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1. INTRODUCTION

Suppose that X is a complete separable metric space and Ry, ..., R, are relations on
X. Suppose that we forget about the metric, and even the topology, and only remember
the Borel sets. Which structural properties remain, i.e. which pairs of such structures can
still be distinguished? If the relation is a graph, when is there a Borel measurable coloring
of the graph? If the structure is an equivalence relation, when is there a Borel measurable
function classifying the equivalence classes by elements of some other separable metric
space?

The scope of this setting extends to many classes of mathematical structures which
can be represented by elements of some Polish space, and isomorphism then corresponds
to an equivalence relation on that space. An equivalence relation is smooth if there is a
Borel measurable map which sends the equivalence classes to distinct points in a Polish

space.

Example 1.1. Graphs on the natural numbers can be represented as elements of the
Cantor space “2. Isomorphism of countable graphs is the most complicated isomorphism

relation for classes of countable structures, in particular it is not smooth.
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Motivated by a problem in C*-algebras, Glimm proved the following striking result in
1961.

Theorem 1.2. (Glimm) Suppose that G ~ X is a continuous action of a locally compact
Polish group G on a Polish space X. If the induced orbit equivalence relation E is not
smooth, then there is a continuous reduction f: Eg — E, i.e. a map f: “2 — X such that

z(n) = y(n) for all but finitely many n if and only if (f(z), f(y)) € E.

Harrington and Kechris proved this in 1990 for arbitrary Borel equivalence relations.
Subsequently Kechris and Todorcevic proved a dichotomy for analytic graphs which im-
plies this result. We will present a proof of this by Ben Miller.

To do this, we begin with results about metric spaces and their Borel and analytic

subsets.

2. METRIC SPACES

A standard Borel space is a set with a o-algebra which is Borel isomorphic to [0, 1]. The
following facts about metric spaces are useful for showing that a given space is standard
Borel. Moreover, some of these facts are needed to prove results about standard Borel
spaces in the following sections, i.e. given a standard Borel space we will choose an

appropriate metric and work with it.

2.1. Polish spaces.

Definition 2.1. A Polish metric space is the completion of a countable metric space.

Such a space with its topology, but forgetting the metric, is called Polish.

If (X,d) is metric, let R(d) denotes the set of distances. A metric on a space is
compatible if it induces its topology. Let (X, d) denote a Polish metric space (unless stated
otherwise). Then d(z,y) = min{d(z,y),1} is a bounded compatible complete metric on

X.

Example 2.2. o Countable spaces with the discrete topology.
e Compact metric spaces.
e Closed subsets of Polish spaces.

e Separable Banach spaces.

Lemma 2.3. If (Xn)new is a sequence of Polish spaces, then X =[] X, is Polish.

new

Proof. Find a compatible complete metric d,, on X,, bounded by 2,,% Letd: X xX — R,

A, y) = 3 e @n(Tn,yn), where z = (zn) and y = (yn).
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To show that d induces the product topology, consider B%(x,¢), where = = (z,,) and
€>0. Find n > 1 with 57 < §. Then B% (0, 55) X ... X B (zp-1), 55 X [[;5, Xi C
B(z,¢€).

If (m“))i is a Cauchy sequence in X, then (:cgf))z is a Cauchy sequence in X,, for each

n. Let z, = lim‘z" xﬁf). The z = (z,) = lim¢ 2 O
Definition 2.4. (1) A subset A of X is Gs if it is the intersection of countably many
open sets.

(2) A subset A of X is F, if it is the union of countably many closed sets.

Lemma 2.5. Fvery Polish space is homeomorphic to a Gs subset of the Hilbert cube

[0,1).

Proof. Let dn(z,y) = #d(m,y) for each n. Suppose that {z, | n € w} C X is dense.
Let f: X —[0,1]%, f(2) = (fa(2))n, fn(z) = d(z, zn).

Then f is continuous, since d(z,y) < e implies that |d(z,zn) — d(y,zn)| < € and
d(f(x), f(¥) = X hew gorrld(@,zn) = d(y,z,)| < e. To see that f~' (defined on the
range of f) is continuous, consider x € X and any open set U C X with z € U. Find n

and € > 0 with € B(wn,r) CU. If f(z) € [[,., Xi x U x[[,5,, X, then y € U. O
Lemma 2.6. Every open U C X is Polish.

Proof. Let C' = X \ U. Consider the metric d(z,y) = d(z,y) + \ﬁ - m\ onU.
To show that d is compatible with the topology, notice that d < d and hence every

d-open set is a?—open. For the other direction suppose that € U, d(z,C) = 6 > 0 and

e > 0. Findn>0withn+5ﬁn <e Ifd(z,y) <m, then § —n < d(y,C) < d+n and

N 1 1 1 1
d [ T e
@) <mtmax(|§ - 52| |5 — 511}
-n n n
= 1 + max{]| s | |=n+ <e
6(6—=mn)" n(6—mn) 6—mn
and hence every cz-open set is d-open. O

Lemma 2.7. Every Gs set U C X 1is Polish.

Proof. Let U =(,,c.,
Un. Let d: X x X =R, d(z,y) =3, c., dn(z, ).

U,, with U,, open. Find compatible complete metrics d,, < # on

To show that d is compatible with the relative topology on U, consider x € X and
Bi(z, £)NU C B‘i(x,e). To show that (U, d) is

) 2n

€ > 0. Find n with 57 < §. then (,_,
complete, suppose that (z;) is a Cauchy sequence. Then (z;) is a Cauchy sequence with

respect to each d, and hence its limit is in U. O
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Lemma 2.8. Fvery Polish U C X is Gs.

