LECTURE NOTES ON FORCING

PHILIPP LUCKE AND PHILIPP SCHLICHT

ABSTRACT. Lectures on forcing from the summer 2014 in Bonn. We assume
knowledge of iterated forcing and proper forcing.
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1. CONSISTENCY OF THE PROPER FORCING AXIOM

We give proofs of the consistency of the proper forcing axiom PFA from a super-
compact cardinal and the consistency of the bounded proper forcing axiom BPFA
from a reflecting cardinalEl

1.1. Some Lemmas on forcing and names. We begin with preliminary results
on forcing names and on iterated forcing. These lemmas are used for the BPFA
iteration, and they are very useful for other applications as well. Let P,Q,R,S
always denote partial orders and P,Q,R,S names for partial orders. Recall that
H,, = {xz | |te(z)| < K}, where & is a cardinal.

Lemma 1.1. IfP is a forcing that does not collapse k and & € Hy, thenp - & € Hy
for any p € P.

Proof. By induction on rk(z). The lemma holds for rk(#) = 0, so suppose that
it is true for all names with rank smaller r = rk(z). Suppose that ¢ € H, and
write & = {(9;,p:) | © € I} for some indexing set I woth |I| = k. By the induction
hypothesis, 1p I+ g; € H,. Since || < k and & remains a cardinal, 1p IF || < &.
Thus 1p IF 2 € H,. O

The reversal of this result is more interesting.
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Lemma 1.2. (Goldstern) If & is reqular and P C H,, and satisfies the k-c.c., then
forallpeP: Ifpl-o € Hy, there is 6 € H, withpl-o =¢.

Proof.

Claim. For every x € H,, there is some A < k and a sequence (T, | o < A),
T € Hy such that: for alla < X:zo C{zg | f < a} and z = x,.

Proof. We prove this via induction on z, it is clear for x = (. Suppose that this
holds for all y € = and take for each y € x an appropriate \Y < k and one such
sequence (z% | o < A\). Let A = sup, ¢, AY. A < &, since |z] < k and & is regular.
Let (zo)a<x be the concatenation of all the (z%),<v and finally set x) = x. This
works because every y € x is at some point in the sequence. (I

Since P satisfies the k-c.c., it does not collapse k. Now suppose that p € P and
plF o € H,. Then we can find names }\, T for the sequence discussed above.
There is an ordinal A < x such that p IF A< Xand since, in V[G], we may set
To = 0 for all A\¢ < a < A\C, we can assume that A = \.

We now inductively define ¢, := {(63,q) | 6 <aAg<pAqlFog € o,} and let
6 = ¢y. Then by induction, all ¢, are in H,.

We now show that for all « < A, p IF 0, = ¢4, in particular p IF 0 = . To
prove this by induction, suppose that for all 3 < «, p I- 03 = 63. Suppose that G
is P-generic with p € G. Then

c‘rfz{ér?|5<0¢/\E|q§p:q€G/\q|Fcr/360a} (by definition)

z{ag|5<a/\§|q§p:q€G/\qH—ageaa} (by induction)
e

= Ooz
In the last equality “C” holds: If there is a ¢ < p, ¢ € G, ¢ IF 0g € 04, then
Ug € 0. In the last equaliy “2” holds: Suppose V[G] = 7¢ € 0, then 7¢ = 0§

for some 3 < a. Hence there is ¢ < p, ¢ € G that forces 7 = og. (]

The following result shows that we can compute the forcing relation for a forcing
Pe H, in Hy.

Lemma 1.3. If k is reqular and P € H,; then for any formula o(xq, ..., ), any p €
P and any names oy, ..., o, withp Ik og, ...,0, € Hy, there are names g, ..., 0y, € Hy
such that

(plF Hg E o(og,....on)) & (He EpIF @(d0,...,64)).

Proof. We assume that n = 0 and let 0 = 0g, 6 = &9. We prove the claim by
induction on the complexity of formulas. By Lemmas and we may set
¢ = 0. The induction step for A is trivial.

We begin with atomic formulas. Let p(z,y) = = € y, since we can write x = y
equivalently as Vz : z € x +> z € y and H, satisfies Extensionality. Obviously,
plF"Hy =2 ey’ iff plk & € 9. SoitsufficestoshowplFd ey < Hy Eplki ey.
We do an induction over the rank of : If rk(y) = 0, ¢ is (a name for) the empty set,
so both pl- & € ¢ and Hy, = p - & € ¢ are false. Now consider rk(y) > 0. Suppose
pl- & €y Then D;y, = {r|3(¢,q) €y:r <gArlki =2} is dense below p.
We can write Dy 4 as {r |3(2,q) € y:r <gAVa:(rlFaeci) e (rlFaez)}. So
we can apply the inductive hypothesis and obtain Df; = D; 4 and hence H,, =
“Dy 5 is dense below p”. Thus H, |=p IF & € §. The backwards direction follows
since the statement is Y.

Suppose that ¢ = —) and that the lemma holds for . For the backward
direction suppose H, = p Ik —p. If p I+ =(H, [ ), we are done. Otherwise
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there is some ¢ < p that forces H,, |= 1, which by the induction hypothesis yields
H, E qIF %, contradicting the assumption. The forward direction is similar.
Lastly assume ¢ = Jx1) and that the lemma holds for ¢. Then:

plk Hy = Jzp(z)
<3t e H,:plk H, E¢(i) (by Lemmas the max. principle)

< di € H, : He Eplky() (by induction hypothesis)
< Hy, =31 :pl-y()
< H, Eplk Jzy(x) (by the maximality principle).

O

Lemma 1.4. Suppose that k > wq is reqular. Let P,; be a countable support itera-
tion of length k such that all stages satisfy the k-cc. Then P, satisfies the k-cc.

Proof. Assume A = (p¢ | £ < k) is an antichain in P,. We may assume its indices
have uncountable cofinality. Let F(§) = min{a | supp(pe) N € C a}. Since P, has
countable supports, F is regressive. By Fodor’s Lemma, e.g., [?, Theorem 8.7], there
is a stationary S C x and v < x with F[S] = {v}. Construct {o; | i € S} =5 C S,
|S"| = K with V€ < ¢ € S” : supp(pe) C ¢ by recursion:

a; = min(S'\ (3211?(811pp(paj) Uaj))).

Note that if £ < ¢ € S, then supp(pe) C ¢ and supp(pc) N ¢ € v, therefore
supp(pe) N supp(p¢) < 7-

Since P, satisfies the s-cc, there are £ < ¢ € S" and 7’ € P, such that 7" < p¢ |
v,pc | v. Define a condition ¢ = (¢(a) | @ < k) € P, by:

(), a <7,
o(a) = § Pel@), @ =7 Mo € supp(pe),
pela),a >y Ao € supp(pe),

1, otherwise.

This is well-defined, since above vy the supports of p; and p¢ are disjoint. But
then ¢ < p¢ and g < p¢, i.e., A is no antichain, contradicting our assumption. O

The lemma is false for kK = wy, in fact the countable support iteration of the
forcing {p,q,1} with p L ¢ of length w is not c.c.c. Moreover, it is an exercise to
check that any countable support iteration of nonatomic forcings of length w is not
c.c.c.

Lemma 1.5. Suppose that ((Po)a<y, (Qa)a«y) is an iteration and o < y. There
is a Po-name Q such that P, is isomorphic to a dense subset of P, * Q.

Proof. Let p* =p | [a,7) for p € P,. Let Q = {p* | p € P,}. If G is P,-generic
over V, let f < g for f,g € Q if there is some p € G with pU f < pUg. Let Q
denote a P,-name for Q.

Let m: P, — Py Q, 7(p) = (p | a,p®). If p< g, then p | @ < ¢ | @ and hence
p<(pla)Ug* Sop !l alp, p* < ¢* and hence m(p) < w(q). Suppose that
m(p) < 7(q). If p £ ¢, then there is some r < p which is incompatible with ¢q. Then
rla<qglaandr | alp, Jse G]pas Ur® < sUgqg“ So there is some common
extension ¢t < (r [ @), s. Then t Ur®* < tUqg* < g. The first inequality holds since
t < s. The last inequality holds since t < r | « < ¢ | a. This contradicts the
assumption that r, ¢ are incompatible.

To show that the image of 7 is dense, suppose that (p, f) € P, * Q. There is
some ¢ < p and some f € Q with ¢ IF f = f. Then m(qU f) = (g, f) < (p, f) O
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Note that a weaker version of the lemma, where isomorphism to a dense subset
os replaced by the statement that the Boolean completions are equal, follows from
general facts about quotient forcing.

One can show that the P-name Q defined above is in fact a name for an iteration
(see Baumgartner’s paper on iterated forcing).

1.2. PFA.

Axiom 1.6 (Proper Forcing Axiom (PFA)). If (P, <) is a proper forcing notion and
D, |D| = Ny, is a collection of predense subsets of P, then there exists a D-generic
filter on P.

Definition 1.7. Let P be a forcing notion. A set C' C P is called centered iff each
finite set A C C is compatible. C' is directed iff for all a,b € C there is ¢ € C with
c<a,b.

Aziom 1.8 (Bounded Fragments of PFA). Let A be a cardinal.

