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Abstract

Transitive models of set theory; the relative consistency of the axiom of choice using
the hereditarily ordinal definable sets; forcing conditions and generic filters; generic
extensions; ZFC in generic extensions; the relative consistency of the continuum
hypothesis and of the negation of the continuum hypothesis via forcing; possible
behaviours of the function 2*; the relative consistency of the negation of the axiom of
choice.

1 Introduction

Sets are axiomatized by the ZERMELO-FRAENKEL axiom system ZF. Following JECH ||
these axioms can be formulated in the first-order language with one binary relation
symbol € as

—  Extensionality: Vz(z €x <>z €y) —r =y
—  Pairing: 32Vu(u €z u=xVu=y)

—  Union: 2Vu(u €z Jy(ucy Ay ex))
—  Power: 32Vu(u € 24> Vo(vEu—u€x))

—  Infinity: z(3x(x € 2 AVy—-y €x) AVu(u € z— (v €z AVw(w Everw EuV w=

u))))

—  Separation: for every €-formula ¢(u, p) postulate I2Vu(u € z<>u€x A p(u, p))

—  Replacement: for every €-formula ¢(u, v, p) postulate
Y, 0, 09w, v, p) A plu, v, p) v =1") = Fyo(v € y o Fu(u €z A p(u, v, p)))

—  Foundation: Juu € r—Ju(u € x AVo(v Eu— —w € x))

The axioms capture the basic intuitions of CANTORean set theory. They are strong
enough to formalise all other mathematical fields. Usually the Aziom of Choice is also
assumed

—  Choice or AC: Vu,v'(uex—Jvveu)AN(ucxzAu' exAutu —-Fv(veuAve
u'))) = IyVu(uex— Fv(veuAv ey AV (v eunv’' € y—v'=v)))).



ZFC is the system consisting of ZF and AC. ZF~ consists of all ZF-axioms except the
powerset axiom.

We use the intuition of a standard model of set theory (V, €), the universe of all (mathe-
matical) sets. This is often pictured like an upwards open triangle with the understanding
that if z € y then x lies below y; x is in the extension of y. The ordinals are pictured by a
central line, extending to infinity.

Ord

(V. ¢€)

Although this picture gives some useful intuition, we can only know about sets by deduc-
tion from the ZF-axioms. On the other hand the axioms are incomplete in that they do
not decide important properties of infinitary combinatorics. The most important examples
that we shall also prove in this course are

— the system ZF does not decide the axiom of choice AC: if ZF is a consistent theory,
then so are ZF + AC and ZF + —-AC

— the system ZFC does not decide the continuum hypothesis: if ZFC is a consistent
theory, then so are ZFC + CH and ZFC + -CH

Here a theory is consistent, if it does not imply a contradiction like x # x.

We appeal to the following central fact from mathematical logic: a theory T is consistent
iff it possesses a model. This allows to show consistency results by constructing models of

ZF and of ZFC.

We motivate the construction methods by analogy with the construction of fields in
algebra. The complex numbers (C, +,-,0, 1) form a standard field for many purposes.



C is an algebraically closed field. It contains (isomorphic copies of) many interesting
fields, like the rationals @, or extensions of @Q of finite degree (algebraic number fields), or
extensions of @ of infinite degree by transcendental numbers. These subfields witness con-
sistency results for the theory of fields:

—  the field axioms do not decide the existence of v/2 : @Q is a model of ~Fxz- -z =1+
1, whereas Q(v/2) is a model of Iz z-x=1+1;

— by successively adjoining square roots one can form a field which satisfies Vy3x x -

2=y but which does not contain 3/2. This is used to show that the doubling of the
cube cannot be performed by ruler and compass.

Let us mention a few properties of field constructions which will have analogues in con-
structions of models of set theory

— interesting fields are (or can be) embedded into the standard field C.

— the extension fields k(a) can be described within the ground field k: a is either
algebraic or transcendental over k; in the algebraic case one can treat a as a vari-
able z which is a zero a certain polynomial in k[z]: p(x) = 0; in the transcendental
case a corresponds to a variable x such that p(z) = 0 for all nontrivial p € k[z]; cal-
culations in k(a) can be reduced to calculations in k.

— the ground field @Q is countable. One can construct a transcendental real

a=0, apaiasas... €R



by successively choosing decimals a; so that 0, apa;...a,, “forces” p,(a) #0, i.e.,
Vb (b = O, apa1a2as.. .ambm+1bm+1. .. —)pn(b) # 0)

Here (pn)n<w is some enumeration of k[z]. In view of the forcing method in set
theory we can write this as

0, apa1a2as...am |- py(2) # 0

where  is a symbol or name for the transcendental or generic real to be con-
structed.

For models of set theory this translates into

consider transitive submodels (M, €) of the standard universe (V, €).
construct minimal submodels similar to the prime field Q.

construct generic extensions N O M by adjoining generic sets GG, corresponding to
the transcendental numbers above: N = M|[G].

G is describable in the countable ground model M by infinitely many formulas, it
will be constructed by a countable recursion along countably many requirements
which can be expressed inside M.

We shall consider the models HOD (Hereditarily Ordinal Definable sets), generic exten-
sions M[G], and symmetric submodels N of MI[G]|. This leads to a spectrum
HOD, M, M|[G], N... of models of set theory like




These models satisfy different extensions of the ZF-axioms: e.g., HOD F AC, M|G| may
satisfy CH or —=CH, and symmetric submodels may satisfy =AC. This leads to the desired
(relative) consistency results.

2 Transitive Models of Set Theory

Let W be a transitive class. We consider situations when W together with the &-relation
restricted to W is a model of axioms of set theory. So we are interested in the “model”
(W, €)or (W, elW) where €W = {(u, v)|u € v € W}. Considering W as a universe for
set theory means that the quantifiers V and 3 in €-formulas ¢ range over W instead over
the full universe V. For simplicity we assume that €-formulas are only formed by variables
Vg, V1, ..., the relations = and €, and logical signs =, Vv, 3.

Definition 1. Let W be a term and ¢ be an €-formula which do not have common vari-
ables. The relativisation ¢V of ¢ to W is defined recursively along the structure of o:

- (viev) = (vey)

)W

- (vi=v; (vi=v;)

= (=9)V=-(e")
= (V)" =((") V("))
— ()" =TuieW (o)

If ® is a collection of €-formulas set ®V = {oW|p € ®}. Instead of "V or ®V we also
say “p holds in W7, “® holds in W7, “W is a model of ¢”, etc.; we also write W E ¢ and
WE®.

©" and ®" are obtained from ¢ and ® by bounding all quantifiers by the class W. ¢V
expresses that ¢ holds in the “model” (W, €). That (W, €), for W # 0 behaves like a
structure for 1-st order logic is expressed by

Lemma 2. Let ¢ be a tautology in the language of set theory, i.e., p is derivable in the
sequent calculus. Let W be a non-empty term. Then ©".

Proof. Mimick the correctness proof for the sequent calculus, proceeding by induction on
the length of derivations. O

We prove criteria for set theoretic axioms to hold in W.



Lemma 3. Assume ZF. Let W be a transitive class, W #+ (. Then

a) (Extensionality)V will always hold.

b) (Pairing)V <>V e WYyeW {z,y} eW.

¢) (Union)V Ve eW ) xeW.

d) (Power)V «<>Vxe WP(x)NW € W.

e) (Infinity)V < 3zeW (D€2zAVuEz ut+1€z2).

f) Let v be the instance of the Separation schema for the €-formula ¢(x,@). Then
YW Vo e WYaeW {z €alpW (x,w)} e W.

g) Let ¢ be the instance of the Replacement schema for the €-formula o(z, y, ©).
Then YW is equivalent to

Vo e W\Vz, y, y € W(eW(z, y, @) A @W(z, ¥, ©) »y =1y') =Va e W{y|Tz €
apW(x,y,B)yNW eW).

h) (Foundation)V will always hold.

i) (Choice)V «<Vrx e W (D¢ x AVu,v' €x(u#u wunu'=0)—>IyeWVuezIv{v}=
uny).

Proof. Bounded quantications are not affected by relativisations to transitive classes:
(1) Let z € W. Then Vy(y €z — @) =>VyeW(yexz— ¢) and Jy(y €x A ) <>y W(y €
TN Q).

Proof. Assume that Vy € W (y € x — ). To show Vy(y € x — ¢) consider some y € z. By
the transitivity of W, y € W. By assumption, ¢ holds. ged(1)

The following equivalences make use of (1).
a)

W (VavVy(Vz(zexz e zey) —a=y)V

o VeeWVyeWNVzeW(zexewzey) mr=y]

o VeeWVyeW[VzeW((izerx—zey ANWVzeW(zey—zex) —
x =y
VeeWVyeW[NVz(z ez —2€y)A\Vz(2 € y—=z€x)] ==y, by

(1).

(Extensionality

T



The righthand side is a consequence of Extensionality in V.

b)

(Pairing)V «+ (VaVydVu(uezu=xVu=y))V
VeeWVYyeW3azeWVueW(uezcu=cVu=y)
Vee WYye WizeWVu(u ez u=axVu=y), by (1)
VeeWVyeW3zeWz={x,y}

Vee WYye W{z,y}eW.

rT 1z

(Union)" (VzIVu(u ez Iy(ueyAyex)))V
VeeW3azeWVueW(ueze3Iye WueyAyex))
VeeWdzeWVYueW(uezeJy(lucyAyeax)), by (1)
Vee W3zeWVu(u e z+Jy(ueyAyex)), by (1)
VxEWEIzGWz:Ux

‘V’:EGWU zeW.

r¢r1ree

(Power)" (Vz3Vu(u €z Vo(veu—uex)))V
VeeW3zeWVueW(uezeYoveW(veu—uer))
VeeWdzeWVYueW(uezeYo(veu—uea)), by (1)
VeeW3zeWVueW(uez+uCux)
VeeW3zeWVu(uezueW Aulx)
VeeW3zeWz=Px)NW

Vee WP(x)NW eW.

rT1rT 1l

€)

(Infinity)"V <> (Fz(3z(r €z AVy-y€x) AVu(u € z— (v €z AVw(w EverweuV w=

u))”

& zeW@zeW@ezAVye Wyer)ANVueW(uez—IveWwezA

VweW(wevsweuVw=u))))
& zeW@z(xezAVy-yex) AVu(u€ z— Fv(v €z AVw(w EvewEUV

(
=u)))), by (1)
(

< EleW @Ez/\Vu(uez—HhLlez))



f) Separation:

(VioVadyVe(z ey« z€a p(z,w)))V < Vo e WVaeWIyeWVzeW(x ey r€al
" (2, )
© Yo e WYa e Wy e WVz(x €y x €a A
" (z,@)), by (1)
Vi € WNaeW3yeWy={z€a|p"(z, )}
Vi e WNaeW {z€alpV(z, @)} eW

T 7

g) Replacement:

YW o= (Yo (Vr,y, v (e(z,y, ) A ez, y,©) =y =1y") =VaIVy(y € z <> Tz(x € a A p(x,

y,0))))"

< VYo e Wz, y,y e W(W(x,y, @) AoV (z,y,©) wy=y') >Vae W3z € WVy €
W(yezerJzeW(xean oV (x,y,))))

< Vo € WNz, y, y' € W(pW(x, y, ©) A oW(x, 9, ) -y =y') -Va € W3z €
WYy(y€z< Bx(xcan oV(z,y, @) AyeW))

o Vo e W, y, vy e W(pW(x,y, @) AoV (z, 9y, @) wy=1y") =VacWIze Wz =
{yPFreap™(z,y,@))}nW)

o Vo e WV, y, vy e W(W(z,y, ®) N oWz, 9y, ©) wy=19y') =Va e W {y|3x €
aW(x,y,w))}NWeW).

h)
(Foundation)V <« (Vo(Juucxr—Iu(u€x AVo(veu— —wex))))V
< VeeWFueWuer—IueW(uex AVveW(veu— —wern)))
< VeeW(Juuexr—Ju(ucx AVo(veu——wex))), by (1).
— Ve(Fuuezr—Ju(uex AVo(vEu— —wex)))
<> Foundation in V.
i) Choice:

ACY & (Vz(Vu, v (u€ex— Fvveu) ANluex Au ez Au#tu — -FvlveEuAv €
uw))) = IyVu(uez — Fv(vEunveE YAV (v Eunv € y—v' =0))))))W
o VeeWMu, v e W((uex—FveWveuAN(uecz A ex ANu#u — —-Jv e
Wweunven))) »FyeWVueW(uerx—FveWweuhveyAVv' e W(v' e
uAv' €y—v'=0)))))
o VeeWMu,u'(uex—Fvveu) ANluezs AN ez ANu#tu — -FvlveuAv e
u')) =y eWVu(uex— Fv(veuAveyAV' (v eunv' € y—v' =v))))), by

several applications of (1),
& VeeWdézAVu,u' €x(u#u —wunu' =0)—=IyeWVuezIv {v}=uny)
[



By the Lemma there are many models of fragments of ZFC in the VON NEUMANN hier-
archy (Va)aecord -

Theorem 4. Assume ZF. Then
a) Vo E Extensionality, Union, Separation, and Foundation;
b) if a is a limit ordinal then V, E Pairing and Powerset;
c) if a>w then V,F Infinity;
d) if AC holds then V= AC;

e) if AC holds and if o is a regular limit ordinal and VYN < a2* < «o , then
V. E Replacement;

f) Vu,Eall axioms of ZFC except Infinity;

g) if AC holds and « is strongly inaccessible, i.e. « is a reqular limit ordinal >w and
VA< a2)<a then V, EZFC.

Proof. e) First prove by induction on £ € [w, o) that Va € Vg card(a) < «. For the replace-
ment criterion let @ € V,, and assume that Va,y,y’ € V(o (x,y, @) A (2, y', @) —y=
y'). Let a€V,. Then

z={yl3rcap’(z,y,®))} NV,

is a subset of Vo = J,_, Vs with card(z) < card(a) < o By the regularity of a, 2 us a
subset of Vj for some 8 <a. Hence z€ V. O

Models of the form V,, can be used to show relative consistencies.

Theorem 5. Let ZF be consistent. Then the theory consisting of all ZFC-axioms except
Infinity together with the negation of Infinity is consistent.

Proof. Assume that the latter theory is inconsistent, i.e. that it implies a contradiction
like Jzx # 2. ZF implies that the former theory holds in V,, . So its implications hold in
V.,. Hence ZF implies (Jzx# )Y =3z €V, x # x. Thus ZF is inconsistent. O

The following lead ABRAHAM FRAENKEL to the introduction of the Replacement schema.

Theorem 6. Let Z be the system of Zermelo set theory, consisting of the axioms of
FExtensionality, Pairing, Union, Power, Separation, Infinity, and Foundation. Then Z does
not imply Replacement.



Proof. (Sketch) V., is a model of Z but V., does not satisfy Replacement: define the
map Frw—V,1,, F(n)=V,4,. F is definable in V,,;, by the €-formula

oz, y,w, V) =3f(f is a function A dom(f) e w A x € dom(f) A f(0)=V,AVn(n+1€
dom(f) —=Vu(ue f(n+1)<uC f(n))).

¢ formalises the definition of F' by recursion on w. Then Flw]={V inn <w} ¢ V,io, and
so V4., does not satisfy replacement for the formula . O

Exercise 1. Define H,, = {z|card(TC({z})) < x}. Examine which ZFC-axiom hold in H, for various

K.

3 Absoluteness and Reflection

In the study of models of set theory one considers various models (W, €) and is interested
in the truth values of formulas in the various structures. It is important that truth values
many many basic formulas are invariant or absolute.

Definition 7. Let W, W' be terms and let ¢(xo, ..., T,—1) be an €-formula which does not
have common variables with W or W'. ¢ is W-W'-absolute if

Vg, ..., 2 1 €EWNW (W V).
If W=V we call ¢ W-absolute.
In the next section we shall give syntactic criteria for absoluteness

Theorem 8. (LEVY reflection theorem) Assume ZF. Let (W,)acoma be a continuous hier-
archy, i.e.

a< f—=W,CWg, and if X is a limit ordinal then Wy = U W, .

a<A

Let W=, corq Wa be the limit of the hierarchy. Let @o(T), ..., pn—1(Z) be a finite list of
€-formulas. Let 0y € Ord. Then there exists a limit ordinal 6 > 0y such that po(T), ...,
On—1(Z) are Wy-W-absolute.

Proof. We may assume that the e-formulas ¢, are built using only —, A, 3 and that all
subformulas of a formula ¢; occur in the initial part ¢o(Z), ..., @i—1(Z) of the list. By
adding redundant variables one may also assume that all formuals in the list have the
same vector ¥ of free variables. Let r be the length of the vector . For i <n define func-
tions F;: W"— Ord by

Fi() = min {3 |Fv € Wz (%)}, if ¢;=Tvy and Fv e WV (Z)
) 0, else

10



By the definition of F,
VZ e W (v e WoW(Z) <> Fv € Wiy vV (T)). (1)

Using the Replacement schema, recursively define an w-sequence (0,,)mn<. starting with
the given 6y by

m+1—U{F i<nAZ €Wy, }U(Op+1).
Define the limit ordinal 6 = <o Om - Then for ¢;=Fvy from the list and 7 € W)
dv e Wy ’QDW( ) —JveWp (&) ’l/JW(i") (2)

Now we show by induction on i <n that ¢; is Wy-W-absolute. Let Z € Wy.
Case 1. ; is atomic. Then ¢; is trivially absolute.

