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Die Mengenlehre ist das Fundament
der gesamten Mathematik

(FELIX HAUSDORFF,

Grundziige der Mengenlehre, 1914)

1 Introduction

1.1 The origin of set theory

GEORG CANTOR characterized sets as follows:

Unter einer Menge verstehen wir jede Zusammenfassung M von bestimmten,
wohlunterschiedenen Objekten m unsrer Anschauung oder unseres Denkens
(welche die “Elemente” von M genannt werden) zu einem Ganzen.

FELIX HAUSDORFF in Grundziige formulated shorter:

Eine Menge ist eine Zusammenfassung von Dingen zu einem Ganzen, d.h. zu
einem neuen Ding.

Sets are ubiquitous in mathematics. According to HAUSDORFF

Differential- und Integralrechnung, Analysis und Geometrie arbeiten in Wirklich-
keit, wenn auch vielleicht in verschleiernder Ausdrucksweise, bestdndig mit unend-
lichen Mengen.

1.2 Set theoretic foundations of mathematics

In current mathematics, many notions are explicitly defined using sets. The following example
indicates that notions which are not set-theoretical prima facie can be construed set-theoretic-

ally:

f is a real funktion = f is a set of ordered pairs (x, y) of real numbers, such
that ... ;

(z,y) is an ordered pair = (z,y) is a set ...{z, y}... ;

z is a real number = z is a left half of a DEDEKIND cut in Q = z is a subset of
@, such that ... ;

r is a rational number = r is an ordered pair of integers, such that ... ;

z is an integer = z is an ordered pair of natural numbers (= non-negative
integers);

N={0,1,2,...};

0 is the empty set;

1 is the set {0};

2 is the set {0, 1}; etc. etc.

We shall see that all mathematical notions can be reduced to the notion of set.
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Besides this foundational role, set theory is also the mathematical study of the infinite. There
are infinite sets like N, @, R which can be subjected to the constructions and analyses of set
theory; there are various degrees of infinity which lead to a rich theory of infinitary combinat-
orics.

In this course, we shall first apply set theory to obtain the standard foundation of mathematics
and then turn towards “pure” set theory.

1.3 The language of set theory

If m is an element of M one writes m € M. If all mathematical objects are reducible to sets,
both sides of these relation have to be sets. This means that set theory studies the €-relation
m € M for arbitrary sets m and M. As it turns out, this is sufficient for the purposes of set
theory and mathematics. In set theory variables range over the class of all sets, the €-relation is
the only undefined structural component, every other notion will be defined from the €-relation.
Basically, set theoretical statement will thus be of the form

Vr. 3y...... TEY..U=0...,

belonging to the first-order predicate language with the only given predicate €.

To deal with the complexities of set theory and mathematics one develops a comprehensive and
intuitive language of abbreviations and definitions which, eventually, allows to write familiar
statements like

etm=—1

and to view them as statements within set theory.

The language of set theory may be seen as a low-level, internal language. The language of math-
ematics possesses high-level “macro” expressions which abbreviate low-level statements in an effi-
cient and intuitive way.

1.4 Russell’s paradox

CANTOR’s naive description of the notion of set suggests that for any mathematical statement
©(x) in one free variable x there is a set y such that

rEY o(x),

i.e., y is the collection of all sets x which satisfy ¢ .

This axiom is a basic principle in GOTTLOB FREGE’s Grundgesetze der Arithmetik, 1893,
Grundgesetz V, Grundgesetz der Wertverlaufe.

BERTRAND RUSSELL noted in 1902 that setting ¢(x) to be = ¢ x this becomes

rTeEYy e,
and in particular for x =y :

yeycydy.
Contradiction.
This contradiction is usually called RUSSELL’s paradox, antinomy, contradiction. It was also dis-
coved slightly earlier by ERNST ZERMELO. The paradox shows that the formation of sets as col-
lections of sets by arbitrary formulas is not consistent.

2 The ZERMELO-FRAENKEL Axioms

The difficulties around RUSSELL’s paradox and also around the axiom of choice lead ZERMELO
to the formulation of axioms for set theory in the spirit of the axiomatics of DAVID HILBERT of
whom ZERMELO was an assistant at the time.
ZERMELO’s main idea was to restrict FREGE’s Axiom V to formulas which correspond to math-
ematically important formations of collections, but to avoid arbitrary formulas which can lead to
paradoxes like the one exhibited by RUSSELL.
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The original axiom system of ZERMELO was extended and detailed by ABRAHAM FRAENKEL
(1922), DMITRY MIRIMANOFF (1917/20), and THORALF SKOLEM.

We shall discuss the axioms one by one and simultaneously introduce the logical language and
useful conventions.

2.1 Set Existence
The set existence axiom
JaVy ~yex,

like all axioms, is expressed in a language with quantifiers 3 (“there exists”) and V (“for all”),
which is familiar from the e-d-statements in analysis. The language of set theory uses variables
Z, ¥y, ... which may satisfy the binary relations € or =: z € y (“z is an element of y”) or x =y .
These elementary formulas may be connected by the propositional connectives A (“and”), V
(“or”), — (“implies”), +> (“is equivalent”), and — (“not”). The use of this language will be demon-
strated by the subsequent axioms.

The axiom expresses the existence of a set which has no elements, i.e., the existence of the
empty set.

2.2 Extensionality

The axiom of extensionality
VavVr'(Vy(yez < yea’) »z=2a)

expresses that a set is exactly determined by the collection of its elements. This allows to prove
that there is exactly one empty set.

Lemma 1. VaVa'(Vy ~y €xAVy ~y€a’ —z=21a').

Proof. Consider x, z’ such that Yy -y € AVy -y € z’. Consider y. Then —y € x and —y € a’.
This implies Vy(y € > y € 2’). The axiom of extensionality implies z =z’. a

Note that this proof is a usual mathematical argument, and it is also a formal proof in the sense
of mathematical logic. The sentences of the proof can be derived from earlier ones by purely
formal deduction rules. The rules of natural deduction correspond to common sense figures of
argumentation which treat hypothetical objects as if they would concretely exist.

2.3 Pairing
The pairing axiom

VaVyIzVu(u €z u=axVu=y)
postulates that for all sets z, y there is set z which may be denoted as
z={xz,y}.
This formula, including the new notation, is equivalent to the formula
Vu(u€zru=xVu=y).

In the sequel we shall extend the small language of set theory by hundreds of symbols and con-
ventions, in order to get to the ordinary language of mathematics with notations like

b
N.R, m,w,(; ?), [ r@ax=r0)- ). et

Such notations are chosen for intuitive, pragmatic, or historical reasons.
Using the notation for unordered pairs, the pairing axiom may be written as

VaVy3dz z={z,y}.
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By the axiom of extensionality, the term-like notation has the expected behaviour. E.g.:
Lemma 2. VaVyVaVz' (z={z,y} A2/ ={z,y} =2z=2').
Proof. Exercise. g

Note that we implicitly use several notational conventions: variables have to be chosen in a reas-
onable way, for example the symbols z and z’ in the lemma have to be taken different and dif-
ferent from = and y. We also assume some operator priorities to reduce the number of brackets:
we let A bind stronger than V, and V stronger than — and <.

We used the “term” {z, y} to occur within set theoretical formulas. This abbreviation is than to
be expanded in a natural way, so that officially all mathematical formulas are formulas in the
“pure” €-language. We want to see the notation {z, y} as an example of a class term. We define
uniform notations and convention for such abbreviation terms.

2.4 Class Terms

The extended language of set theory contains class terms and notations for them. There are
axioms for class terms that fix how extended formulas can be reduced to formulas in the unex-
tended €-language of set theory.

Definition 3. A class term is of the form {x|p} where x is a variable and ¢ € L€. The usage
of these class terms is defined recursively by the following axioms: If {x|p} and {y|v} are class
terms then

— ue{z|p} e cp%, where cp% is obtained from ¢ by (resonably) substituting the variable x
by the variable u ;

— u={zlp} eV (veus po);

- {zlp}=ueYo(pzveu);

= {zlet={ylv} oV (ps o v);

— A{zlpleuevweunv={z|p};

= A{zletef{ylv} o ey Av={z]e}).

A term is either a variable or a class term.

Definition 4.
a) 0:={z|x£x} is the empty set;
b) V:={x|z=ua} is the universe (of all sets);

¢) {z,y}:={ulu=xVu=y} is the unordered pair of x and y.

Lemma 5.
a) DeV.
b) Vo,y {z,y}eV.

Proof. a) By the axioms for the reduction of abstraction terms, ) € V is equivalent to the fol-
lowing formulas

Fu(v=vAv=0)
Jvov=10

FJvVw (wevewH#w)
FJoVww ¢ v
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which is equivalent to the axiom of set existence. So ) € V' is another way to write the axiom of
set existence.
b) Va,y {x,y} €V abbreviates the formula

Vae,yIz(z=zAz={z,y}).
This can be expanded equivalently to the pairing axiom

Vo, yFzVu(u €z u=zVu=y). O

So a) and b) are concise equivalent formulations of the axiom Ex and Pair.
We also introduce bounded quantifiers to simplify notation.

Definition 6. Let A be a term. Then Vx € Ap<>Va(r e A— @) and 3x € Ao+ Ix (€ AN @).

Definition 7. Let x,y,z,... be variables and X,Y ,Z,... be class terms. Define
a) XCY & VereXzeY, X is a subclass of Y
b) XUY :={zjlxeXVaxeY} is the union of X and Y;
¢) XNY :={z|lre X Az €Y} is the intersection of X and Y;
d) X\Y :={z|lr€X ANz ¢Y} is the difference of X and Y;
) UX :={z|qye Xz €y} is the union of X ;
f) N X :={z|Vye Xz ey} is the intersection of X ;
)
)
)
)

9y

P(X):={x|x C X} is the power class of X;
{X}:={z|z =X} is the singleton set of X;
{X,Y}h={z|lr=XVaz=Y} is the (unordered) pair of X and Y;
{Xo, ooy Xno1 b ={z|lz=XoV.. V=X, _1}.

g
h

1
J

One can prove the well-known boolean properties for these operations. We only give a few
examples.

Proposition 8. X CYAY CX—>X=Y.
Proposition 9. |J {z,y}=zUvy.

Proof. We show the equality by two inclusions:

(Q©). Let uelJ{z,y}. wwe{zr,y}Aucv). Letve{z,y} Aucv. (v=xVo=y)Au€cw.

Case 1. v=x2. Thenu€z. ucxVuecy. HenceuecxUy.

Case 2. v=y. Thenuecy. ucaxVuecy. HenceuecxUy.

Conversely let uexUy. u€xzVuey.

Case 1. ucx. Thenzxe{z,y} Auezr. v(ve{z,y}Auecv)and uecJ{z,y}.

Case 2. ucy. Thenxe{z,y} Auezr. v(ve{zr,y}Auev)and ueJ{z,y}. O

Exercise 1. Show: a) JV=V.b)NV=0.¢c)J0=0.d) N0=V.

2.5 Ordered Pairs

Combining objects into ordered pairs (x, y) is taken as an undefined fundamental operation of
mathematics. We cannot use the unordered pair {z, y} for this purpose, since it does not
respect the order of entries:

{z,y}={y,z}.

We have to introduce some asymmetry between z and y to make them distinguishable. Fol-
lowing KURATOWSKI and WIENER we define:
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Definition 10. (z,y):={{z},{z,y}} is the ordered pair of z and y.

The definition involves substituting class terms within class terms. We shall see in the following
how these class terms are eliminated to yield pure €-formulas.

Lemma 11. VaVy3zz=(z,y).

Proof. Counsider sets x and y. By the pairing axiom choose u and v such that u={z} and v =
{z,y}. Again by pairing choose z such that z={u,v}. We argue that z=(z,y). Note that
(z,y) =z}t {z, y}} ={wlw={z} vw={z,y}}.

Then z = (z,y) is equivalent to

Yw(wezw={z}Vw={z,y}),

Vu(w=uVw=v+ (w={z}Vw={z,y}),

and this is true by the choice of u and v. O

The KURATOWSKI-pair satisfies the fundamental property of ordered pairs:
Lemma 12. (z,y)=(z',y') sz =2'Ay=y'.

Proof. Assume (z,y)=(z',y'), ie.,

(1) L} {2y} = LHo'h {2, '

Case 1. x=1y. Then

{z}={z,y},

(o} fz, yh = (o}, Lo} = {{o ),

o) = (o'} {2y}

{z}={2'} and z =1,

{z}={2",y'} and y'==.

Hence x =2’ and y =x =y’ as required.

Case 2. x#y. (1) implies

{2'}={a} or {z'} ={z,y}.

The right-hand side would imply x =2’ =y, contradicting the case assumption. Hence
{z'} ={2} and ' ==.

Then (1) implies

{z,yy={2", v} ={z,y'} and y =" O

Exercise 2.

a) Show that (z, y) := {{z, 0}, {y, {0}}} also satisfies the fundamental property of ordered pairs (F.
HAUSDORFF).

b) Can {z,{y,0}} be used as an ordered pair?

Exercise 3. Give a set-theoretical formalization of an ordered-triple operation.

2.6 Relations and Functions

Ordered pairs allow to introduce relations and functions in the usual way. One has to distin-
guish between sets which are relations and functions, and class terms which are relations and
functions.

Definition 13. A term R is a relation if all elements of R are ordered pairs, i.e., RCV x V.
Also write Rxy or xRy instead of (z,y) € R. If A is a term and R C A x A then R is a rela-
tion on A.

Note that this definition is really an infinite schema of definitions, with instances for all terms R
and A . The subsequent extensions of our language are also infinite definition schemas. We
extend the term language by parametrized collections of terms.

Definition 14. Let t(Z) be a term in the variables & and let ¢ be an €-formula. Then {t(Z)|¢}
stands for {z|3Z(@ A z=1t(Z)}.
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Definition 15. Let R, S, A be terms.
a) The domain of R is dom(R):={z|Jyx Ry}.
) The range of R is ran(R):={y|Jzxz Ry}.
) The field of R is field(R) :=dom(R)Uran(R).
) The restriction of R to A is Rl A:={(x,y)lx Ryrz € A}.
) The image of A under R is R[A]:=R"A:={y|3x € AxRy}.
)
)
)

IS VN eY >

(9]

The preimage of A under R is R™1[A]:={x|3y€ Ax Ry}.
The composition of S and R (“S after R”) is So R:={(x,2)|3y (t RyAySz)}.
The inverse of R is R~ ={(y,z)|z Ry}.

~

IS NS

Relations can play different roles in mathematics.

Definition 16. Let R be a relation.
a) R is reflexive iff Vz €field(R) z Rz .
R is irreflexive iff Va €field(R) ~zRx .
R is symmetric iff Va,y (x Ry— yRzx).
R is antisymmetric iff Vo, y (e RyAyRz—xz=y).

R is connex iff Va,y€field(R) (xRyVyRzVr=y).

)
)
)
e) R is transitive iff Vo, y,z (t RyAyRz—xz Rz).
)
) R is an equivalence relation iff R is reflexive, symmetric and transitive.
)

modulo R .

It is possible that an equivalence class [z]g is not a set: [z]g ¢ V. Then the formation of the col-
lection of all equivalence classes modulo R may lead to contradictions. Another important
family of relations is given by order relations.
Definition 17. Let R be a relation.

a) R is a partial order iff R is reflexive, transitive and antisymmetric.

b) R is a linear order iff R is a connex partial order.

c) Let A be a term. Then R is a partial order on A iff R is a partial order and field(R) =
A.

d) R is a strict partial order iff R is transitive and irreflezive.

e) R is a strict linear order iff R is a connez strict partial order.

Partial orders are often denoted by symbols like <, and strict partial orders by <. A common
notation in the context of (strict) partial orders R is to write

IpRqy and VpRqp for Ap(pRg A ¢) and Vp(p Rg— ¢) resp.

One of the most important notions in mathematics is that of a function.

Definition 18. Let F be a term. Then F is a function if it is a relation which satisfies
Vo, y,y" (xFynaFy' —y=y').
If F is a function then
F(x):={ulVy (z Fy—u e y)}

s the value of F at x.
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If F is a function and x Fly then y= F(z). If there is no y such that z Fy then
Fx)=()y=(0=V.
z Fy

The “value” V at x may be read as “undefined”. A function can also be considered as the
(indexed) sequence of its values, and we also write

(F(x))zea or (Fy)zea instead of F: A—V.

We define further notions associated with functions.

Definition 19. Let F', A, B be terms.

a) F is a function from A to B, or F: A — B, iff F is a function, dom(F) = A, and
range(F)C B.

b) Fis a partial function from A to B, or F: A— B, iff F is a function, dom(F) C A, and
range(F)C B.

¢) Fis a surjective function from A to B iff F: A— B and range(F)=B.

d) Fis an injective function from A to B iff F: A— B and

Ve, o' € A (x+a' = F(z) £ F(z'))

e) F is a bijective function from A to B, or F: A < B, iff F: A — B is surjective and

njective.

f) AB:={f|f: A— B} is the class of all functions from A to B.

One can check that these functional notions are consistent and agree with common usage:
Exercise 4. Define a relation ~ on V' by
r~y<+—3f frzeoy.

One say that z and y are equinumerous or equipollent. Show that ~ is an equivalence relation on V. What is
the equivalence class of ) 7 What is the equivalence class of {#} ?

Exercise 5. Consider functions F: A— B and F’: A— B. Show that
F=F'iffVa€ A F(a)=F'(a).

2.7 Unions
The union azxiom reads

VaIyVz(z € y < Jw(w €z Az € w)).

Lemma 20. The union aziom is equivalent to Ya|Jxz € V.

Proof. Observe the following equivalences:

Ve Jz eV

Vaedy(y=yAy=Ux)

<VrIyVz(zeyo zeJx)

<VeIyVz(zeywerzew)

which is equivalent to the union axiom. O

Note that the union of x is usually viewed as the union of all elements of x:

U= w,

U t(a)={z|3ac Azct(a)}.

acA

Graphically |  can be illustrated like this:

where we define
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Combining the axioms of pairing and unions we obtain:
Lemma 21. Vxo,...,2n-1{Z0,...,Zn—1} EV.

Note that this is a schema of lemmas, one for each ordinary natural number n . We prove the
schema by complete induction on n .

Proof. For n =0, 1,2 the lemma states that 0 € V, Vz {z} € V, and Vz,y {z,y} €V resp., and
these are true by previous axioms and lemmas. For the induction step assume that the lemma
holds for n, n > 1. Consider sets xq, ..., z,. Then

{IE(), ceey xn} = {%0, "~7xn*1} U {IEn}

The right-hand side exists in V' by the inductive hypothesis and the union axiom. O

Remark 22. We are developing the axiom systems ZF and ZFC. These will be infinite
schemas, lists, or sets of formulas. These schemas are formulated in the common mathematical
language, which is able to speak about formulas, in particular €-formulas, and is also able to
speak about infinite collections of formulas. If we assume infinitely many axioms, it should also
be possible to conclude infinitely many consequences, like the above Lemma: Vg, ...,
Tn-1{x0,...,Zn—1} €V . We view the common mathematical language as a meta language which
is able to speak about an object language like the language of set theory. The meta language has
common mathematical tools available. For example induction and recursion on the common nat-
ural numbers, to perform the recursion in the previous schema of lemmas. We shall approach
the problem of meta theory versus object theory in an informal naive way.

2.8 Separation

It is common to form a subset of a given set consisting of all elements which satisfy some condi-
tion. This is codified by the separation schema. For every €-formula ¢(z, x4, ..., z,) postulate:

Vai. Ve ,VeIyVz (z €yrz€x A p(z, 21, .0y ).

Using class terms the schema can be reformulated as: for every term A postulate

VeANzeV.
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The crucial point is the restriction to the given set . The unrestricted, FREGEan version A € V
for every term A leads to the RUSSELL antinomy. We turn the antinomy into a consequence of
the separation schema:

Theorem 23. V ¢V.

Proof. Assume that V € V. Then dxxz =V. Take x such that x =V. Let R be the RUSSELLian
class:

R:={z|x ¢z}
By separation, y:= RNz V. Note that RNz=RNV =R. Then
yeEycyeRoydy,
contradiction. g
This simple but crucial theorem leads to the distinction:

Definition 24. Let A be a term. Then A is a proper class iff A¢ V.

Set theory deals with sets and proper classes. Sets are the favoured objects of set theory, the
axioms mainly state favorable properties of sets and set existence. Sometimes one says that a
term A exists if A € V. The intention of set theory is to construe important mathematical
classes like the collection of natural and real numbers as sets so that they can be treated set-the-
oretically. ZERMELO observed that this is possible by requiring some set existences together
with the restricted separation principle.

Exercise 6. Show that the class {{z}|z € V'} of singletons is a proper class.

2.9 Power Sets
The power set axiom in class term notation is
VeP(x)eV.

The power set axiom yields the existence of function spaces.

