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Wann sollte die Mathematik je zu einem Anfang gelangen, wenn sie warten wollte, bis

die Philosophie tiber unsere Grundbegriffe zur Klarheit und Einmiithigkeit gekommen ist?
Unsere einzige Rettung ist der formalistische Standpunkt, undefinirte Begriffe (wie Zahl,

Punkt, Ding, Menge) an die Spitze zu stellen, um deren actuelle oder psychologische oder
anschauliche Bedeutung wir uns nicht kiimmern, und ebenso unbewiesene Sdtze (Axiome),
deren actuelle Richtigkeit uns nichts angeht. Aus diesen primitiven Begriffen und Urtheilen
gewinnen wir durch Definition und Deduction andere, und nur diese Ableitung ist unser
Werk und Ziel. (Felix Hausdorff, 12. Januar 1918)
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1 Introduction

Mathematical logic studies the general methods of mathematics:
— the mathematical language of sentences and texts
— mathematical structures
— truth of mathematical statements in structures
—  proofs
Tne central theorem in general logic will be
— Godel’s completeness theorem
We shall also consider
— set theory as a foundation of mathematics
— automatic theorem proving
Formalizing set theory in logic and logic in set theory leads to the
— Godel incompleteness theorems

Mathematical logic is a meta-mathematics. It is, amazingly, also part of mathematics itself,
since mathematical language, structures and proofs satisfy mathematical laws themselves.
This is another evidence for the remarkable power of mathematics to model variious fields:
mathematics is able to model itself.

At the center of attention is the relation

IME p,

which expresses that the formula ¢ is true in the mathematical structure 9. 9 could, e.g.,
be a group (G, *) and ¢ could be the associative law “for all z,y,z: v+ (y+2)=(x +y) + 2.

The mathematical enquiry into the mathematical method leads to deep insights into
mathematics, applications to classical fields of mathematics, and to new mathematical
theories. The study of mathematical language has also influenced the theory of formal and
natural languages in computer science, linguistics and philosophy.

I First-order Logic and the Godel Com-
pleteness Theorem

2 The Syntax of first-order logic: Symbols, words, and
formulas
The art of free society consists first

in the maintenance of the symbolic
code.
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A. N. Whitehead

2.1 Motivation: a mathematical statement

We quote a theorem by Tom Hales:

Theorem 1. (The Kepler Conjecture) No packing of congruent balls in FEuclidean three
space has density greater than that of the face-centered cubic packing.

Although we are not concerned with discrete geometry in this lecture, proof methods
by Hales (and others) will be of relevance to this course.

This is a natural language statement. Mathematicians know how to interpret it in
clearly determined, “formal” ways. Let us transform the statement in more formal form:

— Not exists a packing of congruent balls in Euclidean three space that has density
greater than the density of the face-centered cubic packing.

— Not exists P such that (P is a packing of congruent balls in Euclidean three space
and the density of P is greater than the density of the face-centered cubic packing).

— Not exists P (isAPackingOfCongruentBallsInEuclideanThreeSpace(P) and dens-
ityOf(P) is greater than densityOf(theFacecenteredCubicPacking))

— —3dP(packing(P)AgreaterThan(density(P),density(faceenteredPacking)))
—  23P(p(P) A g(d(P),d(FP)))

Parsing natural language statements into understandable form is a process that humans
perform constantly. Computer implementations of such parsings indicate the complexity
of the process.

Formal mathematical statements consist of symbols, just like ordinary sentences are
sequences of alphabetic letters. In our example, the symbols are

e H,P, (7)7p7/\7
and also

isAPackingOfCongruentBallsInEuclideanThreeSpace, densityOf, ...

Symbols stand for natural language words or even multi-word natural language phrases.
Sentences formed of words and phrases correspond to words, i.e., sequences of symbols in
the formal language.

We treat symbols and words as mathematical objects. The study of the formal prop-
erties of symbols, words, sentences,... is called syntaz. Syntax will later be related to the
“meaning”’ of symbolic material, its semantics. The interplay between syntax and semantics
is at the core of logic. A strong logic is able to present interesting semantic properties, i.e.,
properties of interesting mathematical structure, already in its syntax.

2.2 Symbols

“Man muf8 jederzeit an Stelle
von ’'Punkte, Geraden, Ebenen’,
"Tische, Stiihle, Bierseidel’ sagen
kénnen”.

Quote ascribed to David Hilbert
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Basic Notions. We introduce basic logical symbols:

— A symbol is a mathematical object;

- =,1,—,1,V,(,) are symbols;

— vy, is a symbol for n € N;

— let Var={v,|n € N} be the class of variables;

— all symbols introduced so far are pairwise distinct.
Let Sp be the class of basic symbols.

— A relation symbol is a symbol; a relation symbol R has an arity ar(R) € N;

— a propositional constant is a relation symbol with arity 0;

— a function symbol is a symbol; a function symbol f has an arity ar(f) € N;

— a constant symbol is a function symbol with arity 0.

— The classes of basic symbols, relation symbols and function symbols are pairwise

disjoint.

A language is a class of relation symbols and function symbols.

Note that we do not specify the notion of symbol any further. This leaves room for
freedom, so that we can treat “facecenteredPacking” as a symbol, as well as v or +, —, ....
Some symbols have some convential functionalities: < is usually taken as a binary relation

symbol, i.e., ar(<) =2, and moreover is usually interpreted as some partial order.
We are now able to define specific languages:

Definition 2. The language of group theory is the language
SGI‘ = {Oa 6}7

where o s a fized binary function symbol and e is a fized constant symbol.

Definition 3. The language of ordered fields is
SOF: {ga +7 y 07 1}

where < s a binary relation symbol, +, - are binary function symbols, and 0,1 are constant
symbols.

Note 4. We are deliberately unspecific about the nature of mathematical objects and
symbols. This allows to conduct logic within any theory that formalizes the notions intro-
duced here. We shall use this later to obtain circular situations, where, e.g., the logic of
set theory can be carried out within set theory. Such situations are the basis for the Godel
incompleteness theorems.

2.3 Words

Words:

A letter and a letter on a string
Will hold forever humanity spell-
bound

The Real Group
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Definition 5. Let S be a language. A word over S is a finite sequence w = wowy...Wn—1
of symbols wo, ..., wp_1 € SoUS. The natural number n is the length of w, we also write
|lw|=n.

The empty word is the unique sequence [ with || =0. Let S* be the class of all words
over S.

Definition 6. Let w = wowi...wn,_1 and w’'=wjw}...w,,_; be words over S. Then the word
Nl / / /
W W =wWowi... Wm—-1WoW1... Wy _1
is the concatenation of w and w': |w"w'| =m+n and
- w;, if 1<m
(w wh=3 / ‘ .
Wi—m , ifm<i<m+n
We also write ww’ instead of w™w'.
If we consider words over {| } of the form || ...| then their concatenation corresponds to
addition of natural numbers. Numbers in decimal notation are words over {0,1,2,3,4,5,6,

7,8,9}; a decimal addition 99 + 8 =107 is a symbolic operation of words, which corresponds
to the addition operation in the natural numbers.

Exercise 1. The operation of concatenation satisfies some canonical laws:
a) " is associative: (ww")w" =w(w’'w").
b) 0 is a neutral element for ~ : w=wld=w.

¢) " satisfies cancelation: if uw=u'w then u=wu’; if wu=wu’ then u=1v'.

2.4 Terms
Fix a language S.

Definition 7. The class T° of S-terms is the smallest subclass of S* such that
a) z€T* for all variables x;

b) fto..tu—1 € T® for all n € N, all n-ary function symbols f € S, and all to, ...
th—1€ TS,

)

Terms are written in Polish notation, meaning that function symbols come first and
that no brackets are needed. Polish notation uses bracket-less prefix notations like +vgv1,
whereas in algebra binary function symbols are usually written infiz: vg+ vy .

Terms in T° have unique readings according to the following
Lemma 8. For every term t € T exactly one of the following holds:

a) t is a variable;

b) there is a uniquely defined function symbol f € S and a uniquely defined sequence

t0,...stn_1 € TS of terms, where f is n-ary, such that t= fto...t,_1.

Proof. Exercise. O
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Remark 9. Unique readability is essential for working with terms. Therefore if this Lemma

would not hold one would have to alter the definition of terms or find workarounds.

Example 10. For the language Sq, = {0, e} of group theory, terms in 7°¢* look like
€,00, V1, ..., 0€€,0€ Uy, , OV €,0€€,0€0€€, ...,0V; 0V Vg , 0O0V; Vj UV , ...

The standard infix notation (g, t1) — tg o t; for terms does not have unique readability.
The term vgo v1 0 vy can be read as

vopoviove=(vpowvi)ovy oOr wvHoviov2=1uno (v10Va).
This corresponds to oovgvivs and owvg o vive in Polish notation. In contexts where the

operation o is associative, this might be fine and one may “leave out” some brackets.

Exercise 2. Show that every term t € 755 has odd length 2 n + 1 where n is the number of o-symbols
in t.

2.5 Formulas

Definition 11. The class L° of all S-formulas is the smallest subclass of S* such that
a) LeL’ (the false formula);
b) to=t1€LS for all S-terms to,t1 € TS (equality);

¢) Rto...tn_1€L” for all n-ary relation symbols R<€ S and all S-terms to, ...,t,_1€T°
(relational formula);

d) ~peL?® for all p € L® (negation);
e) (p— )€ L for all p,v € LS (implication);
f) YeoeL® for all ¢ € L® and all variables = (universal quantification,).

L% is also called the first-order language over S. Formulas produced by conditions a) -
c¢) only are called atomic formulas since they constitute the initial steps of the formula
calculus.

We restrict the language L° to just the logical connectives L, = and —, and the
quantifier V. The next definition introduces other connectives and quantifiers as convenient
abbreviations for formulas in L. For theoretical considerations it is however advantageous
to work with a “small” language.

Definition 12. For S-formulas ¢ and ¥ and a variable x write
— T (“true”) instead of —L ;
— (V) (“p or?) instead of (—p— 1) is the disjunction of ¢, ;
— (eAY) (‘¢ and ¢”) instead of —(p — —1)) is the conjunction of ¢, ;
— (ped) (% iff ¥7) instead of ((9— ) A (¥— ) is the equivalence of o, 1)

—  dxy (“for all x holds ¢”) instead of —=Vx—pis an existential quantification.

For the sake of simplicity one often omits redundant brackets, in particular outer
brackets. So we usually write ¢ V ¢ instead of (¢ V ).

Exercise 3. Formulate and prove the unique readability of formulas in L5
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Exercise 4. Formulate the standard axioms of group theory in L5¢.

3 Semantics

We shall interpret formulas like Vy3zr y = g(f(z)) in adequate structures. The interaction
between language and structures is also called semantics. Technically it will consist in
“mapping” all syntactic material to semantic material centered around structures. We shall
obtain a schema like:

v domain A of a structure A
variable element of A

function symbol | function on A

relation symbol | relation on A

term element of A

formula truth value

Fix a language S.

Definition 13. An S-structure 2 is determined by its “components”

a) a nonempty set |A|; |2A| is called the underlying set or the domain of A and is
often denoted by a corresponding plain letter, e.qg., A;

b) an n-ary relation R* on A for every n-ary relation symbol R€ S; i.e., R*C A™;
¢) an n-ary function f% on A for every n-ary function symbol f € S; i.e., f2 A" — A.

Again we use customary and convenient notations for structures. In simple cases, one
may simply list the components of the structure. If, e.g., when S={Ry, R1, f } we may write

A= (A, R}, RY, f%)

or “A has domain A with relations R, R and an operation f2”.

A constant symbol ¢ € S is interpreted by a O-ary function ¢®: A° = {0} — A which
is defined for the single argument 0 and takes a single value c¢*(0) in A. It is natural to
identify the function ¢® with ist constant value ¢*(0) and agree that c®€ A.

One often uses the same notation for a structure and its underlying set like in

A=(A,R§,RY, ).

This “overloading” of notation is common in mathematics (and in natural language). Usu-
ally a reader is able to detect and “disambiguate” ambiguities introduced by multiple
usage. There are techniques in computer science to deal with overloading, e.g., by typing of
notions. Another common overloading is the naive identification of syntax and semantics,
i.e., by writing

A= (A, Ry, Ry, f) instead of A= (A, RS, R¥, f%)

Since we are particularly interested in the interplay of syntax and semantics we shall try
to avoid this kind of overloading.

Example 14. Define the language of Boolean algebras by
SBA: {/\7 \/7 ) 07 1}
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where A and V are binary function symbols for “and” and “or”, — is a unary function symbol
for “not”, and 0 and 1 are constant symbols. A Boolean algebra of particular importance
in logic is the algebra B of truth values. Let B = |B| = {IF, T} with [F = 0B(=false) and
T= 1B(:true). Define the operations and =AB, or =VB, and not =—B by operation tables
in analogy with standard multiplication tables:

and |IF| T or|IF|T not
F |II'NF|, | F|IF|T|,and| IF [T].
T |F|T T|T|T T |F

Note that we use the non-exclusive “or” instead of the exclusive “either - or”.

Exercise 5. Show that every truth-function F: B™ — B can be obtained as a composition of the
functions and and not.

The notion of structure leads to derived definitions.

Definition 15. Let 2 be an S-structure and A’ be an S’-structure. Then A is a reduct
of A, or A" is an expansion of A, if

- SCS8;
- A=
—  R¥=RY for every relation symbol R € S;

— A= 1Y for every function symbol f € S.

According to this definition, the additive group (IR, +,0) of reals is a reduct of the field
(R,+,-,0,1).

Definition 16. Let 2,5 be S-structures. Then 2 is a substructure of B, ACB, if B
s a pointwise extension of U, i.e.,

a) A=A C|B|;

b) for every n-ary relation symbol R € S we have R*= RPN A";

c) for every n-ary function symbol f €S we have f*= f2| A"

Note that the substructure 2 of B is determined by its domain A. Also, A needs to be
closed under the functions f® for f a function symbol in S.

Definition 17. Let A, B be S-structures and h: |A| — |*B|. Then h is a homomorphism
from A into B, h:A— B, if

a) for every n-ary relation symbol R € S and for every ag, ..., an_1€ A
R¥(ag, ..., an—1) implies R®(h(ao), ..., h(an—_1));
b) for every m-ary function symbol f € S and for every ag, ..., an—1€ A
fB(h(ag), ..., h(an_1)) =h(fHag, ..., an_1)).
h is an embedding of 2A into B, h:A— B, if moreover

a) h is injective;
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b) for every n-ary relation symbol R € S and for every ag, ..., an—1€ A
Rg‘(ao, ceey an,l) iﬁ R%(h(ao), veey h(anfl)).

If h is also bijective, it is called an isomorphism.

Exercise 6. A composition of homomorphisms is a homomorphism. What about products of structures?
The embedding of 2 into the diagonal of 2 x 2 is a homomorphism. Direct limits? Homomorphism
into direct limit.

4 The satisfaction relation

“What is truth?” Pilate asked.
John 18:38

An S-structure interprets the symbols in S. To interpret a formula in a structure, one
also has to interpret the (occuring) variables.

Definition 18. Let S be a language. An S-model 901 is an S-structure together with values
v e M for every n € N. The function n— v is an assignment of variables.
We shall need to modify the values of a model M at specific variables: For pairwise

distinct variables xg, ..., x,_1 € Var and ao, ...,a,—1 € M define

agp...ar—1
Q... Lp—-1

M =M

by letting M’ =M as S-structures and, for n €N,

Uy, m

o a; , if va=x; for some index i <r
v, , else

We now define the semantics of first-order languages by interpreting terms and formulas
in models.

Definition 19. Let 9 be an S-model. Define the interpretation t™ e M of a term t € T
by recursion:
a) fort a variable, t™ is already defined;

b) for an n-ary function symbol and terms to,...,t, 1 €T, let

(fto-tn—1)T= ", ... 17 1).

This explains, e.g., the interpretation of a term like v3 + v3gy in the reals under an
assignment of variables.

Definition 20. Let 9t be an S-model. Define the interpretation ™ € B of a formula
w € L®, where B={IF, T} is the Boolean algebra of truth values, by recursion on the formula
calculus:

a) 1M=T;
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b) for terms to,t €TS: (tg=1t1)" =T iff tT"=1";

¢) for every n-ary relation symbol R € S and terms to, ...,t; € T
(Rtg...tn— )™ =T iff R, ..., t2);

d) (~p)?'=T iff p”'=F;

e) (p— )M =T iff ™' =T implies Yy =T;

) (Yuap)™ =T iff for all a € M we have @WT":’I[‘.

We write MM E ¢ instead of 0™ =T. We also say that 9 satisfies ¢ or that p holds in M
or that ¢ is true in M. For ® C LS write ME D iff ME o for every ¢ € .

Definition 21. Let S be a language and ® C LS. ® is universally valid if ® holds in every
S-model. ® is satisfiable if there is an S-model M such that IME P.

The language extension by the (abbreviating) symbols V, A, <, 3 is consistent with the
expected meanings of the additional symbols:

Exercise 7. Prove:
a) ME(e V) iff MEp or ME
b) ME (@A) iff ME ¢ and ME p;
c) ME(p— ) if ME ¢ is equivalent to ME 1;
d) ME v, ¢ iff there exists a € |M] such that ‘.mvinlz ®.

With the notion of F we can now formally define what it means for a structure to be
a group or for a function to be differentiable. Before considering examples we make some
auxiliary definitions and simplifications.

It is intuitively obvious that the interpretation of a term only depends on the occuring
variables, and that satisfaction for a formula only depends on its free, non-bound variables.

Definition 22. Fort €T let var(t) be the finite set of variables occuring in t.

Theorem 23. Let t be an S-term and let M and M’ be S-models which agree as S-
structures. Assume ™=z™ for all x € var(t). Then t™=¢"".

Definition 24. Fiir ¢ € L° define the set of free variables free(¢) C {v,|n € N} by recursion
on (the lengths of) formulas:

—  free(L)=0

—  free(to=t1) =var(tp) Uvar(ty);

(o
—  free(Rtg...tn—1) =var(tg)U...Uvar(t,_1);
—  free(—p) =free(p);
—  free(yp— ) =free(p) Ufree(e)).

—  free(Vx ) =free(p) \ {z}.
For ® C LS define the class free(®) of free variables as

free(® U free(y
ped
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Example 25.

free(Ryr —Vy—-y=2z2) = free(Ryzx)Ufree(Vy—y==z)
= free(Ryx) U (free(~y=2)\{y})
= free(Ryz)U (free(y=2)\{y})
= {y,z}U({y, 2} \{y})
= {y,z}U{z}
= {x,y,z}.
Definition 26.
a) ForneN let L ={pe L5 |free(¢) C {vo, ..., vn_1}}.

b) o€ L is an S-sentence if free(p)=10; L§ is the class of S-sentences.

Theorem 27. Let t be an S-term and let M and M’ be S-models which agree as S-
structures. Assume ™ =z™ for all z € free(t). Then

MEp iff ME .

Proof. By induction on ¢.
p =tog=t1: Then var(tog) Uvar(t1) = free(y) and

ME @ iff tT=tT"
iff tgﬁ/ = ﬁm/ by the previous Theorem,
iff M'E .

=1 — x and assume the claim to be true for ¢ and y. Then

ME @ iff ME Y implies MFE x
iff M E ¢ implies MM’ E x by the inductive assumption,
it ME .

¢ = Vvt and assume the claim to be true for ¢. Then free(v)) C free(¢) U {v,}. For all
ac<|Mm: Sﬁvi [ free()) :zm’vi [ free(v)), i.e., the structures agree on the free variables of 1,

ME ¢ iff for all a € M holds zmvibw

iff for all a € M holds Sﬁ’vi F 1 by the inductive assumption,

iff M'E .
O
This allows further simplifications in notations for F:
Definition 28. Let 2 be an S-structure and let (ao, ..., an—1) be a sequence of elements

of A. Let t be an S-term with var(t) C {vo,...,vn—1}. Then define

tg‘[ao, veey an,l] = tm

)
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where the model M is the structure A together with some (or any) assignment such that
M __ m o _
Vo =apg, ...y Up_1=0p—1-

Let ¢ be an S-formula with free(p) C {vo,...,vn—1}. Then define
AE plao, ..., an—1] iff ME@,

where the model M is the structure A together with some (or any) assignment such that
M __ m o _
Vo =apg, ...y Up_1=0p—1-
In case n = 0 we also write t* instead of t¥ag, ..., an_1], and A E ¢ instead of
AE plag, ..., an—1]. In the latter case we also say: A is a model of p, A satisfies ¢ or ¢ is
true in A.

For ® C L§ a class of sentences also write

AED off for all e ® holds: AF .

Example 29. Groups. Sg,: ={o, e} with a binary function symbol o and a constant
symbol e is the language of groups theory. The group axioms are

a) Yoo Vo Yug ovg o 0109 = oovguivs ;

b) Yugovge=1y ;

¢) YvgTdvy ovgui =e .
This defines the axiom set

e = { Vo Vo1 Yoy ovg 0 109 = 0ovguivg, Yoy ovg e = votg .. .t q, Yog3vy ovguy = e}
An S-structure ® = (G, *,k) = (G, 0%, e®) satisfies @, iff it is a group in the ordinary sense.
Definition 30. Let S be a language and let ® C L3 be a class of S-sentences. Then

Mod®® = {2 |2 is an S-structure and AF O}

is the model class of ®. In case ® = {p} we also write Mod®p instead of Mod“®. We
also say that ® is an axiom system for Mod®®, or that ® axiomatizes the class Mod ® .

Thus Mod®¢® ¢, is the model class of all groups. Model classes are studied in generality
within model theory which is a branch of mathematical logic. For specific axiom systems
® the model class Mod®® is examined in subfields of mathematics: group theory, ring
theory, graph theory, etc. Some typical questions questions are: is Mod® £0, ie., is @
satisfiable? What are the elements of Mod®® ? Can one classify the isomorphism classes
of models? What are the cardinalities of models?

Exercise 8. One may consider Mod®® with appropriate morphisms as a category. In certain cases
this category has closure properties like closure under products. One can give the categorial definition
of cartesian product and show their existence under certain assumptions on & .

5 Logical implication and propositional connectives

The design of the following treatise is to investigate the
fundamental laws of those operations of the mind by which
reasoning is performed; to give expression to them in the
symbolical language of a Calculus, and upon this found-
ation to establish the science of Logic and construct its
method.

George Boole, The Laws of Thought
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Definition 31. For a symbol class S and ® C L° and ¢ € L® define that ® (logically)
implies ¢ (P FE @) iff every S-model TE @ is also a model of .

Note that logical implication F is a relation between syntactical entities which is defined
via the semantic notion of interpretation. The relation ®F 7 can be viewed as the central
relation in modern axiomatic mathematics: given the assumptions ® what do they imply?
The F -relation is usually verified by mathematical proofs. These proofs seem to refer to
the exploration of some domain of mathematical objects and, in practice, require particular
mathematical skills and ingenuity.

We will however show that the logical implication F satisfies certain simple syntactical
laws. These laws correspond to ordinary proof methods but are purely formal. Amazingly a
finite list of methods will (in principle) suffice for all mathematical proofs. This is Gédel’s
completeness theorem that we shall prove later.

Theorem 32. Let S be a language, t € TS, v, € L°, and T, ® C LS. Then
a) (Monotonicity) If T C® and T'E ¢ then ®F .

S

(Assumption property) If ¢ €T then T'E .
(—-Introduction) If T'UpkE 1 then T'E (¢ — ).
(—-FElimination) If T'E ¢ and I'E (¢ — 1) then T'E .
( L-Introduction) If TE ¢ and T'E -y then TE L.

( L-Elimination) If TU{—p}E L then T'F .
(=-Introduction) TEt=t.

o

QL

(&

~

)
)
)
)
)
)

g

Proof. f) Assume 'U{—¢}F L. Consider an S-model with M FT. Assume that E p.
Then ME-p. MET U {—¢}, and by assumption, DM E L . But by the definition of the
satisfaction relation, this is false. Thus MM F . Thus I'F . g

Exercise 9. There are similar rules for the introduction and elimination of junctors like A and V that
we have introduced as abbreviations:

a) (A-Introduction) If T'E ¢ and T'E ¢ then T'F ¢ A 9.

b) (A-Elimination) If ' @ A4 then I'F ¢ and T'F 4.

¢) (V-Introduction) If TE ¢ then 'F @V and TFE Y V .
d) (V-Elimination) If I'F ¢ V4 and ' —p then T'E 1.

