
✹

❊❧❡♠❡♥t❡ ❞❡r ▼❛t❤❡♠❛t✐❦ ✲ ❲✐♥t❡r ✷✵✶✻✴✷✵✶✼

Pr♦❢✳ ❉r✳ P❡t❡r ❑♦❡♣❦❡✱ ❘❡❣✉❧❛ ❑r❛♣❢ ▲ös✉♥❣❡♥ Ü❜✉♥❣s❜❧❛tt ✶✷

❆✉❢❣❛❜❡ ✹✾ ✭✺ P✉♥❦t❡✮✳

✭❛✮ ❇❡✇❡✐s❡♥ ❙✐❡ ❞✐❡ ❣❡♦♠❡tr✐s❝❤❡ ❙✉♠♠❡♥❢♦r♠❡❧ ✿ ❋ür ❥❡❞❡ ❩❛❤❧ q ∈ R \ {1}
✉♥❞ ❢ür ❥❡❞❡s n ∈ N ♠✐t n ≥ 1 ❣✐❧t

n−1
∑

k=0

qk =
1− qn

1− q
.

✭❜✮ ❱❡r✇❡♥❞❡♥ ❙✐❡ ✭❛✮ ✉♠ ③✉ ③❡✐❣❡♥✱ ❞❛ss✱ ❢❛❧❧s 2p − 1 ❡✐♥❡ Pr✐♠③❛❤❧ ✐st ✭❢ür

p ∈ N✮✱ ❜❡r❡✐ts p ❡✐♥❡ Pr✐♠③❛❤❧ ✐st ✭2p−1 ✐st ❞❛♥♥ ❡✐♥❡ s♦❣❡♥❛♥♥t❡▼❡rs❡♥♥❡✲

Pr✐♠③❛❤❧✮✳ ●✐❧t ❛✉❝❤ ❞✐❡ ❯♠❦❡❤r✉♥❣❄ ❇❡❣rü♥❞❡♥ ❙✐❡ ■❤r❡ ❆♥t✇♦rt✳

❍✐♥✇❡✐s✿ ❇❡tr❛❝❤t❡♥ ❙✐❡ ❞❛③✉ ❞✐❡ ❡rst❡♥ ❢ü♥❢ s♦❧❝❤❡♥ ❩❛❤❧❡♥ ✉♥❞ ✈❡r✇❡♥❞❡♥

❙✐❡ ❞❛s ❙✐❡❜ ❞❡s ❊r❛st❤♦t❡♥❡s✳

▲ös✉♥❣✳ ✭❛✮ ❙❡✐ q ∈ R \ {1}✳ ❲✐r ❜❡✇❡✐s❡♥ ❞✐❡ ❆✉ss❛❣❡ ♣❡r ■♥❞✉❦t✐♦♥ ü❜❡r n✳

• ■♥❞✉❦t✐♦♥s❛♥❢❛♥❣✿ ❋ür n = 1 ❣✐❧t
∑

0

k=0
qk = 1 = 1−q1

1−q
✳

• ■♥❞✉❦t✐♦♥s✈♦r❛✉ss❡t③✉♥❣✿ ❙❡✐
∑n−1

k=0
qk = 1−qn

1−q
❢ür ❡✐♥ ❜❡❧✐❡❜✐❣❡s ❢❡st

❣❡✇ä❤❧t❡s n ≥ 1✳

■♥❞✉❦t✐♦♥ss❝❤❧✉ss✿ ❊s ❣✐❧t

n
∑

k=0

qk =
(

n−1
∑

k=0

qk
)

+ qn

■❱
=

1− qn

1− q
+ qn

=
1− qn + (1− q)qn

1− q

=
1− qn+1

1− q

✇✐❡ ❣❡✇ü♥s❝❤t✳

✭❜✮ ❲✐r ♠❛❝❤❡♥ ❡✐♥❡♥ ❑♦♥tr❛♣♦s✐t✐♦♥s❜❡✇❡✐s✿ ❲✐r ♥❡❤♠❡♥ ❛❧s♦ ❛♥✱ ❞❛ss p = a·b
✭a, b > 1✮ ❦❡✐♥❡ Pr✐♠③❛❤❧ ✐st ✉♥❞ ❢♦❧❣❡r♥✱ ❞❛ss ❛✉❝❤ 2p − 1 ❦❡✐♥❡ Pr✐♠③❛❤❧