Definition 25. Let A, B be terms. Then
Ax B:={(a,b)lac ANbe B}
is the cartesian product of A and B.

Exercise 7.

By the specific implementation of KURATOWSKI ordered pairs:
Lemma 26. Ax BCP(P(AUB)).

Proof. Let (a,b) € A x B. Then

a,b € AUB
{a},{a,b} C AUB
{a},{a,b} € P(AUB)
(avb) = {{a},{a,b}} - P(AUB)
(a,b) ={{a},{a,b}} € P(P(AUB))

Theorem 27.
a) Ve, yx xyeV.
b) Ve, y "yeV.
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Proof. Let x,y be sets. a) Using the axioms of pairing, union, and power sets, P(P(zUy)) € V.
By the previous lemma and the axiom schema of separation,

rxy=(@xxy)NPPxUy))eV.
b) “y CP(x X y) since a function f:z— y is a subset of x X y. By the separation schema,

Ty="yNPlxxy)eV. O

Note that to “find” the sets in this theorem one has to apply the power set operation repeatedly.
We shall see that the universe of all sets can be obtained by iterating the power set operation.
The power set axiom leads to higher cardinalities. The theory of cardinalities will be developed
later, but we can already prove CANTOR’s theorem:
Theorem 28. Let z€V.

a) There is an injective map f:x— P(x).

b) There does not exist an injective map g: P(x) = x .

Proof. a) Define the map f:x— P(z) by u+— {u}. This is a set since
f={(u,{up)uezr}CaxxPx)eV.
f is injective: let u,u’ € z, u#u'. By extensionality,
flu)={u} #{u'} = f(u').
b) Assume there were an injective map g: P(x) — x. Define the CANTORean set
c={uluexAhug¢ g (u)} € P(z)
similar to the class R in RUSSELL’s paradox.
Let uo= g(c). Then g~*(ug) =c and
up € cerug ¢ g H(up) =c.
Contradiction. 0

2.10 Replacement
If every element of a set is definably replaced by another set, the result is a set again. The

schema of replacement postulates for every term F :

F is a function »Va Flz] € V.

Lemma 29. The replacement schema implies the separation schema.

Proof. Let A be a term and z€ V.
Case 1. ANz =0. Then ANz €V by the axiom of set existence.
Case 2. ANz #£(. Take up€ ANzx. Define a map F:z—x by

F(u){ u,ifue ANz
ug , else
Then by replacement

ANnz=Flx]eV

as required. 0O

2.11 Infinity

All the axioms so far can be realized in a domain of finite sets, see exercise 12. The true power
of set theory is set free by postulating the existence of one infinite set and continuing to assume
the axioms. The aziom of infinity expresses that the set of “natural numbers” exists. To this
end, some “number-theoretic” notions are defined.
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Definition 30.
a) 0:=0 is the number zero.

b) For any term t, t+1:=tU{t} is the successor of t.

These notions are reasonable in the later formalization of the natural numbers. The axiom of
infinity postulates the existence of a set which contains 0 and is closed under successors

Jx(0exAVnexzn+1lex).

Intuitively this says that there is a set which contains all natural numbers. Let us define set-the-
oretic analogues of the standard natural numbers:

Definition 31. Define

a) 1:=0+1;
b) 2:=1+1;
c) 3:=2+41; ..

From the context it will be clear, whether “3”, say, is meant to be the standard number “three”
or the set theoretical object

3 = 20{2}
= (1+1D)Uu{1+1}
= ({0 u {0} u{{0oru{{0}}}
= {0,{0}, {0y U {{0}}}.

The set-theoretic axioms will ensure that this interpretation of “three” has the important
number-theoretic properties of “three”.

2.12 Foundation

The azxiom schema of foundation provides structural information about the set theoretic uni-
verse V. It can be reformulated by postulating, for any term A:

A+0—>Tze AANz=0.

Viewing € as some kind of order relation this means that every non-empty class has an €-min-
imal element x € A such that the €-predecessors of = are not in A. Foundation excludes circles
in the €-relation:

Lemma 32. Let n be a natural number >1. Then there are no xg,...,T,_1 such that

TOETIE...€ETp_1€EX.

Proof. Assume not and let xo€z1€...€2,_1€20. Let
A={xg, ..., Tn_1}.

A=+( since n>1. By foundation take x € A such that ANz =1.
Case 1. x=1z¢. Then x,,_1€ ANz =0, contradiction.
Case 2. x=uz;,1>0. Then z;_1€ANx=0, contradiction. O

Exercise 8. Show that v #x+1.
Exercise 9. Show that the successor function x — x + 1 is injective.

Exercise 10. Show that the term {z,{z,y}} may be taken as an ordered pair of z and y.

Theorem 33. The foundation scheme is equivalent to the following, PEANO-type, induction
scheme: for every term B postulate

Ve(xr CB—x€B)—»B=V.
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This says that if a “property” B is inherited by x if all elements of x have the property B, then
every set has the property B.

Proof. (—) Assume B were a term which did not satisfy the induction principle:
Ve(x CB—x€B) and B+V.
Set A=V \ B#(. By foundation take 2 € A such that ANz =0. Then

uer—ug¢ Aou€eB,

i.e.,, x C B. By assumption, B is inherited by x: z € B. But then x ¢ A, contradiction.
(+) Assume A were a term which did not satisfy the foundation scheme:

A#QandVee AANz£0.
Set B=V \ A. Consider x C B. Then ANz =0 . By assumption, z ¢ A and z € B . Thus
Vx (x € B— z € B). The induction principle implies that B=V. Then A =0, contradiction. O

This proof shows, that the induction principle is basically an equivalent formulation of the
foundation principle. The &-relation is taken as some binary relation without reference to spe-
cific properties of this relation. This leads to:

Exercise 11. A relation R on a domain D is called wellfounded, iff for all terms A
0#FANACD—=Izc AAN{y|yRz}=10.

Formulate and prove a principle for R-induction on D which coressponds to the assumption that R is well-
founded on D.

2.13 Set Theoretic Axiom Schemas

Note that the axiom system introduced is an infinite informal set of axioms. It seems unavoid-
able that we have to go back to some previously given set notions to be able to define the collec-
tion of set theoretical axioms - another example of the frequent circularity in foundational the-
ories.

Definition 34. The system ZF of the ZERMELO-FRAENKEL axioms of set theory consists of the
following axioms:
a) The set existence axiom (Ex):
dxVy—-yex
- there is a set without elements, the empty set.
b) The axiom of extensionality (Ext):
VaVy(Vz(z €z z€y) = =1y)
- a set 1s determined by its elements, sets having the same elements are identical.
¢) The pairing axiom (Pair):
VaVy3dzVw (v € zu=xVu=y).
- z s the unordered pair of x and y.

d) The union axiom (Union):

VedyVz(z € y« Jw(w €z Az € w))

-y is the union of all elements of x.

e) The separation schema (Sep) postulates for every €-formula ¢(z,x1,...,2n):

Voy.. Ve YedyWz (z €y z€x A (2,21, ...y Tp))
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- this is an infinite scheme of axioms, the set z consists of all elements of x which satisfy
.
f) The powerset axiom (Pow):
VedyVz(z € y > VYw(w € z— w e x))
-y consists of all subsets of x.

g) The replacement schema (Rep) postulates for every €-formula o(z,y,x1,...,25):

V.. Ve, (VavyVy' ((e(z, y, 1, .., xn) Ao(z, ¥/ 21, .oy 2n)) 2 y=y') —
YuduVy (y ever Jx(z cun o(z, ¥, 21, ..., Tp))))

- v is the image of u under the map defined by .
h) The axiom of infinity (Inf):

Jz(Fy (yexAVz—zey) AVy(lyex—z(z€x AVw(w Ez+w ey Vw=y))))

- by the closure properties of x, x has to be infinite.

i) The foundation schema (Found) postulates for every €-formula o(x,x1,...,xy):
Vry..Vo,(Fre(x, 1, ..., x0) = F2(@(x, 21, .y 20) AVZ (2 €2 — —0(2), 21, .0y 7))

- if @ is satisfiable then there are €-minimal elements satisfying .

2.14 ZF in Class Notation

Using class terms, the ZF can be formulated concisely:

Theorem 35. The ZF axioms are equivalent to the following system; we take all free variables
of the axioms to be universally quantified:

a) Ez: DeV.

=

) Ext: x CyANyCor—x=y.

) Pair: {z,y}eV.

) Union: |Jz eV.

) Sep: ANz eV.

) Pow: P(z)eV.

) Rep: F is a function — Flx] € V.

@ - o & o

h) Inf: 3z (0€xAVnexzn+1ex).
i) Found: A#0—3Ixc AANxz=0.

This axiom system can be used as a foundation for all of mathematics. Axiomatic set theory
considers various axiom systems of set theory.

Definition 36. The azxiom system ZF~ consists of the ZF-axioms except the power set axiom.
The axiom System ST (“set theory”) onsists of the ZF-axioms except the axiom of infinity. The
system EML (“elementary set theory”) consists of the axioms Ex, Ext, Pair, and Union.

Exercise 12. Consider the axiom system HF consisting of the axioms of EML together with the induction
principle: for every term B postulate

Ve, y(eCBAyeB—a2U{y}€B)—»B=V.

Show that every axiom of ZF except Inf is provable in HF, and that HF proves the negation of Inf (HF axio-
matizes the heriditarily finite sets, i.e., those sets such that the set itself and all its iterated elements are
finite).
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3 Ordinal Numbers

We had defined some “natural numbers” in set theory. Recall that

0=20

= 04+1=0U{0} = {0}
1+1=1U{1}={0,1}
= 2+4+1=20{2} ={0,1,2}

W N =
I

We would then like to have N = {0, 1, 2, 3, ...}. To obtain a set theoretic formalization of num-
bers we note some properties of the informal presentation:

1. "Numbers” are ordered by the €-relation:
m<n iff men.

E.g.,, 1€3 but not 3e1.

2. On each “number”, the €-relation is a strict linear order: 3 = {0, 1, 2} is strictly linearly
ordered by €.

3. "Numbers” are “complete” with respect to smaller “numbers”

1<j<m-—ieEm.
This can be written with the €-relation as
1EJEM—=TLEM.
Definition 37.

a) A is transitive, Trans(A), iff Vye AVeeyz € A.

b) x is an ordinal (number), Ord(z), if Trans(z)AVy €z Trans(y).

¢) Let Ord: ={x|Ord(x)} be the class of all ordinal numbers.

We shall use small greek letter «, 3, ... as variables for ordinals. So Ja stands for da € Ord ¢,
and {a|¢} for {a|Ord(a) A p}.

Exercise 13. Show that arbitrary unions and intersections of transitive sets are again transitive.

We shall see that the ordinals extend the standard natural numbers. Ordinals are particularly
adequate for enumerating infinite sets.

Theorem 38.
a) 0€0rd.
b) Va a+1€0rd.

Proof. a) Trans(()) since formulas of the form Vy € (... are tautologously true. Similarly Vy €
() Trans(y).

b) Assume « € Ord.

(1) Trans(a+1).

Proof. Let uevea+1l=aU{a}.

Case 1. ve€a. Then u € a Ca+1, since « is transitive.

Case 2. v=a. ThenucaCa+1. ged(1)

(2) Yy € a+ 1 Trans(y).

Proof. Let yea+1=aU{a}.

Case 1. y € . Then Trans(y) since « is an ordinal.

Case 2. y=ca. Then Trans(y) since « is an ordinal. O

Exercise 14.

a) Let A COrd be a term, A#(. Then (| A€ Ord.
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b) Let  C Ord be a set. Then |Jz € Ord.
Theorem 39. Trans(Ord).
Proof. This follows immediately from the transitivity definition of Ord. ]
Exercise 15. Show that Ord is a proper class. (Hint: if Ord € V' then Ord € Ord.)

Theorem 40. The class Ord is strictly linearly ordered by €, i.e.,

a) Ya, 8,7 (a€ BABET—aEr),

b) Vaa ¢ .

¢) Vo, B(aefVa=pVEEea).
Proof. a) Let a, 8,7€O0rd and o€ S A S €. Then 7 is transitive, and so « € .
b) follows immediately from the non-circularity of the €-relation.
¢) Assume that there are “incomparable” ordinals. By the foundation schema choose ag € Ord &-
minimal such that 35-(ap€ fVag= BV B € ap). Again, choose By € Ord €-minimal such that —
(a0 € LoV ag= oV Po € ap). We obtain a contradiction by showing that ag= So:
Let a € ag . By the €-minimality of ag, « is comparable with By: a € BgVa= 5V By € a. If
a = fy then By € ag and ayg, By would be comparable, contradiction. If Sy € « then By € ag by the
transitivity of ag and again «g, 8y would be comparable, contradiction. Hence a € [ .
For the converse let 8 € By. By the €-minimality of £y, 5 is comparable with ag: S € agV 5=
agVag€ B. If B=aqp then ap € By and ag, By would be comparable, contradiction. If o €
then ag € By by the transitivity of Sy and again «gp, Sy would be comparable, contradiction.
Hence 5 €ayg.
But then ag= Sy contrary to the choice of (. a

Definition 41. Let <:=€eN(Ord x Ord) = {(a, B)|a € B} be the natural strict linear ordering of
Ord by the e-relation.

Theorem 42. Let o € Ord. Then a+ 1 is the immediate successor of a in the €-relation:
a) a<a+1;
b) if B<a+1, then f=a or B<a.
Definition 43. Let a be an ordinal. « is a successor ordinal, Succ(a), iff Iba=6+1. a isa
limit ordinal, Lim(«), iff « #0 and a is not a successor ordinal. Also let
Succ: ={a|Succ(a)} and Lim:= {a|Lim(a)}.

The existence of limit ordinals will be discussed together with the formalization of the natural
numbers.

3.1 Ordinal induction

Ordinals satisfy an induction theorem which generalizes complete induction on the integers:

Theorem 44. Let p(xz, vg, ..., Vn—1) be an €-formula and xg, ..., xn—1 € V. Assume that the
property p(x, xg, ..., Tp—1) is inductive, i.e.,

Va(VBea (B8, o, ...n-1) = (@, oy ..o, Tn—1)).
Then ¢ holds for all ordinals:
Vap(a, o, ..., Tn—1).
Proof. It suffices to show that
B={z]|x€O0rd— p(z,z0,.... tn-1)} =V.
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Theorem 33 implies
Ve(xCB—x€B)—B=V
and it suffices to show

Vo (x CB—xz € B).
Consider  C B. If x ¢ Ord then x € B. So assume x € Ord. For 8 € x we have g € B, 8 € Ord,
and so ¢(f,xg,...,Zn—1). By the inductivity of ¢ we get p(z,xo,...,2n_1) and again z€ B. 0O
Induction can be formulated in various forms:

Exercise 16. Prove the following transfinite induction principle: Let ¢(z) = ¢(z, vg, ..., vn—1) be an €-for-
mula and zg, ..., x, —1 € V. Assume

a) ¢(0) (the initial case),

b) Va (p(a) = ¢(a+1)) (the successor step),

¢) YA€Lim (Va <A ¢(a) —¢(N)) (the limit step).
Then Va p(a).

3.2 Natural Numbers

We have 0, 1, ... € Ord. We shall now define and study the set of natural numbers/integers
within set theory. Recall the axiom of infinity:

Jzx (0exzAVueczut+lex).

The set of natural numbers should be the C-smallest such x.

Definition 45. Letw={z[0€xzAVuezu+1€x} be the set of natural numbers. Sometimes
we write N instead of w.
Theorem 46.

a) weV.

b) w COrd.

¢) (w,0,+1) satisfy the second order PEANO axiom, i.e.,

VeCw((0exAVnezn+ler—r=w).
d) weOrd.

e) w is a limit ordinal.

Proof. a) By the axiom of infinity take a set zy such that

OcxgAVuexgu+1lexy.
Then
w:ﬂ {ac|0€x/\Vu€acu+1€ac}:xoﬂﬂ {z|]0exAVuezu+lex}eV

by the separation schema.

b) By a), wnNOrd € V. Obviously 0 e wNOrd AVu € wNOrd u+1€wnOrd. So wNOrd is one
factor of the intersection in the definition of w and so w CwNOrd. Hence w C Ord.

c) Let t Cwand 0 €z AVu€xu+ 1€z Then x is one factor of the intersection in the defini-
tion of w and so w Cx. This implies =z =w.

d) By b), every element of w is transitive and it suffices to show that w is transitive. Let

z={nnewAVmenmew} Cw.

We show that the hypothesis of ¢) holds for x. 0 € z is trivial. Let u € x. Then u + 1 € w. Let
méeu+ 1. If m € wu then m € w by the assumption that v € x. If m = u then m € £ C w. Hence
u+lerzandVuezu+1€x. Byb),x=w. SoVnewnex, ie.,

YnewVmenmew.
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e) Of course w # 0 . Assume for a contradiction that w is a successor ordinal, say w =« + 1.
Then o €w . Since w is closed under the +1-operation, w =« + 1 € w. Contradiction. g

Thus the axiom of infinity implies the existence of the set of natural numbers, which is also the
smallest limit ordinal. The axiom of infinity can now be reformulated equivalently as:
h) Inf: we V.

3.3 Ordinal recursion

Recursion, often called induction, over the natural numbers is a ubiquitous method for defining
mathematical objects. We prove the following recursion theorem for ordinals.

Theorem 47. Let G: V — V. Then there is a canonical class term F, given by the subsequent
proof, such that

F:0rd—Vand Ya F(a) =G(F | a).

We then say that F is defined recursively (over the ordinals) by the recursion rule G. F' is
unique in the sense that if another term F' satisfies

F":0rd =V and Ya F'(a) =G(F' | a)
then F'=F".

Proof. We say that H:dom(H) —V is G-recursive if
dom(H) C Ord,dom(H) is transitive, and Vaedom(H) H(a) =G(H | o).

(1) Let H, H' be G-recursive. Then H, H' are compatible, i.e., Vo € dom(H) Ndom(H’) H(«) =
H'(a).
Proof. We want to show that

Va € Ord (e € dom(H)Ndom(H') — H(o) = H'(a0)).
By the induction theorem it suffices to show that a € dom(H) N dom(H’) — H(«a) = H'(«) is
inductive, i.e.,
Va € Ord (Vy € a (y € dom(H) Ndom(H') = H(y) = H'(y)) = (e« € dom(H) Ndom(H') = H(a) =
H'(@))).
So let o € Ord and Vy € o (y € dom(H) Ndom(H') - H(y) = H'(y)). Let o € dom(H) Ndom(H’).
Since dom(H) and dom(H’) are transitive, « C dom(H) and o C dom(H’). By assumption

Vyea H(y)=H'(y).

Hence H [a=H’'|a. Then

ged(1)
Let

F: :U {f|f is G-recursive}.

be the union of the class of all approrimations to the desired function F'.

(2) F is G-recursive.

Proof. By (1), F is a function. Its domain dom(F') is the union of transitive classes of ordinals
and hence dom(F') C Ord is transitive.

Let o € dom(F). Take some G-recursive function f such that o € dom(f). Since dom(f) is trans-
itive, we have

a Cdom(f) Cdom(F).

Moreover
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qed(2)

(3) Ya aedom(F).

Proof. By induction on the ordinals. We have to show that a € dom(F’) is inductive in the vari-
able . So let a € Ord and Vy € oy € dom(F'). Hence oo C dom(F'). Let

f=FTlaW(a, G(F[a))}.
f is a function with dom(f)=a+1€O0rd. Let o’ <a+ 1. If o’ <a then
fl)=F(a)=G(F[a)=G(f ).
if a’=« then also
fl@)=fe)=G(Fa)=G(fla)=G(f ).

Hence f is G-recursive and « € dom(f) C dom(F'). ged(3)
The extensional uniqueness of F follows from (1) O
Theorem 48. Let ag €V, Gguee: Ord x V=V, and Giin: Ord x V. — V. Then there is a canonic-
ally defined class term F:Ord — V such that

a) F(0)=agp;

b) Yo F(a+1) = Gaeela, F(a));

¢) YAeLim F()\) = Gum(\, F [ )).
Again F is unique in the sense that if some F' also satisfies a)-c) then F =F".

We say that F is recursively defined by the properties a)-c).

Proof. We incorporate ag, Gsucc, and Gy, into a single recursion rule G: V — V|

agp , if f:®5
a(f) Gsuee(a, f(a)) ,if fra+1—=V,
) Gum(A, f) L if 22—V and Lim(\),

0, else.
Then the term F: Ord — V' defined recursively by the recursion rule G satisfies the theorem. [

In many cases, the limit rule will just require to form the union of the previous values so that
FO) =] F(a).
a<A

Such recursions are called continuous (at limits).

3.4 Ordinal Arithmetic

We extend the recursion rules of standard integer arithmetic continuously to obtain transfinite
version of the arithmetic operations. The initial operation of ordinal arithmetic is the +1-opera-
tion defined before. Ordinal arithmetic satisfies some but not all laws of integer arithmetic.