Proof. We can assume that U = X. Suppose that (U,) is a base for (X,d) and that d is

a compatible complete metric on U. Let

A= () Un | diam (U NU,) < 3.

mew

m—+ 1

Then A is G5 in X and U C A. To show that A C U, suppose that z € A. Find n; with

U, since U is dense

i

x € Uy, and diamd(U NUy,;) < i}rl. There is some z,, € U N[

in X. Then (z,) is a Cauchy sequence in (U,d) and hence z = lim,, 2, € U. O
Question 2.9. Why is Q not Polish?

Exercise 2.10. Show that every Polish space is Baire, i.e. the intersection of countably

many dense open subsets is dense.

Definition 2.11. Suppose that (X,dx) and (Y,dy) are Polish metric spaces. A map
f+ X =Y is Lipschitz if dy (f(z), f(v)) < dx(z,y) for all z,y € X.

Example 2.12. Let L(X,Y) denote the set of all Lipschitz maps from X toY and suppose

that Dx = {z, | n € w} is dense in X and Dy is dense in' Y. Let

d(f,g) =) 27" Vdy (f(x:), f(z)))

i€Ew

for f,g € L(X,Y). Then dr, is a metric on L(X,Y).

Exercise 2.13. (1) Show that the family of Upyn = {f € L(X,Y) | d(f(z),y) <
27"} for x € Dx, y € Dy, and n € w is a base for (L(X,Y),dr).
(2) Show that (L(X,Y),dr) has the topology of pointwise convergence and hence it is

complete.

Example 2.14. Let DP(X,Y) denote the set of all distance-preserving maps (isometric
embeddings) from X into Y with the pointwise convergence topology. Then DP(X,Y) is
a closed subset of L(X,Y) and hence Polish.

Example 2.15. Let Iso(X,Y) denote the set of all isometries from X onto Y with the
pointwise convergence topology. Suppose that Dx C X and Dy CY are countable dense.
Then Iso(X,Y) is a Gs subset of DP(X,Y) and hence Polish, since f € Iso(X,Y) if and
only if for all y € Dy and all n, there is x € Dy with d(f(z),y) < *.
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2.2. Urysohn space. A Polish metric space is universal if it contains an isometric copy
of any other Polish metric space (equivalently, of every countable metric space). Urysohn

constructed such a space with a random construction which predates the random graph.

Definition 2.16. Suppose that (X,d) is a metric space. A function f: X — R is Katetov
if it measures the distances of a point in a one-point metric extension of (X, d). Equiva-

lently
|f(2) = Fy)l < d(z,y) < f(z) + fy)

for all z,y € X.

Definition 2.17. Suppose that R C R. A metric space (X,d) has the (R-)extension
property (for R C R) if for all finite F C X and every Katetov f: F — R (f: F — R),
there is y € X such that

f(z) = d(z,y)

forallxz € F.

Lemma 2.18. If (X,dx) and (Y,dy) are Polish and have the extension property, then

X and Y are isometric.

Proof. Suppose that Dx C X and Dy C Y are countable dense. Let Dx = {z, | n € w}
and Dy = {yn | n € w}. We construct countable sets Ex and Ey with Dx C Fx C X
and Dy C Ey CY and an isometry f: Ex — Ey using the extension property.

We then extend f to a map g: X — Y as follows. If (z) is in Ex and x = lim, zn,

let g(xz) = lim,, f(x,). Then g is well-defined and g is an isometry. d

Definition 2.19. (X,d) is ultrahomogeneous if every isometry between finite subsets

extends to an isometry of X (onto X ).

Remark 2.20. The extension property implies ultrahomogeneity by an argument as in

the previous lemma.

Suppose that K is a class of first-order structures in a countable language. An embed-

ding f: A — B for A, B € K is an isomorphism onto its image.

Definition 2.21. Suppose that K is a class of first-order structures in a countable lan-
guage. Consider the following properties.

e (Hereditary property HP) If A € K and B is a finitely generated substructure of

A, then B is isomorphic to some structure in K.
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e (Joint embedding property JEP) If A, B € K, then there is C € K such that both
A and B are embeddable in C'.

e (Amalgamation property AP) If A,B,C € K and f: A — B, g: A — C are
embeddings, then there are D € K and embeddings h: B — D and i: C — D with
hf =1ig.

Lemma 2.22. The class of finite rational metric spaces has the HP, JEP, and AP.

Proof. The HP and JEP are clear. Suppose that A, B, C are finite rational metric spaces
and f: A — B, g: A — C are isometric embeddings. We can assume that A = BN C
and f = g = id | A. Extend d to a metric don D := BUC by letting (j(b, c) =
infoca(d(a,b) +d(a,c)). Let h=14id | Band i =1id | C. O

Lemma 2.23. (Fraissé) For every class K of finitely generated structures with only count-
ably many isomorphism types and with the HP, JEP, and AP, there is a unique (up to
isomorphism) countable structure U such that K is the class of finitely generated substruc-

tures of U (then K is called the age of U) and U is ultrahomogeneous.

We go through Fraissé’s construction for the class of finite rational metric spaces. We

construct finite metric spaces ) = Do C D; C ... such that

e if A,B € K with A C B, and there is an isometric embedding f: A — D, for
some ¢ € w, then there are j > ¢ and an isometric embedding g: B — D; which

extends f.

