidJ/ J/idH]-id

(Y0 id H; id w,

where the vertices other than w and w’ are the sum of all possible W’ = w |4 and w’.
First going o and then dy-«(y) gives

S dgigoawi= Y (1)) idHido(—1)Xr>i>: M) 2 id H; id
1:w; 70 1:w; 70
— Z (_1)Zr>j>ib(wj)(_1)2r>j>i b(w;) . id H, id o id H; id
1w #0
1w #0
Going first d and then 3 gives id H;, oid H;, = id(H;, o H;,). And going first d and then

o gives

ST i 0dy s = Y (1)) id H id o(— 1) Za> ) id B id

i<r:w;=0 i<rw;=0
= Z (_1)ZT>J'>¢ b(wj)zi(_l)zj‘» b(w;) id H, id o id H; id

i<r:w;=0

i<rw;=0

Since for w; = 0 we have id(H; oH;)id = (e;)(w.(i1,...,%,)) and for w; # 0 instead
id(H; o H;) id = (e;)(w.(i1,...,i,)) by neckcutting, we have to show that the following
holds when applied to T(Ag) x [0, 1]

Z Zi(%)(w.(il,...,ir)) = Z —Zi(Oi)(w.(il,...,ir)) —l—(or)(w.(z‘l,...,i?,))

1w #0 1<rw; =0

@Zzz(ol)(w(zl, . ,ir)) =0

where z, = —1. But this is just Proposition [9.1.9] since Y, z;(e;) (w.(i1, ..., i) =
z(w.(il, e zr)) by definition.

O

Remark 9.1.13. For the construction of f, we assumed that v = Ag.s;, ...s;,s; and
A = Xo.Si; ... 8;,- Now we want to consider the signs (the rest does not change), if
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v = Ao.8j, ...s5, for sj ...s5 = s(T) for T € Y(n,k) and we delete an entry as-

T

sociated to a lower-right box in 7', but possibly not s; . Let js be the entry we
delete and A = Xo.Sj,...5j, ...Sj,. ThenAby Lemma we have an isomorph-
ism T(Xo).R(j1,---,0r) = T(Xo).-R(j1,---,Jsy---5JrsJs) given by height isomorphisms
from each entry determined by w to the isomorphic entry determined by w’ with sign

(_1)b(w]-5)(b(sz+1)+~~-+b(w]-r))' Here w’ is defined by

w; if 1 < s,
/ . .
w; = S w1 ifr >4 > s,
Wy ifi=r.

When considering the map

f)\ﬂ/ : T()\O)R(jla cee 75;7' . 7j7‘7j8) - T()\O)R(]h s >]/;7 s 7jT)

restricted to the entry determined by w’, then the signs are as follows: The sign is
(—1)2r>j>ib(wj)zi if the entry at the ¢th position is deleted for 7 # r and the sign is +1
if r = s. By definition of w’ we obtain

(_1)Zr—l>j>i b(w}) _ (_1)Zs>j>i b(w;) (_1)Zr>j23 b(wjﬂ).

Now we put this together to a map from T'(\g).R(j1,- - -, jr) to T(Xo).R(j1, - - Jeen )
Since we can only delete j, if b(w;,) = 0, the sign for this is +1. And if we delete
something else that is in the same row or column as js then the sign is

fl)b(sz )(b(wjy g )+ +b(wy,.) (71)Zs>]->¢ b(w;) (71)203'25 b(wj+1)

—~

(_1)(b(sz)+1)(b(wj5+1 )+ Ab(wy,.) (_1)Zs>j>i b(wy)

— (_1)sz (b(sz+1 )++b(w11)) (_1)Zs>j>i b(wj)

multiplied with the appropriate sign given by where in the tableau the entry stands.
This appropriate sign for j; is (—1)!U¢Js) where by I(j;, js) we mean the number of lines
one has to cross while going from js to j; in the tableau associated to ji,..., j.

Finally, we have constructed our desired non-zero homomorphism.

Theorem 9.1.14. Let A — As;, then we know that fy s, s a non-zero element of
Hompg (g V*(As;), V¥(X)).

Proof. We just showed that f) s, is a chain map. It remains to show that it is not
homotopic to 0: If there was a homotopy, then there would be a factorization of the non-
zero map ¢ V*(As;)o = V*(A)g over V*(X);. But as shown in the proof of Lemma [9.1.1]
this is not possible. O

The non-zero representatives fy , will be used in the next chapter to construct a complex
containing all the V*()) as partcomplexes in a non-trivial way.
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9.2 Degree 2 morphisms

The obvious way to get a degree 2 morphism is to compose two degree 1 morphisms.
To describe the relations of these compositions we use the notion of diamonds.

Definition 9.2.1. Following [Bra02| and [EST3|, we call a quadruple (\,v,v/,\) of
v

)\/ ™

S
v

distinct elements in A(n, k) an (oriented) diamond if we have N

We call the triple (A, v, \') straight if \' — v — X and there is no v/ such that (A, v,v/, \)
is a diamond.

We start our investigation of degree 2 morphisms with the case where we have a dia-
mond.

Theorem 9.2.2. If (A, v, v/, X) is a diamond, then fx , 0 fux = fxu 0 fura.

Proof. Let T be the tableau associated to o, where A = Ag.o. Recall that a right-lower
box in the tableau is a box at the bottom of its column and at the right of its row. We
get from A to v or to v/ by deleting (different) right-lower boxes and from there to A’
by deleting the other right-lower box. Since we have a diamond, these two boxes are
neither in the same row nor in the same column. Let [J; be the box that is deleted while
going from A to v and s the box for going from A to v/. Let L; be the set of entries of
T in the same row or column as [J; and define Ly analogously. Then, by Remark [9.1.11]
up to sign, the chain map f, is given by some id H; id, where i € Ly, and the same
is true for fy . Analogously, chain maps f,/ \ or fy , are up to sign given by some
idﬁj id with j € Lo. Restricted to any homological degree fy/, o fux = fy 0 fua
holds up to signs because of the involved height moves from Lemma |E[) Thus, it

only remains to check the signs.

For the signs, we assume that for p € {\, v,/ \'} we have V*(u) = T(N\o).R(i1,...,ir)
with 4q,...,4, of tableau-form. So for the signs we can use Remark [9.1.13] Let [; be
the entry of [y and I the one of [s.

If we delete first the entry [y and then [o, the sign is +1, the same for the other way
around. Now assume without loss of generality that [J; is above [y in T

Let I} = i5, and ly = i4,, so we know s; < s2. We now consider different cases:

If we delete first the entry k¥ = 4; € L; ~ {l1} and then [y, then the sign is
(—1)“’51(b(wsﬁl)*“'*b(wr))(—1)231>i>i b(wi) ., . For the other way around, we get the sign
(—1)“’51(b(w51+1)+...b(w52)"’+b(wr))(—1)281>i>j b(wi) ;.. But since we can delete Iy, we know

that b(ws,) = 0 and the signs are the same.

If we delete first & = 4; € Ly ~ {lo} and then [;, then the sign is
(—1)“’82(b(ws2+1)+"'+b(“’7‘))(—1)282>i>ﬂ' b(wi) ., . For the other way around, we get the sign
(—1)“’52(b(wsﬁl)*“'*b(wr))(—1)251>i>]¥i¢31 bwi) .. But since we can delete I, we know

that b(ws,) = 0 and the signs are the same.
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By the same considerations, if we first delete something in La~\{l2} and then in Ly ~{l1},
then the signs agree, since the b(w;) that appears in one direction and not in the other
is = 0 anyway.

O

Now we consider the case where there is no diamond. First, we go back to AV-sequences
and investigate how a straight triple can occur.

Lemma 9.2.3. If (\, v, \) is straight, then v = N's; and A = vs;41.

Proof. By definition of straight, v = \'s; and A = vs; with ¢ # j. If j # i+ 1, then
A= Nsjs; = Nsjs; and (A, v, N's;,\') is a diamond which is a contradiction. O

Proposition 9.2.4. Let (A, v, \') be straight. Then

Homy (¢ T(A), V¥(X)) = 0.

Proof. By Lemma we know that A = X's;s;41.

By Lemma there is up to scalar at most one degree 2 map from T(N's;s;41) to
T()\) and it is given by

idH;

LRIlEZN L NEVeY) (9.1)

q2 T()\/Sisi:tl) = q2 T()\/).Uz‘ ui:l:l qT()\’).Z/{i

If it is zero, then we are finished, so assume the opposite. The goal then is to construct

a null-homotopy for (9.1]).
By Lemma b)), the diagram

P TON). Ui Uier 55 TV U, 1d

J/idﬁi id HZ (92>
idHit1
g T(N).1d Uiy T(N)

commutes.
First assume A\ = X's;s;.1.

We know that T(X') = T(X,).U(T) for some T € Y (n, k). By Lemma [1.1.34] there is a
tableau 77 € Y'(n, k) such that U(T)U;U; 41 = U(T") and T and 7" differ in the way
that T" contains two more boxes, O; and O;1, labelled 7 and i + 1 at the end of some
row.

Assume the boxes O;, O;41 are in the first row. We have T(X).U; Uip1 = T(N,) U(T") =
T(Xo) UpUpg1 .. . UimaUi U177, where 7...7 stands for some U, ...U;, that are
unimportant for the following calculations. Thus,

T). 1dUie1 = TNo).- UpUpyr .. Uiy 1dU 7.7
=~ T(No)- U1 U Uy - . . Ui—1 1d7...7 =0,
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since i + 1 # k because ¢ + 1 > i was in the first row. So using the diagram (9.2)), we
get that the only map ¢ T(\) — T()\) is zero.

Now assume that the boxes O;, O; 11 are not in the first row of 7”. Let O;12 be the box
(labelled i+ 2) directly on top of O;41 in T”. We call the associated box in T" also O;41.
Let U(T) = L{il .. .Llir, then V*()\/) = T()\(])R(Zl, e ,’L'r). Let U(T/) == Ujl .. ‘ujr+2‘
Let [,I',s,s" € N such that U;, corresponds to O;12 in T, U, corresponds to O;yg in
T', Uj, corresponds to Oy 1 in T and U; , to O;.

Let w=(1,...,1,0,1,...,1), where there are r entries and the 0 is at place l. Let w’
be a 0, 1-vector of length r + 2, containing 0 only at places I’, s and s’ and let w” be a
0, 1-vector containing 0 only at place s’.

We claim that the following diagram commutes.

idH ;1

qT(N).IdU;14 T(\)
a1 B2
qw//'(jlv"'vjr+2) (17"'71)'(i17"'>iT)
oz Bt (9.3)
quw'.(j1, -+, jr+2) w.(j1, -, Jri2)
as B1
idH;, id _ ,
qw.(i1, ... i) — (1,...,1).(i1,. .., i)

Here, the top and bottom vertical maps «aq, asg, 51, B2 are the obvious isomorphisms of
the form Idi; = U;1d = U; and U;U; = U; U; only moving the involved U; vertically
or adding or forgetting Id’s. The vertical map a9 is the isomorphism of the form
Uit1UiroUip1 = Uiy, pictorially

I
—
©
=~
~—

On the other hand,

~ := Bro(id Hy, id)oas = o §:= profy 'o(idHir)oa; ' =

which implies v o ag = 8. Thus, the diagram commutes and therefore
idH; 1 = B0 (id H; id) cag o g 0 1.

Hence, we constructed a homotopy h for the map (9.1]), namely h = oh’, where

ﬁi O o . .
n' g T(Nsisi41) 7 TWN).U; Uiz 1 — qT(N). Uiz aso0z001, qw.(i1, ..., i)
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and o is the sign attached to id H;, id as part of the differential V*(X'); — V*(X) in
the complex realising V*(\') from Proposition . (Recall that the isomorphism [y
is used in the interpretation of V*(\') as cube complex.) Thus, we are done in the case
A= )\ISZ‘SfH_l.

The case A = XN's;s;_1 works analogously. Namely, if the boxes with entries 7, i — 1,
which are now next to each other by Lemma [I.1.34] have no box to the left, then the
map is zero anyway. If not, we take the box to the left of the (i — 1)-box. We get
again a commutative diagram as in , which allows us to define the homotopy. The

( and the two compositions in (9.5 are :

Note that the straightness assumption is really necessary, otherwise we have a totally
different situation:

Lemma 9.2.5. Let j #i+1 and N =5 XNs; NS (In particular, (X, N's;, \') is not
straight by Lemma ) Then

Homy (¢ T(A), V¥(X)) = C.

Proof. By Lemma there exists a non-zero chain map f from ¢? T(\) to V*(\).
By Theorem V*(XN) is a linear complex, thus V*(\'); contains only summands
g T(p) which by Lemma satisfy u < N. Thus, we have V*(X'); = @ ¢ T(p) for
some pt < X' and dy«(y)lgr() : ¢T(1) — V*(N)o = T(X) is a degree 1 map. But by
Proposition there is no degree 1 map from ¢? T(\) to ¢ T(u1), so f cannot factorise,
i.e. it cannot be nullhomotopic. ]

We see that under the straightness assumption there are no degree 2 morphisms:

Theorem 9.2.6. Let (\, v, \') be straight, then

Hompg (¢* V*(A), V*(X)) = 0.

Proof. Since entries of ¢*V*(\) are some (shifted) T(u), we get
Homp (2 V¥(\)i, V¥(N)[I]) = 0 for I # 0 and all i by Proposition [6.3.11} Using
Proposition the assertion follows from Corollary b). O

From the previous theorem we obtain in particular that for (A, v, \') straight there is a
homotopy hy , x such that fy , o f,x ~0.

Example 9.2.7. Here is an Example where the composition is not zero but only
homotopic to zero: Let n = 4, k = 2. Then for A\ = VVAA, v = VAVA and
N = VAAV we have that (\,1,)) is straight (cf. Example [1.1.28). Now consider
(f)\’,u o fu,A)o = (f/\',u)o S (fu,)\)o c?V*(N)o = qV*(v)g — V*(X)o. This map is given
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by the composition of two saddles from V*(\)g = T(A) to V*¥(X)o = T(N). Thus, it is

non-zero by Lemma [4.2.5/ since C(A\)C(N) = contains no red circle.

@







Chapter 10
The main player L()\j)

We have already seen that Ay plays an important role in all the constructions. In the
next chapter we will construct two functors F and G categorifying the projection and
inclusion of the factorisation of the Jones-Wenzl projector. For this, we construct a
certain complex L()g) that contains all the V*(\) in a non-trivial way. After that, we
study properties of this complex: We show that Cob(n) acts trivially on L(\g). We
investigate maps from L(\g) to itself and construct them for £ = 0 and k£ = 1. Finally,
we show that L()g) is the injective hull of T()\g) in the heart of the linear t-structure.

10.1 The construction of L()\)

In this section we want to construct a complex L(\g) which satisfies L(\g).U; ~ 0 and
whose class [L(\g)] in the Grothendieck group is up to a factor equal to vy,.P,. Here,
), is the standard basis element in V" which is also an element of the canonical basis
and P, is the Jones-Wenzl projector (cf. Chapter [2)). Having Lemma [2.3.4) in mind, our
first attempt is to define

L= @ ¢V
AEA(n,k)

Indeed, this L’ satisfies the desired condition about its class in the Grothendieck group
K (Kb (Cup(k, n)))

Proposition 10.1.1. We have

1= [ o

where [1] = % and [n] = (¢ —1)/(¢* — 1) as in Lemma|2.3.2

Proof. In Kb((f(i)(n)), let #; = qld i 24; and H(s) =Hi, ... H;, for s =s;,...5;, €

S, a reduced expression. Here, we write the tensor product in K?° (@)(n)) simply by

juxtaposition, analogously to the tensor product in @(n}

125
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For A — As; we have V*(X).H; = V*(\.s;), since Cone (g V*(\) LN V*(X\).U;) and
V*(X).H,; agree up to signs and the obvious sign-changing morphism is an isomorphism.
Therefore, V*(A\g).H(s) = V*(\gs) for s € Wi, Thus,

L= > (=) Ve)]
AEA(n k)

= > 0V )H(s)

sewmin

= Y (—9)®uy.H(s)

sewmin

and the assertion follows from Lemma 2.3.2] and Lemma 2.3.4 O

But since not every pu satisfies V*(u).U; ~ 0 we cannot have L'.U; ~ 0.

Thus, we want to construct a complex having the V*() as the same places as in L’ but
differentials in between:

Definition 10.1.2. Let r = max {{(\,\o) | A € A(n,k)} = k(n—k). For 0 < j <r
consider the complex

MG = @ V.

