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Problem 45 (8 Points). Let M be a countable transitive model of ZFC, let κ be

an uncountable regular cardinal in M and let P ∈ M be a separative partial order

(see Problem 40). Show that, if P is not <κ-distributive in M , then there is G

P-generic over M and f : λ −→ Ord with λ < κ and f ∈M [G]\M . (Hint: Work in

M and fix a sequence 〈Dα | α < λ〉 of dense open subsets of P such that λ < κ and⋂
α<λDα is not dense in P. Given α < λ, let 〈aαβ | β < να〉 enumerate a maximal

antichain in Dα. Define

σ = {(op(α̌, β̌), aαβ) | α < λ, β < να} ∈MP

and find G P-generic over M such that σG : λ −→ Ord with σG /∈M).

Problem 46 (Almost disjoint coding forcing, 8 Points). Given a subset A of the

set ωω of all functions from ω to ω, we define PA to be the partial order whose

conditions are pairs p = (cp, Xp) with

• Xp is a finite subset of A.

• cp : <ωω
part−−−→ 2 is a finite partial function.

such that p ≤PA
q holds if and only if the following statements hold.

(1) cq ⊆ cp and Xq ⊆ Xp.

(2) If x ∈ Xq and l < ω with x � l ∈ dom(cp) \ dom(cq), then cp(x � l) = 1.

Prove the following statements:

(a) Given x ∈ A and t ∈ <ωω, the set

{p ∈ PA | x ∈ Xp ∧ t ∈ dom(cp)}

is dense in PA.

(b) PA satisfies the countable chain condition.

(c) Given y ∈ ωω \A and k < ω, the set

{p ∈ PA | ∃l < ω [k < l ∧ y � l ∈ dom(cp) ∧ cp(y � l) = 0]}

is dense in PA.

Let M be a transitive model of ZFC, let A ∈ P(ωω) ∩M and let G be PMA -generic

over M .

(d) There is a function C : <ωω −→ 2 in M [G] such that the equivalence

x ∈ A ←→ ∃N < ω ∀n < ω [N < n −→ C(x � n) = 1]

holds for every x ∈ P(ωω) ∩M .
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Problem 47 (6 Points). Let π : P −→ Q be a dense embedding of partial orders.

By recursion on the strongly well-founded relation “a ∈ tc(b)”, we define a class

function

π∗ : VP −→ VQ; τ 7→ {(π∗(σ), π(p)) | (σ, p) ∈ τ}.

Prove that, if ϕ(v0, . . . , vn−1) is an L∈-formula, then

p ∗P ϕ(τ0, . . . , τn−1) ⇐⇒ π(p) ∗Q ϕ(π∗(τ0), . . . , π∗(τn−1))

holds for all p ∈ P and τ0, . . . , τn−1 ∈ VP.

Problem 48 (16 Bonus Points). Let B = 〈B,≤,∧,∨, 0, 1, ′ 〉 be a complete boolean

algebra, let B∗ denote the corresponding partial order and let U be an ultrafilter

on B (i.e. there is an homomorphism πU of boolean algebras from B to the unique

boolean algebra {0, 1} with two elements such that U = π−1”{1}).
Define a relation ≡U on VB∗

by setting

σ ≡U τ ⇐⇒ J ”σ = τ” KB ∈ U

for all σ, τ ∈ VB∗
.

(1) Show that ≡U is an equivalence relation on VB∗
.

Given τ ∈ VB∗
, define

[τ ]U = {σ ∈ VB∗
| σ ≡U τ ∧ ∀ρ ∈ VB∗

[ρ ≡U τ −→ rank(ρ) ≥ rank(σ)]} ∈ V.

Let V/ U denote the class {[τ ]U | τ ∈ VB∗} and define a relation ∈U on V/ U by

setting

[σ]U ∈U [τ ]U ⇔ J ”σ ∈ τ” KB ∈ U

for all σ, τ ∈ VB∗
.

(2) Show that the relation ∈U is well-defined.

(3) Show that

(V/ U ,∈U ) |= ϕ([τ0]U , . . . , [τn−1]U ) ⇐⇒ Jϕ(τ0, . . . , τn−1)KB ∈ U

holds for every L∈-formula ϕ(v0, . . . , vn−1) and all τ0, . . . , τn−1 ∈ VB∗
.

(4) Show that (V/ U ,∈U ) is a model of ZFC.

Please hand in your solutions on Monday, July 01, before the lecture.