Take a bijection 7: w X w — w such that w(i,5) >4 for all 4, j.

When D; is defined, list as (fi;, Akj, Brj)jcw the triples (f, A, B) (up to isomorphism)
where A C B and f: A — Dy is an isometry. Construct Dyi1 by the amalgamation
property so that if kK = (4, j), then f;; extends to an embedding of B;; into Dy41.

Let U = |J, Di (the rational Urysohn space). Then U has the extension property.
Definition 2.24. (Urysohn space) Let U denote the completion of U.
Lemma 2.25. For F C U finite, f: FF — R Katetov, and € > 0, there is y € U with
ld(z,y) — f(z)] <e
forallxz € F.

Proof. Suppose that F = {zq,...,zn} and f(zo) > f(z1) > ... > f(zn) > 0. We can

assume that e < min{d(z;,z;) | i < j < n}.
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Let eg = . Find yo, ..., yn € U with d(x;,y;) < € for I < n. Let G = {yo, ..., yn }

4(77,:»1)

To approximate f by an admissible function g: G — Q, we increase the values of f and
decrease the distances between the values.

Find g(y:) € Q with |f(x:) 4+ (4i 4+ 2)e0 — g(y:)| < €0. Then
d(yi,y;) < d(wi,yi) + d(w;,y5) + [ (@) + f(5)
<260 + flai) + f(z5) < g(yi) + 9(y5)
Fori<j<n
9(yi) — 9(y;) < flzi) — f(z;) —4(F — 9)eo + 2€0
< d(zi, ;) — 2€0 < d(yi, y5)
and
9(y;) — 9(yi) < f(x5) — fzi) +4(j — i)eo + 2e0
<(n+1)eo=€—2e+0
< d(wi, ;) — d(wi, yi) — d(xj, ;) < d(y < i,y;)-
Find y € U realizing g by the extension property. Then
|d(zi,y) — f@i)| = d(yi,y) — f(zi)] + d(z, yi)

= |g(yi) — f(zs)| +d(z,y:) < (4n+3)eo + €0 =€

Lemma 2.26. U has the extension property.

Proof. Suppose that F' = {zo,...,zm} C U. Suppose that f: F — R is admissible and
f(zo) > f(z1) > ... > f(zn) = € > 0. We define a sequence (y,) in U with

|d(@i,yn) — flmi)| <27

for i < m. Find yo using that f is admissible. If y,, is defined, extend f to g by letting
g(yn) = 27 "e. Now g is admissible by the inductive assumption on y,. Find y,+1 realizing
g up to 2" Ve. Then |d(Yn, Ynt1) — 27 €| < 2-(+t¢ g0 d(Yn, Ynt1) < 27" Tle. Let
y = limy, yn. Then d(z;,y) = f(x;) for ¢ < n. O

A Polish metric space is universal if it contains an isometric copy of any other Polish

metric space.

Exercise 2.27. Show that any ultrahomogeneous universal Polish metric space has the

extension property and hence is isometric to U.
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For studying isometry groups we need a variant of the Fraissé construction, the Katetov

construction, which begins from any Polish metric space (X, d) instead of the empty set.

Definition 2.28. We say that a Katetov function f: X — R has finite support if for
some finite S C X, f(z) = inf{f(y) +d(z,y) : y € S} for allxz € X. Let E(X) denote the
set of finitely supported Katetov functions on X and dg the function defined by

de(f,9) = sup{[f(z) — g(2)| : € X}.
Exercise 2.29. dg is a metric on E(X).
Lemma 2.30. (E(X),dg) is separable.

Proof. Suppose that D C X is dense and countable. It follows from the proof of Lemma
that E(D) is dense in E(X). O

We go through the Katetov contruction. Let Xo = X and X,4+1 = E(X,) for n > 1.

As in the Fraissé construction, | J X, has the extension property. Then its completion

new

has the extension property by Lemma [2:26]

Example 2.31. When we consider R as a subset of R?, the Katetov construction over R

adds no element of R*\ R to R.
2.3. Ultrametric spaces.

Definition 2.32. An ultrametric space is a metric space (X, d) which satisfies the ultra-

metric inequality
d(z, z) < max{d(z,y),d(y, 2)}

forall z,y € X.

Example 2.33. The Baire space “w with the ultrametric d: “w x “w — R, d(z,y) =
2—min{i€u\z(i);ﬁy(i)} fO'I".’L’?éy in“w.

Example 2.34. The Cantor space “2 with the ultrametric inherited from the Baire space.
Example 2.35. Sym(w) with the ultrametric d: Sym(w) x Sym(w) — R,

d(z,y) = 2~ ™ {AEwAE wTH)

and A(z,y) = min{i € w | z(3) # y(i)} for x # y in Sym(w).
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Example 2.36. The space of models or logic space for a countable relational language.
Suppose L = {R; | i € w} and R; Cw™. Let
Mod(L) = J]2“"
1EW
where each M € Mod(L) codes a sequence of characteristic functions of relations on w

and hence a model of L.

Note that we can define the logic space for any countable language by representing

functions and constants by relations.

Lemma 2.37. The set of distences R(d) for a complete ultrametric d on a separable space

is countable.

Proof. Suppose (X,d) is ultrametric Polish. Find D C X countable dense. Let R =
{d(z,y) | z,y € D}. We show that R = R(d). Suppose that  # y in X. Suppose that
o',y € X with d(z,2'),d(y,y') < “%¥. Then d(z,y) = d(z',y’) € R. O

Suppose that R C R is countable. We can construct an ultrametric Urysohn space U%*

similar as the Urysohn space U by a Fraisse construction or a Katetov constructionEl

Exercise 2.38. Suppose d is the standard ultrametric on the Baire space. Then (“w,d)

has the R(d)-Urysohn property.