Z(A))‘O):]

We define inductively (depending on certain morphisms g;, 0 < j < r — 1) complexes
L(j) as follows: Set L(r) = M(r). Assume L(s) for r > s > j is already constructed
and we are given a chain map g; : ¢L(j + 1) — M(j). Set L(j) = Cone(g;).

Note that by construction [L(0)] = [L'] is independent of the choices for g;.

In a perfect world we could construct L(0) by using only maps g; given by the f),
constructed in Chapter 0] But as we have seen in Theorem [0.2.6] and Example [9.2.7] in
general we only know fy , o f, x >~ 0 for (A, v, \) straight and not fy , o f, » =0, so we
cannot obtain a chain complex using this naive approach.

We also need to introduce some signs such that using Theorem for diamonds we
obtain 0 when doing the differential twice.

Definition 10.1.3. Let P := {(v,\) € A(n, k) x A(n,k) | v — A}. Let o : P — {£1}

be a sign assignment such that for every diamond (A, v, 1/, \'), the signs satisfy
o, o\, v)o(V',N)a(N, V) = —1.

In particular we have o(v, \)o(N,v)+o(v/,A\)o(N, ') = 0. Such sign assignments exist
by [BS10, Section 7|. From now on we fix such a choice.

The goal now is to show the following theorem which tells us that it is possible to choose
the g; such that they contain the f) , together with the new signs:
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Theorem 10.1.4. In each step of the construction from Definition there is a
unique choice of gj : qL(j + 1) — M(j) such that

gilmgsn = P {o@w N frty, (10.1)
Al(A\Xo)=j+1

We will prove this by downward induction. For the base case note that there is a

unique A, € A(n,k) of maximal length £(\, Ao), namely A\, = V...VA...A, and a
n—k k

unique A\,—1 € A(n,k) of length one smaller, namely \,_; = A\;$,_k. Thus, the base

case j = r — 1 is true, since L(r) = V*(\;), M(r — 1) = V*(A\,—1) and A\,—1 — A, thus

by Theorem the unique map exists.

For the other induction steps, we need some preparation:
Definition 10.1.5. We call v € A(n, k) single, if there is only one p such that v — p.

For example, in A(4,2), the element AVVA is single since there is only AVVA — VAVA,
cf. Example [1.1.28

For v single, the construction of g; is in some sense local, i.e. it does not involve the
already constructed g;’s.

Proposition 10.1.6. Assume L(j + 1) is already constructed. Let v be single and
v, o) =3 <r—2. Then
a) Homp (qL(j + 1),V*(I/)) ~C

b) there exist some (by a) unique) f; € Homg (qL(j + 1), V*(v)) such that

fj|qM(j+1) = @ O'(V, A)fl/,)v

Al( M\ o)=7+1
A—v

Proof. By Proposition |6.3.11{we have Hompg ((qL(j +1))i[m], V*(v)) = 0 for all m # 0.
Furthermore, by Lemma [6.1.10

(LG+D)y=(aMGi+1),=a B Ve & ¢TM)
AEOANo)=j—1 ML) =j—1

—qTwe E aTW),
Al(A o) =5+1
not v—A\

where p is given by v single, i.e. ¥ — u. Thus, by Proposition and Lemma [9.1.1

we obtain
Hompg ((¢L(j 4+ 1))o, V*(X)) = Homg (¢ T(v), V*(N)) = C.
Moreover,
(LG +1)), = MG +2)o® qM(j + 1)1 = FTNe @ aVO

Al(AAo)=5+2 Al(AA0)=j+1
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Since v is single, for A with ¢(\, \g) = j + 2 we either have that v and A are not
comparable or (A, i, v) is straight. Thus, by Proposition and Proposition

Hompg < @ ¢ T()\),V*(Z/)> =0.
Al(

AAo)=5—2

On the other hand, the A\ with ¢(\, A\g) = j + 1 are either equal to p or not comparable
to v. If X is not comparable to v and T()\') a shifted summand of V*(\);, then by
Lemma [6.1.10| N’ < X and therefore N’ < v or X not comparable to v. So using

Proposition [6.3.6] and Proposition [0.1.2] we get

Hom g ((qL(j + 1))1,V*(u)) =~ Homy ( @ qV*()\)l,V*(V)> = 0.

Al(ANo)=j—1

Finally, we can apply Corollary a) to obtain assertion a).

Now let 0 # f € Homg (qL(j +1),V*(v)). Then f = ¢’ ® g, where ¢’ : ¢?L(j + 2)[1] —
V*(v) is a multi-map and g : ¢M(j + 1) — V*(v) is a chain map. By the next lemma
(Lemma [10.1.7]) and Theorem we can assume that

g|@>\:e(>\,,\0)=j—1,x;eu qV*(\) = 0.

Assume that also g|gy«(,) = 0. Then ¢’ is a chain map and by Corollary ho-
motopic to zero. But this is a contradiction to f # 0, so g|gv=(,) # 0. By The-
orem , we know Hompg (¢ V*(p),V*(v)) = C, so there is a scalar 7 such that
T9lqve(u) = o (Vs 1) fu . We choose f; := 7f which yields assertion b). O

For the last proof we need the following rather general lemma.

Lemma 10.1.7. Let ¢ € Hompg (Cone (A— (B® C)),D) and Homg (C, D) = 0.
Then ¢ is homotopic to some ¢" with ¢'|c = 0.

Proof. This is a special case of Lemma a). Since we have a cone and a direct sum,
the differential of Cone (A — (B C)) goes from C; to nothing else except C;—1. [

For considering the harder case where v is not single, we need the following easy state-
ment.

Lemma 10.1.8. Assume v — uy, v — s and p1 # ps. Then there is a X such that
(A, p1, 2, v) is diamond. Furthermore, if v — § — X, then 6 € {1, pa}-

Proof. By definition p1 = vs; and pg = vs; with @ # j. Also i # j £ 1, since otherwise
not both s; and s; can be applied. We set A = vs;s; which makes of course (X, p1, pi2, )
into a diamond. The second part follows from the description of A = vs;s; = vs;s;. [

Lemma 10.1.9. Fiz v not single and assume that for all diamonds (X, u, p’, v) we have

o (s N) Ty + oy, Ny =0
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for some 7,,, 7,0 € C. Then there is a constant ¢ € C such that
Ty = C-0(v, 1)
for allv — p.
Proof. Since v is not single, for every v — p there is some v — po with p; # uo.

Thus, by the lemma above there is some A such that (A, u1, po, v) is a diamond. From
o (1, N)Tuuy + (2, )7y, = 0 we obtain by the definition of o(—, —) that

Tvu = T(:ub ,LLQ)O‘(Z/, :ul)
U T(Ml’ :U’Q)O-(Vv :u2)7

for 7(—, —) a scalar.

For every po with v — po, by Lemma [10.1.8 for all v — u # po, we have 7,,, =

7 (o, 1) (v, o), so T(po, p) = 7(po, ') for all v — p, p'. Using 7(p, p') = 7(p', p) for
all v — p, p/, we obtain 7(—, —) = ¢ for some constant c.

O

Proposition 10.1.10. Assume L(j+1) is constructed using the g1 satisfying (10.1)),

i.e.

qu(j+1)|q2M(j+2)[1HqM(j+1) = @ {U(Ma )\)fu,k}x—u'
XA Ao)=7+2

Then

Hompg (qL(j +1),V*(v)) = C.

Proof. As before, by Proposition [6.3.11] we have
Homg ((¢L(j + 1))i[m], V¥(v)) =0
for all m # 0. Furthermore,

(@LG+1),= P Tw= P Twe E T

b, 0)=j+1 pil(pho)=5-+1 pil(p,ho)=5+1
notv—p vVl

Thus, by Proposition [6.3.6] and Lemma [9.1.1] we obtain

Homg ((qL(j + 1))0,\/*(1/)) ~ Hompg ( @ qT(M)7V*(y)> i~ @ C.

pil(p,Mo)=7+1 pl(p,Ao) =541
VL V—r L

Moreover,

@LG+1),2 P FTwe P aVien

wil(p,Ao)=4+2 pb(p,ho)=4+1
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= P ITtwe D PSTw

il (p,Xo)=35+2 pel(p,A0)=7+2
V—— v,p unrel.
o P Ve @ Vi
pl(p,ho)=j+1 (s o)=7+1
V—r i not v—p

By Proposition [6.3.6] we know

Hompg ( @ ¢ T(u),V*(U)) =0.

il ho)=5-+2

v, unrel.

We have that v — § — p can either be straight or part of a diamond. So by Proposi-
tion and Lemma |9.2.5] we get

Hom g ( @ ¢ T(u),V*(y)> = @ C

pel(p,A0)=75+2 pel(p,M0)=5+2
Sty v——u in diamond

Furthermore, by Proposition |9.1.2

Hom ( D qV*(,u)l,V*(l/)> = 0.
pl(

HAo)=j—1
V=l

If 1 is not comparable to v and T(y') a shifted summand of V*(u);, then by
Lemma [6.1.10| ¢/ < p and therefore p/ < v or p/ not comparable to v; so using Propos-

ition [6.3.6] we get

Homp ( @ qV*(,u)l,V*(l/)> =0.
pl(

mAo)=j—1
not v—p

Thus, altogether, we have

Homp ((¢L(j +1))1, V*(v)) = Homg ( P q2T(,u),V*(y)> ~ P c

pil(p,Ao)=5+2 pil(p,ho)=7-+2
v——p in diamond v——p in diamond

Now, by Corollary [5.2.5(), we have to consider

ker (HomK (gL + 1))o, V*(v)) =2 Homp ((qL(j + 1))1,v*(y)))

= ker (HomK ( @ qT(u),V*(V)) N Hom g ( @ 7’ T()\)aV*(V))>'

pil(p,Ao)=5+1 wl(p, o) =542
V—rp v—— in diamond
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By assumption dj, = ®>\Zf()\,>\0):j+2 {a(,u, A)fm)\}/\%ﬂ, thus we have to precompose with

@ {U(M,)\)(fm)\)()})\(_#: @ {U(N’)\)ﬁﬂ)‘})\(—‘u’

v——A v——A

where H,, \ = H; for u NN

By Lemma 4.2.3] every f € Homp (@u:f(u,ko):jﬂ qT(,u),V*(V)) is of the form f =
V=

D, c,Hy, . Thus,

fodp = @ Z cpHy 00 (p, N)Hy

VoA v u—A
in diamond

- GB (C#ﬁ'/,# 0 o (1, NHyu + crHy 0 o (1 )‘)ﬁu’A)
v——A
(A’ ,v) diamond

- % (CNU(N’ )+ ewo (i )\)>HV7M o Hyx,
U——r A
(Ao’ ,v) diamond

since for every ¥ —— X in a diamond there are unique p; # pg such that (v, pi, p2, A)
is a diamond and they satisfy Hv,u ) H%A = H%M/ o HM/7>\ because the saddles are on
different strands since we have a diamond.

Therefore, for f to be in the kernel we need
cuo(p, A) + o (i, ) = 0.

By Lemma [10.1.9) we get ¢, = c¢- o(v, ) for all v — p for a fixed ¢ € C. Thus, the
kernel is isomorphic to C.

O

Proposition 10.1.11. Let v be not single and {(v, \o) = j < r — 2. Assume L(j + 1)
is constructed using the gj41 satisfying (10.1), i.e.

dyrGianlemGron Gy = D {o( N funtre
Al(AA0)=j+2

Then there is a unique f; € Homg (qL(j + 1), V*(v)) such that

Filapreny = @ o (v, A) fu-
AL Ao)=j+1
AV

Proof. Let 0 # g € Homg (¢L(j + 1), V*(v)). For p with £(u, Xo) = j + 1 we have
9glgv+(p) is a chain map. We can assume that g|qv*(u) = 0 if ¥ and g are not compar-
able, since otherwise we can homotope it to 0 using Theorem and Lemma
Furthermore, if v — u, then glov«(,) = Tufy, for some 7, € C by Theorem m
Now consider A with £(A\,\g) = 7 + 2. For every such A we have a multi-map
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gleveoyn - @ V*(N)[1] = V*(v). Moreover, for all u — X\ with £(u,\o) = j + 1
we have that

% @ — U(l“v)‘)f A " N
9la2 v @ €D 9lgve : Cone <q2V (V) == PaV (u)) = V(v)

= n—A

is a chain map.

By Lemma [10.1.8] for v — pu1, v — pg, p1 # pa, there is some A such that (A, p1, po, v)
is diamond. We apply the chain map-condition when starting at ¢> T(\) = ¢®> V*(\)o.

By Proposition there is no map ¢ T()\) — V*(v);: By Theorem V*(v) is
a linear complex, thus V*(v); contains only summands ¢ T(7) which by Lemma
satisfy 7 < v. Thus, every map from ¢? T()\) to a ¢ T(7) is of degree 1 and the same
is true for the differential ¢ T(7) — T(v). Thus, Lemma gives A = vs;sit1, i.e.
v —— A is not part of a diamond, which is a contradiction.

Since 0 = (glg2 v+yp1)o : 0 — V*(v)o, this forces

:< Glov-i ) D o1 N (Fur)o
v

H—A

= (fodo | o | B o (i, M (Fun)o

;:*; Ho
= > o N7 (fugdo © (Furdo
V=rfh

n—A

= U(Mlv )‘)Tul ’ (fV7M1 © f#l)\)o + U(HZ’ )TMQ : (ny,UQ o f#2, )

where the last equality holds since by Lemma [10.1.8| there is no § with v — § — A
except for 1, puo. By Theorem we have fy, 1, © fui A = fuus © fus,n, hence

U(:U’la A)Tll‘l + O-(:U’Qv )‘)TMZ = 0.

By Lemma [10.1.9| we obtain 7, = c - o(u, ), which yields g[,v«() = co(i, A) fun-

Now choosing f; := %g gives the desired result. Uniqueness follows from Proposition
10.1.10 O

Now we have inductively proven Theorem and can use it to define our desired
complex.

Definition 10.1.12. Let the g; : ¢L(j + 1) — M(j) be as in Theorem [10.1.4, Then we
define L(Ao) := L(0).

We will show that L(\g) satisfies L(Ag).U; in Section The next section is dedicated
to a special family of examples of L(\g). Before passing to them we want to make some
general observations.
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Remark 10.1.13. We can describe the entries of L()\g) via the entries of the V*(\)’s:
In the ith homological degree of L(Ag) we have

L= @ IV

j+l:7‘7£(A»)‘0):J

Since Ag is the only A that satisfies £(A, A\g) = 0 we have L(X\g)o = V*(Ao)o = T( o).
Furthermore, there is only one A € A(n, k) with £(\, A\g) = 1 and it is A = Agsy since
Aosi = Ao for all ¢ # k. Hence, L(A\g)1 = V*(Aosk)o = T(Nosk).

Note that L(Xg) is concentrated in homological degrees 0 to 2k(n — k).

Furthermore, we have [L(X)] = [}] vx,-Pn as explained at the beginning of this section.

10.2 L(\) for special cases

We consider the complex L(Ag) for k=0 and k = 1.
For k = 0, we have A(n, k) = {\o} = {\/ .V}, thus

\
L(h) = V*(A) = )

For k = 1, the T(\) with A\ € A(n, k) contain exactly one cup that has two black
endpoints if A # Ag. For this section, we introduce a new notation:

0= =\

and T(i) = T()\;) where \; has the A at place i + 1, i.e.

The same notation is used for the V*(\)’s.

Now the morphisms between the T(i) in Cup(n,1) are easy to determine and they are
described by the following quiver:

H1 H2 H3 /Hgl
T(0) T(1) T(2) _ T(n—1)
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modulo the relations

Hiy1 H; = 0=H;H; (10.2)
ﬁi—f—l Hi+1 = Hz ﬁl (103)
Ho Hy = 0. (10.4)

We have already considered some of the relations for n = 2,3 in Example |3.3.3] The
relations can be seen directly from the relations of Cup(n,1), but some also follow
easier from the theory of Section Relation ((10.4) follows from Lemma [3.4.15| or

alternatively from neckcutting and the additional relation 1) of Cup(n,1). Relation
(10.2) follows either directly from the additional relation 2) of Cup(n,1) or from the
fact that

HomCup(n,l) (T(Z)v T(Z + 2)) =0= HomCup(n,l) (T(Z =+ 2)7 T(Z))

by Corollary |3.4.13] since T(i)T(i 4+ 2) has a red circle. From neckcutting and the
additional relation 1) and of Cup(n, 1) we see that

Hip1Hipq =

so relation (10.3]) holds. Also, for i # 0, T'(i)T(¢) has one black and several green circles.

