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Problem 1. (4 points) Show that the completeness and compactness theorems follow
from the fact that every syntactically consistent set of L-formulas has a model with
an assignment of variables for any language L.

(a) (Completeness) If T is a set of L-formulas and ϕ is an L-formula, then T ` ϕ if
and only if T |= ϕ.

(b) (Compactness) Every finitely satisfiable L-theory is satisfiable.

Problem 2. (3 points) Suppose that N = (N, . . . ) is an L-structure, a0, . . . , an−1 ∈ N
and M = {tN(a0, . . . , an−1) | t(x0, ..., xn−1) is an L-term}. Prove that M is the least
subset of N that is the domain of a substructure of N containing a0, . . . , an−1.

Problem 3. (3 points) Prove that (Q, <) ≺ (R, <). Hint: show by induction that for
all formulas ϕ(x0, . . . , xn−1) in the language L = {<} and all a0, . . . , an−1, b0, . . . , bn−1 ∈
R with (R, <) |=

∧
i,j<n(ai < aj ↔ bi < bj), we have (R, <) |= ϕ(a0, . . . , an−1) ↔

ϕ(b0, . . . , bn−1).

Problem 4. (4 points)

(a) Show that any two isomorphic L-structures M and N are elementarily equiva-
lent.

(b) Show that (nZ,+) ≡ (Z,+) for all n ≥ 1.
(c) Is (nZ,+) an elementary substructure of (Z,+) for n > 1?

Problem 5. (6 points) If X is a set, let X<ω denote the set of finite sequences with
values in X and [X]<ω the set of finite subsets of X. Assuming that κ is an infinite
cardinal, prove the following statements by using the fact that |X × Y | = max{λ, µ}
for all infinite cardinals λ, µ and sets X and Y with |X| = λ and |Y | = µ.

(a) If 〈Xi | i ∈ I〉 is a sequence with |Xi| ≤ κ for all i ∈ I and |I| ≤ κ, then
|
⋃

i∈I Xi| ≤ κ.
(b) If |X| = κ, then |X<ω| = κ.
(c) If |X| = κ, then |[X]<ω| = κ.

Please submit your solutions in the lecture on October 26.