6 Substitution and term rules

To prove further rules for equality and quantification, we first have to consider the substi-
tution of terms in formulas.

Definition 33. For a term s € T®, pairwise distinct variables xq, ..., z,_1 and terms to, ...,
t,—1 €T define the (simultaneous) substitution

to....tr—1

Q.- Lp—1

S

of to, ...,tr—1 for xo,...,x.—1 by recursion:

to....tp— 3 .
a) pmirol — @, if t#zo, ...,z F Tr—1 for all variables x;
To...Tp—1 ti, ifc=ux;
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bty toonitr bt ‘
b) (fs0---Sn—1) ﬁ = fso ﬁ cSn_1 ﬁ for all n-ary function symbols
fes.
Note that the simultaneous substitution
to....tr—1
S—
Q... Tp—1

is in general different from a successive substitution

gfotn tra
o 1 Tr-1

which depends on the order of substitution. E.g., x Z—Z =y, x % % =y % = z and
piloploy

The following substitution theorem shows that syntactic substitution corresponds
semantically to a (simultaneous) modification of assignments by interpreted terms.

Theorem 34. Consider an S-model 9N, pairwise distinct variables xg, ..., T,._1 and terms
t0y ey tr1 €T5. Then for any S-term s :

<M M
93?(3 to...tr—1 ):,’Jﬁto N e

To...Tr—1 TQ...Tp—1

Proof. By induction on the complexity of s.
Case 1: s=u.
Case 1.1: x ¢ {xo,...,xr—1}. Then

to.. tr_1 R ol
Mz 2=y () = 0= g,
xo...Tp_1 xo...Tp_1
Case 1.2: x==x;. Then
m M m M
M (a0t =1y gy — om0 trmn gy g 0Tty
xo...Tpr_1 To...Tp_1 To...Tp_1

Case 2: s = fsg...sn—1 where f € S is an n-ary function symbol and the terms s, ...,
Sp_1€TS satisfy the theorem. Then

to...tr— to...tr— to...tr—
zm((fso...sn,l)xo—”) = M(fsg—2r=L 5, 2=l

0---Tr—1 ... Tr—1 Zo...Tr—1

— fmt(gﬁ(SO to...tr—1 )7'°'am(5n—1 to...tr—1 ))

To...Tp_1 To...Tr_1
a7
= M(f) (O ——"—(s0),
To...Tr—1 i
e, M= (5,
’ xo...xr_l(sn 1))
B mtém..t,?’il(fs 5u1)
N ... Lp—-1 0---"n—1}-
([
Definition 35. For a formula ¢ € L, pairwise distinct variables xq, ..., x,_1 and terms

to,...,tr_1 € T? define the (simultaneous) substitution

toeeotr_1
TQ...Tp_1



SUBSTITUTION AND TERM RULES 17

of to, ..., tr—_1 for xg,...,Tr—1 by recursion:

_ to...tr—1 to....tr—1 __ to....tr—1 S
a) (sop=s =s =s or all terms sg, 81 €T1T7;
) ( 0 1) Q. T —1 0 Q. T —1 1 TQ...Tpr—1 f 0,°1 ’
b) (RSo...5n—1) 2otrol —Rgy lowlror g Lobrol gor Gl m-ary relation symbols
TR wg.ae 1 @ Tr—1 T @) Tr—1

R € s and terms sg,...,S,-1 € TS;

toeoty_ toety
¢) (¢) rm=(ena )
toeoot toeoty_ tonoty
d) (S0—> w) x(z)...xrfll - ((‘0 z(())...zr,ll _)1/} x?)...xrfi)’.
e) for (Yxp) % we proceed in two steps: let xiy, ..., i, _, with ig < ... <is_1 be

exactly those x; which are “relevant” for the substitution, i.e., x; € free(VNxy) and
€Ty # tl' .

— if © does not occur in t;y,.....t;, , , then set

(VSUQO) to....tr—1 =V (QO tio"'-tis—l)‘

To...Tr_1 Lige--Liy
— if x does occur in t;,.....,t;, |, then let k € N munimal such that vi, does not
occur i @, tig, ..., ti,_, and set

The substitution theorem for formulas again shows that syntactic substitutions and a
modifications of assignments correspond. The definition of substitution is designed to make
the substitution theorem true. There are variants of the syntactical substitution which
would also satisfy the substitution theorem.

Theorem 36. Consider an S-model M, pairwise distinct variables xo, ..., xr—1 and terms
to,..ntr_1 €TS. If o € L® is a formula,

M toe.tr_1 iff mté’ﬁ..t?il -
Q... Lp—-1 Q... Tp—1 )

Proof. By induction on the complexity of . There is nothing to show for ¢ = 1.
Case 1: p=RSsp...Sn—1. Then

ME (RSO---Sn—l)M iff ME RS lo....lr—1 s to....tr—1

Lo Ly—1 T Tp—1 T Tp—1
. to....tr— to....tp—
iff Rmf<zm(sou), oy M(s1 u))
Lo Ly —1 T Ty _1

TQ...Tp—1

iff Rfm<mw(s
0)7

1 M
iff MYl e R 81
Q... Tyr—1
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Equations sg = s; can be treated as a special case of the relational case. Propositional
combinations of formulas by L, = and — behave similar to terms; indeed formulas can be
viewed as terms whose values are truth values. So we are left with universal quantification.
Case 2: o= (Vx)) %, assuming that the theorem holds for .

We proceed according to our definition of syntactic substitution. Let z;, ..., z;, , with
i9<...<is—1 be exactly those x; such that z; € free(Vz 1)) and x; #t;. Since

i m M
g0 =l o et e
Zo---Tr—1 T Tig_4

we can assume that (zo, ..., z,—1) = (24, ..., Ti, _,), 1.€., every z; is free in Va ), x; # =, and
x;#t;. Now follow the two cases in the definition of the substitution:

Case 2.1: The variable x does not occur in ty, ....,t,—1 and
toeotr_1 toeootr_1
Vry) ————— =V (¢ ————).
( 1/}) Q... LTp—-1 (1/} Zo..-Tp—1

M (Vo) U2t iF WV (p 22

i for all a € M holds MLk g L0tr=1
x ... Lp—-1
(definition of F)

iff for all « € M holds
a tgﬁ%...tfji%l
e
(by the inductive hypothesis for 1)
iff for all « € M holds
a tgh
S
(since = does not occur in t;)
iff for all a € M holds

.t a c

TQ..-Tp—1T
(since x does not occur in zg, ..., Tr—1)

iff for all a € M holds

tg’t...tﬂ’il )2':1/}

To...Ty—1 T

m

(om

(by simple properties of assignments)
Jt 2

iff gﬁto'—r—lhvm/,
... Ly—-1
Case 2.2: The variable x occurs in o, ....,t,—1. Then

to....tp— to....tr—
(V) 2r=l gy (g 2o r =10k

Q... Lp—-1 l’o....%’T_l.’E
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where k£ € N is minimal such that vy does not occur in ¢, t;y, ..., ¢, ;.

m':(vxw) to...tr—1 i M E Vo, ('L/J to....trflvk)

TQ...Tr—1 To...Tr—1T

i for all € M holds MM-L = o L0tr=1Vk
Vi Zo...Lp 1T
iff for all a € M holds
a.t Tk...trfi’“v vk
(M—)-= L%

Uk Q.o Tp_1T
(inductive hypothesis for 1))
iff for all a € M holds
( g)tgn...tgjila':w
x’ o Tp_1T
(since vy does not occur in ;)

iff for all @ € M holds

M LI
mto ...tr_la ':1/1
To...Tp—1L

(since z is anyway sent to a)
ifft for all a € M holds
.t a
-T2 )—F
(gﬁ .’EQ....’Er_l) T w

(by simple properties of assignments)
i
EVaxy

iff M ——
Q... Tp—1

O

We can now formulate properties of the F relation in connection with the treatment of
variables.

Theorem 37. Let S be a language. Let .,y be variables, t,t' € TS, p € LY, and T C L.
Then:

a) (V-Introduction) If T'E cp% and y ¢ free(T U{Vxep}) then TEVxo.
b) (V-elimination) If T'EVzp then I'E go%.

¢) (=-Elimination or substitution) If T'F go% and TEt=t' then TE got;/.

Proof. a) Assume I'F @% and y ¢ free(I'U{Vx¢}). Consider an S-model 9 with MET.
Let a € M =|9M|. Since y ¢ free(I), Sﬁ% FI'. By assumption, Sﬁ%i: cp%. By the substitution
theorem,

a

ay ae
(i)ﬁy) . F ¢ and so (my)x 3%

Case 1: x=1y. Then Sﬁ% E .
Case 2: x #y. Then EIRZ—Z#@, and since y ¢ free(y) we have iITI% Fo.
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Since a € M is arbitrary, 9 EVxp. Thus 'EVze.
b) Let I'EVzy. Consider an S-model I with M ET. For all a € M = || holds WI%H@.

m
In particular Dﬁ% F . By the substitution theorem, 9 F @%. Thus I'E @%.
c) Let T'E @% and I'=t=t'. Consider an S-model 9 mit MET. By assumption M= go%
and MEt=t'. By the substitution theorem

tsm
Since t¥ =™
™
M—F
Pk &
and again by the substitution theorem
t/
ME p—.
e
Thus TF ¢~ . O

Note that in proving these proof rules we have used corresponding forms of arguments in
the language of our discourse. This “circularity” was noted before and is a general feature in
formalizations of logic. A particularly important method of proof is the V-introduction: to
prove a universal statement V¢ it suffices to consider an “arbitrary but fixed” y and prove
the claim for y. Formally this corresponds to using a “new” variable y ¢ free(I'U {Vze}).

7 A sequent calculus

The only way to rectify our reasonings is to make
them as tangible as those of the Mathematicians,
so that we can find our error at a glance, and when
there are disputes among persons, we can simply
say: Let us calculate [calculemus], without further
ado, to see who is right. G.W. Leibniz

We can put the rules of implication established in the previous two sections together
as a calculus which leads from correct implications ® F ¢ to further correct implications
O’ E . Our sequent calculus will work on sequents (I', ¢) of formulas, whose intuitive
meaning is that I" implies ¢o. The GODEL completeness theorem shows that the rules from
the last section actually generate the implication relation F. Fix a language S.

Definition 38. A pair (I', ) where I' is a finite set of S-formulas and ¢ is an S-formula
is called a sequent. I' = {¢y, ..., pn_1} is the antecedent and ¢ is the succedent of the
sequent. We also write I'p, or ¢g ...on—1 ¢ instead of (I, p). Moreover we may denote
an antecedent of the form T'U{¢} also by T'v.

A sequent I'p is correct if I'F .

Exercise 10. One could also define a sequent to be the concatenation of finitely many formulas

Definition 39. The sequent calculus consists of the following (sequent-)rules, which trans-
form given sequents, the premisses, into another sequent, the conclusion. We write the
premisses on top of a bar, and the conclusions underneath.

L ¢

—  monotonicity (MR) T if TCTY
¥
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— assumption (AR) T if pel
—  —-introduction (—1I) FUfp} ¥
r p—
I' ey
—  —-elimination (—E) T o—¢
Ly
I'
—  L-introduction (LI) T =
r L
—  L-elimination (LE) Tuie} L
r @
. ‘ I ¥ ‘
—  V-introduction (VI) — Tz ifyé¢free(TU{Vze})
I' Vxp
' Vxp
—  V-elimination (VE) r of ifte T3
Yz
— pr——— ) ), = S
=-introduction (=I) =7 ifteT
r go%
—  =-elimination (=E) T t=t'
r ol
(P_

One can view these rules as functions on sequents.

Definition 40. A formula ¢ € L® is derivable from T'C L®, T+, iff there is a derivation
or a formal proof

(Towo, Tieprs ooy Ti—1908-1)
in which every sequent Lip; is generated by a sequent rule from sequents Ly i, ..., i, i, 1
with g, ..., in—1 <1, and where [x_1 CT and px_1=1¢.
For ® an arbitrary class of formulas define ® - ¢ iff there is a finite I' C ® such that

' . We say that ¢ can be deduced or derived from I' or ®, resp. We also write Fp
instead of O+ ¢ and say that ¢ is a tautology.

We usually write the derivation (Ippo, Ihe1, ..., Tk—10k—1) as a vertical scheme

I o
I e
Ie1 pr-1

where we may also put rules and other remarks along the course of the derivation.
In our theorems on the laws of implication we have already shown:
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Theorem 41. The sequent calculus is correct, i.e., every rule of the sequent calculus leads
from correct sequents to correct sequents. Thus every derivable sequent is correct. In terms
of the relations of derivability and logical implication this means that

FCE.
The converse inclusion corresponds to
Definition 42. The sequent calculus is complete iff ECF.

The GODEL completeness theorem will prove the completeness of the sequent calculus,
and thus F=F.

Note that the relation F is defined semantically by ranging over all S-models, which is
a proper class, possibly including models of high cardinalities, and models which cannot
be constructed in any obvious sense.

The relation F is syntactical and defined by “concrete” finitary proofs: finite sequences
of sequents, which obey simple syntactical rules. The rules can be implemented straight-
forwardly on computers working with sequences of symbols.

It is surprising that these relations agree. Once one has established that F=F, simple
properties of F carry over to F and vice versa.

8 Derivable sequent rules

The composition of rules of the sequent calculus yields derived sequent rules which are
again correct. First note:

Lemma 43. Assume that
' oo
I' k1
I' ok

1s a derived rule of the sequent calculus. Then

Io o

; , where Iy, ..., 1,1 CI’
-1 k-1

' pk

s also a derived rule of the sequent calculus.

Proof. This follows immediately from applications of the monotonicity rule. O

8.1 Auxiliary derived rules

We write the derivation of rules as proofs in the sequent calculus where the premisses of
the derivation are written above the upper horizontal line and the conclusion as last row.

ex falso quodlibet ? L :
1. T 1 ?
2. T =p L

3. T %
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—-Introduction _E_ji_ﬂ;_:
I -y

1. T o L

2. T o— L

3. T' == i

4. T' == —p -

5. ' ==p —¢p L

6. I' == %)

7. T == 1

8. T —p

I -y

I o=

r 4

I o=

Cut rule

Loy

Ly 9

r 4

Contraposition

e @

I =4 =p

8.2 Introduction and elimination of Vv, A, ...

The (abbreviating) logical symbols V, A, and 3 also possess (derived) introduction and
elimination rules. We list the rules and leave their derivations as exercises.

V-Introduction
I' ¢

' pv

V-Introduction
Iy
' pviy

V-Elimination
' pvy

I' p—x

' v—x

' x

A-Introduction
I' e
I' 4
I' ony
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A-Elimination
I' oAy
I o

A-Elimination
I' pAY
r
d-Introduction
r ot

(p X
' Jzep

3-Elimination
r Jxp

r @% v where y ¢ free(TU{3xp,v})

r Y

8.3 Formal proofs about =

SECTION 8

We give some examples of formal proofs which show that within the proof calculus = is

an equivalence

Lemma 44. We prove the following tautologies:

relation.

a) Reflexivity: FVrx=x

b) Symmetry: FVaVy(zr=y— y=x)

¢) Transitwvity: EVzVyVz(x=yANy=z—x=2)

Proof. a)
T=x

Vex=x

b)

T=y r=y
T=y r=x
T=y (zzx)%
T=y (zzx)%
T=y

T=YNY==z
T=YNY==z
T=YNY==z
T=YNY==z
T=YNY==z
T=YNY==z

T=YNY=2—Tr =2
Vz(z=yAhy=z—x=2)
VyVz(z=yANy=z—x=2)

VaVyVz(zx=yANy=z—x=2)
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We show moreover that = is a congruence relation from the perspective of .

Theorem 45. Let o € L° and to,...,tn_1,th,....,th_1 €TS. Then

Fto=toA ... Atp_1=t,_1 —(p to-tn—1 | 0t —1
P V0---Un—1 V.. VUp_1"

Proof. Choose pairwise distinct “new” variables uy, ..., 4,—1. Then

totn—1 _ Uour Un—ilo t1  tn-1

V0. Un—1 Vo Ul Up—1 Up UL Up—1
and

t0-tp—1 _ UQ UL Up—1 t) t]  tp_q

Voo Vp—1 | V0 V1 Up—1 UQ UL Up—1

Thus the simultaneous substitutions can be seen as successive substitutions, and the order
of the substitutions % may be permuted without affecting the final outcome. We may use

the substitution rule repeatedly:

toritn 1 tooitn 1
(on...vn_l SOvo...vn_l

o Un—ilto  tn-1 U Un—1lto  tn-1

Vo Up—1 U0 Up—1 V0 Up—1 U Up—1

Yo tnoilo tevy ooy ol tnoite  tay

Vo Un—1 Uo Un—1 Vo Un—1 Uo Un—1

/ !
up  Up—1typ  tha

ug  Up—1 to tn—1 — 4t
—_— ... th—1=tp_1.--to =%y p— ..
Vo Un—1 U0 Un—1 Vo Un—1 Uo Un—1
to...tn—1 ’ ’ té...t,@,l
p—— =ty ... th—1=1tn_1 o—
V0...Un—1 0...Up—1

9 Consistency

Vor Allem aber mdchte ich unter den zahlreichen Fragen,
welche hinsichtlich der Axiome gestellt werden kénnen,
dies als das wichtigste Problem bezeichnen, zu beweisen,
daf$ dieselben untereinander widerspruchslos sind, d.h.
dafy man auf Grund derselben mittelst einer endlichen
Anzahl von logischen Schliissen niemals zu Resultaten
gelangen kann, die miteinander in Widerspruch stehen.
David Hilbert

The notion of consistency will be central in proving the Godel completeness theorem.
We have to show: if ® ¥ ¢ then ®F p. ®F ¢ will mean that ® U{—~p} is consistent. The
model existence theorem shows the existence of models for consistent sets of formulas. So
there is MEPU{—p} and so PF p.
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Fix a language S.
Definition 46. A set ® C L is consistent if ®# 1 . ® is inconsistent if ®+ L .
We prove some laws of consistency.

Lemma 47. Let ® C L° and ¢ € LS. Then
a) ® is inconsistent iff there is 1 € L such that ®+ ¢ and &+ ).
b) OF p iff PU{—p} is inconsistent.
c) If @ is consistent, then ®U{p} is consistent or DU{—p} is consistent (or both).
)

Let F be a family of consistent sets which is linearly ordered by inclusion, i.e., for
all ®, U € F holds DCV or Y C ®. Then

@*:Uq)

. . deF
15 consistent.

Proof. a) Assume ®F L. Then by the ex falso rule, &+ 1 and ¢+ ).

Conversely assume that ® - ¢ and ® F =) for some 1 € LS. Then ® + L by L-
introduction.
b) Assume ® F ¢ . Take o, ..., pn—1 € ® such that ¢p...on,—1F ¢ . Then we can extend
a derivation of @g...on_1F ¢ as follows
@Yo .. Pn-—1 Y2
®o .- Pn—1 Y TP
o - Pn-1 T L
and ® U {—p} is inconsistent.

Conversely assume that ® U{—p}F L and take ¢y, ..., pn—1 € ® such that pg...con_1—
kL. Then ¢q...on—1F @ and P+ .
c) Assume that ®U{p} and ® U {—p} are inconsistent. Then there are o, ..., pp_1 € P
such that ¢g...0n—1F @ and g...0n—1F = . By the introduction rule for L, ¢g...c0n—1F L.
Thus & is inconsistent.
d) Assume that ®* is inconsistent. Take ¢, ..., on—1 € ®* such that ¢ ...on_1 F L .
Take @, ...P,_1 € F such that g€ @g, ..., 1€ Py_1. Since F is linearly ordered by
inclusion there is ® € {®, ...®,,_1} such that ¢y, ..., pn—1 € ®. Then  is inconsistent,
contradiction. O

The proof of the completeness theorem will be based on the relation between consist-
ency and satisfiability.

Lemma 48. Assume that ® C L° is satisfiable. Then ® is consistent.

Proof. Assume that &+ L. By the correctness of the sequent calculus, ® F L . Assume
that ® is satisfiable and let M E & . Then 9= L . This contradicts the definition of the
satisfaction relation. Thus ® is not satisfiable. O

We shall later show the converse of this Lemma, since:
Theorem 49. The sequent calculus is complete iff every consistent ® C L is satisfiable.

Proof. Assume that the sequent calculus is complete. Let ® C L° be consistent, i.e., D 1 .
By completeness, ®¥ | | and we can take an S-model 9TE ® such that 9t 1L . Thus @ is
satisfiable.
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Conversely, assume that every consistent ® C L is satisfiable. Assume W 1) . Assume
for a contradiction that W ). Then WU {—} is consistent. By assumption there is an
S-model MEVU{—-1}. MET and MK ¢, which contradicts ¥E ). Thus Uk ). O

10 Term models and HENKIN sets

The following constructions will assume that the class of all terms of some
language is a set. In view of the previous lemma, we strive to construct interpretations for
given sets ® C L° of S-formulas. Since we are working in great generality and abstractness,
the only material available for the construction of structures is the language L® itself. We
shall build a model out of S-terms.

Definition 50. Let S be a language and let ® C L° be consistent. The term model T2 of
® is the following S-model:

a) Define a relation ~ on TS,
to~ty iff PHtg=t1.

~ is an equivalence relation on T°.
b) ForteT® lett={scT?|s~t} be the equivalence class of t.
c¢) The underlying set |T®| of the term model is the set of ~-equivalence classes

1T2| = {F|t e TS,

d) For an n-ary relation symbol R€ S let R on T be defined by

(t(), cen En—l) S RTI) lﬁ O+ Ritg..th_1.
e) For an n-ary function symbol f € S let fTI) on T® be defined by
F¥(F0, ooy Tn1) = ftotn_1.
f) For neN define the variable interpretation v? =Up .
The term model is well-defined.
Lemma 51. In the previous construction the following holds:
a) ~ is an equivalence relation on T°.
b) The definition of R* is independent of representatives.
¢) The definition of fTI)is independent of representatives.
Proof. a) We derived the axioms of equivalence relations for =:
- FVzzx=x
- FVaVy(z=y—y=x)
— FVaVyVz (r=yAy=z—ax=2)
Consider ¢t € 7. Then +t=t. Thus for all t € 7 holds t~t.
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Consider tg,t; € T with to~t;. Then Ftg=t;. Also Fto=t1 —ti1 =tg, Ft1 =to, and
t1 ~tg. Thus for all tg,t; € 7% with to~t1 holds t; ~ 1.

The transitivity of ~ follows similarly.
b) Let Eo, ceey tn_1€ TCI), to= S0y o-es tn-1=35,—1 and ® - Rtg...t,—1. Then Ho = sg s oo
Ftn—1=sn—1. Repeated applications of the substitution rule yield ®+ Rsq...s,—1. Hence
® F Rig...t,—1 implies ® - Rsq...s,—1. By the symmetry of the argument, ® - Rtg...t,_1
iff ®F Rsg...85_1.
C) Let 7?0, R tn_1€ T?® and to= S0y -ty tn—1=25np—1. Then Hy= S0, e s Ftn_1=8n_1.
Repeated applications of the substitution rule to & ftg...t,,_1 = fto...t,_1 yield

Ffto...th—1= fso...8n—1

and fto...tnflszO...Snfl. O

We aim to obtain % E ®. The initial cases of an induction over the complexity of
formulas is given by
Theorem 52.
a) For terms t € T holds T®(t)=1.
b) For atomic formulas ¢ € L® holds
TPE o iff F .

Proof. a) By induction on the term calculus. The initial case t = v, is obvious by the
definition of the term model. Now consider a term ¢t = ftg...t,—1 with an n-ary function
symbol f €5, and assume that the claim is true for ¢g,...,,_1. Then

(ftotn-1)* = f¥(T2(t0), .. T(tn-1))
= ¥ (to, ... tn-1)
= Fto.tn_1.
b) Let ¢ = Rty...t,_1 with an n-ary relation symbol R € S and tg, ...,t,_1 € T°. Then
T2k Rtg...ty_1 iff R (T2(tg), ..., T2(tn_1))
iff R (fo, ... Tn_1)
iff ®F Rto...tn_1.
Let ¢ =to=t1 with to,t; € T°. Then
‘Iq)):toEtl iff ‘I(I)(to):‘s(b(tl)
iff to=1;
iff to~t

iff @FtoEtl.
O

To extend the lemma to complex S-formulas, ® has to satisfy some recursive properties.

Definition 53. A set ® C L° of S-formulas is a« HENKIN set if it satisfies the following
properties:

a) ® is consistent;
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b) ® is (derivation) complete, i.e., for all p € L
S or Py

¢) ® contains witnesses, i.e., for all Vzy € LS there is a term t € T such that

O -Vrp— —wpé.