Case 2. ¢; = —~p; with j < i. Then ¢!(7) = ﬂgoj “Z) ¢ o (T) = ¢ (%), using the
induction hypothesis.

Case 3. ;= p;V @y, with j, k <i. Then @;""(Z) = ¢ °(T) V ¢ "(T) > ¢ (Z) V @ (T) =
©V(%), using the induction hypothesis.

Case 4. p;=3vyp; with j <i. Then, using the induction hypothesis and (1) and (2)

AF) = Fve Wy()
Jv € Wy oV (7)

v € Wra ¢ ()
Jv e Wl (%)

ol (T).

rTe

Theorem 9. If ZF is consistent then ZF is not equivalent to a finite system of axioms.

Proof. Work in ZF. Assume for a contradiction that ZF is equivalent to the list ¢y, ...,
@n—1 of formulas without free variables. By the reflection theorem, Theorem 8, there
exists 6 € Ord such that ¢, ..., oY . Thus ZF implies

Jw(w is transitive Apf A... A pw_1). (3)

By Foundation take an €-minimal such wy. Since the ¢y, ..., @,_1 imply all of ZF, they
also imply (3). Therefore

(Jw(w is transitive A g A ... A @p_1))" ".

11



This is equivalent to
Jw € wo((w is transitive)™ A (of )“° A ... A (@ _1)™°).

Let w; € wy be such a w. Since wy is transitive, w; C wy . Relativising to wy and to wy is
equivalent to relativising to w; Nwy=wy :

(wy is transitive) A @gt AL A @pt .
Let “w; is transitive” be the formula
YuewVveuv €w .

This is equivalent to

Yu € wi NweVv €EuNwgy v € wy

and to
(Vu € unVo € u v € wy)™e.
Hence
wy is transitiveA pgt A ... A oty
This contradicts the €-minimality of wy . 0J

Similarly one gets

Theorem 10. Let ® be a collection of €-formulas which is a consistent extension of the
axiom system ZF. Then ® is not finitely axiomatisable. So is ZFC is consistent it is not
finitely axiomatisable.

We can also use the reflection theorem to “justify” the assumption of transitive models of
set theory.

Theorem 11. Let ZF be consistent. Then the theory ZF + M is transitive +ZFM is con-
sistent where M is a new variable.

Proof. Assume that ZF + M is transitive+ZF" is inconsistent. Then the inconsistency
follows from finitely many formulas of that theory. Take ZF-axioms ¢y, ..., ©,_1 such that

M M . o).
D05 +ves P, PO 5 +es Pr—1, M is transitive

12



imply the inconsistent statement = # x . Work in ZF. By Reflection, Theorem 8, there is
some Vj such that ¢y, ..., ¢,_1 are Vy-absolute. Then the following hold:

Vo Vo . .
D0y -y Pr—1, Po’y -y O 1, Vo 1s transitive.

But then the proof of z# x can be carried out under the assignment M — V,. This means
that ZF is inconsistent. O]

Similarly:

Theorem 12. Let ZFC be consistent. Then the theory ZFC + M is transitive+ZFCM is
consistent where M is a new variable.

4 Formalisation of Formal Languages

We want to construct GODEL’s model HOD which abbreviates the class of Hereditarily
Ordinal Definable sets. HOD will be a model of the theory ZFC. The basic intuitions are:

— we want to define some “minimal” model of set theory which only contains “neces-
sary” sets.

— a model of set theory must be closed under the formation of definable sets where
definitions may contain parameters from that model.

— one might define the model as the collection of all sets definable from parameters
out of some reasonable class.

— one could take the class Ord of ordinals as the class of parameters: the class OD of
Ordinal Definable sets is the collection of all sets of the form

y={z|p(z,a)}
where ¢ is a formula of set theory and @ € Ord.

— this may lead to a class which satisfies the axiom of choice since we can wellorder
the collection of terms {z|o(z, @)} by wellordering the countable set of formulas
and the finite sequences of parameters.

— to get a transitive model we also need that elements = € y are also ordinal defin-

able, that u € x € y are ordinal definable etc., i.e. that y is hereditarily ordinal
definable. That means TC({y}) C OD.

13



So far we do not have a definition of HOD by a formula of set theory, since we are ranging
over all formulas ¢ of set theory. This makes arguing about HOD in ZF difficult.
GODEL’s crucial observation is that HOD is, after all, definable by a single e-formula
which roughly is as follows:

2€ HOD < TC({z}) COD
and

y € OD ¢ there exists an e-formula ¢ and & € Ord such that y={x|p(z,d@)}.

To turn the right-hand side into an €-formula one has to formalise the collection of all &-
formulas in set theory and also the truth predicate ¢(z, @) as a new formula in the vari-
ables ¢ (sic!), x, and & .

Consider the language of set theory formed by variables vg, vy, ..., the relations = and €,
and logical signs -, V, 3. We code formulas ¢ of that language into sets [¢] by recursion
on the structure of ¢ as follows.

Definition 13. For a formula ¢ of set theory define the Godelisation [@] by recursion:
- Jui=v;1=(0,4,7)
- Juiey]=(14,7)
= [mel=@Tel Tel)
= Tevel=06lel, [¢])

- (Elvz 90—‘ = (47i7 [QO—I)

Note that [¢] € V,, since V,, contains all the natural numbers and is closed unter ordered
triples.

This motivates a set theoretic formalisation of the language of set theory. First we for-
malise the operations employed in the above Godelisation. The set of formulas is then the
the set generated by these operations.

Definition 14. Fori,j €w and sets x,y €V define
—  v=v;:=(0,1, j)
- vi€v;:i=(1,1,7)
- Sx=(2,z,7)

—  aVy:=(3,z,y)

14



—  Jujz:=(4,i,x)
By recursion on the wellfounded relation

yRr3u,v (x=(u,y,v) Vo= (u,v,y))

define

relml < Ji,j<wz=v=v;
Vi, j<wz=v;€v,
V3y (y € Fml Az =+y)
V3y,z2(yeFmlAz e Fml Az =yVz2)
VE|i<wE|y(y€leAx:§|viy).

Fml is the set of formalised €-formulas. We have: Fml C V,,, and for every standard e-for-
mula ¢:

[¢]€Fml.

It is, however, possible that Fml contains nonstandard formulas which are not of the form
[¢]. One has to be very careful here since one is working in the vicinity of the GODEL
incompleteness theorems. One can now prove that the set Fml satisfies the syntactic prop-
erties known from predicate logic, dealing with free and bound variables, substitution, etc.

We interpret elements of Fml in structures of the form (M, E) where E is a binary rela-
tion on the set M and in particular in models of the form (M, €) which is a short nota-
tion for the €-relation restricted to M:

(M,e)= (M, {(u,v)lue MAveEMAu€ED}).
Definition 15. Let Asn(M) = <“M = {al|a: dom(a) — M, 3In <w dom(a) Cn } be the set

of assignments in M. We also denote the assignment a by a(0), ..., a(n — 1) in case that
dom(a) =n. For a€ Asn(M), x € M, and i <w define the modified assigment a% by

aZ(m)= { a(m), if m#i

i x, else

Definition 16. For a structure (M, E) with M €V, p € Fml, and a an assignment in M
define the satisfaction relation (M, E) F ¢la] (“(M, E) is a model of ¢ under the assign-
ment a”) by recursion on the complexity of p:

— (M, E)Fvi=0;(0,1, j)[a] iff a(i) =a(j)

15



— (M, E)Evév;(1,i, )]a] iff a(i)Ea(y)

— (M, E)E=yla) iff not (M, E)E yld]

—  (M,E)Eyvzla] iff (M,E)Ey[d] or (M,E)E z[d]

— (M, E)EJv;yla) iff there exists x € M: (M, E)E y[aZ]

If dom(a)=n we also write (M, E)FE ¢la(0),...,a(n —1)].

Note that the recursion requires that M is a set since in the last clause we recurse to (M,
E)E y[a%] for x € M and we cannot in general recurse to a proper class of preconditions.

The semantics given by the satisfaction relation satisfies the usual semantic laws known
from predicate logic. The satisfaction relation also agrees with the notion of “model” in
terms of relativisations. A straightforward induction on the complexity of formulas shows:

Lemma 17. Let ¢(vy,...,vn—1) an €-formula. Then for any set M with a € M

Vvg, ..oy Un_1 € M((M, €)E [@][vo, ..., vn_1] <> ™).

Exercise 2. Define a wellorder <py, of the set Fml in ordertype w without using parameters.

Exercise 3. Show: for any ¢ € Fml there is n < w such that for any structure (M, E) and assign-
ments b, b’ in M:

if b{n=>b"In then (M,E)E bl (M, E)E ¢[b]).

5 Heriditarily Ordinal Definable Sets

We can now give an (official) definition of the class HOD.

Definition 18. Define

OD = {y|3a € Ord 3 € Fml 3a € Asn(a) y={z € Va|(Va, €) F <p[ag]}},

and

HOD = {z|TC({z}) COD}

We shall see that HOD is a model of ZFC.
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Lemma 19. Ord C OD and Ord CHOD.
Proof. Let £ € Ord. Then

§ = {z€Vel|ze}
= {z€Venl(z€ )"}
= {z€Vea|(Ves1, €) F [vo € nnl[z, €]}
e OD

If £ €Ord then TC({¢})=¢+1COD and so £ € HOD. O
Lemma 20. HOD is transitive.
Proof. Let z € y e HOD. Then TC({z}) CTC({y}) COD and so x € HOD. O

An element y = {z € Vo |(Va, €) F ¢lag]} of OD is determined or named by the tripel (V4,
P, a).

Definition 21. For x €V, ¢ € Fml, and a € Asn(z) define the interpretation function

Iz, ¢,0)={z €|z, €)F plag]}.

We say that I(x, ¢, a) is the interpretation of (z, ¢, a), or that (x, ¢, a) is a name for
I(z,¢,a).

Lemma 22. Let

OD*={(V,, p,a)|a€Ord, p € Fml,a € Asn(a)}

be the class of OD-names. Then OD = I[OD*]. OD* has a wellorder <op~ of type Ord

which is definable without parameters.

Proof. Let <gy be a wellorder of Fml in ordertype w which is definable without parame-
ters (see Exercise 2).

Wellorder the class | Asn(a) of all relevant assignment by

a€eOrd

a<asn@' <> max (ran(a)) <max (ran(a’))

V(max (ran(a)) = max (ran(a’)) A dom(a) < dom(a’))

V (max (ran(a)) = max (ran(a’)) A dom(a) = dom(a’) A In € dom(a’)(a [ n =
a’'InAné€dom(a)Aa(n)<ad'(n)))
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Wellorder OD* in ordertype Ord by

(Va, ¢, a) <op (Var, ¢',a") < a<a’
V(ie=a'A ¢ <gm ¢’)
Vie=a'Np=¢p'Na<ama').
0

Lemma 23. OD has a wellorder <op of type Ord which is definable without parameters.

Proof. We let <op be the wellorder induced by <op+ via I:

r<opz' < I(Va, ¢,a) € OD*(x = I(Vy, ¢, a) AV(Va, ¢’y a’) € OD*(a' = IV, ¢, a’) —

(Va> 2 a) <oDb* (Va’a Q0/> a/)))' 0

Lemma 24. Let z be definable from xy,...,x,_1 by the €-formula p(vy,...,v,), i.e.,
Yo (vn= 24> p(x1, ..., Tp_1,0p)). (4)

Let x4, ...,x, € OD and z CHOD. Then z € HOD.

Proof. TC({z}) = {2z} UTC(z) C {z} UHOD. So it suffices to prove z € OD. Using the
canonical wellorder <pp from Lemma 23 every element x of OD is definable from one
ordinal 0 without further parameters: x is the d-th element in the wellorder <gpp. So we
may simply assume that the parameters x,...,x,_1 are ordinals.

Let z,21,...,x,—1 € Vp,. By Reflection take some 6 > 6, such that ¢ is Vy-absolute. Then

z = {ueVyluez}

{ueVy|3u, (p(z1, ..., Tp_1,v,) ANuEv,) }

{ueVy|Fv, € Vo (p(x1, ..., Tn_1,0) " Au€vy,)}

= {ueVp|(Vo, €) F [Fun (@(v1, vy Un—1,00) Ao € Un) | [u, X1, ..., Tp—1]}
€ OD.

O

The two previous Lemmas justify the notion “ordinal definable™ if z € OD it is definable
as the J-th element in <gp for some ordinal §. Conversely, if z is definable from ordinal
parameters the preceding proof shows that z € OD.

Theorem 25. ZFHOD,
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Proof. Using the criteria of Theorem 3 we check certain closure properties of HOD.
a) Extensionality holds in HOD, since HOD is transitive.

b) Let z,y € HOD. Then {z,y} is definable from z, y, and {z, y} CHOD. By Lemma 24,
{z,y} € HOD, i.e. HOD is closed with respect to unordered pairs. This implies Pairing in
HOD.

c) Let x € HOD. Then |J z is definable from z, and (J * C TC({z}) CHOD. So |J = €
HOD, and so Union holds in HOD.

d) Let x € HOD. Then P(xz) N HOD is definable from z, and P(x) N HOD C HOD. So
P(z) "HOD € HOD and Powerset holds in HOD.

e) w € HOD implies that Infinity holds in HOD.

f) Let o(x, @) be an €-formula and @, a € HOD. Then {z € a|o"°P(x, @)} is a set by
Separation in V, and it is definable from @, a. Moreover {x € a|e"P(z, @)} C HOD. So
{x €a|p"OP(z,w)} € HOD, and Separation for the formula ¢ holds in HOD.

g) Let ¢(z,y, @) be an €-formula and @, a € HOD. Assume that
Va,y,y' € HOD(p"OP(z, y, @) A " (z, ', @) —y =y').
Then {y|3z € ap™OP(z, y, @)} NHOD is a set by Replacement and Separation in V. It is

definable from @, a. Moreover {y|3z € a"P(z, y, @)} N HOD C HOD. So {y|3z €
a"OP(z, y, @)} NHOD € HOD, and Replacement for ¢ holds in HOD.

h) Foundation holds in HOD since HOD is an €-model. O

Hence HOD is an inner model of set theory, i.e. HOD is transitive, contains all ordinals,
and is a model of ZF.

Theorem 26. ACHOD,

Proof. We prove AC in HOD using Theorem 3. Consider € HOD with 0 ¢ z A Vu, u’ €
z(u#u —unu'=0). Define a choice set y for = by

y={v|Ju e z: v is the <pop-minimal element of u}.

Obviously y intersects every element of z in exactly one element. y is definable from z €
HOD and y CHOD. By Lemma 24, y € HOD, as required. O

Theorem 27. (KURT GODEL, 1938) If ZF is consistent then ZFC is consistent. In other
words: the Aziom of Choice is relatively consistent with the system ZF.

Proof. Since ZF proves that HOD is a model for ZFC. U
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Exercise 4. Extend the formal language by atomic formulas for “xz € A” where A is considered a
unary predicate or relation. Define

OD(A) = {y|3a € Ord3p € Fml' 301w — ANV y = {2 € Val (Va, AN Ve, €) F 0[B5]})

and the corresponding generalisation HOD(A) of HOD. Prove:
a) if A is transitive then A CHOD(A);
b) if A is moreover definable from some parameters ay, ..., a,—1 € A then ZFHOD(A),

Note that AC does in general not hold in HOD(A).

6 Absolute and Definite Notions

For terms we define:

Definition 28. Let W be a term, and t(Z) ={y|¢(y,Z)} be a term which has no common
variables with W. Define the relativisation

tV(Z)={yeW |V (y,T)}.

Let W' be another term which has no common variables with t. Then t 1s W-W'-absolute
if

Vi eWn W’((tw(f) eW <« tW,(f) eW’)A (tw(f) eW— tW(:Z”) = tW’(:Z”))).
If W=V we call t W-absolute.

Formulas and terms may be absolute for complicated reasons. In this section we want to
study notions that are absolute between all transitive models of ZF~ simply due to their
syntactical structure.

Definition 29. Let ¢(¥) be an €-formula and let t(¥) be a term, both in the free vari-
ables U. Then

a) v is definite iff for every transitive ZF~-model (M, €)

VI € M (pM(Z) (7).

b) t is definite iff for every transitive ZF~-model (M, €)
VT € MtM(Z) € M and Vi € MtM (%) =t(F).
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Note that the notion of definiteness is in its generality not definable in set theory since it
involves quantification over all transitive ZF-models. We can, however, prove that most
simple set-theoretical notions are definite. We shall work inductively: basic notions are
definite and important set-theoretical operations lead from definite notions to definite
notions.