Since we know

ifr=0,i=j,
ifr=1,i=j+1,
ifr=2i=j#0,

otherwise,

dim Homgyp(n,1y (T(7), T(4)), =

S = =

from the considerations above and Lemma [£.2.3] the dimensions are as required those
are all relations needed.

Furthermore, from the description via hypercubes V*(i) = V*(Ag.si...s;) =
T(0).R(1,...,7) (cf. Proposition [6.1.5) we obtain

(71)2‘71 H1

3 . _1\i—2 _ .
VE (i) (qlT(O)—>q@*1T(1) (D7 Hy  ZHim

aT(i = 1) 25 T()),
since T(0).U; =0 for j # 1 and T(0).U; ...U; = T(j). Hence, V*(7) is isomorphic to
¢ T(O) 2 gty 2 B g - 1) B 1

(see also Remark [10.2.1| below) giving us the representative for the isomorphism class
of V*(i) we will use from now on. The chain maps f,, ) for v — X from the construction
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of L(\p) for this representative are now f;_1; : ¢ V*(i) = V*(i — 1) given by the saddle
H;: qT(j) = T(j — 1) in every degree, see also Example [9.1.12

The following remark allows us to ignore the signs:

Remark 10.2.1. Let W and W’ be double complexes with W = W' when forgetting
the differentials and assume the differentials differ only by signs. Let R = Tot(W)
and R’ = Tot(W’) be the associated total complexes. Then there is an isomorphism
¢ consisting of maps +id only in each degree between R and R/, i.e. every ¢; : Rj =
A1®-- DA — R; = A1 ®---®A; is a diagonal matrix with the entries on the diagonal
either id or —id. We call such an isomorphism a =£-isomorphism.

Indeed, since the squares in the double complex have to anti-commute, when considering
the same square in W as in W', then the signs of 0, 2 or 4 maps differ. Thus, it is
possible to make the map id: W — W' into a morphism of double complexes by adding
signs going square by square. This gives a +-isomorphism between the double complexes
which induces one between the total complexes.

In particular, viewing the complex as a one row double complex, all the possible signs
for the V*(j) give rise to +-isomorphisms. Moreover, if we have a complex R that can
be written as the total complex of a double complex W where every W; ; is just a single
q""'T(t;), then we can ignore the signs of the differentials since every possible choice
leads to a complex isomorphic to R.

Lemma 10.2.2. For k = 1, L(\g) is of the form Tot(W), where W is the double
complex having the ¢ V*(i) as rows with vertical maps given by the fi_1; (up to signs).

Proof. The only non-zero maps in the definition of L(\g) (Definition [10.1.2|and |{10.1.12)
are the f;_1;, since the other maps in the definition would result in maps ¢" T(i) —
q"7 T(j) with ¢ > j+ 1. But there are no T(i) — T(j) for ¢ # £ 1 in Cup(n, 1) due to
relation . Taking repeatedly the cone as in the definition of L()g) is (up to signs)
the same as taking the total complex of all the maps. O

Remark 10.2.3. Let L := L()\g), then Remark [10.1.13| reduces in our special case to
Lizqd & 10
j<i, j=i mod 2

fori <n—1land L; = qu_Q(”_l)LQ(n,l),i for ¢ > n—1. Up to sign, the differentials are
the saddles H;41 : ¢ T(¢) - T(i+ 1) and H; : ¢ T(4) — T(: — 1) if ¢ > 0. One possible
choice of signs is to take the saddles without signs except for — H; 11 : ¢ T(i) — T(i+1)
if and only if this map is part of ¢?+1V*(2[ + 1).

Example 10.2.4. For n =5 we have L(\g) =
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FT0) 15 T T(1) 25 ¢S T(2) 24 g7 T(3) — ¢ T(4)

SN e

FTO) =5 P T(1) =3 g1 T(2) =3 3 T(3)

S e e

¢ T(0) 5 GBT(1) 12 @2 T(2)

U

2 T(0) = g T(1)

10.3 Categorification of a trivial 7T'L,,-module

Now we prove the important property of L(\g) that made us use the maps f), in the
construction of L(\p).

Theorem 10.3.1. L(\o).U; >~ 0 for all i.

Proof. We show that L(\g).U; satisfies the conditions of the next proposition (Pro-

position [10.3.2]). As in Definition [10.1.2[ let » = k(n — k). Our goal is to change the
numbering such that L(Ao).U; := L(0).U; =Y (r + 1) =Y. For this we choose

(X9 1<) <r}={gd PRIV (). Ui | 1, Do) =7+ 1— i}

for every 1 < i <7+ 1. Thus, we have X (1) = ¢"M(r).U;, X(2) = ¢" ' M(r — 1).U;
and so on until finally Y (r 4+ 1) = M(0).U;. When we now set ¢ = g,_1.idy,, g° =
r—2.1dyy;, . -, gt = go. idy, with g; as in Deﬁnition we obtain Y = L(Ag).U;.
By Proposition we know that ¢/#A)V*(u).U; ~ 0 if p = ps;. All the
other u satisfy pu # ps; and therefore, by Corollary they split into pairs
(ql(ﬂsi’AO) V*(usi).ui,ql(“’AU)V*(/,L).L{i) for p < ps; which are homotopy equivalent
as required. Let { =1(u, Ao) and I’ =r 4+ 1 — [. The homotopy equivalence is

fl/’pnllsi — <g> . ql V*(M)uz N ql+1 V*(Usz)uz
where 8 = idy=(,) .A" and ' =id () id : U; — U;U;. By construction

U .
g ’q“fl V*(us;). U= V*(p). U; — O‘(,u, /Lsi)fu,;wy ldlx{i .

But f s, \V*(#).uiﬁv*(u) = idy+(,) Hi, so when we compose we get

9" g1 v (use). st Vet © ST = 0 (1 asi) iy ) (Hiidyg,) o (id Q) id))
= o(p, psi) iy ()., -

Finally, for the last condition, we need that for u < ps;, A < As;, £(A, No) =1 =4(u, No),
we get that us; and A are not comparable, so that there is no map between ¢!t1 V* (s;

and ¢! V*()\). But this is just Lemma|l.1.33 O
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To show the theorem above we reduce it to the following abstract framework.

Proposition 10.3.2. Assume we are in the following situation:

o We have chain complexes X", 1 =1,...,s,7 = 1,...,1r; with entries in an additive

category

there are complezes X (i) := @)L, X4

e a complex Y is constructed inductively via setting Y(1) = X(1), Y(t) =
t
Cone (Y (t — 1) 7z, X(t)) fort > 2 and some chain maps g' and finally Y =Y (s)

e for some i,j we have X" ~ 0

all other X*J split into pairs (X, X”l’t/) such that

. e o, S o, ]
° Xz,t ~ X1+1,t via fz,t,t :Xerl,t N Xz,t with gz+1‘Xi’t_>Xi+1!t, ofz,t,t =4+id
. o i _ .
o for (XO, XL £ (X0 XYY different pairs we have g’“\Xi,t_}X,.H’{, =
0.

Then X ~ 0.

Proof. We show this by induction on s. If s =1, then X = @;1:1 X1 with X179 ~ 0.
Of course, then X ~ 0.

Now for bigger s consider X(s) = X1 @ ... @ X*"s. For some j we have X%/ ~ 0,
assume wlog. X*J ~ 0 for j = m + 1,...,r,. Thus, via f* := (id,...,id,0,...,0) :
X(s) = X' @... @ X5 = X/(s) we have X (s) ~ X'(s). Therefore, by Lemma

yzzyg):cmw(yg—¢)£+xgg::cmw(yg—1yﬁﬁixwg).

Since f% o g® is just the restriction of ¢g°, we denote it by gls. We know
s—1
Y (s — 1) = Cone <Y(s —2) L X(s— 1))

(for s =2 set Y (s —2) = 0). Hence,

Y ~ Cone <Cone (Y(s —2) Q X(s— 1)) ﬂ X'(s))

gsfl@gs,Q gS,l /
:CmeY@—@M———%CM%X@—D—%XQD,
where g = >t @ g%? for g>1 : X(s — 1) — X'(s) a chain map and ¢*?: Y (s — 2)[1] —
X'(s) a multi-map.
By the assumptions, we know that for every X7, j = 1,...,m, there is a partner Xs-L1J'

satisfying the conditions above. Wlog. we can assume that X*~ 17 is the partner of X*J
for j =1,...,m. Thus, we have

X(S _ 1) ~ Xs,l DD X Sm D Xs—l,m+1 DD Xs—l,r5,1 — X’(S _ 1)
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via
fs—l (fs 111 fs lmm@ld@ @1(1) (S-l)—)X(S—l)

and homotopy inverse

—s—1 s—1,1,1 —s—1mm

f = (f @-af T ede--did): X(s—1) = X'(s—1)

—1,

by assumption, where f~ is the homotopy inverse of f*~ 1% for i =1,...,m. Thus,

by Lemma we have

8’10f871

Cone (X(s PRI X’(s)> ~ Cone (X’(s BN X’(s)) .

and
+id if1<i=j<m,

1 s—1
987 Of S,1 s,j —
( xoinxed {0 if1<i#j<m,

by assumption, since ¢g*!|ys-1; = g°|xs-1,; by construction.
But now, by Lemma [10.3.3] below, we obtain

slofs 1

Cone <X’(S 1) ERAENS ' (s )> ~ (Xs—l,m+1 DD Xs—l,rs_1)[1]

via a : Cone(g*tofs~1) — Xs—tmtlg. ..o Xs~1rs—1 with a|ys; = Oforallj =1,...,m
and O[|Xs—1,j4)X$—l,l = 5j,l idforallm+1<j,1<rs,;.

s,1
Altogether, Cone <X(s -1) < X’(s)> ~ Xsmhmtl gy X571 via some

s,1
h : Cone <X(5 -1) < X’(s)) — XsTlmtl g g XL
78—1 0
By Lemma |5.1.6| we know h = a0 < .1 . ), where
—g>t o H id

(_g{i_: . i‘i) : Cone <X(s SR A X(s)> — Cone (X’(s 1) L0 x(s )>

and H: X(s—1)[1] = X(s—1).
Finally,

Y ~ Cone <Y(s —2)[1] %) Cone (X(s -1) ﬂ X,(S))>

o(gs—1 s,2
~ Cone <Y(s—2)[1] el™_ &g, )XsLm“@‘--eaXSl”"sl).

The explicit description of ?S_l and « yields that h o (¢°7' @ ¢%?) : Y (s —2)[1] —
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X s—1m+1 @ P Xs—Lrs—1 gatisfies

ho(g° ' @ g% xe-2i s xs1i = 8% xom2 xro- 1

for all 4,j. Therefore, Y ~ Y’ for some Y’ that satisfies the conditions for s — 1 when
we choose X1+l @ ... ¢ Xs~17s-1 a5 the new X (s — 1). Thus, we are done by
induction. O

Lemma 10.3.3. Let X',..., X" be chain complezes in an additive category. Letm < r
and f: X' @ X" = X' @& X™ be a chain map such that

f’ . o +id ifl S i::j S m,
XX if1<i#j<m

Then Cone(f) ~ (X™H @ ... ® X")[1] via a : Cone(f) — (X" @ ... @ X7)[1] with
a:(X'e--oX)aoeX'e---a XM, = (X" @@ X7 satisfying
=0 foralli,j and

a|XZ—>Xl] L

" o id ifi=j,
i i = )
X=X 0 otherwise.

Proof. We can apply Corollaryfor X=X'g¢..¢gX"=2Y=X""g...¢X"
and U = 0 since by the assumptions ¢ : X — Z is a diagonal matrix with 4+id on the
diagonal, hence an isomorphism. Therefore, Cone(f) ~ Cone(Y — 0) = X" @ ... @
X"[1]. Since U = 0, the homotopy equivalence is given by « : Cone(f) — Y[1] with

= (0id0) : X1 ®Y;1 ® Z; — Yi_1. O

10.4 Endomorphisms of L(\)

The endomorphisms of L(\g) form a ring which is interesting on its own but will also
be used for the functor G in the next chapter.

For this section we denote L := L()\g) and let End(L) := @ Hompg (L, L (i) [7])-

1,JEL
Before we can consider End(L), we need to know more about maps from shifted T(u)
into L. This uses the following consequence of Theorem [10.3.1]

Corollary 10.4.1. Homg (T(u)[5] (1) , L(Xo)) = 0 for all pp # Xo and all j,1.

Proof. For every pu # Mg there is some v and some ¢ such that u = vs;. Thus,
by Lemma we know 0 — T(u) - 0 = (0 - T(v) — 0).U;. Therefore, by
Lemmawe have Hom (T(u)[j] (1) , L(No)) = Homy (T(v)[5] (1) , L(Mo)-U; ). But
by Theorem we know L(Ag).U; ~ 0, so we are finished. O

Proposition 10.4.2. Homg (T()\O)[j] (1) ,L(Ao)) = 0 otherwise

{@ ifj=1=0,
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Proof. By Remark we know that L(Ag)o = T(Ao) and L(Xo)1 = gT(Xo-sk)-
Furthermore, Homg (T(Ao), L(Ao)o) = C and it does not factorise through L(Ag)1 by
Lemma i.e. there is no nullhomotopy. Therefore, Homg (T(Xo), L(Xo)) = C.
For [ # 0, Lemma [3.4.15] yields

Hompg (T(Ao) (1), L(Xo)) = Homg (T(Ao) (1), L(Ao)o) = 0.

For j < 0 we trivially have

Homy (T(Xo) (1) [7], L(Xo)) = Homg (T(Xo) (1) ,0) = 0.

Now assume j > 0. We know that L(\g) contains all V*(u) as (shifted) partcomplexes
with additional maps going to V*(v)’s with v < p. And by Proposition we have
Hompg (T(Xo) (1) [5], V¥*(i)) = 0 for all ,j and p # Xo. Consider now « : T(Xg) —
L(Xo)j, 7 > 0. Again by Remark we have

L= P VO

i+H=4,6(A\,\o)=i

Now choose 7 maximal such that there is a A with (), A\g) = 4 and alp(g)—v+) # 0.
In the construction of L(Ag) we first take M(a) = Dy 1))=o and then find maps
between M (a) and shifted M (b) for different a and b. Thus inside L()\g) there are
no maps between V*(A\) and other V*(X') with £(X,\g) = £(A\, Xg). Therefore, we
can use the next lemma (Lemma by which « is homotopic to some [ with
Blrrg)—v+(n) = 0. Because there are no maps between the V*()\') inside L(Ag), we can
do the same for the other V*(\') with ¢(X,\g) = i without destroying that the map
restricted to V*(A) is zero. Then we continue with ¢ — 1 until all maps are zero. Thus,

Homp (T (Ao) (1) [5], L(Xo)) = 0 for j # 0. O

Lemma 10.4.3. Consider C' := Cone(A ERN B) and an object P considered as a chain
complex concentrated in homological degree 0. Assume that Homg (P[j], A) = 0 for all
j. Then every a € Homg (P[j],C) is homotopic to some ( with 5|p—a = 0.

Proof. This is a special case of Lemma Since C'is a cone, we have do|pa = 0. O

Armed with the facts above we can calculate the dimensions of End(L).

Theorem 10.4.4. We have dimEnd(L) = (}}). More precisely,

rj ifi=7,

dim Homy (L, L (i) [5]) = {0 otherwise

where i := #{\ € A(n, k) | 20\, No) = i}.

Proof. We first compute dim Homg (L, L (i) [j]). By Corollary [10.4.1] and Proposi-
tion [10.4.2) we have Homg (T(X) (1), L[t]) = 0 for all [ and all ¢ # 0. Thus, for fixed s
we obtain Homg (L; (s), L[t]) = 0 for all ¢ and ¢ # 0. By construction the only shifted

T(Ao)-summand inside V*(X) is ¢/ A20) T()\g) = V*(A)ean)- By Remark we



10.4. ENDOMORPHISMS OF L()\g) 141

know that L; contains 7; summands ¢’ T(\g). Thus, by Corollary and Proposi-
tion when we consider L; in homological degree 0 then Homg (L; (s), L) = 0 for
all i # —s and dim Homg (L; (—i), L) = r;. Therefore, by Corollary c) we obtain
Hompg (L (s),L[j]) = 0 for all j # —s and Homg (L (s), L[—s]) = Homg (L_s(s), L).
Thus,

dim Homg (L, L (—s) [—s]) = dim Homg (L (s) , L[—s]) = dim Homg (L_s (s), L) = r_s,

i.e. dimHomg (L, L (s) [s]) = rs. Now dimEnd(L) = >, 7; = (}), since every V*()\)
contains exactly one T(\g)-summand and the number of all V*(\) contained in L is the
whole A(n, k), i.e. we have >, 7 = |A(n, k)| = (}).