(i) PFA) is the following axiom: Let (P, <) be a proper preordered set and D,
|D| = Ny be collection of predense subsets of P such that for all D € D,
|D| < A. Then there exists a D-generic centered set on P.

(ii) PFA% is the following axiom: Let (IP,<) be a proper Boolean algebra and
D, |D| = Ry be collection of predense subsets of P such that for all D € D,
|D| < A\. Then there exists a D-generic filter on P.

Lemma 1.9. Suppose that P is a Boolean algebra. If C C P is centered, then there
is a filter F 2 C.

Proof. Suppose that C' C P is centered. We show that C extends to a directed set,
since directed sets extend to filters by closing upwards. We inductively construct
w extensions of C. Let Cy = C and let Cp,y1 = C,, U{p-q| p,q € C}.

We show by induction that for each n € w, C), is centered. This holds for n =0
by the assumption. Suppose that this is true for n — 1 and let A C.,, C,,. For
each a € A we find some p,,q, € C,,_1 such that a = p, - po. If a € C,,_1 then
Pa = o = a. The set A" = {pa,qa | a € A} C C,,_; is still finite, so there is a lower
bound r of A’. In particular, for each a € A, r < pg,qa, 507 < Py - ¢o = a. Thus r
is a lower bound for A.

To see that C* = J,,.,, Cn 2 C is directed, let p,q € C¥. Then p,q € C,, for
some n, i.e. p-q € Cr41 C C¥. O

In fact, for the proof of the lemma, we have only used the existence of largest
lower bounds for all p,q € P.

Definition 1.10. (i) An elementary embedding j: V — M is called \-super-
compact if M transitive, M* C M, and \ < j(k) for k = crit(5).
(ii) A cardinal s is A-supercompact for some cardinal A > & if and only if there is
a A-supercompact embedding j with x = crit(5).
(iii) A cardinal & is called supercompact if it is A-supercompact for all A > k.

Supercompactness is very high in the large cardinal hierarchy. To see that su-
percompactness is expressible in the language of set theory, we need to express the
existence of a A-supercompact embedding j with crit(j) = x by the existence of a
normal filter on P, () (see Jech’s book). We will omit this here, but note that the
following results can be read as results about A-supercompact cardinals for fixed A,
where this problem does not appear.

Lemma 1.11. A cardinal k is measurable if and only if it is k-supercompact (see
e.g. Jech Lemma 17.9).
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Proof. Suppose that j: V. — wlt(V,U) is an ultrapower with a <x-complete ul-
trafilter on k. If [f,] € wlt(V,U) for o < k and [g] = &, let h: k = V, h(y) =
(fa(7))a<g(y)- We have a < h(y) for almost all v. Then h(y)(a) = fa(y) for
almost all 7. Hence [h] = (fo)a<n- O

Lemma 1.12. Let M be a transitive model with Ord C M, P € M a AT -cc forcing
notion, G some P-generic filter on M and \ a cardinal. In V[G], if V = M* C M
then M[G]» C M[G].

Proof. We work in V[G]. Let ¢ = (cq | @ < A) be a A-sequence such that for all
a < A, ¢ € M[G]. For each a < A, let ¢, be a P-name with % =c,. Let a be a
P-name with % = (¢, | @ < ). Choose a p € G with p I- Vo < X : a(a) € MF in
V.

Working in V, for each a@ < A, there is a maximal antichain A, below p such
that every ¢ € A, decides a(«), i.e., for some x € M, g IF a(a) = &. Define
o ={((,x),q) | @ < \,q € Aa,q IF a(a) = &}. Then p IF ¢ = a. Notice that
lo| < A, since for each a, |Ay| < A. Thus 0 € M.

in V[G] again, (¢, | @ < \) = a% = 0% € M[G]. We can compute ¢ = (¢, | @ <
A) = (ca% | @ < A) from (¢, | @ < A) and G. Hence by Replacement, ¢ € M[G]. O

Lemma 1.13. Let A be a cardinal and M> C M for some model M with Ord C M.
Then H/{\{r DO Hy+.

Proof. Let x € Hy+ and set a := |tc({z})| < A. Find a bijection f : [tc({z})| —
te({z}) with f(0) = 2. Now define a relation R on a® by aRB + f(a) € f(B).
Then, (a, R) has a transitive collapse in a> C \. By assumption M* C M, i.e.,
a?, R € M. We can reconstruct = from a? and R. O

Definition 1.14. Suppose that {P, | o < A} is a set of forcing notions. The lottery
sum of the P, is their disjoint union P with a new 1 such that 1 > p for all p € P,,
a < A

Lemma 1.15. Lottery sums of proper forcings are themselves proper.

Proof. Let P be the lottery sum of (Q, | @ < k). Let G be P-generic. Since
elements of G are pairwise compatible and if p,q € P, p € Qq, ¢ € Qg, v # 3, p,q
are incompatible, G C Q, U {1} for some a. A set D is clearly dense in P if and
only if DNQ, is dense in Q, for all & < k. Hence G is a Q,-generic filter for some
a, i.e., stationary sets are preserved between V and VI[G]. (]

We can now define a general scheme for the iterations which we will use.

Definition 1.16. Suppose that £ > A > w are cardinals. The minimal counterex-
ample iteration P, = PPFAx for PFA), of length & is the countable support iteration
of (P,, Qg | o <k, B < k), where P, and Q. are defined by induction: Let Q, be
a hereditarily minimal P,-name for the lottery sum of all proper counterexamples
to PFA) of minimal hereditary size smaller than k.

We will only consider iterations of inaccessible length k.
Lemma 1.17. If & is inaccessible and « < &, then |Py| < k.

Proof. This is shown by induction on a. If & = 0, then P, is a union of forcings of
hereditary size v < &, so P, € H,+. Therefore [P, | < |H7+| <27 < K.

If @« = B+1, then P forces that P, is a union of forcing notions with hereditary
size v < K, so exactly as above, 13 IF |Qq] < |H,y+‘ < 27. Now, since |Pg| < &,
there is some § > max{7, |Ps|}, § < &, i.e., 15 I 27 < 2° = (2°)V, by counting nice
names for subsets of §. Thus, since & is inaccessible, |P,| < 2° < k.
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Suppose that v < & is a limit and that for all & < v, |[P,| < k. Since & is regular,
there is some A such that for all & < v, A > |P,|. Notice that |Py| < I« |Pq], since
p— (p | @)a<ny is injective. Thus we conclude Iy« [Po| < Mqcrd =X <k, O

Moreover P, only depends on Hy, i.e. if M is transitive with H, C M, then
PM =P, by the following lemma.

Lemma 1.18. Suppose that k is inaccessible. Then there is forcing Q C Hy
definable in H,, which is isomorphic to Py.

Proof. The point is that if P is a forcing in H,, then it is proper if and only if
it is proper in H,. Using this, we will show that the definition of the sequence
(P, | o < k) is absolute between H,, and V, where the P, are the initial segments
of P,.

Let us give a recursive definition of the sequence. If v is a limit and we have
defined P, for a < «, then we can define P, as a countable support limit.

Now let a = 5+ 1 and suppose that Pg be defined. We can define 0(Q) =“Q is
a hereditarily minimal Pg-name for the lottery sum of all proper counterexamples
to PFA of minimal hereditary size”. Find such Q and let P, = Pg * Q. We now
need to show that ¢(Q) holds in V.

We argue that it is sufficient to see that V also believes that @ is a name for
a lottery sum of proper forcings. Note that Q is indeed a name for a lottery
sum consisting of forcings with hereditary size smaller x by Lemma All other
properties except properness in  are easily absolute between H, and V because
by Lemma [[.2] V[G] and H,[G] agree on the relevant witnesses.

We now deal with the properness of Q in a generic extension. We have assumed
that H, = "1z IF Q is a proper lottery sum”. By Theorem 1 IF ”H, =
Q is a proper lottery sum”. As in the proof of Lemma there is some regular
A < k such that 1g I 2l@l < \. Since properness of Q is absolute between H, and
H,, Q is a name for a proper forcing. O

Theorem 1.19. If k is A-supercompact, then PL¥A | forces that PFA holds for all
proper forcings P with 2F1 < X.

Proof. We follow Baumgartner’s argument (see Jechs book), but avoid the use of
Laver functions and instead work with lottery sums. The use of lottery sums in such
iterations is an idea of Joel Hamkins and has been extensively used by Hamkins
and Apter.

Let j: V — M be a A-supercompact embedding with crit(j) = &, A < j(k),
M?* C M. ethat G is P,-generic over V. We work in V[G]. Let P be a proper forcing
violating PFA with 2/PI < X of minimal hereditary size. Let D = {D, | o < ¥;}
witness this. We show that P € M[G] by Lemma [I.13]

Since |P,| < &, by Lemma [1.12]it remains to show that P, € M. Since M[G]* C
M][G] by Lemma P. € M is sufficient. Let p € P,. Since P, is a countable
support iteration, there is some 7 < & such that p(a) = 1 for all @ > ~. Since
J(y) =17, i)(a) = 1 for all @ > . Moreover p(a) = (p | ¥)(«) for all & < 7,
hence

J)(e) = j(p I 9)(e) = (p [ 7)(a) = p(a)
for all & <+. Thus j(p) =p~1"... 1, ie.,j(p) [ k=p€E M.