The following lemma shows that the operations of relativisation and substitution of a term
into a formula commute.

Lemma 30. Let o(z, §) be a formula, t(Z) be a term, and M be a class. Assume that
VZeMt(Z)e M. Then

Proof. If t =t(Z) is of the form ¢ = z then there is nothing to show. Assume otherwise
that ¢ is of the form t = {u|y(u, Z)}. We work by induction on the complexity of .
Assume that p=x =y and y,Z € M. Then

({uld(u, 2)} =y)M

(Vu (P(u, 2) < uey)
Vue M (vM(u,Z) < uecy)
{ue MM (u,2)} =y
tM(Z)=y

PM(tM(Z), y)

(t(Z)=y)™

$$$$$$

Assume that p=y €z and y,Z € M. Then

(yetE)Y o ML z)
& ye{ue M (u,2)}
+ yetM(?)
o eMM(Z),y)

Assume that p=r €y and y,Z € M. Then

Fu(u=tZ)Auey)™

JueM (u=t(Z))M Au€evy)

Jue M (u=t"(Z) Au€ey), by the first case,
Ju (u=t"(Z) Au € y), since M is closed w.r.t. ¢,

(t(Z)ey)™

rreree
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The induction steps are obvious since the terms ¢ resp. t* are only substituted into the
atomic subformulas of . 0J

Theorem 31.
a) The formulas x =y and x € y are definite.
b) If the formulas ¢ and ) are definite then so are = and ¢V 1.

c) Let the formula o(x,y) and the term t(Z) be definite. Then so are p(t(Z), §) and
dret(Z) o(x, 7).

d) The terms x, 0, {z,y}, and |J = are definite.

e) Let the terms t(x,y) and r(Z) be definite. Then so is t(r(Z), 7).

f) Let the formula o(x,y) be definite. Then so is the term {x € z|p(z,7)}.
g) Let the term t(x, ) be definite. Then so is the term {t(z,y)|x € z}.

h) The formulas “R is a relation”, “f is a function”, “f is injective”, and “f is surjec-
tive” are definite.

i) The formulas Trans(x), Ord(x), Succ(z), and Lim(z) are definite.

J) The term w is definite.

Proof. Let M be a transitive ZF~-model.

a) is obvious since (z=y)" =(x=y) and (x € y)M = (z € y).

b) Assume that ¢ and v are definite and that (M, €) is a transitive ZF~-model. Then
VI e M (oM(Z) <> (%)) and VZ € M (pM(Z) +>4(F)). Thus

and
VI € M ((—p(E))" <= ("(Z)) &= (e(T)) < (=9)(T)).
c¢) Let (M, €) be a transitive ZF -model. Let 4§,z € M. t(Z) € M since t is definite. Then

(@(t(z)aﬂ))M & eM(tM(Z),7), by Lemma 30,
©M(t(Z),7), since t is definite,
j),

“— <p(t( ), %), since ¢ is definite.
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(Vo (z€t(Z) = p(z, )

rrereee

d) A variable term x is trivially definite, since 2™ =1.

Consider the term () = {u|u=# u}. Since M is non-empty and transitive, ) € M. Also

M ={ue Mutu}=0.
Consider the term {x,y}. For x,y € M:

{z,y¥M={ueM|u=zVu=y}={ulu=zVvVu=y}={z,y}.
The pairing axiom in M states that
(Va,y3z z={x,y })M.
This implies
Ve,ye M3ze Mz={x,y}M={z,y}

and

Ve,ye M {x,y} € M.

Consider the term J . For x € M:

(U x)M:{ueM\(ElvExuEU)M}:{UGMElvexﬂMuev}:{u\ElvEquv}:U T.

The union axiom in M states that
(Vo3z z= U )M,
This implies
V:L’GMEIZEM,Z:(U x)M:U x
and

VxEMUxEM.
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e) is obvious.

f) Let 4, z€ M. By the separation schema in M,
Fww={zez|p(=,7)H",
ie. {ze€z|p(x,i)}* e M. Moreover by the definiteness of ¢
{zezlo@ ) ={reM|zeyne™(z,§)t={z]|zeyrp(z. i)} ={zez]p(z,¥)}
g) Since t is definite, Va, j € M t™(x, %) € M. This implies
Va,ij€M3weMw=tM(z,i)
and (Vz, 73w w=t(z,7))™. Let §,2 € M. By replacement in M,
(Faa={t(z,7)|rez})M.
Hence {t(z,7)|r € 2} € M. Moreover

{t(x,§)|z €z} = {w|FTrezw=1t(z,§)}M
= {weM|Izczw=tM(x,7)}
= {w|Iz€zw=tM(x,y)}, since M is closed w.r.t. t",
= {w|dx€zw=t(zx,y)}, since t is definite,
= {t(z,y)lxez}.

h) “R is a relation” is equivalent to
vzeRIr,ye( 2 z={{z}, {z,v}}.

This is definite, using c¢), d), ¢). The other relational statements are definite for similar rea-
sons.

i)

Trans(z) <> VyeaVzeyzex
Ord(z) <« Trans(x)AVy €z Trans(y)
Succ(z) < Ord(x)ANJyexz=yU{y}
Lim(z) « Ord(z)A—Succ(z) Az

j) Consider the term w={" {x|z is inductive}. Since M satisfies the axiom of infinity,

dJreM (z=w)M.
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Take zo € M such that (zg=w)™. Then (Lim(z))™, (Vy € o —Lim(y))™. By definiteness,
Lim(zy), Yy € xo ~Lim(y), i.e. x¢ is equal to the smallest limit ordinal w. Hence w € M.
The formula “z is inductive” has the form

Dexnvyex| J{y {y}} e

and is definite by previous considerations. Now

wM = (ﬂ {z|x is inductive})M
= ({y|Vz (z is inductive —y € z) })M
= {ye M|Vz e M (z is inductive -y € )}, since “z is inductive” is definite,
= ﬂ {z € M|z is inductive}
= ﬂ {zNwlz € M is inductive}, since w € M,
= ﬂ {w}, since w is the smallest inductive set,
= w.

O

We may view this theorem as a “definite” form of the ZF ™ -axioms: common notions and
terms of set theory and mathematics are definite, and natural operations lead to further
definite terms. Since the recursion principle is so important, we shall need a definite recur-
sion schema:

Theorem 32. Let G(w, ¥) be a definite term, and let F(c, §) be the canonical term
defined by €-recursion with G:

Vo F(z,§)=G{(z, F(z 7))z €x}, 7).

Then the term F(x,¥) is definite.

Proof. Let M be a transitive ZF-model. By the recursion theorem, F'is a total function
in V and in M:

Vo, € M FM(z, 7)€ M.

Assume that z were €-minimal such that F'™(z, i) # F(z, §). Then we get a contradic-
tion by

FM(s,5) = GM({(z FM(z, §))|2 €2}, 7)

= GM{(2,F(2,7))|z€x},7), by the minimality of z,

= G({(z2,F(2,7))|z€x},¥), by the definiteness of G,
(%, 7).

Q

|
>
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Lemma 33. rank(x) is a definite term.
Proof. rank(z)=|]J {rank(y)+ 1|y € 2} = G(rank [ x) with the definite recursion rule

G(f)={f(2) + 1]z € dom(f)} B

Theorem 34. Let G(w, §) be a definite term and let R(z, x) be a strongly wellfounded
relation such that the term {z|zRx} is definite. Let F(«, ) be the canonical term defined
by R-recursion with G':

Ve F(x,7)=G({(z,F(z,7))[zRx}, 7).

Then the term F(x,¥) is definite.

Proof. Let M be a transitive ZF -model. By the recursion theorem, F'is a total function
in V and in M:

Vo, j€MFM(x,ij)e M.

Assume that z were R-minimal such that FM(z, i) # F(z, ). Then we get a contradic-
tion by

F¥(z,5) = GM({(z, FM( DI(R2)M Y, 5)
= GM({(z, FM(z,%))|2Rx}, ), by the assumptions on R,
= GM({(2,F(2,%))|zRx}, %), by the minimality of z,
= G({(z,F(z,Y))|zRx},7), by the definiteness of G,

(
(

I
e

z, 7).

Also other kinds of recursions lead from definite recursion rules to definite functions.

Note that not every important notion is definite. For the powerset operation we have
PM(z)=P(x) N M. If M does not contain all subsets of z then P(x) # P(x). We shall
later produce countable transitive models M of ZF~ so that P™(w) # P(w), and we thus
prove that P(x) is not definite. Obviously the construction of models of set theory is espe-
cially geared at exhibiting the indefiniteness of some interesting notions.

Exercise 5. Show that (z,y), z X y, f |z are definite terms.
Exercise 6. Show that TC(z) is a definite term.

Exercise 7. Show that the term V,, for n <w is definite. Show that the term V,, is definite.
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Lemma 35. The following modeltheoretic notions are definite:
a) the term Fml of all formalised €-formulas;
b) the term Asn(M);

c) the formula “(M, E)E ¢[b]” in the variables M, E . b.

Proof. a) and ¢). Fml and Fare defined by recursion on the relation

yRr3u,v (x=(u,y,v) V= (u,v,y)).
Then
{ylyRr}={yeTC(z)[Bu, v € TC(x) (z=(u,y,v)Ve=(u,v,y))}
is definite. Therefore the characteristic function of Fml is definite as well as the term
Fml= {z € V,,|x € Fml}.

By Theorem 34 on definite recursions, Fml and F are definite.

b) Define by definite recursion Asng(M)={0} and
Asn, 1 (M) = Asn, (M) U {a% la € Asn,(M)AzeM?}.

Asn, (M) is a definite term, and Asn(M)=|]J {Asn,(M)|n €w} is also definite. O

7 Skolem hulls

Theorem 36. (Downward LOWENHEIM-SKOLEM Theorem, ZFC) Let X C M #+ () be sets.
Then there exists N C M such that

a) X CN and card(N) < card(X )+ Rg ;
b) every €-formula is N-M-absolute.

Proof. Take a wellorder < of M. Define a SKOLEM function S: Fml x Asn(M),

the < smallest element of (M, ¢, a), if this exists,
myg, else,

(.=
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where mg is some fixed element of M. Intuitively, S(¢, ag, a1, ..., ax—1) is the <-smallest
element z € M such that M E ¢(z,ay,...,ar_1), if such a z exists.

Define Nyg= X, Ny, N, ... recursively:

Ny+1=N,US[Fml x Asn(N,)],

and let N=J, _ Nn.

We show inductively that card(V,,) < card(X) + Ny :

card(Ny,11) card(N,,) + card(Fml x Asn(V,,))

card(V,,) + card(Fml) - card(<“N,,)

card(V,,) + Rg - card(N,,)<¥

card(X) + Ny + Vg - (card(X) + Rg), by inductive assumption,
(

)
card(X) + Ny .

INCINCIN NN

Hence

card(NV) < Z card(V,,) < Z (card(X) 4+ Ro) =Rg - (card(X) + Rg) = card(X ) + Ny .

n<w n<w

We prove the N-M-absoluteness of the e-formula ¢ by induction on the complexity of .
The cases ¢ =vy=1v; and ¢ = vy € vy are trivial. The induction steps for ¢ = gV ¢; and
© = —gp are easy. Finally consider the formula ¢ = Jvg (v, vy, ..., vg—1). Consider ay, ...,
ax—1 € N. The SKOLEM value u=S([],ay,...,a;_1) is an element of N. Then

(Fvo Y (vo, an, ...y ar—1))¥ = Fvo€ NYN(vo, ay, ..., ax 1)
— FJvg€ NYM(vg,ay, ..., ar_1), by the inductive assumption,
— HUQEMIDM(’U(), al,...,ak_l)

— (3’00 Qﬂ(’Uo, ai, ..., ak_l))M.

Conversely assume that (Jvg 1 (vo, ay, ..., ar_1))™. Then (M, [¢], a1, ...,ax_1)# 0 and z =
S([¢], ai,...,ax_1) is the <-smallest element of M such that (2, ay,...,ax_1). The con-

struction of N implies that z € N. By induction hypothesis, ¢™(z, a4, ..., ar_1). Hence
E'U(] c N¢N(Z, Ay, ..., ak_l) = (El’UO Qﬂ(Uo, A1y .nny CLk_l))N. |:|

Note that this proof has some similarities with the proof of the LEVY reflection principle.
Putting X = the theorem implies that every formula that has some infinite model M has
a countable model N. E.g., the formula “there is an uncountable set” has a countable
model. This is the famous SKOLEM paradox. As a prepartation for the forcing method we
also want the countable structure to be transitive.
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Theorem 37. Assume (Estensionality)N. Then there is a transitive N and m: N + N
such that  is an €-isomorphism, i.e. Yo,y € N (z € y<> m(x) € w(y)). Moreover, N and 7
are uniquely determined by N. m and N are called the MOSTOWSKI transitivisation or col-
lapse of .

Proof. Define m: N =V recursively by

m(y)={r(z)lrcynN}.

Set N =n[N].

(1) N is transitive. )
Proof. Let z€7(y) € N. Take x € y N N such that z=m(x). Then z € x[N]=N. ged(1)

(2) m: N+ N.

Proof. It suffices to show injectivity. Assume for a contradiction that z € N is €-minimal
such that there are y, y' € N, y # y’' with z = n(y) = 7(v’). (Extensionality)” implies
(Ax(r e y+> x ¢ y'))N. Take z € N such that x € y <>z ¢ y'. We may assume that z € y
and x ¢ y'. Then 7(z) € 7(y) = 7(y’). According to the definition of 7 take ' € y' N N
such that 7(z) =m(z'). By the minimality of z, z =2x’. But then x =2’ € y’, contradiction.
ged(2)

(3) m is an €-isomorphism.
Proof. Let x,y € N. If x € y then w(x) € w(y) by the definition of 7. Conversely assume
that m(x) € w(y). By the definition of 7 take '’ € y N N such that m(x) = m(2’). By (2),
rx=a"and so x €y. qed(3)

To show uniqueness assume that N is transitive and #: N <» N is an €-isomorphism.
Assume that y € N is €-minimal such that 7(y) # 7(y). We get a contradiction by
showing that m(y) =7 (y). Consider z € 7 (y). The transitivity of N implies z € N. By the
surjectivity of 7 take x € N such that z = 7(z). Since 7 is an €-isomorphism, x € y. And
since 7 is an €-isomorphism, m(x) € 7(y). By the minimality of y, 7(z) =7 (z). Hence z =
7(z) = w(x) € w(y). Thus 7(y) C 7(y). The converse can be shown analogously. Thus
7m(y) =7 (y), contradiction. O

It is easy to see that €-isomorphisms preserve the truth of e-formulas.

Lemma 38. Let m: N ++ N be an €-isomorphism. Let (v, ..., v,_1) be an €-formula.
Then

Yvg, ..., k-1 € N (¢ (vo, ..., vk—1) <—“PN(W(UO), vy T(VE-1)))-

Lemma 39. (ZFC) Let ¢y, ..., pn—1 be €-formulas without free variables with are true in
V. Then there is a countable transitive set N such that @b ..., pN_; .
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Proof. We may assume that ¢q is the extensionality axiom. By the Reflection Theorem 8
we can take 6 € Ord such that ¢}?, ..., ¥ , . By Theorem 36 there is a countable N such
that all €-formulas as N-Vj-absolute. In particular ¢f, ..., ¢_; . By Theorem 37 there is
transitive set N and an €-isomorphism 7: N <+ N. Then N is countable. By Lemma 38

Sog]vw"agpilv—l- D

Theorem 40. If ZFC s consistent then the following theory is also consistent: ZFC + M
is countable and transitive + ZECM where M is some variable.

Proof. Assume that the theory ZFC + M is countable and transitive + ZFCM is inconsis-
tent. Then there is a finite sequence ¢y, ..., ¢, 1 of ZFC-axioms such that the theory

©0, ..y Pn—1, M is countable and transitive, ¢3!, ..., oM,

implies z # 2. Work in ZFC. By Lemma 39 there is a countable transitive set N such that

gpév, e @,ff_l . Setting M = N we get the contradiction # # z. Hence ZFC is inconsis-
tent. 0

The considerations so far justify the following picture as a basis for further studies:

The argument of the Theorem can be extended to every e-theory which extends ZFC, like
ZFC+ CH or ZFC + —CH.

Theorem 41. Let T be a theory in the language of set theory which extends ZFC.

Assume that T is consistent. Then the following theory is also consistent: T+ M s count-
able and transitive +TM, where M is some variable.
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8 Extensions of Models of Set Theory

So far we have constructed and studied the inner model HOD, i.e. a submodel of a given
model of set theory. We shall now work towards extending models of set theory by the
forcing method of PAUL COHEN. COHEN introduced these techniques to show the inde-
pendence of AC and CH from ZF.

We shall work in the situation justified by Theorem 40: assume ZFC and ZFCM where M
is countable and transitive. Such an €-structure (M, €) is called a ground model. We
intend to adjoin a generic set G to M so that the extension M[G] is again a model of
ZFC. COHEN proved the independence of CH by constructing a generic extension

M[G]E ZFC + ~CH.