O

Definition 10.4.5. End(L) is a ring with the following multiplication: Let f €
Hompg (L, L (z) [j]) and g € Homg (L, L (') [§']). Then

g.f =go f€Homg (L,L{(i+14)[j+5]),
where we use
Hompg (L (i) [7], L <z + i’> [j +j’]) = Hompg (L7 L <z’> [j']).

Lemma 10.4.6. End(L) is a local ring.

Proof. Let I = @,.(Homg (L, L (i) [i]). Since by Theorem |10.4.4] all non-zero sum-
mands of End (L) are of the form Homg (L, L (i) [i]) for i > 0, I is an ideal. Furthermore,
ro = #{X € A(n, k) | 20(\, Ao) = 0} = #{ Ao} = 1, thus I is maximal. O

We now compute End(L) in the cases k =0 and k = 1.
The case k = 0 is trivial: End(L) = End(T()\g)) = C by Lemma [3.4.15|

For the rest of this section we consider £k = 1 and we use again the notations of Sec-
tion [10.2)

Proposition 10.4.7. We have L = L* (2(n — 1)) [2(n — 1)] and the isomorphism is a
+-isomorphism, where * denotes again the reflection from Definition [7.2.1}

Proof. By Remark [10.2.3| the two complexes have obviously the same entries. Up to
sign, in the reflected complex we still have all the possible saddles as differential. So by

Remark they are +-isomorphic. O

Definition 10.4.8. For r < n let L" be the complex Tot(W") where W is the double
complex having the ¢' V*(i) with i < 7 as rows with vertical maps given by the fi_1;
(up to signs).

Example 10.4.9. In general, we have L(\g) = L™ (cf. Lemma [10.2.2)). For n = 5 we
have L5 = L(\o) (cf. Example [10.2.4)) and
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B T(0) = ¢ T(1) = ¢* T(2) =¥ 3 T(3)
H; H, H;

@ TO) @31 3 212

L* =~ \Hl \ﬁ2
PTO) S qT(1)
g
T(0),

From the definition we immediately obtain:

Lemma 10.4.10. L" contains the L® for s < r as a subcomplex starting at homological
degree 0 on the right.

Corollary 10.4.11. For r < n, L™ contains a partcomplex called L", which is left-
aligned inside L™, such that L (—2(n — 7)) [=2(n — r)] is £-isomorphic to L".

Proof. We have the partcomplex L" in L™ right-aligned, which by going via the =+-
isomorphism to (L™)* (2(n — 1)) [2(n — 1)] is sent to (L")* (2(n — 1)) [2(n — )] =: L".
Thus, the desired t-isomorphism comes from composing this 4-isomorphisms with the

one from Proposition O

Now we see that the End(L"™) are well-known rings.

Proposition 10.4.12. End(L") = C[z]/(z").

Proof. By Theorem we know the dimensions and only have to find non-null-
homotopic maps corresponding to =" € Clz]/(z™). We define f, : L™ — L™ (2)[2]
as the Z-isomorphism of the partcomplexes L"~1 of L™ and L™~ ! (2)[2] of L™ (2) [2].
It is not null-homotopic, since it contains £1id : T(0) (2) — T(0) (2) which does not
factorise. Now (fz)" : L™ — L™ (2r) [2r] is 0 except for a £-isomorphism between the
partcomplex L= of L™ and L("~") (2r) [2r] of L™ (2r) [2r] which by the same reasoning
is not null-homotopic. ]

Note that End(L") is hence isomorphic to the cohomology ring of CP"~! with complex
coefficients.
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Example 10.4.13. For n = 4 the chain map f, looks like this:

FTO) "B P T1) —2 A T(2) 2 #T(3)

FTO0) = T T(1) —B g5 T

10.5 Linear complexes revisited

We come back to the heart of the linear t-structure (cf. Section to find out what
kind of object L()\g) is in there. But before we can use the abelian structure of the
heart, we have to show that L()\g) is contained in it. Also, we need some knowledge
about maps from linear complexes to a homologically shifted L(\g) in order to calculate
Ext-groups.

Lemma 10.5.1. For A € A(n,k) and m # 0 we have
Homy (T(X) (5) [5], L(Xo)[m]) = 0.

Proof. We have Homg (T()\) () [j],L(Ao)[m]) = Homp (T(/\) - m],L(/\o)) and
j —m # j. Thus, the assertion follows directly form Corollary [10.4.1] and Proposition
10.4.21 O

Corollary 10.5.2. Let X be a linear complex and m # 0. Then
Homy (X, L(\o)[m]) =0

Proof. This follows inductively from Lemma [10.5.1] using Lemma, [6.3.7] analogously as
for Proposition [6.3.8 O

In the heart of the linear t-structure, L()\g) is a special object:

Proposition 10.5.3. L()\) is contained in the heart C' of the linear t-structure and
there it is the injective hull of T(\g) via the canonical inclusion T(Ao) — L(Ag) given
by id : T()\o) — L()\())o.
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Proof. Since the V*(\)’s are homotopic to linear complexes by Theorem by the
construction of L()\g) and Lemma the same holds for L(\g).

By Proposition [8.4.4] T()¢) is simple and id : T(Xg) — L(Ao) is a monomorphism.

We have Extél (X,L(Xo)) = Homg (X,L(\o)[1]) = 0 by Lemma and Corol-
lary [10.5.2| for all linear complexes X, thus L()\g) is injective.

Since End(L(\g)) is local by Lemma [10.4.6} id : T(Ag) — L(\o) is an injective hull by
the dual statement of [Kral2, Lemma 2.2.3]. O

For the next chapter we need some more facts about maps into L.

Lemma 10.5.4. Let M be a complex in Kb(C/LH)(TL, k)) where no summand of an entry
contains a circle. Assume f: M — L is a chain map such that fo contains no degree
0 maps, i.e. when we write fo : My — Lo as matriz then no entry is a degree 0 map.
Then f ~ 0.

Proof. Consider fo : My — Lo = T(X\o). If T()\g) is a summand of My, then by
assumption fo|p(y,) = 0, since by Lemma 3.4.15| the only map from T(Xo) to itself is of
degree 0. For summands X of My which are not equal to T(\g) we know Homg (X, L) =

0 by Corollary [10.4.1{and Proposition [10.4.2} Thus by Lemma [~ f with f{ =0.

Now we can apply Proposition for r = 1 and I" maximal and obtain f' ~0. [

Definition 10.5.5. We call a complex M a shifted linear complex, if there is some m
such that M[m] is a linear complex.

Lemma 10.5.6. Let M be a shifted linear complex and assume there is a mnon-
nullhomotopic chain map f: M — L{a)[b]. Then f consists of degree 0 maps.

Proof. Since f is non-nullhomotopic if and only if ' := f (—a)[-b] : M (—a) [-b] — L
is nullhomotopic, we can apply Lemma to f’ and obtain that f{ contains a non-
zero degree 0 map. But this means that M (—a) [—b] is linear and f’ consists of degree
0 maps. Thus, the same holds for f. O



Chapter 11

Categorified Jones-Wenzl projectors
as a composition

In this chapter, we define two functors that satisfy the properties of the projection
and inclusion factorising the Jones-Wenzl projector on a higher level. Therefore, their
composition categorifies the Jones-Wenzl projector. Then, we recall Cooper-Krushkal’s
definition of the universal projector and start to relate the action of the universal pro-
jector to our composition of functors. We recall Rozansky’s construction of the universal
projector and use this to calculate the action of the universal projector for £k = 1 and
general n.

11.1 The categorification of projection and inclusion

The following theorem will motivate the definition of a functor F' below which leads to
the categorification of the projection m, that is part of the factorisation of the Jones-
Wenzl projector pi,.

Define 7, on K (Kb(éu\p(n, k))) via the isomorphism ® of Theorem [7.2.9] that means
Tn([M]) := 7, (®(1 ® [M])), where m, is the projection from Definition 2.2.1l

Theorem 11.1.1. We have

mn ([M]) = (—1)" dim Homg (M, L(Xo) () [i]) ¢’ v*,
i,J

where v is as in Definition|2.2.1]
Proof. By Corollary [10.4.1] and Proposition [10.4.2] we have

. C ifA=Xpand j=1=0,
Homp (T(A), L(Xo) (4) [1]) = 0
0 otherwise.

Thus, for M = T()) the right hand side reduces to v* if A = \g and 0 otherwise. By
Theorem we have m,([T(\)]) = mp(voy), thus, comparing with Corollary we

145
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see that the assertion is true for all T(A). Of course, both sides are compatible with
internal and homological shifts. When the assertion is true for complexes A and B, then
putting Cone(A — B) into the right hand side, by Lemmal[7.3.4]we get m, ([B]) —m, ([A])
which is equal to 7, ([Cone(A — B)]). Therefore, the assertion follows inductively by
Lemma [T.2.5] O

Definition 11.1.2. Given a collection of vector spaces V(4 ), a,b € Z, we denote by
V =B Vi) (a) ]
(a,b)

the bigraded vector space with graded components V().
Denote again L := L(\o).
In particular, for X € K (611\1)(71, k)) we have the bigraded C-vector space
F(X) = D Homy (X, L (i) [1]) (i) [1]
i?j
We can view the differential of X as a chain map d : X — X[1]. This map induces a
map d via

P[] = @HomK (X, L) [5]) @[5+ 1

i.J
— @ Hom (X[, L (i) [1]) (i) [j] — €D Homs (X, L () [f]) () [j] = F(X)
i, 12
p—pod
Therefore, we obtain a degree (0, —1) map d on the bigraded vector space F(X) with
a2 = 0. Thus, F(X) can be viewed as a cocomplex of graded vector spaces. F sends
homotopy equivalent chain complexes to isomorphic cocomplexes since maps between

chain complexes are mapped to precomposition with them, and if f o ¢ ~ id, then
ao fog=«inside Homg.

For an additive category A let K“°(A) and D(.A) be the homotopy or derived category
of cocomplexes, resp; similar for other variants of complexes.

We now have a functor
F: K*(Cup(n, k)) = D**(C-gfmod),
where C-gfmod denotes finite dimensional graded C-vector spaces.

Lemma 11.1.3. The differential d is always zero.

Proof. Let Y = L (i) [j]. We know that the differential d sends f € Hompg (X[1],Y) to
fode Homg(X,Y). We define a homotopy h : X[1] — Y via hy = (—t) ft, then

dyhi + hi—1dx = (=) fidxp) — (0 — 1) fidx = ifidx — (i = 1) fidx = fidx.

Thus, fdx is 0 in Homg (X,Y). O
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We want to show that when applying F' only the shifted T'(\g)-summands are important.
As a first step we see that it is enough to consider complexes of a certain form.

Remark 11.1.4. As before, every complex in K (C/li)(n, k)) is isomorphic to a com-
plex of sums of shifted T(A) by delooping (Lemma . Furthermore, it is homotopy
equivalent to a complex where additionally there are no degree 0 maps part of the differ-
ential, since those can be homotoped away using Gaussian elimination (Lemma .
In particular, in these representatives, there are no maps between different (shifted)

T(Xo).

We now fix a notation for the T()\o) inside a given complex.

Definition 11.1.5. Let K~ = K~ (C/{l\p(n, k)) the subcategory of bounded to the right

complexes of K(C/Ju\p(n, k)). Given a complex M in K~ we say ZL‘%T(AO)@) is the
5=

T(Xo)-part of M;j if M; = @ T(Ao){aj) & R, where no summand of R is isomorphic to
some T(\g) (l) with [ € Z.

We call @ @ T(Ao){aj)[b;] the T(Ag)-part of M. Note that by definition of K~ the
j=—00s=

sum is finite in every homological degree. Also, we use [b;] and not [j] since there may
be homological degrees without any T(Ag).

Proposition 11.1.6. Let M be a complex z'n K without circles and not containing

degree 0 maps in the differential. Let @ @ T(Ao)(aj)[b;] be the T(Ao)-part of M.

j=—00 5=

M) = P ey

Then

as a bigraded vector space.

Proof. Again, we work with complexes bounded to the right and can assume that M =
(+++— My — My — My — 0), because otherwise the same argument works with shifts.

We want to apply Corollary e) for C = M and D = L(l). By Corollary [10.4.1
and Proposition [10.4.2) we have Homg (M;, L (I) [j]) = 0 for j # 0. Furthermore, by the

same results we know

Hompg (M;, L (1)) :HomK< P T > ¢ c

s:af=l s:ai=l

But in djs there are no maps of degree 0 and in particular no maps between different
copies of T(Ag) (l), thus the map between Homp (M;, L (l)) and Hompg (M;y1, L (1))
induced by precomposition with dj; is zero. Therefore, Corollary e) yields

Homyc (M, L (1) (7)) (1) [j) & Homye (M, L.0)) () [1] = € €0 1]

szz—l

and altogether we get the desired result. O
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Recall from Definition [10.4.5) the ring End(L) = P, ; Homg (L, L (i) [5]).

We want to see F(X) is a End(L)-module via postcomposing with elements from
End(L). But the End(L)-action does not preserve the internal grading, forcing us
to change it.

Definition 11.1.7. By Theorem [10.4.4f we know Hompg (L, L (i) [j]) = 0 if ¢ # j or
i < 0. Thus we can define a non-negative grading on End(L) by setting End(L) =
D0 End(L)m = D,,50 Homk (L, L (m) [m]). To distinguish from F(L), we denote
this ring with its grading by R = €D,,,>( fm-

We define a new bigrading on F'(X) by setting F'(X) ) = Homg (X, L (a) [a +b]), i.e.
Hompg (X, L {a) [b]) = F(X)(a,—a)-

With this new grading €, F'(X)(q,) for fixed b is a graded R-module: For p € R, =
Hompg (L, L (m) [m]) and f € F(X)p) = Homg (X, L (a)[a + b]) we have po f €
Homp (X, L{a +m)[a+b+m]) = Faimp)-

F(X) is even a complex of R-modules, since the differential is zero and thus compatible
with the R-module structure. Furthermore, the morphisms are R-module homomorph-

isms in every homological degree, since for o : X — Y and f € F(Y)y) we have
foa€ F(X)(qup). Moreover, if ¢ € Ry, then this obviously commutes with the maps,

since po (foa)=(po f)oa.

Therefore, F' is a functor

F: Kb((fu\p(n, k)) — Db(R-gfmod),

where the category R-gfmod consists of graded R-modules that are finite dimensional
over C.

Before we can define G we need to extend the functor F' to some unbounded complexes.
We cannot enlarge to all of K~ (C/u\p(n, k)) since the result of our functor might not
be a cocomplex in R-gfmod otherwise. The following condition is build to guarantee
that when applying F' we obtain cocomplexes bounded in the right direction with finite
dimensional entries in every homological degree.

Definition 11.1.8. Let K (611\;)(71, k)) be the full subcategory of K~ (C/u\p(n, k)) given
by objects X satisfying the condition C: There is an s = s(X) € Z so that

Xz @ (T G)E,

NeA(nk),ji€Z

where the multiplicity ay ; is almost always zero and ayj # 0 implies i — j; < s.
Furthermore, the equation i — j; = t is only allowed to have finitely many solutions for
any fixed .

Since X is in K~ ((Tu\p(n, k)) there is also an v = u(X) such that X; # 0 only if i > u.

Note that Kb(C/lﬁ)(n, k‘)) is a full subcategory of K, ((Tu\p(n, k:)) since for X in
Kb(C/u\p(n, k)) there are only finitely many X; # 0 and every X; is a finite sum of
shifted T(\)’s. Thus, we can take $ = imax — Jmin, the difference of the the maximal
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i with X; # 0 and the minimal internal shift. Of course, the finiteness condition for
solutions of ¢ — j =t is satisfied.

Similarly we enlarge the category D?(R-gfmod). Here the condition will guarantee
that we obtain finite sums and complexes bounded in one direction when we later apply
the functor G defined below.

Definition 11.1.9. Let DCC(),’+(R—gfm0d) be the full subcategory of D" (R-gfmod) of
complexes X satisfying the condition C': There is a u = w(X) € Z such that X; is
supported only in degrees j; with i 4 j; > u and the equation 7 + j; = ¢ has only finitely
many solutions for every t.