Lemma 54. Let ® C LS be a HENKIN set. Then for all x, v € L® and variables x:
b) ®F x implies PH ), iff - x— ).

¢) For all t TS holds &+ x= iff ®+Vax.

Proof. a) Assume ®F x. By derivation completeness, ® -y . Conversely assume ® -y .
Assume for a contradiction that @+ x. Then ® is inconsistent. Contradiction. Thus ®F x .
b) Assume @+ y implies ®+ 1.
Case 1. @+ x. Then &+ v and by an easy derivation ®+ y — .
Case 2. & ¥ x . By the derivation completeness of ® holds ® - —x . And by an easy
derivation ®F y— .

Conversely assume that ® -y — 1. Assume that ® - x . By —-elimination, ® - ¢ .
Thus &+ x implies &+ 1.
¢) Assume that for all t € T holds ® F X% . Assume that ® ¥ Vry. By a), P+ =Vry .
Since ® contains witnesses there is a term ¢ € T such that ® - —Vz XHﬁX% . By —-
elimination, ® - — X%- Contradiction. Thus ® - Vxy . The converse follows from the rule
of V-elimination. OJ

Theorem 55. Let ® C L° be a HENKIN set. Then

a) For all formulas x € L®, pairwise distinct variables Z and terms teTs

— -

ey Lgory L.
xT T
b) TPE .

Proof. b) follows immediately from a). a) is proved by induction on the number of logical
symbols 1, —, —,V occuring in the formula x . The atomic case, where that number is 0,
has already been proven. Consider the non-atomic cases:

i) x=L. Then L% = 1. I®E 1 is false by definition of =, and ® - L is false since ® is
consistent. Thus TPE L% ifft L% .
ii.) x= ﬁap% and assume that the claim holds for ¢. Then
Tb):—\gpz iff not ‘I(PIZQDE
x x
iff not ¢+ 4,0% by the inductive assumption

-

iff & —mp% by a) of the previous lemma.
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ii.) x=(¢p— 1/1)%: d assume that the claim holds for ¢ and . Then
Tbiz(cp—np)% T L implies zd’»:w%

—» —

iff ¢+ cpg implies ® - w% by the inductive assumption

iff o+ <4p% — w%) by a) of the previous lemma

—

i DF (oo ¢)% by the definition of substitution.

iv.) x = (Vzo) tOTrl and assume that the claim holds for ¢. By definition of the

substitution x is of the form
tr toeetr_1u
Vi (o2 r=ly o Wy (o 2=t
(¢ xo...xr_l) (¢ T -Tp—17T
with a suitable variable u. Without loss of generality assume that y is of the second form.
Then
TPE (Vzp) lro1U

iff TPk Ju (p—2rmlo
Q... Lp—-1X

SIS

to....tr—1u

ff for all £ € TS holds TL ko
u Q... Lpr—1T

~®
iff for all £ € TS holds T2 () g, T0tr1 g vious lemma
u ro...Lyr—_1T
iff for all t € T holds T2E (gp lroity U by the substitution lemma

... Lp_1T ’LL

. to....tr—1t . .
iff for all TS holds T2 2 "=1" T}y successive substitutions
TQ...Tp_1 T
. to....tr—1t . . .
iff for all t €T holds ®+ ¢ O oor=l by the inductive assumption
TQ...Tp_1T
to....tr—1u

t . o
)— by successive substitutions

iff for all ¢t €T holds ®F (¢
Ty .- Tp—1X" U

iff ®FVu (@M) by ¢) of the previous lemma
X0 Tp—1 T

iff &F (Vao)

8| =+

11 “Constructing” HENKIN sets

We shall show that every consistent set of formulas can be extended to a HENKIN set by
first “adding witnesses” and then ensuring derivation completeness.

Theorem 56. Let ® C L° be consistent. Let o € L° and let z be a variable which does not
occur in ®U{p}. Then the set

dU{-Vrp— ﬁgoé}
15 consistent.

Proof. Assume not. Take ¢y, ..., on—1 € @ such that
z
©0 .- Pp—1 VTP — R L.
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Set I'=¢g...on—1. Then extend the derivation as follows:

1. T —\ngp—>—|gpé €
2. I' =—Vzxp =V
3. T ==Vzop —|Vx<p—>ﬁ<p§
4. T' =—Vzp L
5. T —Vzp
6. I' — é ﬁgoé )
7. T —\apg ﬁanp—>—\<p;
8. T % il
9. T <P§
10. T Vo
11. T L
Hence ® is inconsistent, contradiction. O

This means that “new” variables may be used as HENKIN witnesses. Since “new” constant
symbols behave much like new variables, we get:

Theorem 57. Let ® C L° be consistent. Let ¢ € LS and let ¢ € S be a constant symbol
which does not occur in ®U{p}. Then the set

S U{Vrp— o}

s consistent.
Proof. Assume that ® U {(-3z¢V @%)} is inconsistent. Take a derivation

Toeo
iy

| P} ©n—-1
L, (-Vzp— —w%) 1
with I}, C ® . Choose a variable z, which does not occur in the derivation. For a formula

1 define v’ by replacing each occurence of ¢ by z, and for a sequence I' = 1)g...1)_1 of
formulas let T = v)y...41,_;. Replacing each occurence of ¢ by z in (1) we get

00
It

L1 ¢n—1
L, (-Vzp— —w%) 1

The particular form of the final sequence is due to the fact that ¢ does not occur in U {¢}.
To show that (2) is again a derivation in the sequent calculus we show that the replacement
¢+ z transforms every instance of a sequent rule in (1) into an instance of a (derivable)
rule in (2). This is obvious for all rules except possibly the quantifyer rules.
So let
)
r %

, with y ¢ free(T' U {Vz1 })
T Vo
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be an V-introduction in (1). Then (1&%)': w'%, (V) =V’ and y ¢ free(T'U{(Vap)'}).
Hence
Y
I (dy
' (Vay)’
is a justified V-introduction.
Now consider an V-elimination in (1):

I Vay
t
r 1/1;

Then (V1)) =V’ and (1/1%)’ =1’ % where t' is obtained from ¢ by replacing all occurences
of ¢ by z. Hence
' (Vay)’
t
I (wly
is a justified V-elimination.

The derivation (2) proves that
duU {(—'Vx(p—>—\<p§)} FL,
which contradicts the preceding lemma. O

We shall now show that any consistent set of formulas can be consistently expanded to
a set of formulas which contains witnesses.

Theorem 58. Let S be a language and let ® C L° be consistent. Then there is a language
S« and ®“ C L5 such that

a) S extends S by constant symbols, i.e., S C S* and if s€ S¥\ S then s is a constant

symbol;
b) dYDP;
c) ®¥ is consistent;
d) ®¥ contains witnesses;
e) if LS is countable then so are L°° and ®¥.

Proof. For every a define a “new” distinct constant symbol ¢,, which does not occur in S.
Extend S by constant symbols ¢y, for ¢ € LS:

St=SU{cy|v € LY.
Then set
Pt =dU{-Vrp— ﬁ@%Wxap c L%}

&t contains witnesses for all universal formulas of S.

(1) @+ C L5" is consistent.

Proof: Assume instead that ®7 is inconsistent. Choose a finite sequence Vzopo, ...
V&n_10n—1€ L% of pairwise distinct universal formulas such that

)

cvwn—lﬁﬁn—l }

Voo
z9 Tp_1

PULV2000 = 2P0 =y s TV 1001 = -1

is inconsistent. By the previous theorem one can inductively show that for all 7 <n the set

CVa; 1051 }

Voo
zo Ti_1

PU {2000 = 20— = oy TV = TP
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is consistent. Contradiction. ged(1)
We iterate the +-operation through the integers. Define recursively

P’ = P
S0 = 9
Sn+1 — Sn)-i-

(
(I)nJrl _ ((I)n)Jr
se = sm
P = U o .

S“ is an extension of S by constant symbols. For n € N, " is consistent by induction. ¢+
is consistent by the lemma on unions of consistent sets.
(2) ®“ contains witnesses.
Proof. Let Vxo€eL5”. Let n € N such that VxoeLS". Then —Vzyp — ﬁgocv% contiC ov.
qed(2)
(3) Let L® be countable. Then L°” and ®“ are countable.
Proof. Since L® is countable, there can only be countably many symbols in the alphabet
of $9=S. The alphabet of S! is obtained by adding the countable set {cy|1 € L}; the
alphabet of S! is countable as the union of two countable sets. The set of words over a
countable alphabet is countable, hence L "and ®! C LS" are countable.

Inductive application of this argument show that for any n € N, the sets L°" and ®”
are countable. Since countable unions of countable sets are countable, L% = | J "

w nelN
and also ®* C L°“ are countable.

Exercise 11. Let S be a countable language, let ® C L be consistent, and let Var \ Var(®) be infinite.
Then there exists &« C L® such that

a) ¥ D P;
b) ®% is consistent;
¢) ®“ contains witnesses.

To get HENKIN sets we have to ensure derivation completeness.

Theorem 59. Let S be a language and let ® C LS be consistent. Then there is a consistent
®*C LS, ®* D ® which is derivation complete.

Proof. Define the partial order (P, C) by
P={UCL%|¥D® and ¥ is consistent}.

P+ since ® € P. P is inductively ordered by a previous lemma: if F C P is linearly ordered
by inclusion, i.e., for all ¥, ¥'€ F holds ¥ C ¥’ or ¥/ C ¥ then

U VeP.

veF

Hence (P, C) satisfies the conditions of ZORN’s lemma. Let ®* be a maximal element of (P,
C). By the definition of P, ®*C LS ®* D ®, and ®* is consistent. Derivation completeness
follows from the following claim.

(1) For all ¢ € L° holds ¢ € ®* or ~p € ®*.

Proof. ®* is consistent. By a previous lemma, ®*U{p} or ®*U{—-¢p} are consistent.
Case 1. ®*U{p} is consistent. By the C-maximality of ®*, ®*U{p}=>* and ¢ € d*.
Case 2. ®* U {—p} is consistent. By the C-maximality of ®*, ®* U {-p} = ®* and
—p e P*. O
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The proof uses ZORN’s lemma. In case L® is countable one can work without ZORN’s
lemma.

Proof. (For countable L°) Let L° = {y,|n € N} be an enumeration of L°. Define a
sequence (®,|n € N) by recursion on n such that

i @CP,C D,y C L,
i1. ®,, is consistent.

For n=0 set $g=P. Assume that ¥, is defined according to i. and ii.
Case 1. ®,U{py} is consistent. Then set @41 =P, U{pn}.
Case 2. ®, U {py} is inconsistent. Then ®,, U {—,} is consistent by a previous lemma,
and we define ®,, 11 =, U{—p,}.
Let

P* = U D,

neN

Then ®* is a consistent superset of ®. By construction, ¢ € ®* or ¢ € ®*, for all ¢ € L°.
Hence ®* is derivation complete. O

According to Theorem 58 a given consistent set ® can be extended to & C L5
containing witnesses. By Theorem 59 ®“ can be extended to a derivation complete ¢* C
L5“. Since the latter step does not extend the language, ®* contains witnesses and is thus
a HENKIN set:

Theorem 60. Let S be a language and let ® C L° be consistent. Then there is a language
S* and ®* C L5 such that

a) S*2 S is an extension of S by constant symbols;

b) ®*DO® is a HENKIN sel;

¢) if LS is countable then so are L°" and ®*.

12 The completeness theorem

The development of mathematics towards greater
precision has led, as is well known, to the formal-
ization of large tracts of it, so that one can prove
any theorem using nothing but a few mechanical
rules. Kurt Godel, 1941

We can now combine our technical preparations to show the fundamental theorems
of first-order logic. Combining Theorems 60 and 55, we obtain a general and a countable
model existence theorem:

Theorem 61. (HENKIN model existence theorem) Let ® C LS. Then ® is consistent iff
® is satisfiable.

By Lemma 49, Theorem 61 the model existence theorems imply the main theorem.

Theorem 62. (GODEL completeness theorem) The sequent calculus is complete, i.e.,
F=F.
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The GODEL completeness theorem is the fundamental theorem of mathematical logic. It
connects syntax and semantics of formal languages in an optimal way. Before we continue
the mathematical study of its consequences we make some general remarks about the wider
impact of the theorem:

The completeness theorem gives an ultimate correctness criterion for mathematical
proofs. A proof is correct if it can (in principle) be reformulated as a formal deriv-
ation. Although mathematicians prefer semi-formal or informal arguments, this
criterion could be applied in case of doubt.

Checking the correctness of a formal proof in the above sequent calculus is a syntactic
task that can be carried out by computer. We shall later consider a prototyp-
ical proof checker Naproche which uses a formal language which is a subset of
natural english.

By systematically running through all possible formal proofs, automatic theorem
proving is in principle possible. In this generality, however, algorithms immediately
run into very high algorithmic complexities and become practically infeasable.

Practical automatic theorem proving has become possible in restricted situations,
either by looking at particular kinds of axioms and associated intended domains, or
by restricting the syntactical complexity of axioms and theorems.

Automatic theorem proving is an important component of artificial intelligence
(AI) where a system has to obtain logical consequences from conditions formulated
in first-order logic. Although there are many difficulties with artificial intelligence
this approach is still being followed with some success.

Another special case of automatic theorem proving is given by logic programming
where programs consist of logical statements of some restricted complexity and a
run of a program is a systematic search for a solution of the given statements. The
original and most prominent logic programming language is Prolog which is still
widely used in linguistics and Al

There are other areas which can be described formally and where syntax/semantics
constellations similar to first-order logic may occur. In the theory of algorithms
there is the syntax of programming languages versus the (mathematical) meaning
of a program. Since programs crucially involve time alternative logics with time
have to be introduced. Now in all such generalizations, the GODEL completeness
theorem serves as a pattern onto which to model the syntax/semantics relation.

The success of the formal method in mathematics makes mathematics a leading
formal science. Several other sciences also strive to present and justify results form-
ally, like computer science and parts of philosophy.

The completeness theorem must not be confused with the famous GODEL incom-
pleteness theorems: they say that certain axiom systems like PEANO arithmetic are
incomplete in the sense that they do not imply some formulas which hold in the
standard model of the axiom system.

13 The compactness theorem

By the definition of -, ® - ¢ iff there is a finite subset ®9C ® such that ®gk . The equality
of F and F implies:
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Theorem 63. (Compactness theorem) Let ® C L¥ and p € ® . Then
a) ®E ¢ iff there is a finite subset &9 C ® such that PoE .
b) ® is satisfiable iff every finite subset ®oC @ is satisfiable.

This theorem is often to construct (unusual) models of first-order theories. It is the
basis of a field of logic called Model Theory.

We present a number theoretic application of the compactness theorem. The language
of arithmetic can be naturally interpreted in the structure N= (N, +,-,0,1). This structure
obviously satisfies the following axioms:

Definition 64. The aziom system PA C LSAR of PEANO arithmetic consists of the fol-
lowing sentences

— Vzx+1#0

- VaVyzr+l=y+l—oz=y

- Vex+0=z

- VaVyz+(y+1)=(z+y)+1
— Vzz-0=0

- VaVyz-(y+1)=z-y+=x

—  Schema of induction: for every formula ©(xq, ..., Tn_1,2n) € L5AR:

Vxo.. Ve, —1(p(zo, ..., Tn-1,0) AVZu(@ — ©(T0, .oy Tnn—1, T+ 1)) = VI, @)

The theory PA allows to prove a lot of number theoretic properties, e.g., about divis-
ibility and prime numbers. On the other hand the first incompleteness theorem of GODEL
shows that there are arithmetic sentences ¢ which are not decided by PA although they
are true in the standard model IN of PA. Therefore PA is not complete.

If ¢ and —¢p are both not derivable from PA then PA 4+ —¢ and PA + ¢ are consistent.
By the model existence theorem, there are models 91~ and 9" such that M~ EPA + ¢
and MTEPA + . M~ and M are not isomorphic. So there exist models of PA which
are not isomorphic to the standard model IN.

We can also use the compactness theorem to obtain nonstandard models of theories.
Define the Sar-terms 7 for n € N recursively by

0 =0,
n+l = (n+1).
Note that this definition is taking place in the “meta theory” which studies the “object

theory” PA: give me a standard natural number n and I return the term 7 .
Define divisibility by the Sar-formula § = Jvs vy - vo = 1.

Theorem 65. There is a model 9 = PA which contains an element oo € M, oo # 0™
such that MEn|oo for every n € N\ {0}, where MEn|oo is an intuitive abbreviation for
EITI% = 5% or equivalently ME 5[A™, co].

So “from the outside”, oo is divisible by every positive natural number. This implies
MEN, and so M is a nonstandard model of PA.

Proof. Consider the theory
O =PAU{§(n,v9) |[neN\{0}}U{~wvo=0}
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(1) @ is satisfiable.
Proof. We use the compactness theorem 63(b). Let &9 C & be finite. It suffices to show
that ®¢ is satisfiable. Take a finite number ng € IN such that
@OQPAU{(S(ﬁ,’Uo) |n€JN,1<n<n0}.
Let N=n!. Then
NEPA and NE§(n, N) for 1<n<ng.
So le—Aélz ®g. qed(1)
By (1), let M'E®. Let co =M (vp) € |M']. Let M be underlying Sagr-structure of the
model M’. Then M is as required. O

This indicates that the model class of PA is rather complicated and rich. Indeed there
is a subfield of model theory which studies models of Peano arithmetic.

We define notions which allow to examine the axiomatizability of classes of structures.

Definition 66. Let S be a language and IC be a class of S-structures.

a) K ist elementary or finitely axiomatizable if there is an S-sentence ¢ with K =
Mod®p.

b) R is A-elementary or axiomatizable, if there is a set ® of S-sentences with K =
Mod*®.
We state simple properties of the Mod-operator:

Theorem 67. Let S be a language. Then
a) For ® C U C L5 holds ModS® DModSW.
b) For ®, W C L3 holds ModS(® U ¥) = ModS® N ModS¥.

c) For @ C Lg holds Mod®® =

)
) (peq,ModScp.
)
)

d
e) For ¢ € L§ holds Mod®(—¢) = Mod®(0) \Mod®(¢).

For o, ..., on—1 € L§ holds Mod®{ ¢y, ..., pr_1} =Mod®(@o A ... A on_1).

c) explains the denotation “A-elementary”, since Mod®® is the intersection (“Durch-
schnitt”) of all single Mod®y .

Theorem 68. Let S be a language and IC, L be classes of S-structures with
L =Mod*0\ K.

Then if K and L are ariomatizable, they are finitely axiomatizable.

Proof. Take axiom systems ®x and &7, such that K= Mod®®x and £ =Mod°®;. Assume
that K is not finitely axiomatizable.

(1) Let &9 C Pk be finite. Then &oU Py, is satisfiable.

Proof: Mod®®y D Mod®®j; . Since £ is not finitely axiomatizable, Mod®®y # Mod*® .
Then Mod®®oN £+ ). Take a model 2 € £, A € Mod®®;. Then 2AF UL . ged(1)

(2) ®x U Py, is satisfiable.

Proof: By the compactness theorem 63 it suffices to show that every finite ¥ C &y U &f,
is satisfiable. By (1), (¥ N ®x) U Py, is satisfiable. Thus ¥ C (¥ N Pg) U Py, is satisfiable.
ged(2)
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By (2), Mod®®x N Mod“*®;, # (). But the classes & and £ are complements, contradic-
tion. Thus R is finitely axiomatizable. O

I Herbrand’s Theorem and Automatic
Theorem Proving

When a man Reasoneth, hee does nothing else but conceive a summe
totall, from Addition of parcels. For as Arithmeticians teach to adde
and substract in numbers; so the Geometricians teach the same in lines,
figures (solid and superficiall,) angles, proportions, times, degrees of
swiftnesse, force, power, and the like; The Logicians teach the same
in Consequences of words; adding together two Names, to make an
Affirmation; and two Affirmations, to make a Syllogisme; and many
Syllogismes to make a Demonstration; and from the summe, or Conclu-
sion of a Syllogisme, they substract one Proposition, to finde the other.
For REASON, in this sense, is nothing but Reckoning (that is, Adding
and Substracting) of the Consequences of generall names agreed upon,
for the marking and signifying of our thoughts.

Thomas Hobbes (1588-1679), Leviathan, or The Matter, Forme, &

Power of a Common-Wealth Ecclesiasticall and Civill

This quote introduces the standard reference for implementing logic on computers:
the Handbook of Practical Logic and Automated Reasoning by John Harrison. Syntactical
“calculations” can be carried out by hand and by computers. We shall first consider some
transformations to normal forms.

14 Normal forms

Normal forms are important in all fields of mathematics. Linear algebra, e.g., knows several
normal forms for matrices which are equivalent to given matrices with respect to certain
transformations, and polynomials are normal forms of terms in the theory of commutative
rings.

Here we shall study normal forms of formulas, where equivalence is logical equivalence.
Our motivation is the importance for automated theorem proving. We work in some fixed
language S.

Definition 69.
a) An S-formula is a literal if it is atomic or the negation of an atomic formula.

b) Define the dual of the literal L as

I =L, if L is an atomic formula;
| K, if L is of the form —K.
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14.1 Negation normal form

Most proving algorithms are based on the cancellation of positive and negative literals. It
is important to shift negations down to the atoms:

Definition 70. € L® is in negation normal form (NNF) if ¢ does not contain the symbols
— and < and if every subformula of ¢ of the form — is a literal.

Note the we eliminate the junctors — and « as they contain implicit negations.
Lemma 71. Every ¢ € L is logically equivalent to a formula in NNF.

Proof. An obvious proof can be conducted by induction on the structure of . Standard
equivalences of formulas like

(peot)) < (p—=P)AN(Y— o)
(p—=1) < (meVY)
“Vxp < dr—p

“(pAY) = (me)V ()

serve to eliminate — and < and to push negation symbols to the inside of a formula. [

14.2 Conjunctive and disjunctive normal form
A, V (and —) satisfy associative, commutative and distributive laws (up to logical equi-
valence). Therefore quantifier-free formulas can be transformed in certain kinds of “polyno-
mials™
Definition 72.

a) A formula ¢ is in disjunctive normal form (DNF) if it is of the form

p=\ (A Ly
X 3 <m  j<n;
where each L;j is a literal.
b) A formula ¢ is in conjunctive normal form (CNF) if it is of the form

p= N\ (\ Ly

. . <m j<n¢
where each L;j is a literal.

Theorem 73. Let ¢ be a formula without quantifiers. Then ¢ is equivalent to some @' in
disjunctive normal form and to some ©” in conjunctive normal form.

Proof. By induction on the complexity of . Clear for ¢ atomic. The — step follows from

the de Morgan laws:
=V (A Lip) =« A (A Ly

i<m  j<n; 1<m j<n;
= AV
i<m  j<n;

The A-step is clear for conjunctive normal forms. For disjunctive normal forms the asso-
ciativity rules yield

V(A Zipan (A L) =\ (A Ly~ N\ LE)

i<m  j<n; i<m/ j<n! i<m,i’<m’ j<n; j<n]
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which is also in conjunctive normal form. O

Often the conjunctive normal form

p= N\ (\V Ly

. . . . <m  j<n;
is also written in set notion as

Y= {{L(]Oa ceey LOnofl}a aeey {Lm71,07 aeey mel,nmfl}}ﬁ

using that sets are independent of the order of elements and eliminate multiple entries
just like finite conjunctions and disjunctions. Furthermore we can distinguish positive and
negative literals L;; and partition the corresponding atomic formulas into a positive set p;
and a negative set n;. So we can represent ¢ as a set of pairs of sets of atomic formulas:

©={(po,10), - (Pm—1,"m—1)}

Details of such presentations are of course dependent on the intended use.

14.3 Prenex normal form

Definition 74. A formula ¢ is in prenex normal form if it is of the form

0=Qox0Q171...Qm—-1Tm-1

where each Q; is either the quantifier ¥V or 3 and v is quantifier-free. Then the quantifier
string Qo xo Q1 21...Qm—1Tm—1 1s called the prefix of ¢ and the formula ¥ is the matrix

of .

Theorem 75. Let ¢ be a formula. Then ¢ is equivalent to a formula ¢’ in prenex normal
form.