Definition 49. Define ordinal addition +: Ord x Ord — Ord recursively by

04+0 =6
d+(a+1) = (6+a)+1
I+ = U (0 +«) , for limit ordinals \
a<A

Definition 50. Define ordinal multiplication - : Ord x Ord — Ord recursively by

-0 =0
0-(a+1) = (0-a)+6
0-A = U (0-«) , for limit ordinals A
a<A
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Definition 51. Define ordinal exponentiation - :Ord x Ord — Ord recursively by

30 =1
gotl = §o.§
N = U 6%, for limit ordinals A
a<A

Exercise 17. Explore which of the standard ring azioms hold for the ordinals with addition and multiplica-
tion. Give proofs and counterexamples.

Exercise 18. Show that for any ordinal o , @ + w is a limit ordinal. Use this to show that the class Lim of
all limit ordinals is a proper class.

4 Number Systems

We are now able to give set-theoretic formalizations of the standard number systems with their
arithmetic operations.

4.1 Natural Numbers

Definition 52. The structure
N:=(w, +[(w X w), - [(w X w), <[(w X w),0,1)
s called the structure of natural numbers, or arithmetic. We sometimes denote this structure
by
N:=(w,+,,<,0,1).

N is an adequate formalization of arithmetic within set theory since N satisfies all standard

arithmetical axioms.

Exercise 19. Prove:
a) +wxw:={m+nmewAncw}Cw.
b

) lwxwli={m-nmewAncw}Cw.
c) Addition and multiplication are commutative on w .
)

d

Addition and multiplication satisfy the usual monotonicity laws with respect to <.

Definition 53. We define the structure
Z:=(Z,+", %, <”,0%,1%)
of integers as follows:
a) Define an equivalence relation ~ on N x N by
(a,b)=(a’,b") iff a+b'=a’+b.
b) Let a —b:=[(a,b)]~ be the equivalence class of (a,b) in ~. Note that every a —b is a set.
c) Let Z:={a—blac NAbe N} be the set of integers.
d) Define the integer addition +%:7 x Z — 7 by
(a—b)+%(a’—b"):=(a+a')— (b+D').
e) Define the integer multiplication -%:Z x 7Z — 7 by

(a—0b)-%(a"—b"):=(a-a"+b-b')—(a-b"+a’-b).
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f) Define the strict linear order <% on 7 by
(a—b)<Z(a'—b") iffa+b'<a'+b.
g) Let 0%:=0—0 and 1%:=1-0.

Exercise 20. Check that the above definitions are sound, i.e., that they do not depend on the choice of rep-
resentatives of equivalence classes.

Exercise 21. Check that Z satisfies (a sufficient number) of the standard axioms for rings.

The structure Z extends the structure N in a natural and familiar way: define an injective map
e:IN—7Z by
n—n—0.

The embedding e is a homomorphism:
a) e(0)=0—0=0%and e(1)=1—0=1%
b) e(m+n)=(m+n)—0=(m+n)— (0+0)=(m—0)+%(n—0)=e(m)+Ze(n);
c) e(m-n)=(m-n)—0=(m-n+0-0)— (m-0+n-0)=(m—0)-%(n-0)=e(m)-

d) m<nem+0<n+ 04 (m—0)<Z(n—0)e(m)<Ze(n).

e(n);
By this injective homomorphism, one may consider IN as a substructure of Z: NC7Z.

4.2 Rational Numbers

Definition 54. We define the structure
Qg = (Qf, +2,-},<®,0%,1Q)
of non-negative rational numbers as follows:
a) Define an equivalence relation = on N x (N\ {0}) by
(a,b)=(a,b0") iff a-b'=a’-b.
b) Let %::[(a,b)]2 be the equivalence class of (a,b) in ~. Note that % is a set.
¢) Let Qf:={FlacNAbe (N\{0})} be the set of non-negative rationals.
d) Define the rational addition +®: Qf x Qf — Qg by
o _abtab
b b’ b-b'
e) Define the rational multiplication -®: Qf x Qf — Qg by
et _ad
b bbb
f) Define the strict linear order <® on QF by
%<QZ—: iffa-b'<a’-b.
g) Let OQ::% and 1Q::%.
Again one can check the soundness of the definitions and the well-known laws of standard non-
negative rational numbers. Also one may assume N to be embedded into QS‘ as a substructure.
The transfer from non-negative to all rationals, including negative rationals can be performed in
analogy to the transfer from N to 7Z .
Definition 55. We define the structure
Q:= ((Q) _|_Q’ .Q’ <Q) 0@7 1@)
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of rational numbers as follows:
a) Define an equivalence relation ~ on Qf x QF by
(p, )=, d) iff p+a'=p"+q.
b) Let p— q:=[(p, q)]~ be the equivalence class of (p,q) in =.
¢) Let Q:={p—q|lpe Qi ApeQd} be the set of rationals.

Exercise 22. Continue the definition of the structure @ and prove the relevant properties.

4.3 Real Numbers

Definition 56. r C QS‘ 18 a positive real number if
a) Vpervqe Qi (q<®p—qer), ie., ris an initial segment of (QF, <®);
b) Vperdgerp<®yq, i.c., r is right-open in (QF, <®);
¢) 0er+Qg, i.e., r is nonempty and bounded in (R, <®).

Definition 57. We define the structure
Rt:=(R*, 48, B <R 1K)
of positive real numbers as follows:
a) Let RT be the set of positive reals.
b) Define the real addition +®: Rt x R* — R* by
r+Br'={p+Rplpernp’er'}.
¢) Define the real multiplication -B: R+ x RT — R* by
r B ={pRplperAp er'}.
d) Define the strict linear order <® on Rt by
r<Borliffr Cr'Ar £
e) Let 1®:={peQf|qg<®1}.

We justify some details of the definition.

Lemma 58.
a) RteV.
b) If r,r' € RY then r+R¢', r By e R

c) <R is a strict linear order on R7.

Proof. a) If r € R* then r C QF and r € P(Q7). Thus R* C P(QF), and R* is a set by the
power set axiom and separation.
b) Let 7,7’ € R*. We show that

r-Br'={p-QplperAnp er'}ecR*.

Obviously r-Br’/C Qf is a non-empty bounded initial segment of (Q7, <®).
Consider per -Br' geQf, ¢ <®p. Let p:%-QZ—: where %Er and Z—:Er’. Let q:%. Then

c c-b’

c_cb Qo
T T , where
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.. b
Hence <= € r and
d-a’

c_cb qd
d d-a b
Similarly one can show that r -7’ is open on the right-hand side.
c) The transitivity of <® follows from the transitivity of the relation ; To show that <R is
connex, consider 7, v’ € R*, r # r/. Then r and r’ are different subsets of Q. Without loss of
generality we may assume that there is some p € 7'\ r. We show that then r <® ¢/ ie., r Grl.

cr Byl

Consider g €r. Since p ¢ r we have p R ¢ and ¢ <®p. Since ' is an initial segment of QF, ¢ €
r. O
Exercise 23. Show that (RT, R 1]R) is a multiplicative group.

We can now construct the complete real line R from R just like we constructed Z from N .
Details are left to the reader. We can also proceed to define the structure C of complex numbers
from R.

Exercise 24. Formalize the structure C of complex numbers such that RC C.

4.4 Discussion

The constructions carried out in the previous subsections contained many arbitrary choices. One
could, e.g., define rational numbers as reduced fractions instead of equivalence classes of frac-
tions, ensure that the canonical embeddings of number systems are inclusions, etc. If such
choices have been made in reasonable ways we obtain the following theorem, which contains
everything one wants to know about the number systems. So the statements of the following
theorem can be seen as first- and second-order axioms for these systems.

Theorem 59. There are structures N, Z, Q, R, and C with the following properties:

a) the domains of these structures which are also denoted by N, Z, Q, R, and C, resp., sat-
isfy
w=NCZCQCRCC;

b) there are functions +: C x C — C and -: C x C— C on C which are usually written as
binary infix operations;

¢) (C,+,-,0,1) is a field; for a,b e C write a — b for the unique element z such that a=0+
z; for a,be C with b#0 write % for the unique element z such that a=0b-z;

d) there is a constant i, the imaginary unit, such that i-i+1=0 and
C={z+ivy|r,ycR};

e) there is a strict linear order < on R such that (R, <, +[R2, - | R%, 0, 1) is an ordered
field.

) (R, <) is complete, i.e., bounded subsets of R possess suprema:
VXCR(X#0AFeRVzeXx<b — FbeR (Vo € Xo <bA-TV <bVx € Xz <))
g) Q is dense in (R, <):
Vr,seR(r<s—3da,b,ceQ a<r<b<s<c);
h) (Q,+1Q? -1 Q?0,1) is a field; moreover
Q:{%mez,bem{o}};
i) (Z,+7Z2,- | 72,0,1) is a ring with a unit; moreover
Z={a—bla,beN};

7) +IN? agrees with ordinal addition on w; - | N? agrees with ordinal multiplication on w ;
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(N, +1,0) satisfies the second-order PEANO azioms, i.e., the successor function n—n+ 1
1s injective, 0 is not in the image of the successor function, and

VXCN0eXAVneXn+1eX — X =N).

This theorem is all we require from the number systems. The details of the previous construc-
tion will not be used again. So we have the standard complex plane, possibly with the identifica-
tion of N and w.

z=x+1y

Remark 60. In set theory the set R of reals is often identified with the sets “w or “2, basically
because all these sets have the same cardinality. We shall come back to this in the context of
cardinality theory.

5 Sequences

The notion of a sequence is crucial in many contexts.

Definition 61.

a)

e)

A set w is an a-sequence iff w:a— V; then « is called the length of the a-sequence w and
is denoted by |a|. w is a sequence iff it is an «-sequence for some a . A sequence w is
called finite iff |w|<w.

A finite sequence w:n— V may be denoted by its enumeration wy, ..., w,_1 where we write
w; instead of w(i). One also writes wy...wy,_1 instead of wo, ..., Wyp—1 , in particular if w
1s considered to be a word formed out of the symbols wq, ..., Wy, _1 .

An w-sequence w: w — V may be denoted by wy, w1, ... where wo, w1, ... suggests a definition
of w.

Let w: a — V and w': o’ — V be sequences. Then the concatenation w w’: a + o’ — V is
defined by

(ww)la=wla and Vi<ao' ww'(a+1i)=w'(3).
Let w:ae—V and x € V. Then the adjunction wx of w by x is defined as
wr=w"{(0,z)}.
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Sequences and the concatenation operation satisfy the algebraic laws of a monoid with cancella-
tion rules.
Proposition 62. Let w,w’,w” be sequences. Then

a) (ww) w'=w"(w "w").

b) w=wd=w.

¢) ww'=ww"—-w=w".

There are many other operations on sequences. One can permute sequences, substitute elements
of a sequence, etc.

5.1 (w-)Sequences of Reals

w-sequences are particularly prominent in analysis. One may now define properties like
lmw;=ziff Vee RTIm<wVi<w (iZm— (z —e<w;Aw; <z +¢))
11— 00

or

Veiw—R(lim z;=a— lim f(z;) = f(a)).

i— 00 i— 00

If xg, 1, ... is given then the partial sums

are defined recursively as
0
Z ;=0 and
i=0
The map ¢: “2— R defined by
) . .
P(@ie) =3 goi= lm 3" T
i=0 ;

maps the function space “2 surjectively onto the real interval

0,1]={reR|0<r<1}.

Such maps are the reason that one often identifies “2 with R in set theory.

5.2 Symbols and Words

Languages are mathematical objects of growing importance. Mathematical logic takes terms and
formulas as mathematical material. Terms and formulas are finite sequences of symbols from
some alphabet. We represent the standard symbols =, €, etc. by some set-theoretical terms =,
€, etc. Note that details of such a formalization are highly arbitrary. One really only has to fix
certain sets to denote certain symbols.

Definition 63. Formalize the basic set-theoretical symbols by

a) ==0, =1, A=2, V=3, =4, & =5, =6, (=7, ) =8, 3=9, V=10.

(=

Variables v, = (1,n) for n <w.

)

U

A word over L¢ is a finite sequence with values in L¢ .

Let Lt ={w|3In <ww:n— Le} be the set of all words over Le .

9y

)
)
) Let Le={=,&,A,V, =, <, 5, (,),3,VIU{(1,n)|n <w} be the alphabet of set theory.
)
)
)

~

If ¢ is a standard set-theoretical formula, we let ¢ € LE denote the formalization of .
E.g., Ex = 30gVv1-01 € 19 1s the formalization of the set existence axiom. If the intention
s clear, one often omits the formalization dots and simply writes Ex = JvgVvi—v1 Evg .
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This formalization can be developed much further, so that the notions and theorems of first-
order logic are available in the theory ZF. By carrying out the definition of the axiom system
ZF within set theory, one obtains a term ZF which represents ZF within ZF. This (quasi) self-
referentiality is the basis for limiting results like the GODEL incompleteness theorems.

6 The von Neumann Hierarchy
We use ordinal recursion to obtain more information on the universe of all sets.

Definition 64. Define the von Neumann Hierarchy (V,,)ocora by recursion:
a) Vo=0;
b) Vat1=P(Va) ;
¢) i=Ug,<rVa for limit ordinals X.

We show that the von Neumann hierarchy is indeed a (fast-growing) hierarchy

Lemma 65. Let < a € Ord. Then
a) VeV,
b) VsCVa

c¢) Vy is transitive

Proof. We conduct the proof by a simultaneous induction on « .

a=0: 0 is transitive, thus a)-c) hold at 0.

For the successor case assume that a)-c) hold at «. Let < a+ 1. By the inductive assumption,
Vs C V, and Vi € P(V,) = Vg1 . Thus a) holds at o + 1. Consider = € V,, . By the inductive
assumption, x CV,, and € V41 . Thus V, C V4,41 . Then b) at a + 1 follows by the inductive
assumption. Now consider x € V41 =P(V,). Then x CV, CV, 41 and V,,41 is transitive.

For the limit case assume that « is a limit ordinal and that a)-c) hold at all v <« . Let < a.
Then Vge Va1 C Uw<a V, =V, hence a) holds at «. b) is trivial for limit «. V}, is transitive as
a union of transitive sets. O

The V,, are nicely related to the ordinal « .
Lemma 66. For every o, V,NOrd=«.

Proof. Induction on a. ¥pNOrd=0NOrd=0=0.

For the successor case assume that V, NOrd =« . V,4+1 N Ord is transitive, and every element of
Va1 N Ord is transitive. Hence V411 N Ord is an ordinal, say § = V41 N Ord . a =V, N Ord
implies that o € V, 11N Ord =46 and o+ 1< . Assume for a contradiction that o +1<§. Then
a+1€Vyyg and a+1CV,NO0rd=«, contradiction. Thus a+1=6=V,411NO0xrd.

For the limit case assume that « is a limit ordinal and that V3 N Ord = § holds for all 5 < « .
Then

VonOrd=([J Vo)nOrd= | J (VagnOrd)= | B=a.
B<a B<a A<

The foundation schema implies that the V,-hierarchy exhausts the universe V.

Theorem 67.
a) Yx C UaeordVaﬂﬁgiB.

b) V=UpcomVe-
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Proof. a) Let x C | Define a function f:x— Ord by

F(w) = min {7 lue v, }.

By the axioms of replacement and union, 8 =J {f(u) + llu €z} €V and 8 € Ord. Let u € z .
Then f(u) < f(u)+1< B and u € Vj(,) CVz. Thus 2 CVj.
b) Let B=J,copq Ve By the schema of €-induction it suffices to show that

Va (r CB—x € B).

So letng:UaeordVa. By a) take 8 such that  CV3. Then x € V311 C |

a€Ord *

acoraVe=B. U

The V,-hierarchy ranks the elements of V into levels.

Definition 68. Define the rank (function) rk: V — Ord by

2 € Vi) +1 \ Vik(a) -

The rank function satisfies a recursive law.

Lemma 69. Vz rk(z)=U k(y)+1.

YyeET r
Proof. Let us prove the statement

Vo eV, rk(z) = U rk(y)+1

yex

by induction on « . The case a =0 is trivial. The limit case is obvious since V) = |J V., for
limit \.

For the successor case assume that the statement holds for . Consider x € V1. If x € V, the
statement holds by the inductive assumption. So assume that = € V41 \ Vo . Then rk(z) = o .
Let y €x C Vo . Then y € V41 \ Vp for some S =r1k(y) <a. rk(y) +1Ca. Thus U, rk(y) +
1C a. Assume that v=J,, tk(y) +1<a. Let ycx. Then rk(y) +1< v and y € Vii(y)41 €

V,. Thus z CV,, 2 € V, 11 CV,, contradicting the assumption that z € Vor1\ Va. O

a<A

Lemma 70. Let A be a term. Then AcViff 3a ACV,.

The previous analysis of the V,-hierarchy suggest the following picture of the universe V.

Ord \
a—+1
Va+1
\ o/
Vo

w

n

0
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7 The Axiom of Choice

Natural numbers n € N are used to enumerate finite sets a as
a={ag,a1, ..., an -1}
Assuming the axiom of choice, one can use ordinals to enumerate any set a as

a={a; |i<a}.

Definition 71. The Axiom of Choice, AC is the statement
Ve(D ¢ z AVu,v€x(uftv—unv=0)— FVuezIwunz={w}).

The azxiom expresses that for every set x consisting of nonempty pairwise disjoint elements there
exists a choice set z, i.e., for every element u € x the intersection u N z consists exactly of one
element. Thus z “chooses” one element out of every element of x .

It seems intuitively clear that such choices are possible. On the other hand we shall see that the
axiom of choice has unintuitive, paradoxical consequences.
Theorem 72. The following statements are equivalent:
a) AC;
b) Yx3g (g is a function with domain xA\Vu € x (u # 0 — g(u) € uw)); such a function g is
called a choice function for x ;
¢) Vedadffraex.

Proof. a) — b) Assume AC. Let = be a set. We may assume that every element of z is
nonempty. The class

' ={{u} xuluex}
is the image of x under the set valued map u— {u} x u, and thus a set by replacement. The ele-

ments {u} X u of x’ are nonempty and pairwise disjoint. By AC, take a choice set z for z’.
Define a choice function g:x— V by letting g(u) be the unique element of w such that

({u} xw)Nz={(u, g(u))}.
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b) — ¢) Assume b). Let  be a set and let g: P(z) \ {#} — V be a choice function for P(z) \ {0}.
Define a function F: Ord — z U {x} by ordinal recursion such that

_ [ 9@\ Fla]), if =\ Fla] #0;
F(O‘)_{ z, if =\ Fla] =0.

At “time” «, the function F' chooses an element F(«) € x which has not been chosen before. If
all elements of = have been chosen, this is signaled by F' by the value x which is not an element
of x.

(1) Let a< B and F(B)#x. Then F(a), F(8) €z and F(«a)# F(pB).

Proof. F(f)# x implies that z \ F[8] # 0 and hence F(8) = g(z \ F[B]) €z \ F[B]. Since a € §,
z\ Fla]#0 and F(a)=g(z \ Fla]) €z \ Fla]. F(a)+# F(B) follows from F(8) €x \ F[8]. qed(1)
(2) There is a € Ord such that F(a)==.

Proof. Assume not. Then by (1), F: Ord — z is injective. Hence F~! is a function and Ord =
F~x]. By replacement, Ord is a set, but this is a contradiction. ged(2)

By (2) let @ be minimal such that F(a) =z . Let f = F | a: « — x . By the definition of F, x \
Fla]=0, ie., Fla]=z and f is surjective. By (1), f is also injective, i.e., fra<>x.

¢) = a) Assume c). Let the set = consist of nonempty pairwise disjoint elements. Apply ¢) to |J
x . Take an ordinal @ and a function f:o—|Jx. Define a choice set z for « by setting

2={f(OPuex(f(§) cunV(<Ef(C) Eu)}-

So z chooses for every u € x that f(£) € u with £ minimal. O

We shall later use the enumeration property c¢) to define the cardinality of a set. ZORN’s Lemma
is an important existence principle which is also equivalent to AC.

Definition 73. Let (P, <) be a partial order.

a) X CPisa chain in (P, <) if (X, <) is a linear order where (X, <) is a short notation
for the structure (X,<NX?).

b) An element p € P is an upper bound for X CPiff Ve Xx <p.
¢) (P,<) is inductive iff every chain in (P,<) possesses an upper bound.

d) An element p € P is a maximal element of (P,<) iff V¢€ P(¢>=p—q=p).

Theorem 74. The azxiom of choice is equivalent to the following principle, called Zorn’s
Lemma: every inductive partial order (P, <) €V possesses a mazimal element.

Proof. Assume AC and let (P, <) € V be an inductive partial order. Let g: P(P)\ {0} =V be
a choice function for P(P) \ {0}. Define a function F: Ord — P U {P} by ordinal recursion; if
there is an upper bound for F'[«] which is not an element of Fla] let

F(a)=g({pe P\ Fla]|p is an upper bound for F|a]});
otherwise set

F(a)=P.