Since X is in D" (R-gfmod) there is also an s = s(X) € Z such that X; # 0 only for
1 < s.

Lemma 11.1.10. F' eatends to functor F : K (611\1)(71, k)) — D3’+(R—gfmod).

Proof. We extend F by setting F/(M),p) = Homg- (M, L (a)[a + b]), where K~ =
K~ (C/u\p(n7 k)) We have to check that for M in K ((Tu\p(n, k)) this yields a complex
in DE?/JF(R — gfmod). By Remark |1 we can assume that there are no circles and

degree 0 maps in M. Let X := @ @ T(Ao)(aj)[b;] be the T(Ao)-part of M. Since

j=—oor=
M is in K (Cup(n,k)), X also is in K, (Cup(n k)), so there are s,u € Z such that

bj > u, bj —a’ < s and the equation b; — aj = ¢ has only finitely many solutions for

J
every t. Since Proposmon m 11.1.6| holds completely analogously also for K~ we know

@C Jolalb old—@c )[bj — aj]

Since there are only finitely many solutions for b; — a’
homological degree. The inequality b; > u yields b; — a} + a7 > u and b; —aj < s

bounds the cocomplex. Hence, F(M) is an object of D¢/ Jr(R—gfmod). O

= t, the sum is finite in every

Remark 11.1.11. Having Theorem [11.1.1]in mind we want to view the functor F' as a
categorification of ,. For every complex X we have F/(X.U;) = 0 since by Lemma
and Theorem [0.3.1]

Homp- (X.U;, L(1)[j]) = Homy- (X, L.U; (1) [j]) = Homp- (X,0) = 0.

Note that F(X.U;) =0 is a categorified version of Lemma c¢) when we recall that
Cin is just the action of U;. To make a precise statement on the level of Grothendieck
groups one has to carefully deal with the Grothendieck group of categories of unbounded
complexes (namely K (611\p(n,k)) and Dg),’+(R—gfmod)). This extra difficulty was
addressed in the context of derived categories of graded abelian categories in [AS13].

Lemma 11.1.12. We have F(L (a) [b]) = R (a) [b — a] as a graded R-module.
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Proof. Using Theorem we have

F(L(a) [b]) = @HomK— (L (a) [B], L (3} [5]) @) [ — 4]
= @ Homy (L, L (i —a)[j —b]) (i) [j — 1]

= @HomK, (L,L (i —a)[i —a]) (i) [b - q]

1

= (@ Homy- (L, L) [m]) (m) ) {a} [b  al,

where in the last step we substitute i — a by m. As R-module we get that the term

D,, Homg— (L, L (m) [m]) (m) is R itself. O

The definition of the functor G below is motivated by the fact that in the Grothendieck
group of K’(Cup(n,k)) we have [L(Xo)] = [}]vrg.Pn, cf. Remark [10.1.13] Therefore,
if G o I’ wants to categorify the action of P,, then G should contain copies of L.

Definition 11.1.13 (Definition of G). We define the map G : Dgo,’Jr(R—gfmod) C
D>t (R-gfmod) — K~ (C/lﬂ)(n, k)) as the following composition:

ey

D+ (R-gfimod) & K+ (p(R_gfmod)) @ K~ (]—'(R—gfmod))
&) K+ (Cnt(Cup(n, k)
% K~ (Cup(n, k)

Here, (1) is just the usual equivalence between the derived category of bounded to the
right cocomplexes to the homotopy category of bounded to the right projectives for
cocomplexes.

By Lemma |10.4.6| R is local, thus the projective modules P(R-gfmod) are just the free
modules F(R-gfmod) which yields (2).

The functor (3) is induced by the additive contravariant functor F(R-gfmod) —
Chb(Cup(n,k)) given by sending the object R (j) to L (j)[j] and a morphism ¢ :
R{j) — R(m) to ¢ : L(m)[m] — L (j)[j] constructed as follows: Note that ¢

is given by multiplication with some element ¢ € R;_,,. Under the identification
R =, ;Homg (L, L (i) [j]) this gives a map in R;_,,, = Homg (L (m) [m], L (j) [4]).

Finally, Tot : KT (C’hb(C/u\p(n, k))) — K~ (C/u\p(n, k)) makes a complex of complexes
into a double complex by adding signs and then sends it to the total complex.

Apriori it is not clear that taking the total complex in the last step results in a complex
in K~ (Cup(n, k:)) The next proposition shows that when starting with an element in

Dgo,’Jr(R—gfmod) we not only land in K~ (C/u\p(n, k)) but in K (C/li)(n, k)). Before we
state the proposition we want to consider an example.

Example 11.1.14. Let n = 2 and k = 1. Consider C in Dg),’Jr(R—gfmod), then by (1)
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and (2) it is send to its free resolution

1 0
0 R <& R(2 <& R@ <& R & ...,

after that to

1 0 -1 —2 _3 4
0 L oL@ B oLwie & oLee o,

which as double complex looks like

1 0 -1 -2 -3 —4

0 LO

T
1 L1

T
2 LQ — q2L0

/[\
3 L
T
4 ¢*La — ¢*Lg
T
5 ¢*Ly
T
6 ¢*Lo — ¢S Lg
/[\
7 ¢°Ly
T
8 ¢®Ly — ...
and finally by Tot to
5 4 3 2 1 0

L2 — L1 — LO
o N\, @
¢*Ly — ¢*L1 — ¢*Ly
& N\ ®
¢*Ly — ¢*Ly — ¢*Ly
@ \ ®
"Ly — ¢°L1 — ¢°Ly

e

Proposition 11.1.15. The functor G from Definition is well-defined and has
image in K; (Cup(n,k)).
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Proof. Let X be a complex in Dg),’Jr(R—gfmod). The equivalence (1) can be defined
explicitly by sending X to the total complex of the Cartan-Eilenberg resolution. Recall
that in the Cartan-Eilenberg resolution P, every column P, is a projective resolu-
tion of X, [Wei94 Exercise 5.7.1]. We can resolve every indecomposable summand M
separately. Assume M is in homological and internal degree 0 and consider its project-
ive resolution. Since the differentials play no role in whether condition C” is satisfied,
we denote the projective resolution as if they were all zero. By Theorem [10.4.4] R is
not only positively graded but is only non-zero in even degrees. Hence, the projective
resolution of M is of the form

D D

b<0 ty>s>1
a3 +2b>0

Because of aj +2b > 0, the equation aj +b = ¢t can only have finitely many solutions for

every t, since t +b = aj +2b > 0 can only hold for finitely many b < 0. Also, aj +b >0
holds, since aj + b = aj +2b — b > 0. When we now resolve the complex

X= D MGl
i<s  zij>v>1
Ji+i>u
ji+i=t fin.

where we again disregard the differentials, and then take the total complex, we obtain

DDD D reibei

1<s zz>v>1 b<0 tp>s>1
ji4i>u ap+26>0

Now b+1¢ < s+ 0 < s and aj + ji+b+1i>0+u = u Furthermore, the equation
a; + ji 4+ b+i =t implies u < ji +i <t — (aj +b) < t, thus they are finitely many
solutions for 7 and j;. Also, for every such solution, the equation aj +b =t — j;, — ¢
has finitely many solutions, thus we obtain finitely many solutions in total. Therefore,
condition C” is preserved under (1) and (2).

Thus, we need to consider a complex Y in K~ (.7-" (R—gfmod)) with
7
Yi= DR )
a=1

such that i + j¢ > u for some fixed u € Z, Y; # 0 only for i < s for some s € Z and the
equation i + j¢ = t has only finitely many solutions for every t. Again, for satisfying
condition C” it is not important what the differentials of Y look like, so we will assume
they are all zero. Then

Y =& R3]

1<s,a

with i+ 5% > u. Now applying (3) sends R (a) [b] to L {a) [a, b], where seen as complex of
complexes b denotes the outer and a the inner homological degree. By Proposition|10.5.2
L is a bounded linear complex and thus L = B some ren(nr) L(A) (1) [I] with r =120



11.1. THE CATEGORIFICATION OF PROJECTION AND INCLUSION 153

when we again disregard the differentials. Thus,

v P L) ik

=B H TN+ I+

1<s some AeA(n,k)
a >0

Now taking the total complex yields a complex Z with

Zm= P P P T @+ I+

I+ji+i=m i<s some AEA(n,k)
a >0

Now m =1+ j +i > 0+ u = u, thus Z is bounded to the right. Furthermore, the
equation [ + j¢ +i = m is equivalent to ji +i =m —1. We have m > m—1>m—r, i.e.
the right hand side can only take finitely many values. Since a + b = t has only finitely
many solutions, the same is true for [+ ji +i = m. Finally, (I+ 5% +i)— (I+3j%) =i < s,
so all the conditions are satisfied. 0

Lemma 11.1.16. G(—).U; ~0

Proof. By construction G(M) for some M € Dé?/’+(R—gfmod) is a total complex of a
double complex containing direct sums of shifted L’s in every row. By Theorem[10.3.1]we
know L.U; ~ 0, thus G(M).U; is the total complex of a double complex with collapsing
rows. Therefore, by [CKI2, Lemma 2.12] or alternatively [Hogl2, Proposition 7.5] we
obtain G(M).U; ~ 0. O

Remark 11.1.17. Lemma [11.1.16] is the categorified version of Cj, o ¢, = 0 from
Lemma [2:2.4] To make a precise statement on the level of Grothendieck groups one has
the same problem with unbounded complexes as addressed in Remark [11.1.11}

Lemma 11.1.18. We have G(R (a) [b]) = L (a)[a+b] and G o F(L (a)[b]) = L (a) [b].

Proof. The functor G sends R (a) [b] to Tot(L (a) [a][b]) = L (a)[a + b]. Together with
Lemma [11.1.12] this yields the assertion. O

Remark 11.1.19. Note that we have G(M (a)[b]) = (GM)(a)[a + b]. Indeed, let
P, = Py + P, < P> + ... be a projective resolution of M. Then P, (a) [b] = (P (a) +
Py (a) < Py(a) < ...)[b] is a projective resolution of M (a)[b]. When P, is send to
Tot(Y? — Y1 — Y2 — ...), then P, (a)[b] is sent to Tot(Y? (a)[a] — Y (a)[a] —
Y2{a)[a] = ...)[b] = Tot(Y? - Y! — Y2 — ...)(a)[a + b]. In particular, Go F is
compatible with shifts since F/(X (a) [b]) = F(X) (a) [b — a] by definition. Also, F o G
is compatible with shifts.

In analogy to Lemma a) we now want to show the following:

Theorem 11.1.20. For every M € Dg),’?;(R—gfmod) we have F o G(M) = M, where
here we denote by = the isomorphism in the derived category and Dg’,”g(R-gfmod) 1s the
full subcategory of complexes in Dé?/’+(R—gfmod) with zero differential.
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Note that we do not show this for all of the source of G but only for the subcategory
that contains the image of F. But this is still enough to get P o P(M) ~ P(M) for
P:=GoF and M € K, (Cfti)(n, k)) which is the analogy to the property p2 = p, of
the Jones-Wenzl projector.

We start the proof by constructing a map as follows:

Construction 11.1.21. Let (P.,ds) be in K¢yt (F(R-gfmod)). Then every f €
kerd; C P; defines an element f € F(G(P)).

Proof. By definition G(P,) is the total complex Z, of a double complex X, o with entries
direct sums of L (a) [a] in every row. (Note that we switch rows and columns compared
to Example [11.1.14] to better see how the copies of L appear in the total complex.)

Xo,3 Xo,2 Xo, Xo,0

X 13 Xgp—X 11— X 10—
X o3 X ogo—>X 91— X 9pg——
X_33 X 30— X 31— X 30—

This double complex is bounded to the top since we start in K°**. Moreover, condition
C’ ensures that there are only finitely many nonzero entries on each diagonal, so that
Z, =, tjer X ; is finite for every r. The horizontal differentials, which come from
the differentials in each copy of L, are denoted by 0.

The vertical maps 0 are induced from the differentials in P,. More precisely if P, =
@iR<ti>, P = ®1R<t;> and d; : P; — P;11, then Xi+1,o = @2L<t;> [t;], X@. =
L, ;) [t;] and 0 : Xj116 — Xje is given by the elements of the matrix d;. Now
assume f € kerd;. Then f = @, f; with f; € R(t;). Since R = Homg (L, @, L (a) [a]),
every f; defines a chain map f; : L (t)[t;] — @D, L a)a] and f= &P, i : Xie =
@, L () [t:]] — @D, L (a)[a]. Furthermore, f € kerd; means that fod = 0.

The signs in the double complex are chosen such that the differentials in X; o are given
the sign (—1)". (Note that by Remark different sign choices lead to isomorphic
complexes.) This means, when going to the total complex, X; 4[i] is a partcomplex of
Tot(X) = G(P,).
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\\\\

’ Xi+1,o ‘ 7,+1 °

\\\\
\\\\

’ Xi 1. ‘ ’ Xi 1

\\\\

Hence, f yields a map f : Tot(X) — @, L (a) [a][i] by defining it as f on the part-
complex X;,o[i] and O elsewhere. Now f is a chain map since f od = 0. Thus,
f € F(G(P)) = @, ; Homg- (Tot(X), L (i) [4]) (i) [j]- O

Lemma 11.1.22. In the situation of the construction above, the map

U : @Pkerd; - F(G(P))
@fi — P /i

18 surjective.

Proof. We use again the notations from the previous lemma. We fix a,b and set Y, :=
L{a)la+b]. Let f: Zy — Y, be a chain map. Let f; ; be the restriction of f to the
summand X, ; in Z;;;. By condition C” we know that for smaller i the internal degree
of elements in P; gets bigger. This transfers to X, o, where also the internal degree rises
when ¢ gets smaller. From Theorem we know that the maximal degree of maps
in Cup(n, k) and thus in C/u\p(n, k) is bounded. Since Y, is bounded and thus has a
bounded maximal internal degree, for i < 0 we have f; ; = 0. We choose iy minimal
such that f;; ; # 0 for some j.

We can also assume f;; o is not nullhomotopic, since if it were nullhomotopic we could
define a homotopy f ~ g by Lemma that might change the fj,o for j > 0, but
satisfies gj o = fje for j <ip and g;,e = 0. By construction, the source of f;, o is some
@D, L (tm) [tm][io], i-e. a shifted linear complex. Thus, by Lemmal[10.5.6] fi, e is a degree
0 chain map.

By the definition of chain maps, f has to satisfy

where d’ is the differential in Y, and 0 + ¢ the differential of the total complex. In
particular, d'fi, e = fi,,e0 by minimality of ig. Therefore, f restricts to an ordinary
chain map fi, e : Xig,e[io] = Y.

We now have for all j that

d fig+1j = fio+1,j-10 + fig ;0.
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which is equivalent to fi, ;0 = d' fig+1,; — fio+1,j—10. Here § is a degree 0 map since
it comes from a map between linear complexes. On the other hand, d’ and O are
differentials in linear complexes, i.e. degree 1 maps. Hence, fy;0 = 0 is the only
possibility, i.e. foo 00 = 0. Now we iterate and obtain that every f; o : Xjo[i] = Y, is
a chain maps with f; 4 0 = 0. Therefore, it comes as an ¥(f’) for f' € @, ker d;.

O

Lemma 11.1.23. In the situation of the previous lemma, the map V : @, kerd; —
F(G(P)) satisfies (P, imd;—1) = 0.

Proof. Again we use the notations from the previous lemmas. Assume f € ker d; is of the
form f =d;—1p. Then f = W¥(f) is of the form f = @d;_1 : X;o[i] = D, L (a) [b] =: L
with @ : X140 — 1] = L][—1]. Now the homotopy A : Tot(X)[1] — L defined by

By, = ¢; ifl=1-1,
b 0  otherwise,

is a nullhomotopy for f: For maps starting at X j we have d'h+h(0+9) = 0+0+pd;—1 =
f. For maps starting at X;_; ; we have dh+h(0+0) =d'p+@0+0=d'¢ —d'¢ =0,
since P9 = df,ﬂ@ = —d'¢. For all other X; ; we have d'h + h(0 + ) = 0. O

Putting all of this together we can prove our desired theorem.

Proof of Theorem[I1.1.20, Since the projective resolution works separately for every
direct summand and every R-module splits into a sum of indecomposable ones [Lan02),
Theorem 7.5, Example 7.1], we can assume M is indecomposable. Furthermore, we
know that F' and G commute with homological shifts, so we can assume that M is in
homological degree 0.