As already said in the introduction the extension M C M][G] has some similarities to a
transcendental field extension k C k(a). The transcendental element a can be described in
the ground field £ by a variable x; some properties of a can be described in k. That k(a)
is a field follows from the field axioms in k. The extension is generated by k£ and a: every
intermediate field K with K C K Ck(a) and a € K satisfies K =k(a).

The set-theoretic situation will be much more complicated than the algebraic analogue.
Whereas there is up to isomorphism only one transcendental field extension of transcen-
dence degree 1 we shall encounter a rich spectrum of generic extensions.

So fix the ground model M as above. We shall use sets G to determine extensions M [G].
G may be seen as the limit of a (countable) procedure in which more and more properties
of M|G] are being determined or forced. Limits are often described by filters. Our G will
be a filter on a preordering (P, <).

Definition 42. A partial order or a forcing is a tripel (P, <, 1p) such that (P, <) is a
transitive and reflexive binary relation (a preordering ) with a mazimal element 1p . The
elements of P are called (forcing) conditions. We say that p is stronger than ¢ iff p < q.
Conditions qq, ..., ¢g,—1 are compatible iff they have a common extension p < qo, ..., ¢n_1 -

An example of a forcing relation is COHEN forcing (P, <, 1p):

P=Fn(w,2,Xy) ={p|p:dom(p) — 2 Adom(p) Cw A card(dom(p)) < N
consists of all partial functions from w to 2. COHEN forcing will approximate a total func-
tion from w to 2, i.e. a real number. The approximation of a total function is captured by
the forcing relation: a condition p is stronger than ¢ iff the function p extends the func-

tion ¢:

p<qiff p2gq.
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Let 1p=0 be the function with the least information content. Two COHEN condition ¢1, ¢o
are compatible iff they are compatible as functions, i.e. if ¢; U ¢ is a function.

Fix some forcing relation (P, <, 1p) € M. It is important that the forcing relation is an
element of the ground model so that the ZFC-properties of M may be applied to P.

Definition 43. G C P is a filter on P iff
a) lpeG;
b) Ve GVp=>qpeG;

c) Vp,qeGIreG(r<pAr<gq).

In the case of COHEN forcing, a filter is a system of pairwise compatible partial function
whose union is again a partial function from w to 2. We shall later introduce generic fil-
ters which would make that union a total function.

Fix a filter G on P. We shall construct an extension M[G] which will satisfy some axioms
of ZFC. This will later be strengthened to generic extensions which satisfy all of ZFC.
Elements z € M [G] will have names @ € M in the ground model; G allows to interpret @ as
x: x =29 The crucial issue for computing the interpretation z¢ is to decide when 3¢ €
2¢. This shall be decided by the filter G. So the important information about 2 is con-
tained in the set

{(y,p)|p decides that y € 7 }.

In the forcing method one identifies  with that set:

T ={(y,p)|p decides that y €z }.

This motivates the following interpretation function:

Definition 44. Define the G-interpretation 2 of @ € M by recursion on the strongly
wellfounded relation y Rz iff 3u (y,u) €€z :

i6={y%|3peC (y,p) i}
Let
M[G] = {4C|¢ € M}

be the extension of M by P and G.
We examine which set-theoretic axioms hold in M|[G].
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Lemma 45. M|[G] is transitive.
Proof. Let ue€ %€ M[G]. Then ue {y%|Fpe G (y,p) €2} C M[G]. O
Lemma 46. Vi € M rank(z%) <rank(z).

Proof. By induction on the relation y R4 iff Ju (y,u) €

rank(29) = U {rank(y%)+1|3Ipe G (y,p) €z}

U {rank(y)+1|3Ip€ G (y,p) €2}, by inductive hypothesis,
(
(

U{rank( N+1|(y,p)€x}
u)+1luer}

NN N

I
—
Q
=
I~
—
8
~—

To show that M[G] 2 M we define names for elements of M.

Definition 47. Define by €-recursion the canonical name for x € M:
i ={(y,1p) |y €z}

Lemma 48. For x € M holds £ =x. Hence M C M[G].

Proof. By &-induction.

i’G

{9919peG (y,p) e}
= {y%|y € x}, by the definition of # and since 1p € G,
= {yly €x}, by inductive hypothesis,

= I.

Lemma 49. M[G]NOrd =M NOrd.

Proof. Let o € M[G] N Ord. Take & € M such that 2% = o . By Lemma 33, rank(u) is a
definite term. Hence rank(z) € M N Ord. Hence

a=rank(a) =rank(2%) <rank(z) € M N Ord. O
To check that G € M[G] we need a name for G.
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Definition 50. G ={(p,p)|p€ P} is the canonical name for the filter on P.

Lemma 51. G € M and G = H for any filter H on P.

Proof. The term 7 in the variable x is definite since it is defined by a definite €-recur-
sion. So (&, z) and {(p, p)|p € P} are definite terms in the variables  and P resp. Then

P e M implies that G € M. Moreover

GM={pHlpeH}={plpe H}=1.

O

Theorem 52. M[G] is a model of Eztensionality, Pairing, Union, Infinity, and Founda-
tion.

Proof. We employ the criteria of Theorem 3. Extensionality and Choice hold since M[G]
is a transitive €-model.

Pairing: Let x, y € M[G]. Take names 2,y € M such that z =29, y=y%. Set

z2={(2,1p),(y,1p)}.
Then

{z,y}={2% 99} =29 M[G].
Union: Let x € M[G] and =2, 2 € M. Set
g={(t,r)[3p,q € PI(r<pAr<qA(i,p)€v A (i, q) €z}

The right-hand side is a definite term in the variables P, <,z € M, hence Z € M. We show
that |J 2 =2¢.

Let ue|J z. Take v € z such that u € vex =3¢ Take v € M and q € G such that (v, q) €
2 and v& =wv. Take & € M and p € G such that (i, p) € v and ©“ = u. Take r € G such
that r < p, ¢. By the definition of 2, (u,r)€ 2, and u=u%¢€ 2% since r € G.

Conversely let u € 2¢. Take r € G and 4 € M such that (u,7) € 2 and u=u%. By the defi-
nition of 2, take p, g€ P and v € M such that

r<pAr<gA(u,p)EVA(V,q)ET.

Then p,q€G and u=1u%€v%€1%=1x. Hence uel z.
Infinity holds in M[G] since w € M C M[G]. O
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Problem 1. Do Powerset and Choice hold in M[G]?

9 Generic Filters and the Forcing Relation

If (y,p) €2 then p € H— yf € 27; so regardless of other aspects p “forces” that ¢y € 7.
And if yH € 2 this is (leaving some technical issues aside) forced by some p € H. We
want to generalise this phenomenon from the most fundamental of formulas, vy € vy, to all
e-formulas: consider a formula (v, ...,v,—1) and names Z, ..., Z,_1 . We want a relation

p“— QO([L"Q, ...,Zli'n_l)
such that

a) pl- (g, ..., T,—1) implies that M[H| E p(zf, ..., 21 ,) for every appropriate filter
H on P with pe H

b) if M[H|E p(zf,...,2 ) for some appropriate filter H on P with p € H then there
is p € H such that plk p(Zg,..., T,_1).

Let us continue the discussion with the vague notion of “appropriate filter”. By b), an
appropriate filter H has to decide every ¢ . There is r € H such that r - ¢ or r I —:

{reP|rikyor ri-=p}nH + 0

We argue that the set D = {r € P|rlk ¢ or rl- =} is a dense set in P. Let p € P. Take
an appropriate filter H on P with p € H. Suppose that M[H|E ¢. By b) take some ¢ € H
such that ¢ IF ¢. By the compatibility of filter elements take r» € H such that r < p, ¢ .
Then rl- ¢ and r € D. In case M[H|E =y we similarly find r < p, r € D.

It will turn out that the set D will be definable inside the ground model, thus D € M.
Accordingly, a filter H on P will be appropriate if it intersects every D € M which is a
dense subset of P. We now give rigorous definitions of appropriate filters and of the
forcing relation.

Definition 53. Let (P,<,1p) be a forcing.
a) D CPis dense in Piff Vpe PAge Dqg<p.
b) A filter G on P is M-generic iff DNG #0 for every D € M which is dense in P.

If M|G] is an extension of M by an M-generic filter we call M[G] a generic extension.
For countable ground models we have
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Theorem 54. Let (P, <, 1p) be a partial order, let M be a countable ground model, and
let pe P. Then there is an M-generic filter G on P with peG.

Proof. Take a wellorder < of M in ordertype w. Let (D,|n <w) be an enumeration of all
D € M which are dense in P. Define an w-sequence p = py = p1 2> ps = ... recursively:

Pni1 is the <-smallest element of M such that p,.1 <p, and p,,1€ D,

Then G={pe P|In<wp,<p} is as desired. O
Fix a ground model M and a partial order (P,<,1p) € M.

Definition 55. Let ¢(Zq, ..., ©,—1) be a sentence of the forcing language, i.e. (v, ...,
Vn_1) 18 an €-formulas and %y, ..., 3,1 € M. For p € P define pI-¥ (g, ..., n_1), p forces
o(Zo, ..., Tn_1), tff for all M-generic filters G on M with p€e G :

PMAGEE, .. 270).

If M or P are obvious from the contexst we also write |-p or IF instead of IF¥.

We shall state several properties of IF. Some of the properties amount to a definition of
Ik by recursion on the complexity of ¢ which can be carried out inside the ground model
M.

Lemma 56.
a) If plk and < p then qlF ¢.
b) If pl-p and ¢ implies ¢ then pl- 1.
c) If (y,p)€d and p€ P then plky €.
Proof. a) Let G > g be M-generic on P. Then p€ G. Hence M[G|E .

b) Let G 5 p be M-generic on P. Then M[G]|FE ¢. Since ¢ implies 9, also M[G]FE 1.
¢) Let G> p be M-generic on P. Then

g e{u3qeC (u,q) ez} =aC. O

For simplicity we assume that €-formulas are only built from the connectives A, =, V. We
want to show (recursively) that every €-formula has the following property:
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Definition 57. The €-formula ¢(vg, ..., v,—1) satisfies the forcing theorem iff the fol-
lowing hold:

a) The class
FOI‘CGSD: {(p,il:’o, ...,LL"n_l) ‘pG P/\S(:’(), ...,LL"n_l c M/\pH— QO(SI:’Q, ...,Li’n_l)}
1s definable in M;

b) if M[G] is a generic extension and 7y, ..., in_1 € M with M|G] E ¢(2§, ..., 25_1)
then there is p € G such that plk ©(Zo, ..., Tp_1).

Lemma 58. Let o(vo, ..., vn_1) and ¥ (vy, ..., v,_1) be €-formulas satisfying the forcing
theorem. Then we have for all names Zq,...,Z,_1 € M

a) p“— ((p/\iﬂ)(i’o,...,l"n_l) Zﬁp“‘ gO(Li’Q,...,SI:’n_l) andpll— Qﬂ(i’o,...,i’n_l).
b) p“__'sp(l’(]awxn—l) Zﬁ \V/qu_‘qn_ S0($0a7xn—1)
C) p||—v210g0(2107l"1,...,11i'n_1) iff Vage Mplk (p(!i’o,...,!i’n_l).

d) The formulas (¢ A1), =, and Yvg ¢ satisfy the forcing theorem.

Proof. a) is immediate.

b) For the implication from left to right assume p Ik —p(Z, ..., ©,—1) and let ¢ < p. If
q Ik o(Zo, ..., ©n_1) then p Ik p(Zo, ..., n—1). Take an M-generic G 3 p. Then M[G] F =
o(@§,...,25 1) and M[G]E p(z§, ..., 25 ). Contradiction.

For the converse assume —p Ik =¢(%y, ..., ©,_1). By the definition of |- take an M -generic
G > p such that M[G] F p(z§, ..., 25 ). Since ¢ satisfies the forcing theorem take r € G
with r Ik (2o, ..., ©,—1). Take g € G such that ¢ < p, r. Then ¢l ¢(Zy, ..., Z,—1), and the
right-hand side of the equivalence is false.

¢) is similar to the case a). The implication from left to right is immediate. For the con-
verse assume Vi, € Mp I p(Zo, ..., Tn_1). et G > p be M generic on P. Then Vi, €
M MI[G]E o(@§, ..., 251). Then M[G] E Yugp(vg, 28, ..., 25 1). Thus p I Yugp(ve 21, ...
Tp_1).

d) The cases a) — ¢) contain definitions of Force,,, , Force_, , and Forcey,,, on the basis

of definitions of Force, and Force, . We now show b) of Definition 57 for ¢ A 1, =g, and
Yo ¢. So let M[G] be a generic extension.

© A 1 Assume M[G] E (@ A ) (2§, ..., 2§1). Then M[G] E o(z§, ..., 25_;) and
M[GE (2§, ..., 25 1). Since ¢ and 1) satisfy the forcing theorem, take p, ¢ € G such that

plF (2o, ..., Tn_1) and q Ik (2o, ..., Tn_1). Take r € G with r < p, ¢. Then r Ik p(z, ...,
l"n—l)a 7l ,lvb(i’Oa ---wi'n—l)) and I+ (90/\ @D)(ﬂfo, --->in—1)'
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—p: Assume M[G]E —p(z§,...,25 ). Define

D={peP|plkp(ig,....7n—1) or Vg< p —qlFo(Zo,..., Tn-1)}

Since Force,, is definable in M, we get D € M. It is easy to see that D is dense in P. By
the genericity of G take p € GN D. We cannot have p - ¢(Zo, ..., ©,-1) because M[G]F —
o(@§, ..., 25 1). Hence Vg < p —qlF (%o, ..., 2,_1). Then b) implies that p IF —o(g, ...,

Fn_1).

Vg ¢ : Assume M |[G]EVvg ¢(vo, 2, ..., 25 ). Define
D= {pE P |VZL’0€Mp”‘ QO(I"(], ...,Zli’n_l) or dig € Mpl- _'(p(lli'o,lli'l...,lli'n_l)}.

Then D € M since Force,, and Force_,, are definable in M.

(1) D is dense in P.

Proof. Consider r € P. If Vig € M- o(zo, ..., T,—1) then r € D. Otherwise take ©g € M
with = IF ¢(Zo, ..., Zn_1). Take an M-generic filter H > r such that M[H] E —p(z§, ...,
25 1). Since -y satisfies the forcing theorem, take s € H with s - —p(ay, ..., 7,_). Take
p € H such that p<r,s. Then plk—p(Zg,...,2,-1) and p€ D. qed(1)

By the genericity of G take p € GN D. Assume for a contradiction that Jz¢ € M pl-—p(Z,
T1..., Tn_1). Take 29 € M such that p Ik =(Zg, 21..., 7,_1). Since p € G, M[G] E ~p(z§,

¢, ..., 2§ ,), contradicting the assumption of the quantifier case. So p is in the “other
half” of D, ie. Vige M pl- QO(I"(], ...,Zli'n_l). By C), p =Yg QO(U(],Zli'l, ...,i’n_l). 0]

10 The Atomic Case

The atomic case of the forcing theorem turns out more complicated than the cases that we
have considered so far. This is due to the hierarchical structure of sets. We treat the
equality case v; = vy as two inclusions vy C vy and vo C vy . The relation 2§ C 2§ is equiva-
lent to

{45351 € G (y1, 51) €1} C{y§|Fs2€ G (y2, 52) € T2}

Lemma 59.
a) pll—a:lgxg Zﬁ V(yl,Sl)Gl’l (sleP—>
D(y1,81,22):={q € P|lqg<s1— I (ya,52) Exa(s2€ PAq<saAqlFEy1 Cya Aglby2Cyn) }
is dense in P below p).

b) Force,, cy, is definable in M.

c) If x§ C xS then there is p € G such that plFx; Cxo.
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Here we say that a set D C P is dense in P below p iff Vp'<pIq<qqe D.

Proof. Consider the relation

(¢, y1,92) R (p, 21, 22) < (31 € dom(z1) V 31 € dom(z2)) A (y2 € dom(z) V yo € dom(z2)).

(1) R is strongly wellfounded.
Proof . If (q, y1, y2) R (p, 1, z2) then

(rg(y1) <rg(z1) Vrg(yr) <rg(w2)) A (rg(ye) <rg(w1) Vrg(ys) <rg(r2)),

and so max (rg(y1), rg(y2)) < max (rg(xy), rg(x2)). Hence an infinite decreasing sequence in
R leads to an infinite decreasing sequence in Ord. ged(1)

By recursion on R define

S(p,x1,x2) <> Y(y1,81) €Ex1(51€ P—
{ge Plg<s1—3(y2,52) €xa(52€ PAq<52ANS(q, Y1, y2) NS(q, Y2, 11) }
is dense in P below p).

By a simultaneous induction on R we prove that (p Ik x; C x5) <> S(p, x1, 22) and proper-
ties a) and ¢). This also proves b).

a) Assume plkx; Czy. Let (y1,$1) €21 and sy € P. To show that D(yy, s1, x2) is dense in
P below p consider p’ < p. It suffices to find ¢ < p” with ¢ € D(yy, s1,x2). Let G > p’ be M-
generic on P.