We now prove that every Polish space is a bijective continuous image of a closed subset

of the Baire space.

Lemma 2.39. Suppose that (X,d) is Polish, U C X is open, and ¢ > 0. Then there is a
sequence (Up)new of open sets such that U = UnEW U, = Un€wU7n and diam(Uy) < € for

all n.
Proof. See Marker: Lecture notes on descriptive set theory, Lemma 1.6. O

Lemma 2.40. Suppose that (X,d) is Polish, FF C X is F,, and € > 0. Then there is a
sequence (Fp)new of Fy sets such that F = Ungw F, = Unewﬁ and diam(F,) < € for

all n.
Proof. See Marker: Lecture notes on descriptive set theory, Lemma 1.18. O

Lemma 2.41. For every Polish space (X,d), there is a closed set C C “w and a contin-

uous bijection f: C — X.

ISee Gao-Shao: Polish ultrametric Urysohn spaces and their isometry groups
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Proof. See Marker: Lecture notes on descriptive set theory, Lemma 1.19. O

It is easy to see that every closed subset of the Baire space is a continuous image of
the Baire space (from a retraction). Hence every Polish space is a continuous image of

the Baire space. This also follows from a modification of the construction above.

2.4. Hyperspaces. To represent closed subsets of a Polish space X as elements of another
Polish space, we need to define a metric measuring the distance between closed sets. Let

us first consider compact sets.

Example 2.42. (Hausdorff metric) Suppose that (X,d) is Polish. Let K(X) = {K C
X | K is compact }. Let

max{max{d(z,L) | z € K}, max{d(K,y) |y € L}} # K,L#0D
du(K,L) =4 fK=L=0
1 if ezactly one ofK, Lis ().

Lemma 2.43. (K(X),dn) is Polish.

Proof. 1t is easy to see that dy is a metric. To show that (K(X), dm) is separable, suppose
that D C X is countable dense. Then {K C D | K is finite} is dense in K(X) (use that
every compact subset of a metric space is totally bounded).

To show that (K (X),dm) is complete, suppose that (K,) is a Cauchy sequence. Let
K = {limp,zp, | zn € Kn, (zn) is Cauchy}. It is straightforward to check that K =
lim,, Ky. O

Borel subsets of a topological space are the elements of the o-algebra generated by the

open sets.

Remark 2.44. Suppose that (X,d) is Polish. Let F(X)={C C X | C is closed}. Let
Ey={CeF(X)|CNU #0}
EY ={CeF(X)|CCU}
where U C X 1is open.
(1) The family of all sets Ey and EY form a subbase for (K(X),dw). For example,

to show that Uc(L) := {K | max{d(xz,L) | ¢ € K} < €} is a union of sets of the
form Ev, cover L with a finite union of open balls of radius § for any given § < e
using compactness. This topology on F(X) is called the Vietoris topology.

(2) The Effros Borel structure on F(X) is defined as the o-algebra generated by the
sets By (equivalently by the sets EY).
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Definition 2.45. (Gromov-Hausdorff metric) Suppose that K,L are compact metric

spaces. Let
don(K, L) = inf{dy (f(K),g(L) | f: K — X, g: L — X are isometric embeddings }.

Fact 2.46. (Gmmovﬂ Let C denote the set of isometry classes of compact metric spaces.

Then (C,dcu) is a compact metric space.

To define a Polish topology on F(X), suppose that (Uy) is a base for X. Suppose that
Y is a metric compactification of X (i.e. Y is a compact metric space and X is dense in V)
(see 2.5). We consider the topology 7 on F(X) induced by (K(Y),dr) via the pullback
of C' +— C. Note that this might depend on the choice of the compactification.

Lemma 2.47. (F(X), ) is Polish.

Proof. Let A={C | C € F(X)} C K(Y). Then for all C € K(Y), C € A if and only if
for all n

CNU,Z0=CnNnU,NX #0.

Then A is Gs in K(Y') and hence Polish. Moreover (F(X), 7) is homeomorphic to (A, 7x),
where 7y is the topology induced by dg. O

Remark 2.48. It is easy to see that T generates the Effros Borel structure on F(X).
Every set (EY)X is of the form (EY)Y, every set (EY)Y is a countable intersection of sets
of the form (EV)™, and (EYV)* = (EY)Y.

The Wigsman topology on F(X) is the least topology which makes all maps C — d(z,C)
for x € X continuous. Like T it is also Polish and generates the Effros Borel structure,

and moreover it only depends on the metric on X.
3. BOREL AND ANALYTIC SETS

Suppose that X = (X, d) is a Polish space.

Definition 3.1. (perfect) A set A C X is perfect if it is uncountable, closed, and has no

isolated points.

Lemma 3.2. Suppose that (X,d) is a perfect Polish space. Then there is a continuous

injection f:“2 — X.

Proof. We construct a family (Us)sc<wo of open nonempty subsets of X such that for all
s€<“2andi<?2

2Sce Heinonen: Geometric embeddings of metric spaces, section 2: Gromov-Hausdorff convergence
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(1) U,~; CUs and
(2) U~y N Us“(l—i) =0.