First, we consider the case where M = C (a) for some a and (P,, ds) is the free resolution
of M. Since we know how F' and G commute with shifts by Remark [11.1.19] we can
assume a = 0. By Lemma [11.1.22] and Lemma [11.1.23| we have that

U: P H(P) = Pkerd;/imd;1 — F(G(P,)).

is surjective. Since P, is a resolution all H i except for ¢ = 0 vanish and H®(P,) is
quasi-isomorphic to C. Thus, to show that ¥ is injective it suffices to show it on the
degree 0 part. The only cohomology is 1-dimensional spanned by 1 € R = Fy. But we
have Xpo = L and ilxo,. = id. id is not homotopic to zero, since for degree reasons
there can be no homotopy.

For the other indecomposable modules M we do induction over the dimension d =
dimg(M). The case d = 1 has already been treated above. Now assume d > 1 and
let @ be the minimal non-zero degree of M. Then there is a surjective R-linear map
7: M — C{a). Let M’ := ker(7), then there is a short exact sequence 0 — M’ —
M — C{a) — 0 with dim¢ M = dim¢ M’ + 1 and M’ is isomorphic to a sum of
indecomposables of smaller dimension. In particular, we know F (G (M’ )) =~ M’ in the
derived category. Setting N = M (—a), N' = M’ (—a), we still have F(G(N’)) = N’
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by Remark [11.1.19} and the sequence 0 — N’ —+ N — C — 0 is also exact. It is sent
to a distinguished triangle G(N') — G(N) — G(C) — G(N’)[1] by G. Thus, for every
b € Z we obtain a long exact sequence

co——Homy— (G(O),L()[~1])  —sHom— (G(N),L()[-1])  —Hom— (G(N'),L(b)[-1])
—+Hom . (G(C),L(1)) —sHom— (G(N),L(b)) —sHom .~ (G(N'),L(b))
—+Hom . (G(C),.L®B)[1]) —sHom— (G(N),L(b)[1]) —sHom .~ (G(N'),L(B)[1]) —>...

From the calculations for C we already know Homy - (G(C), L (b)[j]) = 0 for b # 0
or j # 0. Thus, for b # 0 or j # —1,0 we obtain dim¢ Homg- (G(N), L (b) [j]) =
dime Homg- (G(N'), L (b) [5]).

—

By induction we know that F'(G(N")) is isomorphic to N’. In addition to this, F(G(N"))
is a cocomplex with differential 0 and thus, its cohomology is the same as F (G(N ! ))
itself. By assumption, N’ and also its cohomology is concentrated in homological degree
0. If Homg— (G(N’), L[—1]) is non-zero, then F(G(N’))(Q_l)
i.e. it has a non-zero entry in homological degree —1. Thus, Homg— (G(N'), L[—1]) has
to be zero. Therefore, we obtain

is non-zero by definition,

dime Homy— (G(N), L (b) [j]) = dime Homy— (G(N'), L (8) [f]) = 0
for b=0 and j = —1 and for j = b = 0 we obtain
dim¢ Homy— (G(N), L) = dim¢ Homg - (G(C), L) + dime Homy— (G(N'), L).
In total, we have

dim¢ F(G(N)) = dime F(G(N')) + dim¢ F(G(C))
= dimc N’ + dimc C = dim¢ N.

Of course, we also have dim¢ F(G(M)) = dim¢ F(G(N)) = dim¢ M. Thus, the map

¥ is also injective in this case and this yields our desired isomorphism F (G(M )) =M
in the derived category.

Altogether we have shown that for P := G o F', analogously to the way Lemma [2.2.4
yields the equalities of Proposition [2.2.3] we have

PoP(X)~P(X) and P(X).U;~0~ P(X.U).

for every object X in K (éu\p(n, k)) These equalities are the categorified version of
the properties of the Jones-Wenzel projector. They are also satisfied by the universal
projector defined by Cooper and Krushkal [CK12| which we recall in the next section.
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11.2 Universal projectors

We recall Cooper-Krushkal’s definition of universal projectors and start to relate it to
the composition of the functors G and F' defined in the last section. Before continuing
this comparison in the next section, we recall Rozansky’s construction of the universal
projectors.

11.2.1 Cooper-Krushkal’s definition

Recall that for A an additive category we denote by Ch™(A) and K~ (A) bounded to
the right chain complexes in Ch(A) and K (A), resp.

Following [CK12] in the normalisation of [Hogl2] we define:
Definition 11.2.1. A chain complex P € Ch™ (C/o\b(n)) is a universal projector if:

(1) The complex is concentrated in non-negative homological degrees, is isomorphic to
the identity in degree 0 and Id,, only appears at homological degree 0, i.e.

L4 PQ = Idn

e P; 21d, @D for any D € @)(n) for k>0

e P;=0for j<O.
(2) P is contractible under turnbacks, i.e. P®@U; ~ 0 ~U; ®P for all i.
Here, the tensor product is the usual tensor product of complexes where U; is in homo-
logical degree 0.
Theorem 11.2.2 (Cooper-Krushkal). Universal projectors exist and are unique up to
homotopy equivalence for every n. They satisfy P® P ~ P.
A proof can be found in [CK12l Section 3.
Definition 11.2.3. We denote by P(n) the unique universal projector in K~ (C/a)(n))
The universal projector P(n) satisfies the properties Pﬁ =P, and P,U; =0 =U;P, of
the Jones-Wenzl projector on a higher level. For a description on how to impose tech-
nical conditions on the Grothendieck groups to make the statement that the universal

projector categorifies the Jones-Wenzl projector more precise see [CK12) Sections 2 and
3.

Example 11.2.4. The smallest universal projector, i.e. the one for n = 2, looks as
follows:

e S S
P2)=...——¢q A i ¢ = II

More precisely, P(2); = ¢*~'*~ for i > 0 and for ¢ > 2 the differential d;: P(2); —
P(2);_1 is defined as w +' for i odd and as w -y for i even. Using the rela-
tions of Cob(n), one can easily calculate that the differential squares to zero, cf. [CK12,
Proposition 4.1]. The calculation for P(2) ® U; ~ 0 is more involved and uses de-
looping (Lemma and iterated Gaussian elimination (Lemma [5.1.2)), cf. [CK12,

Theorem 4.1].
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Now we want to compare P(n) with G o F.

Lemma 11.2.5. We have T(\).P(n) ~ 0= G o F(T(X)) for all X # Ao in A(n, k).

Proof. Since A # Ao, by Lemma there is some i and some X\ such that T(\) &
T(N).U;. Therefore, by definition we have T(X).P(n) = T(X).(U; @P(n)) ~ 0 and
P(T(X\)) =P(T(N).U;) =0 holds by Remark |11.1.11 O

Proposition 11.2.6. We have L.P(n) ~ L = G(F(L)).

Proof. We already know G(F(L)) = L from Lemma Furthermore, L.P(n) is
the total complex of the double complex having L.P(n); in the rows. By definition
of a universal projector we know that P(n)y = Id, and P(n); = @;_, U, D, for
some D, € 60\b(n), hence by Theorem we have L.P(n); ~ 0 for i # 0 and
L.P(n)o = L.1d = L. Thus, by [Hogl2, Proposition 7.5|, we obtain L.P(n) ~ L. O]

We now consider the functor .P(n) given by application of P(n).

Corollary 11.2.7. If T(Xg).P(n) ~ G o F(T(Xy)), then the functors P(n) and Go F
are isomorphic as functors from C/u\p(n, k) to K~ (C/u\p(n, k:))

Proof. By Lemma and the assumption, for every object X in C/u\p(n, k) we have
a morphism nx : X.P(n) — G o F(X) which is an isomorphism, since both functors are
additive and compatible with shifts. Now we consider f: X — Y first for X = ¢" T(\)
and Y = ¢ T(p). If p # Ao we have GoF (Y) = 0 and thus nyoGoF(f) = f.P(n)onx. If
A # Ao, then X.P(n) is isomorphic to zero and we also have ny oGo F'(f) = f.P(n)onx.
For the case A = u = A\¢p by Lemma the only possible morphisms f are ¢ -id for
c € Cand r = 5. Since id.P(n) = idyp,).pm) and G o F(id) = idgor(r(ne)) We have
ny o G o F(id) = id .P(n) o nx. The same holds for c¢-id, since everything is C-linear.
Again by additivity and compatibility with shifts we obtain ny o Go F(f) = f.P(n)onx
for general objects X,Y of C/lﬁ)(n, k). O]

To obtain the homotopy equivalence when applying to T(\g) that is a condition in the
corollary above, we need a construction of the universal projectors.

11.2.2 Rozansky’s construction

Before going on, we need to recall some terminology from [Roz10, Section 2.2.2], adapted
to the fact that we denote complexes homologically instead of cohomologically.
We are now back in the general setting that A is an additive category and we consider

complexes in K (A).

Definition 11.2.8. The homological order |C|; € Z U {0} of a complex C' is defined
as

|Clp=sup{m |3IB = (-++ = Bpmy1 = By, — 0) s.t. C ~ B}.
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For example, for C =0—> M — N 14, N = 0 with the right 0 in homological degree 0
we have |C|p =3 sinceC ~0—-M —0—0—0.

A direct system A in K(A) is a sequence of complexes A* € K(A), i € N, connected by
chain morphisms:

A= D S

A direct system A is Cauchy, if hm ‘ Cone(f%) ‘ = 00
A direct system A has a limit A Where A is a chain complex, if there exist chain

morphisms A’ T, A such that fi o fitlfiand hm ‘ Cone(f?) }r 00.

Example 11.2.9. Let A= (--- — Cy — C; — Cy — 0) a complex, unbounded to the

left. Let A' = (C; — C;_1 — -+ — C1 — Cp) and define f*: A — A" by f; = idg;,

for 0 < j <. Then the direct system A = (A" ﬁ> Al L ...) is a Cauchy since (for

example by Gaussian elimination (Lemma ) we have Cone(f?) ~ (Ciy1 — 0 —
- —0), i.e. |Cone(f")|n =1+ 1.

We even have that A is a limit of A. Indeed, if we define f; = idcj for 0 < j < i we

have fi = fi*!fi Furthermore, Cone(f?) ~ (--- — Cjro — Cipq1 — 0 — --- — 0) by

Gaussian elimination, so | Cone(f?)|, =i + 1.

Proposition 11.2.10 (|[Rozl0, Theorems 2.5, 2.6]). A direct system A has a limit if
and only if it is Cauchy. The limit is unique up to homotopy equivalence. We denote it
by lim A.

—

For the application in Corollary [[1.3.13] below, we need the following.
Proposition 11.2.11. Let A be an additive category with an action of an additive
monoidal category D, i.e. the functor . : Ax D — A from Definition 1s compatible

0 1
with the additive structures. Let D = (D opr s .) be a Cauchy system in K (D),
lim D its limit and A € K(A). Then
—

AD = <A.D0 4.1 4.pt 1S )

defines a Cauchy system in K(A) and li_r)n(A.D) ~ A. li_r)nD. (Here the action of K(D)
on K(A) is as defined in Section[5.1])

Proof. By Proposition [11.2.10] it is enough to show that A.D has limit A.lim D. Since
—

by assumption D is Cauchy, it has by Proposition |11.2.10| a unique limit thD in K(D)

with associated maps

Di L lim D (11.1)

satisfying f; ~ fir1f; and Alim | Cone(ﬁ-)|h = 00. The action of (11.1)) on A gives chain

id f;

maps A.D? — A. hmD satisfying id .f; ~id . le id.f;. Since
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Cone(id . f;) = A. Cone(f;) and lim | Cone(f;)|s = oo
1—00
we obtain lim | Cone(id . f;)|, = co. Thus, lim(A.D) ~ A.lim D. O
1—00 — N

Now we can recall Rozansky’s definition of the categorified Jones-Wenzl projector.

Definition 11.2.12. Following [Roz10] we consider the following braid diagrams with

n strands. Let By, = \_,\ and Brotn = (Beyin)” Q Ql the 1-fold full

twist (by 360°) and w,, = \Qm: (Brot,n)™ the m-fold full twist. For Id the trivial
’

braid let €(Id) = Id as a complex in K(@)(n)) concentrated in degree 0. For o; :=
| | \ | | we define the complex

©(0:) = (¢U; — 1d)

in K((To\b(n)) and for 1 <idy,...,5, <n—1let
Cg(dil .. -O'iT) = (5(0'1'1) X ... ®<€(O'ir),

i.e. vertical composition of braids corresponds to tensor product of complexes.

For example, for n = 2

> UL U, SLLLY qU;1d

C(w1) =F(0}) =C(01) @C(01) = M o xli)d
id Hy

gIdUy —=15 1d1d

More generally, € (Beyin) = €(01) ®@ ... ® € (0p-1) and € (wm41) = € (wm) @ € (w1).
Let B(n) be the direct system

2

fo ! f
¢(Id) — € (w1) — €(w2) — ...,
where f9 is given by id : €' (Id) — €' (w1)o and for higher m we have
F™ = g () ®F° : € (wm) = € (win) © E(1d) = € (wm) @ C(w1) = C(wWm+1)-

By |[Roz10, Theorem 4.4] we have | Cone(f™)|;, > 2m(n — 1) + 1. In particular, B(n) is
Cauchy and hence has a limit which we denote by P(n) = liin B(n).

Theorem 11.2.13 (JRozl0, Theorem 2.7 and (2.27)]). P(n) is a universal projectorﬂ

Recall the cube-complexes Ry from Definition [6.1.3 ~We now define a complex
R'(i1,...,4y) in Ch(Cob( )) similar to the definition there but with ¢/; and Id switched
and the 51gns adjusted.

'To translate into Rozansky’s setting we have to rotate the braids by 90 degrees and collapse the
triple grading to a double grading.
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Definition 11.2.14. Let 1 <4y,...,i, <n—1. For w = (wy,...,w,) with w; € {0,1}
let

W(il, ... ,iT) = qzziwiBi1 .. -Bi,«y

L{il, if w; = 0
Id, ifw =1.
For £ = (&1,...,&) an edge-label with & = x let

where B;, = {

E(ity. .. vip) = (~1) 2<% id . L id H; id .. id,

where ﬁij :U;; — 1d is the saddle cobordism.
Finally, let R'(i1,...,4.) = Ry(i1,...,i), €.
R(ir,....ii = B wiir,... i)
w:y o w=l
with the differential given by the outgoing edges.

Proposition 11.2.15. € (Beyn) = R'(1,...,n—1).

Proof. We show inductively that € (1) ®...® % (0;) = R'(1,...,4). It is obviously true
for i = 1. Furthermore R'(1,...,i) ® €(0i+1) = R'(1,...,i+ 1) is clear on objects and
the morphisms up to sign. By the definition of tensor product we need to add a sign
(—=1)7 to maps R'(1,...,41); @€ (0i+1)1 — R'(1,...,i); ® € (0i+1)0. But for a summand
w(l,...,4) of R'(1,...,4); this new edge is (w1, ..., w;,*).(1,...,7+ 1) and thus has
sign (—1)Zi=1®1 = (—=1)7. The signs of other maps are not changed. O

Example 11.2.16. For n = 4 we have

¢*Us Us 1d ldH—”i qU,TdTd

fldldH4\)
(g(ﬁcyl,ll) — idHo id —idHai

CUI U U3 —25 PULTA U5 qldUsId —31d1d1d -

H3 id ld\/
ﬁg id id —idid H4 idid H4

2
q IdZ/IQ Ugﬁdqldldbﬁ

Directly from the Proposition [11.2.15| and the definitions we obtain

Corollary 11.2.17. €(wy,) 2 R'(1,...,n — 1),

11.3 The action of the universal projector in special cases

The goal of this section is to show P(T(X\g)) =~ T(Xg).P(n) for P := GoF and F and G
as defined in Section in the special cases k = 0 and k = 1. We conjecture that this

also holds for general k, but we only have enough explicit information about End(L)
and L for £k =0,1.
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We start with £ = 0. First note that this case is very simple: T(Ag).P(n) = T()\g) since
T(Xo).U; = 0 for all i and P(n); does not contain Id as a summand for j # 0. Even
more, P(n) acts as the identity on all the complexes in K *(C/Ju\p(n, k)) since all objects
are isomorphic to complexes with entries shifted T(Ag)’s.

Proposition 11.3.1. Let k = 0, then P and .P(n) are isomorphic as functors from
Cup(n, k) to K~ (Cup(n,k)).