Claim (i). In M[G], P violates PFA, is of minimal hereditary size with that prop-
erty and P € Hjy).

Proof. We first claim that |tc(P)| = |P|. Otherwise, take a bijection f : P — a = |P
and define a relation <, on a by 8 <, v iff f=1(8) <p f~1(7). (a, <4) is a forcing
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notion equivalent to P but of smaller hereditary size tc(a) = «, contradicting the
assumption.

We now show that P is proper in M[G]. Let u = (|P|)". Since we now know
[tc(P)| = [P| < pu, P € H,. Choose a club C C [H,]* witnessing that IP is proper in
V[G]. Note that

Ol < |H,| <2 <2l <)

and therefore by Lemma C € M|G] and hence C witnesses that P is proper
in M[G].

Also, V[G] and M[G] have the same ¥;, since P, is proper (as a countable
support iteration of proper forcing notions). Hence, \D|M[G} = NiW[G]. For all
a <wi, Dy CP e M[G], |Da| < |P| < A, ie., D, € M[G]. Thus, since 8; < A,
D e M[G].

Furthermore, [TC(P)| < A < j(k), so P € Hj(,). Finally, if there were a heredi-
tary smaller counterexample in M[G], it would be in V[G] and be a counterexample
to PFA there, because M[G] is sufficiently closed to contain filters witnessing the
contrary and clubs witnessing properness. Hence this would contradict the heredi-
tarily minimality of P. O

In M, the forcing j(P,) is, by elementarity, a countable support iteration of
length j(k) > A and P, is an initial segment of j(P,), since crit(j) = & (i.e.
j I He =id while P, € H,, for all @ < ). By Lemmal[L.5 j(P,) is forcing equivalent
to an iteration (P * IP’) % Q where P% is the lottery sum of all counterexamples to
PFA in M|[G] of minimal hereditary size smaller j(k).

Let H be P-generic over V[G]. Note that there is a P%-generic H over M[G]
with M[G * H] = M[G * H]. Let I be QC*H _generic over V(G H].

We now work in V[(G % H)  I]. Consider:

i VI[G] —>M[(G*I~{)*I],

G) _ -(0_>(G*H)*I.

j (o J

Claim (ii). j* is well-defined and elementary and extends j.

Proof. To show that j* is well-defined, let o, 7 be P.-names with ¢¢ = 7. Then
there is p € G such that p IF o =7, i.e, j(p) IF j(o) = j(7). j(p) is an element of
(G« H)«1I: p= (pa | @ < k) with countable support, so there is some f < k with
py=1forally > B VI[GIEVy<B:p(y)=(p]B)(7), so

vy <j(B) :ip)(v) = G 1 8) (7).

Since j | H, =id, P, € H, and j(8) = 5, j(p)(v) = p(v) below § and 1
otherwise. Therefore j(p) =p~17..." 1€ (G* H) 1.

To show that j* is elementary, let ¢ = @(x) be a formula, ¢ a Py-name and
suppose V[G] E ¢(c%). Then there is some p € G with p IF (o), i.e., j(p) IF
©(j(0)). As above j(p) € (G * H) * I.

Moreover j* extends j, since j*(z) = j*(#%) = j(#)* =3 =x forz € V. O

Suppose that D is a family of size Ry of dense subsets of P in V[G]. As in (i),
D is a family of size Ny of dense subsets of P in M[G]. We show that there is a
(7*(P), 5*(D))-generic filter in M[(G * H) % I]. Notice that j* | P € M|G], since
IP| < A\. H C P and therefore by Replacement j*[H] € M[(G % H) x I].

Since j*(w1) = w1, j*(D) = {j*(D) | D € D}. Since H is P-generic in V[G], it
intersects every D € D. Thus for every D € D there is some xp € H such that
V|G] E zp € D, so by elementarity, M[(G « H) x I| = j*(xp) € j*(D).
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Therefore the filter on j*(P) generated by j*[H] in M[(G'* H)+I] intersects every
D € j*(D). Hence, by elementarity, there is a filter on P in V[G] which intersects
every D € D. (|

The classical result follows immediately.

Corollary 1.20. If k is a supercompact cardinal, then P, forces PFA, hence PFA
is consistent relative to the existence of a supercompact cardinal.

1.3. BPFA.

Definition 1.21. BPFA is defined as the axiom PFA,,, i.e. it states that for any
proper preordered set (P, <) and D, |D| = X; a collection of predense subsets of P
such that for all D € D, |D| < A, there exists a D-generic centered set on P.

There is a third (and possibly stronger) version of BPFA, besides PFA,, and
PFA7, , which asks for the existence of a filter in a partial order. We don’t know
whether the three versions can be separated.

Definition 1.22. A cardinal k is reflecting if and only if it is regular and for any
formula ¢ and any a € H,, if there is a cardinal 6 > k with Hs = ¢(a), then there
is some cardinal v < x with a € H, and H, = ¢(a).

Remark 1.23. By adding any cardinal o < k as a parameter to ¢, we can make the
~ provided by the reflecting property as large as we require.

Definition 1.24. A cardinal x is a Mahlo cardinal if the set of inaccessible cardinals
© < kK is stationary in .

Lemma 1.25. Suppose that there is a Mahlo cardinal. Then there is a model of
ZFC with a reflecting cardinal.

Proof. We claim that for s is inaccessible, the set {a < Kk | Vo < V,} is club in
k. To show unboundedness, let @ < k be arbitrary and define a sequence (a)new

by induction. Let ay = «a. Let ap+1 > «, such that for all formulas ¢ and all
y € Vo, if Vi |= zp(x, ), then there is € V,,, ., such that V,, = ¢(Z,7). Since

k is inaccessible, |V, | < k, hence there are less than k many such Z, so ap41 < K.
Let v = sup,,, &n > a. Then V, < V.. by the Tarski-Vaught criterion. Closure
is trivial, since if V,, < Vi, n < w, then again by Tarski-Vaught, {J,,_,, V5, < V.
Now let p be Mahlo. In V), there is a club C' C p such that V,, < V,, for all
a € C. Let k € C be inaccessible. Then V), models that & is reflecting: If a € H,,
deV,and V, ="Hs = p(a)”, then V,, =36 : "V; |= ¢(a)”. By elementarity, so
does k. d

Reflecting cardinals are indeed large.
Lemma 1.26. If s is a reflecting cardinal, then k is inaccessible.

Proof. Suppose that there is some § < & with 2° > x. Then 6 € H, and we may
reflect “2% exists”. So, there is some v < r such that H, & “2° exists”. But
20 ¢ H.,, contradicting the assumption. O

Lemma 1.27. A regular cardinal k > w is reflecting if and only if it is Xg-correct,
i.e. V, <35, V.

Proof. Suppose that k reflecting, a € Hy, and ¢ is a 3o formula with ¢(a). Then
there is a cardinal v < k with a € H, and H, F ¢(a). We have H, <5, V by
Lowenheim-Skolem. Since ¢ is Xg, this implies Vj F ¢(a).

The other direction holds since the statement ” Hs E ¢(a)” is Xs. O

The next result shows that reflecting cardinals are indestructible by small forcing.
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Lemma 1.28. Let P € H,.. If k is reflecting, then 1p IF 7k is reflecting”.
Proof. Let P € H,. Let ¢ be a formula with
Iplk"ae H, A3 >k Hs = p(a)”.

We may assume that ¢ € H,, by Lemma By Theorem Hs | 1p Ik o(a).
Since & is reflecting, there is v < & such that P,a € H, and Hy = 1p IF p(a). So
by Lemma[L.3} 1p I+ Hy | ¢(a).

Since IP € H,, x remains a regular cardinal. Thus & is reflecting in any IP-generic
extension. (]

Lemma 1.29. If § is a limit ordinal, P is a countable support forcing iteration of
length 6, G is P-generic, v < cof (§)V1¢, cof (6)VIC] > wy, and X € P(y)VIE], then
there is an ordinal o < § such that X € V[G,], where G, ={p | a | p € G}.

Proof. Let X be a P-name for X. For each v < v we choose a p, € G which decides
& € X. Since the supports are countable and v < cf(4), n := sup(Ua<7 supp(pa)) <

5. Now X ={a<n|IpeqG,:p°1".. " 1lFac X} e V|G, O

The lemma is false if we weaken the assumption v < cf(6)VI¢l to v < cf(9)";
this can be seen by collapsing wy in the first step.

We can now define the notion of special counterexamples. Note that a special
counterexample no longer contains an actual (potentially large) notion of forcing.
For convenience, we include minimality in the definition.

Definition 1.30. Let A > w be a cardinal. We call a triple (D, D*, <*) a special
counterexample to PFA) if there is a proper forcing Q such that

i. (Q,<) is a hereditarily minimal counterexample to PFA},
ii. UD C D* CQ,
iii. [D*| <A, |D| <Ry,
iv. all A € D are predense in Q,
v. if A C.,, D* is compatible w.r.t. Q, there is a € D*, a < A,
vi. <*=<J D*, and
vii. there is no generic centered set G C Q with GN A # () for all A € D.
Since the order <* is clear from the context in all cases, we implicitly include
<* in D* and consider special counterexamples as tuples (D, D*).
Let us write ['*(D, D*) if (D, D*) is a special counterexample to PFAy. We will
write T(D, D*,Q) if T*(D, D*) and Q witnesses this.