✺

✐st✳ ❊s ❣✐❧t

2p − 1

2a − 1
=

(2a)b − 1

2a − 1

=
1− (2a)b

1− 2a

✭❛✮
=

b−1
∑

k=0

(2a)k ∈ N,

❉❛ a, b > 1✱ ❣✐❧t ❛✉❝❤
∑b−1

k=0
(2a)k > 1 ✉♥❞ 2a − 1 > 1✱ ❛❧s♦ ✐st 2p − 1 ❦❡✐♥❡

Pr✐♠③❛❤❧✳

❲✐r ❜❡tr❛❝❤t❡♥ 2p − 1 ❢ür p ∈ {2, 3, 5, 7, 11}✿
• 22 − 1 = 3 ✐st ♦✛❡♥s✐❝❤t❧✐❝❤ ❡✐♥❡ Pr✐♠③❛❤❧✳

• 23 − 1 = 7 ✐st ❡❜❡♥❢❛❧❧s ❡✐♥❡ Pr✐♠③❛❤❧✳

• 25 − 1 = 31✱ ✐st ❛✉❝❤ ❡✐♥❡ Pr✐♠③❛❤❧✱ ❞❛ ❦❡✐♥❡ ❞❡r ❩❛❤❧❡♥ 2, 3 ✉♥❞ ✺

❚❡✐❧❡r ✈♦♥ ✸✶ s✐♥❞✳

• 27 − 1 = 127✱ ✐st ❡✐♥❡ Pr✐♠③❛❧✱ ❞❛ ❦❡✐♥❡ ❞❡r ❩❛❤❧❡♥ 2, 3, 5, 7 ✉♥❞ ✶✶

❚❡✐❧❡r ✈♦♥ ✶✷✼ s✐♥❞✳

• 211 − 1 = 2047 ✐st ❦❡✐♥❡ Pr✐♠③❛❤❧✿ ❲✐r t❡st❡♥ ❛❧❧❡ Pr✐♠③❛❤❧❡♥ ≤
⌈
√
2047⌉ = 45 ✉♥❞ st❡❧❧❡♥ ❢❡st✱ ❞❛ss ✷✸ ❡✐♥ ❚❡✐❧❡r ✈♦♥ ✷✵✹✼ ✐st✳ ❙♦♠✐t

✐st ✷✵✹✼ ❦❡✐♥❡ Pr✐♠③❛❤❧ ✉♥❞ ✐♥s❜❡s♦♥❞❡r❡ ✐st ❞✐❡ ❯♠❦❡❤r✉♥❣ ❢❛❧s❝❤✳

❆✉❢❣❛❜❡ ✺✵ ✭✹ P✉♥❦t❡✮✳ Ü❜❡r♣rü❢❡♥ ❙✐❡✱ ✇❡❧❝❤❡ ❞❡r ●r✉♣♣❡♥❛①✐♦♠❡ ✐♥ ❞❡♥

❢♦❧❣❡♥❞❡♥ ❇❡✐s♣✐❡❧❡♥ ❡r❢ü❧❧t s✐♥❞✿ ❋✐♥❞❡♥ ❙✐❡ ❞❛③✉ ❥❡✇❡✐❧s ❡✐♥ ♣❛ss❡♥❞❡s ♥❡✉tr❛❧❡s

❊❧❡♠❡♥t e ✭❢❛❧❧s ❡s ❡①✐st✐❡rt✮ ✉♥❞ ü❜❡r♣rü❢❡♥ ❙✐❡ ❥❡✇❡✐❧s ❛✉❝❤✱ ♦❜ ❞✐❡ ❖♣❡r❛t✐♦♥

❦♦♠♠✉t❛t✐✈ ✐st✳

✭❛✮ (N, ❦❣❱, e)

✭❜✮ (Z, ◦, e)✱ ✇♦❜❡✐ x ◦ y := x+ 2y

✭❝✮ (R,⊙, e)✱ ✇♦❜❡✐ x⊙ y := x+ y + xy✳

▲ös✉♥❣✳ ✭❛✮ • ❆ss♦③✐❛t✐✈✐tät✿ ❙❡✐❡♥ k, n,m ∈ N✳ ❙❡✐❡♥ k1 = ❦❣❱(❦❣❱(k, n),m))