At “time” «, the function F' chooses a strict upper bound of F[a] if possible. If this is not pos-
sible, this is signaled by F by the value P.

The definition of F' implies immediately:

(1) Let a< 8 and F(B)# P. Then F(a) < F(pB).

(2) There is « € Ord such that F(a)=P.

Proof. Assume not. Then by (1), F: Ord — P € V is injective, and we get the same contradic-
tion as in the proof of Theorem 72. ged(2)

By (2) let @ be minimal such that F(a)=P. By (1), Fla] is a chain in (P, <). Since the partial
order is inductive, take an upper bound p of F[a]. We claim that p is a maximal element of (P,
<). Assume not and let ¢ € P, ¢ > p. Then q is a strict upper bound of F[a] and ¢ ¢ F[a]. But
then the definition of F' yields F'(«) # P, contradiction.
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For the converse assume Zorn’s Lemma and consider a set x consisting of nonempty pairwise
disjoint elements. Define the set of “partial choice sets” which have empty or singleton intersec-
tion with every element of z:

P:{zQU z|Vuez(unz=0viwunz={w})}.

P is partially ordered by C . If X is a chain in (X, C) then |J X is an upper bound for X.
Hence (X, C) is inductive.

By Zorn’s Lemma let z be a maximal element of (X, C). We claim that z is a “total” choice set
for x:

(3) Vue zdwunz={w}.

Proof . If not, take u € z such that uNz=10. Take w €u and let z’=2zU {w}. Then 2’ € P, con-
trary to the the C-maximality of z. O

Theorem 75. The axiom of choice is equivalent to the following principle, called Hausdorff’s
Maximality Principle: every partial order (P, <) € V possesses an C-mazimal chain X C P, i.e.,
X is a chain, and whenever X' C P is a chain with X' D X then X'=X.

Proof. It is straightforward to show the equivalence with Zorn’s Lemma. See also: Hausdorff,
Grundziige der Mengenlehre, p. 141: Wir haben damit fir eine teilweise geordnete Menge A die
Existenz grofiter geordneter Teilmengen B bewiesen; natirlich kann es deren verschiedene
geben. O

Definition 76. The axiom system ZFC consists of the ZF-axioms together with the axiom of
choice AC.

The system ZFC is usually taken as the foundation of mathematics. The ZF axioms have a good
intuitive motivations. The axiom of choice is more controversial; AC has desirable consequences
like Zorn’s Lemma and its applications, but on the other hand AC has some paradoxical and
problematic consequences. The status of AC within set theory can be compared to the parallel
axiom in geometry. Similar to the situation in (non-)euclidean geometry one can show that if
there is a model of the ZF axioms then there is a model of ZFC.

8 Cardinalities

Apart from its foundational role, set theory is mainly concerned with the study of arbitrary
infinite sets and in particular with the question of their size. Cantor’s approach to infinite sizes
follows naive intuitions familiar from finite sets of objects.

Definition 77.

a) = and y are equipollent, or equipotent, or have the same cardinality, written = ~ y, if
dff:x+y.

b) x has cardinality at most that of y, written x <y, if Aff:x— y is injective.

¢) We writex <y forx<y and x»y.

These relations are easily shown to satisfy

Lemma 78. Assume ZF. Then

a) ~ is an equivalence relation on V.

b) z~y—xLYNY <
) x

d) cyhy<z—r=<2.
e) xCy—zr<xy.
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The converse of b) is also true and proved in an exercise.
Theorem 79. (Cantor - Bernstein) x x yAysz—x~y.

Assuming the axiom of choice, every set is equipollent with an ordinal (Theorem 72 c¢). One can
take the minimal such ordinal as the canonical representative of the equivalence class with
respect to ~.
Definition 80.
a) card(z) =min{a|3ff:a<+> x} is the cardinality of the set x. One also writes T = card(z).
b) An ordinal k is a cardinal iff it k =card(x) for some set x.
¢) Let Cd={k€Ord |k is a cardinal} be the class of all cardinals, and let Card={k>w |k

is a cardinal} be the class of infinite cardinals.

Let us assume AC until further notice. Then Cantor’s two approaches to cardinality agree.

Theorem 81.

a) <y« card(x) <card(y).

b) x~ y« card(z) =card(y).
Proof. a) Let z < y and let f: 2z — y be injective. Further let f,:card(z) <>z and f,: card(y) +
y. Then f;lo fo fycard(x) — card(y) is injective. Let z= f,;lo f o fzlcard(z)] C card(y). Then
card(z) = card(z) < otp(z) < card(y).
Conversely, let card(z) < card(y) with f,: card(z) <> = and f,: card(y) <> y as above. Then f, o

fo iz —y is injective and z <y .
b) is trivial. O

As an immediate corollary we get the Cantor—Schroder—Bernstein theorem with AC.
Theorem 82. (ZFC) Let axb and b<a. Then a~b.

We shall now explore “small” cardinals. Below w, the notions of natural number, ordinal number
and cardinal number agree.
Theorem 83. For all natural numbers n <w holds

a) card(n)=mn;

b) neCd.
Proof. a) By complete induction on n.
For n=0, : 0«0 and hence card(0) =0.
Assume that card(n) =n. We claim that card(n + 1) = n + 1. Obviously card(n + 1) <n + 1.
Assume for a contradiction that m=card(n+1) <n+1. Take fim<>n+1. Let f(ip)=n.
Case 1: ig=m —1. Then f|(m—1):(m —1)+n and card(n) <m —1 <n, contradiction.
Case 2: ig<m —1. Then define g: (m — 1) <> n by

N ) S i i
g(l)_{ Fm—1), if i=1o.

Hence card(n) < m — 1 <n, contradiction.
b) follows immediately from a). O
Theorem 84.

a) card(w)=w;

b) weCard.



32 SECTION 9

Proof. Assume for a contradiction that n=card(w) <w. Let f:n<>w. Define g: (n — 1) »w by

g(z) _ { f(Z>’ if f(Z) < f(n* 1)a

- i) =1, i £(6)> f(n—1).
(1) g is injective.
Proof. Let i <j<n—1.
Case 1. f(i), f(j) < f(n—1). Then ¢(i) =
Case 2. f(i)< f(n—1)< f(4). Then g(i)=f .
Case 3. (j) < f(n—1) < (i). Then g(j) = £(j) < f(n—1) < (i) — 1= g(i).
Case 4. f(n—1)< f(i), f(j). Then g(i) = £(3) 1+ F(j) 1= g(3). qed(1)
(2) g is surjective.
Proof. Let ke w.
Case 1. k < f(n — 1). By the bijectivity of f take ¢ <n — 1 such that f(i) = k. Then g¢(i) =
fl@)=k.
Case 2. k> f(n —1). By the bijectivity of f take i <n — 1 such that f(i)=k+ 1. Then g(i) =
f@)—1=k. qed(2)
But this is a contradiction to the supposed minimality of n=card(w). O

~—

Lemma 85.
a) cardlw+1)=w.
b) card(w+w)=w.

¢) card(ww)=w.

Proof. a) Define f,:w<+>w+1 by
w,if n=0
o ={

n—1, else
b) Define fi:w+>w+w by
m, if n=2-m
f(n){ wHm,if n=2m+1
¢) Define f.:w <+ w-w by

fn)=wk+1,if n=2%(21+1)-1

9 Finite, countable, uncountable sets

Definition 86.
a) x is finite if card(z) <w.
b

x is infinite if © is not finite.

)

¢) x is countable if card(z) <w.

d) x is countably infinite if card(z)=w.
)

e) = is uncountable if x is not countable.

9.1 Finite sets

We have the following closure properties for finite sets:

Theorem 87. Let a,b finite, let € V.
a) FEvery subset of a finite set is finite.
b) aU{z}, aUb, anb, axb, a\b, and P(a) are finite. We have card(P(a)) = 2@,
¢) If a; is finite for i €b then |J,_,a; is finite.
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Proof. Easy. O
Finite sets can be distinguished by dependencies between injective and surjective maps.
Theorem 88. Let a be finite. Then

a) Vf(f:a&a implies f:a&a)

b) Vf(f:asu—rj'>a implies f:a&a)
Using the axiom of choice one can also show the converse.

Theorem 89. Let a be infinite. Then
inj.

a) Affrw—>a.
b) af(f;aiijsa and ﬂf:a—s;lir-j%a)
c) Elf(f:aiﬂ%a and ﬁf:alrij%a)
This yields:
Theorem 90. For a €V the following statements are equivalent:
a) a is finite;
b) Vf(f:a&a implies f:a&a);
c) Vf(f:asu—rj'>a implies f:ainz).

If one does not assume the axiom of choice, one can use b) or ¢) to define the notion of finite-
ness.

9.2 Countable sets

We have the following closure properties for countable sets:

Theorem 91. Let a,b countable, let x € V.
a) FEvery subset of a countable set is countable
b) aU{z}, aUb, anbd, a xb, a\b are countable
¢) If ay, is countable for n <w then Un<w an 1s countable
Proof. Countability will be shown by exhibiting injections into countable sets. Then a) is

trivial.
b) Let fy:a—w and fp:b— w be injective. Then define injective maps:

falw)+ 1, if uea
0, else

fOZaU{x}%W,fo(u):{

osrsto={

fora X b—w, folu,v)=2/.(2. f(v) +1)

¢) By the axiom of choice choose a sequence (hy|n <w) of injections hy: a, — w. Define

fa: U an —w, f3(u)=2"(2-hy(u)+ 1), where n is minimal such that u € a, .

n<w
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O

9.3 Uncountable sets
Theorem 92. (Cantor) z < P(x)

Proof. card(z) < card(P(x)) is clear. Assume that card(z) = card(P(x)) and let f:xz <> P(z) be
bijective. Define

a={uezu¢ f(u)} Cx.
Let a= f(uo). Then

ug € f(ug) > ug€a>ug€ f(ug).
Contradiction. Hence card(z) < card(P(x)). O

Theorem 93. NX:=card(P(w)) is an uncountable cardinal.

Note that by previous exercises or lemmas we have
card(P(w)) = card(R) = card (*w) = card (“w)

Cantor spent a lot of effort on determining the size of X and postulated that N is the smallest
uncountable cardinal.

10 The Alefs

Theorem 94. Vadk € Cardk > a. Hence Card is a proper class of ordinals.

Proof. Let a > w. Then x = card(P(«)) > card(e). And x > « since otherwise card(P(«a)) <
and card(card(P(a))) < card(c).

e

Definition 95. For any ordinal § let 51 be the smallest cardinal >3 .
Theorem 96. Let X CCd be a set. Then |J X € Cd.

Proof. Set k=J X. & is an ordinal. Assume that card(k) < k. Take A € X such that card(x) <
A. Then A < k and card(\) < card(k) < A. But card(\) =\ because A is a cardinal. O

This allows the following

Definition 97. Define the alef sequence

(No|a € Ord)
recursively by
NO = W
Notp1 = NI
Ny = U N, for limit ordinals A
a<

Obviously
Card = {X,|a € Ord}

is the class of all cardinals.

Definition 98. An infinite cardinal of the form N,41 is a successor cardinal. An infinite car-
dinal of the form Ny with A a limit ordinal is a limit cardinal.

Exercise 25. There are cardinals k such that Kk =N, .
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11 Cardinal Arithmetic

For disjoint finite sets a and b natural addition and multiplication satisfies
card(aUb) = card(a) + card(b) and card(a x b) =card(a) - card(b).
This motivates the following extension of natural arithmetic to all cardinals.

Definition 99. Let k, A\ finite or infinite cardinals. Then let

a) K+ A=card(aUb), where a,b are disjoint sets with k =card(a) and A= card(b); kK + X is
the (cardinal) sum of k and \.

b) k-A=card(k X A); k- A is the (cardinal) product of k and \.

c) k*=card(*k); k is the (cardinal) power of k and \.
Note that we are using the same notations as for ordinal arithmetic. It will usually be clear
from the context whether ordinal or cardinal operations are intended.
The “arithmetic” properties of certain set operations yield usual arithmetic laws for cardinal
arithmetic.
Lemma 100.

a) Cardinal addition is associative and commutative with neutral element 0.

b)
c) k-A+p)=k-A+kK-p.
)

d) K0=1,0=0 for k#0, k' =k, 1"=1, KA TPr=pr* g1, M= (KN"

Cardinal multiplication is associative and commutative with neutral element 1.

Proof. ¢) Let a,b be disjoint sets with A =card(a) and p=card(b). Then
K- (A+p) = card(k x (aUb))

card((k x a) U (k x b))

= card((k x a)) 4+ card((k x b))

= K- Atk u,

using that £ X (aUb) = (k x a) U (k x b) and that x x a and & x b are disjoint.
d)
k%= card(°kx) = card({0}) = card(1) =

In case k#0 we have that *0={f|f: k— 0} =0 and thus
0% = card(*0) = card () =0.

For k!= Kk consider the map <« 'k given by a s {(0,a)}.
For 1" =1 observe that "1 ={{(«,0)|a <k}} is a singleton set.
Let a, b be disjoint sets with A= card(a) and p = card(b). Then

rATE = card(“Ub )
rd((“k) x (°k))
rd(?) - card(®k)
= [i/\ kM ,
using that *“°k ~ (%) x (°k) via the map f+ (f [ a, f D).
Finally,

KM = card(P*Fk)

Il
Q
&
=
[oN
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using that **#x ~ #(* k) via the map
[ (fel€<p)
where fe: A=k with fe(¢) = f((, ), O

12 Wellfounded Relations

The axiom schema of foundation yields an induction theorem for the €-relation, and in the pre-
vious section we have seen a recursive law for the rank-function. We generalize these techniques
to wellfounded relations. The results of this section do not require the axiom of choice.

Definition 101. Let R be a relation on a domain D.

a) R is wellfounded, iff for all terms A
D+FANACD—Tze AAN{y|yRx}=0.
b) R is strongly wellfounded iff it is wellfounded and
VeeD {yeD|yRx}eV.

¢) R is a wellorder iff R is a wellfounded strict linear order.
d) R is a strong wellorder iff R is a strongly wellfounded wellorder.
By the scheme of foundation, the €-relation is strongly wellfounded. The ordinals are strongly

wellordered by <. There are wellfounded relations which are not strongly wellfounded: e.g., let
R C Ord x Ord,

zRy iff (z#0Ny#0Axz<y)V(y=0Az#0),
be a rearrangement of (Ord, <) with 0 put on top of all the other ordinals.
For strongly wellfounded relations, every element is contained in a set-sized initial segment of
the relation.
Lemma 102. Let R be a strongly wellfounded relation on D. Then
VeCDIz(2CDAxCzAVu€eEzVvRu v E 2).

Moreover for all x C D, the R-transitive closure

TCR(x):m {z|zCDANxCzAVu€eEVvRuUvE 2}
of © is a set. In case R is the €-relation, we write TC(z) instead of TCec(z).

Proof. We prove by R-induction that
Ve e D TCr({z})€V.
So let z € D and VyRx TCr({y}) € V. Then
z={x}U U TCr({y}) eV
yRa

by replacement. z is a subset of D and includes {z}. z is R-closed, i.e., closed with respect to
R-predecessors: each TCr({y}) is R-closed, and if yRz then y € {y} € TCr({y}) C z . So
TCgr({z}) is the intersection of a non-empty class, hence a set.

Finally observe that we may set

TC(x) = |J TCr({w)).

YyeEx

Exercise 26. Show that for an ordinal a, TC(a) = and TC({a})=a+1.
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For strongly wellfounded relations, the following recursion theorem holds:

Theorem 103. Let R be a strongly wellfounded relation on D . Let G: V — V. Then there is a
canonical class term F, given by the subsequent proof, such that

F:D—Vand VxeD F(z)=G(F [{y|yRz}).

We then say that F'is defined by R-recursion with the recursion rule G. F' is unique in the sense
that if another term F' satisfies

F':D—Vand YaeD F'(z)=G(F' [{y|yRz})
then F = F'.

Proof. We proceed as in the ordinal recursion theorem. Let
F:={f|32CD(Vzez {y|yRa}Cz, f:1z—V andVz ez f(z)=G(f [ {y|yRz}))}

be the class of all approrimations to the desired function F'
(1) Let f,g€ F. Then f, g are compatible, i.e., Vx € dom(f)Ndom(g) f(x)=g(x).
Proof. By induction on R. Let 2 € dom(f) Ndom(g) and assume that VyRz f(y) = g(y). Then

fHylyRr}=g{y|yRx}

f@)=G(f H{ylyRz})=G(g [ {ylyRz})=g(x).
qed(1)
By the compatibility of the approximation functions the union

F=JF
is a function defined on dom(F) C D . dom(F') is R-closed since the domain of every approxima-
tion is R-closed.
(2) Ve e dom(F) ({y |yRa} Cdom(F) A F(z) =G(F [ {y|yRx})).
Proof. Let x € dom(F). Take some approximationf € F such that z € dom(f). Then
{y|yRx} Cdom(f)C dom(F) and

F(x)=f(z)=G(f [ {ylyRz}) =G(F [{y|yRz}).
qed(2)
(3) D=dom(F).
Proof. We show by R-induction that Va € D x € dom(F'). Let « € D and assume that VyRz y €
dom(F). TCr({y|yRz}) Cdom(F) since dom(F) is R-closed. Then

f=FTTCr({ylyRa}))U{(z, G(F [{y|yRz}))}

is an approximation with z € dom( f), and so = € dom(F). O

Exercise 27. Define set theoretic operations
z+y=azU{z+z|z€y}
and

T-y= U (z-z+2)

zey

and study their arithmetic/algebraic properties. Show that they extend ordinal arithmetic.

Theorem 104. Let R be a strongly wellfounded relation on D and suppose that R is exten-
sional, i.e., Va,y € D (Yu (uRz<>uRy) —x =1y). Then there is a transitive class D and an iso-
morphism : (D, R) <+ (D, €). D and 7 are uniquely determined by R and D, they are called the
MosTowsKI-collapse of R and D.

Proof. Define m: D —V by R-recursion with
m(x) ={m(y)|lyRz}.



38 SECTION 12

Let D =rng(7).

(1) D is transitive.

Proof. Let m(z) € D and u € 7(x) = {n(y)|yRz}. Let u = m(y), yRz . Then u € rng(r) = D .
qed(1)

(2) 7 is injective.

Proof. We prove by €-induction that every z € D has exactly one preimage under 7. So let z €
D and let this property be true for all elements of z. Assume that x,y € D and 7(z) =n(y)=z.
Let wRx . Then m(u) € n(x) = 7(y) = {nm(v)]vRy}. Take vRy such that 7w(u) = 7(v). By the
inductive assumption, u =v, and u Ry . Thus Yu (uRx—uRy). By symmetry, Vu (u Rx+>uRy).
Since R is extensional, x =y . So z has exactly one preimage under 7. ged(2)

(3) 7 is an isomorphism, i.e., 7 is bijective and Vx,y € D (x Ry<>w(x) € w(y)).

Proof. Let x, y € D. If xRy then n(x) € {nm(u)luRy} = w(y). Conversely, if n(x) €
{m(u)|[uRy} = 7(y) then let w(z) = m(u) for some u Ry . Since 7 is injective, r = u and z Ry .
qed(3)

Uniqueness of the collapse D and 7 is given by the next theorem. O

Theorem 105. Let X and Y be transitive and let o: X <+ Y be an €-€-isomorphism between X
and Y, i.e, Vr,ye X (r €y o(x)€o(y)). Theno=id | X and X =Y.

Proof. We show that o(z) = x by &-induction over X. Let € X and assume that Vy €
ro(y)=y-

Let y € z. By induction assumption, y =0(y) € o(x). Thus z Co(z).

Conversely, let v € o(x). Since Y =rng(c) is transitive take u € X such that v=o0(u). Since o is
an isomorphism, v € z. By induction assumption, v =0(u) =u € z. Thus o(z) Cx. O

If R is a well-order on D then R is obviously extensional. We study the Mostowski collapse of
strongly well-ordered relations.

Theorem 106. Let R be a strongly well-ordered relation on D. Let w: (D, R) <+ (D, €) be the
MostowskKI-collapse of R and D. If D is a proper class then D = Ord. If D is a set then D s
an ordinal which is called the ordertype of (D, R). We then write D =otp(D, R).

Proof. D is transitive since it is a Mostowski collapse.

(1) Every element of D is transitive.

Proof. Let x € y € z€ D. Since D is transitive, =, y, 2 € D and there are a,b, c € D such that x =
m(a), y = 7w(b), and z = 7(c). Since 7 is an order-isomorphism, a RbRc . Since R is a transitive
relation, a Rc. This implies z € z. ged(1)

(2) Every element of D is an ordinal.