The following lemma shows why this is the crucial notion for the treatment of
bounded fragments of PFA.

Lemma 1.31. Let A > w, (D, D*,<*) be a special counterexample to PFA and
let P and Q be forcing motions satisfying ii.-vi. in the definition of special coun-
terexamples. Let G be a filter on P. Then G N D* is centered in Q.

Proof. We show that ¢ = D* N G is centered with respect to <* in the partial
order D*. Then g is also centered with respect to Q by the definition of special
counterexamples. Let A C g be finite. Because G is a filter, there is » € G that is a
lower bound for A. Note that it is not clear that » € D*. But by v., there is some
such lower bound in D*. 0

On the other hand, we need to know that we can always find a special coun-
terexample if we have a counterexample Q.

Lemma 1.32. Let A > w. IfQ is a counterexample to PFA ), then there are D, D*
satisfying ii.-vii. in the definition of special counterexamples to PFA . In particu-
lar, if Q is some hereditarily minimal counterezample to PFAy, then TA(D, D*, Q).
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Proof. Let Q be a counterexample to PFA) and let D be a set of predense sets of
Q witnessing this. For each compatible A C., Q, choose 74 € Q such that r, < A.

Let Do = JD. If D, is defined, let D, y1 = {ra | A C<. D,, compatible}. Set
D* = U, e Dn- This process adds at most A conditions each step, so |D*| < .
Also, if A C.,, D* is compatible w.r.t. Q, there is some n € w with A C., D, so
ra € D*. U

Furthermore, reflecting cardinals provide small witnesses to special counterex-
amples to BPFA. Combined with the previous result this will be the crucial step in
our main argument.

Lemma 1.33. Let k be reflecting. If there is a special counterexample D, D* to
BPFA, D, D* € H,;, , then there is a forcing Q witnessing this in H,.

Proof. Suppose there are D, D* € H,. with ™ (D, D*). There is a cardinal § such
that

Hs =" (D,D*), 3A:3Q € Hy : T™ (D, D*,Q), 2" exists”.
Since k is reflecting, there is v < k such that

H, |="T™(D,D*),3X:3Q € Hy : T (D, D*,Q), 2" exists”.

Choose such Q and )\, ie., H, | "Q € H,, 2" exists, ™ (D, D*,Q)”, and Q
is really proper, since properness of Q is absolute between H., and V. All other
properties of “special counterexample to BPFA” are obviously absolute. O

Now we can show the main result in this section.

Theorem 1.34. If k is reflecting, then the minimal counterexample iteration for
BPFA, PBFFA | forces BPFA.

Proof. Suppose not. Let p be some condition that forces T™ # (). Let G be
P-generic over V, p € G and live in V[G]. Take witnesses (viz., a special counterex-
ample to BPFA) D, D* for '™, Note that w{ = wY[G] since Py, is proper. Also P,
does not collapse «.

Since D, D* are of size at most wy, we can code them by subsets of w;. By Lemma
there is some o < k with D, D* € V[G,], where G, = {¢ | o | ¢ € G}. Since
G is P,-generic and P, € H, by the construction of P., by Lemma [1.28] & is
reflecting in V[G,]. Now work in V[G,].

Because P, is a countable support iteration, there is some ¢ € HY C H, such
that p = ¢"1%. The statement 3\ : ¢"1* IFp, TN1(D, D*) holds (take A\ = &)
and its parameters are in H,. So, since k is reflecting, there are v < § < k with
Hs = q" 17 Ikp, T® (D, D*), and since this is ¥o, ¢"17 IFp, T (D, D*) is true.

The forcing P., has hereditary size smaller x, thus ¢"17 also forces that & is
reflecting, thus it forces that there is a witness Q to I'™ (D, D*) with hereditary
size smaller £ by Lemmal[l.33] We may assume Q has minimal hereditary size; then
there is some r < ¢~ 1% = p choosing that Q from the lottery sum in the -th step.

Hence forcing with r adjoins a Q-generic filter h, so h € V[G] for each generic
G with » € G. Then h intersects each A € D and is a filter on D*. Thus by the
construction of D*, hN D* extends to a centered set on any witness to (D, D*).
Hence r forces =I'™t (D, D*) contradicting the assumption that p IF T®*(D, D*). O

2. SOLOVAY’S MODEL

Theorem 2.1. (Solovay) Suppose that k is inaccessible. Suppose that G is Col(w, k)-
generic over V- and M = HOD(*~Ord)VI®l. Then in M, every set A C R is
Lebesgue measurable.
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3. SINGULARIZING CARDINALS

In order to construct models with interesting cardinal arithmetic, the question
arises how to make an uncountable regular cardinal x singular without collapsing
any cardinals < k. The first interesting problem is to singularize wo with cofinality
w without collapsing wy. This is achieved by Namba forcing. As we will see with the
use of the covering lemma for K (without proof), there is no analogue for k > ws to
Namba forcing, unless we work with measurable cardinals. If x is measurable, then
we can singularize £ with cofinality w without collapsing any cardinals below k.
We will later see an application of Prikry forcing to force the failure of the singular
cardinal hypothesis.

3.1. Namba forcing. Namba forcing is an analogue of Sacks forcing for trees of
width we. Namba forcing is to Col(w,ws) as Sacks forcing to Cohen forcing, in each
case functions are replaced with trees.

Definition 3.1. (perfect trees) Suppose that & is a cardinal.

(i) T C <“k is a tree if T is closed under initial segments.

(i) Let tp:=U{s e T |Vt €T (s CtVtCs)} denote the trunk of T.
(i) fseT,let T/s:={t €T |sCtVtCs}.

(iv) T is k-perfect if every s € T ha k many extensions ¢t D s in T

Definition 3.2. (Cantor-Bendixson derivative) Suppose that T C <“ws is a tree.
(i) Let T" := {s € T | s has > ws many extensions ¢t D s in T'}.
(ii) Let Ty =T, Tasy = T2, Tn = Uy oy To for limits A < ws.

(iil) Let 97 := min{a < w3 | To = Tot1}-

(iv) Let rp(s) := min{a < w3 | s ¢ T, } when this exists.

Definition 3.3. (Namba forcing) Let N denote the set of wso-perfect trees T C
<Wws. Let S<TifSCT.

Lemma 3.4. Suppose that G is N-generic over V. Letfg := Upcgtr. Then
fa:w— wY is cofinal.

Proof. Let D,, := {T € N | sup(range(tr)) > a} for @ < ws. Then D,, is dense for
every a < wa, since every T' € N is wy-perfect. O

Theorem 3.5. Suppose that CH holds and that G is N-generic over V. Then
wy = wY[G] and cof (wy )VIE = w.

Proof. Suppose that T I f: w — 2. We construct (T})e<w, such that
(i) Ty =T,
(i) if s C ¢, then T} C T,
(iii) if |s| = n, then Ty decides f | n,
(iv) for each n, (t1,)scwp are pairwise incomparable.
Suppose that T is defined for s € w¥. Let t O s and I C wo, |I| = wy with t7i € T
for all i € I. Let Ty~; < T/(t™4) decide f(n).

Let (f [n)®:=sif SIF (f | n) =5, and otherwise undefined, for S € N.

It 7 €27 let T(i) == U{Ts | s € “ws, (f | n)T> =i}
If v €92, let T(x) :=),,c, T(x [ n).

new

—

Claim 3.6. T(i) IF (f [ n) =1 for all i € 2".

-

Proof. Suppose that S < T(i). There is S’ < S such that S’ decides (f | n) and
ts: D tr, for some s € w§ with (f | n)™ =4i. Then 8’ C Ty. So S’ IF (f [ n) =
i. O

May 6
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Claim 3.7. There is some x € “2 such that T'(z) has an wq-perfect subtree.

Proof. Suppose not. Then for all z € “2, 7p(,): T(x) — w3 is a function with

(i) TT(z) (t) < TT(I)(S) if s Ct.

(ii) for every s € T'(x), there are < w; many ¢ 2 s with 77 (s) = () (1)
We construct so C s1 C ..., s, € wg. Suppose that s, is defined. Since 2% = wy,
there is some a < wy such that rp)(tr . ) < rpe)(tr,, ), for all z € “2 with
tT‘A 7thn) S T(l‘) Let Sp41 = S;L\Oé.

Let 2(n) =i if Ty, ., |- f(n) = .

Subclaim 3.8. tr, € T(z) for all n € w.

Proof. We have T, ., C T(x | n), since (f I n)Tn+1 = 2 | n. So for m > n,
tr,, Ctr,, €T(x[m). O

Then 77 (tr,,) > 1) (t,,) > 7@ (tr.,) > ... is a strictly decreasing se-
quence of ordinals. O

Hence T(z) < T decides f(n) for all n. Hence N does not add new reals, so

wy = wY[G]. O

Problem 3.9. Show that Namba forcing is not proper.
Definition 3.10. An inner model is a transitive model M of ZFC with Ord C M.

Fact 3.11. (Dodd-Jensen) There is a formula ¢k () such that K = {z | px () is
an inner model and
(i) K F GCH.
(i) KX = K.
(iii) KY€l = KV for any generic extension V[G] of V, is. for all 2 € V[G],
VIG|F pi(z) if and only if £ € VAV E pg(z).