For each = € “2, let f(z) denote the unique element of () __ Uzn. Then f:*“2 — X is

new

continuous and injective. O

Lemma 3.3. Suppose that U C X is open and that € > 0. There is a sequence (Un)new

of open sets with U = J,,c., Un = U,co, Un and diam(Uy) < € for all n.

new

Proof. Suppose that D C X is countable and dense. Let (U;)ic, list all B(z, %) with
xeD, <5 andU, CU. We claim that U = |J

55 U;. Suppose that x € U. Find

€W

n with B(z,2) C U. Find y € DN B(z, ). Then 2 € B(y, L) and B(y, 2) C U, so
B(y, +) = U; for some i. O

Lemma 3.4. Suppose that FF C X is Fy and € > 0. There is a sequence (Fn)new of

pairwise disjoint F, sets with F = F, = U"@‘)Fin and diam(F,) < € for all n.

new

Proof. Let F = Uhew Cpn with Co C C1 C ... closed. Then F = Co U (C1 \ Co) U ... and
Cn+1 \ Cn C Cpt1 C F. Hence it is sufficient to show that for A C X closed and B C X

open, there is a sequence Fy)new of pairwise disjoint F, sets with AN B =J F,, and

new
diam(F,) < € for all n.
Write B =

U<, Bi) works.

B, = UnewE as in the previous lemma. Then F, = AN (B, \

necw

Lemma 3.5. There is a continuous bijection f: C — X for some closed C' C “w.

Proof. We construct level by level a tree T C <“w and a family (X;)tecr of nonempty F,

sets such that Xo = X and for all s € TN "w

o Xo=limier Xomis

o X, CX,, and

1
2n:

o diam(X;) <
We write [T] = {z € “w | Vn = | n € T}. For each z € [T], let f(z) denote the unique
element of ﬂnew Xzin. Then f is continuous by the last condition. For each n, there is a

unique s € "2 with € X, by the first condition, and hence f is surjective. O
Corollary 3.6. There is a continuous surjection f: “w — X.

Proof. 1t is easy to see that there is a continuous retraction r: “w — [T7], i.e. such that

r | [T) =id | [T). O

Definition 3.7. Suppose that A C X and x € X. The x is a condensation point of A if
ANU is uncountable for every open U C X with x € X.
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Lemma 3.8. Suppose that A C X is uncountable and C' C X is the set of condensation
points of A. Then ANC is uncountable.

Proof. Tt is easy to see that C is closed. For each z € X \ C, there is a basic open set
U C X \ C with z € U such that ANU is countable. Hence A\ C' is countable. O

Lemma 3.9. Suppose that A C X is uncountable. Then there are disjoint open sets

U,V # 0 such that ANU and ANV are uncountable.

Proof. Find condensation points  # y of A and disjoint open neighborhoods of x and

Y. O

Lemma 3.10. Suppose that f: X — Y is continuous and A = f[X] si uncountable. Then
there are open set U,V C X such that f[U] and f[V] are disjoint and uncountable.

Proof. Find disjoint open sets U,V C Y such that ANU and ANV are uncountable.
Consider f~'[U] and f~*[V]. O

Proposition 3.11. FEvery uncountable analytic set has a perfect subset.

Proof. Suppose that f: “w — X is continuous and A = f[*w]. We construct by the
previous lemma (t5),e<ws in <“w such that for all s € "2 and i < 2

o t, Ct .

e f[U:,] is uncountable, and
o flU:

NU:_. ] =0 (so in particular t,~o L t,~1).

sT0 ~1

Let g: “2 — “w, where g(z) is the unique element of Ut,,,- Then g is a continuous

new T

injection. Moreover fg is injective by the last requirement. Since “2 is compact, fg[*2]

is closed in X. Since fg is injective, fg[*2] is perfect. O

Lemma 3.12. Suppose that Y C X is Borel and f: X — Y is an injection such that the
preimages and images of Borel sets are Borel. Then there is a Borel isomorphism between

X and Y.

P’I‘OOf. Let Ao = )(7 An+1 = f[An}, Bo = Y, Bn+1 = f[Bn] Then f[An \ Bn] =
Api1\ Bnt1. The sets A, \ By, are disjoint since f[A,] C B,. Let A= (An \ Bn).
Let g: X — Y, where

new

flx) ifzeA
g(z) =
T otherwise.

Theng | A= f[ A: A — A is a Borel isomorphism and g [ (X \ A) =id | (X \A) is a

Borel isomorphism. O
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Proposition 3.13. All uncountable Polish spaces are Borel isomorphic.

Proof. Suppose that X is an uncountabl Polish space. We construct a continuous injection
f:¥1— X. Then f maps closed sets to closed sets. and hence Borel sets to Borel sets.
We have constructed a continuous bijection g: C — X, where C' C “w is closed. Note
that the specific function which we contructed earlier maps basic open sets to F,, sets and
hence Borel sets to Borel sets.
To apply the previous lemma, it is sufficient that there is an injection “w — “2 which

maps Borel sets to Borel sets. Let h: “w — “2, where h(z) = 0°©10*M10°@1.... O

Stefan proved the following lemmas.

Lemma 3.14. Suppose that A, C X is Borel for eachn € w. Then there is a finer Polish

topology with the same Borel sets in which each A, is both closed and open.

Lemma 3.15. Suppose that Ao and A1 are disjoint analytic subsets of X. Then there
are disjoint Borel subsets of X with A; C B, fori < 2.

Lemma 3.16. Suppose that f: X — Y is a function and A = {(z,y) € X xY | f(z) =y}
its graph. Then the following are equivalent:

(1) f is Borel measurable.