✉♥❞ k2 = ❦❣❱(k, ❦❣❱(n,m))✳ ❊s ❣✐❧t ❦❣❱(k, n) | k1 ✉♥❞ m | k1✱ ❛❧s♦
❛✉❝❤ k | k1 ✉♥❞ n | k1✳ ❙♦♠✐t ❢♦❧❣t ❦❣❱(n,m) | k1✳ ❙♦♠✐t ❢♦❧❣t k2 | k1✳
❆♥❛❧♦❣ ③❡✐❣t ♠❛♥ k1 | k2✳ ❆❧s♦ ❣✐❧t k1 = k2✳

• ♥❡✉tr❛❧❡s ❊❧❡♠❡♥t✿ ❉❛s ♥❡✉tr❛❧❡ ❊❧❡♠❡♥t ✐st ✶✱ ❞❡♥♥ ❦❣❱(n, 1) = n =

❦❣❱(1, n)✳

• ■♥✈❡rs❡s ❊❧❡♠❡♥t✿ ❊s ❣✐❜t ❦❡✐♥ n ∈ N ♠✐t ❦❣❱(2, n) = 1✳ ❆❧s♦ ❡①✐st✐❡rt

✐♠ ❆❧❧❣❡♠❡✐♥❡♥ ❦❡✐♥ ✐♥✈❡rs❡s ❊❧❡♠❡♥t✳

• ❑♦♠♠✉t❛t✐✈✐tät✿ ❊s ❣✐❧t ♦✛❡♥s✐❝❤t❧✐❝❤ ❦❣❱(n,m) = ❦❣❱(m,n)✳



✻

✭❜✮ • ❆ss♦③✐❛t✐✈✐tät✿ ❙❡✐❡♥ x, y, z ∈ Z✳ ❊s ❣✐❧t

(x ◦ y) ◦ z = (x+ 2y) ◦ z = x+ 2y + 2z

x ◦ (y ◦ z) = x+ 2(y ◦ z) = x+ 2(y + 2z) = x+ 2y + 4z.

❋ür z 6= 0 ❣✐❧t ❛❧s♦ (x ◦ y) ◦ z 6= x ◦ (y ◦ z)✱ ❛❧s♦ ✐st ◦ ♥✐❝❤t ❛ss♦③✐❛t✐✈✳

• ◆❡✉tr❛❧❡s ❊❧❡♠❡♥t✿ ❆♥❣❡♥♦♠♠❡♥ e ∈ Z ✐st ❡✐♥ ♥❡✉tr❛❧❡s ❊❧❡♠❡♥t✳ ❉❛♥♥

❣✐❧t

x+ 2e = x ◦ e = x = e ◦ x = e+ 2x

❢ür ❛❧❧❡ x ∈ Z✳ ❉❛♥♥ ❣✐❧t ❛❜❡r x = e ❢ür ❥❡❞❡s x ∈ Z✱ ❡✐♥ ❲✐❞❡rs♣r✉❝❤✳

❆❧s♦ ❣✐❜t ❡s ❦❡✐♥ ♥❡✉tr❛❧❡s ❊❧❡♠❡♥t✳

• ■♥✈❡rs❡s ❊❧❡♠❡♥t✿ ❊①✐st✐❡rt ♥✐❝❤t✱ ❞❛ ❡s ❦❡✐♥ ♥❡✉tr❛❧❡s ❊❧❡♠❡♥t ❣✐❜t✳

• ❑♦♠♠✉t❛t✐✈✐tät✿ ❊s ❣✐❧t

1 ◦ 0 = 1 6= 2 = 0 ◦ 1,

❛❧s♦ ✐st ◦ ♥✐❝❤t ❦♦♠♠✉t❛t✐✈✳

✭❝✮ ❆ss♦③✐❛t✐✈✐tät✿ ❙❡✐❡♥ x, y, z ∈ R✳ ❉❛♥♥ ❣✐❧t

(x⊙ y)⊙ z = (x+ y + xy)⊙ z

= (x+ y + xy) + z + (x+ y + xy)z

= x+ y + z + xy + xz + yz + xyz

= x+ (y + z + yz) + x(y + z + yz)