Fact 3.12. (Dodd-Jensen covering lemma) Suppose that there is no inner model
with a measurable cardinal. For every set X C Ord, there is a set Y C Ord in K
with | X| < |Y| 4 w;.

Remark 3.13. In any N-generic extension V[G] of V, there is a set X C Ord such
that there is no set Y C Ord in V with | X|VI¢] = |y |VIC],

Proof. Let X = range(fg). Then X C w) is cofinal and |X|VI[¢] = w. Suppose
that Y € V, Y D X, |Y|VI¢] = | X|VIE = w. Since Y C wY is cofinal, there is some
a<wy with [Y NalV =w! = wY[G]. So |[Y|VIEl > wY[G]. O

Remark 3.14. Suppose that there is no inner model with a measurable cardinal.
(i) Suppose that k > ws is a cardinal. There is no generic extension V[G] of V
with the same cardinals < & ant cof((x*)V)VI¢] < k.
(ii) Suppose that £ > w is a regular limit cardinal. There is no generic extension
V[G] of V with the same cardinals < & and cof (x)V1¢] < k.

Proof. (i) Suppose that C' C (k)Y is cofinal, C € V[G], otp(C) < k. There is
some D D C, D € KVI€) = KV C V with |D|V[E = |C|VIE] + V¢ < & by the
covering lemma. But |D|V = (k%)Y so x and ™ are collapsed.

(ii) Suppose that C' C k is cofinal, C' € V[G], otp(C) < k. There is some D D C,

D ¢ KVI¢l = KV C V with |D|VI¢l = |C|VIC] +wY[G] < k by the covering lemma.
But |D|Y = k, so & is collapsed. O
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May 7 3.2. Prikry forcing. Before we define Prikry forcing, let us first review a few
results on measurable cardinals.

Definition 3.15. Suppose that K < w is a cardinal.

(1) An ultrafilter U on « is < k-complete if (), Xo € U for all X, € U, v < k.
(ii) & is measurable if there is a < k-complete nonprincipal ultrafilter on .
(iii) An ultrafilter U on & is normal if U is nonprincipal and

N\ Xa={B<r|Be ) Xa}eU

a<k a<pf

for all (X4 )a<x with X, € U for all a < k.

Lemma 3.16. Suppose that k > w is reqular. A nonprincipal ultrafilter U on k is
normal if every regressive f: Kk — k is constant on a set in U.

Proof. Suppose that f: k — & is regressive. Let X, = &\ f~'({a}). Suppose that
X,eUforalla < k. Then A,_, Xo €U. Let B € Ay, Xa. Then 3 ¢ f~1({a})
for all a < .

Let f(8) = min{a < 5| B ¢ X,} when this exists, and f(8) = 0 otherwise.
Then

a<k

“({a}) = (k\ Xo) \ (a +1)
for a > 1, and
{0} = (A Xa) U () Xo) \ D).

Since f is constant on a set in U, this implies A, _, Xo € U. O

Lemma 3.17. If k is measurable, then there is a normal ultrafilter on .

Proof. Suppose that U is a nonprincipal < k-complete ultrafilter on . Let Ulty (V) =
{11 fem = VE[fl =g if fa < k| fla) = gla)} € U, [f] € [g] if
{a< k]| fla) egla)} €.

Then j: V — Ulty(V), j(x) = [ca], ¢z: kK = K, ¢z(a) = z, is elementary by Los’
theorem.

Claim 3.18. Ulty (V) is wellfounded.

Proof. Suppose that [fo] 3 [f1] 2 ... Let X, = {a < s | fula) > fur1(a@)} € U.
Let a € (), ., Xn. Then fo(a) 3 fi(a) > ... O

new

Let X e U’ if X C k and k € j(X). Then U’ is a nonprincipal ultrafilter on .
If Xo € U’ for all & < &, then k € j(X4) for o < k. So s € j(A, -, Xa) and hence
Ao<.. Xa) € U'. Therefore U’ is a normal ultrafilter on &, as required. (]

Lemma 3.19. Suppose that U is a normal ultrafilter on k and F: [K]<" — p < k.
Then there is a set H € U such that F | [H]™ is constant for all n € w.

Proof. We prove that for each n € w, there is a set H € U such that F | [H]" is
constant. This is clear for n = 1.

For a < k, let Fy: [k \ {a}]” = p, Fo(x) = F(z U {a}). By the inductiion
hypothesis, there are X, € U for o < & such that F,, | [X,]™ is constant with value
Lo < ph.

There is some v < p and H C X, H € U with p, = v for all « € H. Then
X :=Aoc. Xa€U.

Ifap < a1 < ...<ay, arein X, then {a, ..., an} € [Xo,]", so F({ag,...,an}) =
Foo({a1,..yan}) = flay- Then F(z) = v for all z € [H]" 1. O
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Definition 3.20. (Prikry forcing) Suppose that « is measurable and U is a normal
ultrafilter on x. Let Py denote the set of pairs (s, A) with s € [k]<¥ and A € U.
Let (s, A) < (¢, B) if ¢ is an initial segment of s and AU (s\t) C B. But s,t € [B]"
and B is homogeneous.

Lemma 3.21. Py satisfies the kT -c.c.

Proof. Suppose that A C Py is an antichain with |A| = ™. Then there are
(s,A),(t,B) € A with s = ¢. Then (s,AN B) < (s, A), (t, B), contradicting the
assumption. O

Lemma 3.22. Suppose that G is Py-generic. Let x = |J{s | A (s, A) € G}. Then
x C Kk is cofinal and otp(z) = w.

Proof. If a < k, then D, = {(s, A) € Py | max(range(s)) > a} is dense in Py. So
x C k is cofinal.

Suppose that otp(x) > w. Then there are (s, A),(t,B) € G with max(s) <
max(t), s Z t. Then (s, A), (¢, B) are incompatible. O

Lemma 3.23. (Prikry lemma) Suppose that (s, A) € Py and ¢ is a formula. There
is some B C A, B € U such that (s, B) decides .

Proof. Let § = max(s) + 1. Let
So={te[rk\d<¥|3X €U (t,X) IF ¢}
S1 = {t S [H\(5]<w | X eU (t,X) I ﬁgo}
Sy = [KJ \ 5}<w \ (SO U Sl)
By the previous lemma, [B]" C S; for some i < 2.
Suppose that (s, B) does not decide ¢. Then there are t,u € [B]<¥, X, Y C B

with (sUt,X) IF ¢ and (sUw,Y) IF —¢. We can assume that |t| = |u| = n. This
contradicts the assumption that B is homogeneous. O

Lemma 3.24. Py does not add bounded subsets of k.

Proof. Suppose that f is a name for a function f: @ — Ord with p < k below a
condition (s, A). There is a decreasing sequence (An)new in U with Ag C A and
such that (s, A,) decides f(n). Let B =), An. Then (s, B) decides all values
of f. O

Lemma 3.25. Suppose that M is a countable transitive model of ZFC, k is mea-
surable in M, and U is a normal measure on k in M. Then for any set X C k of
order type w, X = J{s | 3A (s, A) € G} for some PM -generic filter G over M if
and only if for every A € U, X \ A is finite.

Proof. Suppose that G is Py-generic over M and X = [J{s | 3A (s,A) € G}.
Suppose that A € U. Then for every (s, B), (s, AN B) forces that every a € X
above max(s) is in A. So X \ A is finite.

Suppose that X C « has order type w and that X \ A is finite for all A € U. We
claim that

G ={(s,A) € Py | s is an initial segment of X and X \ s C A}

is Py-generic over M.

Suppose that D C Py, D € M is dense open. For s € [k]<¥, let Fy: [k]<¥ — 2
with Fs(t) = 1 if and only if max(s) < min(t) and 3X(s Ut, X) € D. Suppose
that A; € U is homogeneous for Fy. If there is an Y such that (s,Y) € D, let
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Bs; = A;NY. Let By = A, otherwise. Let B, := [({Bs | s € [k]<“, max(s) = a}
Let
A= A Bi={B<k|Be ()| Bs=/\Bacrel.
s€[r]<w max(s)<f @

Since D is open dense, we have the following for all s € [k]<¥.
Claim 3.26. If 3Y (s,Y) € D, then (s,A\ s) € D.

X has an initial segment s such that X \ s C A.

Since D is dense, there is some ¢ € [B\ s|<¥ and Y with (sU#Y) € D. Let
u C X \ s be such that |u| = |¢t|. Since A\ s C A; is homogeneous for Fy, there is
some Z with (sUu, Z) € D.

Then (s Uu, A\ (sUw)) € D by Claim Since (sUu, A\ (sUu)) € G,
GND#Q. O

4. INDESTRUCTIBILITY

Large cardinals are useful in many forcing constructions, as we have seen for
instance in the iteration for PFA. It is often useful to know that large cardinal
properties are preserved under certain forcings. For example, most large cardinals
K are preserved under forcings of size < k. For forcings of size > k, x could be
collapsed, so we can only consider forcings which meet additional requirements. By
a result of Laver, any supercompact cardinal x can be made indestructible under
< k-directed closed forcing. To prove this, we will first characterize supercompact
cardinals by the existence of normal measures on P, (A). We will also need some
lemmas on how to factor an iterated forcing into an initial segment of the origi-
nal iteration and a name for an iteration, with similar properties as the original
iteration.