Proof. By induction on the complexity of ¢. Clear for atomic formulas. If
0 Qoro Q171 Qr—1Tm—19
with quantifier-free ¢ then by the de Morgan laws for quantifiers
= Qo Q11 Qo 1Tm—1 7Y

where the dual quantifier Q is defined by 3=V and V=3.
For the A-operation consider another formula

&' Qhah QL h Q1 0

with quantifier-free 1)’. We may assume that the bound variables of ¢ are disjoint from all
variables occuring in ¢’ and that the bound variables of ¢’ are disjoint from all variables
occuring in ¢. Then a semantic argument shows that

PN @' = Qoxo Q11 Qm—1Tm-1Q0T) Q1 21...Qrr_1 Tpyr—1 (VA Y). O

The quantifier structure of prenex formulas is a measure of the complexity of formulas.
In particular:

Definition 76. A formula ¢ is universal if it is of the form

p=VroVr1..Vr,_1 ¢
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where 1 is quantifier-free. A formula ¢ is existential if it is of the form

p=3drgIx1...3m -1V

where 1 s quantifier-free.

14.4 Skolem normal form

Theorem 77. Let ¢ be an S-formula. Then there is a canonical extension S* of the
language S and a canonical universal ¢* € LS" such that

 1is consistent iff ©* is consistent.

The formula ¢* is called the SKOLEM normal form of ¢.

Proof. By a previous theorem we may assume that ¢ is in prenex normal form. We prove
the theorem by induction on the number of existential quantifiers in ¢. If ¢ does not
contain an existential quantifier we are done. Otherwise let

p=Vx1..Ve,dyy

where m < w may also be 0. Introduce a new m-ary function symbol f (or a constant
symbol in case m=0) and let

@ =Va1..Nom z/;f““T%

By induction it suffices to show that ¢ is consistent iff ¢’ is consistent.

(1) ¢'— .

Proof. Assume ¢’. Consider 1, ..., T, . Then ww. Then Fytp. Thus Vay..Va,Jy.
qed(1) !

(2) If ¢’ is consistent then ¢ is consistent.

Proof. If ¢ — L then by (1) ¢'— L. ged(2)

(3) If ¢ is consistent then ¢’ is consistent.

Proof. Let ¢ be consistent and let 9= (M, ...)E ¢. Then

Va1 € M ..NameMIbe Mm;ﬁ—z E.

Using the axiom of choice there is a function h: M — M such that

a h(al,

Va1 € M...Nam € MM y’am) .

Expand the model 9 to M’ by setting f™ =h. Then h(ay, ..., am) :,’)ﬁ/%(fxl...xm) and

_ gﬁ/%(fxl...xm) :m/g zm/%(fxl...xm)

a
Va1 €M .. Ya,, € MO’ h F .
Ty € Yy

By the substitution theorem this is equivalent to

Va1€M...VameM9ﬁ/%’:¢f:U1.T%.
Hence

M’ E V1. Vam, wfxlTxm =

Thus ¢’ is consistent. O
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Exercise 12. Prove the preceding Theorem syntactically, without using models.

15 HERBRAND’s theorem

By the previous chapter we can reduce the question whether a given finite set of formulas
is inconsistent to the question whether some universal formula is inconsistent. By the
following theorem this can be answered rather schematically.

Theorem 78. Let S be a language which contains at least one constant symbol. Let

(2 :V$QV$1...VSEm_1 1/1

be a universal S-sentence with quantifier-free matriz v . Then ¢ is inconsistent iff there
are variable-free S-terms (“constant terms”)

18, ot g, T N
such that
tho 4l 0.0 =1 Nl
/ 0 m—1 0 m—1 0 m—1
= ) =1 A A med
v /\ ¢x0...xm_1 ¢$0...$m_1 ¥ 0. . Lom—1

18 tnconsistent.

Proof. All sentences ¢’, for various choices of constant terms, are logical consequences of
©. So ¢ is consistent, all ¢’ are consistent.
Conversely assume that all ¢’ are consistent. Then by the compactness theorem

o= {¢M |to, ..., tm—1 are constant S-terms}
ZQ.--Tm—1

is consistent. Let M= (M,...)F ®. Let
H = {t™|t is a constant S-term}.

Then H # () since S contains a constant symbol. By definition, H is closed under the
functions of M. So we let H = (H,...) CIMN be the substructure of M with domain H.

(1) HF¢. .

Proof. Let tJ% ...t | € H where to, ..., tm_1 are constant S-terms. Then ¢p—222=L ¢,

ZQ---Tm —1
ME w%, and by the substitution theorem
I o]
M———""= ).
Zo..-Lm—1
Since ¥ is quantifier-free this transfers to H :
M M
Glotmy
Tg..-Tm—1
Thus
HEVzoVr1.. Ve,m_1 v =¢.
ged(1)
Thus ¢ is consistent. O

In case that the formula v does not contain the equality sign = checking for inconsist-
ency of

tho 4l 0.0 =1 Nl
S0/:/\1/}0 m—1 _ Y0 ml/\“./\,l/}(] m—1
L. T —1 To...Tm—1 L. T —1

<N
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is in principle a straightforward finitary problem. ¢’ is inconsistent iff -’ universally
valid. We saw that universal validity can be checked via CNF when the atomic formulas
are of the form Trm. .. [] which can be interpreted as propositional variables. Since
we work without equality, atomic formulas with a list of constant terms behave just like
(independent) propositional variables. So we have explicit (Haskell) algorithms for the
required inconsistency checks contains finitely many constant S-terms. This leads to the
following (theoretical) algorithm for automatic proving of formulas without = which we
call the Herbrand procedure:
Let Q C L° be finite and x € L°. To check whether QF y:

1. Form ®=QU{-x} and let o =V(A ®) be the universal closure of A ®. Then Qt x
iff ®=QU{-x} is inconsistent iff (A ®)F L iff V(A P®)F_L.

2. Transform ¢ into universal form " =VaoVz1...Vo, 11 (SKOLEMization).

3. (Systematically) search for constant S-terms

0 0 N-—1 N-1
80, 0t N
such that
tho.th 9.9, _ AR S
QO,:/\"/"O m1:,¢‘0 ml/\'“/\wo m—1
Zo..-Tm—1 To..-Tm—1 To-.-Tm—1

<N
is inconsistent.
4. If an inconsistent ¢’ is found, output “yes”, otherwise carry on.

Obviously, if “yes” is output then QF x . This is the correctness of the algorithm. On the
other hand, HERBRAND’s theorem ensures that if Q F x then an appropriate ¢’ will be
found, and “yes” will be output, i.e., the algorithm is complete.

Example 79. We demonstrate the procedure with a small example. Let
x =32Vy(D(x) — D(y))
be a version of the well-known drinker’s paradoz: there is somebody called x such that
everybody drinks provided = drinks. To prove y we follow the above steps.
1. x is valid iff =y is inconsistent. —x is equivalent to Vz3y(D(z) A —=D(y)).
2. The Skolemization of that formula is Va(D(z) A ~D( fy(x))).

3. Ground terms without free variables can be formed from a new constant symbol ¢
and the unary function symbol f,: ¢, fy(c), fy(fy(c)),.... We form the corresponding
ground instances of the kernel D(z) A —D( fy(x)):

D(c) A=D(fy(e)), D(fy(e)) A=D(fy(fy(€))), D(fy(fy(€))) A=D(fy(fy(fy(€)))), ---

This leads to a sequence of conjunctions of ground instances:

—  D(c) N=D(fy(c)) is consistent since the conjunction does not contain dual
literals;

—  D(c) N =D(fy(e)) N D(fy(c)) N ~D(fy(fy(c))) is inconsistent since the
conjunction contains the dual literals ~D( f,(c)) and D( fy(c)).

This concludes the proof of the drinker’s paradox via Herbrand’s theorem.

The Herbrand procedure method can in principle be carried out automatically. It has
for example been implemented in the Gilmore procedure which can be found in Harrison’s
Handbook, but the details are too involved to be discussed within this course.
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16 Computer implementation of symbolic logic

We implement some syntactical algorithms in the functional computer language Haskell.
Some of the code is a simplification of code from the Naproche (Natural Proof Checking)
project at Bonn. Naproche is oriented towards a natural mathematical input language and
natural proof structurings.

A Haskell module begins with a command like

> module FOL where

Since the Naproche modelling of syntax will be based on lists of syntactic objects, we also
import a package with useful functions for lists from the standard library:

> import Data.lList

We are using “literate Haskell” which treats everything as comment except lines which start
with the symbol “>”.

16.1 Formulas

In Naproche, formulas are defined by the data type

data Formula =
A1l Decl Formula
Iff Formula Formula

| Exi Decl Formula |

|
Or Formula Formula | And Formula Formula

|

|

Imp Formula Formula

|
|
Tag Tag Formula Not Formula I
Top Bot I
Trm { trmName :: TermName, trmArgs :: [Formula],
trmInfo :: [Formula], trmId :: TermId} |
Var { varName :: VariableName, varInfo :: [Formula], varPosition ::
SourcePos } |
Ind { indIndex :: Int, indPosition :: SourcePos } | ThisT

deriving (Eq, Ord)

Formulas in this type contain information important for processing in the Naproche-SAD
system, like SourcePos for the original position of elements in some input file. We simplify
the data type for our purposes:

> data Formula =

> All String Formula | Exi String Formula |

> Iff Formula Formula | Imp Formula Formula I
> Or Formula Formula | And Formula Formula |
> Not Formula | Bot |
> Trm String [Formula] | Var String
> deriving (Eq, Ord, Show)

The Formula data type also contains terms and relations:

— avariable a can be represented by Var "alpha" where sequences of letters between
" " are strings;
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— a term f(z, y, ...) can be represented by Trm "f" [Var "x", Var "y",...]
where the arity of function symbols is not specified; the list [ . . . ] has to provide
sufficiently many arguments;

— constant symbols can be represented by empty lists like in Trm "zero" [J;

—  the same formalism is used for relations: Trm "greater" [Var "x", Var "y"] can
stand for z > y;

— then terms with empty lists like Trm "True" [] can stand for propositional con-
stants.

In this formalism a “drinker’s formula” can be defined as:

> drinker = Exi "x" (A1l "y" (Iff (Trm "drinks" [Var "x"]) (Trm "drinks"
[Var "y"1)))

The commands so far can be put in a file FOL. 1hs (.1hs is the ending for literate Haskell)
and be tried out in some interactive Haskell environment like the interactive Glasgow
Haskell Compiler GHCi:

koepke@dell:~/V/2019/WS/Logik$ ghci FOL.1lhs

GHCi, version 8.0.2: http://www.haskell.org/ghc/ :7 for help

[1 of 1] Compiling FOL ( FOL.lhs, interpreted )

Ok, modules loaded: FOL.

*FOL> drinker

Exi "x" (A1l "y" (Iff (Trm "drinks" [Var "x"]) (Trm "drinks" [Var "y"1)))
*FOL> :type drinker

drinker :: Formula

The command drinker prints the value of the term drinker and :type drinker prints
out the type of the term. Functions are the “first-class” objects of the functional language
Haskell. Even constructors of the Formula data type are viewed as (generating) functions:

*FOL> :type Not

Not :: Formula -> Formula
*FOL> :type And
And :: Formula -> Formula -> Formula

16.2 Negation normal form

Let us consider a first example of a syntactic operation in Haskell, the transformation into
NNF:

> nnf :: Formula -> Formula

> nnf (All string formula) = All string (nnf formula)

> nnf (Exi string formula) = Exi string (nnf formula)

> nnf (Iff formulal formula2) = nnf (And (Or (Not formulal) formula2)
(Or formulal (Not formula2)))

> nnf (Imp formulal formula2) = nnf (Or (Not formulal) formula2)

> nnf (Or formulal formula2) = Or (nnf formulal) (nnf formula?2)

> nnf (And formulal formula2) = And (nnf formulal) (nnf formula2)

> nnf (Not (All string formula)) = nnf (Exi string (Not formula))

> nnf (Not (Exi string formula)) = nnf (All string (Not formula))
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> nnf (Not (Iff f g)) = nnf (And (Or f g) (Or (Not £f) (Not
g)))
> nnf (Not (Imp f g)) = nnf (And £ (Not g))
> nnf (Not (And f g)) = nnf (Or (Not f) (Not g))
> nnf (Not (Or £ g)) = nnf (And (Not £f) (Not g))
> nnf (Not (Not £)) = nnf f
> nnf f =f
Example 80.

*FOL> nnf drinker

Exi "x" (A1l "y" (And (Or (Not (Trm "drinks" [Var "x"])) (Trm "drinks"
[Var "y"1)) (Or (Trm "drinks" [Var "x"]) (Not (Trm "drinks" [Var
"y"1)))))

16.3 CNF

In Haskell, we can emulate the set representation of CNF using lists instead of sets. The
disjunctions in CNFs are called clauses. We divide the literals in a clause up into pair
consisting of the set of positive literals and of the set of negative literals:

> type Clause a = ([al, [al)

where the type variable a will be instantiated by atomic formulas. A formula in CNF would
then be a list of clauses:

> type CNF a = [Clause a].

NNF quantifier-free formulas can be transformed into CNF by:

> cnf (And f g) = (cnf f) ++ (cnf g)

> cnf (Or f1 £2) = [(pl ++ p2,nl ++ n2)| (pl,nl) <- cnf(£f1),(p2,n2) <-cnf(£f2)]
> cnf (Not f) = [0, [£1]

> cnf f = [([£],[1D]

The first line uses the associativity of A; the second uses distributivity; the third inserts
negated formulas in the negative component of clauses, whereas otherwise the entry goes
into the positive component. List concatenation ++ corresponds to the union of two sets;
list abstraction [..|..] works like set abstraction; (p1,n1) <- cnf(£f1) means that one
ranges over all members of cnf (£1) which are of the form (p1,n1).

We use these functions to compute a conjunctive normal form of a formula like A A
B— BAA:

*FOL> cnf . nnf $§ (Imp (And (Trm "A" [1) (Trm "B" [1)) (And (Trm "B" [1)
(Trm "A" [1)))

[([Trm ng" []],[Trm npAn [] ,Trm ngn []]),([Trm nAn []] ,[Trrn nAn [] ,Trm ng"
(1]

Such a CNF is universally valid iff every conjunct (or element) is universally valid. An
element is a disjunction of literals. Such a disjunction is universally valid iff it contains
the negation of Bot or some literal together with its dual. This is checked by the following
recursive function:

> validCNF [] = True
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> validCNF ((pos,neg) : tail) = validCNF tail && ((Bot ‘elem‘ neg)
|| not (intersect pos neg == []1))

We can now check propositional tautologies by composing the operations of negation nor-
malization, conjunctive normalization and validity checking by the Haskell composition
operator “.”.

> propTaut = validCNF . cnf . nnf
The formula (p« (g« 7)) < ((p<> q) <> 1) is a tautology since:

*FOL> propTaut $ ((Trm "p" []) ‘Iff¢ ((Trm "q" [1) ‘Iff¢ (Trm "r" [1)))
‘Iff¢ (((Trm "p" [1) ‘Iff¢ ((Trm "q" [1)) ‘Iff¢ (Trm "r" [1)))
True

Note that the corresponding CNF is quite large, since an elimination of < increases formula
size considerably.

*FOL> cnf . nnf $ ((Trm "p" [1) ‘Iff¢ ((Trm "q" [1) ‘Iff¢ (Trm "r" [1)))
‘Iff¢ (((Trm "p" [1) ‘Iff¢ ((Trm "q" [1)) ‘Iff¢ (Trm "r" [1)))

[( [Trm upu [] ,Trm urn [] ,Trm npn [] ,Trm uqu [] ,Trm urn []] s [Trm nqn []])’
([Trm npn [] ,Trm Nyt [] ,Trm "yt []] s [Trm nqn [] ,Trm npu [] ,Trm uqu []]) s

([Trm "p" OO,Trm "r" [1,Trm "q" 011, [Trm "q9" 00,Trm "p" [I,Trm "r" [1]),
([Trm "p" OO,Trm "r" [1,Trm "p" [1],[Trm "q9" 00,Trm "q" [J,Trm "r" [1]),
([Trm "p" OO,Trm "q" [J,Trm "p" [J,Trm "q" [J,Trm "r" 0], [Trm "r" [1]),
([Trm "p" OO,Trm "q" [J,Trm "r" [1],[Trm "r" [,Trm "p" [I,Trm "q" [11),
([Trm "p" OO,Trm "q" [J,Trm "q" 011, [Trm "r" [J,Trm "p" [J,Trm "r" [1]),
([Trm "p" OO,Trm "q" [J,Trm "p" [11,[Trm "r" [J,Trm "q" [J,Trm "r" [1]),
([Trm "q9" OO,Trm "r" [1,Trm "p" [J,Trm "q" [J,Trm "r" 0], [Trm "p" [11),
([Trm "q9" OO,Trm "r" [1,Trm "r" [1],[Trm "p" 0 ,Trm "p" [I,Trm "q" [11),
([Trm "q9" OO,Trm "r" [1,Trm "q" 011, [Trm "p" 00,Trm "p" [I,Trm "r" [1]),
([Trm "q9" 0OO,Trm "r" [1,Trm "p" [1],[Trm "p" 00,Trm "q" [J,Trm "r" [11),
([Trm "p" OO,Trm "q" [J,Trm "r" [1],[Trm "p" 0,Trm "q" [J,Trm "r" [11),
([Trm "r" O], [Trm "p" [J,Trm "q" [,Trm "r" [J,Trm "p" [I,Trm "q" [11),
([Trm "q" 0], [Trm "p" [J,Trm "q" [,Trm "r" [J,Trm "p" [I,Trm "r" [1]),
([Trm "p" O], [Trm "p" [J,Trm "q" [,Trm "r" [J,Trm "q" [J,Trm "r" [1]),
([Trm "r" 0O,Trm "q" [J,Trm "r" [1],[Trm "p" 00,Trm "q" [J,Trm "p" [11),
([Trm "r" 0O,Trm "p" [I,Trm "r" [1],[Trm "p" 0,Trm "q" [J,Trm "q" [11),
([Trm "r" 0O,Trm "p" [1,Trm "q" 011, [Trm "p" 00,Trm "q" [J,Trm "r" [11),
([Trm "r" O], [Trm "p" [J,Trm "q" [0,Trm "p" 0 ,Trm "q" [J,Trm "r" [1]),
([Trm "q9" 0O,Trm "q" [J,Trm "r" [1],[Trm "p" 0,Trm "r" [1,Trm "p" [11),
([Trm "q" [00,Trm "p" [1,Trm "r" [1],[Trm "p" [J,Trm "r" [1,Trm "q" [11),
([Trm "q" [0,Trm "p" [1,Trm "q" [11,[Trm "p" [J,Trm "r" [1,Trm "r" [1]),
([Trm "q" 0], [Trm "p" [J,Trm "r" [1,Trm "p" [J,Trm "q" [1,Trm "r" [1]),
([Trm "p" [J,Trm "q" [1,Trm "r" [J,Trm "q" [J,Trm "r" [1],[Trm "p" [11),
([Trm "p" [J,Trm "q" [1,Trm "r" [J,Trm "p" [J,Trm "r" [1],[Trm "q" [11),
([Trm "p" [0,Trm "q" [1,Trm "r" [J,Trm "p" [J,Trm "q" 0], [Trm "r" [1]),
([Trm "p" [00,Trm "q" [1,Trm "r" [1],[Trm "p" [J,Trm "q" [1,Trm "r" [1]),
([Trm "p" [0,Trm "q" [1,Trm "r" [1],[Trm "q" [J,Trm "r" [1,Trm "p" [11),
([Trm "p" [00,Trm "p" [1,Trm "r" [1],[Trm "q" [J,Trm "r" [1,Trm "q" [11),
([Trm "p" [00,Trm "p" [1,Trm "q" [1],[Trm "q" [J,Trm "r" [1,Trm "r" []]),
([Trm "p" 01],[Trm "q" [J,Trm "r" [1,Trm "p" [I,Trm "q" [1,Trm "r" [11)]
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If one wants to code this algorithm efficiently, better formula representations and internal
simplifications should be used. There are many dedicated algorithms for tautology checking
which are much more efficient in practice.

Note the difference between this brute force CNF calculation and an insightful human
argument: one might, e.g., observe that the operation p+« ¢ on truth values is isomorphic
to addition modulo 2 if one maps T to 0 and IF to 1. And addition is associative.

Example 81. Electronic circuits.

Binary electronic circuits contain wires that at a given moment can have one out of two
electric voltages Vgq and Vs, corresponding to the truth values IF and T. Electrical circuits
consist of transistors that perform simple logical operations on truth values. The overall
function of a circuit is given by a composition of such operations. Proving the correctness
of circuits amounts to showing that such a composition satisfies certain propositional
properties.

We want to show that the following circuit realizes a Nor gate, i.e., a negated Or.

i Vi

0

T % Output

Input A

Input B > }

85

Figure 1: CMOS NOR gate

The circuit employs four CMOS transistors. The two N-type transistors at the bottom
shortcut their output wires when the input is T. E.g.,
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(Trm "InputA" [1) “Imp‘ ((Trm "Output" []) ‘Iff‘ Bot)
The top two P-type transistors shortcut when the input is F:

Not (Trm "InputA" [1) ‘Imp‘ ((Trm "Internmal" []) ‘Iff‘ Top)
The logical behaviour of the circuit is described by:

> circuit = (Not (Trm "InputA" []) ‘Imp‘ ((Trm "Internal" []) ‘Iff¢ Top))
> ‘And‘

> (Not (Trm "InputB" []) ‘Imp®

> ((Trm "Qutput" []) ‘Iff¢ (Trm "Internal" []))) ¢And‘

> ((Trm "InputA" [1) ‘Imp‘ ((Trm "Output" []) ‘Iff¢ Bot)) ‘And‘

> ((Trm "InputB" [1) ‘Imp‘ ((Trm "Output" []) ‘Iff¢ Bot))

Proving that the circuit correctly implements the Nor function is expressed by

> circuit
> ‘Imp¢ ((Trm "Qutput" []) ‘Iff¢
> Not ((Trm "InputA" []) ‘Or¢ (Trm "InputB" [])))

propTaut quickly checks that this is a tautology.

16.4 DNF

Disjunctive normal forms (DNF) are dual to CNF’s. We can use the set or list presentation
also for DNF’s, where we now understand

©=1{{Lo0; -+, Long—1}s s {Lm=1,0s s Lin—1,mpn 1} }»
as an abbreviation for a disjunction of conjunctions:
e=\ (N Lij).
<m  j<n;

NNF quantifier-free formulas can be transformed into DNF by the “dual” program to cnf:

> dnf (Or £ g) = (dnf £f) ++ (dnf g)
> dnf (And f1 £f2) = [(pl ++ p2,nl ++ n2)| (pl,nl) <- dnf(f1),(p2,n2) <-dnf(f2)]
> dnf (Not f) = [(0, [£D]
> dnf f = [([£],[)]

Such a DNF is universally valid iff some disjunct (or element) is satisfiable. An element
is a conjunction of literals. Such a conjunction is satisfiable iff Bot does not appear and
if every atomic formula occurs at most once, either in positive or negative form. This is
expressed by the following recursive function:

> satDNF [] = False
> satDNF ((pos,neg) : tail) = sadDNF tail || (not (Bot ‘elem‘ pos)
&& (intersect pos neg == []))

Deciding propositional satisfiability is the famous SAT problem from computer science.
SAT is NP-complete which means that it is probably of very high complexity although a
given solution can be checked quickly. We can decide small instances of SAT with:
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> propSAT = satDNF . dnf . nnf

Finding a decision algorithm for SAT whose running time is always less than a fixed
polynomial in the number of propositional variables amounts to showing that P=NP. The
general conjecture these days is, however, that P#£NP.

16.5 Latin squares as a SAT problem

An n by n grid filled with numbers 0, ...,n — 1 so that every row and column contains all
the numbers 1, ...,n (exactly) once is a Latin square. Being a Latin square can be described
in propositional logic. In set theory one indentifies the natural number n with the set
{0,...,n — 1} of its predecessors. So the cartesian product n x n can be taken as (the index
set of) the grid.

Let the propositional variable Alfj express that the grid position (i, j) contains the
number k. (Alfj) describes a Latin square iff:

— any grid position contains at least one number:

A Vo4,

(i,5)Enxn ken

— any grid position contains at most one number:

/\ A N\ (A5 A AL

(i,j)enxn ken lek

— any row contains every number:

ANV A

i€En kEn jEN

— any column contains every number:

ANV 4

JEN kEN i€N

-1
2. % + n?+ n? clauses.

This amounts to a DNF with n? variables and n?+n

In Latin square problems, a certain grid positions contain a given number, i.e., certain
Ak are assigned the truth value T. These givens are usually called “clues”. A solution
extends the assignment to all A . This a propositional SAT problem.