= x⊙ (y ⊙ z),

❛❧s♦ ✐st ⊙ ❛ss♦③✐❛t✐✈✳

✭❞✮ ◆❡✉tr❛❧❡s ❊❧❡♠❡♥t✿ ❊s ❣✐❧t

x⊙ 0 = x = 0⊙ x,

❛❧s♦ ✐st ✵ ❡✐♥ ♥❡✉tr❛❧❡s ❊❧❡♠❡♥t✳

✭❡✮ ■♥✈❡rs❡s ❊❧❡♠❡♥t✿ ❋ür x 6= −1 ❣✐❧t

x⊙ y = 0 ⇐⇒ x+ y + xy = 0 ⇐⇒ y(1 + x) = x ⇐⇒ y = − x

1 + x
,

❛❧s♦ ✐st − x
1+x

❡✐♥ ③✉ x ✐♥✈❡rs❡s ❊❧❡♠❡♥t❀ ✉♥❞ −1 ❤❛t ❦❡✐♥ ■♥✈❡rs❡s✳

✭❢✮ ❑♦♠♠✉t❛t✐✈✐tät✿ ❊s ❣✐❧t

x⊙ y = x+ y + xy = y + x+ yx = y ⊙ x,

❛❧s♦ ✐st ⊙ ❦♦♠♠✉t❛t✐✈✳



✼

❊s ❤❛♥❞❡❧t s✐❝❤ ❛❧s♦ ✐♥ ❦❡✐♥❡♠ ❋❛❧❧ ✉♠ ❡✐♥❡ ●r✉♣♣❡✳ ❇❡✐ ✭❝✮ ✇ür❞❡ ❡s ✉♠ ❡✐♥❡

❛❜❡❧s❝❤❡ ●r✉♣♣❡ ❤❛♥❞❡❧♥✱ ❢❛❧❧s ♠❛♥ R \ {−1} st❛tt R ❜❡tr❛❝❤t❡♥ ✇ür❞❡✳

❆✉❢❣❛❜❡ ✺✶ ✭✹ P✉♥❦t❡✮✳ ❙❡✐ (G, ∗, e) ❡✐♥❡ ●r✉♣♣❡ ♠✐t ✉♥❞ s❡✐ x ∈ G ❡✐♥ ❢❡st

❣❡✇ä❤❧t❡s ❊❧❡♠❡♥t✳ ❲✐r ❞❡✜♥✐❡r❡♥ ❡✐♥❡ ✇❡✐t❡r❡ ❱❡r❦♥ü♣❢✉♥❣ ❛✉❢ G ❞✉r❝❤

a⊙ b := a ∗ x ∗ b.

✭❛✮ ❋✐♥❞❡♥ ❙✐❡ ❡✐♥ ❊❧❡♠❡♥t e′ ∈ G✱ s♦❞❛ss (G,⊙, e′) ❡✐♥❡ ●r✉♣♣❡ ✐st✳

✭❜✮ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss (G,⊙, e′) ❣❡♥❛✉ ❞❛♥♥ ❛❜❡❧s❝❤ ✐st✱ ✇❡♥♥ (G, ∗, e) ❛❜❡❧s❝❤ ✐st✳

▲ös✉♥❣✳ ✭❛✮ • ❆ss♦③✐❛t✐✈✐tät✿ ❙❡✐❡♥ a, b, c ∈ G✳ ❉❛♥♥ ❣✐❧t

(a⊙ b)⊙ c = (a ∗ x ∗ b) ∗ x ∗ c = a ∗ x ∗ (b ∗ x ∗ c) = a⊙ (b⊙ c)

✇❡❣❡♥ ❞❡r ❆ss♦③✐❛t✐✈✐tät ✈♦♥ ∗✳
• ◆❡✉tr❛❧❡s ❊❧❡♠❡♥t✿ ❉❛s ♥❡✉tr❛❧❡ ❊❧❡♠❡♥t ✐st ❣❡❣❡❜❡♥ ❞✉r❝❤ e′ = x−1✿

❋ür a ∈ G ❣✐❧t

a⊙ x−1 = a ∗ x ∗ x−1 = a

x−1 ⊙ a = x−1 ∗ x ∗ a = a.