4.1. Supercompact cardinals and filters on P, ().

Definition 4.1. Suppose that £ < A are cardinals.
(1) Let P.(\) ={AC | |A] < &}
(2) An ultrafilter on P, () is fine if £ = {y € P.(\) | « C y} € U for all
x € P.(N).
(3) An ultrafilter on P.(\) is normal if it is fine and for every (regressive)
function f: P,(A) — X\ with f(z) € x for almost all z, f is constant on a
set in the filter.

Lemma 4.2. Suppose that U is a normal ultrafilter on Pi(\) and that jy is the
ultrapower.

(1) For all X € P;(\), X € U if and only if [id] € j(X).
(2) lid] = j[A].

Proof. If v < A, then « € x for almost all € P, () and hence j(v) € [id].
Suppose that [f] € [id]. Then f(z) € x for almost all z. Since U is normal, there
is some «y < A such that [f] = j(v). O

Lemma 4.3. A cardinal k is A-supercompact for X > & if and only if there is a
normal filter on Pq()\).

Proof. Suppose that U is a normal ultrafilter on P, (A) and jy: V — Ulty(V) is
the ultrapower. We claim that j is A-supercompact.

Since Ulty (V) is wellfounded, we can assume that it is transitive. Since U is
< k-complete, j [ K = id. We have j(k) > [id] > k.

May 13
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Let M = Ulty (V). We claim that M» C M. Suppose that (a4 )a< is a sequence
with aq = [fo] € M for all a < k. It is sufficient to show that {a, | @ < K} € M.
Let f: Ps(A) =V, f(z) = {fa(z) | @ € z}.

Claim 4.4. [f] = {aa | o < A}

Proof. If oo < A, then « € z for almost all z, so [f,] € [f].
If [g] € [f], then for almost all =, g(x) = f,(x) for some « € 2. Since U is normal,
there is some a < A such that g(r) = fu(z) for almost all z. Hence [g] = ao. O

Now suppose that j: V — M is A-supercompact. Let X € U if X C P,(\) and
JIA] € 5(X).

It is straightforward that U is < k-complete.

U is fine since for every a < \, {x |a € z} € U.

To see that U is normal, suppose that f: P;(A) — X is regressive. Then
GG € 41N Hence (5(f)(GIN]) = j(a) for some o < A, so f(z) = « for
almost all x. (]

Corollary 4.5. There is a first order formula ¢ such that ¢(k) holds if and only
if K is supercompact.

Corollary 4.6. Suppose that Kk < A are cardinals and k is A\-supercompact. Then
there is a A-supercompact embedding j: V- — M with crit(j) = & and |(27¢)M |V <
20"V,

Proof. Suppose that U is a normal ultrafilter on P.(\) and jy is the ultrapower.
The elements of P(j(x))V*v(V) are represented by functions f: P.(A) — P(k).
There are ((2%)*~")V = 23"V many such functions. O

4.2. Indestructibility under < x-directed closed forcing.

Definition 4.7. Suppose that « is a cardinal. A forcing P is < k-directed closed
if for every directed set A C P with |A| < &, there is some p € P with p < ¢ for all
q € A.

Lemma 4.8. Suppose that k > w is reqular. If P is < r-directed closed and I-p Q
is < k-directed closed, then P x Q is < k-directed closed.

Proof. Suppose that D C P % Q is < s-directed closed. Then E := {p € P | 34 |
(p,q) € D} is < k-directed closed. Suppose that py € P with py < p for all p € E.
Let F:={¢|3p| (p,q4) € D}. Then p, forces that F is < k-directed closed. There
is a name ¢o such that po forces that gy < ¢ for all ¢ € E. Then (po, 4o) < (p,q) for
all (p,q) € D. O

Lemma 4.9. Suppose that k,n > w are reqular cardinals. Suppose that (Pa,Qg) \
a <k, B <K)is a forcing iteration such that

(i) IFp, Qo is < n-directed closed for all o < k and
(i) all limits are direct or inverse, and inverse limits are taken at every limit
stage with cofinality less than 7).

Then Py, is < n-directed closed.
Proof. As in the previous proof. O

Lemma 4.10. Suppose that k is inaccessible and Py is a forcing iteration of length
K such that

(i) IFp, Qo € Vi for all a < ,

(i) a direct limit is taken at k, and

(i) a direct limit is taken at a stationary set of limit stages below k.
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Then Py, satisfies the k-c.c.

Proof. Suppose that A = {p, | @ < k} is an antichain in P, of size k. Let f: kK — &,
f(a) = sup(supp(pa))-

Then f is regressive on a stationary subset of k. Then there is a stationary set
S C k and v < & such that f(a) =« foralla € S.

We can assume that for all « < 8 in S, supp(p,) C B, by thinning out S.

Since P, satisfies the x-c.c., there are v < 3 in S such that p, [ v and pg [ v
are compatible. Then p,,ps are compatible. O

Definition 4.11. Suppose that P is a forcing. Let ()p = () denote the canonical
function which maps P-names o, 7 to a P-name for the pair (o, 7).

Lemma 4.12. Suppose that (P * Q) *R is a 3-step iteration and n is a reqular
cardinal. Then there is a P-name S for a 2-step iteration Q « R such that
(i) There is an isomorphism m: (P + Q) * R — P xS,
(ii) If 1p IF Q is < n-directed closed and 1 IF R is < n-directed closed, then
Ip Ik (1 IF R is < n-directed closed).

]P’*Q

Proof. We define maps &, € which convert a P+ Q-name into a P-name for a Q-name
and conversely. By induction in rk(7) let

&(r) ={({&(0),d).,p) | (o, (p, @) € 7}

. &(r) = {(&(0), (0,4) | ({0,4),p) € T}.
Let R := £(R).
Claim 4.13. € = £, Suppose that 7 is a P-name, G x H is P * Q-generic over V.
Then 7¢*H = (¢(7)9)H.
Proof. By induction on rk(7), z € 7" < 3(p,q) € Gx H (o, (p,§)) € 7, 0F*H =
x e Ip eI =qn((£0),d),p) LN E@NT =z sz e ((r)9)". O
Claim 4.14. Suppose that 7 is a P-name for a Q-name and G x H is P x Q-generic
over V. Then (79)H = (7)1,
Proof. £(7)%H = (£(&£(7)9)H = (19)H by the previous claim. O
Claim 4.15. If 7 is a full P+ Q-name, then Ip £(7) is a full Q-name.
Proof. Suppose that Ibp (I & € £(7)). Let 0 = £(5). Then Fpog 0 € EE(r)) =T
There is v € dom(7) with IFp, 4 0 =v. Let 7 = {(v).

Then Ikp (b (o) = £(£(7)) = & = £(v) = ) by a claim above.

To see that IFp 7 € dom(£(7)), note that v € dom(7) and &(7) = {({£(0),4¢),p) |
(u, (pq)) € T}. For p=v, &(u) = £(v) = v. This implies the claim. O

Let S denote a P-name for Q * R. Let 7: (Px Q) * R — P xS, n((p,q),7) =
(p, (@, €(7)).
Claim 4.16. For all a,b € (P* Q) R, a < b if and only if £(a) < £(b).
Proof. By induction on rk(p), 7k(q). Let ((p,q),7) < ((u,0),w) < G* H Px Q-
gener_ic over V below (p,q), FOH < p@H o for all P-generic G below p over V
and Q-generic H below ¢ over V[G], (£(1)%)" < (@) & (5, (4,£(")) <
(1, (0,€()))- O

Claim 4.17. For all a,b € P xS, a < b if and only if £(a) < £(b).

May 14
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Proof. a = £(£(a)) < b = £(&(b)) if and only if £(a) < &£(b) by the previous
claim. 0

Claim 4.18. Suppose that n is a cardainl. If IFp Qis < n-directed closed and H—P*Q R
is < n-directed closed, then IFp (Il—@ R is < n-directed closed.

Proof. By a lemma above. O

O

Lemma 4.19. Suppose that (Pa,(@a)ang is an iteration of separative forcings
such that Pg is a direct limit for f € D, and an inverse limit for f € I, where
vy+d=DUI.

Suppose that y+a € D, i.e. Pyiq is a direct limit, for every limit ordinal oo < §
with cof(a) < |P,|. Suppose that 1 is reqular and inverse limits are taken at every
limit of cofinalty < n.

Then there is a P, -name for an iteration (P(oj), ' (07))065 with the following prop-

erties.

(i) for each oo < 6, there is an isomorphism w7V : Py o — P, * ]I.D((J).

(ii) 1p, forces that ) s a direct limit if v+« € D, and an inverse limit if
y+ael.

(iil) If 1p, IF Qu is < n-directed closed for all & < v + &, then 1p,, forces that
1P(7a> I ”an)” is < n-directed closed for all o < 6.

Proof. In the successor step, we need to construct 77:>+1: Priay1 — Py Pgﬁl.