Proof. Let z € D. z is transitive, and it remains to show that every element of z is transitive.
Let y€z. Then y € D and so y is transitive by (1). ged(2)

Consider the case that D is a proper class. Then D is a proper class of ordinals. D must be
unbounded in the ordinals, since it would be a set otherwise. By transitivity, every ordinal
which is smaller than some element of D is an element of D. Hence D = Ord.

If D is a set, then D is a transitive set, and by (1), D € Ord. O

By Lemma 105, any order-isomorphism o: (a, <) <> (8, <) between ordinals must be the iden-
tity. So the ordertype of a set-sized well-order (D, R) is the unique ordinal, to which it is order-
isomorphic.

Lemma 107. Let x C o € Ord. Then (x, <) is a well-order. Let 7: (x, <) <> (opt(z, <), <) be
the Mostowski collapse of (x,<). Then V€€ x &> m(&) and otp(z, <)< .

Proof. By induction on { €x. Let en(&) ={n({)|[€xA(<E}. Let 6=m(¢) with (€xA(<
¢. By induction 6 =7(¢) < ¢ <. Thus (&) C ¢ and 7(§) <€.

Similarly consider § € otp(z, <) ={7(¢)|( €x}. Let § =n({) with (€ax. Then 6 =7(¢) < (< a.
Thus otp(z, <) Ca. O



FURTHER CARDINAL ARITHMETIC 39

13 Further Cardinal Arithmetic

We determine the values of cardinal addition and multiplication for infinite cardinals.
Definition 108. Define the Gddel ordering <2 of Ord x Ord by
(o, B) <2 (!, B") iff max(a, ) <max(a’, '),

or max (o, 8) =max (', ) Aa <o/,
or max (@, 8) =max (a/, Y ANa=a'AB <.
Lemma 109. <? is a wellordering of Ord x Ord . Let G: (Ord x Ord, <?) ++ (Ord, <) be the

Mostowski collapse of (Ord x Ord, <?). G is the Godel pairing function. Define inverse func-
tions G1: Ord — Ord and Go: Ord — Ord such that

Va G(Gi(a),Ge(a)) =«
Lemma 110. G: N, X N, <N, .

Proof. By induction on «.
Case 1. a=0. By the definition of <2, Xy x Ry is an initial segment of <2. Let

G[NO X No] =6 €0rd.

We show that § = Ng. Since Vg X Ng is infinite, d > Ng. Assume that § > Ng. Take m,n € w such
that G(m,n)=w. Then (m,n) has infinitely many predecessors in <2. But on the other hand

{(k,D)|(k,1) <?(m,n)} C (max (m,n) + 1) x (max (m,n) +1)

is finite. Hence G[Ng X Rg] =g .
Case 2. a>0 and the Lemma holds for § <« . Let

G[No X Ny]=1n€0rd.

We show that =¥, . Since card(X, x X,) > R, we have n > X, . Assume that n >N, . Take (¢,
¢) €N, x N, such that G(€, () =R,. Then G witnesses that

{(¢,ONIE ¢ < (&, O ~Ra.
On the other hand set Ng= card(max (£, () +1) <N, . Then, using the inductive hypothesis,
card({(¢', ()(€.¢) <*(€,0)}) < card((max (&, ¢) +1) x (max (&, ¢) +1))
card(Ng x Rg)
= Ng<RN,,

contradiction. Hence G[R, X R,] =R, . O

Theorem 111.
a) If ke Card then k-k=k.
b) If ke Card and A€ Cd, A#0 then k- A=max (k, \).
¢) If ke Card and A€ Cd then k+ A=max (k, \) .
Proof. a) k-x=card(k X k) =k, by the properties of the Godel pairing function.

b) The map i+ (i,0) injects k into k x A, and the map j— (0, j) injects A into k x A\. Hence &,
A<k-A. Thus

max (£, ) < k- A< max (k,\) - max (£, A) L9 max(k, \).
¢) Obviously k~ {0} x K and A~ {1} x A. The inclusion
({0} x k) U ({1} x A) Cmax (k, A) x max (k, \)
implies

max(fc,/\)gm—i—/\gmax(fi,/\)-max(/-c,/\)&max(m,/\). O
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For infinite cardinal exponentiation the situation is very different. Only a few values can be
determined explicitely.

Lemma 112. For k € Card and 1<n<w we have k" =k .

1

Proof. By complete induction. k' =k was proved before. And

K" = (k") kl=kK - k=K. O
The “next” exponential value 2%¢ is however very undetermined. It is possible, in a sense to be

made precise later, that 28 is any successor cardinal, like e.g. Ni3.
Cantor’s continuum hypothesis is equivalent to the cardinal arithmetic statement

2N =N, .
Lemma 113. For k € Card and 2 <\ < 2" we have \* =2,

Proof.
2n<)\n<(2n)n:2n-n:2n- |:|

14 Cofinality

To get some more information on cardinal exponentiation, we need to measure how “fast” a car-
dinal can be approximated using smaller cardinals.

Definition 114.
a) A set x C X is cofinal in the limit ordinal A if Va <A I €xa <.
b) The cofinality of a limit ordinal A is
cof(A) =min {otp(z)|x C X is cofinal in A}.

¢) A limit ordinal X is regular if cof(\) =\ ; otherwise X is singular.

These notions are due to Felix Hausdorff, who called them “konfinal” and “Konfinalitat”. Please
observe the “konfinal” in German.

Lemma 115.
a) cof(A) =min {card(z)|x C X is cofinal in A}

=

) cof(Rg) =Ry, i.e., Ny is regular

) cof(A\) <card(A) < A

) cof(X) € Card

) cof(\) is regular, i.e., cof(cof(\)) = cof())
)

)

IS VRN

9y

~

If v is a limit ordinal then cof(X.) = cof(~)

g) cof(R,) =N, i.e., N, is a singular cardinal

Proof. a) > holds since otp(z) > card(x). Conversely let  have minimal cardinality such that z
is cofinal in A and let f:card(z)<> . Define a weakly increasing map g: card(z) — A by

g()=J r()-
j<i
g is welldefined by the minimality of x. y = g[card(z)] is cofinal in A. y is order-isomorphic to

{i <card(x)|Vj <ig(j) < g(i)} Ccard(x).
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Hence
otp(y) =otp({i < card(z)|Vj <ig(j) < g(7)}) < card(z).
Thus
cof(\) < otp(y) = card(x) = min {card(x)|z C A is cofinal in A}.
b) — d) follow from a).
e) Let  C X be cofinal in in A with otp(z) = cof(\) and order-isomorphism f: cof(A) <> 2 . Let

y C cof(A) be cofinal with otp(y) = cof(cof(\)) and order-isomorphism g: cof(cof(A)) <> y . Then
z= f o g[cof(cof(X))] is cofinal in A with otp(z) = cof(cof()\)). Hence

cof(\) < otp(z) = cof(cof(N)).

The converse inequality follows from c).

f) (<) Let x be cofinal in 7 with otp(x) =cof(~y). Then {¥;|i €z} is cofinal in X, with
otp({N;|i € x }) = otp(x) = cof(7).

Hence cof(Ry) < cof(7).

(>) Now let y be cofinal in R, with otp(y) = cof(R,). Define x = {i < y|36 € yN; <J < N1}
Then z is cofinal in «y with card(z) < card(y) = cof(X,). Hence cof(y) < cof(X). O

Theorem 116. FEvery successor cardinal Ny 41 is regular.

Proof. Assume that X, is singular. Let  have minimal cardinality such that x is cofinal in
No+1 - Then card(z) < N, . Let f: X, — = be surjective. Using the axiom of choice take a
sequence (g;]0 < < N,41) of surjective functions g;: Xy — ¢ . Define function h: R, X Ry — Ng 41
by

h(&, €)= gs&)(€)-
(1) h: Ny x Ny — N, 44 is surjective.
Proof. Let v €y y1. Take £ <R, such that f(§) >v. gy Vo — f(§) is surjective. Take ¢ <N,
such that gy¢)(() =v. Thus v=~h(§, () €ran(h). ged(1)
This implies
No11=card(Ny41) <card(Ry X Ny) =Ry - Ry =N, .
Contradiction. g

So Vg, N1, No, ..., N, ... are all regular.
Question 117. (Hausdorfl) Are there regular limit cardinals >¥q ?

Definition 118. For (k;|i <0) a sequence of finite or infinite cardinals define the sum

Z /{icard<U Ki X {z})

<6 i<§
and the product

H Ki= card( X i<5ni)
where i<t

Theorem 119. (Koénig) If (k;|i < d) and (Ni|i < &) are sequences of cardinals such that Vi <
6[% < \; then

S T

i< <0

Proof. Assume for a contradiction that ), _ k> Hz‘<6>‘i and that G: Ui<5“i x {i} e X <o
were a surjection. For i <§

card({G(v,1)(i)|v < ki}) < ki < \i s
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and one can choose v; € \; \ {G(v,4)(i)|v < k;}. Define fe X,_s\; by
fl)=vi.
Since G is surjective, take (vp,i9) € dom(G) such that G(vp,i0) = f. Then
G (v, i0)(i0) = f(io) =vi, # G (v, o) (i0)
for all v < K;,. Contradiction. O
Theorem 120. If k, A are cardinals such that k> 2 and \ >N then

cof(k*) > A
Hence
cof(2%0) > Ny
and in particular
PALES

Proof. Assume that cof(x*) < A. Then there is a function f: A\ — x* such that ran(f) is cofinal
in *. Then |J,_, f(i) = x* and so

n’\card< U f(z‘)) gcard< U £ x {i}) card( | card(f(5)) x {i}) = card(f(i).
i< i< i< i<A
But by Konig’s Theorem,

rAN=r M= (kM= H Ii/\>z card(f(7)). O

i<A i<A
Theorem 121. (The Hausdorff recursion formula)
R R
NailzzNaﬁ'Na+1'

Proof. Distinguish two cases:
Case 1: Na+1<2N5. Then

R oRg _ yNo_ s
N =2=R"=R"-Nyy1.

Case 2: 2% < No41: Then g <N, ;. Using the regularity of N,

Ng
Na['NDH»l
L] Rg
< Na+1'Na+1'_

=8N, = card({f]f:Rs— Rat1})

= card( U {f|f:Nﬂ—>y}>

v<N,y 11

< Y card({f|f:Rg—v})

v<N, 41

= Z card({ f| f: Ng— card(v)})

v<Ny41

= Z card(v)*#

v<Ny41

< >Ny

v<N, 41

Ng
= X% R
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15 Cardinal exponentiation and the Generalized Continuum
Hypothesis

The function k — 2% is called the continuum function, due to the relations between 2% and the
usual continuum of real numbers. The beth numbers are defined in analogy with the aleph func-
tion, using the 2"-operation instead of the cardinal successor function.

Definition 122. Define the sequence
(3a]aeOrd)
of beth numbers recursively by
Jo = RN
:a—i-l = 23&

O\ = U 3, for limit ordinals \
a<

Like every continuous ordinal function, there are fixed points J, =« of this sequence.

Definition 123.
a) An inaccessible cardinal x is a regular fived point of the N, -function:
k=R, and cof(k) =k.
b) A strongly inaccessible cardinal x is a regular fized point of the J,-sequence:

k=23, and cof(k) =K.

The existence of inaccessible and strongly inaccessible cardinals can not be shown in ZFC,
provided the theory ZFC is consistent.

Definition 124. Define the gimel function J: Card — Card by I(k) = £,

By Konig’s theorem, J(k) > . Note that X (Alef), 3 (Beth) and 1 (Gimel) are the first three let-
ters of the Hebrew alphabet. The gimel function determines all values of the continuum func-
tion.

Definition 125. For x € Cd and )\ € Card let

<A = U reard(v)
v<A

Theorem 126.
a) If k is regular then 2" =1(k).
b) If k is a singular cardinal and the continuum function is eventually constant below k
i.e.,
IR < kYA (R KA < k—2F =2},
then 28 =2<",
¢) If k is a singular cardinal and the continuum function is not eventually constant below k

then 2% =73(2<").

Proof. a) If k is regular then

()

Now let k be singular and let the sequence (k;|i < cof(x)) be strictly increasing and cofinal in & .
For i < cof(k) choose (AC) an injection f;: P(k;) — 2<". Define

G:P(k)— COf("””)(2<"“)
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by
x> (fi(x N K;)|i < cof(k)).
We argue that G is injective: let =, y € P(k), © # y. Then take i < cof(x) such that z N k; £y N
k;. Since f; is injective: f;(x Nk;)# fi(yNk;). Then G(x) # G(y) because
G(x) (i) = file ki) # fily Nri) = G(y)(0)-
By the injectivity of G
2% < (2<n)cof(n).
b) Let 2<% =27 be the eventually constant value of the continuum function below . Then
9<K <27 K (2<n)cof(n) —_ (2R)cof(n) _ 2R~cof(n) _ QmaX(R,cof(n)) 9k — 9<K
¢) In this case we show that cof(x) = cof(2<"). The function
125

is not eventually constant and thus maps cof(x) cofinally into 2<*. Hence cof(2<") < cof(k).
Assume that cof(2<") < cof(k). Let z C 2<% be cofinal such that card(z) < cof(x). Then

z={i|30 € 227 < § < 2"+1} C cof(k)
is cofinal in cof(k) and card(Z) < card(z) < cof(k), contradiction.

So we obtain

J(2<n) (2<n)cof(2<") (2<n)cof(n) < (2n)cof(f-i) <2FK (2<n)cof(n) _ (2<;{)C0f(2<") :J(2<n).

The following theorem shows that x* is uniquely determined by the gimel function.
Theorem 127. Let A € Card. Then x* is determined by the previous theorem and by recursion
on K:
a) 0*=0, 1*"=1.
b) For 2<k <\ we have k* =2,
¢) If K>\ and &€ < k such that £ > Kk then K* = &,
d) If k> )\, VE<k €2 <k, and cof(k) >\ then k) =k .
e) If k>N, VE<k €<k, and cof(k) <\ then k*=1(k) .

Proof. a) and b) follow immediately from earlier results.
) € << (€=

d) cof(k) > X implies that every function from A into & is bounded by some ordinal v < . Hence

k<K = card{f|f: A=K}

= Card< U {f|f:/\—>1/}>

v<K

< Y card({ fIf: A= v})

v<K

= Z card({ f|f: A= card(v)})

v<K

= Z card(v)?

v<K

< ZH
v<K

= K.
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e) Let (&;]i < cof(k)) be a strictly increasing sequence which is cofinal in k. Define a function

G: = X i<cof(k) )\&
by
fr= (fili < cof(k))

where

fi@) { (J;(a), if fla) <&

, else

Then G is injective: Let f, g € *k, f # g . Take «a such that f(a) # g(a) and take i such that

fla),g(a) <& . Then fi(a)= f(a)# g(a) = gi(a), fi# gi, and hence G(f) # G(g).
Using G we get

(k) = geof(®) < ph H card(&;)*
i<cof(k)
< H K
i<cof(k)
_ Hcof(n) _ :l(/{)

Definition 128. (Hausdorff) The generalized continuum hypothesis (GCH) is the statement

Vi € Card 2F =kT.

This is the “minimal” hypothesis in view of Cantor’s 2 > xT. The GCH generalizes Cantor’s
continuum hypothesis CH and also the hypothesis 28 = X, also expressed by Cantor. Since CH
is independent of the axioms of set theory, GCH is independent as well. Indeed the continuum
function is hardly determined by the axioms of ZFC and one can for example have

Obviously
Lemma 129. GCH implies that Vk € Card J(k) =xT.

Thus GCH also determines all values of the x* function. Axiomatic set theory proves that one
can assume GCH without the danger of adding inconsistencies to the system ZFC: a model of
the ZFC axioms can be modified into a model of ZFC 4+ GCH. The consequences of GCH for
cardinal exponentiation can be readily described.

Theorem 130. Assume GCH. Then for k, X € Card & is determined as follows:
a) For A <cof(k): k*=k .
b) For cof(k) <A< k: kM =rT.

¢) For A\>k:r*=\t.

Proof. a)

Ké/@)‘

= card{f|f: A=k}
= card U {fIf: A=V}

v<K

Z card(v)?

v<K

d ok

v<K

N

N

= K.
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b) By GCH and Koénig’s theorem, %) = x*. Thus

kT =g <AL R =2" =T,

c)

At =22 <A NN =22 = \F. O

Question 131. Is every (infinite) cardinal product [[.__ ks also determined by GCH?

1<

16 Closed unbounded and stationary sets

The continuum function s+ 2% satisfies the laws
a) k<A—=27< 22
b) cof(2) >k

Axiomatic set theory shows that for regular cardinals x these are the only laws deducible from
ZFC: for (adequate) functions F: Card — Card satisfying a) and b) for regular cardinals there is
a model of set theory in which

K regular —2" = F (k).

So there remains the consideration of 2 for singular cardinals k. Indeed singular cardinal expo-
nentiation satisfies some interesting further laws and is an area of present research. To prove a
few of these laws we have to extend the apparatus of uncountable combinatorics.

Definition 132. Let k € Card and C C k. C is unbounded in s if
Ya<rdpelCa<pf.
C is closed in k if
VA <k (A is a limit ordinal AC N A is unbounded in A— X € C).
Thus C' contains its limit points <k .

C is closed unbounded, or cub in k, if C is unbounded in k and closed in K .

Exercise 28. Define a topology on k such that the closed sets of the topology are exactly the closed sets in
the sense of the previous definition.

Lemma 133. Let k € Card, cof(k) > w; and C, D be closed unbounded in x. Then CND is cub
meK.

Proof. C'N D is closed in x: Let A <k be a limit ordinal and a limit point of C'N D. Then A is
a limit point of C' and A € C.. Similarly A € D and together A\ e CND.
C'ND is unbounded in «: Let o < k. Define a sequence (,|n <w) by recursion:

3, = the least element of C' which is larger than «, Sy, ..., B, —1 in case n is even
"7\ the least element of D which is larger than Sy, ..., Bn—1 in case n is odd

Let g = Un<w6n . B is a limit ordinal >« . § < & since cof(k) > wy . By construction, g is a
limit point of C' and of D. Hence B € CND. a

Exercise 29. Let k € Card, cof(k) > w1 . Let (C;|i < 7) be a sequence of sets C; which are closed unbounded

in k and let v < cof(x) . Then N;<~Ciis cubin k.

Definition 134. Let x € Card, cof(x) >w;. The closed unbounded filter on & is

Cr={X Cklthere is a set C C X which is closed unbounded in x}.
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Lemma 135. C, is a cof(k)-complete filter on k, i.e.
a) 0#Cr CP(k)
b) 0 ¢Cy
¢) Xe€C,NXCY Cr—>Y el
d) XeC, NY €C,—mXNY €l
) v <cof(r) N {Xili<7y}CCi— ., Xi€Cx

€ i<y

Proof. ¢) and d) follow from Lemma 133 and Exercise 29. O
A filter captures a notion of “large set”. Even intersections of large sets are large, so that certain
contructions can be continued on large sets. Largeness also yields notions of “small” and of “not
small”, called “non-stationary” and “stationary”.

Definition 136. Let x € Card, cof(k) > w; .

a) X Ck is non-stationary in & if K \ X €C,. We call
NS,={X |r\X €C}
the non-stationary ideal on k .

b) X Ck is stationary in k if X ¢ NS,; .
Lemma 137. X Ck is stationary in k iff X NC #£0 for every cub C Ck.

Proof. X is stationary iff X ¢ NS, iff x \ X ¢ C, iff there is no C C k cub such that C C x \ X
iff for every cub C Ck C €k \ X iff for every cub CCk X NC#D. O

Lemma 138. Fvery set in Cy is stationary.

Lemma 139. NS, is a cof(k)-complete ideal on « , i.e.

a) 0#NS, CP(k)

b) k¢ NS,

¢) XeNS,AY CX Ck—Y eNS,
d) X eNS,AY eNS,—-XNY eNS,
e) v <cof(r) AN{Xili <7} ENS.—J,_, Xi NS,
Proof. ¢) Let v < cof(k) A {X;|i < v} C NS, . Then {xk \ X;|li < v} CCx . By Lemma 133,
Ni<, (K \ Xi) €C,c. Hence

U Xi=r\[) (5\Xi) eNS,.

i<y i<y

For regular uncountable k these filters and ideals have even better completeness properties.

Definition 140. Let k be a reqular uncountable cardinal. For a sequence (X;)i<. of subsets of
K define

a) the diagonal intersection
A\ Xi={B<r|Vi<pBeX},
1<K

b) the diagonal union

V X;={B<k|Ii<BBeX)

<K
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Lemma 141. Let k be a regular uncountable cardinal. Then
a) Cy is closed under diagonal intersections, i.e.,
{X;li<r}CCu— A X, €C,,
<K
b) NS, is closed under diagonal unions, i.e.,

{Xili <Kk} CNS,— |/ X;€NS,.
1<K
Proof. a) Let {X;|i<k} CC,. For i <k choose C; €C, such that C; C X;. Then
A CiC A Xi
<K <K
and it suffices to show that AKH C;is cub in k.