• ■♥✈❡rs❡s✿ ❲✐r ❜❡❤❛✉♣t❡♥✱ ❞❛ss ❞❛s ■♥✈❡rs❡ ✈♦♥ a ∈ G ❞✉r❝❤ b := x−1 ∗
a−1 ∗ x−1 ❣❡❣❡❜❡♥ ✐st✳

a⊙ b = a ∗ x ∗ x−1 ∗ a−1 ∗ x−1

= a ∗ a−1 ∗ x−1

= x−1.

❆♥❛❧♦❣ ③❡✐❣t ♠❛♥ b⊙ a = x−1✳

✭❜✮ ❲✐r ♠üss❡♥ ③✇❡✐ ❘✐❝❤t✉♥❣❡♥ ❜❡✇❡✐s❡♥✳



✽

✏⇒✑ ❙❡✐ (G,⊙, e′) ❛❜❡❧s❝❤ ✉♥❞ s❡✐❡♥ a, b ∈ G✳ ❊s ❣✐❧t

a ∗ b = a ∗ x ∗ x−1 ∗ b

= a⊙ (x−1 ∗ b)

= (x−1 ∗ b)⊙ a

= x−1 ∗ b ∗ x ∗ a

= x−1 ∗ b ∗ x ∗ e ∗ a

= ((x−1 ∗ b)⊙ e) ∗ a

= (e⊙ (x−1 ∗ b)) ∗ a

= e ∗ x ∗ x−1 ∗ b ∗ a

= b ∗ a,

❛❧s♦ ✐st ❛✉❝❤ (G, ∗, e) ❛❜❡❧s❝❤✳
✏⇐✑ ❙❡✐ (G, ∗, e) ❛❜❡❧s❝❤ ✉♥❞ s❡✐❡♥ a, b ∈ G✳ ❉❛♥♥ ❣✐❧t

a⊙ b = a ∗ x ∗ b

= b ∗ x ∗ a

= b⊙ a

✉♥❞ s♦♠✐t ✐st ❛✉❝❤ (G,⊙, e′) ❛❜❡❧s❝❤✳

❆✉❢❣❛❜❡ ✺✷ ✭✷ P✉♥❦t❡✮✳ ❙❡✐ (G, ∗, e) ❡✐♥❡ ●r✉♣♣❡ ♠✐t ❞❡r ❊✐❣❡♥s❝❤❛❢t✱ ❞❛ss

a2 = e ❢ür ❛❧❧❡ a ∈ G✳✷ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss (G, ∗, e) ❛❜❡❧s❝❤ ✐st✳

▲ös✉♥❣✳ ❙❡✐❡♥ a, b ∈ G✳ ❊s ❣✐❧t

a ∗ b = a ∗ e ∗ b

= a ∗ (a ∗ b)2 ∗ b

= a ∗ (a ∗ b ∗ a ∗ b) ∗ b

= (a ∗ a) ∗ b ∗ a ∗ (b ∗ b)

= a2 ∗ b ∗ a ∗ b2

= e ∗ b ∗ a ∗ e

= b ∗ a.

✷
a
2
:= a ∗ a



✾

❆✉❢❣❛❜❡ ✺✸ ✭✸ P✉♥❦t❡✮✳ ❙❡✐ G = {a, b, e} ❡✐♥❡ ▼❡♥❣❡ ♠✐t ✸ ✈❡rs❝❤✐❡❞❡♥❡♥

❊❧❡♠❡♥t❡♥✳ ❩❡✐❣❡♥ ❙✐❡✱ ❞❛ss ❡s ❣❡♥❛✉ ❡✐♥❡ ▼ö❣❧✐❝❤❦❡✐t ❣✐❜t✱ ❡✐♥❡ ❖♣❡r❛t✐♦♥ ❛✉❢

G ③✉ ❞❡✜♥✐❡r❡♥✱ s♦❞❛ss e ❞❛s ♥❡✉tr❛❧❡ ❊❧❡♠❡♥t ✐st✳ ■st G ❛❜❡❧s❝❤❄

▲ös✉♥❣✳ ❲✐r ❜❡tr❛❝❤t❡♥ ❞✐❡ ❱❡r❦♥ü♣❢✉♥❣st❛❜❡❧❧❡✿

∗ e a b

e e a b

a a

b b

❊s ❢❡❤❧❡♥ ♥♦❝❤ ❞✐❡ ❊✐♥trä❣❡ a ∗ a, a ∗ b, b ∗ a ✉♥❞ b ∗ b✳ ❉❛ a ❡✐♥ ■♥✈❡rs❡s ❜❡s✐t③t✱