Note that one could formulate equivalent specifications which look very differently.
Instead of requiring that every row contains every number, one could have equivalently
postulated that the numbers in a row are pairwise distinct.

For n = 9, Latin square problems can be solved in milliseconds by modern general
purpose SAT solvers (but not by our simple-minded propSAT). These solvers incorporate
sophisticated strategies and heuristics, as well as efficient programming techniques.

Note that standard Sudoku problems are Latin square problems with the further
restraint

— that certain 3 x 3 subsquares contain every number:

k
\/ Alatc,30+d
(a,b)e3x3 k€9 (c,d)e3x3

Using current SAT solvers one can program a fast Sudoku solver by just specifying the
propositional problem, instead of programming “intelligent” human-like search strategies.



REsSOLUTION 51

17 Resolution

The Herbrand procedure is theoretically complete: a formula is provable iff the procedure
terminates. Termination can however take very long so that a proof will not be found in
practice. Also there is an enormous amount of data to be stored which may cause the
program to crash. E.g., disjunctive normal forms in the gilmore program which can simply
be checked for inconsistency seem to double in length with each iteration of the algorithm.
Practical automatic theorem proving requires more efficient algorithms in order to narrow
down the search space for inconsistencies and to keep data sizes small.

We shall now present another method based on conjunctive normal forms. We assume
that the quantifier-free formula v is a conjunction of clauses ¥ =coAci1 A... A¢;—1. Then
VxoVxi..Vr, 1 is inconsistent iff the set

(o toeotm_1

|to, ..., tm—1 are constant S-terms}
0. Tn—1

is inconsistent.

The method of resolution gives an efficient method for showing the inconsistency of sets
of clauses. Let us assume until further notice, that the formulas considered do not contain
the symbol =.

Definition 82. Let ¢t ={Ky,..., Kx—1} and ¢~ ={Lo,..., Li—1} be clauses with literals K;
and L;. Note that {Ky, ..., K1} stands for the disjunction KoV ...V K_1. Assume that
Ko and Lo are dual, i.e., Lo=Kg. Then the disjunction

{Kl, ey kal} U {Ll, ceny Llfl}
is a resolution of ¢t and c™.

Resolution is related to the application of modus ponens: ¢ — 1 and ¢ correspond to
the clauses {—¢, 1} and {p}. {¥} is a resolution of {—p, 1} and {¢}.

Theorem 83. Let C be a set of clauses and let ¢ be a resolution of two clauses ¢*,c= € C.
Then if C'U{c} is inconsistent then C' is inconsistent.

Proof. Let ¢t ={Ky,...,Kx_1}, c-={=Ko, L1...,Li_1}, and c={K7,..., K1} U{L, ...,
L;—1}. Assume that M EC is a model of C.
Case 1. MEKy. Then MEc~, ME{L;...,L;_1}, and

M':{Kh"'7Kk‘71}U{L1,...7Llil}:c_

Case 2. ME-Ky. Then MEct, ME{Kj...,Kr_1}, and
M':{K17"’aKk‘fl}U{Ll,...’Llil}zc‘

Thus M ECU{c}. -

Theorem 84. Let C be a set of clauses closed under resolution. Then C' is inconsistent
iff D€ C. Note that the empty clause {} is logically equivalent to L .

Proof. If ) € C then C is clearly inconsistent.
Assume that the converse implication is false. Consider a set C' of clauses such that

(¥) C is inconsistent and closed under resolution, but () ¢ C'.
By the compactness theorem there is a finite set of atomic formulas { ¢y, ..., ¢, —1} such that

C'={ce C|for every literal L in ¢ there exists ¢ <n such that L= ¢; or L=-;},
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is also inconsistent. Since resolution only deletes atomic formulas, C’ is also closed under
resolution, and of course () ¢ C’. So we may assume right away that there is only a finite set
{©0, ..., pn—1} of atomic formulas occuring in C, and that n with that property is chosen
minimally.

From n =0 atomic formulas one can only build the empty clause (). Since C is incon-
sistent, we must have C'# (). Thus C'={0} and () € C', which contradicts (x).

So we have n=m+1>0. Let

Ct={ceCl-pmé¢c}, C ={ceClomé¢c}
and

Ci ={c\{em}lce C*}, Cy ={c\ {~pgm}lceC}.

(1) Cf and Cj are closed under resolution.

Proof. Let d” be a resolution of d,d’ € Cy. Let d=c\ {n} and d’' ="\ {©n} with c,
¢’ € Ct. The resolution d” was based on some atomic formula ¢; # ¢, . Then we can also
resolve c, ¢’ by the same atomic formula ¢;. Let ¢” be that resolution of ¢, ¢’. Since C' is
closed under resolution, ¢” € C, ¢” € CF, and d" =c"\ {¢m} € CF. qed(1)

(2) D¢ CF or D¢ Cy.

Proof. If ) € Cy and () € Cy, and since () ¢ C' we have {¢,,} € C* and {-p,,} € C~. But
then the resolution @ of {¢,,} and {—¢;,} would be in C, contradiction. ged(2)

Case 1. )¢ Cy . Since Cf is formed by removing the atomic formula ¢,,, Cg only contains
atomic formulas from {q, ..., ¥ —1}. By the minimality of n and by (1), C is consistent.

Let MEC{ . By the proof of the model existence theorem we may assume that M is a
term model. Since the equality sign = does not occur in C' the term model can be formed
without factoring the terms in 7 by some equivalence relation. This means that different
terms are interpreted by different elements of | M.

We can assume that the atomic formula ¢, is of the form rtg...ts_1 where r is an n-
ary relation symbol and to, ..., t,_1 € T°. Since the formula rt...t,_; does not occur within
Cg, we can modify the model M to a model M’ by only modifying the interpretation
M(r) exactly at (M(tg), ..., M(ts—1)). So let M'(r)(M(to), ..., M(ts—1)) be false. Then
M'E —pp, . We show that M'EC.

Let c € C. If =, € ¢ then M’ E ¢ . So assume that -, € ¢. Then ¢ € C* and
c\{em}€Cy. Then MEc\ {pn}, M'Ec\{pn}, and M’'Ec. But then C is consistent,
contradiction.

Case 2. ) ¢ Cy. We can then proceed analogously to case 1, arranging that
M/ (M(to), ..., M(ts—1)) be true. So we get a contradiction again. O

This means that the inconsistency check in the Herbrand or Gilmore proving algorithm
can be carried out even more systematically: produce all relevant resolution instances
until the empty clause is generated. Again we have correctness and completeness for the
enhanced algorithm with resolution.

Let us present an implementation of resolution (for ground formulas without variables)
by S. Panitz in Theorem Proving in a Russian Room and in Haskell. We are again using
a list presentation of sets:

— nub is a library function which removes double entries from lists thus making lists
more set-like;

— concat is the concatenation of a list of lists, corresponding to the union of a set of
sets;

— iterate yields an infinite list of the iterations of the function allresolvents
applied to the original list xs;
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— (0, 1) represents the empty clause which stands for a contradiction;

— note that Haskell is able to do some computations with infinite lists since it uses
lazy evaluation: to decide the predicate resPrf xs, the iterates are produced and
concatenated one by one; whether ([],[]) is an element of these concatenations
is checked repeatedly until success, so that a positive decision is available at some
finite iterate;

— if there is no positive decision the process runs into an infinite iteration and will
only stop due to a stack overflow or other intervention.

> resolve(pl,nl) (p2,n2)=

[ (nub ((p1\\[1])++p2) ,nub(ni++(n2\\[1]))) [1<-pl,elem 1 n2]
breadth f xs = [f x y |x<-xs,y<-xs]
allresolvents xs = xs ++ concat (breadth resolve xs)
resPrf xs = elem ([],[]) (concat (iterate allresolvents xs))
propRes = resPrf . cnf . nnf . Not

vV V V V

18 Unifikation

Resolution is one of the main mechanisms behind the logic programming language Prolog.
Prolog programs can be viewed as conjunctions of universally quantified clauses. A uni-
versally quantified clause stands for all clauses that can be reached by substituting into the
free variables of the clause. Prolog searches systematically for clauses that can be resolved
after substitution. Prolog uses “minimal” substitutions (“unifications”) for those resolutions
and keeps track of the required substitutions. The composition of all those substitutions
is the computational result of the program: a minimal substitution to reach inconsistency.

To demonstrate how one can compute in Prolog let us consider the addition problem
“2 4 2 = 7”. Represent natural numbers by terms in a language with the constant symbol
zero and the successor function succ. The ground terms of the language are:

zero, succ(zero), succ(succ(zero)), ...
Addition is represented by a ternary predicate
add(X,Y,Z) - X+Y =7.
The following universal sentences axiomatize addition:

Al.  VX.add(X,zero, X)
A2, VXY, Z.(add(X,Y,Z)— add(X,succ(Y),succ(Z)))

Computing 2+ 2 can be viewed as an inconsistency problem:
4 = succ(succ(succ(succ(zero))))
is the unique term t of the language such that the axioms Al and A2 are inconsistent with
—add(succ(succ(zero)), succ(succ(zero)), t).

So the aim is to find a possibly iterated substitution for the variable V' such that A1l and
A2 are inconsistent with

—add(succ(succ(zero)), succ(succ(zero)), V).
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We can write these formulas in clausal form by omitting quantifiers.

Al.  {add(X,zero, X)}
A2, {-add(X,Y,Z),add(X,succ(Y),succ(Z))}
A3.  {—add(succ(succ(zero)), succ(succ(zero)), V) }

All variables are understood to be universally quantified. So we can rename variables freely,
and we shall do so in order to avoid variable clashes.

In Prolog notation, the program to compute 2+ 2 can be written as follows, where the
implication in A2 is indicated by “:-":

add(X,zero,X).
add (X,succ(Y),succ(Z) :- add(X,Y,Z).
?- add(succ(succ(zero)),succ(succ(zero)),V).

Execution of the program means to find substitutions and resolutions leading to incon-
sistency: we begin with the clauses

1. add(X, zero, X)

2. madd(X,Y, Z),add(X, succ(Y), succ(Z))

3. —add(succ(succ(zero)), succ(succ(zero)), V)
The clauses 2 and 3 can be resolved by making the literals add(X, succ(Y’), succ(2))
and —add(succ(succ(zero)), succ(succ(zero)), V') dual using the substitutions X: =
succ(succ(zero)), Y: =succ(zero), V:=succ(Z). This yields the resolution:

4. —add(succ(succ(zero)), succ(zero), Z)
This should again resolve against 2. To avoid variable clashes, we first rename the
(universal) variables in 2:

5. madd(X1,Y1, Z1),add(X1,succ(Y'1),succ(Z1))
4 and 5 can be resolved by making the literals add(X1, succ(Y'1), succ(Z1)) and —
add(succ(succ(zero)), succ(zero), Z) dual using the substitutions X 1: =succ(succ(zero)),
Y'1: =zero, Z: =succ(Z1). This yields the resolution:

6. —add(succ(succ(zero), zero, Z1)
This should resolve against 1. To avoid variable clashes, we first rename the (universal)
variables in 1 by “new” variables:

7. add(X2, zero, X2).
6 and 7 can be resolved by the substitutions X2: =succ(succ(zero)), Z1: =X2. This
yields the “false” resolution, as required:

8. {}

The combined substitution for V which lead to this contradiction is obtained by
“chasing” through the substitutions:

V =succ(Z) = succ(suce(Z1)) = sucec(succ(X2)) = succ(suce(succ(suce(zero)))).

Thus 2+2=4!
Exercise 13. Addition and multiplication on the natural numbers can be formalized in Prolog by the
following program.

add (X, zero,X) .

add (X,succ(Y),succ(Z) :- add(X,Y,Z).
mult(X,zero,zero).

mult(X,succ(Y),Z) :- mult(X,Y,W), add(W,X,Z).

The question 2 x 2=7 is expressed by the query:
?7- mult(succ(succ(zero)),succ(succ(zero)),V).

Please describe with pen and paper how Prolog calculates this product.
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In the Prolog example, clauses with variables were brought into agreement by substitu-
tion of variables by terms. Then resolution was applied by cancelling out complementary
literals. So far the substitutions used yielded ground instances, i.e., all variables were instan-
tiated by constant terms. On the other hand the resolution method works for arbitrary
substitutions. {¢(x)} and {—-¢(y), ¥(y)} can be resolved into {(y)} by first trans-

forming {¢(2)} into {¢(y)}.

Definition 85. Let Var = {v,|n < w} be the set of first-order variables. A substitution

is a map o: Var — T into the set of S-terms. If only a finite part of the substitution o is
o(vo)...o(vp—1)

VQ..--Un—1
to a termt or a formula ¢ is defined as before and written in the form to or po. Consider
a finite set c={Lo, ..., Li_1} of literals. Define the substitution co ={Loo,...,Li_10}.

relevant, it is usually written in the form . The application of a substitution

a) A substitution o is a unifier for {Lo,...,Li—1} if Loo=...=L;_10.
b) {Lo,...,L;_1} is unifiable if there is a unifier for {Lq, ..., Li_1}.

¢) A unifier o for {Lo,...,Li—1} is a most general unifier for {Ly,..., Li_1} if every
unifier T factors by o, i.e., there is another substitution p such that T=poo. Here
the composition of substitutions is defined by

poa(vy)=0c(vy)p.

Theorem 86. Let {Lo, ..., L;} be a finite unifiable set of literals. Then {Ly, ..., Li_1}
possesses a most general unifier, which can be constructed through a recursive syntactical
algorithm.

Proof. Define a sequence oy, ..., on of substitutions by recursion. Set og=1id [ Var.

Assume that o; is defined. If {Lg oy, ..., L; 03} consists of one element then set N =1
and stop the recursion.

Now assume that {Lg0o, ..., L;o;} consists of more then one element. Let p be minimal
such that there are substituted literals L;o; and L o; which differ in their p™ position (as
sequences of symbols). Let s;# s; be the p'" element of L;o; and Ly o; respectively.
Case 1. sj, sy ¢ Var. Then set N =1 and stop the recursion (“unification impossible”).
Case 2. s; € Var or s, € Var. Without loss of generality we may assume that s; € Var,
and we write x = s;. Let ¢ be the subterm of Lj o; which starts at the pt position with
the symbol s .

Case 2.1. x €var(t). Then set N =i and stop the recursion (“occur-check failed”).
Case 2.2. x ¢ var(t). Then set

Oit1=—00i
and continue the recursion.
(1) The recursion stops eventually.

Proof. ;41 can only be defined via Case 2.2. There, the variable z does not occur in ¢.
Applying the substitution % to {Looy, ..., Lio;} removes the variable x from

t t
{Looit1,-., Lioit1} ={Loo; el L, O'Z‘E}.

So the number of variables in {Lgoj, ..., Ljo;} goes down by at least 1 in each step of the
recursion. Therefore the recursion must stop. ged(1)
Now let 7 be any unifier for {Lo, ..., L;}: Lot=...=L;T.
(2) For : =0, ..., N there is a substitution 7; such that 7=7;00;.
Proof . Define 7; by recursion on i. Set 7o=7. Then 7=7o0 (id [ Var) =190 0y.
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Assume that 7; is defined such that 7 = 7;0 0; and that i < N. Then ;41 is defined
according to Case 2.2. With the notations of that case: ;41 :%oai . Since T=T;00;is a
unifier for {Lo, ..., [;} then 7; is a unifier for {Lg0j, ..., L;0;}. Thus the variable z and the
term ¢ are unified by 7;: x7;=T7;(x) =t7;. Set

Tir1 = (i \{(z, 7i(2))}) U{ (2, 2)}.

We show that TZ‘+1O%:TZ‘I if y < x then

t
ygTi-i—l =YTi+1=YTi,
if y=2x then

t . .
Yy—Tit1=1tTiy1=1t7; (since x does not occur in t)=x7;,=y7;.
T
Then

t
Ti4100i4+1 = Ti+10(500i)

t
= (Ti410 )00
= 700

= T.

We can now define first-order resolution.

Definition 87. Let ¢’ and ¢” be clauses. Let the substitutions o': Var < Var and o’
Var < Var be renamings of variables so that ¢’a’ and ¢"o” do not have common variables.
Let {Ly,...,Lyp} Cc'o’ and {Kq,...,K,} Cc"d” be sets of literals such that

{L1,....;L;m, K1, ..., K.}

is unifiable where m,n > 1. Let o be a most general unifier of {L1, ..., L, K1, ..., K,}.
Then the clause

c=[(c"o"\{L1, ..., Lp}) U (c"a"\ {K1, ..., Ko})] 0

is a (first-order) resolution of ¢’ and ¢”.

Given the clauses ¢’ and ¢” one just has to find parts (sometimes called factors) which
are unifiable and compute c. It is not necessary to “find” ground instances of the clauses. On
the other hand, resolution with ground instances can be gotten from first-order resolution
by lifting-techniques.

Theorem 88. Let ¢’ and c” be clauses and let ¢} and cj be ground instances of ¢’ and
c" which are resolvable. Let cy be a resolution of ¢ and cll. Then there is a first-order
resolution ¢ of ¢ and c” such that co is a ground instance of c.

Proof. First let ¢’: Var <> Var and ¢”: Var <> Var be renamings of variables so that ¢'o’
and ¢”0” do not have common variables. Since ¢} and ¢ are ground instances of ¢’ and
" they are also ground instances of ¢’c’ and ¢”o”. Let

cy=c'oc't" and ¢/ =c"o"7".

"o Vi vari W T T i
Since ¢’o’ and ¢”0" do not have common variables we can assume that 7/ and 7" substitute
disjoint sets of variables. Letting 7=7"07" we get

co=c'o'r and ¢ =c"o"'T
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Let the resolution cg of ¢ and cf be “based” on the literal L: L € ¢{y and L € ¢{j and
co=(co\ {L}) U (cg \{L}).
The literal L is a ground instance of possibly several literals Ly, ..., Ly, € ¢'o’ by the ground
substitution 7. Similarly the literal L is a ground instance of possibly several literals Kj, ...,
K, €c"a” by the ground substitution 7. Now 7 unifies {L1, ..., Ly, K1, ..., K,,} into L. By
the theorem on the existence of most general unifiers let o be a most general unifier for
{L1,...;Ln, Ky, ..., K}
Then
c= [(Clo-/\ {Lla R Lm}) U (CI/J/I\ {Kla R KN})] g

is a (first-order) resolution of ¢’ and ¢”. Since o is most general, take another substitution
p such that 7= poo. Then

co = (co\{L}HU (et \{L})
= (o't \{L})U(c"o"T\{L})
= [(c'o'\{L1, ..., L, }) U (""" \{Ky,..., K, })]T
= [('o’'\{L1,..., L }) U (c"0"\{K1, ..., Kp})]op
= ¢p
is a ground instance of c. O

Theorem 89. Let C' be a set of clauses and let co=cog be a ground instance of c. Then
C F ¢o by resolution with ground clauses iff there is are substitutions o and T such that
Ctco can be shown by first-order resolution and co=coT.

IIT1 Set Theory

Die Mengenlehre ist das Fundament
der gesamten Mathematik

(FELIX HAUSDORFF,

Grundziige der Mengenlehre, 1914 )

19 Set theory

19.1 The origin of set theory

GEORG CANTOR characterized sets as follows:

Unter einer Menge verstehen wir jede Zusammenfassung M von bestimmten,
wohlunterschiedenen Objekten m unsrer Anschauung oder unseres Denkens
(welche die “Elemente” von M genannt werden) zu einem Ganzen.
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FELIX HAUSDORFF in Grundziige formulated shorter:

FEine Menge ist eine Zusammenfassung von Dingen zu einem Ganzen, d.h.
zu einem neuen Ding.

Sets are ubiquitous in mathematics. According to HAUSDORFF

Differential- und Integralrechnung, Analysis und Geometrie arbeiten
in Wirklichkeit, wenn auch vielleicht in verschleiernder Ausdrucksweise,
bestdandig mit unendlichen Mengen.

19.2 Set theoretic foundations of mathematics

In current mathematics, many notions are explicitly defined using sets. The following
example indicates that notions which are not set-theoretical prima facie can be construed
set-theoretically:

f is a real funktion = f is a set of ordered pairs (z, y) of real numbers, such
that ... ;

(z,y) is an ordered pair = (z,y) is a set ...{z,y}... ;

x is a real number = z is a left half of a DEDEKIND cut in Q = x is a subset
of @, such that ... ;

r is a rational number = r is an ordered pair of integers, such that ... ;

z is an integer = z is an ordered pair of natural numbers (= non-negative
integers);

N={0,1,2,...};

0 is the empty set;

1 is the set {0};

2 is the set {0,1}; etc. etc.

We shall see that all mathematical notions can expressed in the language of sets.

Besides this foundational role, set theory is also the mathematical study of the infinite.
There are infinite sets like N, QQ, R which can be subjected to the constructions and analyses
of set theory; there are various degrees of infinity which lead to a rich theory of infinitary
combinatorics.

The notion of set is adequately formalized in first-order axiom systems introduced by
ZERMELO, FRAENKEL and others. Together with the GODEL completeness theorem for
first-order logic this constitutes a “formalistic” answer to the question “what is mathem-
atics™ mathematics consists of formal proofs from the axioms of ZERMELO-FRAENKEL set
theory.

Definition 90. Let € be a binary infix relation symbol; read x € y as “x is an element of
y”. The language of set theory is the language {€}. The formulas in L€} are called set

theoretical formulas or €-formulas. We write L€ instead of L1€}.

The naive notion of set is intuitively understood and was used extensively in previous
chapters. The following axioms describe properties of naive sets. Note that the axiom
system is an infinite set of axioms. It seems unavoidable that we have to go back to some
previously given set notions to be able to define the collection of set theoretical axioms -
another example of the frequent circularity in foundational theories.
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Definition 91. The axiom system ST of set theory consists of the following axioms:
a) The axiom of extensionality (Ext):
VaVy(Vz(z€x—zey) —ax=y)
- a set is determined by its elements, sets having the same elements are identical.
b) The pairing axiom (Pair):
VaVydzVw (w € zw=xVw=y).
- z 18 the unordered pair of x and y.
¢) The union axiom (Union):
VedyVz(z €y Jw(w ez Az € w))
-y is the union of all elements of x.
d) The powerset axiom (Pow):
VedyVz(z € y = Vw(w € z—w e x))
-y consists of all subsets of x.
e) The separation schema (Sep) postulates for every €-formula p(z,x1,...,Ty):
Vo Ve,VedyVz (z € y—zex A p(z, 21, ..., 7))

- this is an infinite scheme of axioms, the set z consists of all elements of x which
satisfy .

f) The replacement schema (Rep) postulates for every €-formula o(x,y,x1,...,Tp):

V%‘lVSEn(VSUVyVy/((QO(i‘, Y, L1y ey $n) A QO(%‘, ylv L1y eeey l‘n)) — Y= y/) -
VudwVy (yeve Jz(z eun p(z,y,x1,...,20))))

- v s the image of u under the map defined by .
g) The foundation schema (Found) postulates for every €-formula ¢(x,x1,...,xy):
Vr. Ne,(Fee(z, 21, .., xn) — (@2, 21, ooy 20) AV (2 €2 — (2!, 21, ...y 1))

- if v is satisfiable then there are €-minimal elements satisfying p.

The axiom of extensionality expresses that a set is only determined by its elements.
There is no further structure in a set; the order or multiplicity of elements does not matter.
The axiom of extensionality can also be seen as a definition of = in terms of &

VaVy(r=y—Vz(z €x— 2z €y)).

The separation schema (“Aussonderung”) is the crucial axiom of ZERMELO set theory.
GOTTLOB FREGE had used the more liberal comprehension schema

Vai. Ve, yvVz (z € y— p(z, 21, ..., Tp))

without restricting the variable z to some x on the right hand side. This however led to
the famous RUSSELL paradox and is thus inconsistent. ZERMELO’s restriction apparently
avoids contradiction.

The replacement schema was added by ABRAHAM FRAENKEL to postulate that func-
tional images of sets are sets.
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The foundation schema by MIRIMANOFF allows to carry out induction on the binary
relation € . To prove a universal property by contradiction one can look at a minimal
counterexample and argue that the property is inherited from the elements of a set to the
set. The schema is used seldomly in mathematical practice, but it is very convenient for
the development of set theory.

Note that the axioms of ST do not postulate the existence of infinite sets, and indeed
one can easily build a canonical model of ST consisting only of finite sets. Such a model
can be defined over the structure N= (N, +,-,0,1). The theory ST has the same strength
as first-order Peano arithmetic (PA).