If —p’ < sy then p’ € D(y1, 51, 22) and we can take ¢=1p’.

So assume that p’<s;. Then s, p € G and
yf' €2 Caf = {y¥|3s2€ G (y2, 52) € 22}

Take (ys, 52) € T3 such that s, € G and yf =45, Then yf C y§ and 35 C ¢{. By the induc-
tive assumption c¢) take p”, p” € G such that p” IF y; C yy and p”' Ik yo C 4 . Take g € G
such that ¢ < p/, s9, p”, p”. Then ¢ < p' <s1, < S92, qlFy1 C s, and glF y5 C y; . Hence
q € D(y1, s1,72).

Conversely assume the right-hand side of a). Let G 5 p be M-generic on P. We have show
that 2§ C 2¥, ie. {yf|3s1 € G (y1, 51) € 11} C{y§|3s2 € G (92, 52) € w2} So let yf € xf'.
Take s; € G such that (yi, s1) € 1. Take p’ € G, p’ < p, s1 . The right-hand side of a)
implies that D(yi, s1, xg) is dense in P below p and thus below p’. By the inductive
assumption, D(y, s1,x2) € M. By the genericity of G, take ¢ € G, ¢ <p’, ¢ € D(y1, 51, x2).
By the definition of D(y, s1,22) take (yo, $2) € o such that

$2€ PAq<saNglbyi CyaAgl-ya Sy
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Since g, sy € G this implies v C y¥, v§ C yf, and so
Yt =ys €af.

Ror (q, y1, y2) R (p, 1, x2) the induction hypothesis implies that S(q, yi, y2) and S(q,
Y2, Y1) agree with ¢lFy; C yy and ¢l yo C y; respectively. Now a) and the recursive defini-
tion of S(p, z1,z2) agree and yield that

(plF 21 C19) > S(p, 21, T2).
c¢) Let M[G] be a generic extension such that M|[G]F ¢ C 2. Set

D={peP | plFazCux
va(ylusl)exl (81€P/\ngp
(¢ <s51AV(y2,82) €xa(52€ PAGIFy1 Cya Aglb 1 S 1) = 2g <))}

D € M since by the inductive assumption we may replace IF in the definition of D by the
predicate S which is definable in M.

(2) D is dense in P.

Proof. Let r € P. If r - x; C 29 we are done. So assume —r -z, C zo. By the equivalence
in a) take (yi, s1) € z1 such that s; € P and D(yy, s1, x2) is not dense in P below r. Take
p<r such that Vg <pq¢ D(y1, s1,y2). q¢ D(y1, 51, ye) is equivalent to

q<s1AY (Y2, 82) Exa(s2a€ PAqlFys Cya A qlEya Cyp — g < S2).

Hence p <7 is an element of D. ged(2)

By the M-genericity take p € G N D. We claim that plF z; C x5 . If not then the alterna-
tive in the definition of D holds: take (yi, s1) € z1 such that s; € P and

Va<p (<51 AV (Y2, 52) €Exa((s2€ PAqIF 1y Sy A gl y2 Cyn) =g < s9)). (5)
In particular for ¢ = p we have
P< ST AY(Ya, 82) Exa((s2€ PAPIFy1 Cya Aplk g2 C 1) = —p < s9).
Then s; € G and 3¢ € 2 C 2§ = {95 |Iso € G (a2, 52) € 12}. Take (ya, 52) € 15 such that s, €
G and y{ = y§. Then y C y§ and y§ C yf. Since c) holds at R-smaller triples, there are

q', q" € G such that ¢'IFy; C yo and ¢” IF yo C y; . Take ¢ € G such that g < p, s2, ¢/, ¢”.
Then (y9, s2) satisfies

soEPAqIFy1 CyaAqlFya Cyr Ag< sa.

But this contradicts (5). Hence plFz; Czy. O
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We can now deal with the other atomic cases:

Lemma 60.
a) x =y satisfies the forcing theorem.

b) x €y satisfies the forcing theorem.

Proof. For a) observe that pl-z =y iff plkx Cy and plky Cz.

b) We claim that plFz € y iff D={q¢<p|3(u,r) €y (¢g<rAqgl-z=u)}is dense in P
below p.

Assume that pl-2 € y. To prove the density of D consider s < p. Take an M-generic filter
G on P with s€G. slkz €y and so 2 € y“={u“|Ir € G (u,r) € y}. Take (u,r) € y such
that 2% =% and r € G. By the forcing theorem for equalities take ¢ € G such that ¢z =
u. Take g € G such that ¢<s,r,t. Then ¢<p, ¢<r, and ¢lFz=wu. Hence g€ D.

Conversely let D be dense in P below p. To show that pIFx € y let G be an M-generic
filter on P with p € G. By the genericity there is ¢ < p such that ¢ € GN D. Take (u,r) €
y such that g <rAglFz=wu. Then r € G and ¢ =u% € y©.

Finally assume that 2% € y“. y“={u®|3Ir € G (u,r) € y}. Take some (u,r) € y such that
r € G and 2% =uY By a) take s € G such that sz =u. Take p € G such that p <r, s.
Then plFx=wu and plFu e y. Hence plk-x € y. O]

So we have proved the forcing theorem:

Theorem 61. For every €-formula ¢(vy, ..., v,_1) the following hold:
a) The property plF¥ (2, ..., 3 _1) is definable in M;

b) if M|G]E p(if,...,25 1) in a generic extension M[G] then there is p € G such that
p“‘ QO(ZIi’(], ...,[L"n_l).

11 ZFC in M[G]

Let M[G] be a generic extension of the ground model M by the generic filter G on P € M.
We know already that M[G] is a model of Extensionality, Pairing, Union, Infinity, and
Foundation.

Theorem 62. M|[G|E Separation
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Proof. Consider an e-formula ¢(z, @) and sets w, a € M[G]. It suffices to prove that
{z € a|eM 2, @)} € M[G]. Take names 0, ¢ € M such that & =@ and a% = a. Define
the name

s ={(z,p)|li €edom(a) Aplk (z €d A p(@,w))}.

By the forcing theorem, z € M. It suffices to show that ¢ = {z € a1 (2, ©)}.

Consider = € 2¢. Take (i, p) € z such that p e G and 2 = 2% Then pl- (¢ € d A (&, W)).
By the definition of I, 2 =3¢ € d%=a, MGG %), and oMz, @). Hence = € {z €
al M (z, @)}.

Conversely let z € {z € a|p™%(z,@)}. Take (2, p’) € d such that p’ € G and z=2C. Then
MGl (3G ZBG) By the forcing theorem, take p” € G such that p” Ik (2, 1,;) Take p € G
such that p < p’ and p< p”. Then
i edom(a) Aplk (2 €d A p(z,w))
and
(#,p)ez.

Hence x =29 € 2€. O
Theorem 63. M[G]E Power.

Proof. Let x € M[G]. It suffices to show that P(z) N M|[G] € M[G]. Take a name z € M
such that 2¢=z. Define the name

2={(y,p)ly Cdom(a) x PAplty Ci}.

By the forcing theorem and by the powerset axiom in M, z € M. It suffices to show that
29 ="P(x)N M[G].
Consider y € z¢. Take (y, p) € Z such that y =y and p € G. Then plky Cz and so y =
y¢ C2%=x. Hence y € P(x) N MI[G].
Conversely let v € P(z) N M[G]. Take © € M such that v = 0% and take ¢ € G such that
qlFv C 2. Define

y={(u,r)edom(z) X Plr<qgAqlFu€d}.

(1) y& =0,

Proof. Let v% € yC, (i,r) €y and r € G. Then rl-1i €0, and 4% € v&. Conversely let u €
0% C 2% Then u=1u% for some u € dom(z). Since u% € v take r € G such that r < ¢ and
rlFi €v. Then (u,r) €y and u=u% € y&. ged(1)

Take p € G such that plFy =9 and plkv C 2. Then plky C 2 and (y, p) € 2. Hence v =
56 =4 e 56, 0
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Theorem 64. M|G|F Replacement.

Proof. Consider an e-formula ¢(z, y, @) and sets w, a € M[G]. Suppose that ¢(x, y, ©)
is functional in M[G], i.e.,

M[G)EYz, y,y'(p(z,y,0) Aoz, y',0) =y =y).

Take p € G such that pl-Vz,y, y'(o(z,y, @) A p(z,y',0)—=y=1").
It suffices to prove that

{y|3z € a2, y, @)} N M[G] € M[G].

Take names w, ¢ € M such that w =% and ¢ = a. Using replacement in the ground
model M take a set B € M such that

Vi € dom(d) Vs € P (3y € Msl- (@, y,w) — 3y € Bslk (@, 5,w)).
Define the name
:={(y,p)lyeB}reM.
We claim that
{y|Fz € a2, y, @)} N M[G] C £€.
Let 2 € a such that ™(x, y, @). Take & € dom(d) such that x = #¢ and take y € M

such that y=yC. Take s € G such that sl (@, 4,1 ). We may assume that s < p. By the

choice of B there is u € B such that sl ¢(z, 4, 1,;) Since s forces the functionality of ¢
we have sl =1. Hence y =3¢ =15 € €.

But then separation in M[G] implies that
{y 3z €apM Oz, y, @)} N MIG] = {y|Tr € apM Oz, y, @)} 126 € M[G]
as required. O

Theorem 65. M[G]F AC.

Proof. Let x € M|[G]. It suffices to find a surjection f:a — 2’ Dz, f € M[G], a € Ord.
Take a name & € M such that x = 2¢. Since AC holds in M, take a surjective g: a —
dom(z), g€ M, a € Ord. Define f:«a— range(f) by



Note that the interpretation function Z — 2z is defined by a definite recursion in the

parameter G. Hence it is definable within M[G] and f € M][G], using replacement in
MIG]. To show that « Crange(f) consider y € x. Take y € dom(#) such that y=y“. Take
¢ <a such that g(§)=9. Then

y=1%=g(§)°= f(£) €range(f).
0J

Theorem 66. M[G] is the C-minimal transitive model of ZF~ such that M U {G} C
MI[G].

Proof. Assume that N is a transitive model of ZF~ such that M U {G} C N. Since the
interpretation function z — 2¢ is defined by a definite recursion in the parameter G, the
model N is closed under the interpretation function. This means that

M[G)={:6|: e M}CN.

12 Adding a Cohen real

To exclude trivial generic extensions of the form M[G]= M we define

Definition 67. A forcing (P, <, 1) is separative if Vp € P3q, r < pqLr where qLr
denotes that g and r are incompatible.

Most forcings are separative. As an example consider the COHEN forcing (P, <, 1)
P =Fn(w,2,Ng) ={p|p: dom(p) =2 A dom(p) Cw A card(dom(p)) <Ro}

with <=2 and 1={. Given p€ P take i €w \ dom(p). Then
pU{(i,0)} <p,pU{(i, 1)} <p, and pU{(i,0)} LpU{(i,1)}.

Lemma 68. Let G be M-generic on the separative forcing (P, <, 1) € M. Then G ¢ M
and M[G]+# M.

Proof. Assume that G € M. Define

D={qeP|lq¢G}e M.

44



(1) D is dense in P.
Proof. Let p € P. By separativity take ¢, < p such that ¢_Lr. Since elements of the filter
G are pairwise compatible, ¢¢ G or r¢ G. Hence g€ D or r € D. ged(1)

By the genericity of G, G N D # (). But by the definition of D, G N D = (. Contradic-
tion. U

Now consider COHEN forcing P = Fn(w, 2, ¥g) over the ground model M. Let G be M-
generic on P.

Lemma 69. The set

c:UG

is a COHEN real over M, i.e.,
a) cw—2;
b) the generic G can be defined from ¢ as G={pe P|pCc};

c) c¢ M.

Proof. a) We show that c is functional. Let (n, ), (n, j) € ¢. Take p, ¢ € G such that (n,
i) € p and (n, j) € q. Since G is a filter there is r € G such that r < p, ¢. Then (n, 1), (n,
j) €r. Since r is a function, i = j.

Hence ¢: dom(c) — 2 where dom(c) C w.

(1) dom(c) =w.
Proof. We use a density argument which is typical for the analysis of forcing extensions.
Let n € w. Define

D, ={pe€ P|nedom(p)}.

Obviously D,, € M. We show that D,, is dense in P. Let g € P. If n € dom(q) then ¢q € D,,.
Otherwise ¢U{(n,0)} < ¢ and qU{(n,0)} € D,,.

Since G is M-generic on P, GN D,,# (). Take p€ GN D,,. Then
n € dom(p) C dom(c).

b) If g € G then ¢ C|J G =c. Conversely consider ¢ € P, ¢ C ¢. For every assignment (n,
i) € q take p, € G such that p,(n)=1. Since dom(q) is finite and since G is a filter we can
take p € G such that Vn € dom(q) p < p,. Then ¥n € dom(q) p(n) = p,(n) = ¢(n) and p <
q. Since G is upwards closed, ¢ € G.
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c) follows from b) since G ¢ M. But we want to give another density argument. Consider a
real x € M, x:w— 2. Define

D,={peP|pgx}.

D, € M since this is a definite definition from the parameter x € M. We show that D, is
dense in P. Let ¢ € P. Since dom(q) is finite, take n € w \ dom(q). Then ¢ U {(n, 1 —
z(n))} <qand qU{(n,1—-z(n))}€D,.

Since G is M-generic on P, GN D, # (. Take p€ GN D, . Then p ¢ x. Take n € dom(p)
such that p(n) # z(n). Then ¢(n) = p(n) # x(n) and so ¢ # x. Since c is different from
every ground model real z we have that c¢ M. 0

By b) the extension M[G] is also the C-smallest ZF ~-extension of M which contains c¢. So
one can also write M|c| instead of M[G] and call it a COHEN extension.

COHEN reals are a very common component of forcing extensions. In the next section we
shall adjoin a great number of COHEN reals thereby violating the continuum hypothesis.
As a preparation we shall study some more properties of the present generic extension
MIG]. A lot of information can be decoded from (the bits of) a COHEN real and we shall
see an example now.

If we identify reals with characteristic functions on w, R=%2, then RNM[G]DRNM is a
proper transcendental field extension. We shall see that the adjunction of ¢ makes the set
of ground model reals very small.

Definition 70. A set X C R has measure zero if for every € > 0 there exists sequence
(In|n <w) of intervals in R such that X CJ, _ In and ) _ length(l,)<ce.

Lemma 71. In the COHEN extension M|c] the set RN M of ground model reals has mea-
sure zero.

Proof. For our purposes we define real intervals as follows: for s € <“2 = {t|t: dom(t) —
2N dom(t) €w} define the interval

I;={zeR|sCx}CR

and define length(I) = 279°™). Note that Iy = Is,{(dom(s),0)} U Tsu{(dom(s),1)} » length(R) =
Iy=27"=1, and length(Zsu{(dom(s),0)}) = length(Ls,{(dom(s),1)}) = % length(/) .

Let € > 0 be given. We may assume that ¢ = 27%. We shall extract intervals Iy, I1, I», ... of
lengths 27471 27972 2793 from the COHEN real c. For n <w define s,:;i +n+1—2 by

su(l) = c(n+1).
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Let I,=1;, . Then

Z length(1,) :Z 27imnl=9"=¢

n<w n<w

We show by a density argument that RNM CJ, _ In. Let z€ RN M. Define

D,={peP|In<wVi<i+n+1(n+ledom(p)Ap(n+l)=z(l))} € M.

(1) D, is dense in P.
Proof. Let g € P. Take n <w such that dom(gq) Cn. Set

p=qU{(n+lLz(D)|l<i+n-+1}.
Then p< g and pe D,. ged(1)
By the genericity of G take pe GN D, . Take n <w such that

Vi<i+n+1(n+ledom(p)Apn+1)=x(l)).
Then
Vi<i4+n+1leln+1)=x()
and
Vi<i4+n+1s,(l)=x().

Hence s, Cz and z €1, C I,. O

n<w

It is conceivable that R N M becomes small in M[G] for trivial reasons, namely that R N
M is countable in M[G]. We shall however show that cardinalities are absolute between
M and MIG]. In particular RN M is uncountable in M[G].

Definition 72. A forcing P preserves cardinals if for every generic extension M|G|] 2 M
by P the following holds: every cardinal in M is a cardinal in M[G].

The following simple arguments will be generalised later.

Lemma 73. Let M[G]| be a generic extension by COHEN forcing P =Fn(w, 2, Ry) and let
fra— B, f € M|G]. Then there is a function F:a— M, F € M such that

Ve <a (f(§) € F(§) Acard(F(S)) < No).
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Proof. Take a name f € M such that f= f¢. Take p € G such that pl- f:a— 4. In M,
define F: a«— M by

F(&)={¢<B3q<pqlF f(§)=C(}.
Let £ < a.

(1) f(&) € F(&). L
Proof. Let ¢ = f(&). Take g € G such that ¢ IF f(£) = ¢ . We may assume that ¢ < p.