❣✐❧t ❡♥t✇❡❞❡r a ∗ e = e ♦❞❡r a ∗ a = e ♦❞❡r a ∗ b = e❀ a ∗ e ✐st ❛❜❡r ✉♥♠ö❣❧✐❝❤✱ ❞❛

s♦♥st a = a ∗ e = e ❣❡❧t❡♥ ✇ür❞❡✳

• ✶✳ ❋❛❧❧✿ a ∗ a = e✳ ❉❛♥♥ ❣✐❧t a ∗ b 6= e✱ ❞❡♥♥ s♦♥st ✇är❡ a ∗ a = e = a ∗ b
✉♥❞ ♠✐t ❞❡r ❑ür③✉♥❣sr❡❣❡❧ a = b✳ ❆♥❞r❡rs❡✐ts ❣✐❧t ❛✉❝❤ a ∗ b 6= b✱ ❞❡♥♥

s♦♥st ✇är❡ a ∗ b = b = e ∗ b ✉♥❞ s♦♠✐t ♠✐t ❞❡r ❑ür③✉♥❣sr❡❣❡❧ a = e✳

❉❛♥♥ ♠✉ss ❛❜❡r a∗b = a ❣❡❧t❡♥ ✉♥❞ s♦♠✐t ♠✐t ❞❡r ❑ür③✉♥❣sr❡❣❡❧ b = e✱

❡✐♥ ❲✐❞❡rs♣r✉❝❤✳

• ✷✳ ❋❛❧❧✿ a ∗ b = e✳ ❉✐❡s ❢ü❤rt ③✉ ❦❡✐♥❡♠ ❲✐❞❡rs♣r✉❝❤✳

✕ ❉❛♥♥ ❢♦❧❣t a ∗ a = b✱ ❞❡♥♥ a ∗ a = a ✇ür❞❡ ♠✐t ❞❡r ❑ür③✉♥❣sr❡❣❡❧

a = e ✐♠♣❧✐③✐❡r❡♥✱ ✉♥❞ a∗a = e ✇ür❞❡ ♠✐t ❞❡r ❑ür③✉♥❣sr❡❣❡❧ a = b

✐♠♣❧✐③✐❡r❡♥✳

✕ ❊s ❣✐❧t b ∗ a = e ✭♠✐t ❞❡♠s❡❧❜❡♥ ❆r❣✉♠❡♥t ✇✐❡ ❢ür a ∗ b = e ✉♥❞

❡❜❡♥s♦ b ∗ b = a✳

❉✐❡ ✈♦❧❧stä♥❞✐❣❡ ❱❡r❦♥ü♣❢✉♥❣st❛❜❡❧❧❡ s✐❡❤t ❛❧s♦ ✇✐❡ ❢♦❧❣t ❛✉s✿

∗ e a b

e e a b

a a b e

b b e a

❊s ✐st ❧❡✐❝❤t ③✉ ü❜❡r♣rü❢❡♥✱ ❞❛ss ❞✐❡s ❡✐♥❡ ●r✉♣♣❡ ❞❡✜♥✐❡rt✿

• ❆ss♦③✐❛t✐✈✐tät ✐st ♦✛❡♥s✐❝❤t❧✐❝❤ ❡r❢ü❧❧t✳

• e ✐st ❞❛s ♥❡✉tr❛❧❡ ❊❧❡♠❡♥t✳

• a ✉♥❞ b ❤❛❜❡♥ ❡✐♥ ■♥✈❡rs❡s✱ ❞❡♥♥ a ∗ b = b ∗ a = e✳

❉✐❡ ●r✉♣♣❡ ✐st ❛❜❡❧s❝❤✱ ❞❛ ❞✐❡ ❱❡r❦♥ü♣❢✉♥❣st❛❜❡❧❧❡ s②♠♠❡tr✐s❝❤ ✐st✳


