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Problem 37 (4 Points). Construct a dense embedding (see Problem 22) of the
partial order Fn(wy, 2%, <X;) into the partial order Fn(wy,2, <X;).

Problem 38 (8 Points). A sequence (S, | & < w1) is a ¢-sequence if the following

statements hold.

e S, is a subset of « for every a < wy.
o If X is a subset of wy, then the set {a < w;y | Sp = X Na} is a stationary

subset of wi.

Let M be a ground model with (CH)™ and let G be M-generic on Fn(wy,wy, <®;)M.
Show that there is a ¢-sequence in M[G] (Hint: Start in M and fix an enumeration
(By | @ < wi) of all bounded subsets of wy. In M[G], let ¢ : wy — wy be the
Junction corresponding to G and define S, = By N a. Given C,X € M and
q € Fn(wy,w, <Ny) with ¢ I+ "C' Cuwy is club A X C w1”, use the the fact that
Fn(wy,wr, <®yp) is wi-closed to find p € Fn(wy, w1, <N1), @ < wy and Y C « with
dom(p) =a, p<gq andplF’aeC A Y =XnNa”).

Problem 39 (8 Points). Given an ordinal «, we let <*2 denote the set of all
functions s : 8 — 2 with 8 < a. We call T C <%2 a subtree of <*2 if T is closed
under initial segments and we define ht(T') = lub{dom(s) | s € T'}. A subtree T of

<22 is normal if the following statements hold for all s € T

o If dom(s) +1 < ht(T) and i < 2, then s U {(dom(s),)} € T.

o If dom(s) < o < ht(T), then there is an § € T with s C 5§ and dom(3) = a.

A subtree T of <“12 is a Souslin tree if ht(T) = wy and the partial order (T, D, })
satisfies the countable chain condition.

We let S denote the partial order consisting of countable normal subtrees of <“12
ordered by end-extension, i.e. we have ty < t; if t; = toN<"*(1)2. Prove the following

statements.

(1) S is wy-closed.

(2) If (CH) holds, then S satisfies the Ry-chain condition.

(3) Let M be a ground model with (CH)™ and let G be M-generic on SM.
Then T¢ = |JG is a Souslin tree in M[G] (Hint: First show that ht(T%) =
wy holds in M[G]. Let T € M denote the canonical name for TS and
assume, towards a contradiction, that there is A € M and to € SM with
to IF " A is an uncountable mazimal antichain in T7. Find o < w1, t1 <o
and B C <2 such that « = ht(t), t; v "B = AN <%2" and B is a
mazimal antichain in (t1,2,0). Then construct a condition ty in SM such
that ht(te) = a+ 1 and for every s € to with dom(s) = « there is an 5 € B
with § C s).



Problem 40 (4 Points). Let M be a ground model and P be a partial order in
M. Prove: if P is wy-closed in M, then P preserves stationary subsets of wy, i.e. we
have
1p IF "S isa stationary subset of w1”

for every stationary subset S of wy in M (Hint: Assume, towards a contradiction,
that there isp € P and C € M with p Ik "C is a club subset of wy with C NS = 0.
Working in M, use this assumption to construct a descending sequence (p,, | & < w1)
of conditions in P and a strictly increasing continuous sequence (Yo | a < w1) of

countable ordinals such that p IF "4 € C” holds for every o < w1).

Please hand in your solutions on Wednesday, June 26 before the lecture.