Note that Py g 2 Pyyo * Qyrn = (P, * ]P’(O:Y)) * Qyta-

By the previous lemma, there are a P.-name Q" for a P”-name, a P,-name $
for IEDE]) *QQ)7 and an isomorphism (P *]I.”((])) * Qﬁﬁa - P, #S. This yields 77+,

In limit steps A, we define If”g?) as a P,-name for the inverse or direct limit of
(IP’((]))Q<X Let 772 Py — Py x IP’E\“’), 77VA(p) = (p | ) * p7, where p? is a name
for (77 (p)1)a<a-

In the inverse limit case, it follows by induction that 77 is an isomorphism.
In the direct limit case, suppose that p € P4\ and sup(supp(p)) = 0. Then
p [y lFp, sup(supp(77*(p)1)) < 6. So 7 is well-defined. To see that w7

is an isomorphism, suppose that (p,§) € P, * ]I.”E\'Y). Then by definition of ]P’(;),
p ke, sup(supp(q)) < A. Since |P,| < cof()) by our assumption, there is some
d < A such that p ke sup(supp(q) < 0. O

Definition 4.20. A forcing iteration has Faston support if direct limits are taken
at all regular limit cardinals and inverse limits are taken at singular limit ordinals.

Definition 4.21. (1) (Q, 9, k) is a counterexample if
(i) Qis a < k-directed closed forcing,
(ii) k is ¥-supercompact, and
(iii) 1lFg “k is not Y-supercompact”.
(2) (Q,9,k) is a minimal counterexample if (J,7n) is lexicographically least such
that (Q, ¥, k) is a counterexample and |tc(Q)| = 7.

Definition 4.22. We define an Easton support iteration (Pa,Qa)a<H and a se-
quence (Ja,Na)a<x as follows. Suppose that P, is defined and that ¥,,7n, are
defined for all a < 7.

(i) If v < ¥a,na for all a < v, let Q'y denote a Py-name for the lottery sum of all

forcings Q with [tc(Q| < & such that (Q,,~) is a minimal counterexample
for some ¥ < k. Let ¥, =9, ny := [tc(Q)]| for such ¥, Q.
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(i) Let Q, denote a P,-name for the trivial forcing {1} otherwise.

Theorem 4.23. (Laver) Suppose that k is supercompact and that G is P -generic
over V. Suppose that Q is a < k-directed closed forcing in V|G| and that h is
Q-generic over V[G]. Then & is supercompact in V|G x h].

Proof. Suppose that in V[G], (Q, ¥, k) is a minimal counterexample of size 7. Let
= max{2°"" n}.

Suppose that j: V' — M is u-supercompact. By the factor lemma, M F j(P,)
P, * Q, xR for some Q,, R as in the factor lemma.

[

Claim 4.24. There is QC-generic filter g over V[G] which chooses Q.

Proof. Since M* C M and |Q| < y1, Q € M. Then P(P,(9))VI¢*" = P(P,(9))MIG*h]

for every Q-generic filter h over V[G]. So Q destroys the ¥-supercompactness of x
over M[G].

Moreover, since M#* C M, for every forcing R € M with |[R| < |Q| and every
R-generic filter i over V[G], P(P.(19))V1¢*1 = P(P,(9))M[¢*1, So Q has minimal
size.

Suppose that H is R&*9-generic over V[G * g]. Let jo: V[G] — MG * g x H],
jO(JG) ::j(U)G*g*H.

Claim 4.25. jo is well-defined and elementary.

Proof. Suppose that ¢ = 7¢. THen p I+ ¢ = 7 for some p € G. Then
p~ 1) = j(p) Ik j(o) = j(r). Since p~19() € G x g + H, this implies that
jO(UG) :j(J)G*g*H — j(T)G*g*H :jo(TG).

The elementarity is proved similarly. O

We have j [ Q € M[G], since M[G]* C M[G] by Lemma 1.12. So j[g] € M[Gxg].
Since j[g] € QY is directed and j(Q) is < j(x)-directed closed in M[G * g * H],
there is a master condition gy € j(Q) with ¢o < ¢ for all g € j[g]. Suppose that §o
. . . GxgxH
is a j(IP,;)-name with ¢; = qo-

Let ji: VG * g] = M[G * g x H  h], j1(0G*9) := j(o)G*9xH=h

Claim 4.26. j; is well-defined and elementary.

Proof. Suppose that ¢@*9 = 7¢*9. Then (p,{)|Vdashno = 7 for some (p,q) €

G +g. Then (p~190), o) < ("1, j(@)) = (i(p),j(d)) I+ j(o) = j(r). Since
(p~19(%), qg)(P"”)) € G * g * H * h, this implies that j,(¢%*9) = le* ).
The elementarity of j; is proved similarly. O

Let U := {X C P.(d) | X € V[G g, j[9] € j1(X)}.

Claim 4.27. U is normal with respect to regressive functions f: P.(¢) — 9, f €
V|G * g].

Proof. Analogous to the proof that the ultrafilter induces by a ¥-supercompact
embedding is normal. O

In M[Gxg], the forcing RE*9%5(Q) is < p-closed, by the definition of (Py, Qu )a<r
and by the factor lemma.

Since M|[G*g]* C M[G*g] in V[G*g] by Lemma 1.12, RG*9 % j(Q) is p-closed in
V|G *g]. Hence & is ¥-supercompact in V[G * g], contradicting the assumption. O

Problem 4.28. Suppose that k is weakly compact and consider the Faston support
iteration which forces with Add(\, 1) at all regular cardinals A < k. Show that in the
generic extension and in every further extension by Add(k, 1), k is weakly compact.

insert tag

tag lemma
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4.3. SCH.

Definition 4.29. (i) Suppose that x is a singular strong limit cardinal. The
singular cardinal hypothesis (SCH) holds at k if 2% = k.
(ii) The singular cardinal hypothesis (SCH) holds if SCH holds at every singular
strong limit cardinal.

Corollary 4.30. Suppose that k is supercompact. There is a generic extension
VIG] of V in which

(i) & is a strong limit cardinal,

(ii) cof(k) =w, and

(ifi) 2% > K.

Proof. Suppose that g is P.-generic over V and h is Add(x, s +)-generic over V[G].
Then  is supercopmact in V|G * h).

Suppose that in V[G * h], U is a normal ultrafilter on « and 4 is Py-generic
over V]G * h], where Py denotes Prikry forcing. Then V(g * h(i] satisfies the
requirements. O

4.4. < k-closed forcings. The following lemmas show that no measurable cardinal
is indestructible under < k-closed forcing.

Definition 4.31. Suppose that k£ > w is regular. A thin k-Kurepa tree is a tree
(T, <r) such that

(i) 0 < |Levy(T)| < |a| for all @ < k and

(i) [[T]] > &,
where [T] denotes that set of branches b € T" of length x through T'.

Lemma 4.32. Suppose that k is measurable. Then there is no thin k-Kurepa tree.

Proof. We can assume that T C V. Suppose that j: V — M is elementary with
M transitive and crit(j) = k. Since |Lev(T)| < |a] < & for a < K, Lev, (j(T)] =
Lev,(T) for a < k. If b € [T], then M E b C j(b) € [§(T)] and j(b)(r) extends b.
So |Lev,(4(T))| > &. O

Lemma 4.33. Suppose that k is measurable. Then there is a < k-closed forcing
which adds a thin k-Kurepa tree.

Proof. Let P denote the following forcing.

(1) (a) Conditions are pairs (p, f) where
(i) p= (ap, <p) is a tree such that
b) () ol <~
(i) |Leva(p)| < |af for all a < &,
(iii) every £ < a has two incompatible extensions in p, unless ht(p) =
B+ 1 and € € Levg(p),
(iv) if 8 < ht(p) is a limit ordinal and b is a branch in p of height 3,
then b has at most one extension in Levg(p).
(The last two conditions define a normal tree, and will make sure that
the generic k-Kurepa tree is normal. This is not necessary for our claim).
(¢) f:dom(f) — [p] is injective with
(i) dom(f) < *,
(i) |dom(f)| < k.
(2) The ordering is defined by (p, f) < (g, g) if
(a) p is an end extension of g, i.e.
(i) op < g,
(i) <q=<|N(og X ),
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(ili) if £ € ap \ g, then ht, (&) D ht(q).
(b) dom(f) 2 dom(g) and for every a € dom(g), the branch g(«) is an
initial segment of f(«).

Claim 4.34. P is < k-closed.

Proof. Suppose that (pg, f3)s<y is decreasing in P with v < . Let
b= (U Qpg, U Sp/j)'
By By

Let f denote the function with domain (J,_., dom(fs) such that f(5) is the unique
branch b € [p] of length ht(p) with fz(d) C f(9) for all 8 with 6 € dom(fz). Then
(p, f) € P is a lower bound. O

Claim 4.35. P satisfies the xt-c.c.

Proof. Straightforward with the A-system lemma. O

Suppose that G is P-generic over V. Let T := J{a, | 3f (p, f) € G} = k and
<ri=U{<[ 37 (. ) € G}

Claim 4.36. (T, <) is a thin x-Kurepa tree.

Proof. |Lev,(T)| < & for o < K, since the conditions are ordered by end extension.
Moreover, the function J{f | Ip (p, f) € G}: kT — [T] is injective. O

This completes the proof of the lemma. O

Problem 4.37. (i) Decide whether the forcing to add a k-Kurepa tree for a reg-
ular cardinal Kk with k<% = k is < k-directed closed.
(i) Is there a < k-closed but not < k-directed closed forcing for every k > w?

