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Problem 6. (2 points) Show that no finite structure M has any proper elementary
substructures or extensions.

Problem 7. (4 points) If M = (M,...) and N = (N,...) are structures and h: M —
N is a function, the following conditions are equivalent.

(a) h is an embedding.

(b) For every atomic formula ¢(zg,...,z,—1) and all ag,...,a,—1 € M, we have
M = ¢(ag, ..., an—1) if and only if N = p(h(ap)),...h(ap—1)).
(c¢) For every quantifier-free formula ¢(xg,...,zn,—1) and all ag,...,an—1 € M, we

have M = ¢(ag, ..., an—1) if and only if N = ¢(h(ag)), ... h(an-1)).

Problem 8. (3 points) We have Z C Q C R C C when these are viewed as structures
in Lr = {0,1,+, —,-}. Show that none of these inclusions is elementary.

Problem 9. (6 points) Let T" be an Lr-theory that contains the axioms of the theory
of fields. Prove the following statements.

(a) If T has models of arbitrarily large characteristic, then it has a model of charac-
teristic 0.
(b) The theory of fields of characteristic 0 is not finitely axiomatizable.

Problem 10. (5 points) Let G,, = (G, Ey,) be the (undirected) graph that consists of
exactly one cycle with n elements, U a non-principal ultrafilter on N and G = (G, E) =

ngN Gy, the ultraproduct of these graphs with respect to U.

(a) Show that G is a non-connected graph.
(b) Determine the structure of all connected components of G.

Please submit your solutions in the lecture on November 2.