Then ¢ € F'(§). ged(1)

(2) card™(F(£)) <Ny

Proof. For ¢ € F(§) choose g¢ < p such that g IF f(&)=C It ¢, ¢ e F(€) and qc = qc
then ¢ I+ (= f(é) — (. Since ¢ and (' are canonical names this implies ¢ = ¢’. Thus the
function (> ¢ is an injection of F'(§) into the countable set P. U

Theorem 74. COHEN forcing P=Fn(w,2,Rg) preserves cardinals.

Proof. Let M[G] be a generic extension by COHEN forcing. Assume that £ > w is not a
cardinal in M[G]. Take a surjective function f:a— k, f € M[G] with o < k. By the pre-
vious Lemma take a function F:a— M, F' € M such that

Ve <a (f(§) € F(&) Acard(F(€)) < No).

Then k C U, F(§) and

card (k) < card( U F(9))< Z card(F(€)) < Z Ny = card™(a)) - R = card™ (o) < k.

E<a {<a E<a

So k is not a cardinal in M. O

Problem 2. Is RN M meager in M[G], i.e., is it a union of countably many nowhere dense sets?

13 Models for =CH

We shall obtain =CH by adjoining A\ COHEN reals to a ground model M where \ € [w)!,
Ord N M). So define A-fold COHEN forcing P = (P, <, 1) € M by P = Fn(\ x w, 2, X),
<=2, and 1 = (). Let G be M-generic on P. Let F' = |J G. Like Lemma 69a) one can
show

(1) F:AXw—2.

48



We extract a sequence (c,|a< A) of reals ¢,:w— 2 from F' by:

co(n)=F(a,n).

(2) a<fB<A—=caFcs.
Proof . Define

Das={p€ P3n <w ((a,n) € dom(p) A (8, n) € dom(p) A plar,n) £ p(B,m))} € M.

To prove that D,p is dense in P consider g € P. Since g is finite take n < w such that («,
n) ¢ dom(q) and (3,n) ¢ dom(gq). Then

p=qU{((e,n),0),((8,n), 1)} <q
and p€ D,s3. By the M-genericity of G take p€ GND,pz. Take n <w such that
(a,n) €dom(p) A (B, n) € dom(p) A p(a,n)# p(5,n).

Then ¢, # cs since

ca(n) = F(a,n)=p(a,n)# p(B,n)=F(B,n)=cs(n).
qed(2)

So in M|[G] there is an injection av— ¢, of A into R and
cardMICI(R) > card™GI(\).

If we can show that cardinals are absolute between M and M[G] then this would yield —
CH in M[G] by

cardMC(R) > cardMC(\) > card M) (wd) = card MC) (w1 = 2119,

The proof of the absoluteness of cardinals is modeled after the proof of cardinal preserva-
tion for simple COHEN forcing. The countability of simple COHEN forcing is replaced by
the following combinatorial property of forcings:

Definition 75. Let @ = (Q, <, 1) be a forcing. A C @ is an antichain in Q if Vp, q €
A(p+# q—pLlq). Q has the countable chain condition (ccc) if every antichain in Q is at
most countable.

To prove that Fn(\ X w, 2, Ry) has the ccc we use the following.
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Theorem 76. Let (a;|i < Wy) be a sequence of finite sets. Then there are Z C Ny |
card(Z) =Ry and a finite set b such that (a;|i < Z) is a A-system with root b, i.e.,

V’L,jGZ(Z%j—)azﬁCLJ:b)

Proof. By the regularity of X; there is Zy C Wy, card(Zy) =N; and a finite n <w such that
Vi€ Zy card(a;) =n.

Take m < n maximal such that there is a set b with card(b) =m and Z; C Zy, card(Z;) =
Ny such that

VieZi1bCa;.

Such an m exists, since trivially Vi € Zy 0 C a; .

(1) For all u ¢ b there is i(u) <Ny such that Vi € Z; (i > i(u) »u ¢ a;),
because otherwise bU{u} would contradict the maximality of m.

Define a strictly increasing sequence (i¢|§ < Ny) of ordinals i¢ € Z; by recursion: let i¢ be
the minimal i € Z; such that V{ <&{Vu€ac \bi>i(u).

(2) Z={a;|{ <N} is a A-system with root b.

Proof . Let (,£€Z, (<. By the choice of Z; we have b Ca;., bCa;, , and so a;.Na;, 2 b.
For the converse consider u € a;. Na;, . Assume for a contradiction that u ¢ b. By construc-
tion i¢ >i(u). Then (1) implies that u ¢ a;,. Contradiction, and so u €. O

Theorem 77. Fn(A x w,2,Ng) has the ccc.

Proof. Assume for a contradiction that {p;|¢ <N;} is an antichain in Fn(\ x w, 2, ¥g) con-
sisting of pairwise distinct conditions. (dom(p;)|i < N;) is a sequence of finite sets and by
the A-system theorem one can take a finite set b and Z C Ny | card(Z) = X; such that
(dom(p;)|i < Z) forms a A-system with root b. Since there are only finitely many 0-1-
valued functions on the finite set b take a function ¢:b— 2 and Z; C 7, card(Z;) = X; such
that

Vi€ Z, pi | b=q.

Take i,j € Z, i+ j. Then dom(p;) Ndom(p,;) =b and p; [b=p; [ b=¢q. Then p; and p; are
compatible in Fn(A x w,2,Ry), contradiction. O

We extend the proof of Lemma 73 from countable forcing to ccc forcing.
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Lemma 78. Let M[G] be a generic extension by some ccc forcing Q = (Q, <, 1) and let f:
a— B, f € M[G]. Then there is a function F:a— M, F'€ M such that

V¢ <a (f(§) € F(&) Acard™(F(£)) <No).
Proof. Take a name f € M such that f= f©. Take p € G such that plF f:d— 4. In M,
define F: a«— M by
F(&)={¢<BBa<pal-f(§)=C}

Let £ <a. As before we see that

(1) f(§) € F(E).

(2) card™(F(£)) < Ny.

Proof. For ¢ € F (&) choose g < p such that ¢, IF f(€)=C. Consider ¢, ('€ F(¢), ¢+
and assume for a contradiction that g, and g¢ are compatible in (). Take ¢ € @, ¢ < q¢,
g¢r- Then qlF ¢ = f(g) = (’. Since ¢ and ¢’ are canonical names this implies ¢ = ¢’, which
is a contradiction. So g, and ¢/ are incompatible in (). Thus the function ¢ — ¢; is an
injection of F({) into to antichain {¢;|¢ € F(&)}. By the ccc, {¢c|¢ € F(£)} is at most
countable, and so F'(§) is at most countable. O

This covering property implies immediately that the ccc forcing () preserves cardinals.
Hence M[G]E—CH, and we have

Theorem 79. Assume that ZFC is consistent. Then so is ZFC+ —~CH.
Proof. The construction above showed the consistency of ZFC + —-CH. U

The violation of CH means that 2% > X; . We now want to arrange that the value of 2% is
exactly equal to k.

Lemma 80. Let M C M[G] be a generic extension by some partial order P € M. Let § €
OrdM™ and x € M[G], x C 3. Then there is a name @ € M, 1% =x of the form

={(a,q)|la<BANqge A},

where every A, is an antichain in P.

Proof. Take some name & € M, £ = z. Take p € G such that p IF & C 5. Work in M.
Consider aw < 3 and let F,={q€ P|qlFa €z}. The set

Z={ACF,|Ais an antichain in P}
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is partially ordered by C. Let C'C Z be a chain in (Z,C), i.e.
AAleZ—ACA VA CA.

Then |J C C F, is also an antichain in P. Thus (Z, C) is an inductive partial order. By
ZORN’s lemma, choose a maximal element A, € Z. Then define

i ={(a,gla<fNrgeA}eM.

We show that 2% =x. Let a € #¢. Take q € G such that (a, ¢) € 2. Then q € A, C F, and
glFa€z. Hence a €% =x.

Conversely let a € x = £¢. Take r € G such that r - & € £ . We may assume that r < p so
that rIFZ C 8. Then rlFd < 8 and so a < 3. Set

D={seP|3qecA,s<q}eM.

D is dense in P below 7: Let v’ <r. Thenr’'lFa €z and ' € F,,. If ' € A, then v’ € D.
Otherwise 1’ ¢ F, and by the maximality of A, we have that A, U {r'} is not antichain. So
take g € A, such that ¢ and r’ are compatible. Take s < ¢,r’. Then s€ D.

Since G > r is M-generic there is s € GN D. Take g € A, such that s <¢q. Then ¢ € G and
(@, q)ex. Hence a=a%e €. O

Lemma 81. Let M C M[G] be a generic extension by some ccc partial order P € M. Let
Be€0rdM, B>w. Then

cardME(PMIEY( B)) L (card(P)cardBN M,
Proof. In M[G] define a map F: (#*«P)M — pMIGl(3) by
feAla, flan)a<fAn<w}e.
By the previous lemma, F' is a surjection. Hence

cardMIE(PMICY( ) < cardMIE ((Bxw PYM) L cardM ((P*“P)M) < (card(P)ed0)M, O

Let us reconsider the forcing extension of the ground model M by A COHEN reals.
Assume GCH in M and take A € Card” with M ¥ cof(\) > w; . Let G be M-generic on
P=Fn(\ xw,2,Rp) € M. Cardinals are absolute between M and M|[G].

Lemma 82. M|[G]E2%0=)\.
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Proof.

card M (PMIC]()) | by our first results about this forcing,
(card(P)®)M by the previous lemma,

(A¥)M by GCH in M,

A, by GCH in M.

NN N

O

So 2% can be any cardinal A of uncountable cofinality. Note that cof(2¥) > w by KONIG’s
lemma. For cardinals A = N, N3, ..., N1y, ..., Ny, ... in M we obtain relative consistency
results of the following type.

Theorem 83. Assume that ZFC + GCH is consistent. Then the following theories are
consistent:

a) ZFC+ 2% =Y, ;
b) ZFC + 2% =Ry ;
C) ZFC + QNO = Nw+1 5

d) ZFC+ 2=y, .

14 Models for CH

We shall obtain CH by adjoining a surjection from R}/ onto P(w)™.

In M, let P =Fn(Ry, P(w),Ny), <=2, and 1 =0. Let G be M-generic on P. Let F' =]
G. Like Lemma 69a) one can show

(1) F: R —P(w)M.

(2) F: R — P(w)M is surjective.

Proof. Let a € P(w)™ =P(w)N M. Define, in M,
D,={pe P |aemg(p)}.

D, € M is dense in P. By genericity take p€ D,NG. Then a € rng(p) Crng(F). ged.
To show CH in M[G] it suffices to show R} =R and P(w)M = P(w)MIE],

For this we use another combinatorial property of partial orders.
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Definition 84. Let Q =(Q,<,1) be a forcing. A subset C C @ is a chain in @ if (C, <)
15 a linear order. @) is O-closed if every chain in Q) of cardinality <6 has a lower bound in

Q, i.e.,
VC(C is a chain in Q Acard(C) <0 —Ipe QVqeC:p<q).

Lemma 85. P=Fn(X;,P(w),N;) is Ry-closed (in M).
Proof. Let C C P, card(C) <XN;. Then p=|J C € P is a lower bound for C. O

Lemma 86. Let M[G] be a generic extension by Q = (Q,<,1) € M where Q is 0-closed in
M. Let fra— B, f€ M|G], a<0. Then f € M.

Proof. Take a name f € M and pe G such that f= fG and pl- f:d— (. Define

D={qeQ3geM:ql-f=gG}e M.

(1) D is dense in @ below p.

Proof. Work in M. Let p’ < p. Define a descending sequence (p;|i < a) of conditions <p’
and a function g: « — § by recursion. Let (p;|i < j) and g [ j be defined. {p;|i < j}U{p’}
is a chain in @ of cardinality <card(j) < card(«) < 6. By 6-closure choose a lower bound

pl of {pili<j}U{p'}. Then choose p; < p} and g(j) < B such that p;I- f(5) :gRj).

{pili < a} is a chain in @ of cardinality card(a) < 6. By 6-closure choose a lower bound ¢
of {pili <a}. Then

qgF fra—BAGa— BAYi<d: f(5)=90).
Hence ¢lF f =g and g€ D. qed(1)
By genericity take ¢ € GND. Take g € M such that ¢glF f=¢§. Then f=f“=geM. O

Lemma 87. Let M[G] be a generic extension by Q = (Q,<,1) € M where Q is 0-closed in
M. Then

a) VB<0 P(B)M=P(B)M.

b) V3 € CardM (B <0— 3 € CardMIe))

Proof. a) By the previous lemma, (°2)M = (82)MI¢] This is equivalent to P(5)M =

P(3)ME
b) Let 8 <6 and § ¢ Card™¥. Take some surjective function f € M[G], f: a — B, with
a < f3. By the previous lemma f € M. Hence 3¢ Card™. O
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So forcing with P =Fn(X;, P(w), N;) preserves R; and P(w), i.e., XM =RM and P(w)M =
P(w)M¢, Hence M[G]F CH, and we have

Theorem 88. Assume that ZFC is consistent. Then so is ZFC + CH.

Theorem 89. Let n be a natural number >1. Assume that ZFC is consistent. Then so is
ZFC + 2% =N, .

Proof. The case n =1 is the previous theorem. So let n > 1. We can assume the relative
consistency of CH, and force over a ground model of ZFC + CH. By the Hausdorff recur-
sion formula

N — N, 1o

and so, by induction X =X, in M. Adjoin X,, Cohen reals with Fn(X, x w, 2, Ry). Using
the estimates from Theorem XXX we get

NI (280)MIG) = card MG (PMIC) () < (card(P)No)M < (RE)M = RM =19,

15 Changing the value of 2%

We have seen that the value of 2% is highly independent of the ZFC-axioms. We now
extend our techniques from Ny to an arbitrary regular cardinal . So fix a ground model
M with M F ZFC and let x be a regular cardinal in M. Also let A\ be a cardinal in M
with cof(\) > k. We want to construct a generic extension with 2% =\.

In M, define the forcing P=(P,<,1) € M for adding A COHEN subsets of k by
P=Fn(\ x ,2,k)={p€ M|p: dom(p) — 2 Adom(p) C X x k A card™(dom(p)) <r} € M,

and <=2, 1 = (. Let G be M-generic on P. Let F = |J G. Like Lemma 69a) one can
show

(1) FidXx k—2.

We extract a sequence (c,|ae < \) of functions ¢,: k — 2 from F by:

co(n)=F(a,n).
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The density argument used for the case kK =N also shows
(2) a<fB<A—caFcs.

So in M[G] there is an injection av— ¢, of A into *2 and
(29)YMIE] = card MG (%2) > cardMIEl()).

To study the cardinality situation in M[G] we extend the ccc-techniques developed previ-
ously.

Definition 90. Let Q =(Q, <, 1) be a forcing. @ has the 0-chain condition (0-cc) if every
antichain in Q) has cardinality <6.

Note that the N;-chain condition is the countable chain condition.
Theorem 91. Assuming the GCH, P=Fn(\ X k,2, k) has the k" -cc.

Proof. Consider an antichain A in P. By simultaneous recursion we define ascending
sequences (A;|i < k) of subsets of A and (D;|i < k) where every A; and D; has cardinality
<k. Set Ay = {po} where p, is some fixed element of A. If A; is defined let D; = J
{dom(p)|p € A;}. For limit | <k let A= J,_, Aiand D;=J,_, Di. Then card(4;) <& -
k=k and card(D;) < K-K=K

It remains to define A;;; from A; and D; . For h: dom(h) — 2 with dom(h) C D; and
card(dom(h)) < k choose p,; € A with ps ;[ D;=h, if possible; if such a p,; does not exist
set pn.i=po. Then let

Ait1=A;U{pnilh:dom(h) -2 A dom(h) C D; Acard(dom(h)) < k}.

When we view the relevant functions h as defined on a bounded subset of x > card(D;)
then their number is < card(<"k) = k<" = k ; the last equality follows from GCH and the
regularity of x. Hence card(A4;) < card(A;) + Kk =k.

To show that card(A) < k it suffices to see that A = A, . So let p € A. Since
card(dom(p)) < k there is some i < x such that dom(p) N D,=dom(p)ND;. Set h=p|[ D;.

Then in the recursive construction we chose some pj ; € A with pp,; [ D; = h. dom(pp;) C
Diy1.

dom(p) N D;11, since dom(pp ;) C Djtq
dom(p) N D;, since dom(p) N D, =dom(p) N D;
D;

dom(p) Ndom(p ;)

N 1N 1N

But p| Di=h=p,; | D;, and so p and p;; are compatible. Since A is an antichain we
have p=pp ;€ Ax. N

96



We generalise a “covering” lemma from the ccc case.