The theory would become much stronger, if the aziom of infinity (Inf) was added:

Jx(Fy(yexAVzzey) ANVy(yexz—Iz(zex ANVw(wez—weyVw=y)))).

Intuitively, the closure properties of x ensure that x is infinite. The strengthened theory
is ZERMELO-FRAENKEL set theory (without the axiom of choice), which is usually taken
as the universal foundation of mathematics. We work with the weaker theory ST, since
we want to show the GODEL incompleteness theorems for ST, which are alternative rep-
resentations of the original GODEL incompleteness theorems for PA.

Definition 92. The system ZF of the ZERMELO-FRAENKEL axioms of set theory consists
of the axioms of ST together with the axiom of infinity. The axiom system ZF~ consists
of the ZF-axioms except the power set axiom. The system EML (“elementary set theory”)
consists of the axioms Ex, Ext, Pair, and Union.

Exercise 14. The system ST without the separation schema implies the separation schema.

19.3 Class terms
Most of the axioms have a form like
VZIyVz (z €y ).

Intuitively, y is the collection or class of sets z which satisfy ¢. The common notation for
that class is

{zle}.

This is to be seen as a term, which assigns to the other parameters in ¢ the value {z|¢}.
Since the result of such a term is not necessarily a set we call such terms class terms. It
is very convenient to employ class terms within €-formulas. We view this notation as an
abbreviation for “pure” €-formulas.

Definition 93. A class term is of the form {x|¢} where x is a variable and p € L<. If
{z|p} and {y|v} are class terms then

— ue{x|p} stands for @%;

—  u={z|p} stands for Yv (vEu (p%);

— Az|e}=u stands for Vv (SO%HUEU);

— A{zle}={ylv} stands for Vv (@%ng)’.

— Az|¢} €u stands for v(veunv={x|p};

— x|} e{y|v} stands for Elv(@%/\v:{x“o}‘
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In this notation, the separation schema becomes:

Ve NVe,Vedyy={z|z€x AN p(z,x1,...,2p) }.
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We shall further extend this notation, first by giving specific names to important formulas

and class terms.

Definition 94.
a) 0:={z|x+#x} is the empty set;
b) V:={x|x==x} is the universe.
We work in the theory ZF for the following propositions.

Proposition 95.
a) DeV.
b) V ¢V (RUSSELL’s antinomy).

Proof. a) ) € V abbreviates the formula
Fv(v=vAv=0).
This is equivalent to Jvv = which again is an abbreviation for
FvVw (w eve—w+w).

Consider an arbitrary set . Then the formula is equivalent to

JVw (weve—wer AwFw).
This follows from the instance

VedyVz (z e y—zex Nz # 2)

of the separation schema for the formula z # z.
b) Assume that V € V. By the schema of separation

Jyy={z|zeV Az¢z}.
Let y={z]z€V Az¢ z}. Then
Vz(z€y—zeV Az¢z).
This is equivalent to
Vz(zey—z¢z).
Instantiating the universal quantifier with y yields

ycy—ydy
which is a contradiction.

O

Definition 96. Let A be a term. We also say that A is a class. A is a set iff AcV. A is

a proper class iff A¢V.

Set theory deals with sets and proper classes. Sets are the favoured objects of set theory,
the axioms mainly state favourable properties of sets and set existence. Sometimes one
says that a term A exists if A € V. The intention of set theory is to construe important
mathematical classes like the collection of natural and real numbers as sets so that they
can be treated set-theoretically. ZERMELO observed that this is possible by requiring some

set existences together with the restricted separation principle.
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Exercise 15. Show that the class {{x}|x € V'} of singletons is a proper class.

We introduce further abbreviations. By a term we understand a class term or a variable,
i.e., those terms which may occur in an extended €-formula. We also introduce bounded
quantifiers to simplify notation.

19.4 Properties of classes

Definition 97. Let A be a term. Then Yz € A stands for Vx(x € A— ) and Jx € Ap
stands for Jx (x € AN p).
Definition 98. Let x,vy, z,... be variables and X,Y , Z ... be class terms. Define
a) XCY:=VexeXzeY, X is a subclass of Y;
b) XUY :={zlx€ XVaeY} is the union of X and Y;
c) XNY :={z|lre X ANz €Y} is the intersection of X and Y;
d) X\Y:={z|lzre X ANx¢Y} is the difference of X and Y;
e) UX :={x|Fye Xz €y} is the union of X;
f) N X:={zx|Vye Xz ey} is the intersection of X ;
9) P(X)={xz|x C X} is the power class of X;
h) {X}={x|x=X} is the singleton set of X;
) {X,Y}={z|lr=XVa=Y} is the (unordered) pair of X andY;
)

{X(), ceny n,l}:{x\x:Xo\/...\/x:Xn,l}.

1
J

One can prove the well-known boolean properties for these operations. We only give a
few examples.

Proposition 99. X CYAY CX—-X=Y.
Proposition 100. |J{z,y}=zUy.

Proof. We show the equality by two inclusions:
(Q). Let ueJ{z,y}. Fv(ve{z,ytAuev). Letve{z,ytAucv. (v=xVv=y)Au€cw.
Case 1. v=2. Thenuex. uexVucy. Hence ucxUy.
Case 2. v=y. Thenuey. ucxVuecy. Hence uexUy.
Conversely let uezUy. uexVuey.
Case 1. ucx. Then xe{z,ytANuecz. v(vef{zr,y} Auecv)and uel{z,y}.
Case 2. u€y. Then x € {z,y} Auecz. v(ve{z,y} Auecv)and uel{z,y}. O

Combining the axioms of pairing and unions we obtain:
Lemma 101. VSU(), ey Tp—1 {SUQ, ey xn_l} ev.

Note that this is a schema of lemmas, one for each ordinary natural number n . We
prove the schema by complete induction on n .

Proof. For n=0,1,2 the lemma states that 0 €V, Vx {x} €V, and Vz,y {x,y} €V resp.,
and these are true by previous axioms and lemmas. For the induction step assume that
the lemma holds for n, n > 1. Consider sets xq, ..., x,. Then

{zo, ..., xn} ={x0, .ccyn_1} U{zpn}.
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The right-hand side exists in V' by the inductive hypothesis and the union axiom. OJ

Remark 102. We are developing the axiom systems ST and ZF. These will be infinite
schemas, lists, or sets of formulas. These schemas are formulated in the common mathem-
atical language, which is able to speak about formulas, in particular €-formulas, and is also
able to speak about infinite collections of formulas. If we assume infinitely many axioms, we
can conclude infinitely many consequences, like the above Lemmaf(s): Vo, ..., 2,1 {z0, ...,
Tn_1} € V. We view the common mathematical language as a meta language which is
able to speak about an object language like the language of set theory. The meta language
has common mathematical tools available. For example induction and recursion on the
common natural numbers, to perform the recursion in the previous schema of lemmas. We
shall approach the problem of meta theory versus object theory in an informal naive way.

19.5 Set-theoretical axioms in class term notation

We can now reformulate set-theoretical axioms using class terms; for brevity we omit initial
universal quantifiers.

a) Extensionality: t CyAyCax—xz=y.
Pairing: {z,y}€V.

Union: |JzeV.

Powerset: P(z)e V.

Separation schema: for all terms A
rtNAeV.

f) Replacement: see later.

g) Foundation: for all terms A

A+D)—TJreAxznA=0.

Also the axiom of infinity can be written as

Jx (exAVuezuU{u}€x).

20 Relations and functions

20.1 Ordered pairs and cartesian products

Ordered pairs are the basis for the theory of relations.
Definition 103. (z,y)={{z},{x,y}} is the ordered pair of z and y.

Remark 104. There are sometimes discussions whether (z, y) is the ordered pair of x
and y , or to what degree it agrees with the intuitive notion of an ordered pair. Anyway,
the next proposition shows that the set-theoretical term (z, y) has the properties expected
from an intuitive ordered pair within the axiom system ST. There are, however, many
other terms t(x, y) that could be used instead of our choice.

Proposition 105. (z,y) €V, i.e., (x,y) is a sel.
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(z,y)= (2", y) mz=yANa' =y

Definition 106. Let t(Z) be a term in the variables @ and let ¢ be an €-formula. Then
{t(Z)|p} stands for {z|3Z(pAz=1t(Z)}.

Definition 107. Let A, B, R be terms. Define the cartesian product of A and B as
Ax B={(a,b)lac ANbe B}.
By the specific implementation of KURATOWSKI ordered pairs:
Lemma 108. A x BCP(P(AUB)).

Proof. Let (a,b) € A x B. Then

a,b € AUB
{a},{a,b} C AUB
{a},{a,b} € P(AUB)
(aab) :{{a}a{avb}} - P(AUB)
(a,b) ={{a},{a,b}} € P(P(AUB))
O
Proposition 109. z xy V.
Proof. Exercise. O

20.2 Relations

Definition 110. Let R be a term. Define
a) R is a (binary) relation if RCV x V.
b) If R is a binary relation write a Rb instead of (a,b) € R.

We can now introduce the standard notions and operations for relations:

Definition 111. Let R, S, A be terms.
a) The domain of R is dom(R) :={z|Jyx Ry}.
) The range of R is ran(R):={y|3zx Ry}.
) The field of R is field(R) :=dom(R) Uran(R).
) The restriction of R to A is R| A:={(x,y)|lxr RyAz € A}.
) The image of A under R is R[A]:= R"A:={y|3x € AxRy}.
)
)
)

Q& o >

)

The preimage of A under R is R™[A]:={z|Jy€ Az Ry}.
The composition of S and R (“S after R”) is So R:={(x,z)|qy (x RyAyS=z)}.
The inverse of R is R™':={(y,x)|[rRy}.

~

S @

Relations can play different roles in mathematics.
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Definition 112. Let R be a relation.
a) R is reflexive iff Vo €field(R) xRx .
) R is irreflexive iff Va € field(R) -z Rx .
) R is symmetric iff Vz,y(x Ry—yRx).
) R is antisymmetric iff Vz,y (ztRyAyRx—z=1y).
e) R is transitive iff Vx,y,z (tRyAyRz—xRz).
) R is connex iff Va,y€field(R) (xRyVyRxzVx=y).
)
)

R is an equivalence relation iff R is reflerive, symmetric and transitive.

z modulo R .

It is possible that an equivalence class [z]g is not a set: [z]g ¢ V. Then the formation
of the collection of all equivalence classes modulo R may lead to contradictions. Another
important family of relations is given by order relations.

Definition 113. Let R be a relation.
a) R is a partial order iff R is reflexive, transitive and antisymmetric.
b) R is a linear order iff R is a connex partial order.

c) Let A be a term. Then R is a partial order on A iff R is a partial order and
field(R)=A.

d) R is a strict partial order iff R is transitive and irreflexive.

e) R is a strict linear order iff R is a connex strict partial order.

Partial orders are often denoted by symbols like <, and strict partial orders by <. A
common notation in the context of (strict) partial orders R is to write

dpRqp and VpRqp for Ip(pRqg A ¢) and Vp(pRqg— @) resp.

20.3 Functions

One of the most important notions in mathematics is that of a function.

Definition 114. Let F be a term. Then F is a function if it is a relation which satisfies

Vao,y,y' (e FyhaFy' —y=y').
If F is a function then
F(z):={ulVy (zFy—uey)}

1s the value of I at x.

If F is a function and z Fy then y= F(z). If there is no y such that x F'y then
F(x)= ﬂ y:ﬂ h=V.
zFy

The “value” V' at x may be read as “undefined”. A function can also be considered as the
(indexed) sequence of its values, and we also write

(F(x))gea or (Fy)zea instead of F: A—V.
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We define notions associated with functions.

Definition 115. Let F', A, B be terms.

a) Fis a function from A to B, or F: A— B, iff F is a function, dom(F) = A, and
range(F)C B.

b) Fis a partial function from A to B, or F: A— B, iff Fis a function, dom(F)C A,
and range(F') C B.

¢) Fis a surjective function from A to B iff F: A— B and range(F') = B.
d) F'is an injective function from A to B iff F: A— B and
Ve, '€ A (x#+2'—F(x)#+ F(z'))
e) Fis a bijective function from A to B, or F: A< B, iff F: A— B is surjective and
mjective.

f) AB:={f|f: A— B} is the class of all functions from A to B.

Using functional notation we may now write the replacement schema as
F' is a function — Flz]eV.

One could now develop the usual theory of functions, formalize notions like surjective,
injective, bijective, and prove that fundamental properties hold.

Proposition 116.
a) *y CP(x xy).
b) “yeV.

21 Ordinal numbers, induction and recursion

As a foundation of mathematics, set theory has to support the common systems of natural
and real numbers. These will be constructed using a class of numbers specific for set theory,
the ordinal numbers, which possibly extend the intuitive natural numbers beyond the finite.
Whereas commonly natural numbers are used to enumerate finite sets, ordinal numbers
will be used to enumerate arbitrary sets. Ordinal numbers allow induction and recursion.

21.1 €&-Induction

The aziom schema of foundation provides structural information about the set theoretic
universe V. Viewing € as some kind of order relation it states that every non-empty class
has an €-minimal element x € A such that the €-predecessors of z are not in A. In the
usual natural numbers, the existence of minimal numbers is equivalent to induction. We
have a similar situation in set theory:

Theorem 117. The foundation scheme is equivalent to the following, PEANO-type, induc-
tion scheme: for every term B postulate

Ve(rCB—2x€B)—B=V.
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This says that if being in B is always “inherited” from all elements of a set to the set
itself, then every set is in B. Since being an element of a class term B = {z| ¢(x, Z)}
1s equivalent to satisfying ¢ we can rewrite the induction principle in a form similar to
“complete induction” for natural numbers

Vr((Vy € zp(y, 7)) — ¢(x,T)) = Vro(z, 7).

Proof. We prove the theorem by a chain of equivalences:

Ve(xCB—2zeB)—B=V
& B#V —>-Vx(zrCB—z€B)
& V\B#0—3x(xCBAx¢B)
& VA\B#0—3z(xe(V\B)AzN(V \B)=0).

The latter is an instance of foundation for the class V' \ B. O

This leads to:
Exercise 16. A relation R on a domain D is called wellfounded, iff for all terms A
0£ANACD—Ize AAN{y|yRz}=0.

Formulate and prove a principle for R-induction on D which coressponds to the assumption that R is
wellfounded on D.

Exercise 17. Consider the axiom system HF consisting of the axioms of EML together with the
induction principle: for every term B postulate

Ve,y(xCBAyeB—zU{y}eB)—»B=V.

Show that every axiom of ZF except Inf is provable in HF, and that HF proves the negation of Inf
(HF axiomatizes the heriditarily finite sets, i.e., those sets such that the set itself and all its iterated
elements are finite).

21.2 Ordinal numbers

Definition 118.
a) 0:=0 is the number zero.

b) For any term t, t+1:=tU{t} is the successor of t.

We have to make sure that the +1-operation produces “new” numbers and does not run
into some kind of dead end or circle, where, e.g., t +1=t. We use Foundation for this:

Lemma 119. Let n be a natural number >1. Then there are no xg, ..., Tn—1 Such that

ToETIE...€ETp_1E€ET).

Proof. Assume not and let xg€x1€...€2,_1€x0. Let

A={x0, ..., Tn-1}

A=+() since n>1. By foundation take z € A such that ANz =10.
Case 1. x=z¢. Then z,_1€ ANz =0, contradiction.
Case 2. x=uz;,1>0. Then z;_1€ ANz =0, contradiction. O

Lemma 120.
a) x#+x+1;
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b) the function x— x+1 is injective.

Proof. b) Assume z+1=2U{z}=yU{y} =y + 1 but £ #y. This implies = ¢ {y} and
x €y. Similarly y ¢ {x} and y € z. This €-cycle contradicts the previous Lemma. O

Let us define set-theoretic analogues of the standard natural numbers:

Definition 121. Define

a) 1:=0+1;
b) 2:=1+1;
c) 3:=2+1; ...

From the context it will be clear, whether “3”, say, is meant to be the standard number
“three” or the set theoretical object

3 = 2U{2}

= (1+1)u{1+1}

= ({0 u {03 u{{0ru {{0}}}
{0, {0}, {0} U {{0}}}.

The set-theoretic axioms ensure that this interpretation of “three” has essential number-
theoretic properties of “three”.

Remark 122. With our definitions, the axiom of infinity is equivalent to
dx(0exAVnezn+1lex).
Intuitively this says that there is a set {0, 1,2, 3, ...} which contains all natural numbers

(and possibly further elements).

So far, we only have formalizations of specific numbers like 0, 1, 2, .... We arrive at a
general notion of “number” by identifying a common property of those numbers and making
that the defining property for ordinal numbers. Not that

1. "Numbers” are ordered by the &-relation:
m<n iff m en.
E.g., 1€3 but not 3€1.

2. On each “number”; the €-relation is a strict linear order: 3 = {0, 1, 2} is strictly
linearly ordered by €.

3. "Numbers” are “complete” with respect to smaller “numbers”
1<j<m—1iEm.
This can be written with the &€-relation as
1€EJEM—T1EM.
The latter is the notion transitivity essential for (axiomatic) set theory:

Definition 123.
a) A is transitive, Trans(A), iff Vye AVeeyz e A.
b) x is an ordinal (number), Ord(z), if Trans(z) AVy € x Trans(y).
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¢) Let Ord: ={z|Ord(z)} be the class of all ordinal numbers.

We shall use small greek letter «, 3, ... as variables for ordinals. So da stands for
Ja € Ord ¢, and {a|¢} for {a|Ord(a) A p}.

Exercise 18. Show that arbitrary unions and intersections of transitive sets are again transitive.

We shall see that the ordinals extend the standard natural numbers. Ordinals are
particularly adequate for enumerating infinite sets.

Theorem 124.
a) 0€0rd.
b) YVa a+1€0rd.

Proof. a) Trans(()) since formulas of the form Vy € (... are tautologously true. Similarly
Vy € () Trans(y).

b) Assume « € Ord.

(1) Trans(a+1).

Proof. Let ucvea+1l=aU{a}.

Case 1. v€a. Then u € aCa+1, since « is transitive.

Case 2. v=a. ThenuecaCa+1. ged(1)

(2) Yy € o+ 1 Trans(y).

Proof. Let yea+1=aU{a}.

Case 1. y € . Then Trans(y) since « is an ordinal.

Case 2. y=a. Then Trans(y) since « is an ordinal. O

Exercise 19.
a) Let ACOrd be a term, A# 0. Then | A€ Ord.
b) Let  COrd be a set. Then |Jz € Ord.

Theorem 125. Trans(Ord).
Proof. This follows immediately from the transitivity definition of Ord. OJ
Exercise 20. Show that Ord is a proper class. (Hint: if Ord € V' then Ord € Ord.)

Theorem 126. The class Ord is strictly linearly ordered by €, i.e.,

a) Vo, B,y (@€BABEYT—aEY).
b) Vaa ¢ a.
c) Va,B(a€fVa=L0VLEeaq).

Proof. a) Let a, 3,7€Ord and € S A €. Then + is transitive, and so « € 7.

b) follows immediately from the non-circularity of the €-relation.

c) Assume that there are “incomparable” ordinals. By the foundation schema choose ag €

Ord €-minimal such that 35-(ap€ BV ap= [V B € ap). Again, choose 5y € Ord €-minimal

such that = (ap € BV ap= FoV o € ap). We obtain a contradiction by showing that ag= (o:
Let a € ay. By the e-minimality of ag, « is comparable with Sy: a € BoVa= [V B € .

If a= fy then Gy € ay and oy, By would be comparable, contradiction. If Gy € a then Gy € ag

by the transitivity of agp and again «g, By would be comparable, contradiction. Hence

a€fy.
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For the converse let 3 € [y . By the €-minimality of By , B is comparable with
ap: BEaV B=agVayse . If 8=aythen o € Gy and «g, By would be comparable,
contradiction. If ag € 3 then ag € By by the transitivity of [y and again ag, B9 would be
comparable, contradiction. Hence (8 € ag.

But then ag= By contrary to the choice of Fj. O

Definition 127. Let <: =€n(Ord x Ord) = {(«, B)|a € 5} be the natural strict linear
ordering of Ord by the €-relation.
Theorem 128. Let « € Ord. Then a+ 1 is the immediate successor of o in the €-relation:
a) a<a+1;
b) if B<a+1, then B=a or f<a.

Definition 129. Let o be an ordinal. « is a successor ordinal, Succ(a), iff IBa=pF+1.
a is a limit ordinal, Lim(«), iff « #0 and « is not a successor ordinal. Also let

Succ: ={«a|Succ(er)} and Lim:={«a|Lim(«x)}.

The existence of limit ordinals will be discussed together with the formalization of the
natural numbers.

21.3 Ordinal induction
Ordinals satisfy an induction theorem which generalizes complete induction on the integers:
Theorem 130. Let p(x, v, ...,vn—1) be an €-formula and x, ..., zp—1 € V. Assume that
the property p(x, xo, ..., Tn—1) is inductive, i.e.,

Va(VBea p(B,x0, ..., Tn_1) — @, g, ..., Tn—1))-
Then ¢ holds for all ordinals:

Vap(a, oy ooy Tn—1).

Proof. The inductivity assumption expands to
Va(z € Ord — ((Vy €z (y € Ord — (y, 7)) — ¢(z,T)))

with ordinary variables z, y which are not pretyped as ordinals. Since A — (B — C) is
propositionally equivalent to B— (A — C') the expansion is equivalent to

Vae((Vy €z (y € Ord — ¢(y,7))) — (x € Ord — ¢(x, T))).

This means that the property (z € Ord — ¢(x,Z)) is inductive in the sense of the induction
schema for €. So by that induction schema:

Vz(x € Ord — p(z, 7))
which is equivalent to the desired

Vap(a, o, ..., Tn—1). O

Induction can be formulated in various forms:

Exercise 21. Prove the following transfinite induction principle: Let ¢(z) = ¢(z, v, ..., vn—1) be an
e-formula and xo, ..., 2, 1 € V. Assume

a) ¢(0) (the initial case),
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b) Va (¢(a) — ¢(a+1)) (the successor step),
¢) VA€eLim (Va < Ap(a) —¢(X)) (the limit step).
Then Va p(a).

21.4 Ordinal recursion

Recursion, often also called induction, over the natural numbers is a ubiquitous method
for defining mathematical objects. We prove the following recursion theorem for ordinals.

Theorem 131. Let G: V — V. Then there is a canonical class term F, given by the
subsequent proof, such that

F:0rd—Vand VYo F(a)=G(F | a).

We then say that F' is defined recursively (over the ordinals) by the recursion rule G. F'is
unique in the sense that if another term F' satisfies

F":0Ord -V and Va F'(a) =G(F' | a)
then F=F"'.
Proof. We say that H:dom(H) — V is G-recursive if
dom(H) COrd,dom(H) is transitive, and Vaedom(H) H(a) =G(H | a).
(1) Let H, H' be G-recursive. Then H, H' are compatible, i.e., Yoo € dom(H) N

dom(H') H(a) = H'(«).
Proof. We want to show that

Va € Ord (e € dom(H)Ndom(H') — H(a) = H'(cv)).

By the induction theorem it suffices to show that o € dom(H)Ndom(H') — H(a) = H'(«)
is inductive, i.e.,
Va € Ord (Vy € a (y € dom(H) N dom(H") - H(y) = H'(y)) — (o € dom(H) N
dom(H') — H(a) = H'())).
So let @ € Ord and Vy € a (y € dom(H) Ndom(H') — H(y) = H'(y)). Let a € dom(H) N
dom(H"). Since dom(H) and dom(H"’) are transitive, « C dom(H ) and o Cdom(H’). By
assumption
Vyea H(y)=H'(y).
Hence H = H'|«. Then
H(a)=G(Hla)=G(H'|a)=H'(a).

ged(1)

Let

F: :U {f|f is G-recursive}.

be the union of the class of all approrimations to the desired function F'.
(2) F is G-recursive.
Proof. By (1), F is a function. Its domain dom(F') is the union of transitive classes of
ordinals and hence dom(F') C Ord is transitive.

Let o € dom(F"). Take some G-recursive function f such that o € dom( f). Since dom( f)
is transitive, we have

a Cdom( f) Cdom(F).
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Moreover

ged(2)

(3) Va aedom(F).

