Set Theory - Winter 2018/19
Prof. Dr. Peter Koepke, PD Dr. Philipp Liicke Problem sheet 3

Problem 10 (4 points). Prove the following statements:

(1) If G : V — V is a class function, then there is a unique class function

F :V — V that satisfies F(x) = G(F | x) for ever set x.

(2) Given a class function G, there is a unique class function F' satisfying the
following statements:
(a) Either dom(F') = Ord or dom(F") € Ord.
(b) dom(F) ={a € Ord | F | « € dom(G)}.
(¢) F(a) = G(F | «) for all € dom(F).

Problem 11. Prove the following statements:

(1) (1 point) There is a unique class function H : Ord — V satisfying the

following statements:

(a) H(0) = 0.

(b) H(a+ 1) = P(H(«)) for all a € Ord.

(c) H(or) = U{H(B) | B < a} for all a € Lim.

(2) (1 point) V =Jran(H).
(3) (2 points) Every set of ordinals z has a least upper bound lub(z) in the class

Ord with respect to the natural ordering < of Ord.

(4) (1 points) There is a unique class function R : V' — Ord with

R(z) = lub({R(y) |y € z})
for all z € V' (Hint: Use Problem 10).
(5) (2 points) For every set z, we have R(z) = min{a € Ord |  C H(«)}.
(6) (1 point) For every set z, the ordinal R(x) is the unique element « of Ord
with z € H(a+1) \ H(a).
(7) (1 point) R(«v) = « for all @ € Ord.

Problem 12 (3 points). The Collection scheme states that
Vr Jy Vu € x [Fv R(u,v) — Jw € y R(u,w)]

holds for every binary relation R. Prove that the axioms of ZF imply the Col-

lection scheme (Hint: Use the function H constructed in Problem 11).
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Problem 13 (4 points). Fix ordinals o and .
(1) Let < denote the binary relation on the set

alf = (ax{0}) U (Bx{1})
with
(7,1) < (6,7) = [i<j vV (1=7A7<9)]
for all (v,1), (d,7) € a U B. Construct a bijection b: o+ f — a Ul S with

v <6 < b(y) < bo)

for all v,6 < a+ .

(2) Let <« denote the binary relation on a x 3 with
(Vo) 4 (6v) = [p<v V (pn=vAy<§)]
for all (v, ), (0,v) € a x 8. Construct a bijection b: - — « x [ with
7 <9 < b(y) 4 bd)

for all 7,0 < a - .

Please hand in your solutions on Wednesday, October 31 before the lecture
(Briefkésten 6 & 7).