Lemma 92. Let M[G] be a generic extension by some 0-cc forcing Q = (Q, <, 1) € M
where 0 is a cardinal in M. Let f:a— 5, f € M|G]. Then there is a function F: o — M,
F e M such that

V¢ <a (f(§) € F(&) Acard™(F(E)) <0).
Proof. Take a name f € M such that f= f©. Take p € G such that plF f:d— 4. In M,
define F: a«— M by

F(&)={¢<BPa<p gl f(€)=C}

Let £ <. As before we can show that

(1) f(&) € F(8).
(2) cardM(F(€))<8. O

f-cc forcing preserves cardinals >0 :

Lemma 93. Let M[G] be a generic extension by some 0-cc forcing Q = (Q, <, 1) € M
where 0 is a cardinal in M. Then

V3 € CardM (> 60— € CardMIc)),

Proof. Let 8> 6 and 3¢ Card™ [©]. We may assume that £ is a limit ordinal. Take some
surjective function f € M[G], f: a — (, with a < 8. By the previous lemma take a func-
tion F:a— M, F'€ M such that

VE<a (f(§) € F () Acard¥(F()) <0).

Then S U, ., F(§) and

card™(3) < cardM( U F(¢)) < Z card(F(€)) < Z N = card™(a) - Ry = card¥ () < k.

{<a {<a (<a

So k 1s not a cardinal in M. O

The previous lemmas show that forcing by P =Fn(\ X k,2, k) preserves cardinals >k™*. To
show the preservation of cardinals <x we use another combinatorial property of the par-
tial order.
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Definition 94. Let Q =(Q, <, 1) be a forcing. A subset C C @ is a chain in @ if (C, <)
15 a linear order. @) is O-closed if every chain in Q) of cardinality <6 has a lower bound in

Q, i.e.,
VC(C is a chain in Q A card(C) <0 —3dpe QVqe C:p<q).

Lemma 95. P=Fn(\ X k,2, k) is k-closed.
Proof. Let C C P, card(C) <k. Then p=J C € P is a lower bound for C'. O

Lemma 96. Let M[G] be a generic extension by Q = (Q,<,1) € M where Q is 0-closed in
M. Let fra— B, fe M|G], a<0. Then fe€ M.

Proof. Take a name f € M and p € G such that f= fG and plF f:d— . Define

D={qeQ|3geM:qlF f=g}e M.

(1) D is dense in @ below p.

Proof. Work in M. Let p’ < p. Define a descending sequence (p;|i < a) of conditions <p’
and a function g: « — § by recursion. Let (p;|i < j) and g [ j be defined. {p;|i < j}U{p’}
is a chain in @ of cardinality <card(j) < card(«) < 6. By 6-closure choose a lower bound

p} of {pili<j}U{p'}. Then choose p; < pj and g(j) < B such that p; I f(5) :gRj).

{p:|i < a} is a chain in @ of cardinality card(a) < 6. By 6#-closure choose a lower bound ¢
of {pili <a}. Then

gIF fra—=BAGia— BAVIi<a: f(5)=g(j).
Hence ¢lF f =g and g€ D. qed(1)
By genericity take g € GN D. Take g € M such that quf:g. Then f:fG:geM. ([

Lemma 97. Let M[G] be a generic extension by Q = (Q,<,1) € M where Q is 0-closed in
M. Then

V3 € CardM (3 < 0— 3 € CardMI“)),

Proof. Let < 0 and § ¢ CardM[®. Take some surjective function f € M[G], f: a — B,
with o < 3. By the previous lemma f € M. Hence ¢ Card™. O

So forcing with P = Fn(\ X k, 2, k) preserves all cardinals. To see that it makes 2% = \ we
use again names of a canonical form for subsets of k.
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Lemma 98. Let M C M[G] be a generic extension by P=Fn(\ x x,2,k)M. Let 8 € Ord",
B>w. Then

CardM[G](PM[G}(B)) < (Acard(ﬁ))M'

Proof. We first show card(P) =\ in M:

card(Fn(A x k,2,K)) card({p|p: dom(p) = 2Adom(p) C A X kAcard(p) <k })

card({p|3\ < A (p:dom(p) = 2Adom(p) C A x & })
since cof(\) >k,

Z 2card(XXn)

A<

> A, by GCH,

A<A

= A

/A

/N

/N

In M[G] define a map F: (?**P)M — PMICl(3) by

f=Ald, fla,i))la< BAi<r}e.
By Lemma 80, F'is a surjection. Hence

CardM[G}(PM[G}(ﬁ)) < CardM[G]((ﬁxnp)M)
< cardM((Axrp)M)
()\n-card(ﬁ))M

(()\n)card(ﬁ))M

= (\@d®)M by GCH and (\*)M = .
O

Theorem 99. Let M be a ground model satisfying GCH. Let k, X\ be cardinals in M
where k 1is reqular in M and cof™(\) > k. Let M C M[G] be a generic extension by P =
Fn(\ x k,2,5)M. Then

a) M[GIEVu<k2t=pt;

b) M[G|E2F=\.
Proof. In M, the forcing P =Fn(\ x ,2, k)M is k-closed and satisfies kT -cc.

a) Let yu < k. By Lemma 96, PME(;)) =PM(y). Using GCH in M we get in M[G]
i+ < 20 = card(P (1)) = card (PM(j0)) < card M (PM (1) = ()M =
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b) Combining a first observation about M[G] with the preservation of cardinals we get

(2F)MIG] = cardMG)(%9) > cardMI9)(\) = A,
For the converse
(QR)M[G] — CardM[G}(PM[G](K)) < ()\H)M Y

O

With more effort, the behaviour of 2# above k can also be exactly determined. We obtain
relative consistency results of the form

Theorem 100. Assume that ZFC + GCH is consistent. Then the following theories are
consistent:

a) ZFC+ 2% =Ry + 2N =g ;
b) ZFC+2%0=R; +2M =N, ;
¢) ZFC+ 280 =R +2M =R, ;

d) ZFC+ 2% =Ny + 2N =N+ M2 =N, .

Proof. To prove results like (b), first apply our construction to k1 = No, A\; =N, 411. Then
apply the construction to ke = Ny, Ay =Ry in the generic extension M[G]. Finally apply it
in the next generic extension to k3= Ng, A3 =N3. [

Note, that it is important to proceed backwards, dealing with the largest cardinal first.
This is necessary because the first step preserves GCH below x; which is used in the
second step to preserve cardinals. Since we have to proceed backwards, we can change the
value of the continuum function only at finitely many places in this way. Can we also do
it for infinitely many places? Yes, but then we have to do it all in one step. This is done
by product forcing.

16 Product forcing

Definition 101. Let P=(P,<p,1p) and Q =(Q, <g, 1g) be forcings. Then the product
forcing

PxQ=(PxQ,<,1)=(P,<p,1p) x (Q,<q,1q)
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1s defined by

(p1, 1) < (D2, @2) ff P1 <PDP2 N\ 1 <@ G2,

and 1=(1,,1¢).
Let M be a ground model. Let G be an M-generic filter on P x (). Define

Gi={peP|IqeQ(p,q) €G}

and
Gi={qeQ|3IpeP(p,q) G}

Then it is easily seen that GGy and G5 are M-generic on P and ) respectively, and G =
(G1 X G3. The exact relationship is given by the next lemma.

Theorem 102. (The Product Lemma) G C P x Q is an M-generic filter if and only if
G = Gy x Gy for some M-generic filter Gy on P and some M[G4]-generic filter Gy on Q.
Moreover, M[G] = M[G1][G4].

Proof. For the direction from left to right, let G be the M-generic filter on P x (). Define
G and G, as above. It is easily checked that GGy and Gj are filters and that G C G x Go.
For Gy X G2 C G, let (p1, p2) € G1 X Go. Then there are pj € P and py € @ such that (p,
p2) € G and (py, p3) € G. Since G is a filter, there exists (p, q) < (p!, p2), (p1, o) with (p,
q) €G. But (p, q) <(p1,p2). So (p1, p2) € G since G is a filter. This proves G =G X Ga.

It is easy to see that Gy is generic over M: If Dy € M is dense in P, then D; x () is dense
in P x Q; and since (D1 X Q) NG # (), we have D; NGy # 0.

To show that G5 is generic over M[G4], let Dy € M[G;] be dense in Q. Let D, be a P-
name such that D2Gl = D, and p; € GG; such that

p1lkp (Dy is dense in Q).

Let D'={(r1,7r2)| r1 < p1 and rilFpra € Dg}. We first show that D’ is dense below (p1, 1,).
Fix (q1, g2) < (p1,1q). We have ¢; <py, so

qlFpdx e Q(xeD2/\x§ q2)-
So there is 5 € () and a r; < ¢; such that
r1lFp (F € Dy ATy < G);
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thus (71, 72) < (q1, ¢2) and (71, 72) € D'. Since (p1, 1g) € G1 X G, there is some (rq, r2) €
(Gl X GQ)QD,. Hence 7”1”‘]37:26D2, i.e. ’/’QI’FQGlEDgclzDQ. So TQEGQQDQ.

For the direction from right to left, let G; C P be M-generic and let Gy C @ be M[G4]-
generic. Set G =G x Gy. Clearly G is a filter on P x ). To show that G is M-generic, let
D e M be dense in P x (). Let

Dy={ps€ Q| (p1, p2) € D for some p; € G1}.

The set Dy is in M[G1]. We will show that Dj is dense in @) and thus D N (Gy x Gy) # 0.
Let ¢ € @ be arbitrary. Since D is dense in P x @, it follows that the set Dy = {p; € P|
dps < qa(p1, p2) € D} is dense in P. Hence there is p; € G1N Dy and so Dy is dense in Q.

The fact that M[Gy x Go] = M[G4][G2] follows from the fact that generic extensions are
minimal ZFC models containing M as a subset and the generic filter as element. Thus
M C M[G4][Gs] and Gy x Go € M[G1][Gs] implies M[G1 x Go] € M|[G4][Gs). Conversely,
M - M[Gl X GQ] and G1 S M[Gl X Gg], SO M[Gl] - M[Gl X GQ], but also G2 S M[Gl X GQ],
SO M[Gl] [Gg] - M[Gl X Gg] O

17 Forcing initial segments of GCH

Theorem 103. (Easton) Let M be a ground model and p € Ord™. Then there exists a
generic extension M[G] of M such that

M[G]EVE < pu 2f=kT.

Recall the recursively defined J-sequence of cardinals:

Jo=No, Jas1=2", and Jy= U . for limit ordinals .

a<A

The GCH is equivalent to the property
3a+1 ::jx_
It is thus natural to require from the forcing that the ground model sequence
No< (DM <(ONHM< .. <IW <. <O )M< Ot )M<..<p
becomes the sequence

Ro < RMA M MO« @M M <y
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in the generic extension. This will be achieved by adjoining surjections from (3%)™ onto
JM | for (DM <y

Work in M. Let A={a|3} < pu}. For each a € A, let P,=Fn(3f, 3,1, 3%), i.e. the set
of all p:dom(p) — J,+1 such that

dom(p) €3l and |dom(p)|<3Z.

Let (P, <, 1) be the Easton product of P,, a € A: P consists of all functions p = (pa| o €
A) €l,c 4P, such that

{aeAlpa# 0} Ny[<~y

for every strongly inaccessible v . s(p): ={a € A| p, # 0} is called the support of p. Set
p<qiff

pla) <q(a) forall € A.

Alsolet 1=(0|a € A).

Set

Pg={peP|s(p)C B}

and
Pog={pe P|s(p) COrd\ }.
There is a canonical isomorphism

rPx PZB X P<5.

Hence we can for any [ view an extension by P as an extension obtained in two steps,
first by P~z and then by P.s. This allows us to do for infinitely many regular cardinals
what we could do before only for finitely many.

Let 8 €Ord. The regularity of 3} implies

Lemma 104. Psg is Jj-closed.
In particular P = Ps is 33 = R;-closed, i.e., countably closed.

Lemma 105. card(P-) <31
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Proof. For P,=Fn(3},3,.1,3}) we have

card(P,) < card(®+(3F x Jy41)) <card(FTgiq) =372, = Dot -

Then

card(P.p) < Card(H Pa>

a<pf

H joz+1

a<f
11 2

s+

N

N

N

Lemma 106. If Jg is reqular or if B is a successor ordinal then card(Pg) <3

Proof. Case 1. =0 is trivial, since P.o={1}.

Case 2. [ is a successor ordinal, say =+ +1. Then
mmuz@<&m<IIB)<cmawpgkq:ﬁgwﬂﬂ<«?wLFui%HZJB
1<y
Case 3. [ is a limit ordinal. Then Jg is regular. By regularity, Jz= 3 is strongly inacces-

sible. In the Easton product, the supports of conditions in P.g are bounded below S .
Therefore

P<ﬁ: U P<,\/ .
¥<B
Using Case 2,

card(P<3) < card( U P<,Y> < Z card(P.,) <3Jg-Jg=1p

v<B v<B

Now let G be M-generic for P. For each a € A, the set
Ga={p(a)|peG} e M[G]

is an M-generic filter on P,. As before, |J G, is a surjection from (J7)™ onto 34, for
EM <p.
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Lemma 107. If (35)M < u then (31)M is a cardinal in M[G).

Proof. As before P~ P, x P., . Let G>, and G-, be the corresponding projections of
G . Then

M[G] = M[G>a] [G<a]’

Since P>, is Ji-closed in M, cardinals <(3%)" are preserved between M and M[Gs,].
We want to show that the cardinal-ness of (31)* is preserved by the further forcing with
P_,.

Case 1. 3, is regular in M or « is a successor ordinal. By Lemma 106, we have that
card9>el(P_ ) < cardM(P.,) < (31)™. So P., has the J}-chain condition in M[Gs4),
and so (35)M = (31)M¢><] yemains a cardinal by the extension from M[Gs.] to M[G].

Case 2. 1, is singular in M and « is a limit ordinal. Then JY is a limit of cardinals of
the form (33)™ where J% is regular in M; by Case 1 these (33)™ are preserved as cardi-
nals between M and M[G]. Hence J) is a (singular) cardinal in M[G].

Assume for a contradiction that (31)™ is not a cardinal in M|[G]. Then

cof MIG((3H)M) < M

M

and since (3J,)" is singular in M[G]

cof MIGl((3H)M) < JM.
Take some [ < « such that

cof MIE((IH)M) <3

and such that J¥ is regular in M.

Take f € M[G] such that f:x — (31)M cofinally and x < 3%. The extension M[Gs4] C
M|[G>][G<p] is an extension by the forcing P.z which has size <(3s)™ in M[Gsg4]. By
the “covering lemma” for forcings with chain conditions there is a function F: k —

P((3IHM), F € M[Gsp] such that for all i <

f(i) € F(i) and card™“>#(F (7)) < (3p)M.
In M[Gsg] F can be transformed into a cofinal function f”: (3g)™ — (31)M, f'€ M[Gxpg).
The extension M C M[Gx4| is by the forcing Psg which is Jj-closed in M. By another

lemma, M and M[Gsg] have the same J}-sequences of ordinal. Hence f’ € M which
means that (37)M is singular in M, contradicting the regularity of successor cardinals. [
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This lemma together with the surjections | J G, from (I5)™ onto 34, for (IH)M < p
shows that below u the sequence of infinite cardinals in M[G] consists of cardinals (31)"
and their limits:

Ry = n,
WG = (DM for (IDM < p
RME — 3M for limit ordinals « such that 3M < p

We now prove the GCH for cardinals <y in M[G]. Consider some x < p which is a car-
dinal in M[G].
Case 1. kK =1¥X;. Note that P is a countably closed forcing which does not adjoin subsets

of Ry. It also adjoins a surjection from ¥} onto 3. Hence (280)MI¢1=RM = Niw[G].

Case 2. k= Né‘ﬁ?} = (35)M. View M|G] as the two-step extension M[Gsa+1][G<at1]. For
any subset x C k, x € M[G] there is a “canonical” name 2 € M[G>,+1] which is basically of
the form

S(:’QFLXP<O¢+1

By Lemma 106 card™(P.,1) < 3., . So 2 is basically a subset of 3., . The forcing
Psay1is 35 1-closed in M and does not adjoin new subsets of J3, ;. Hence 2 € M . Since
M |G] contains a surjection from (37, ;)™ onto 3%, ,:

()M = cardI(PYOY ) < cardPM(IY)) < card NI < (T ) =

MG
Na-i[2}

Case 3. r = RM = 3 where « is a regular limit ordinal. View M[G] as the two-step
extension M[G,)[G<a). For any subset @ C k, € M[G] there is a “canonical” name # €
M|G>,) which is basically of the form

T C KX P,

By Lemma 106 card(P.,) < J) . So 7 is basically a subset of J) . The forcing P, is
Jf-closed in M and does not adjoin new subsets of 3. Hence # € M . Since M[G] con-
tains a surjection from (J7) onto 3, ;-

(28)MIE] = card MG (PMIC] (k) < cardMIF(PM(TM)) < cardMIF(TM, 1) < (TH)M = RMI]

Case 4. k= NiﬂG] =Y where « is a singular limit ordinal. We first show
(1) For p<k, M[G]EKrP<KT.