Proof. Since T(\g).P(n) = T()\g), by Corollary |11.2.7] and Proposition [10.4.2| we only
have to show G(C) ~ T()\g). But since R = C the first part of the functors that G is

composed of just send C to C and the last two send it to L = T(\). O
Now we investigate the special case k = 1 and again use the notation of Section [10.2}
As a first step we compute P(T(0)).

Lemma 11.3.2. Let f, : L — L(2)[2] be the element of End(L) associated to x €
Clz]/(x™) under the isomorphism of Proposition|10.4.1%. Then

Cone(f;) =~
(" T(0) > @I TA) = - > @ T — 1) L g 1 T(n — 1) = .-+ = ¢T(1) - T(0)),

where all the maps are saddles except of f = H,_1 oH,_1 which is the identity with a
dot on the only black cup.

Proof. Recall the subcomplexes L™ of L = L™ from Definition [10.4.8] We have
L' = Cone(V*(n — 1) (n — 1) [n — 2] 2=2n=t, pn-1y,

Thus, by Proposition and Corollary [10.4.11] we obtain

L™ 2= Cone(Ln—1[~1] — V*(n —1)* (n — 1) [n — 1)).

Recall from the proof of Proposition that the map f, is given by the -
isomorphism of the partcomplexes L™~! of L™ and L"!(2) [2] of L™ (2) [2]. When we
apply iterated Gaussian elimination (Lemma to the +-isomorphisms in Cone( f,),
we see that there are no new maps except the composition of T(n — 1) — T(n — 2) d,
T(n —2) — T(n —1). This is true because this is the only possible map between what

remains. But the composition is just f. O
Proposition 11.3.3. We have P(T(0)) ~ Q where Q :=
S ETIT() - ¢ TPT) = - = P T (R - 1)
5@ T —1) = - = @2 T(2) = T T(1)
S PITA) = @I T2) = - = T T (R - 1)

where the unlabelled — are saddles and the = are H; oH, fori=0o0ori=n-—1.
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Before the proof we look at an example of @

Example 11.3.4. For n = 4 we have @ =

= gBTR) = ¢TTA) S P T() = M T2) = ¢ TB) 2 ¢ TB) = ¢ T(2) —
PTA)S¢TA) = ¢ TQ2) = TB) > FTB) = P T(2) — ¢T(1) — T(0).

Proof. By Proposition [10.4.2| we already know F'(T()\g)) = C. By Proposition [10.4.12

~Y

we have End(L) = C|z]/(z™). A projective (and free) resolution of C in comodules of
Clx]/(z™)-gfmod is given by

C & Cla]/(x") < Cla]/(a") (2) «“— Cla]/(z") (2n) <=

gl -x -x
Clz]/(z"™) (2n + 2) «—— Clz]/(z") (4n) <= C[z]/(z") (4n + 2) —— ...,
where pr is the projection. Thus, G first sends C to

Cla]/(a") € Cla]/(a") (2) €= Cla]/ (") (2n) <=

Cla] /(™) (2n + 2) «2= Cla] /(™) (4n) <2 Clz]/ (&™) (4n + 2) < ..

then to Wy, .=
Jz fznfl Iz fz'”*l
LS5 L2)[2] ——=L{2n)[2n]| > L{2n+2)2n+2] —— ...,

where f, : L — L (2)[2] is the element of End(L) associated to x € C[z]/(z™) under the
isomorphism of Proposition [10.4.12| and f,»—1 the one corresponding to z”~!. Finally,
G(C) = Tot(W7p,), so we have to see that this is homotopic to Q.

First note that f,n—1 is just the map id between the leftmost T(0) of L and the rightmost
T(0) of L (2n — 2) [2n — 2]. Furthermore, the total complex consists of several copies of
shifted Cone(f;). Thus, using Lemma it is homotopic to the total complex of
the double complex associated to

Cone(f;) — Cone(fz) (2n) [2n] — Cone(f;) (4n) [4n] — ...,

where the maps are id between the outermost T(0). Applying Gaussian elimination

(Lemma [5.1.2)) to these id’s, we get the desired result. O

Remark 11.3.5. Let P(2) be the complex from Example|11.2.4, Then for n = 2
TO).P2)=... 53¢ T1) > A1) S ¢T(1) = T(0).

This is just @ in the case n = 2, hence by Proposition [11.3.3|this is homotopic to G(C).
Thus we know P(T(0)) ~ T(0).P(n) in the case n = 2.

Our next goal is to describe T(0).4(wn,) as an intermediate step to understand
T(0).P(n), since P(n) is defined via the € (w,,). For this we study how certain parts of
the cube complex R'(1,...,n — 1) act on T(0).

Lemma 11.3.6. Let \g € A(n,1) and 1 <ip <ig < -+ <ip < n.



11.3. THE ACTION OF THE UNIVERSAL PROJECTOR 165

a) We have T(0).U;, ... Ui, # 0 if and only if iy = 1,90 = 2,...,i, = . Furthermore,
T(O)Z/{lz/[QZ/[r gT(T)

b) We have T(j).U;, ... U;, # 0 if and only if i1, ..., i, are consecutive numbers starting
with j or j £ 1.

We write u[@j] fOT‘UiuZ‘_H . ..Z/{j, 1 S 7 S] S n—1.

c) Fori<j, (i,j) # (n—1,n—1) we have

("' T(n—1) = ¢ " ?T(n—2) = - = ¢T(1) = T(0)).Up
20—=--—=0—=¢"NTHU) = ¢THHUO = ¢ TG =0—---—0)
~0

d) (qn—l T(n—-1) — qn—Q T(n—2) — - — qT(1) = T(0)).Up_1
(@ TTh-1DUO—=¢"2T(n—-1)=0—---—=0)

12

Proof. a) is clear and b) follows from a) keeping in mind that U;U;+1U; = U; and
U;U; =U; UO. For c) and d) note that by b) T(1).U; j # 0 only if I = i—1,4,i+1. The
homotopy equivalence of c) follows directly from Gaussian elimination (Lemma ,
since the differentials are saddles adjacent to the O. O

Lemma 11.3.7. Let R = R'(1,...,n—1) be the cube complex from Definition|11.2.1J}
Then

a) T(0).R = (qn—l T(h—1) = ¢"2T(n—2) = - — qT(1) = T(O))
b) T(0).(R® R) ~
(qn+1 T(h—1) 2 ¢ ' T(n—1) = ¢"2T(n—2) = - — qT(1) — T(O))
Proof. a) This follows directly from Lemma [[1.3.0|a).
b) Let
Q=T0).R=(¢""T(n—1) = ¢ ?T(n—2) — - — qT(1) = T(0)).

We have T(0).(R® R) = (T(0).R).R = Q.R. But Q.R is the total complex of the
double complex with rows Wy = @|w|:k Q.(w(l,...,n — 1)) As such it can be
written as iterated cone

Q.R = Cone < .. Cone (Cone(Wy,—1 = Wy_3) = Wy_3) = -+ — Wo)

By Lemma [11.3.6| we know Q.(w(1,...,n — 1)) is 0 or homotopic to 0 except for
w = (0,...,0) or (0,...,0,1). Thus, by Lemma [5.1.5| and [11.3.6| we obtain

Q.R ~ Cone(W; — Wy) ~ Cone(¢Q.Up—1 — Q)
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~q¢"Tn—-1)UO —¢" 1 T(n—1)

¢ 'T(n—1) — ¢ 2T(n—-2) — ... — T(0)

which in turn is homotopic to
T -1 5S¢ T T(n—1) = ¢" 2 T(n—2) = --- = qT(1) = T(0).

(Here and in the following by writing ¢" T(i) and ¢"# T(j) in the same column of
a complex we mean that the complex has the direct sum of those as entry at that
homological degree. So we will leave out all & when writing down a complex.) To
see this consider the left part of the complex and observe

" T(n—1)UO SLIEN "1 T(n—1) ¢ T(n —1) —9 g1 T(n—1)
id
¢ 1 T(n—1) ¢ T(n—-1) ——= ¢ 1 T(n-1).

(For this isomorphism note that h; connects the O to a green cup while hy connects
it to a black one, hence we get 0 and e when we resolve.) Then we apply Gaussian
elimination (Lemma [5.1.2)) with respect to the upper identity in the last diagram to
obtain the desired result.

O]

In the previous lemma we saw that applying R and R®R to T(0) results in subcomplexes
of Q. More general, we will see that by applying R := R'(1,...,n) to T(0) repeatedly,
we obtain complexes of the following form.

Definition 11.3.8. For m € Ny and 0 <r < 2(n—1) — 1, let Q,,» be the subcomplex
of the complex @ from Proposition [11.3.3given by the first 14+m-(2(n—1))+r entries,
i.e. for r <n — 1 we have (where we leave out the g-shifts for better readability)

Qmyr=Tr)—---=->T1)->T1)—>---=-TA) == TA) = --- = T(1) = T(0)

-~

and forn <r=n-—-1+7"<2(n—1) —1 we have

Qmr=Tn—-1r)—= - >Tn-1)=>Tnh—-1)— - —>T1) =
1) —» - —>T1)—>---—=>T1) —--- — T(1) - T(0).

/

m
Example 11.3.9. For n = 4 we have Q22 =

¢"®T(2) = ¢""T(1) 5 ¢ T(1) = ¢" T(2) = ¢ T(3) = ¢" T(3) = ¢'° T(2) —
@ T(1) 5 ¢"T(1) = ¢®T(2) = ¢* T(3) > ¢ T(3) = ¢* T(2) — ¢T(1) — T(0)
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and Q175 =

¢ T(2) = ¢®TE) S ¢ TB) = ¢ T(2) —
PTA) S ¢"TA) = TQ2) =T3S A TB) = P T(2) — ¢T(1) — T(0).

Lemma 11.3.10.

a) Letn <r=n—141"<2(n—1), then fori <j<n-—1 we have Q- Up; 5) = 0 if
iF#n—rn—r"—1. Letr =0, then Qu .Uy j ~0if i # 1.

b) Form<r<2n—1)lett=2n—r—1>2andt<j<n-1

H,
Qmr-(qUp—15 — U j) = 0.

Proof. a) If i # n — 1,1, this follows analogously to Lemma [11.3.6| ¢), only that we
might have multiple copies of the form

¢ T(G) = ¢ T U O = ¢" T(), (11.2)
which are homotopic to zero. For ¢ =1 or n — 1 we get summands of the form
TG = P TE VO S ¢ T(G) U O = ¢ T(). (11.3)

Since the saddles and the e are adjacent to the circle, by delooping (Lemma [3.3.5))
we get the isomorphic complex

/q4 T(j) s T(j)\

id

¢* T(j) by T(j) -
¢* T(j) ¢ T(j)

which is homotopic to zero by applying Gaussian elimination (Lemma to the
id’s. The condition i # n—1',n—1’ — 1 guarantees that we have no truncated copies
of (11.2) and (11.3). If » = 0, then the only truncated copy can appear for i = 1
since 4 = 0 is not possible.

b) As in part a) we can eliminate (using homotopies) all copies of (11.2)) and (11.3])
inside Qmr.qU—1 5 and Q. U|y. . Thus we only have to consider the truncated

parts of (11.2]) and (11.3) that remain. On the left, the complex @, , looks like

CTH) - ¢ ' Tt+1) = = ¢ T -1) S ¢ 1 T(n-1) =

for some s. If t #n —2,n — 1, then Q. (qUp_1 ET—) Uy j1) =~
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¢ T(G) ————0
\

¢TGHUO —— ¢ ' T(j) ——0

which is a summand of type (11.2]) and thus homotopic to zero. For ¢ = n — 2 the
left side of @, looks like

FTn—2)=¢ 1T(n—-1) = ¢ 32T(n-1) = ¢ *T(n—2)
= ¢ PT(n—3) = ¢ *T(n—4)...

. H,
and we obtain Qm,,.(qUp—15 — U j) =
¢ T(j) ——0
¢CTHUO > ¢ T() > ¢ T() » ¢ T(HUO » ¢ T(j) » 0
The first three non-zero components and the last three non-zero components form a
configuration as in ([11.2]) and thus are homotopic to zero. For t = n —1 the left side

of Q. looks like

CTn—1)=¢32Tn-1) = ¢ 3T -2 - ¢ 3Tn-3) = ¢ *T(n-4) — ...
H,
and we have Qm . (qUp—1 5 — Uy j1) =~

FHT() — ¢ TG) — ¢ 2 TG UO — ¢ 3T() — 0

\

After deleting the type (11.2]) part of the first row, a summand of the type (11.3))

remains which again is homotopic to zero.

HUO —¢F2THIUO — ¢ 3T(G) —0

O
Corollary 11.3.11. a) Qmn—1.-R ~ Qmn.
b) Forn <r <2(n—1) we have Q.- R =~ Qu ry1, where we set Qp, o(n—1) = Qm+1,0-

C) Qm,O'R = Qm,n—l-

Proof. a) This follows analogously to Lemma|11.3.7|b) which is the special case m = 0:
By Lemma [11.3.10, we have Qpyp—1.(w(1,...,n — 1)) ~ 0 for w # (0,...,0) or
(0,...,0,1) by Gaussian elimination (Lemma [5.1.2)). Therefore,

Qm,n—l-R = Cone(QQm,n—l-un—l — Qm,n—l)-

Analogously to Lemma [11.3.7] b), this is now homotopic to @, after possibly
eliminating copies of shifted (11.3)) by Gaussian elimination.
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b) By Lemma [11.3.10 the only w for which we need to consider Qp,,.w(1,...,n —1)
are w = (0,...,0) and w= (0,...,0, 1, 0,...,0). Thus, by applying repeated
1

Gaussian elimination to the complex @, ,.R we get Cone(¢Qm .- Ur—1 — Qm.r)-

After deleting the shifted summands of the form (11.2) inside ¢Qum . Ur—1 only a
shifted T(r).U,—1 = T(r — 1) remains at the far left. Together with the cone-map

to Qm,» we obtain Qu, r41.

¢) By Lemma [11.3.10| a), we have that Qmo.(w(l,...,n — 1)) ~ 0 for w #
(1,...,1,0,...0) by Gaussian elimination. For w = (1,...,1,0,...,0), we can elim-
——

j
inate all pieces of type (11.3), until only ¢* T(j) LU O — ¢*~! T(j) remain on the left.

Thus, we have

qs+n71 T(n _ 1) Uo - qs+n72 T(n _ 1)

T

T
~ ~
¢ T(1) » ¢ T(2) »

Now resolving the circles and using Gaussian elimination to eliminate the higher
diagonal using half of the lower diagonal gives the desired result.

O

Theorem 11.3.12. Let m € Ng, r < n and Qu,, as in Definition [11.3.8 Then we
have

T(0).R®™H" ~ Q.
and in particular T(0).€ (wm) =~ Qm.o-

Proof. The first part follows inductively from Lemma|11.3.7|a) and Corollary [11.3.11
Using Corollary [11.2.17] we obtain the second assertion. O

We know that P(n) is the limit of the direct system of the €(wy,)’s and the Qo are
parts of the complex ). Now we want to put this together to obtain:

Corollary 11.3.13. T(0).P(n) ~ Q with the notation from Proposition|11.5.5,

Proof. Since P(n) = h_r)n B(n) (cf. Definition [11.2.12)), by Proposition |[11.2.11] we have

to compute that C~2 is a limit of

(T(0) 2L T(0). % (w1) 2 T(0).F (wr) L5 ).

For i > 0 we define fi : T(0).%(w;) — Q via T(0).% (w;) 7, Qi0 < Q, where ¢ is
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given by the homotopy equivalence T(0).% (w;) =~ Q; o from the previous theorem. Now
Cone(fi) ~ Cone(Q; o - Q)
e ©2i(n71)+2 - @2i(n71)+1 —-0—=--- =0,

where the last homotopy follows for example by Gaussian elimination. Therefore,
’Cone(fi) >i-2(n —1), hence lim ‘Cone(fi)
h 1—00

, = o It remains to show that
Liogt~u10g ™ oid. fl
But this holds since f* and g* are both inductively defined via tensoring with R™:

(T(0). % (w;)). 1d —=— T(0).€(wi) —L— Qio

J/id .fo J/id f\
gitl

(T(0).% (w;)). % (w1) —— T(0).€ (wiy1) —— Qip- % (w1) —5— Qit10

The square commutes obviously, the triangle commutes by construction and ¢t! =
sogitl, O

Finally, we have altogether:

Theorem 11.3.14. Let k = 1, then P and .P(n) are isomorphic as functors from
Cup(n, k) to K~ (Cup(n,k)).

