GRADUATE SEMINAR ON LOGIC (S4A4) WS 2021/22

O-minimality

Instructor. Philipp Hieronymi (phierony@illinois.edu)

Time and Place. Tuesdays 16 (ct) -18 (probably hybrid or on Zoom, possibly joint with graduate
students at the University of Illinois)

Preliminary meeting. Wednesday July 28th 17 (ct)
https://illinois.zoom.us/j/879635129537pwd=MXBHOFdQZWcrMVYzaXRncmRvaXF0dz09

Abstract. Originated in logic, o-minimality has recently seen many applications in number theory
and geometry. This seminar serves as an introduction to the construction of o-minimal structures
on the real field. The main results discussed in this seminar will be the o-minimality of the following
structures:

e R,,, the real field with all restricted analytic function ([I]),
e R.,,, the real field with the exponential function ([6]), and
® Ry eap, the real field with the exponential function and all restricted analytic functions

(55 41).

While the consequences of o-minimality are outlined in [3], the book doesn’t contain much about
how to prove o-minimality of a given structure and postpones this to a further volume (which never
appeared). This seminar covers some of the material of this second volume. Instead of following
the original [I], we will read notes by Lou van Dries [2] (which you will receive by email) contain
the proof of the o-minimality of R,,,. We will then go through [4] to prove o-minimality of Rgy, epp-

Prerequisites. Basic knowledge of first-order logic is definitely needed, but can be picked up easily.
While prior knowledge of o-minimality might clarify the motivation why we want to construct o-
minimal structures, it is not necessary to understand the content of this seminar. A solid background
in algebra (in particular, basic valuation theory) is desirable.

) Formal power series, [2, p. 5-12]
) Convergent power series and Weierstrass preparation, Flatness, [2, p. 13-22] (2 talks)
) Analytic functions and Weierstrass preparation, [2, p. 23-30] (2 talks)
4) Quantifier elimination for Ry, [2, p.30-36] (2 talks)
) An axiomatization for T, the theory of R,,, [4, Section 2]
) Valuation theoretic properties of models of Ty, [4, Section 3]
) The theory of (R,n,exp), 4 Section 4]
) O-minimality and Hardy fields, [4, Section 5]
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