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Problem 1 (3 Points). Prove Proposition 1.1.2. from the lecture course: If
M = (M,E) is an Le-structure, W C M is a class in M and ¢(vo, ..., vp—1)

18 an Lc-formula, then
ME oV (ag,... a0 1) = W,EN(W xW)) = ¢lag,...,an_1)
holds for all ag,...,an—1 € W.

Problem 2 (4 Points). Prove Lemma 1.1.4.(ii) from the lecture course: Assume
ZF~. Let W be a non-empty transitive class and ¢(vg,...,vp+1) be an Le-
formula. Then (Replacementw)w holds if and only if for all cg,...,cn_1 € W,
either there are a,by,by € W with oV (a,b;, co, ... ,ca1) for all i < 2, or there
is an a € W with =" (a,b,c, ... ,cn_1) for allb € W, or

(beW |JaecdV(a,bco,....,cn 1)} €W
for every d € W.

Problem 3 (2 Points). Prove Proposition 1.1.17.(ii) from the lecture course:
If T is an Lc-theorie with T = (Collection,) for every Le-formula ¢, then the

classes of XL -, IL - and AT -formulas are closed under ¥Yx € v and 3z € v.

Problem 4 (5 Points). Prove the X-Recursion Theorem (Theorem 1.1.18)
from the lecture course: Given an Le-formula (v, ..., vn41) and X-formulas
©o(vo, .-+, vnt2) and 1 (vo, - . ., Unt1), there is a X-formula ®(vo, . .., vp41) Such
that the theory ZF~ — (Infinity) proves that for all cg, ..., cn—1 with the prop-
erty that R = {(a,b) | ¥(a,b,co,...,cn-1)} is a strongly well-founded rela-
tion, G = {((ag,a1),b) | wolao,a1,b,co,...,cn-1)} is a function with domain
V xV and P ={(a,b) | p1(a,b,co,...,cn-1)} is a function with domain V and
P(a) = predg(a) for all a, the class F = { (a,b)| ®(a,b,cq,...,cn-1)} is a
function with domain V and F(a) = G(a, F | predg(a)) for all a.

Problem 5 (6 points). Assume ZFC. Examine which ZFC-axioms hold in H(k)

for various infinite cardinals k.

Please hand in your solutions on Wednesday, April 22, before the lecture.