(2) A is Borel.

(3) A is analytic.

Proof. To prove (2) from (1), find a base (Up)new for Y. Then (z,y) € A if for all n, if
x € f71U,], then y € U,,.

To prove (1) from (3), suppose that B C Y is Borel. Then z € f~'[B] if and only if
Jye B (z,y) € Aifand only if Vy € Y ((z,y) € A=y € B). O

Lemma 3.17. suppose that (An)ncw is a sequence of analytic subsets of X. Then there
is a sequence (Bpn)new of pairwise disjoint Borel subsets of X with A, C By for alln. So

fY[B] is analytic and coanalytic, so it is Borel.

Proof. Find B, Borel with A, C B, and B, N A; = 0 for all i # n by separation of
analytic sets. Let Crn = By \ U, ,, B O

Suppose that X = (X,dx) and Y = (Y, dy) are Polish spaces.

Theorem 3.18 (Lusin-Suslin). If f: X — Y is Borel, A C X is Borel, and f | A is
injective, then f[A] is Borel.
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Proof. Let us first argue that it is sufficient to prove this for X = “w, closed sets A C X
and continuous f. We refine the topology on X to a Polish topology with the same Borel
sets such that f is continuous and A is closed. Then there is a closed C C “w and a
continuous bijection g: C' — A. There is a continuous h: “w with h [ C = id. Now
consider fgh: “w — Y and C' C “w instead of A.

Now suppose that f: “w — Y is continuous, A C X is closed, and f | A is injective.
Let As = f[AN N;] for s € <“w. Then each As is analytic. Let By = Y. For n > 0
find disjoint Borel sets (Bs) en,, with As € Bs C A, for s € "w by the version of the
separation theorem in the previous lemma. We can assume that Bs C A, by intersection
B, with A if necessary. Let C; = ﬂsg B, for all t € <“w. Then A; C C,.

We claim that f[A] = (,,c,, Usen,, Cs- Iy € f[A], find € A with f(z) = y. Then
Yy € fIAN Ngpn C Copn for all n € w.

Ify e ﬂn&d UsE”w Cs, then there is z € “w with y € ﬂn&J Cxzn by the choice of Cs.
Then y € N,c, Azin- S0 AN Nypn # 0 for all n. Since A is closed, this implies that
x € A. We claim that f(z) =y. If f(x) # y, find an open neighborhood U of f(z) with
y # U. Find n with f[Ny,] C U by the continuity of f. This contradicts the assumption

that RS Cl[n - Az[n. Od
Exercise 3.19. Read about Lusin schemes in section 7C of Kechris’ book.

We would now like to show that analytic and coanalytic sets have the Baire property and
are universally measurable, i.e. measurable with respect to every o-finite Borel measure
on X. A measure p is o-finite if there are Borel sets X,, C X for n € w with X = Un@u Xn

and p(X,) < oo for all n.

Definition 3.20. Suppose that S is a o-algebra on a set X and A, A C X with A € S.
Then A is an S-cover of A if

(1) AC A and

(2) if AC B €8, then every subset of A\ B is in S.

We say that S admits covers if every A C X has an S-cover.

Lemma 3.21. Suppose that X is a Polish space and S is the set of all A C X with the

Baire property. Then S admits covers.

Proof. Suppose that A C X and let U = [J{V C X | V is basic open, (X \ A) NV is
comeager in V}. Let C = X \U. Then A\ C = ANVU is meager by the choice of U. Find
a meager F; set D C X with A\ C C D and let A=CuD.
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Suppose that B O A has the Baire property and that A \ B is nonmeager. Find a basic
open set V such that (A\ B) NV is comeager in V. Then V C U. So DNV is comeager

in V, contradicting the choice of D. O

Lemma 3.22. Suppose that X is a Polish space and p is a o-finite Borel measure on X.
Suppose that S is the set of all p-measurable A C X (i.e. such that the inner and outer

measures fi(A) and p*(A) coincide). Then S admits covers.

Proof. We can assume that pu(X) < co. Let p*(A) = inf{u(B) | B C X Bore, A C B}
denote the outer measure of A C X. Then there is a Borel set A C X with A C A and
p(A) = p*(A). Suppose that B D A is y-measurable and u(A\ B) > 0. Then AC AN B
and (AN B) < pu(A), contradicting the choice of A. O

Definition 3.23. (Suslin operation) Suppose that (Cs),c<w,, is a family of subsets of a
set X with Cs 2O Cy for all s Ct. Let
AC) = |J N Carn
TEYW nEw
Lemma 3.24. Suppose that A C X s analyitic. Then there is a family (Cs)sc<w, Of
closed subsets of X such that Cs O Cy for all s Ct and A = A(Cs).

Proof. Suppose that A # () and that f: “w — X is continuous with f[*w] = A. Let
Cs = f[Ns] for s € <“w. Then A C A(Cs).
To show that A(Cs) C A, suppose that y € (), c, Cain = [, J[Nemn]. Find z, €

Nain with d(f(zn),y) < 5. Then lim, z,, = z. So f(x) =y and hence y € f[U]. O

Lemma 3.25. Suppose that S is a o-algebra which admits covers. Then S is closed under

the Suslin operation.

Proof. Suppose that A = A(Cs) with Cs € S for all s € <“w and Cs D Cy if s Ct. Let
CSZ U ﬂc’z[ngcs
sCxncw
for each s € <“w. Then A = C°. Find an S-cover C*® for C* with C* C Cs. Let
D,=C\|Jcm
new

Since C* = U,,c,,
of D := Use<wW D, isin S.