AKRC’Z- is closed in k: Let A < k be a limit ordinal and a limit point of AKKCQ. Consider j <
A. By the definition of the diagonal intersection

(A Ci>\(j+1)gcj.

<K
Hence A is a limit point of C; and A € C; by the closure of C;. Thus Vj <A A € C; and thus A €
Ai<;'-i Cz :
A, -, Ci is unbounded in « : Let a < k. Define a sequence (S3,[n < w) by recursion: set Sy = «
and

Bn+1="the least element of ( ﬂ Ci> \ (Bn+1).

i< Bn

Let 8=U, ., Bn- B is alimit ordinal >a. § <& since cof(r) > w;. We show that 3€ A,_, Ci.
Consider j < . Take n <w such that j < 3, . Then

{Bk|n<k<w}§Cj
and S is a limit point of C;. 8 € C; by the closure of C;. Hence Vj < 5 8 C;. O
Sets in an ideal behave similar to sets of (Lebesgue-)measure 0. Then sets not in the ideal have
“positive measure”. So stationary sets are positive with respect to the non-stationary ideal.

Closure under diagonal intersections corresponds to a surprising canonization property of certain
functions.

Definition 142. A function f: Z — Ord where Z C Ord is regressive if
aeZ\{0}— f(a)<a.

Exercise 30. If v > w then there is no regressive injective function f:vy— .

Theorem 143. (Fodor’s Lemma) Let k be a regular uncountable cardinal and let f: S — Kk be
regressive, where S is stationary in k. Then there is a stationary T C S such that f | T is con-
stant.

Proof. Assume that for every i < x f~![{i}] is not stationary. So for every i < x choose a C;
cub such that Vj € TNC; f(j)#4. The set

c=A\ G
1<K
is cub in &, and so there is a € CNT, a>0. But then for all i <o a€TNC; and f(a)#i. But
then f(«)> «, contradicting the regressivity of f. O
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We now give examples of closed unbounded and stationary sets.

Lemma 144. Let x be an uncountable reqular cardinal and let C be cub in k. The derivation

C’ of C is defined as
C'={aeC|ais a limit point of C'}.

Then C' is cub in k.
On can form iterated derivations C¥) for i <k by

c® = ¢
(i+1) _ ()7
c ()
c™ = ﬂ C9 for limit ordinals A < k

i<

Every C™ is cub in k.
The lemma implies immediately:

Lemma 145. Let Lim be the class of limit ordinals. Let k be an uncountable reqular cardinal.
Then LimNk s cub in K .

Topologically these derivation correspond to the process of omitting isolated points. Such iter-
ated derivations were first studied by Cantor.

Example 146. For x an uncountable regular cardinal let (k)<“ be the set of all finite sequences
from k, ie., (k)<Y={u|In<wuin—k}. For h: (k)<Y >k let

Ch={B<r[h[(B)=*]C B}

be the set of ordinals <x which are closed under h. Then C}, is cub in k. Given a < k, a closed
ordinal >« can be found as 8=J,, ., Bn where o=« and

Brt+1= (U h[(ﬁn)<w]) +1<k.

Conversely, if C is cub in x one can define g: Kk — k by
g(a) =the smallest element of C which is >a.

If we define C, as above then
C,={0tuc".

Lemma 147. Let u <k be uncountable reqular cardinals. Then
Efi={a <k |cof(a)=p}

18 stationary in K.

Proof. Let C be cub in k. Define a strictly increasing p + 1-sequence («;)i<, of elements of C
by

a; = the smallest element « of C' such that Vj <i a; <a.

Then «a, <r and cof(a,)=p. Hence CNE;#0. O

So Eﬁj? and Efjf are disjoint stationary subsets of Ny . Actually one can find a lot of disjoint sta-
tionary sets, using Fodor’s lemma.

Theorem 148. Let k be a successor cardinal and let S C k be stationary. Then there is a family
(Si i< K) of pairwise disjoint stationary subsets of S.

Proof. Let A € Card such that k = A*. For each v < k, v # 0 choose a surjective function f:
A=V,
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(1) For every a < k there is some i < A such that {v € S| f,(i) > a} is stationary in % .
Proof. Assume for a contradiction that there is o < k such that for any ¢ < A the set {v €
S| fu(i) = a} is non-stationary in k. Choose cub sets C; such that

{ves| fui)=za}lnC;=0.

The set (),_,Ciiscubin k. Let v€ SN[, ,C; and v>a. Then fu(@) <a for all : <\, which
contradicts the surjectivity of f,: A—v. ged(1)

(2) There is some i, < A such that for every a < the set {v €S| f,(ix) > a} is stationary in k.
Proof. By (1), we can find for every a < k some i, < A such that {v € S| fu(io) > a} is sta-
tionary in . By the pidgeon principle there is an unbounded subset Z C k and an i, < A such
that Yo € Z 4o = ix . So for every a € Z the set {v € S| f,(ix) > o} is stationary in k, which
proves the claim. ged(2)

For B <k set Sg={ve S| f.(i.) =8}

(3) The set of 8 <k, where Sg is stationary in «, is unbounded in .

Proof. Assume not and let o < k such that Sg is stationary implies § < . By (2), T ={v €
S| fulis) > a} is stationary in x . The function v — f,(ix) < v is regressive on 7. By Fodor’s
Theorem the function is constant on a stationary subset of T'. Let 8, a < 8 < k be the constant
value. Then Sg={v eS| f.(i.) =} is stationary in x, contradiction. ged(3)

So there are k-many 3 < k such that Sg is stationary. Note that these Ss are pairwise disjoint
subsets of S. O

Abstractly this means that every NS,-positive set can be split into x-many NS,-positive sets.
Consider the property: there are p-many NS-positive sets (S; | ¢ < p) which are almost disjoint
with respect to NS, : i # j—5;NS; € NS, . If this property is false, we say that the ideal NS, is
pu-saturated. The property that NSy, is No-saturated is not decided by ZFC. That property has
many consequences and is central in modern set theoretic research.

17 Silver’s Theorem

The value of 2% for regular cardinals & is hardly determined by the value of 2* at other car-
dinals. The situation at singular cardinals is different, the first result in this area was proved by
JACK SILVER. We shall use the notion of almost disjoint functions.
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Definition 149. Let A be a limit ordinal. Two functions f, g: A\ — V are almost disjoint if there
is o < X\ such that VYB3 (a < B<A— f(B)# g(B)). A set F C V of functions is almost disjoint if
f and g are almost disjoint for any f,g€F, f+g.

Lemma 150. a) There is no almost disjoint family F C“2 of size 3.
b) There is an almost disjoint family F C“w of size 2%,

Proof. a) is obvious. b) Take h: (w)<“+> w. For a:w— 2 define f,: w—w by

fa(n)=h(a|n).

Consider functions a, b: w — 2, a #b. We show that f, and f;, are almost disjoint. Take n < w
such that a [n#b[n. Then for n <m <w we have

fa(m)="h(aIm)#h(d[m)= fo(m).
Thus {f,|a €“2} is an almost disjoint family of size 2%0. O

Theorem 151. (Silver) Let w < X\ = cof(r) < xk € Card. Let 2* = u* for all w < p € k N Card.
Then 2F = k™.

So let us assume that w < A = cof(k) < k € Card and 2# = p* for all w < p € kN Card. Fix a
strictly increasing sequence (k, | @ < A) which is cofinal in x and continuous, i.e., for any limit
ordinal 6 < A we have k5= Ua<5ﬁa.

Lemma 152. Assume that p* < k for all u < k. Let F C [1.<)Aa be almost disjoint, where
So={a< | card(A,) <Ko} is stationary in A. Then card(F) < k.

Proof. Assume w.l.o.g. that A, Ckq for a €S. For f &€ F define hy: So— A by
hy(a): = the least 3 such that f(«) € rkp.

Then h [ (So N Lim) is regressive. So, by Fodor’s lemma, one can choose a stationary Sy C So N
Lim such that h is constant on Sy. Hence f is, on Sy, bounded in x. If f[Sf=g/[Sy, then f=
g, since F is almost disjoint. So f+ f [ Sy is one-to-one. For a fixed T C X, the set of functions
on T that are bounded in s has cardinality sup{u*| u < k} = & by the cardinality assumption.
Also there are <x such T, since card(p(\)) =2* < k. Hence card(F) < k-k =k . O

Lemma 153. Let w < \ = cof(k) < x € Card, and assume that p* < k for all u < r . Let F C
1.1 Aa be almost disjoint, card(Ay) < kf. Then card(F) <sT.

Proof. Assume w.l.o.g. that A, C /@;r. Let S C X be stationary and f € F. Let

Fr.s={g€F|(VaecS)(9(a) < f(a))}.

The map g—g [ S injects Fy s into [] g (f(a) + 1) where card(f(a) + 1) < Kkq. By the pre-
vious lemma, card(Fy g) <k.
Define

Fr=|J {F7s| S S Ais stationary}.

Since there are <k stationary subsets of A,

(1) card(Fy) < k.

We construct a sequence (f¢| £ <0) of functions in F by induction such that F =] {Fz|{<d}.
Take an arbitrary fye€ F.

If (f,|v<§) is already defined, choose fe & |J {Fy,| v < &} if possible. If there is no such fe, set
0 =¢ and stop.

(2) § <k™.

Proof . Assume that f,+ is defined. If v < k™ then f.+ ¢ Fy, . So {a| f.+(a) < fy(a)} is non-sta-
tionary and {a| f,(a) < fe+(a)} € Cx. Thus f, € F+ for all v < ¢, and card(Fy ,) > w*. This
contradicts (1). ged(2)
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Altogether

card(F) = card(U {Frl€<0}) < Z card(Fy,) < Z k<k-kt=rt.
£<6 £<6

Proof. (Silver’s Theorem) Define a map from P(k) into [, _, ¢(ka) by

X*—)fX:(Xmlia |Oé<>\).
If X+Y then fx and Fy are almost disjoint. So
F={fx|XeP)}C [] olsa)
a<

is an almost disjoint family of functions. The GCH below x implies that card(p(kq)) = 2"« =
kb . Moreover p* < max (g, N)™*A = max (u, \)T < & for all p < k£ . By Lemma 153,
card(F) < x™T. Hence

kT < 2% =card(P(k)) < card(F) < s

Exercise 31. Use the methods of the proof of Silver’s Theorem to show

a) Let 7 C[],, 5 Aa be almost disjoint, card(Aq) < kT T. Then card(F) <xtT.

b) Let w < A=cof(k) <k € Card. Let 2#=pt+ for all w < p € rxNCard. Then 2= LxtT.

18 Ranks of functions

The previous exercise indicates the possibility that one may generalize Silver’s theorem by a
kind of induction on the height of the continuum function below x . This idea will lead to the
Galvin-Hajnal theorem. Let x = R, be a singular strong limit cardinal (i.e., p < X, =2* < R,)
with w < A= cof(R,) <N, . Let (k5 |J < A) be a strictly increasing continuous sequence cofinal in
N, . The continuum function below N, determines a function ¢y: A — «a by

QRS — K;’“/’O(‘S))
where ) #°®) = Ny 4 po(s) I ks =Ny
Let us now study functions ¢: A — « along appropriate wellfounded relations. Fix a regular
uncountable cardinal A\ and some limit ordinal « .

Definition 154. For a stationary set S C X\ define a relation <g on functions ¢, : A=« by

@ <g iff there is a cub C C X such that Y6 € SNC ¢(8) < (9).

Equivalently one can say that the set of & where ¢ and v behaves differently is very small:
p<sv it {5€ 5] 0(5) > ()} €NS,.

Lemma 155. <g is a strongly wellfounded relation on *a .

Proof. Assume not. Then, using AC, there is a strictly descending w-sequence

o >g1 >51P2 >g ...

Choose cub sets Cp, Cy, ... C A such that V6 € SN Cy, ¥(0) > 1,41(8) . Since Ny <oCn is cub in
)\ one can take 6 € SN ﬂn<w C,,. Then

Yo(9) > 11(6) > 2(d) > ...

is a descending w-sequence of ordinals. Contradiction. O
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Definition 156. Define the <g-rank |1||s € Ord of 1 € *a by recursion on <g:

llls=J {llells+1] ¢ <sv}.
We also write ||v| instead of ||9]|x-

We prove some properties of this rank.

Lemma 157.
a) If S CT are stationary in A then o <pi implies p <g .
b) If S CT are stationary in A then ||[Y||lr<||¢¥|s-
¢) If S, T are stationary in \ then
[ lsur =min ([[¢[|s, [[4]7).

d) If S is stationary and N is nonstationary then ¢ <sunv iff ¢ <s® .

e) If S is stationary and N is nonstationary then

[Pllsun =¥ ]ls-

Proof. a) Let ¢ <p1 . Take C' C A cub such that V6 € TN C () < ¢¥(8). Then V5 € SN C

w(d) <1(d) and so p<g®).
b) By induction on <7 .

1elr = |J llellr+11e<rv}
U {llells+ 1| ¢ <7t} by the inductive assumption
U {llels+11e<st} by a)
[ ls-
¢) By b) [[¢[lsur <|[¢lls, [[¢]|l7 and so
[ llsur <min (|4 ]s, [[4]|r)-

Assume that the equality is false and consider ¢ <gyur-minimal such that
[ llsur <min ([¢]s, [¢]7)-

Since [|[¢[lsur € [[¢lls=U {ll¢lls + 1] 9 <sv} take ¢g <59 such that [[¢[|sur <[¢slls+1, ie,
l¥]lsur < ||1s]|s; take Cs € A cub such that V6 € S U Cs 15(5) < 9(0). Similarly take ¢r <71
such that ||¥|sur < ||¥r||7 and some Cp C A cub such that V§ € T'U Cr 11(8) < (). Define ¢:
A= a,

NN

ws(8) if §€S\T
) wr(s)itseT\ S
(0= max (15(5), Y7(8)) if 5€ SNT
0 else

For 6 € (SUT)N(CsNCr) holds p(d) < 1p(9), thus ¢ <gury . Since Vd € S 15(0) < () we have
[¥slls <llells . Similarly ||[v7||r < ||¢||r. By the <syr-minimality of ¢ we have

lellsur =min([[¢ls; [[¢ll7) = min ([$s s, [drllr) = [1¢]lsor

contradicting ¢ <gur .
d) o <sunt iff {5 € SUN | 9(8) > $(5)} € NSy iff {5 5| p(6) > (8)} € NSy iff o <.
e) follows directly from d). O

Note that ||9] = ||¥]x < ||%|ls - This motivates to exclude stationary sets S which do not com-
pute the “correct” rank of .
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Definition 158. Let
I,=NS\U{S | S is stationary and ||¢| <||¢|ls}-

Lemma 159. I is an ideal on .

Proof. I, is a non-empty family of subsets of A\ and A\ ¢ I
I is closed under subsets: let A € I, and B C A. If B is nonstationary then B €I, . If B is sta-
tionary then ||¢||s > ||¢]|a > ||¢] and B € I .
Iy is closed under unions: let A € I, and B € Iy, . If A and B are nonstationary then AU B €
NSy C Iy . If A is stationary and B is nonstationary then by e) of Lemma 160 ||¢|aus=%]la >
||| and AUB € I. If A is stationary and B is stationary then by ¢) of Lemma 160

19 llaup = min ([ [|a; [ ]13) > (19|
and AUBe€I. O

Lemma 160.
a) If ||¢]|=0 then {d <A | () =0} is stationary in .
b) If ||¢] is a successor ordinal then

{6 <A ¥(d) is a successor ordinal} ¢ L.

¢) If ||[v] is a limit ordinal then
{6 <A |¢(6) is a limit ordinal} ¢ I .

Proof. a) Let ||¢]|=0. If {§ <X |4 (d) =0} is nonstationary there is a cub C' C A such that Vo €
C 4(0) >0. But then ¢ > constg and ||¢|| >1. Contradiction.
b) Let ||¢|| be a successor ordinal but assume that

{6 <A |9(9) is a successor ordinal} € Iy, .
Then
S={0<X|(0) is a limit ordinal} ¢ I; .
By the definition of I, we get that ||¢||s = ||¢] is also a successor ordinal. By the definition of

¥ |ls take @ <g) such that ||¢]ls=|¢|ls+ 1. Take a cub set C'C A such that V§ € SNC ¢(d) <
(). Define pT: A — a by ¢(§)=(d)+ 1. Since () is a limit ordinal for 6 € S:

Vo€ SNC p(8) < pt(6) <v(9).
Then ¢ <sp* <g1 and [[¢ls <[l¢*[ls <[[¢[|s, contradicting [|¢]ls =l¢]ls+1.
¢) Let || ]| be a limit ordinal but assume that
{6 <A |¢(9) is a limit ordinal} € I,;.
Then
S={6<X|9(0) is a successor ordinal} ¢ I .
By the definition of I, we get that ||¢||s=1|¢|| is also a limit ordinal. Define ) ~: A — « by

() —1,if6eS

0, else

OR
Consider a function ¢ <g . Take a cub set C' C X such that V§ € SN C ¢(0) < (d) and thus
V5 SNC p(6) <~ (d). Then
lells=llellsne <l[vllsne= Y7 ls <l¥ls

This means that

lvlls = (J llells+1le<sy}
< [lyTlls+1
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Since |9~ ||s <||%||s this implies
Il =l1¥lls=lv~ls+1

is a successor ordinal, contradiction. O

19 The Galvin Hajnal Theorem

Theorem 161. Let kK =X, be a singular strong limit cardinal (i.e., p < Ny —2H <R, ) with w <
A=cof(Ny) <X, . Then

2N <R,
where ~ = (2624(@))+,

Note that if a =X, the theorem claims that
20( < N(Qa)+

which is obviously true.

Lemma 162. Let ¥: A — « and let F C H5<)\A5 be an almost disjoint family of functions such
that

card(4s) < n;”b((;)
for 6 <X. Then card(F) < A PNTIVATIN

Proof. By induction on |[¢ || € Ord.

||| =0: Then by Lemma 160(a) 1 vanishes on a stationary set S C A and Lemma 152 proves
the case.

[l is the successor ordinal v+ 1: by Lemma 160(b)

So={0 <A |¢() is a successor ordinal} ¢ I, .

We may assume that As C /i(;ﬂb((;) for 6 < \.
(1) Let feF and SC Sy, S¢1I,. Then the set
Frs={9€F|V5€ S g(d)< f(d)}

has cardinality <Nq4~ .
Proof. Define p: \— a by

[ d)—-1,if €8
#(0) _{ P(9), else

Since S ¢ Iy,

el <llells <lllls=l¢ll=~v+1
and ||¢]| <v. Now
FrsC[] 1),

. 44(0) he
and since f(0) < Kk we have

card(f(8) +1) <k,

By the induction hypothesis, card(Fy s) <Roy e < Rayy. ged(1)
(2) Let feF. Then the set

Fr={9eF|3FCSo(SE Ly AV €S g(0) < f(0))}

has cardinality <Na4- .
Proof. Since R, is a strong limit cardinal, there are at most 2* <R, many S C Sy. Hence

F= U Frs
SCSo,S¢ 1y
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is a union of less than X, many sets of size <Rq4~. ged(2)

Like in the proof of Lemma 153 we construct a sequence (fe| £ < ¢) of functions in F by induc-
tion such that F =J {Fr|{<(}.

Take an arbitrary fy€ F.

If (fu|v <¢) is already defined, choose fe & |J {Fy, | v < &} if possible. If there is no such fe, set
¢ =¢ and stop.

(3) C < Na+v+1-
Proof. Assume that fx, . ., is defined. Set n =Ry 1. Consider v < 7. f,¢ Fr, and so there

isno SC Sy, S¢I, such that V6 € S f,,(8) < f,(§). This means that

{(6€S| f4(8) < f(6)} €Ty
and
{08 f(d) < fo(d)} ¢ 1y

This implies that f, € Fy, and thus {f, |v <n} C F; . Hence card(Fy,) > 17 =Naq 41, which
contradicts (2). ged(3)
Now

card(F) = card(|_J {Fr.l € <¢}) <D card(Fr) <Y Ragr < Y Ragy=Rapqir

£<¢ £<¢ E<Naty41
Finally consider the case that ||¢|| is a limit cardinal. By Lemma 160(c),

S={0<X|(0) is a limit ordinal} ¢ I; .