Proof. Take some successor ordinal § < « such that p < 3]5\/[ . View M[G] as the two-step
extension M[G>4][G<p]. Any map f: p—k, f € M|G| has a “canonical” name f € M[Gx4]
which is a function defined on p such that

F@)={(j.p)erxPy|pl-f({i)=7}
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Since card™(P.z) < JY, f is basically a function from J¥ into k. The forcing Psg is J5-
closed in M and does not adjoin new function from 2% into x. Hence f € M . Since M[G|
contains a surjection from (37)™ onto 3%, :

(kP)MIE = card™1¥ (Pk) < cardM19)( (:liﬁ)M) < cardM@(2M ) < (DHM = Ni\ﬁ(f]

ged(1)

Now GCH at x in M|G] follows from cardinal arithmetic. Work in M[G]. Let ¢: cof(a) —
a be cofinal. The map

x— (xNe(i)]i < cof(a))

injects P(k) into J, _,yq) P(c(z)). Hence

r< T[ 240< [ w<n™@ <t

i< cof(a) i<cof(c)

This concludes the proof of Theorem 103.

Forcing with sets (P, <, 1) € M can be generalized to classes P, < which are definable
over the ground model M. If < satisfies some properties, the resulting generic extension
M|G] is a model of ZFC. The above Theorem can then be extended to:

Theorem 108. (Easton) Let M be a ground model. Then there exists a generic extension
MIG] of M by class forcing such that M[G]F GCH.

Hence

Theorem 109. (Godel) If ZFC is consistent then ZFC+ GCH is consistent.

18 Forcing arbitrary values of 2" at regular cardinals

Theorem 110. (Easton) Let M = GCH be a ground model. In M, let F € M be a function
whose arguments are reqular cardinals and whose values are cardinals, such that for all k,

A€ dom(F)
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Then there exists a generic extension M[G] of M such that M and M[G] have the same
cardinals and cofinalities, and for every k € dom(F")

MI[G]E 25 = F(r).

For the proof, work in M. For each k € dom(F), let P, =Fn(F (k) X k,2, k), i.e. the set of
all p:dom(p) — 2 such that

dom(p) C F(k) x k and |dom(p)| < k.

Let (P, <) be the Easton product of Py, x € dom(F'): A condition p € P is a function p =
(py| & € dom(F)) € Hxedom(r) P such that

{rk €dom(F)| ps#0} N~y <~y

for every regular v (not necessarily in dom(F)). s(p): ={x € dom(F)| px # 0} is the sup-
port of p. Set p <q iff

P < g, forall k€dom(F).

Set
Poy={peP|s(p) SA"}
and
Pox={peP|s(p) SOrd\A\"}.
Then

P2P>)\XPS)\.

Hence we can for any A\ view the extension by P as an extension obtained in two steps,
first by P~ and then by P<,.

It is easy to see that
Lemma 111. P., is AT-closed.
To prove the A-cc for P<) we use a A-system lemma.

Lemma 112. Let kK > w be a cardinal. Let 0 > k be regular such that Yo < 6|a~F| < 0.
Assume |A|>0 and Vx € A |x| < k. Then there exists a B C A such that card(B) =6 and
B forms a A-system, i.e. INa+beBanb=r.
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Proof. Exercise. U
Lemma 113. If A is regular then P<) satisfies the A\T-cc.

Proof. For pe P, let
d(p)= U {{r} x dom(p,)| k € dom(F)NAT}.

Then by the assumption on s(p), |d(p)| < A. Consider A C P<y, |A| =AT. Since we assume
GCH, we can apply the A-system lemma. Hence there is B C A of size AT such that

{d(p)lpe B}

forms a A-system with root r, |r| < A. By GCH, 2"l < X\ . So there is C C B of size \*
such that for all p,qeC

pe(x) =qu(z) for all (k,z)€T.

But then all p € C are compatible in Pc). Hence A is not an antichain. O

Lemma 114. Let G x H be an M-generic filter on P x Q) where P is \T-closed and Q
satisfies the XT-cc. Then every function f:\— M in M|G x H| is in M[H]. In particular,

PM[GXH}()\) :PM[H}()\)

Proof. Let f € M be a P x Q-name such that f<*” = f. Assume w.l.o.g. that for some
AeM

1IF f: X— A,
For a < A, let

D, ={p€ P|3W max. antichain in QA3(al, »| g€ W)V¥qge W (p,q)IF f(a)=ds, »}-

Then p<q€ Dy— p € D,. Every D, is dense in P: Let py € P. Since 11 f X — A, there
exists (po, qo) < (po, 1) and ag € A such that (po, qo) IF f (&) =do. We construct by induction
sequences (p;| i <d) and (g;|i <) such that

pi<p; foralli<j<y,

(pi, qi) IF f(d) =d; for some a; € A,
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and

{¢i|i <6} is a maximal antichain in Q.

Hence § < AT by the AT-cc. Assume that (p;| i <n) and (g;| ¢ < n) have already been con-
structed. Then let pj € P be by A*-closedness such that p;, < p; for all i <n. If {¢;]| i <n}
is a maximal antichain, p}, € D, and p}, < pj. So we are done. If {¢;|i <n} is not maximal,

we pick some ¢, such that ¢, is incompatible with all ¢ < 7. Consider (p},, ¢;,). Since 11 f:
X — A, there exists (Pn: @) < (9, @) and a, € A such that

(pm qU) H_ f(d) = dﬁ‘

This proves the density of D,.

Since P is AT-closed, it follows that (| {Da| @ < A} is dense. So there exists some p € G
such that p € D, for all « < A\. We pick (in M) for each o < A a maximal antichain W, C
@ and a family {a{} ;| ¢ € Wa} such that

(p, @) Ik f(a)=df,

for all ¢ € W,. By the genericity of H, for every « there is a unique g € W, such that ¢ €
H, and we have for every av < A

f(a)=af, ywhere g is the unique g€ W,N H.

However, this defines f in M[H]. O

Now, we can finish the proof of Easton’s theorem.

Let p be a regular cardinal in M. We show that p is regular in M[G]. If not take a func-
tion f that maps some A\ < p, regular in M, cofinally into . We consider P as the pro-
duct P = Py X P<). Then G = Gs) X G<) and M[G] = M[G=,][G<,]. By the previous
lemma, f is in M[G<,] and so p is not regular in M[G<,]. However, this is a contradic-
tion since P, satisfies the A*-cc.

It remains to prove that (2%)M[¢ = F(k), for each x € dom(F). The projection

Gn:{pn|p€G}

is M-generic for P, = Fn(F (k) X k, 2, k). As in previous arguments this induces an injec-
tion of (k) into P(x). Hence (25)M1¢ > F (k).

By Lemma 114, (25)M[61 = (25)MG<3 - And

(QR)M[GSA}
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However, like before (21)M¢<N = p()\).

19 Models of =AC

So far we have only considered constructions of models of AC. To obtain models of =AC
we use a relativised version of the HOD construction, that we already introduced in an
exercise.

Definition 115. Define

OD(s) ={y|Fda €OrdIp e Fmlda € Asn((aUs)NV,) y={z€V,|(Va, €)E go[a%]}},

and
HOD(s) ={z|TC({xz}) COD(s)}.

So HOD(s) is built from parameters in Ord U s much like HOD was built from parameters
wn Ord.

We shall examine which axioms of set theory hold in HOD(s). Just as before we get that
Ord CHOD and HOD is transitive.

Lemma 116. Let z be definable from w1, ...,x,_1 by the €-formula p(vq,...,0,):
Vo, (v =24 (21, ..., Tn_1,Un)). (6)

Let xy,...,x, € OD(s) and z CHOD(s). Then z € HOD(s).

Proof. TC({z}) ={z} UTC(z) C {2} UHOD(s). So it suffices to prove that z € OD(s).
By the definition of OD(s) choose

i, ..., 0,1 € 0rd, D1y ey Pn—1 € Fml, and aq, ..., an_1,

such that for i=1,....n—1

a; € Asn((a;Us)NV,,) and z;,={w eV,

(Voo ©)F ilaig ]}
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Choose sufficiently high, pairwise distinct 71, ..., jo—1 <w which are intended to be indices
for “new” variables vj,, ..., vj,_, in the GODELised language. Let ¢;” € Fml be obtained
from ¢; € Fil by relativising all quantifiers to the term for the VON NEUMANN level V, .
Let o be a limit ordinal >aq, ..., a,,—1 such that z € V,, and such that the formula ¢ is V-
absolute. Let a; be the assignment obtained by adding the assigment j; — «a;. Then af is
an assignment in aU s and

Ti= {w € Vai|(v05i7 E) = Soz[az%]} = {w c Va\(Va, 6) = (pz)h[a;k%]}

By renaming variables we may assume that the formulas ¢;’ do not share variables except
the variable vy and that they do not contain the variables vy, ..., v, . One may also assume
that the assignments a; are all merged into a single assignment a. Then

z = {u|VoEJv, 3. Fv,_1(u € vy A (V1 .vny Un—1, Un) A

*%])/\.../\Vw(wEvn_lHgozjf{l[a*—]))}
= {ul|(Vy, €)ETv,Tvur... 30, 1(u € vy A (V1 .oy Un—1,Un) A

Yw(w € vy < gfl’hvﬂ) Ao AYw(w € v,y 4> goZJjglvﬂ)) (]}
0 0

Vw(w € vy > ¢y a

Here we assume that the formula behind (V,, €)F is GODELised and an element of FML.
Hence z € OD(s). O

Theorem 117. Let s=TC({r}) for some set r € V. Then ZFHOP®),

Proof. The transitivity of s implies

(1) s CHOD(s).

Also

(2) The class HOD(s) = HOD(TC({r})) is definable from the parameter r € s.
Using the criteria of Theorem 3 we check certain closure properties of HOD(s).
a) Extensionality holds in HOD(s), since HOD(s) is transitive.

b) Let x, y € HOD(s). Then {z, y} is definable from z, y, and {z, y} € HOD(s). By
Lemma 116, {z, y} € HOD(s), i.e. HOD(s) is closed under unordered pairs. This implies
Pairing in HOD(s).

c) Let x € HOD(s). Then J z is definable from z, and | J * C TC({z}) C HOD(s). So (J
x € HOD(s), and so Union holds in HOD(s).

d) Let x € HOD(s). Then P(x) "HOD(s) is definable from = and r € HOD(s), and P(z)N
HOD(s) CHOD(s). So P(x) "HOD(s) € HOD(s) and Powerset holds in HOD(s).

e) w € HOD(s) implies that Infinity holds in HOD(s).
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f) Let (2, @) be an €-formula and @, a € HOD(s). Then {x € a|"OP®)(z, %)} is a set by
Separation in V, and it is definable from @, a and r € HOD(s). Moreover {z €
a|e"OPE) (2 @)} € HOD(s). So {z € a|p"OPE)(z, @)} € HOD(s), and Separation for the
formula ¢ holds in HOD(s).

g) Let ¢(z,y,@) be an e-formula and @, a € HOD(s). Assume that
Vo, y,y' € HOD(s)(o"OP®) (x, y, @) A oHOPE) (2, o/ @) =y =1").

Then {y|3z € a"OP®) (2, 3, @)} NHOD(s) is a set by Replacement and Separation in V.
It is definable from @, a and r € HOD(s). Moreover {y|3z € ap"OP®)(z, y, @)} N
HOD(s) C HOD(s). So {y|3z € apOPE)(z, y, @)} N HOD(s) € HOD(s), and Replacement
for ¢ holds in HOD(s).

h) Foundation holds in HOD(s) since HOD(s) is an €-model. O

Hence HOD(s) is an inner model of ZF set theory. We shall see that in general HOD(s) is
not a model of AC.

Fix a ground model M and the forcing
P=(P,<,1)=Fn(wxw,2,w)M=Fn(w x w,2,w),

partially ordered by reverse inclusion. P is the partial order for adjoining w many COHEN
reals a; Cw. Let G be M-generic on P, f=|J G:w xw—2, and for i <w define

ai={new|f(i,n)=1}.

Let A= {a;|i <w}, s=TC({A})={A}UAUw. Set N = (HOD(s))M. By the previous

lemma:
Lemma 118. N is transitive, A€ N and ZF".

We shall see that A does not have a wellorder in N. Note that A is the “unordered” set
{a;|i < w} but not the sequence (a;|i < w). The basic idea is that the COHEN reals a;
behave in very similar ways so that one may permute them without changing the overall
properties of the model N. This permutability of the a; is reflected in a symmetry prop-
erty of the forcing P.

Lemma 119. Let m:w <> w be a permutation. Let 7': P <> P be the induced map

m'(p) ={((w(2),n), p(i,n))|(i,n) € dom(p)}.
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Then
a) 7' (P,<,1)« (P, <,1) is an order isomorphism and (7=') on’=id | P.
b) If D is dense in P then 7'[D] is dense in P.

¢) If G is M-generic on P then 7'|G] is M-generic on P; moreover M[G]= M[n'[G]].
Proof. Easy. U
Let uns now introduce some canonical names for the generic objects so far.

Definition 120. Fori<w let

da;={(n,p)ln<w,pe P, p(i,n)=1}.
Let A={(d;,1)]i <w}. Obviously & =a; and A°=A.
Permutions 7: w <> w act on the forcing construction as follows.

Lemma 121. (dr)" ' =af and A7 = A°.

Proof.
(dr@)™ 1 = {n<wBpen'[G] p(n(i),n) =1}
= {n<w|3IpeGp(i,n)=1}
= qf.
AT = ()" Ni <w} ={dG 1 li<w} ={df|i <w} = A°.
]
Lemma 122. Let ¢(uy, ..., Ug_1, Vo, ..., Vj—1, W) be an €-formula, a, ..., ax_1 € Ord, and

10y ..., 41 <w. For p &€ P holds
p”_ QO(OVé(), s dk—lv dioa SRR dilfp A) Zﬁl ﬂ-/(p) I QO(OVé(), s dk—lv dﬂ(io)v SRR dﬂ(ilfl)a A)

Proof. Assume plF o(do, ..., Gg_1, dig, ---, di,_,, A). Let H be M-generic on P with 7'(p) €
H. Then (7')"!'[H] is M-generic on P with p € (7)"'[H], and M[H] = M|[(x')"'[H]]. By

assumption

()1 (7)1 A ()~
M[(#)"Y[H]] E o(a, ..., a1, WG] i)y

iO JREEE) il*l
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Then
MIH]E @(ao, ooy i, a0 Al AT
and
MI[H]E ¢(ay, -..,Oék_1,d7‘zi0), ...,dﬁilfl),AH).
Hence
7'(p) Ik (A, ..., Ar—1, dr(i), -..,dw(il,l),A).

1

The converse direction follows by considering 7~ instead of . U

Lemma 123. In N there is no wellorder of the set A.

Proof. Assume that N possesses a wellorder of A. Then take f € N and n € Ord such
that f:n<+ A. Then f € N = (HOD(s))™¢ where s = TC({A}) = {A} U AU w. So take
ag, ..., a1 € Ord and iy, ..., 4,1 < w such that f is definable in M[G] by the €-formula ¢
and the parameters «y, ..., ax_1, @4y, ..., a;,_,, A:

f(&)=0biff M[G]FE (g, ..., 1, igy .-, @iy, A, €, D).
Consider some i, €w \ {7, ..., %—1} and & <n such that f(£)=a,,. Then

MIGIE p(ag, ..., 1, G, oy a4, AL ES ai).

Take p € G such that

plE (o, ...y Qk—1, ig, -y iy, A, € di,)

and

pIEYyYy (©(Go, ..., Gr1, Gigy s iy A, EY) A ©(Coy oy A1, Gigy s iy A, E,y) =y =
y').

Take i\ € w \ {i0, ..., 9_1, 1x} such that dom(p) N ({iws} X w) =0. Define a permutation 7:
W w,

T 1T 1 =1,
(1) =< iy iff 1 =1,
1 else

By the previous lemma

W,(p) I QO(d(), ey Cvkk—la d’T((io)? ey a‘ﬂ(’l’lfl)? Aa ga aw(z*))a
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1.e.

W,(p) H_ QO(d(], vy dk—l; dio, ceey dil—l’ A, 5 y al**)

Consider (i, n) € dom(p) N dom(n’(p)). The choice of 7., and 7 implies that ¢ # i, G .
Then 7(i) =14 and 7'(p)(i,n) =7'(p)(7w(i),n) = p(i,n). Hence p and 7’(p) are compatible in
P. Take ¢ < p,n'(p). The previous forcing statements imply

qlk o(do, ..., Ag—1,dig, -, iy, A, €, di,),

qH_ @(d0> ceey dk—la iy oeey Agy_q,s A> gaai**)>

and

q s VyVy’(go(do, ceey dk—la dio, ceey dilfv A, 5, y) A (p(do, ceey dk—la dio, ceey dilfv A, 5, y/) — Y=
y').
Then

g\ d; = ds...

This is a contradiction since the weakest condition 1 forces that the COHEN reals d; are
pairwise distinct. O

Theorem 124. (PAuL COHEN) If ZF is consistent then ZF + —AC is consistent. Hence
the Aziom of Choice is independent from ZF.
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