We claim that A\ A = C?\C? C D and hence A € S. Suppose that y € (A\ A)\ D. For

all s € <“w, ify € C*\ D, then y € C* " for some n. Find z € “w with y € C*'™ C Cyyn

csnC Unew C*"™, every subset of D, is in & and hence every subset

for all n € w. Then y € N Czin C A, contradicting the choice of y. O

new
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The previous lemmas imply

Proposition 3.26. All analytic and coanalytic subsets of Polish spaces have the Baire

property and are universally measurable.
4. THE Go DICHOTOMY

We present Ben Miller’s proof of the Gy dichotomy and some consequences.

As usual, X and Y denote Polish spaces, unless stated otherwise. Suppose that G
is a graph on X. We say that A C X is G-discrete if there are no x # y in A with
(x,y) € G. A k-coloring of G is a map ¢: X — r such that ¢ *[{a}]. A homomorphism
from a graph G on X to a graph H on Y is amap f: X — Y such that (z,y) € G implies
(f(x), f(y)) € H.

Supose that I C 2<% is dense, i.e. for every s € 2<% there is some t € I with s C t.
Let G denote the graph consisting of all pairs (s”¢"xz,s” (1 — %) ), where s € I, i < 2,
and z € “2. We fix a sequence (Sn)new With s, € 2" such that I = {s, | n € w} is dense

and let Gy = G7r.

Lemma 4.1. (Ben Miller) Suppose that A C “2 is nonmeager and has the Baire property.
Then A s not Go-discrete.

Theorem 4.2. (Kechris-Solecki-Todorcevic) Suppose that X is a Hausdorff space and G
is an analytic graph on X. Then either
(1) there is a Borel w-coloring of G or

(2) there is a continuous homomorphism from Gq to G.
The space “k is the product of k with the discrete topology.

Definition 4.3. Suppose that X is a topological space. A set A C X is k-Suslin if
A = f[®w] for some continuous map f: “k — X or A=0. A set A C X is co-k-Suslin if

X\ A is k-Suslin.

The w-Suslin subsets of Polish spaces are the analytic sets. The G dichotomy and
many if its consequences can be generalized to xk-Suslin graphs on Hausdorff spaces, which

we don’t pursue here.

Lemma 4.4 (Mycielski). Suppose that E is a meager binary relation on X. Then there
is a perfect C C X with (x,y) ¢ E for allx #y in X.

Proof. Suppose that U, C X is open dense for eachn € w and EN[) U, = (. We can

new

assume that Up 2 Uy 2 .... We construct (Us)sea<w with Us € X nonempty open such
that for all s74 # t™j in 271
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(1) Ugn; N U~ ; = 0,
(2) diam(U, ) < 27" and
(3) Ugny X Uy C Un.
Let Up = X. If U, is defined for all s € "2, first find (U,~;)sc2n, i<2 satisfying (1) and
(2). For (3) we successively shrink each pair U,~;,U,~; with s7i # ¢”j in 2"
Let f:“2 — X, f(x) = ,cw, Ustn- Then f is continuous and injective. Let C' = f[2].
Then C is compact and perfect.
We claim that (f(x), f(y)) ¢ E for all z # y in 2*. Suppose that z(n) # y(n). Then

(f(@), f(W)) € Ugpmt1 X Uypms1 C Up, for all m > n. So (f(z), f(y)) ¢ E. O
Lemma 4.5. IfU C X XY is open dense, then S := {x € X | U, is dense } is comeager.

Proof. Suppose that W C Y is basic open and nonempty. We claim that Sw := {x € X |
Ux NW # 0} is comeager. Then S = (;, Sw is comeager.

Otherwise let Tw := {z € X | Ux N W = (} . There is a nonempty basic open
set U C X such that Tw N U is comeager in U. Then Tw x W is nonmeager and

(Tw x W)NU = (), contradicting the assumption that U is comeager. O

Lemma 4.6 (Kuratowski-Ulam). A set A C X XY with the Baire property is comeager

(nonmeager) if and only if {x € X | Ay is comeager (nonmeager)} is comeager (nonmea-

ger).

Proof. Suppose that A C X X Y is comeager, A C [
Then {z € X | A, is comeager} C

U,, U, open dense in X X Y.

new
newl® € X | (Un)s is comeager in Y} is comeager in
X by the previous lemma.

Suppose that A C X xY is nonmeager. Since A has the Baire property, there is a basic
openset UxV C X xY such that AN(U x V) is comeager in U x V. Then {z € X | A.NV
is comeager in V'} is comeager in U by the previous argument, so nonmeager.

If A is not comeager, then (X xY')\ A is nonmeager, so {x € X | A, is not comeager} =
{r € X | (X xY)\ A), is nonmeager} is nonmeager and hence {x € X | A, is comeager}
is not comeager.

If A is meager, then (X x Y) \ A is comeager, so {z € X | A, is meager} = {z €
X | (X xY)\ A); is comeager} is comeager and hence {z € X | A, is nonmeager} is

meager. O

Theorem 4.7 (Silver). Suppose that X is a Hausdorff space and E is a coanalytic equiv-

alence relation on X. Then either

(1) E has countably many equivalence classes or
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(2) there is a perfect set C C X of pairwise E-inequivalent points.

Proof. The condition are mutually exclusive. Let G = X?2 \ E. Suppose that ¢: X — w
is a coloring of G. Then ¢~ *[{n}] is contained in some E-class for every n € w. So E has
countably many equivalence classes.