Again we may assume that As C /iéﬂb((;) for 6 < \.
For functions ¢: A — « define

Fo={feF|vo<X f(6)eri?V}.
Consider f € F. Define ¢: A= a by taking ¢(d) minimal such that
0y eny .
Obviously f € F,. Moreover ¢ <g1 . Since S ¢ I, we have

el <llells<llells=I.
By the induction hypothesis

card(Fy) < Na 4 o) < Nag |y -
Thus
FC U {]:«7 | Fo (p: A= an card(]:«p) < Na+||w\|)}
and

card(F) < D Rap ) Scard(*a) - Ra gy <Ra-Rap g =Rty

A=

We are now able to prove

Theorem. Let k = N, be a singular strong limit cardinal (i.e., p < R, —=2# < R,) with w < A =
cof(N,) <Ry . Then

2N <R,

where ~ = (2¢2rd(@))+,
Proof. Define an injective map from P(x) into ], _, p(xs) by

X fx=(XNks|d<A).
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If X+Y then fx and Fy are almost disjoint. So
F={Ix|XePr}C]] olxs)

<A

is an almost disjoint family of functions. Since « is a strong limit cardinal, there is a function :
A— « such that

card(p(rs)) < kg
for § < A. By the previous lemma
card(P(k)) < card(F) <Ro |y -
Since card(*a) < card(“a) = 2°44(®) | the rank function ||.|| on *a is bounded by ~ = (2¢#rd(@))+
Hence ||9|| <y and
2% = card(P(k)) < Rat o) < Ragry =Ry .

If, e.g., N, is a strong limit cardinal then by this theorem
2R <R gy <R, -

So the continuum function at singular cardinals can be influenced by the behaviour below that
cardinal. In particular instances the bounds for the continuum function can be improved. With
considerably more effort one can also deal with singular cardinals of countable cofinality and
prove, e.g.: if R, is a strong limit cardinal then (Shelah)

A <NN4.

20 Measurable cardinals

The results of the previous section used filters and ideals to express that certain sets are large or
small respectively. There are also intermediate notions of size: a set X is of “positive measure” if
it is not in the ideal under consideration. One may imagine that the measure of X is some pos-
itive real number. This poses the question, which kinds of “measures” do or can exist. Ideally
every set should be given some non-negative number as a measure.

This approach is also motivated by the classical theory of Lebesgue measure on the real line and
related spaces. Recall that the 1-dimensional Lebesgue measure on R is a function I: @ — R U
{o0} taking values in the extended real line with the properties:

a) QCP(R) contains all intervals and is closed under complements and countable unions;
b) 1([0,1]) = 1;
c) lis countably additive (c-additive): if {X; |i<w} C € is a pairwise disjoint family then
z( U XZ-) =3 U(X);
i<w i<w
d) lis translation invariant: if X € Q and d€R then X +d={z+d|z€X}ecQ and
(X +d)=1(X).

Theorem 163. There is a set Z C[0,1] which is not Lebesque-measurable, i.e., Z ¢ <.

Proof. Let
A={Q+d|deR}.
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(1) A counsists of pairwise disjoint nonempty sets which intersect the interval [0, 1).
Proof. Assume that x € (Q+d) N (Q+ ¢). Take rational numbers r, s € Q such that

r=r+d=s+e.
Then d=(s—r)+e€Q+e and

RQ+d={t+d|teQ}={t+(s—7)+te|teRQ}CQ+e.

Similarly Q+eCQ+dand so Q+e=Q +d.

Consider d € R. Take an integer z € Z such that z<d<z+1. Then
—z+de(Q+d)N[0,1)

qed(1)

By the axiom of choice let Z be a choice set for the set

{(Q+d)n[0,1)|deR}.

(2) If g,r€Q and g#7r then (Z+q)N(Z+71)=0.

Proof. Assume not, and take zg, 21 € Z such that zo+g=21+7r. Then zp€ Q + 29 and z1 € Q +
zo. Since Z is a choice set, zg=z1. But then ¢=r. Contradiction. ged(2)

B 0. UCUer1,n@Z T4

Proof. Let d€0,1]. Let z€ ZN(Q+d)N[0,1). Take g € @ such that z=¢+d. Then d=z +
(—q) where |g|<1. ged(3)

Assume now that Z € Q. Since Z C[0,1] we have I[(Z) <1.

Case 1:1(Z)=0. Then

11([0,1])<l< U Z+q> Y UZ+q)= (Z)= 0=0,
NQ

ge[-1,1 ge[—1,11NQ ge[-1,11NQ ge[—1,1]NQ

contradiction.
Case 2: [(Z)=e>0. Then

z( U Z+q><z([o,2])2
q€] INQ

-1,1
but on the other hand

z( U Z+q> [Z WZ+g= > UDH= > &= oo

ge[—1,1]NQ —-1,1]NQ ge[—1,1]NQ ge[—1,1]NQ 0

We shall now consider measures which are defined on all subsets of a given set, but we do not
require a geometric structure on the set and in particular no translation invariance. We also
restrict our consideration to finite measures.
Definition 164. A measure on a set X is a function p: P(X)— [0, 1] such that

a) p(0)=0 and p(X)=1;

b) 1 is countably additive (o-additive): if {X;|i <w} CP(X) is a pairwise disjoint family

then
M( U Xi) = Z n(Xi).

1<w 1<w

w is called non-trivial if u({x}) =0 for every x € X . u is 2-valued if ran(u) =10, 1}, otherwise
w is real-valued.

Note that if f: k<> X is a bijection then a measure p on X immediately induces a measure pu’
on k by

p'(A) = u(f1A))-

So we can focus our attention on measures on cardinals.
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Lemma 165. FEvery 2-valued measure p on R is trivial, i.e., there is some x € R such that
w(A)=1iff xg€ A.
Proof. Identify R with “2. Define z¢:w — 2 by

xo(n)=1iff p({xev2|z(n)=1})=1.
By the o-additivity of u,

n<w n<w n<w

u(2\ {xo}) = (U {ze“2|a(n )%xo(n)}><z n({z € 2] a(n) £ 2o(m)}) = 3 0=0.

So p({zo})=1. 0

Assume that k is the smallest cardinal which has a non-trivial measure p . A set A C k with
w(A) >0 splits if there is a partition Ay, Ao C A such that AyUAs=A, AiNAs=0,0< pu(A;) <
1(A) and 0 < pu(Az) < p(A).

Casel. There is a set Ag C k with p(Ag) >0 which does not split.

Then define v: P(A4p) — 2 by

v(A) =1 i p(A) = p(Ao).

(1) v is a 2-valued non-trivial measure on Ay .
Proof. We have to check o-additivity. Let {X;|i<w} CP(Ag) be a pairwise disjoint family. By

the o-additivity of p
M( U Xi) =3 u(Xy).
i<w

Then
y< U x >_1 iff u( U x ) w(Ag) iff i < w p(X;) = pu(Ag) iff i <w v(X;) =1.
Thus =
V<U Xz-) :Z v(X;).
ged(1)

By the minimality of k we have card(Ag) =

Case 2. Every set A Ck with pu(A) >0 splits. In this case we call the measure p atomless.
We first show that indeed A splits into relatively large subsets:

(2) Every set A C k with u(A) > 0 possesses a subset B C A such that %M(A) < u(B) < % w(A).
Proof. Assume not. Then

=sup {B) | B C ANU(B) < 5 () p <3 ().

For n €w \ {0} choose B, C A such that § — % < p(Bp) <0.
We show by induction on n that

[L(BluBQUUB,L)gé

Assume that pu(B;UByU...UB,)<4.
Assume for a contradiction that p(ByUB2U...UB,UB,4+1)>6¢. Then

j(B1UBsU ..U By U Bpat) < t(ByUBsU...U By) + j( Brss) <6+6<§M(A).
By the initial assumption we cannot have pu(B1UBaU...UB,U B, 41) = % w(A). Hence

6 < [L(31UBQU...UB”UB7L+1) <%M(A)
and
w(A\ (B1UB2U...UB,UB, 1)) >%u(A) >0.
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But then B; U Bo U ... U B,, U B, 41 or its relative complement A \ (B U B2 U ... U B, U By, 41)
would be a counterexample to the definition of §. Thus u(B;UB2U...UB,UB;4+1) <d. The o-
additivity of p implies

u( U Bn>
1<n<w

u( U B.\BU... UBn1))>

I1<n<w

_ Z w(Bp\ (B1U...UB,_1))

= lim ZM(BH\(BN---UBn—l))

m— 0o
n=1

= lim M(
m— 00

= lim pu(B1U...UBy)

m— 00

= 4.

HCS

Bn\ BIU UBn 1)))

Set Bx=J;cp<p Bn- Then pu(B.) =d. A\ B, splits, so take a partition A\ B, =C U D such
that 0 < p(C) < pu(D) < p(A\ By) = p(A) — 6. By the initial assumption we have pu(C) <5 L u(A)
or (C) >3 u(A), and (D) <5 p(A) or p(D)> 2 u(A).
If u(D)< % 1(A) then

1 1 1

p(A) = (B, UCU D) = u(B.) + () + p(D) <+ u(A) 4+ () 5 () = ()
contradiction. Hence u(C) < % u(A) and p(D) > % 1(A). But then
2 1
§<p(BUC) = u(A\D) = u(A) = u(D) < u(A) = 3 p(4) <5 n(4),

contradicting the definition of §. ged(2)
Recall the binary tree

<w2={s|In<w sin—2}.
We construct a binary splitting A: <“2 — P(r) of the underlying set k by recursion on the length
of the binary sequences. Put A(0) =A¢o=r. If A(s)= A;C k is constructed, use (2) to choose a
splitting A, = AU Ag1 of A, such that %M(As) < 1(Aso) < p(4s1) < % u(As).
We shall pull the measure i back to a measure v on the reals. For X CR define
X'= U ﬂ Ax In -
zeX w
Define v: P(¥2) — [0, 1] by s
V(X) = p(X")
First we show that the assignment X — X’ preserves some set theoretic properties.
(3) 0"=0.
(4) (“2)'=r

Proof. Let a € k. Define x: w— 2 recursively by

z(n)=1i#f a€Agn-

= ) A

rzeEY2 n<w

Then a €, in and

n<w

qed(4)
(B) (XNY)=X'nY".
Proof. Let a € (X NY)". Take x € X NY such that a € ), _ Astn-

(RS U ﬂ AJ[I,L:X/

rzeX n<w

Then

and also a €Y.
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Conversely consider a € X'NY"’. Take x € X such that a € (), _ Azn and take y € Y such that
@€ (), <, Ayin - Assume for a contradiction that z # y . Take n € w such that x [n=y [ n and
z(n)#y(n). Then a € Ayjni1)N Ayj(ns1) although Ay ny1)N Ay g1y =0 by construction.
Thus x=y€ XNY and

ae U ﬂ Agn=(XNY)".

zeXNY n<w

qed(5)
(6) (Uie[Xi)l:Uie]Xi/-
Proof .
/
iel wEUiGIXi n<w
-y U N A
1€l zeX; n<w
= |J Xt
i€l
qed(6)

(7) v is a non-trivial measure on “2.

Proof . v(0) = u(0") = u(9) =0 and v(*2) = u((*2)") = u(x) =1.

To check o-additivity consider a pairwise disjoint family {X; |7 < w} C P(¥2). Then {X/ | i <
w} CP(k) is pairwise disjoint by (5) and (3). By the o-additivity of p and by (6),

”(U Xi) M(U Xz")Z ,LL(X'L'I):Z v(Xi).

To check non-triviality consider x € “2. Then

{2} = Asta-

ule) <t <(3)
for all n and so pu({x}’)=0. This implies
v({e}) = u({z}) =0.

One can show inductively that

for all n <w. Thus

qed(7)

Since k was assumed to be minimal carrying a non-trivial measure, we have x < 2% in Case 2.
In both cases we can show a strong additivity property:

(8) The measure p on k is k-additive, i.e., for every pairwise disjoint family {X; |i < vy} C P(k)

with v <k we have
% U Xi :Z (X,
1<y 1<y

where the right hand side is defined as

Z w(X;) =sup Z w(X;) | Io is a finite subset of ~ \.
1<y i€lp
Proof. Assume that p is not x-additive and let 7 < k be least such that there is a family

{Xi i<~} CP(k) with
u( U )@-)#Z w(X;) .

<y <y
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Then ~ is an uncountable cardinal and

Let
J={i<y|p(X;)>0}Cry.

We claim that J is at most countable. If J were uncountable, there must be some rational
number % such that p(X;) >% for uncountably many i € J. But then
contradiction.

M U X'i =00,
i<y
The o-additivity of u entails

0,5)-9x)Au)

> 37 ux) = u(X)
i<y icJ

= ) X)) =D p(Xy)
1<y 1<y

= 0.

So we may assume that all elements of the disjoint family {X;|i <~} C P(x) have u-measure 0.
We shall pull the measure p back to a measure v on 7. Let po= M(UiE'VXi)' Define v: P(vy) —
[0,1] by

We show that v is a non-trivial measure on ~.
v(#) == u(0) =0 and v(7) = - (U, X) = 1.
To check o-additivity consider a pairwise disjoint family {Y; | j <w} CP(7). Then

{U Xi|j<w}g'P(li)

is pairwise disjoint. By the o-additivity of pu

1
v Y| = — Xi
(, J> 1o “(, )
j<w ieU; Y5

Finally, v is non-trivial since for every i <~y
. 1 1
vi{ih=—ul |J X |=—n(x))=0.
Ko\ ;e G Ho

But the existence of v contradicts the minimality of k. ged(8)
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We can now draw conclusions from the previous arguments.

Definition 166. A cardinal x is measurable if K is uncountable and possesses a 2-valued k-
additive non-trivial measure. A cardinal x is real-valued measurable is k is uncountable and
possesses a non-atomic k-additive non-trivial measure.

Recall that p is non-atomic, if every sets A C k with p(A) > 0 splits, i.e., there is a partition A,
Ay C A such that AyUAs=A, A1NAs=0, 0< u(A1) < u(A) and 0 < p(A42) < u(A).

Theorem 167. Let x be minimal such that k carries a non-trivial measure. Then either x 1s a
measurable cardinal, or k < 280 and k is a real-valued measurable cardinal.

Proof. If we are in Case 1 above, then k is measurable. In Case 2, k < 2% . By Lemma 165
there is no 2-valued non-trivial measure on k. Hence k is real-valued measurable. O

Lemma 168. Let k be measurable or real-valued measurable. Then k is reqular.

Proof. Let p be a non-trivial k-additive measure on x . Assume for a contradiction that
cof(k) =+ <k. Let (k; |1 <7y) Ck be cofinal in . For i <+ be have

plr)=p( |J {a} )= w{ah)=) 0=0,
a<Kj a<Ki a<Ki
using non-triviality and x-additivity. Similarly

u(f@):u(U m) <> ulr) = 0=0,

i<y i<y i<y

contradiction. 0

Lemma 169. Let k be a measurable cardinal. Then k s strongly inaccessible.

Proof. Let p be a non-trivial k-additive 2-valued measure on « . Assume for a contradiction
that A < s but 2* > k. We may assume that p is a measure on *2. Define zo: A — 2 by

wo(i) =1 iff p({y€*2|y(i)=1})=1.
The x-additivity of u implies

p(*2\{zo}) = u(U {yEAQIy(i)lxo(i)}>

i<\

N

> u{yer2|y(i)=1—wm(i)})
<A

Z 0

<A

= 0.

But then u({zo}) =1 which contradicts the non-triviality of p. O

Thus measurable cardinals are large cardinals. Large cardinals are central notions in set theory.
They can be viewed as “ideal points” in the cardinal hierarchy with respect to certain properties.
A strongly inaccessible cardinal x is an ideal point of cardinal arithmetic. x cannot be reached
by the formation of cardinal powers or even infinitary sums and products from smaller para-
meters.

One could “cut off” the universe of sets at x and restrict consideration to V, as a “subuniverse”.
We shall see in later courses that Vi, is a model of the ZFC-axioms and one could restrict math-
ematics to working inside V; . On the other hand the assumption of inaccessible and stronger
large cardinals like measurable cardinals greatly enriches set theoretic combinatorics. There are
also isolated instances, when the assumption of large cardinals influences the behaviour of
smaller sets like the set of real numbers.
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21 Normal measures and ultrafilters
We shall now combine techniques from filters and ideals with measures on measurable cardinals.

Lemma 170. Let k be an uncountable cardinal. Then k is a measurable cardinal iff there is
non-principal, k-complete ultrafilter U on k, i.e., Vi<k {i} ¢ U (non-principality) and for every
family {X;|i<~}CU with v <k we have

ﬂ X;eU.
1<y
Proof. If p is a 2-valued x-additive non-trivial measure p on s then
U={X Cr|p(X)=1}

is an ultrafilter with the desired properties. Conversely, if U is a non-principal, k-complete
ultrafilter on & then fi: P(k) — 2 defined by

AX)=1iff XeU
is a 2-valued k-additive non-trivial measure. O

Let us fix a measurable cardinal x and a non-principal, k-complete ultrafilter U on k.
Definition 171. Define a relation <y on functions f,g:k— Kk by
f<ug iff {i<r|f(i)<g()}eU.

Recall that we defined in some previous arguments

p<sv il (€S| p(6) > 1(5)} ENS,.
Lemma 172. <y is a strongly wellfounded on " .

Proof. Assume not and assume that A C "k, A+ @ does not have a <y-minimal element. Then
define recursively a sequence f, for n <w: choose fy€ A arbitrary; if f, € A is defined, it is not
<y-minimal in A, and so we can choose (AC) f,,+1 € A such that f,+1 <y fn.

For n <w set

Xo={i <5 | fas1(i) < fuli)} €.

Since U is k-complete,
ﬂ X,eU.

n<w

So one can take ig€ (), _, Xn. So for each n <w

fn+1(i0) < fn(ZO)a

and (fn(i0))n<w is a strictly decreasing w-chain in the ordinals. Contradiction. O
Definition 173. Define the <y-rank | f||v € Ord of f € "k by recursion on <y :

I lo=U tlgllo+11g<uf}.
Lemma 174.
a) For a <k and for every f €k
Ifllv=aiff {i<w|f(i)=a}eU.
Hence ||collu = where co: k— K is the constant function co(i) = .

b) There exists f € "k such that || f|lv >k
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Proof. a) By induction on o< k. Assume a) holds for 5 <a. Let f€”"k.

Assume that || f|lv =a but Xo={i <k | f(i) =a} ¢ U. By inductive hypothesis, also Xg = {i <
k| f(i)=pB}¢U for all §<a. Since U is k-complete, any union of less than x many sets which
are not in the ultrafilter is not in the ultrafilter. Thus

{i<r|fl)<a}=|] XpgU
and fse

{i<kr|fli)>a}eU.
This implies that
ca<uf.

By inductive hypothesis, ||cq|lv# 8 for all 5 < a. Hence ||cq||l > . But then

[ lv>llcallv=a,

contradiction.

Conversely assume that A={i <k | f(i)=a}€U. Then {i<r | f(i)=pF} ¢ U for all B <a and
by the inductive hypothesis || f || # 8 for every § < a . Hence ||f||lz = o . Assume for a contra-
diction that ||f|jy > a . Then there exists g € "k such that ¢ <y f and ||g|lv > « . By the
inductive assumption, the set

Xp={i<r|g(i)=P}¢U

for every 8 < a. By the k-completeness of U

fi<wlgl)<a}=J XsgU
B<a
and

B={i<kr|g(i)za}eU.
Since g <y f, the set C={i<r|g(i) < f(i)} €U . Now take i€ ANBNC . Then

a<g(t) < f(i)=a,
contradiction.
b) Let d: k — k be the diagonal function d(i)=1i. For a <k

{i<k|c(i)<d@)}={i<kr|a<i}= ﬂ (k\{p})eU

BLa

by the non-principality and x-completeness of U . Hence ¢, <y d and ||d||u 2 ||callv = @ . Thus
ldllv > k. O

Consider a function f: kx — k with || f|ly = k. Then a function g: Kk — k with g <y f has rank
lgllv=a<k, ie.,

{i<k|gli)=a}eU.

This resembles Fodor’s theorem by which regressive functions are constant on stationary sets.
Indeed one can modify the filter U to come even closer to Fodor’s theorem.
Define U C P(k) by

XeUiff f~YX)={i<kr|f(i)eX}eU.

(1) U is an ultrafilter on £ .

Proof. 0 ¢ U since f~1(0)=0¢U.

If XeUand X CY Ck, then f~H(X) €U and f~HX)C f~4(Y), and so f1(Y) €U and Y €
U.

If X,YeU,then f~4(X), f"Y(Y)eU and f~HXNY)=f"YX)NfYY)eU, thus XNY eU.
If XCrand X ¢U, then f~4(X)¢U and x\ f~}(X)€U. Hence f~}(k\X)=r\fHX)eU
and K\ X €U. q¢ed(1)
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Note that the argument is based on the preservation of the set theoretic notions §f, C, N, \ by
the f~1(.)-operation.

