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Problem 22 (12 Points). Let P = (P, <p,1p) and Q = (Q, <qg,1g) be partial
orders. We say that a function 7 : Q — P is a complete embedding if the following

statements hold.

(a)
(b)
()

(d)

m(1g) = 1p.

If g0, 1 € Q with q1 <q qo, then m(q1) <p 7(qo).

Given qg,q1 € @, the conditions gy and ¢; are incompatible in @ if and only
if the conditions 7(go) and 7(g1) are incompatible in P.

The image of every maximal antichain in ) under 7 is a maximal antichain
in P.

We say that a function 7 : Q — P is a dense embedding if the above statements

(a)-(c) hold and the image of @ under 7 is a dense subset of P.

(1)

Show that every dense embedding is a complete embedding.

Let Add(w) = (““w, 2, ) denote the partial order consisting of functions s : m — w

with m < w ordered by reverse inclusion.

(2)
(3)

Explicitly construct a dense embedding of Add(w) into Fn(w, 2, Rg).

Let P be a countable atomless partial order. Prove that there is a dense
embedding of Add(w) into P (Hint: Use a previous exercise to show that
there is an infinite antichain below every condition in P. Fix an enumeration
(pn | n < w) of P and define a function m by recursion. Set w() = 1p. If
7(s) is defined for some s : n — w, then extend 7 in a way such that
{m(s™(m)) | m < w} is a mazimal antichain below 7 (s) in P. Moreover, if
the conditions p,, and w(s) are compatible in P, then ensure that there is an
m < w with w(s™(m)) <p py. Show that the resulting function is a dense
embedding.).

Use the above result and the Lowenheim-Skolem Theorem to show that for
every atomless partial order P there is a function 7 : Add(w) — P satisfying

the above statements (a)-(c).

Problem 23 (4 Points). Let M be a transitive set with ZFCM P,Q € M be

partial orders and 7 : Q — P be a function contained in M. Prove the following

statements.

(1)

(2)

If 7 is a complete embedding in M and G is M-generic for P, then the
preimage of G under 7 is a filter that is M-generic for Q.

If 7 is a dense embedding in M and H is M-generic for @, then the set
n[H]={pe€ P|3q€ H n(q) <p p} is a filter that is M-generic for P.
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Problem 24 (4 Points). Let P = (P,<p,1lp) and Q = (Q, <@, lg) be partial
orders. We define the product of P and @ to be the partial order
P x Q = <P X Qa SPXQ7 (1P7 1Q)>
with
(r1,q1) <pxq (Po,%0) == P1<ppo N q1 <Q Qo
for all pg,p1 € P and qo,q1 € Q.
(1) Show that the map
mp:P—PxQ: p— (p,1g)

is a complete embedding of P into P x Q.
(2) Explicitly construct a dense embedding of Fn(w,2,N) into the product
Fn(w,2,%g) x Fn(w, 2, Yp).

Please hand in your solutions on Monday, May 27 before the lecture.