Otherwise there is a continuous homomorphism f: “2 — X from Gy to G by the Gy
dichotomy. Then F = (f x f)™'[FE] is an equivalence relation on “2 with Go N F = (.

We claim that F' is meager. By Kuratowski-Ulam, it is sufficient to show that every
equivalence with the Baire property class is meager. Suppose that z € “2 and [z]F
is nonmeager and has the Baire property. Then [z]r is not Go-discrete by a previous
lemma. Find y,z € [z]p with (y,2z) € Go N F. There is a continuous g: “2 — “2
with (g(z),g(y)) € F for all z # y in “2 by Mycielski’s theorem. Let h = fg. Then
(h(z),h(y)) ¢ E for all z # y in “2. So C' = h[*2] satisfies (2). O

Theorem 4.8 (Lusin-Novikov). Suppose that X,Y are Polish spaces, R C X XY is
analytic and Ry is countable for all x € X. then there are partial functions fn: X — Y
with relatively Borel graphs R, C R (i.e. R, = RN By, for some Borel set By,) such that
R=U,c, Bn.

Proof. Let G C “2 x “2 where ((zo,%0), (z1,¥1)) € G if xz0 = 21, Yo # y1, and (yo,y1) €
Rz, .

Suppose that f: “2 — X X Y is a homomorphism from Gy to G. If z,y € “2 and
(z,y) € G, then f(z)o = f(y)o. Since the connected Go-component of 0% is dense in “2,
f(z)o = f(y)o for all z,y € “2. Let z = f(x)o.

Let fi:“2 =Y, fi(z) = f(z)1. Let H = {(z,y) €Y XY |z # y and (z € R, or
y € R.)}. Then f; is a homomorphism from Gy to H. Let I = (f1 x fi)"'[H]. Then
Go C I. Now each I, is analytic and hence it has the Baire property. It is easy to
check that the complement of H is an equivalence relation, so the complement of I is an
equivalence relation as well. Using this and the fact the nonmeager sets with the Baire
property are not Go-discrete, if some I, was not comeager, then there have to be y, z € I,
with (y, z) € Go, contradicting the assumption that fi is a homomorphism from Gy to H.
So every I, is is comeager, and hence I is comeager by the Kuratowski-Ulam theorem.

Then there is a continuous map g: “2 — “2 with (g(x), g(y)) € I for all z # y in “2
by Mycielski’s theorem. Let h = fi1g. Then h(x), h(y) € R. and h(z) # h(y) for all z # y
in “2, by the definition of I as I = (f1 x f1)”*[H] and by the definition of G and H. This

contradicts the assumption that R, is countable.
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By the Go dichotomy, there is a Borel w-coloring c¢: “2 X “2 — w of G. Let R, =
¢ '{n})N R. Then y = z for all (z,9), (z,2) € Rn. O

If R is Borel, then R, is Borel and hence also dom(R,,) is Borel for all n, since injective
images of Borel sets under continuous (and even Borel measurable) maps are Borel by a
previous lemma.

The Lusin-Novikov theorem can also be shown for Hausdorff spaces X,Y with a very

similar proof.

Definition 4.9 (Topological group). A topological group G = (G, -, 1) is a group with a
topology such that - and ~' are continuous. We will equip every countable group with the

discrete topology, making it into a topological group.

Definition 4.10 (Group actions). Suppose that G = (G, -, 1) is a group.

(1) A Borel (continuous) action of G on X is a Borel (continuous) map Gx X — X,
(g,2) — g-x with (gh) -x=g-(h-z) for all g,h € G and z € X.
(2) If G acts on X, let Eq = {(z,y) | g € G g-z = y}.

Definition 4.11. Let Aut(X) denote the group of Borel automorphisms of X.

Definition 4.12. An equivalence relation E is countable if all its equivalence classes are

countable.

Lemma 4.13. There is a partition X2\ idx = | |
AN B, =0.

A, X By, with Ay, B, Borel and

necw

Proof. Tt is sufficient to prove this for X = “2, since all uncountable Polish spaces are
Borel isomorphic. Let ($n)new enumerate <w92 without repetitions. Let A, = Ns,“o and

Bn=N,,. O

Theorem 4.14 (Feldman-Moore). Suppose that E is a countable Borel equivalence re-
lation on X. Then there is a countable group G and a Borel action of G on X with

E=Eq.

Proof. Let E = UHEW R,, where each R,, is Borel and (R, ), is countable for all x € X
and n € w by Lusin-Novikov. We can assume that the sets R, are pairwise disjoint.
Let X2 \idx = |_|k€w Ag x By with A N By = (0 and Ak, B Borel by the previous

lemma. Let

Em,n,k = {(«:C,y) € E | (xay) € Rm? (y,:ﬂ) € R’ﬂ7 z ?é Y, (mvy) € Ak X Bk}
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Then E\idx = |, , x Emnk. Each Ep o,k is the graph of some Borel isomorphism
fm,n,k: Am,n,k - Bm,n,k- In fact fm,n,k - fn [Am,n,k and f,:%lnﬂk - fm [ Bm,n,k»

We extend each fp, n,k to a Borel automorphism of X as follows. Let

fmng(z) 2 € Amank,
b (@) = .k, 5 (2) i @ € Bk,
T otherwise.

Let G C Aut(X) denote the (countable) group generated by all hp, k. Then E C G by

the definition of G, and F¢ C E since E is an equivalence relation. O
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