5. (GENERIC ULTRAPOWERS

We will now consider some large cardinal properties of small cardinals. For
example if PFA holds, then ws has some properties resembling a supercompact
cardinal. In the following, we will consider generic elementary embeddings with
critical point wy, so that wy resembles a measurable cardinal.

Definition 5.1. Suppose that x > w is regular. An ideal on & is a set I C P(k)
such that

(i) D eI,
(ii) k¢ 1,

(iii) I is downwards closed,
(iv) I is closedd under finite unions.

An ideal I is k-complete if I is closed under unions of size < k.

Definition 5.2. Suppose that £ > w is regular and I is an ideal on k.
(i) IT:={XCr|X¢&I}.
(ii) I* :=={X C k| K\ X € I} the filter dual to I.
(iii) Py =17, X <Y if X CY.
The separative quotient of Py is isomorphic to B* = B\ {0}, where B := P(x)/I.

Lemma 5.3. An ideal I on k is k-complete if and only if for every partition
K= yey Xo withy <k, Xo € I'" for some a < .
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Proof. If I is k-complete, k = |_|Ot<7 Xo, v < K, and X, € I for all a < 7, then
K€l

Suppose that (Xo)a<~ is increasing with X, € I and v < k. Let Y3 = X3\
Ua<p Xa for 8 <yand Yy, = £\ Uy Xa- Then k =], Ya. Since Yo € 1
fora <7, Y, eIt O

Definition 5.4. Suppose that M is a transitive model of a fragment of ZFC.

(i) An M -ultrafilter is a filter U on P(x)M such that for every X € P(k)M,
XeUork\XeU.

(ii) An M-ultrafilter U is k-complete if it is k-complete with respect to sequences
(Xa)a<y € M.

Lemma 5.5. Suppose that G is P-generic over V.. Then

(1) G is a V-ultrafilter on k and I* C G.
(2) If I is k-complete, the G is a k-complete V -ultrafilter.

Proof. (1) If X € P(k)V, then {Y € P; |Y C X VY C x\ X} is dense in P;. So
G is a V-ultrafilter. If X € I'*, then {Y € P; | Y C X} is dense in P;. So X € G.
(2) Suppose that x = ||, Yo with v < x and (Yo)a<y € V. Sincel is k-
complete, the set {X € P; | X CY, for some a < v} is dense in P;. So Y, € G for
some « < 7. Therefore G is k-complete. O

Definition 5.6. Suppose that k > w is regular and i is a k-complete nonprincipal
ideal on k. Suppose that G is Pr-generic over V. Then Ultg (V) is called a generic
ultrapower.

Lemma 5.7. (1) The ultrapower map j: V — Ulta(V), j(x) = [e], is elemen-
tary.
(2) Los’ theorem holds for Ultg(V), i.e. forall fi: k = V with f; € V, Ultg(V) E
o([fol, - [fn]) if and only if {a < k |V E o(fo(a),..., fn(a))} € G.
(3) crit(j) = k.

Proof. (3) We have j(«) = « for all @ < kj since G is k-complete. We have j(k) # k,
since [cq] < [id] < ¢, for all a < k. O

Definition 5.8. Suppose that x > w is regular and [ is a k-complete ideal on k.
I is precipitous if for every P-generic filter G, the generic ultrapower Ultg (V) is
wellfounded.

We now aim for a combinatorial definition of precipitous ideals.

Definition 5.9. Suppose that I is an ideal on k.

(i) An I-partition of a set S € I'" is a maximal family W C S with X NY € I
forall X, Y e W, X #Y.

(i) A functional F on a set S € I is a set of function f with ordinal values
such that Wr := {dom(f) | f € F} is an I-partition of S and f # g implies
dom(f) # dom(g).

(iii) If F, G are functionals, let F' < G if

(a) Wg refines W (Wp < Wg), ie. for every X € Wp, there is some
Y e Weg with X CY.

(b) If f € F, g € G, and dom(f) C dom(g), then f(o) < g(«) for all
a € dom(f).

Lemma 5.10. Suppose that I is an ideal on k. The following conditions are equiv-
alent.

(i) I is precipitous.
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(ii) There is no set S € I and no strictly decreasing sequence Fy > Fy > ... of
functionals on S.

Proof. Suppose that Fy > Fy > ... and dom(F,) = S for all n. Let f, be a
Pr-name such that X I+ f, | X = fforall f € F, X = dom(f). For each n,
D, ={X <8 | 3f € F,, X C dom(f)} is dense open below S. If f € F,,
X C dom(f), then X IF fo 1 X = f1 X. Since D,, N Dy,41 is dense open below
S and Fop1 < F,, S I+ [an] < [fn}, contradicting the assumption that I is
precipitous.

For the other direction, suppose that S I [fo] > [fi] > .... For each n, D,, :=
{X < S| X decides f, | X} is dense open below S. Let A, C D,, be a maximal
antichain in D,,. Let F, = {f | X = dom(()f) € An, X I+ f, | X = f | X}. By
partitioning and shrinking the sets inf W, we obtain Fy > Fy > ... (]

Definition 5.11. [ is A-saturated if P; satisfies the A-c.c.

Lemma 5.12. Suppose that k > w is reqular. If I is kT -saturates, then I is
precipitous.

Proof. Suppose that S € I™ and Fy > F; > ... is a strictly decreasing sequence
of functionals on S. Let W,, = Wg_ . Since P; is k*-c.c., we can make each W,
disjoint and obtain W,. We can refine W/ to W/ such that W§ > W} > ... and
S =UW) =(UWo)n...n(UW,). Since S\ S, € I, l,, Sn # 0. Suppose that
a € |, Sn. For each n, there is a unique X,, € W), with o € X,,. Find f,, € F,
with dom(f,) = Xp. Then fo(a) > fi(a) > ..., a contradiction. O

Lemma 5.13. (1) Suppose that j: V. — M is elementary. Let U = {X C & |

k€ j(X)}. Then k: Ulty(V) = M, k([f]) = (f) is elementary and j = kju.

(2) If U is a normal ultrafilter on k, then Ulty(V) = {j(f)(k) | f: k =V, f €
V.

Proof. k is elementary by Los’ theorem and kjy (z) = k([c.]) = j(ce) (k) = ¢j(z) (k) =
j(z). For the second part, let j = jy. O

Let Col(w, X) = {p: w x X — Ord partial| |p| < w, ¥y € XVn p(n,v) < ~}.

Lemma 5.14. Suppose that U is a normal ultrafilter on k and j = jy Let P =
Col(w,< k), Q = Col(w, [k, j(k)), G x H P x Q-generic over V. Then
(1) j(P=P x Q, we will identify j(P) and P x Q.
(2) In V|G x HJ, j estends to jg: V[G] = M[G x H], j(c%) = j(o)*H and
jg(G) =GxH.
(3) M[G x H] = {ja(f)(x) | f € VIG]|} = Ulty,(V[G]), where Ug = {X €
P(r)"19 | k € ja()}.

Proof. The second part holds since j[G] C G x H. For the last part, suppose that
r=0%" ¢ M[G x H], 0 = j(f)(k) € Ulty (V). Let g: k — V[G], g(a) = f(a)%,
g € V[G]. Then j(g0(k) = o@*H. O

Theorem 5.15. Suppose that & is measurable and G is Col(w, < K)-generic over
V. Then in V[G], there is a precipitous ideal on w;.
Proof. We work in V[G]. Let I :={X Ck |||—(g[G] k¢ jc(X)}.

Let h: P(k) — ro(Q), h(X) = [X € Ug], where Ug is a P-name for Ug. Then
h induces a homomorphism i: P(x)/I — ro(Q) of Boolean algebras.

Claim 5.16. i: P(k)/I — ro(Q) is a dense embedding.
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Proof. Suppose that ¢ € Q. Then ¢ = j(F)(k) for some F: x - V, F € V,
F(a) € Col(w, [a, k). We work in V[G].

Let X :={a < k| F(a) € G| [a,k)}. If H is Q-generic over V[G], then h(X) €
Heo X eUg o ne jolX) = o< j(v) | jo(F)a) € jo(G) I aj(x)} & q €
Jjc(G) | |k, j(k)) = H. Then h(X) = ¢, since Q is separative. O

Since h(X) € H & X € Ug, Ug is Pr-generic over V[G].
For every A € Py, there is a Pj-generic filter Ug with A € Ug as above, and
Ulty, (V) = M[G x H] is wellfounded. Hence I is precipitous.

Claim 5.17. In V[G], I is generated by (U*)V.

Proof. Suppose that p Ikp X € I. Let A := {a < k| pIFp a ¢ X}. Then
plFXNA=0.

Suppose that A ¢ U. Let ¢: k\ A — P such that ¢(a) < ¢ and ¢(a) IF o € X.
Let 7 := j(q)(k). Then 7 IF & € ja(X).

Suppose that G x H is P x Q-generic over V with r € G x H, so p € G. Then

/@Ejg<XG),SO XGEUg. O
This completes the proof of the theorem. O

Definition 5.18. (i) Let SSP denote the class of forcings which preserve sta-
tionary subsets of wi.
(i) MM :=FA,, (SSP).

Fact 5.19. We can force M M from a supercompact cardinal.

Theorem 5.20. MM implies that the nonstationary ideal on wy is wo-saturated.

Proof. Pages 688-689 in Jech’s book. ]
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