Proof. By induction on the ordinals. We have to show that a € dom(F’) is inductive in the
variable .. So let @ € Ord and Vy € o y € dom(F'). Hence aw C dom(F'). Let

f=FlaW{(a,G(Fa))}.

f is a function with dom(f)=a+1€Ord. Let o/’ <a+1. If o’ <« then

if o’ =« then also
fle)=fla)=G(FTa)=G(fa)=G(f ).
Hence f is G-recursive and o € dom( f) C dom(F'). ged(3)

The extensional uniqueness of F follows from (1) O
Theorem 132. Let ag €V, Gsuee: Ord x V — V., and Giim: Ord x V — V. Then there is a
canonically defined class term F:Ord — V such that

a) F(0)=ao;

b) Va F(a+1)= Gsuccla, Fa));

c) YAeLim F(A) =Glim(A, F T A).

Again F is unique in the sense that if some F' also satisfies a)-c) then F = F'.

We say that F is recursively defined by the properties a)-c).

Proof. We incorporate ag, Ggsuce, and Gy into a single recursion rule G: V — V|

agp , if f:(Z),
Giim(A, f) , if f:A—V and Lim(}\),
0, else.

Then the term F: Ord — V defined recursively by the recursion rule G satisfies the
theorem. ]

In many cases, the limit rule will just require to form the union of the previous values
so that

a<A

Such recursions are called continuous (at limits).

21.5 Ordinal arithmetic

We extend the recursion rules of standard integer arithmetic continuously to obtain
transfinite version of the arithmetic operations. The initial operation of ordinal arith-
metic is the +1-operation defined before. Ordinal arithmetic satisfies some but not all
laws of integer arithmetic.
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Definition 133. Define ordinal addition +: Ord x Ord — Ord recursively by

0+0 = 9§
d+(a+1) = (6+a)+1
0+ = U (6 +a) , for limit ordinals A

a<A
Definition 134. Define ordinal multiplication - : Ord x Ord — Ord recursively by

0-0 =0
d-(a+1) = (6-a)+0
0-A = U (6-a) , for limit ordinals A

a<A

Definition 135. Define ordinal exponentiation - :Ord x Ord — Ord recursively by

=1
jotl = 2.4
N = U 6%, for limit ordinals A
a<A

Exercise 22. Explore which of the standard ring azioms hold for the ordinals with addition and
multiplication. Give proofs and counterexamples.

21.6 Sequences

(Finite and infinite) sequences are important in many contexts.

Definition 136.

a) A set w is an a-sequence iff w:a— V; then « is called the length of the a-sequence
w and is denoted by |w|. w is a sequence iff it is an a-sequence for some « .

b) Let w:a—V and w': o' —V be sequences. Then the concatenation w w”:a+a’'—V

is defined by
(ww') Ja=w and Vi< o' (w w')(a+1i)=w'(i).
¢) Let w:a—V and x € V. Then the adjunction wx of w by x is defined as
wx=w"{(0,z)}.

Sequences and the concatenation operation satisfy algebraic laws of a monoid with
some cancellation rules.

Proposition 137. Let w,w’, w” be sequences. Then
a) (ww) w"=w"(w "w").
b) w=wl=w.
¢) ww'=ww'"—-w=w".

There are many other operations on sequences. One can permute sequences, substitute
elements of a sequence, etc.
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22 Cardinals

Set theory is mainly concerned with “sizes” of arbitrary sets.

Definition 138.

a) = andy are equipollent, or equipotent, or have the same cardinality, written x ~ y,
if Affixe—y.
b) = has cardinality at most that of y, written x <y, if ff:x— y is injective.

c) Wewritex <y forx<y and x~vy.
These relations are easily shown to satisfy

Lemma 139.
a) ~ is an equivalence relation on V.

TNY—=TSIYNY S

The next Theorem is Cantor’s famous result that a powerset has strictly more elements
than the original set, expressed by the existence of injective functions.

Theorem 140. Let z€V.

a) There is an injective map f:x— P(z).

b) There is no injective map g: P(x) — x .

c) v <P(x).
Proof. a) Define the map f:x— P(z) by ur {u}. This is a set since

f={(u,{u})lucx} e xPlx)eV.
f is injective: let u,u’ € x, u#u’. By extensionality,
fu)={u}#{u'} = fu').
b) Assume there were an injective map g: P(x) — x . Define the CANTORean set
c={ulucrrnug¢ g t(u)} €P(x)

similar to the class R in RUSSELL’s paradox.
Let ug=g(c). Then g~'(ug) =c and

up € c=ug & g (ug) =
Contradiction. g

We shall show later that the axiom of choice implies that every set is equipollent with an
ordinal (Theorem 163 ¢). This motivates to take the minimal such ordinal as the canonical
representative of the equivalence class with respect to ~, called the cardinality of . But
even without the axiom of choice we make the formal definition
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Definition 141.

a) card(z) = min {«| 3ff: a < x} is the cardinality of the set x. One also writes

z =card(z).
b) An ordinal k is a cardinal iff k= card(z) for some set x.

¢) Let Cd={k€Ord |k is a cardinal} be the class of all cardinals.

Note that card(x) is undefined in case z is not equipollent with an ordinal.

23 Natural numbers and finite sets

23.1 Natural numbers

Die ganzen Zahlen hat der liebe Gott gemacht,
alles andere ist Menschenwerk.
(attributed to LEOPOLD KRONECKER, 1886)

We have 0,1, ... € Ord. All these intuitive natural numbers are equal to 0 or successor
ordinals, i.e., not limit ordinals. We use this as the defining property of the natural numbers
within the ordinal numbers.

Definition 142. n is a natural number iff n € Ord and Ym <n—-Lim(m). Let
N={n|n is a natural number }

be the class of natural numbers. We often use letters k, [, m, n as variables for natural
numbers.
Theorem 143.

a) NCOrd.

b)
¢) N is transitive.
)

d

0eNandneN—-n+1€N.

N is an initial segment of Ord with respect to <.

Proof. a) and 0 € N hold trivially. Let n € N. Then Vm <n—-Lim(m). This immediately
implies Vm <n+1 —Lim(m) and son+1&€N.

c) Let x € n € N. Then Vm < n—Lim(m). Since z Cn we have Vm < x—Lim(m). Then
x € N since z is also an ordinal.

d) is a reformulation of c). O

Theorem 144. N satisfies the schema of complete induction:
(ACNAO€AANVREAN+1€A)—A=N
holds for all terms A .

Proof. Assume that ACNAO€ AAVne A n+1€ A. Assume for a contradiction that
A#N. By foundation take an €-minimal k€ N\ A.

(1) k is a limit ordinal.

Proof . k is an ordinal since it is a natural number. k0 since 0 € A. Assume that k were
a successor ordinal of the form k=n+1. n € A by the minimality of k. By the closure
assumptions on A, n+ 1€ A and k € A which contradicts the choice of k. ged(1)
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But k€ N cannot be a limit ordinal, contradiction. O

Theorem 145. N is closed with respect to ordinal addition and ordinal multiplication:
m+neN and m-neN.
Proof. Fix m € N. We prove the closure properties by induction on n € N:

(1) m+neN.
Proof. Obviously m+0=m €IN. Now assume m +n € N. Then

m+(n+1)=(m+n)+1eN.

So the property holds by complete induction. ged(1)
(2) m-N eN.
Proof. Obviously m-0=0€N. Now assume m-n € N. Using (1):

m-(n+1)=m-n+meN. O
Recall the axioms of Peano arithmetic:

Definition 146. The aziom system PA C LS of PEANO arithmetic consists of the
following sentences

— Vzz+1#0

— VaVyzr+l=y+1l-ox=y

- Vrax+4+0=x

- VaVyz+(y+1)=(z+y)+1
— Vzz-0=0

— VaVyz-(y+1)=z-y+=x

—  Schema of induction: for every formula ©(xq, ..., Tn_1,2n) € L5AR:

Vxo.. Ve, —1(p(zo, ..., Tn—1,0) AVZu(@ — ©(T0, ..oy Tnnm1, T+ 1)) = VI, @)

The preceding theorems can be interpreted to express that the class IN of natural
numbers together with +[(w X w), - [(w X w), <[(w X w), 0,1 is a model of Peano arithmetic.
Note, that the induction theorem 144 is in general considerably stronger than the induction
required in the Peano axioms, since the inductive formula may be any set theoretical
formula, not just a formula from the language of arithmetic.

N is an adequate formalization of arithmetic within set theory since IN satisfies all
standard arithmetical axioms.

Exercise 23. Prove:

a) Addition and multiplication are commutative on N .

b) Addition and multiplication on N satisfy the usual monotonicity laws with respect to <.

23.2 Finite cardinals

We shall show that N is the class of finite cardinals, which corresponds to the usual role
of natural numbers to determine the size of finite sets.

Theorem 147. For all natural numbers n

a) card(n)=n;
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b) neCd.

Proof. a) By complete induction on n.

For n=0, (: 0 0 and hence card(0) =0

Assume that card(n) =n. We claim that card(n+ 1) =n+ 1. Obviously card(n+ 1) <
n—+1. Assume for a contradiction that m =card(n+1) <n+1. Take fim«<n+1. Let

f(io)=n
Case 1:i9p=m —1. Then f[(m—1):(m —1) <« n and card(n) <m — 1 <n, contradiction.
Case 2: ip<m —1. Then define g: (m — 1) <> n by

NSO
g(z)_{f(m—l),ifoi:io.

Hence card(n) <m — 1 <n, contradiction.
b) follows immediately from a). O

23.3 Finite sets
Definition 148. x is finite if card(z) € N

Theorem 149. Let a,b finite, let x € V.
a) FEvery subset of a finite set is finite.
b) aU{z}, aUb, anb, axb, a\b, and P(a) are finite. We have card(P(a)) =2,
¢) If a; is finite for i €b then |J,_, ai is finite.

Proof. By induction. O
Finite sets can be distinguished by dependencies between injective and surjective maps.

Theorem 150. Let a be finite. Then

surj.

a) Vf(f a—Ysq implies f: a———>a)
b) Vf(f:ail—ij%a implies f:ajlj—Sa)

Proof. By complete induction on card(a) € N.
card(a) =0: there is exactly on function (: ) — (), and this is injective and surjective.
Assume that the theorem holds for all a with card(a)=mn. O

Using the axiom of choice one can also show the converse.

23.4 Finite sequences

Definition 151.
a) A sequence w: |w|— Vis called finite iff |w|<w.

b) A finite sequence w:n — V may be denoted by its enumeration wo, ..., wy—1 where
we write w; instead of w(i). One also writes wy...w,—1 instead of wo, ..., wp—1, in
particular if w is considered to be a word formed out of the symbols wq, ..., Wn—1 .

By this definition, this text has gone full circle, since we started our investigations with
finite sequences of symbols:
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Definition 152. Let S be a language. A word over S is a finite sequence w = wowj... Wy —1
of symbols wo, ..., wp_1 € SgUS. The natural number n is the length of w, we also write
|lw| =mn.

The empty word is the unique sequence [ with || =0. Let S* be the class of all words
over S.

Ouroboros (tail-eater), 10th century

Recall that formulas are certain finite sequences. Sequents are finite sequences of for-
mulas. Derivations in the sequent calculus are finite sequences of sequents. This will allow
to do formal logic and ST itself within ST, leading to paradoxes and G6del’s incompleteness
theorems.

Note that we have developed set theory so far from the axioms of ST without assuming
the axiom of infinity or the axiom of choice.

24 Infinity

Mathematics is the science of the infinite.
(HERRMANN WEYL,
Levels of Infinity, 1930)

Apart from its foundational role, set theory is mainly the study of infinite sets. The
axiom of infinity (Inf) postulates the existence of some infinite set which will then spawn
a whole universe of infinite sets:

dr(0exAVueczu+lex).

Theorem 153. In the aziom system ST, the axiom of infinity is equivalent to N being a
set:

InfNeV.

Proof. If NeV then N obviously is a witness to the axiom of infinity.
For the converse, take a set x such that 0ex AVuexzu+1ex. A=xNN is a set by
separation. Then 0€ AAVne An+1€ A. By complete induction A=N. Hence Ne V. [J

Until further notice, we assume the axiom of infinity in the form Ne V.
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Except being the set of natural numbers, IN will be an ordinal and a cardinal as well. We
introduce a constant symbol for N intended to emphasizes its role as an ordinal:

Definition 154. Set w=N.

Note that w is somewhat similar to the co-symbol sometimes used for “infinity”.

Theorem 155.
a) weV.
b) (w,0,+1) satisfy the second order PEANO axiom, i.e.,
VrCw(exAVnexnt+ler—r=w).
c) weOrd.

d) w is the smallest limit ordinal.

Proof.

d) By b), every element of w is transitive and it suffices to show that w is transitive. Let

r={nncwAVmenmew}Cw.

We show that the hypothesis of ¢) holds for z. 0 € x is trivial. Let u € z. Then u+1€w.
Let meu+1. If m €w then m € w by the assumption that u € z. If m=u then mex Cw.

Hence u+ 1€z andVuexu+1€z. By b), r=w. SoVncewnex, ie.,

VnewVmenmew.

e) Of course w=0. Assume for a contradiction that w is a successor ordinal, say w=a+1.
Then o €w. Since w is closed under the +1-operation, w=«a+1€w. Contradiction. Every

ordinal smaller than w is a natural number and not a limit ordinal. Hence w is
limit ordinal.

Theorem 156.
a) card(w)=w;

b) weCard.

the smallest
O

Proof. Assume for a contradiction that n = card(w) < w . Let f: n < w . Define g:

(n—1)—w by fi), if f(5)< f(n—1)
N 271 Z< n_la
g(z)—{ f@)—=1,if f(i)> f(n—1).

(1) g is injective.

Proof. Let i < j<n—1.

Case 1. f(i), f(j) < f(n—1). Then g(i) = (i)
Case 2. f(i)< f(n—1) < f(j). Then g(i)=
Case 3. f(j)< f(n—1)< f(i). Then g(j) =
Case 4. f(n—1)< f(i), f(j). Then g(i)= f(i) —
(2) g is surjective.

Proof. Let k e w.

Case 1. k < f(n — 1). By the bijectivity of f take i <n — 1 such that f(i) = k. Then

g(i)=f(i)=k.
Case 2. k> f(n —1). By the bijectivity of f take i <n —1 such that f(7)
g(i) = f(i) =1=k. qed(2)

=k-+1. Then
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But this is a contradiction to the supposed minimality of n = card(w). O

24.2 Countable sets

Definition 157.

a) z is infinite if x is not finite.

S

x 1s countable if card(z) <w.

o

)
) x is countably infinite if card(z)=w.
d)

x 1s uncountable if x is not countable.

Lemma 158.
a) card(w+1)=
b) card(w+w)=

¢) card(ww)=w.

Proof. a) Define f:w—w+1 by
f(n)—{ w,if n=0

n—1, else
b) Define fp:w <« w+w by
m, if n=2-m
f(n)—{ wH+m,if n=2m+1
¢) Define fo:w < w-w by

Fn)=wk+1, if n=2F(2:0+1)—1

We have the following closure properties for countable sets:

Theorem 159.
a) If z Cw then z is countable.

b

) If there is an injection from y into w then y is countable.
c¢) Every subset of a countable set is countable
)

d) If a,b are countable then aU{x}, aUb, aNb, a xb, a\ b are countable

Proof. a) This follows from exercise 40.
b) Let f:y — w be injective. Then f[y] Cw. By a), f[y| is countable. Then y ~ f[y] is
countable.
¢) Let a Cb where b is countable. Then there is an injective f:b—w. f[a:a— w is also
injective, and so a is countable.
d) Countability will be shown by exhibiting injections into countable sets. The case N
and \ are trivial. For the other cases let f,:a— w and fj: b— w be injective. Then define
injective maps:

foraU{z} —w, fo(u)= { gtj(sze"‘ Lifuea
fraUb—w, fi(u)= { g ;:Eg;lls;lf wea
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fora x b—w, fo(u,v) =2/ (2. f(v) +1) O

Remark 160. We cannot prove the following standard property within ST + Inf: if a,
is countable for n < w then Un <o ln is countable. Indeed one can show in axiomatic set
theory, that the property is not implied by ST. We shall later prove the property in the
stronger theory ZFC, using the axiom of choice.

24.3 w-Sequences

Sequences of length or order-type w are ubiquitous in mathematical analysis. There they
are called (infinite) sequences. w-sequences also come up in the context of infinite series.

Definition 161. An (w-)sequence w:w — V may be denoted by wo, wi, ... where wo, wi, ...
suggests a definition of w .

An analysis statement like

.1
lim —=0
n—oo N
. 11
is a statement about the w-sequence 190
o
1
PR
n!
n=0

is a limit statement about the w-sequence

11 1
wo, W1, W2, :TaT+Ta

of partial sums. The factorial n! is defined recursively by

o = 1;
(n+1)! = nl-(n+1).

(One could extend this continuously to «! for all ordinals «.) The partial sums w,, are
defined recursively by

w0:1
1

Wn+1 = wn"i‘m

Note that the recursions completely formalize the vague ...-notations above.

24.4 Uncountable sets

Recall Cantor’s theorem that 2z < P(x). Thus P(w) ="P(N) is the “first” uncountable set
that we encounter. The determination of its size is a central problem in axiomatic set
theory, also because P (w) is equipollent to the set R of real numbers that we shall construct
soon. Cantor spent a lot of effort to prove that the “continuum” R represents the smallest
uncountable cardinal. This property is Cantor’s continuum hypothesis. With the methods
of axiomatic set theory one can prove that the continuum hypothesis cannot be decided
(= proved or disproved) from the axioms of ZF or ZF with the axiom of choice if these
theories are consistent.
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25 The Axiom of Choice

Natural numbers n € N are used to enumerate finite sets a as
a={ag,ai,...,an—1}.
Assuming the axiom of choice, one can use ordinals to enumerate any set a as

a={a;li<a}.

Definition 162. The Axiom of Choice, AC is the statement
V(D ¢z AVu,vex(utv—unv=0)—IzVueczIwunz={w}).

The set z “chooses” one element out of every element of x .

It seems intuitively obvious that such choices are possible. On the other hand one can
see that the axiom of choice has unintuitive, paradoxical consequences.
Theorem 163. The following statements are equivalent:

a) AC;

b) Ya3g (g is a function with domain xAVu € x (u# 0 — g(u) €u)); such a function g
is called a choice function for x ;

¢) (Zermelo’s Wellordering Theorem) Va3adff:a«—x.
d) card(z) € Ord for every set x .

Proof. a) — b) Assume AC. Let x be a set. We may assume that every element of x is
nonempty. The class

' ={{u} xuluezx}
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is the image of = under the set valued map u+— {u} X u, and thus a set by replacement.
The elements {u} x u of 2’ are nonempty and pairwise disjoint. By AC, take a choice set z
for ’. Define a choice function g: 22— V by letting g(u) be the unique element of u such that

({u} xu)nz={(u, g(u))}-

b) — c¢) Assume b). Let = be a set and let g: P(z) \ {0} — V be a choice function for P(x).
Define a function F: Ord — z U {x} by ordinal recursion such that

_J 9@\ Fla]), if fE\F[ | #0;
F(a)_{x, if z\ Fla|=

At “time” v, the function F' chooses an element F'(«) € x which has not been chosen before.
If all elements of x have been chosen, this is signaled by F' by the value x which is not an
element of z.
(1) Let a < B and F(B)#x. Then F(a), F(B) € x and F(a) # F(5).
Proof. F(f3) # x implies that = \ F[3] # 0 and hence F(3) = g(x
Since a € 8, x \ Fla] #0 and F(a) = g(x \ Fla]) € x \ Fla]. F(«a)
F(B)ex\ FIA]. qed(1)
(2) There is a € Ord such that F(a) =
Proof. Assume not. Then by (1), F: Ord — z is injective. Hence F~! is a function and
Ord = F~![z]. By replacement, Ord is a set, but this is a contradiction. ged(2)
By (2) let o be minimal such that F'(a) =z . Let f=F[a:a— x. By the definition
of F,x\ Fla]=0,i.e., Fla]=x and f is surjective. By (1), f is also injective, i.e., fra<x.
The equivalence ¢) < d) is trivial.

\ F[g]) € =\ F[5].
#+ F(B) follows from

¢) —a) Assume c). Let the set = consist of nonempty pairwise disjoint elements. Apply
¢) to|Jx. Take an ordinal o and a function f:a—|Jx. Define a choice set z for z by setting

2={f(©)Fuex(f(§) cunv{<Ef(() Eu)}.

So z chooses for every u € x that f(£) € u with £ minimal. O

Let us assume AC until further notice. Then Cantor’s two approaches to cardinality
agree.

Theorem 164.
a) =<y« card(x) < card(y).
b) x~ y« card(z)=card(y).

Proof. a) Let z < y and let f: © — y be injective. Further let f,: card(z) < x and
fy: card(y) <> y . Then f?jl o f o fy: card(x) — card(y) is injective. Let z = fzjl ofo
fulcard(x)] C card(y). By exercise 40(1), card(x) = card(z) < card(y).

Conversely, let card(z) < card(y) with f;: card(x) < z and f,: card(y) <> y as above.
Then fyo f;l: x— 1y is injective and z 5 v .

b) is trivial. O

As an immediate corollary we get the Cantor—Schroder—Bernstein theorem with AC.
Actually the theorem could also be proven in ZF without the axiom of choice.

Theorem 165. (ZFC) Let a<xb and b<a. Then a~b.



84 SECTION 25

Theorem 166. Let F:x— V. Then there exists a choice function f:x—V for F, i.e.,

Vuea (F(u)£0— f(u) € F(u)).

Proof. Let g: {F(u)|u€x} —V be a choice function for the set { F'(u)|u €z }. The theorem
then holds with f:x— V defined by

fu) = g(F(u)). O
Theorem 167. If ay is countable for n <w then |J, _ an is countable.

Proof. By the axiom of choice “choose” a sequence (hy|n < w) of injections hy: ap, — w :
Define H:w—V by

H(n)={h|h:a, — w is injective}.
By the previous theorem let h:w—V be a choice function for H. Then h= (h,|n <w) is

as required.
Define an injection

f: U anp—w, f(u)=2"(2-hp(u) + 1), where n is minimal such that v € a,, .

n<w

ZORN’s Lemma is an important existence principle which is also equivalent to AC.

Definition 168. Let (P, <) be a partial order.

a) X C Pis a chain in (P, <) if (X, <) is a linear order where (X, <) is a short
notation for the structure (X,<NX?).

b) An element p € P is an upper bound for X CPiff Vee Xz <p.
¢) (P,<) is inductive iff every chain in (P,<) possesses an upper bound.

d) An element p € P is a maximal element of (P,<) iff Vg€ P (¢=p—q=0Dp).

Theorem 169. The axiom of choice is equivalent to the following principle, called Zorn’s
Lemma: every inductive partial order (P,<) €V possesses a maximal element.

Proof. Assume AC and let (P, <) €V be an inductive partial order. Let g: P(P)\ {0} -V
be a choice function for P(P) \ {0}. Define a function F: Ord — P U {P} by ordinal
recursion; if there is an upper bound for F[«a] which is not an element of Fa] let

F(a)=g({pe P\ Fla]|p is an upper bound for F|a]});
otherwise set

F(a)=P.

At “time” v, the function F' chooses a strict upper bound of F[«] if possible. If this is not
possible, this is signaled by F' by the value P.

The definition of F' implies immediately:
(1) Let a < B and F(B)# P. Then F(«a) < F(f).
(2) There is a € Ord such that F(a)=P.
Proof. Assume not. Then by (1), F: Ord — P € V is injective, and we get the same
contradiction as in the proof of Theorem 163. ged(2)
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By (2) let @ be minimal such that F(a)=P. By (1), Fla] is a chain in (P, <). Since
the partial order is inductive, take an upper bound p of F[a]. We claim that p is a maximal
element of (P, <). Assume not and let ¢ € P, ¢ > p. Then ¢ is a strict upper bound of
F[a] and ¢ ¢ Fla]. But then the definition of F yields F(«) # P, contradiction.

For the converse assume Zorn’s Lemma and consider a set x consisting of nonempty
pairwise disjoint elements. Define the set of “partial choice sets” which have empty or
singleton intersection with every element of x:

P:{ZQU z|Vuez(unz=0V3iwunz={w})}.

P is partially ordered by C . If X is a chain in (X, C) then | J X is an upper bound for
X. Hence (X, C) is inductive.

By Zorn’s Lemma let z be a maximal element of (X, C). We claim that z is a “total”
choice set for x:
(B) VuezIwunz={w}.
Proof . If not, take u € x such that uNz={(. Take w€w and let 2’ =zU{w}. Then z'€ P,
contrary to the the C-maximality of z. O

Theorem 170. The azxiom of choice is equivalent to the following principle, called Haus-
dorf’s Maximality Principle: every partial order (P,<) €V possesses an C-mazximal chain
X CP, ie., X is a chain, and whenever X' C P is a chain with X' D X then X'=X.