Proof. By Corollary|11.2.7|we only have to check P(T(0)) ~ T(0).P(n). But this follows
directly from Corollary [11.3.13| and Proposition [11.3.3 O

Thus, we see that at least for small k our construction agrees with the action of the
universal projector.



Appendix A

Coloured cobordisms and diagram
categories

A.1 Coloured 2-dimensional TQFT

In this section we recall a generalisation of a construction of Khovanov [KhoO0] in a
way motivated by Stroppel in [Str09]. For more details see [Schal0] and [Schal2].

Let Cob be the category of two-dimensional cobordisms up to boundary-preserving
diffeomorphisms. By [Koc04] this monoidal category is generated under composition
and disjoint union by the cobordisms

@ > QO oo

Furthermore, these generators are subject to an explicit list of relations (see. e.g.
[Koc04]) saying that the image of the circle under a symmetric monoidal functor to
the monoidal category of finite dimensional vector spaces is a commutative Frobenius
algebra and every such commutative Frobenius algebra defines such a functor.

When we fix the commutative Frobenius algebra C[z]/(x?), then this gives us a 2-
dimensional topological quantum field theory F, i.e. a symmetric monoidal functor
from Cob to the category of vector spaces. F sends n circles to (Clz]/ (332))®n and the
generators of the morphisms to linear maps as described in the following table:

171
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1®1—1
rR1l—x
b lxrx—x
rRx+—0
l—=2rzl+1x
Q rT—TRT
1—1

0 |,..,

@ 1—1
1—=0

(D 33:1

% aRb—b®a

Now we consider coloured cobordisms, i.e. the objects of the monoidal category are

circles coloured black, green or red and the morphisms are cobordisms with boundaries
coloured accordingly.

Definition A.1.1. Let ColCob be the monoidal category generated under composition
and disjoint union by

o Fo Ko K

subject to the relations for ColCob. The relations of ColCob are exactly the lifts of
the relations from Cob, i.e. we replace all generating morphisms by coloured generating
morphisms in all possible compatible ways. For an explicit list of the relations see
[SchalOl A.2].

Note that the cobordisms g’)’ and °<<g do not appear in all possible colourings of the

boundaries as generators. Our restriction of possibilities is motivated by the application
of CobCob in |[Schal2], where other colourings cannot appear.

O
Example A.1.2. An example for an object in C'olCob: O

O
1D
An example for a morphism in ColCob:

Let Vect be the monoidal category of vector spaces with ordinary tensor product.
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Theorem A.1.3 ([Schal2, Lemma 10.3, Theorem 10.4]). ColCob is a symmetric mon-
oidal category and a symmetric monoidal functor

Feor : ColCob — Vect

can be defined as follows:
Let B be the black circle in ColCob, R the red one and G the green one.

]:Col<B) = (C[x]/(x2), -FCol(G) = (C, ]:Col<R) = 0.

The values of Foo on generating morphisms can be found in the table below.

1®1l—1
b @1 o Q 0080
lr—x
/
Tz 0 \CO l=ler
O)\ lolm1 7 1—0®0
r®10 q
L ® ~J
r®0—0
L 1011 0<<0 0—0®0
Q)/ l®x—0
0 1®1e1 (@ 0—=0®0
/
)>0 1®1 0 Ogo 0—=0®0
OD) 1900 (@ 0—0®0
0010 T 0 11
O0®Rx—0 T
0;0 0® 10 1=l
O_O 0—20
l—mzR1+1®x @ 1—0
rT—= TR x—1
/(0 lsr®1 Twists aRb—=bRa
N

Forgetting the colours defines a monoidal functor I : ColCob — Cob.
For A an object in ColCob we define iy : Foo(A) — F(I(A)) by

in : Cla]/(2%) 5 Clal/(+?)
i : C <= Clz]/(x?)
1—1
ir : {0} = Clz]/(?)
and ixgy = ix ® iy
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for B, G, R black, green, red circles, respectively, and X, Y arbitrary objects in ColC0b.
For A an object in C'olCob we define w4 : F(I(A)) — Feo(A) by

g : Clal/(2?) 3 Cla]/(2?)
ng : Clz]/(z*) —» C

1—1

r—0
mr : Clz]/(22) % {0}

and Txgy = Tx @ Ty

for B,G, R, X,Y as above.
For objects we obviously have Feo(A) = ma(F(1(A))).

Lemma A.1.4. For f: A — A’ in ColCob the following diagram commutes:

Feo(A) —2 F(I(A))
lfcoz(f) lf(l(f))
FoalA) 5 F(I(A))

Proof. The equation Feo(f) =iaoF (I (f )) omas is true for the generating cobordisms,
see tables above. Thus, it extends to all cobordisms and the lemma. follows. ]

A.2 Equivalence to a category of diagrams

To obtain a connection to representation theory and diagram algebras, we want to
compare the category Cup(n, k) to the following, more algebraically defined category.

Definition A.2.1. Let M,, ;. be the category with:

Objects: X € A(n, k)

Morphisms: Hom(\, u) = ]-'Col(C(M)T)\))7 where F., is the functor defined in Sec-
tion [A]

The composition of morphisms is defined as follows: Consider f € Hom(u,\) and
g € Hom(v, 11). There is a cobordism from C(\)C () C(1)C(v) to C(A\)C(v) contracting
C(p) C() given by (possibly nested) saddle cobordisms. This induces a homomorphism

of vector spaces

]:col(c()‘)c(:u)) ® ]:col(c(:u)c(y)) — fcal(c()‘)c(y)) (Al)

and thus a composition
Hom(u, \) ® Hom(v, u) — Hom(v, \).

Here, the homomorphism spaces are C-vector spaces and the composition is C-linear.

The grading is defined as follows: Let f = 21 ®...®x, be a basis element of Hom(\, p),
ie. z; € {1,z}. Define deg(1) =0, deg(z) = 2 and deg(f) =n —r+ Y ;_, deg(x;).
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Example A.2.2. Let n =2 and k£ = 1. Then M,,;, has the two objects AV and VA.
The composition

Hom ((AV), (VA)) ® Hom ((VA), (AV)) — Hom ((VA), (VA))

is defined via the contracting cobordism

&
|
|

which is explicitly

C®C —Clz]/(z))®C
1@l el

with both 1 € C of degree 1 and x ® 1 of degree 2.

Remark A.2.3. The vector space @) ,ca(n,k) Hom(\, i) together with the multiplica-
tion given by defines an algebra. It agrees with the so-called generalised Khovanov
algebra ([Str09, 5.4], [BS11la]) which plays an important role in Lie theory and repres-
entation theory.

We want to connect now the topological picture with the more algebraic picture. In The-

orem [A.2.7| we will establish an equivalence of categories between m = Mat (M%k)

and 611\p(n, k) = Mat <Cup(n, k)Z>.

An important step is to show that M, ;, and Cup T(n, k) are equivalent. By Corol-
lary [3.4.12| we already know

HomCup T(n,k) ( T()‘)v T(:u)) = HomCup(n,k) (T<)‘)7 T(:“’))
i _
= Feot (C(p)C(N)) = Hompy,, , (A, ).
For the equivalence, we want to define a functor from Cup T(n, k) to M,, ;, on morphisms
via this isomorphism. For that we have to check, that the isomorphism is compatible
with composition.

Proposition A.2.4. Let C, D, E objects of Cob(2n,0) without circles. Then the fol-
lowing diagram commutes
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HomCob(Qn,O) (Dv E) ® HomCob(Qn,O) (Cv D) — HomCob(Qn,O) (Ca E)

[eee _ o

F(ED) ® F(DC) F(EC),

(o]

where ® is the isomorphism from Theorem and S is defined similar to the com-
position (A.1) in M, k, only without colours, i.e. it is the functor F applied to the
cobordism ac p g that comes from putting DC on top of ED and contracting DD.

Proof. We show that the two squares of the following diagram commute:

Homcop(2n,0) (D, E) ® Homegh(2n,0)(C; D) ————— Homcgop(2n,0)(C, E)
P d
q" Homcep(0,0) (2, ED) © ¢" Homgen(o,0) (2, DC) — g Homcop(0,0) (2, EC)
PR P P
F(ED) ® F(DO) : F(EC),

where 6 is defined as f ® g N acpee (f®g).

From the definition of 6 and o, the lower square commutes by Lemma|3.4.10[and [BNO5),
Section 9.1]. The commutativity of the upper square becomes clear when we consider
it on schematically pictured elements:

e

i)

Furthermore,

O

Corollary A.2.5. Let C, D, E objects of Cup(n, k) without circles. Then the following
diagram commutes

HomCup(n,k) (Da E) ® HomCup(n,k) (Cv D) —— HomCup(n,k’) (Ca E)
P Q@ &’ P’

fcol(EE) & fcol(Dé) ° fCOl(E6)7
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where ®' is the isomorphism from Theorem and S is the composition from Defin-
ition [A.2.1.

Proof. For I the colouring forgetting map from Definition the isomorphism &’ is
given by

HomCup(n,k) (Ca D) — HomCob(Qn,O) (I(C)a I(D)) 2} F(I(D)I(C)) l> fcol(Dé)
with inverse

- i —_ —1
Feol(DC) < F(I(D)I(C)) 2= Homgob(an0) (I(C), I(D)) 2 Homeyyp(n 4 (C, D)

Let acpg be again the contracting cobordism. Consider the following diagram:

Feol (aCDE) 2l

Feol (EE) ® Feol (Dé) Feol (EC)
11 s
F(I(E)I(D)) ® F(I(D)I(C)) Flacos) F(I(E)I(O))
PR D H—1
Homcop(2n,0) (1(D), 1(E)) ® Homcop(2n,0) (1(C), I(D)) —— Homggp(2n,0)(1(C), I(E))
NI
HomCup(n,k) (Dv E) & HomCup(n,k) (Oa D) < HomCup(n,k) (Cv E)

The upper square commutes by Lemma [A.1.4/and the fact that F.,(ED)® F.q(DC) =
Feol(ED ® DC) and F(I(E)I(D)) ® F(I(D)I(C)) = F(I(ED @ DC)). The middle
square commutes by the proposition above. The lower square commutes except if the

additional relations of Cup(n, k) are used. Thus, if they are not used, the outer square
commutes, too.

It remains to check the commutativity of the outer square when an additional relation
is used. Assume first, the additional relations of Cup(n,k) are used when projecting
by II ® II. But then, because Il o ® o ¢ is an isomorphism, this corresponds to the zero
element in F.,;(ED) ® F,(DC) and the outer square commutes for this element since
everything is zero. Now assume for basis elements x ® 2’ € F./(ED) ® Fooi(DC) that
' (2) @' (2") # 0 but ®'(x)o®’(2') = 0 because of the additional relations. This means
II(P(i(x)) o (i(2"))) = 0 but ®(i(x)) o ®(i(z’)) # 0. But since I(y) = 0 is equivalent

to m(®~!(y)) = 0, we are done in this case, too. O

Corollary A.2.6. The categories CupT(n, k) and M, are equivalent as graded pre-
additive categories.

Proof. By Corollary we know that @ is compatible with composition. By con-
struction ®'(id) = id = 1®...®1. Thus, we can define a functor G : CupT(n, k) = M,,
on objects via C(\) — A and on morphisms via f — ®'(f). G is obviously fully faithful
and essentially surjective, hence yields an equivalence of categories. Furthermore, G is
compatible with the pre-additive structure and the grading.

O
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From Remark and Corollary [A:2.6] the main result of this section follows:

Theorem A.2.7. For any n,k € Z>o with k < n there is an equivalence of categories

—

Mn,k = @(nv k)
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Zusammenfassung

Diese Dissertation beschéftigt sich mit der Kategorifizierung von darstellungstheore-
tischen Objekten mit Hilfe von Methoden aus der Topologie und der homologischen
Algebra.

In seiner Arbeit iiber eine alternative Beschreibung der Khovanov-Homologie katego-
rifizierte Bar-Natan die Temperley-Lieb-Algebra in einer Kobordismus-Sprache. Wir
benutzen Bar-Natans Herangehensweise um den U, (sl2)-Modul V®" zu kategorifizie-
ren. Hierbei ist die Algebra U,(slz) die Quanten-Version der universellen einhiillenden
Algebra der komplexen Lie-Algebra sly und der Modul V' ist die Quanten-Version der
natiirlichen Darstellung.

Der U,(sly)-Modul V& zerfillt in Gewichtsrdume (V©")gy_,,. Indem wir jeden der
Gewichtsriume kategorifizieren, erhalten wir eine Kategorifizierung von V®". Die Ge-
wichtsraume haben eine besondere Basis, die kanonische Basis, welche durch sogenannte
Cup-Diagramme beschrieben werden kann. Cup-Diagramme sind kombinatorische Ob-
jekte, genauer gesagt planare Diagramme welche aus Halbkreisen bestehen. In unserem
Aufbau ist die kanonische Basis am einfachsten zu kategorifizieren. Wir tun dies analog
zu der Bar-Natan Kategorifizierung der Temperley-Lieb-Algebra, indem wir eine Kate-
gorie Cup(n, k) definieren, deren Objekten durch Cup-Diagramme gegeben sind. In der
Kategorifizierung entsprechen Objekte T(A), fiir A ein Element der partiell geordneten
Menge A(n, k), den Elementen der kanonischen Basis.

Die Standard-Basis von V®" ist schwieriger zu kategorifizieren. Um dies zu tun, miis-
sen wir zur Homotopiekategorie K° (C/u\p(k:, n)) von beschriankten Kettenkomplexen mit
Eintragen in C/u\p(k, n) iibergehen, wobei C/J{l\p(k, n) eine Art additive Vervollsténdigung
von Cup(n, k) mit Grad-Einschrénkungen ist. Fiir A in A(n, k) definieren wir induktiv
eine graduierte exzeptionelle Folge V*(\) in K? (C/lﬁ)(k:,n)) Mittels Dualitdt erhalten
wir die Kettenkomplexe V(\), welche schlieblich zu einer Kategorifizierung der Stan-
dardbasis fiihren. Dafiir beschreiben wir die Objekte T(\) als iterierte Kegel von V*(u)s,
wobei wir die vorkommenden V*(u) kombinatorisch bestimmen. Insgesamt erhalten wir,
dass K? ((Tu\p(k, n)) den (2k —n)-Gewichtsraum von V®" kategorifiziert. Genauer gesagt
gibt es einen Isomorphismus von C(g)-Moduln

(C(q) ®Z[q,q—1] KO (Kb((fu\p(k:,n))) :> (V®n)2k—n

unter dem die Klassen der V() auf die Standardbasis, die der T(\) auf die kanonische
Basis und die der V*(\) auf die duale Standardbasis geschickt werden.

Wir betrachten zwei T-Strukturen, welche die Objekte V*(\) und T()A) im Herz ent-
halten und zeigen, dass die T(A) Tilting-Objekte in dem Herz der einen und einfache
Objekte in dem der anderen sind.

Der Jones-Wenzl-Projektor ist eine spezielle U, (sl2)-lineare Abbildung p,, : V" — V&,
die faktorisiert werden kann als p, = t, o m,. Hierbei ist m,: V®* — V,, die Projek-
tion auf den groRten unzerlegbaren Summanden und ¢, : V,, — V®" die Inklusion von
diesem. Um den Jones-Wenzl Projektor mitsamt der Faktorisierung zu kategorifizieren,
betrachten wir einen speziellen Kettenkomplex L()\g) in K? ((Tlﬁ)(k:?n)), welcher alle



exzeptionellen Objekte V*(A) auf nicht-triviale Weise enthélt. Fiir die Konstruktion
von L(Ao) betrachten wir die (bis auf ein Skalar eindeutigen) Grad-1-Morphismen zwi-
schen den V*(\)s und untersuchen die daraus entstehenden Grad-2-Morphismen. Eine
wichtige Eigenschaft des Komplexes L(\g) ist, dass die Kategorie, welche die Temperley-
Lieb-Algebra kategorifiziert, trivial auf ihm wirkt. Des Weiteren ist er die injektive Hiille
von T(\g) im Herz der zweiten T-Struktur.

Mit Hilfe dieses Komplexes L()\g) und seines Endomorphismenrings End (L(Xg)) kon-
struieren wir zwei Funktoren, welche die Eigenschaften der Projektions- und Inklusi-
onsabbildung auf einer hoheren Ebene erfiillen. Zuletzt vergleichen wir die Wirkung
des universellen Projektors, einem von Cooper und Krushkal definiertem Komplex, der
auch den Jones-Wenzl-Projektor kategorifiziert, mit der Komposition der Funktoren fiir
kleine Werte von k.
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