(2) U is k-complete. }
Proof. Let {X;|i<d} CU where § <. Then {f~1(X;)|i<d} CU and (,_,f (X)) €U by

the k-completeness of U. Since
X ) =) 1)
i<é i<§

we get ﬂi<5Xi€U. ged(2)

(3) U is non-principal.
Proof. Let o< k. By Lemma 174(a) {i<k | f(i)=a} ¢U, so
T {ah)={i<r|f(i)=a} U
and {a} ¢ U. ged(3)
Definition 175. An ultrafilter U on k is normal if every function h: kK — k which is regressive

on a set in U, i.e., {i<k|h(i)<i} €U, is constant on a set in U, i.e., there is a 6 <k such that
{i<k|h(@@)=0}el.

(4) U is normal.
Proof. Let h:k— & and {i < | h(i) <i}€U. Then
fi<nlh() <ip)={j<s|h(f(7) < f()}eU

and ho f <y f. Since ||fllu =&, ||ho f|lu =9 for some § < k. By Lemma 174(a) this is equi-
valent to

{i<r|h(f(4))=0}eU.

So
[ i<klh(@)=0})={j<r|h(f(j))=6}eU
and
{i<r|h(i)=0}el.
ged(4)

Hence we have shown

Theorem 176. k is a measurable cardinal iff there is normal non-principal, k-complete ultra-
filter of K.

Normal ultrafilter have better combinatorial properties like

Lemma 177. Let K be measurable carrying a normal non-principal, k-complete ultrafilter U .
Then

a) Cy, CU where Cy, is the closed unbounded filter on k .

b) U is closed unter diagonal intersections, i.e., if {X;|i<k}CU then

A X, eU.

1<K
Proof. a) Let C C & be closed unbounded in x but assume that C' ¢ U. Define h: K — k by
h(i) =max (CNi).
Then h is regressive on x \ C € U. Since U is normal, take § < k such that
Y={i<k|h(i)=0}€U.
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Since Y is unbounded in &, max (C' N k) must be equal to ¢ . But this contradicts the unboun-
dedness of C in & .

b) Let {X;|i<k}CU but assume that A.__X;¢U. Define h: k— & by

i<K
h(7)=min{i < j|j¢ X;} if this exists and h(j) =0 else.
Then £ is regressive on k£ \ A,_, X; €U. Since U is normal, take § < x such that
Y={j<k|h(j)=6}eU.
Then

XmYm<n\ A Xi>ng{j<n|j§£X5}(Z).

1<K

This contradicts the fact that U is an ultrafilter for which the intersection of three elements has
to also lie in the ultrafilter. O

22 Measurable cardinals and the GCH

We use the methods of Silver’s theorem in the context of measurable cardinals. Let x be a meas-
urable cardinal and fix a normal non-principal x-complete ultrafilter U on .

Lemma 178. ||d||y =k where d: k— k is the diagonal function d(i)=1.

Proof. ||d||y >k was shown in the proof of 174(b).
For the converse consider f <yd. Then

{i<k|fli)<i}eU

means that f is regressive on a set in U. By the normality of U there is a constant § < k such
that

{i<k|f(i)=06}eU.
By 174(a), ||fllu=¢. Thus

o= (1o +11f <vdy < n=s.

Definition 179. Two functions f, g: k — V are U-almost disjoint if

{i<r[f(i)#9(i)}eU.
A family F C*V of functions is U-almost disjoint if f and g are U-almost disjoint for any f, g €
F.f#yg.

Lemma 180. Let F be a U-almost disjoint family where f <y d for every f € F. Then
card(F) <k.

Proof. By the previous Lemma, f — | f|ly maps F into x . Moreover, this assignment is
injective: if || f|lv=|gllv then

{i<elf@)=Iflvin{i<rlg()=lgllv}eU
and since F is a U-almost disjoint family, f=g¢. Thus card(F) < «. O

Lemma 181. Let d*: k — k be the cardinal successor function d*(i) =i*. Let F be a U-almost
disjoint family where f <yd* for every f € F. Then card(F)<k™T.

Proof. Let feF. Let
Fr={9€Flg<uvftu{f}
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(1) card(Fy) <k.
Proof . For i <k with f(i) <it choose an injection h;: f(i) —i. For g € Fy define ¢":k—V by

o) = { hilg(D)), i (i) < f(i) <it

g(i), else

Then g+ ¢’ is an injective map from Fy into {¢’| g € Fr}. {g'| g € Fr} is an U-almost disjoint
family where ¢’ <y d for every g € Fy . By the previous lemma, card({¢’ | g € F¢}) < k and so
card(Fy) < k. ged(1)
We construct a sequence (f¢| £ < () of functions in F by induction such that F =J {Fy| £ <}
Take an arbitrary fo€ F (wlog. F#0).
If (f,|v<¢) is already defined, choose fe & |J {Fy,| v < &} if possible. If there is no such fe, set
¢ =¢ and stop.
(2) ¢ <kT.
Proof . Assume that f,+ is defined. If v < k™ then f.+ ¢ Fy, . So fu.+ £v fv . By the various
assumptions on F: f, <y f.+. Thus f, € F.+ for all v < £, and card(}"fﬁ) > k1. This contra-
dicts (1). ged(2)
Altogether

card(F) = card(U {Frl €< C}) < Z card(Fy,) < Z k<k-kT=rT.

£<¢ £<¢

Theorem 182. Let r be a measurable cardinal and assume that 2* =X for A<k . Then
28 =gt.
Proof. Fix a normal non-principal x-complete ultrafilter U on .

For i < k choose a map h;: P(i) — k which injects P(i) into it for infinite 7. Define a map from
P(x) into ®k by

X fx = (h(X Ni)|i < k) € "k

If X +Y then fy and fy are almost disjoint and hence U-almost disjoint. Also fx <yd™. So by
the previous Lemma

card(P(k)) <card({ fx|X e P(r}) < x™T.

23 Partition properties and partition cardinals

Definition 183. Let X be a term X . For a natural number n <w let
[X]"={aC X |card(a)=n}

be the collection of n-element subsets of X . Let
[X]<¥={a C X |card(a) <w}

be the collection of finite subsets of X . Let
[X]* = {a € X | card(a) = w}

be the collection of countable subsets of X .
A function f: [ X" =V or f:[X]|<¥ =V or f:[X]|"—=V is called a partition of [X]™ or [X]<“ or
[X]¥ respectively.

Theorem 184. (Ramsey) Let n < w and let f: [w]™ — 2. Then there is an infinite X C w such
that f | [X]™ is constant. The set X is called homogeneous for f.
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Proof. By induction on n. The claim is trivial for n =0, and it is an easy instance of an infin-
itary pidgeon principle in case n = 1. So assume the claim for n and let f: [w]?T! — 2 be given.
We shall find an “n 4+ 1-dimensional” homogeneous set for f by taking “n-dimensional” homo-
geneneous sets for “sections” f, of f. For x €w define f,:[w\ (z+1)]"—2 by

fa(s) = f({z}Us).

We define sequences xg, x1, ..., cg, c1, ... and Xg, X1, .... by simultaneous recursion such that
a) o<1 <..<w
b) z; <min (X;), ;41 € X;
¢) cop,c1,...€{0,1}
d) w2 X2 X;2D... are infinite homogeneous sets for fy,, fz, ,... respectively such that Vs €
(X" fai(s) =ci

Set o = 0. By the inductive assumption take Xy to be an infinite homogeneous set for f,, and
take co € {0, 1} such that Vs € [Xo]|™ fz,(s) =co-

If z; and X; are defined, take z;41 € X; . Then use the inductive assumption and take X;;; C
Xi\ (zi+1+1) to be an infinite homogeneous set for the function f, , [ [X;\ (@i41+ 1)]". Take
cit1 such that Vs € [X;1]" fo,(s) =cit1.

By the pidgeon principle there is an infinite set X C {xq, z1, ...} and a ¢ € {0, 1} such that Va; €
XfoZC.

We show that X is homogeneneous for f with constant value c¢. Let ¢t € [X]*T!. Let z; = min (¢)
and s=t \ {z;}. Then s€[X;]" and

ft)=fo(s)=ci=c.

Then X is homogeneous for f:J [A] = 2 if for every i € [n,w) and every z,y € [X]

n<i<w

Theorem 185. (Rowbottom’s Theorem) Let x be a measurable cardinal with normal measure
U. Let F:[5]<“—2. Then there is X € U such that f [ [X]" is constant for every n €w. The set
X is called homogeneous for F.

Proof. We show by induction on n € w:
(1) There is X™ € U such that f[[X™]™ is constant.
Proof. The case n=0 is trivial. The case n =1 holds because U is a filter.
n—n+1. For i <k define Fy: [k \ (i +1)]"—2 by
Fi(a)=F({i}Ua).
By the inductive hypothesis take X; € U and ¢; € 2 such that
F{[Xi]"] ={ei}-
Take Y € U and c € 2 such that
VieYe,=c.
Let
Xntl=yn A X;eU.
1<K

Then X"*! is homogeneous for F [ [k]"T! with constant value c. Indeed for {i}Ua € [X"+1]n+1
with ¢ < mina we have a € [X;]™ and

F{i}Ua)=Fi(a)=c;=c.
ged(1)
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Now take X° X!, ...€ U according to (1) and let
X=[) x
n<w

Then X is homogeneous for F [ [k]™ for every n€w. O

Theorem 186. Let k be an infinite cardinal. There is F: [k]“ — 2 such that there is no infinite
homogeneous set for F.

Proof. By the axiom of choice take a wellorder < of []“. Define
F(a)=0iff Vb€ [a]“(a£b—a <D).

So F(a) =0 expresses that a is <-smaller than all its infinite subsets. Assume that X C k were
an infinite homogeneneous subset for F' . Let a € [X]¥ be <-minimal in [X]“. Then F(a) =0.
Take an w-sequence
aogalgagg...ga.
By homogeneity,
F(ap)=F(a1)=--=F(a)=0.
This implies
ap>aip>az > -,

which contradicts < being a wellorder. g

Definition 187. For ordinals o, 3, A and n € w define
a) B— () iff every function f:[B]"™ — A possesses a homogeneous set X C 8 of ordertype >
a.

b) B — (a)X" iff every function f:[B]<™ — X\ possesses a homogeneous set X C 3 of order-
type Z>a.

¢) B— (@)f iff every function f:[B]<“ — X possesses a homogeneous set X C [ of ordertype
Za.

With these notations we have shown:

- w—(w)g;
— if k is a measurable cardinal then k— (k)5*;

- k> (w)y.

We define some associated (large) cardinal notions.

Definition 188. Let k denote an uncountable cardinal.

a) k is weakly compact iff k— (k)3.

b) For a € Ord let k() be the smallest cardinal r such that k — ()5, if such a K exists.
k() is called the a-th Erdos cardinal.

¢) K is a Ramsey cardinal iff k— (k)5 .

Theorem 189. Measurable cardinals are Ramsey cardinals. Ramsey cardinals are weakly com-
pact.

Lemma 190. Let a > w and n < w . Then B - (a)<% iff there is a function g: [\|"S'<¥ =
Un<i<w [A]* = 2 without a homogeneous subset of order type « , i.e., there is no X C \ with

otp(X) =« such that for all i € [n,w) and x,y € [X]* we have g(x) = g(y).

Proof. The implication from right to left is trivial. Conversely take f:[\]<“— 2 which does not

have a homogeneous subset of order a. Definiere g:{J,, _, ., At — 2 by

g(x)= f(x\z[n),
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where denotes the initial segment of = of order type n . Assume that g has a homogeneous
subset X of order type a. Let Y =X \ X [ n. Since « is infinite, otp(Y) = a. We show for a
contradiction that Y is homogeneneous for f. Let i <w and x, y € [Y]*. Then by the homogen-
eity of X

fl@)=g9(X TnUz)=g(X [nUy)= f(y). U

Lemma 191. Assume \ = (o)< with « infinite. Then 2 - (a + 1)<%. In case X is a limit
ordinal also 2* -+ (a)<%.

Proof. Take f:[\>S"<% — 2 without a homogeneous subset of order type . We then define g:
[A2]2sn<w 2. Let < well-order *2. Let < denote the lexicographic ordering of 2. We want to
ensure that on a homogeneous set < agrees with < or with the converse ordering >. For {z,
y} € [*2)? with x < y set

g{z,y})=0iff x<y.

The lexicographic order is defined via first differences. For z,y €*2 with x # y let
Y(z, y) =min {&]2(£) # y(£)};

then z <y iff 0=z(y(z,y)) <y(y(z,y))=1.

Now we define another auxiliary function which will turn a homogeneous set in *2 into a homo-
geneous set in A\ . Consider {z,y, z} € [*2]® with < y < 2. Since the functions are 2-valued we
cannot have y(z,y) =~(y, 2).

If v(z, y) < ~v(y, z) then y and z agree up to and including ~(x, y). So the first differences ~(x,
y) and ~y(x, z) agree and

(@, y)=v(z,2) <y(y,2).

If v(y, z) <~v(x,y) then = and y agree up to and including 7(y, z). So the first differences ~(y,
z) and 7y(z, z) agree and

Y(y,2)=7(x,2) <v(x,y)

According to these cases we define for x <y <z

_JOif y(z,y) =7(z,2) <v(y, 2)
gGL%ZD_{lﬁvwﬂ)W%@<7@w)

So for < y from a g-homogeneous set, the ordinal y(z, y) will only depend on the first argu-
ment in case g =1 or, resp., on the second in case g=0.
So for s € [*2]*S?<® from a g-homogeneous set the set

V(s)={v(@, Yz, yes,z <y}
will have card(s) — 1 many elements.
Define g: [*2]*S"<® — 2 by

0 else

ot = { 1100 i eadlate >3

Set 8=a+ 1 if a is a successor ordinal, and 8 =« if « is a limit ordinal. We show that g wit-
nesses 2* - (8)<“.

So assume for a contradiction that X C* 2 has order type (8 with respect to < and that X is
homogeneous for g .

Case 1. g[[X]?] = {0}. This means that < and < agree on X so that X has order type 3 with
respect to <. If g[[X]%] = {1}, we have y(z, y) > y(z, 2) for x < y < z from X . Taking an
increasing w-sequence xg < T <2 ... from X this yields a contradiction in the form of a des-
cending w-sequence of ordinals:

Y(xo, 1) > v(x0, X2) > Y(T0, X3)....
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Therefore g[[X]?] = {0}. Then v(z, y) for z, y € X,z < y only depends on z and v(X) = {7(z,
y)|x,y € X,z <y} COrd has order type av. We obtain a contradiction by showing that v(X) is
homogeneous for f:let 3<n <w and consider two ascending n-sequences from (X):

’Y(:L'Oa yO) <...< ’y(xnfla ynfl) and ’Y(xéa yé) <..< V(x'iz—la y’rlz—l)'
Then 29 <21 < ... <Tp_1<Yn—1 and ) <1 <...<2,_1<y,_1in X and

FEr(@o, 90)s s Y(@n—1,9n-1)}) = F{¥(20, yn—1), s V(01,90 -1)})
= f(v{zo, 21, s Tn-1,Yn—1}))
= g({wo, 1,y Tr—1,Yn—1})

g({x0, 21, Tn—1, Yn—1})

FOy({zo, 1, - 01, Yn—1}))
= f{7(®@0, yn—1)s s V(Tr—1:yn—1)})

FEA (@0, 90)s s V(@n—1,Yn—1)})-
Case 2. g[[X]?] = {1}. This means that < and = agree on X so that X has order type 3 with
respect to =. If g[[X]?] = {0}, we have y(x, z) < (y, 2) for * < y < z from X . Taking a
decreasing w-sequence zy = x1 =2 ... from X this yields a contradiction in the form of a des-
cending w-sequence of ordinals:

y(w1, 20) > v(22, 20) > Y(23, T0). ...

Therefore g[[X]?] = {1}. Then v(z, y) for =,y € X,z < y only depends on y and v(X) = {7(z,
y)lx,y € X,z <y} COrd has order type 5. We obtain a contradiction by showing that v(X) is
homegeneous for f: let 3<n <w and consider two ascending n-sequences from ~(X):

(o, yo) <o <Y(Tn—1, Yn—1) and y(x4, yo) < ... < Y(Tn—1, Yn—1)-
Then 9 < yo< ... < Yn—1 and zH < yb< ... <y, _1 in X and

{")/(IE(), yO) .,’)’(%0, ynfl)})
({zo, Y0, s Yn—1}))

f({’Y(:L'Oa yO)a"'a’Y(xnflaynfl)}) =
-
g {:L'Oa Yo, -- ~,yn71})

f(
(v
(
({0, Y0y -+ Yn—1})
(
(
(

7({x07 yOa' 5y'£z—1}))
{,Y(an yO) ",Y(‘réa y’l”l*l)})
{7(x07 yO) '77(x’:1—17y':1—1)})'

g

f
= f

f
forx<y=<z

g({z,y,2})

1if y(y, 2) =v(z, 2) <(

Lemma 192. If « € Lim then () is regular.

Proof. Assume that x(«) is singular. Take x C k() cofinal such that
§:=otp(z) = cof(k(a)) < k().

Define h: k(a) — & by h(€) =otp(§Nx). Then card(h~t[{v}]) < k(a) for y<§.
Choose functions

flo]¥ =2 and fy: [R7 {7 }]< =2
for v < ¢ that do not possess homogeneous subsets of ordertype a . Define

g: [s(@)] =¥ =2
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by
0if n=2 and h(&)=h(&)
1if n=2 and h(&) < h(&1)
9({&0, -1 &n—1}) =9 fH({&2, &,y &n—1}) if n>2 and h(&) =...=h(§n-1) ="
FOUR(E), h(Es)s oo (En_1)}) if 1> 2 and h(€1) < ... < h(En_1)

0 else

where & < & < ... < &,—1. Note that the case h(&p) > h(&1) does not occur since h is a never-
decreasing function.

Let H C k(a) be homogeneous for g with otp(H) = o . Let pg < p1 be the first and second ele-
ment of H. Let H'=H \ {po, p1}-

Case 1. h(po) =h(p1). Then h(pg) =h(§) for all £ € H'. Let y="h(po). Then H’ is homogeneous
for f,: Let €, &3, ..oy En1 € H' with &< ... < &1 and €5, €, ... €11 € H with &< ... < €h_, .
Then

f’)’({€27 633 ceey gn—l}) = 9({007 P1, €2a ceey 6’n—1}) = 9({PO> P1, géa [RED) 6';171}) = f’Y({géa géa [RED) 6';171})

But H’ has ordertype «, contradiction to the choice of f .

Case 1. h(po) <h(p1). Then h | H’ is orderpreserving and h[H'] has ordertype ac. We get a con-
tradiction by showing that h[H’] is homogeneneous for f: Let &3, &3, ..., &1 € H with &< ... <
€1 and €, €}, €. L€ H with €< ...< &, ;. Then

f({h(§2)7 h(&’))a ey h(§'ra—1)}) = g({pO’ P15y €2, s €n—1})
= g({p07 plagéa'“ag’r/z—l})

Theorem 193. If o € Lim then x(«) is strongly inaccessible.
Theorem 194. If > a>w then k(8) > k().

Proof. It suffices to define a map g: [k(a)]'S"<% — 2 such that every homogeneous subset for g
has ordertype <« .

For v < k(a) choose fy: [y]<“ — 2 which does not have a homogeneous subset of ordertype « .
Define g: [k()]}S"<¥— 2 by

9({&o, - &n}) = fe.({80, -+ En—1})

where )< ... < &,_1 <&, . Assume that H is homogeneous for g of ordertype >« . Let v be the
a-th element of H . H N v has ordertype oo . We get a contradiction by showing that H N~ is
homogeneous for f, : Let Let &..., &1 € H' with & < ... < &,—1 and &), ..., &,—1 € H' with
£)<...<&,_1. Then

H{&o-w &n-1}) = 9({&0, - &n—1,7H) = 9({&0, -, &n—1, 7 H) = fy({&0--, €n—1})- O

Theorem 195. If x is a measurable cardinal with normal measure U. Then the set

{A< K| X is a Ramsey cardinal} €U.

Proof. Otherwise X = {\ < k| A is not a Ramsey cardinal} € U. We can assume that every A €
X is an infinite cardinal. For every A € X choose a function fy: [A]<“ — 2 which does not have a
homogeneous subset of order type A. Define f:[xk]<“— 2 by

Y

Let Y € U be homogeneous for f.
(1) { eY|otp(YNA)=A}eU.
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Proof. Otherwise one can define a regressive function A — otp(Y N A) on a measure one set in U
which contradicts that otp(Y)=x. ged(1)
So let A € Y with otp(Y N'A) = A. It is easy to see that Y N A is homogeneous for fy : if n <w
and z,y € [Y NA]<“ then

M) = flxU{A}) = FyU{A}) = fa(@).
Contradiction. 0

So we obtain the following picture of the large cardinal hierarchy:

the smallest measurable cardinal p
V
the smallest Ramsey cardinal
V

=

X
Ve <o <o < o

forw<a<pf<k

x

the smallest inaccessible cardinal

There are many more questions about this scale of large cardinals, like is x(w) > the smallest
inaccessible cardinal? Where are the weakly compact cardinals?
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