Proof. It is straightforward to show the equivalence with Zorn’s Lemma. See also: Haus-
dorff, Grundziige der Mengenlehre, p. 141: Wir haben damit fiir eine teilweise geordnete
Menge A die Existenz gréfiter geordneter Teilmengen B bewiesen; natiirlich kann es deren
verschiedene geben. O

Definition 171. The axiom system ZFC consists of the ZF-axioms together with the axiom
of choice AC.

The system ZFC is the generally accepted foundation of mathematics. It provides
adequate formalizations of all mathematical notions. We have seen this for the basic notions
of relations, functions, (ordinal) numbers, cardinality, induction, recursion. Further notions
like number systems, algebraic structures, etc. are available (We shall do number systems
up to the real and complex numbers in the next chapter).

The ZF axioms have good motivations stemming from our intuitions about (small)
finite sets. The axiom of choice is more controversial. AC has desirable consequences
like Zorn’s Lemma and its applications, but on the other hand AC has some paradoxical
and problematic consequences like the existence of Lebesgue non-measurable sets of real
numbers.

The status of AC within set theory can be compared to the parallel axiom in geometry.
In (non-) euclidean geometry one can show that if the axioms without the parallel axiom
are consistent then the axioms together with the parralel axiom are consistent. K. Goédel
has shown in another of his groundbreaking results:

Theorem 172. If ZF is consistent then ZFC 1is consistent.

This meta-result about set theory belongs to the area of axiomatic set theory which
studies the multitude of possible models of the ZF-axioms. Goédel’s theorem is proved
by defining a substructure LM for any model M of ZF, so that L™ = ZFC . The proof is
sophisticated and combines set theory with logical methods. It would typically be a main
topic of an introductory course on “Models of Set Theory”.
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26 Number systems

To substantiate our claim that set theory is a/the foundation of mathematics, we have to
model the standard number systems N, Z, Q, R, C in set theory. These systems are Sagr-
structures where Sar = {+, -, 0,1} is the language of arithmetic.

Theorem 173. There are Sar-structures

with the following properties:

a) C is a field; for a,be C write a — b for the unique element z such that a=b+ z;
for a,be C with b+ 0 write % for the unique element z such that a=0-z;

b) there is a constant i, the imaginary unit, such that i-i+1=0 and
C={z+iylz,yeR};

c) there is a strict linear order < on R such that (R, <,+[R?,-[R%0,1) is an ordered
field;

d) (R, <) is complete, i.e., bounded subsets of R possess suprema:
VXCR(X#0ANbeRVreXe<b — FIeR((VreXe<b)A-T <bVre Xa<
b))

e) Q is dense in (R, <):

Vr,seR(r<s—3a,b,ceQa<r<b<s<c),;

f) Q is a field; moreover

Q={Flaczbez\{0}};
9) Z is a ring with unit; moreover
Z={a—bla,beN};

h) (N, +1, 0) satisfies the second-order PEANO azioms, i.e., the successor function
n—n—+1 is injective, 0 is not in the image of the successor function, and

VXCN(OeXAVneXn+1e X — X =N).

The existence proof will be carried out by constructing the systems N, Z, ... successively
in the subsections below. There are many degrees of freedom in the construction. Rational
numbers, e.g., can be defined as equivalence classes of fractions, or as cancelled fractions.

Nevertheless one can show that number systems satisfying the theorem are essentially
unique:

Theorem 174. If Sar-structures
Nl g Zl g Ql g R/ g (D/ — (@l’ +l’ .l’ O,, 1/)

also satisfy properties a)-h) of the preceding theorem, then there is a uniquely determined
isomorphism

T (Cv +7 B Oa 1) = (Clv +Iv ’/7 Olv 1/)

L TQ (Q7 <7 +7 '707 1) = (QI7 <I7 +I7 '/7017 1/)7
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such that

(N, +1,0) = (N, +1,0');
(Zy+,-,0,1)=(Z',+',-",0",1');
Q,<,+,-,0, 1) =2 (Q, <, +,-,0,1);
R, <,+,-0,1) (R, </, +/,-,0",1).

a)

b

I IN:
) 7| Z
) 7@
) 7 R:

™

o

(
d (

The theorem can be proved by successively constructing # [N, 7 [Z, ... .

So we can usually agree that we work with the natural numbers IN, the integers Z, the
rationals Q , the reals R and the complex numbers C. We can understand the concrete
construction of the number systems as justification for augmenting the language of set
theory by constants N, 7, ... and axiomatically postulating properties a)-h).

We can picture the number systems within the standard complex plane, possibly with
an identification of N and w.

z=x+1y

26.1 Natural numbers

Definition 175. The structure
N:=(w,+[(w X w), (wXxw),<[(w X w),0,1)
1s called the structure of natural numbers, or arithmetic. We usually denote this structure
by
N:=(w,+,,<,0,1).

N is an adequate formalization of arithmetic within set theory since IN satisfies all
standard arithmetical axioms. N satisfies h) and 7) of Theorem 173.
Exercise 24. Prove:
a) Addition and multiplication are commutative on w.

b) Addition and multiplication satisfy the usual monotonicity laws with respect to <.
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26.2 Integers

We shall first define a structure Zg which will be isomorphic to the structure Z of integers.
N can be canonically embedded into Zg; we obtain Z by replacing the image of N under
the embedding by N itself
Definition 176. We define the structure
Lo = (Lo, +%0, - Zo, < %o (%0, 1%0)
of integers as follows:
a) Define an equivalence relation =~ on N x N by
(a,b)=~(a’",b") iff a+b'=a’+b.
b) Let a—b:=[(a,b)]~ be the equivalence class of (a,b) in ~. Note that every a —b is
a set.
c) Let Zo:={a—bla€ NAbe N} be the set of integers.
d) Define the addition +%0: Zg x Zg— Zq by
(a—b)+%(a' —b"):=(a+a')— (b+D).
e) Define the multiplication -Z0: Zy x Zo— Zo by
(a—b)-%(a'=b):=(a-a’+b-) —(a-b'+a’b).
f) Define the strict linear order <%o on Zg by
(a—b)<%(a'—b) iffa+b'<a'+b.
g) Let 0%0: =0 —0 and 1%0:=1—0.

Exercise 25. Check that the above definitions are sound, i.e., that they do not depend on the choice
of representatives of equivalence classes.

Exercise 26. Check that Zg satisfies (a sufficient number) of the standard axioms for rings.
Define an injective map e: N — Zg by
n—n—_0.
The embedding e is a homomorphism:
a) e(0)=0—0=0% and e(1)=1— 0= 1%,
b) e(m+n)=(m+n)—0=(m+n)— (04+0)=(m —0)+% (n—0)=e(m) +%e(n);
c)elm-n)=(m-n)—0=(m-n+0-0)—(m-0+n-0)=(m—0)-%(n-0)=
e(m) % e(n);
d) m<nem+0<n+0e (m—0)<? (n—0)—e(m)<Ze(n).

Hence e:IN — Zg is an embedding.
We prove a general theorem that allows to turn an embedded structure into a substruc-
ture:

Theorem 177. Let A,Bg be S-structures and let h: A — By be an embedding. Then there
18 an S-structure B and an isomorphism m: By 2B such that A C B and

moh=idys.
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Proof. Note that By x {A} is disjoint from A. Let B=(By\ h[A]) x {A} U A be a “disjoint
union” of By \ h[A] and A. Define a map 7: By— B by

p— ) (0. A),if be Bo\ h[4]
mb) = hL(b), if be h[A]

Let 2B be the S-structure with domain B which is induced by the isomorphism 7 : for every
n-ary relation symbol R € S and by, ..., b,—1 € B define

R®3(bo, ..., bp—1) iff RT(771(bg), ..., 7 (bn-1));
for every n-ary function symbol f € .S and by, ...,b,—1 € B define

f%(bm ey bn—l) = W(f%o(ﬂ'_l(bo)’ ey 7I-_1(bn—1)))-

By definition, m: Bo X B .

moh=idy since for alla€ A: w(h(a))=h~(h(a))=a. id4 is an injective homomorphism
since it is the composition of two homomorphisms. Hence 2 is a substructure of 8. [

By the theorem we can finally choose the structure

7= (2,472, <% 0%1%)

of integers, isomorphic to Zg by m: Zg X Z with moe: N C7Z. We can also write +,-,<,0,1
instead of +%,.%Z <% 0% 1% since the relations and functions of Z extend those of N . So

we have extended the number system N to the number system 7.
One can check straightforwardly that Z is a ring with unit. Let us show that

Z={a—bla,beN}:

Consider 2z € Z. Then 7= () € Zg. Take a,b€ N such that 7=(2) =a — b, where the right-
hand side is a formal difference as used in the definition of Zgy. In Zg,

e(b) +7 (a—b) = (b—0)+7 (a —b) = (a+b) — (b) =(a — 0) =e(a),

so that a — b is the difference of e(a) and e(b) in Z . Applying the isomorphism 7 ,
z=m(a—0b) is the difference of Toe(a)=a and moe(b)=bin Z. Thus z=a—bin Z.
So Z satisfies Theorem 162 g).

26.3 Rational numbers

As we constructed Z from formal differences a — b of natural numbers, we shall now
construct the rational numbers from formal quotients % of integers.

Definition 178. Define the structure
Qo := (Qo, _|_Qo7 .Qo’ <Qo’ OQO’ 1@0)
as follows:
a) Define an equivalence relation = on Z x (Z\ {0}) by
(a,b)=(a,b") iff a-b'=a’-b.
b) Let %: =[(a,b)]~ be the equivalence class of (a,b) in ~. Note that % is a set.
c) Let Qo: :{%\a €ZNbe (Z\{0})}.
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90
d) Define the addition +R0: Qg x Qy— Qo by
. e, _abtadb
b b’ b-bv

e) Define the multiplication -®o: QE]F X QE]F — QE]F by
E.Qoa_l::a"al_
b b’ b-b
f) Define the strict linear order <®0 on Qg by

/!
%<Q°% iffa-b' <a’-b.

g) Let 0®0: :% and 1R :%.
Again one can check the soundness of the definitions and the well-known laws of

standard rational numbers. Also one can canonically embed Z into Qg by
.
T
Again by theorem 165 we can now choose the structure
Q=(Q,+,,<,0,1)

of rational numbers to be isomorphic to Qg so that @ extends the number system 7 .

26.4 Real numbers
Definition 179. r CQT={pe Q| p>0} is a positive real number if
a) Vpervqe Qt(g<®p—qer), i.e., r is an initial segment of (R, <R);
b) Vperdqgerp<®q, i.e., r is right-open in (Qt, <®);
¢) 0er+QT, ie., r is nonempty and bounded in (Qt, <®).

Definition 180. We define the structure
Rt .= (]RJr7 +R, .]R7 <1R’ 11R)

of positive real numbers as follows:
a) Let RT be the set of positive reals.
b) Define the real addition +%:R* x RT — R™* by
r+Re = {p+Rp/lpecrAp er'}.

c¢) Define the real multiplication -®: R+t x RT — R* by
rRye!={p.Rplpernp er.

d) Define the strict linear order <™ on RT by
r<Byliffr Cr'Arr,

e) Let 1®:={pecQf|qg<®1}.

We justify some details of the definition.
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Lemma 181.
a) RteV.
b) ]fT7T/6R+ then ’I"—f—IR’r‘,) T'RT/6R+,

c) <R is a strict linear order on RT.

Proof. a) If r € RT then r CQ{ and r € P(QF). Thus R* CP(Q{), and R is a set by
the power set axiom and separation.
b) Let r,r’ € RT. We show that

Rr':{p-Qp/\pET/\p/Er'}G]RJF.

Obviously 7 -Br/C Qar is a non-empty bounded initial segment of (QF, <Q)

Consider per B qGQO,q<Qp Let p= Q Where—erand—er Let ¢=
Then 522—2// R Z,/ , where
;Z’I :q.Qz_/l<Qp.Q2_//:%.Q%.Q2_//:%€T_
Hence E r and
%Z%-QZ—:GT-RT’.
Similarly one can show that -7’ is open on the right-hand side.

c¢) The transitivity of <]R follows from the trans1t1v1ty of the relation C To show that <&
is connex, consider r,7’ € RT, r#1’. Then r and r’ are different subsets of Q. Without
loss of generahty we may assume that there is some p € 7'\ 7. We show that then r <®¢/,
ie.,r C . Consider q €r. Since p ¢ r we have p £R¢ and ¢ <®p. Since 7’ is an 1n1t1al
segment of Qf, ger. 0

Exercise 27. Show that (R*, B 1®) is a multiplicative group.

We can now construct the complete real line R from IRT just like we constructed Z
from IN . Details are left to the reader. We can also proceed to define the structure C of
complex numbers from RR.

Exercise 28. Formalize the structure C of complex numbers such that RC C.

27 The Alefs

We assume the theory ZFC for our considerations of cardinalities.
Theorem 182. Vadk € Card k > «. Hence Card is a proper class of ordinals.

Proof. Let « >w. Then x=card(P(«)) >card(«). And k> « since otherwise card(P(«)) <
a and card(card(P(«a))) < card(«). O

Definition 183. For any ordinal § let 5 be the smallest cardinal >§ .
Theorem 184. Let X C Cd be a set. Then |J X € Cd.

Proof. Set k =|J X.  is an ordinal. Assume that card(k) < k. Take A € X such that
card(k) < A. Then A < k and card(\) < card(k) < A. But card(A) = A because A is a
cardinal. 0



92 SECTION 28

This allows the following

Definition 185. Define the alef sequence

(Ro|a € Ord)
recursively by
NO = w
Noc—f—l = N;t
Ny = U N for limit ordinals A
a<A

Obviously
Card = {N,|a € Ord}
is the class of all cardinals.

Exercise 29. There are cardinals k such that Kk =N, .

28 Cardinal Arithmetic

For disjoint finite sets a and b natural addition and multiplication satisfies
card(aUb) = card(a) + card(b) and card(a x b) = card(a) - card(b).

This motivates the following extension of natural arithmetic to all cardinals.

Definition 186. Let k, A finite or infinite cardinals. Then let

a) K+ A=card(aUb), where a,b are disjoint sets with k = card(a) and A\ = card(b);
k+ A is the (cardinal) sum of k and A .

b) k-A=card(k X A); k- A is the (cardinal) product of k and X .

¢) k*=card(*x); k" is the (cardinal) power of k and \.

Note that we are using the same notations as for ordinal arithmetic. It will usually be
clear from the context whether ordinal or cardinal operations are intended.

The “arithmetic” properties of certain set operations yield usual arithmetic laws for
cardinal arithmetic.
Lemma 187.

a) Cardinal addition is associative and commutative with neutral element 0.
b) Cardinal multiplication is associative and commutative with neutral element 1.
) K-A+p)=r-A+K-u.

)

d) K0=1,0=0 for k0, k' =k, 1"=1, K’ TH=r . g# | KM= (KM)H

Proof. ¢) Let a,b be disjoint sets with A =card(a) and p=card(b). Then

K- (A4 ) card(k X (aUD))
= card((k x a)U(k x b))
= card((k x a)) + card((k x b))

= K- A+K-pu,



FURTHER CARDINAL ARITHMETIC 93

using that x x (aUb) = (k X a)U(k x b) and that k x a and k x b are disjoint.
d)
kY = card (k) = card({(}) = card(1) =1.

In case k # 0 we have that “0={f|f:k— 0} =0 and thus
0% = card(®0) = card(0)) =0.

For k' =k consider the map k « ' given by a— {(0,)}.
For 1" =1 observe that *1 = {{(a,0)|a <k }} is a singleton set.
Let a,b be disjoint sets with A =card(a) and p=card(b). Then

kME = card (V)
= card((“x) x (*x))

= card(%) - card(’k)

= /i’\-/i“,

using that ®bk ~ (%) x (°k) via the map f+ (f [a, f D).
Finally,

KNP = card(M*Fk)

using that **#x ~ #(*k) via the map

where fe: A —k with f¢(¢) = f((,§), O

29 Further Cardinal Arithmetic

We determine the values of cardinal addition and multiplication for infinite cardinals.

Theorem 188.

a) If ke€Card then k-Kk=kK.

b) If k€ Card and A € Cd, A#0 then k- A=max (k,\) .

¢) If k€ Card and A € Cd then k+ A=max (k, ).
Proof. a) k-k=card(k X k) =k, by the properties of the Gédel pairing function.
b) The map i+ (i, 0) injects k into kK x A, and the map j+— (0, j) injects A into K X X .
Hence k, A< k- A. Thus

max (k, A\) < K- A<max (K, \) - max (k, \) o) max(K, \).
¢) Obviously kK~ {0} x k and A~ {1} x A. The inclusion
({0} x k) U ({1} x \) Cmax (k, A) X max (k, \)

implies

max(/@,)\)gm—l—)\gmax(n,)\)-max(/@,)\)imax(/@,)\). O
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For infinite cardinal exponentiation the situation is very different. Only a few values
can be determined explicitely.

Lemma 189. For k€ Card and 1 <n<w we have k" =& .

1

Proof. By complete induction. k' =k was proved before. And

KM = (k") -kl =k -k =k. O

The “next” exponential value 2%0 is however very undetermined. It is possible, in a sense
to be made precise later, that 280 is any successor cardinal, like e.g. Ri3.
Cantor’s continuum hypothesis is equivalent to the cardinal arithmetic statement

2N0:N1.

30 LOWENHEIM-SKOLEM theorems

We start to apply settheoretic methods to logic. For this we assume that ZFC set theory
is part of the “metatheory” in which we study logic. Recall that the basic logical notions
were introduced in terms of set theory: a language is a class of symbols, a structure consists
of an underlying set together with other components.

Definition 190. The cardinality card(2d) of an S-structure 2 is defined as the cardinality
of the underlying set |2|. Correspondingly 2 is finite, infinite, countable, or uncountable,
resp., iff the underlying set |2| is finite, infinite, countable, or uncountable, resp.

The Loéwenheim-Skolem theorems study possible cardinalities of structures.
The set

So= E,ﬁ,—>,J_,V, (,)}U{vn|n€1N}
of basic logical symbol has cardinality Ny. Recall:

Definition 191. A word over a language S is a finite sequence w=wow;...wn—_1 of symbols
wo, ..., Wn—1 € SgUS. S* is the class of all words over S.

For the rest of the section, let all languages be sets. Then

Lemma 192. card(S*)=card(S)+ Ng.

Proof. (>) w— (w) is an injection from S in S*; n— v, is an injection from N into S*.
Hence

card(S) 4+ Rp=max (card(.S), Ng) < card(S*).

(<) S*=“(SUSo)=U, ., (SUSp).
(1) card(™(SUSp)) =card(S)+ Sp for I <n<w.
Proof. By complete induction on n. For n=1,

1(8'USp) ~ S'U Sp~ card(S) + card(So) = card(S) + No.
For the induction step,
LS U Sp) ~" (S U Sp) x (SUSH) ~ (card(S) + Vo) - (card(S) + Rg) = card(S) + X .
qed(1)
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Then

card(S*) = card( U n(SU So)> < Vg x (card(S) + Ng) =card(S) + Vg .

n<w

Theorem 193. Let S be a language. Then
card(L®) = card(S) + Rg > card(T"%) > Xy.

Proof. (>) To every symbol in S U Sy we can assign a formula in L° such that the
assignment is injective.
(<) holds, because L° C S*. O

We shall now revisit the Henkin model existence construction to determine the cardin-
alities of various parts of the construction. The main point from the cardinality viewpoint
are the extensions of the language to obtain “witnesses”

Theorem 194. Let S be a language and let ® C L° be consistent. Then there is a language
S« and ®“ C L5 such that

a) S¥ extends S by constant symbols, i.e., S CS¥ and if s€ S¥\ S then s is a constant

symbol;
b) PO P;
c) ®¥ is consistent;
d) ®¥ contains witnesses;
)

e) card(L°") = card(®%) = card(L").
Note that the original version of e) said: if L is countable then so are L and ®.

Proof. We only have to take card of e) along the original construction.
We defined language extensions S +— ST by

St=SU{ey|v € L%}
and extensions ® — ®T of sets of formulas by
Pt =D U{-Vap— ﬁ@%\Vwap €L}
The cardinality of such unions is defined by the greatest summand, hence:
card(ST) = card(®*) = card(L®).
We then iterated the +-operation through the integers:

o' = P
SO

Il
N

Sn+1 _ (
(I)n-i-l _ ((I)n)—I—

se = sm
o0 = | ] o
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By complete induction over N we can show:
card(S"*t1) = card(®" 1) = card(L®).
Finally
card(L°”) = card(S¥) = Ry - card(L") = card (L")
and
card(®*) = card(L") O

In the Henkin construction, ®“ is further extended to a Henkin set ®* C LS“without
further extending the language. So one gets:

Theorem 195. Let S be a language and let ® C L° be consistent. Then there is a language
S* and ®*C L°" such that

a) S*D S is an extension of S by constant symbols;
b) ®*DO P is a HENKIN sel;
¢) card(L®") = card(®*) = card(L").

The corresponding term model 7" is build from equivalence sets of L% -terms. Hence

card(T®") < card(L?).

In the countable case we get:

Theorem 196. (Downward LOWENHEIM-SKOLEM theorem) Let ® C L be a countable
consistent set of formulas. Then ® possesses a model M= (A, B)EP, A= (A,...) with a
countable underlying set A.

Considering the countable theories ZF or ZFC yields:

Theorem 197. (The Skolem paradoxon) Assume that ZF or ZFC are consistent. Then
there exists a countable model of ZF or ZFC respectively.

This is considered a paradox since the theories ZF and ZFC imply the existence of very
high cardinals X, . Nevertheless such high cardinalities can be realized inside a model, that
from the “outside” is countable. Some mathematicians have critisized the theories ZF and
ZFC because they do not uniquely determine “the” intuitive model of set theory which
should be a proper class and not countable.

The word “downward” emphasises the existence of models of “small” cardinality. We
now consider an ‘“upward” LOWENHEIM-SKOLEM theorem.

Theorem 198. (Upward LOWENHEIM-SKOLEM theorem) Let ® C L° have an infinite S-
model. Then ® has a model of cardinality x for every cardinal k> card(LS).

Proof. Let 9 be an infinite model of ®. Choose a sequence (¢, | < k) of pairwise distinct
constant symbols which do not occur in S. Let S'=SU{c, |ae <k} be the extension of S
by the new constant symbols. Set

P'=dU{-ch=cgla<f <k}
(1) " has a model.

Proof . Tt suffices to show that every finite 3 C ®’ has a model. Let ®, C ®’ be finite. Take
a finite set Xy C k such that

Py CPU{ca=cpl|a, feXo,a< [}
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Since |91 is infinite we can choose an injective sequence (aq|a € Xp) of elements of |90
such that o+ [ implies aq # ag. For a € k \ Xy choose a, € || arbitrarily. Then in the
extended model obtained,

M E By .
qed(1)
card(L°") = card(S’) + No=card(S) + k + No=k.

Let M'E®’ with card(9') < card(L®") = k. The map

ik — ], v Y
is injective. Thus card(9N') > k.
Let 9" be the reduct of MM’ to the language S. Then M”F & and card(M”)=x. O

Theorem 199. Assume that ® C L° has arbitrarily large finite models. Then ® has an
infinite model.

Proof. For n €N define the sentence
@>n=300,..., Vn—-1 /\ - =5,
1<j<n
where the big conjunction is defined by
N\ i =voa A Ao I AYLaA AL I A A1

1<j<n

For any model 9
ME p>, iff A has at least n elements.
Now set
O'=dU{p>,|neN}.

(1) " has a model.
Proof. By the compactness theorem 63b it suffices to show that every finite &9 C ® has a
model. Let &9 C & be finite. Take ng € N such that

@0§<I>U{(p>n |n§n0}
By assumption ® has a model with at least ng elements. Thus ® U{p>, |n<no} and &
have a model. ged(1)
Let M E ®’. Then 9 is an infinite model of ®. O
Theorem 200. Let S be a language.
a) The class of all finite S-structures is not axiomatizable.
b) The class of all infinite S-structures is aziomatizable but not finitely axiomatizable.

Proof. a) is immediate by Theorem 199.
b) The class of infinite S-structures is axiomatized by

(b:{QO}n‘nelN}'

If that class were finitely axiomatizable then the complementary class of finite S-structures
would also be (finitely) axiomatizable, contradicting a). O
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