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If K is a field of cardinality A, then the group Aut(K) has cardinality
at most 2*. A simple cardinality argument shows that there are
groups of cardinality 2* that are not isomorphic to the automorphism
group of a field of cardinality A. The following theorem shows that we
can also find such groups of cardinality A\*.

Theorem (De Bruijn, 1957)

If X is an infinite cardinal, then the group Fin(\") consisting of all
finite permutations of AT cannot be embedded into the group
Sym(\) consisting of all permutations of \.
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The following result shows that a wide variety of groups of cardinality
at most 2* is isomorphic to the automorphism group of a field of
cardinality .

Theorem (Fried & Kollar (1982), Kaplan & Shelah (2012))

Let A\ be an infinite cardinal. If L is a first-order language of
cardinality at most A, M is an L-model of cardinality at most \ and
p is either 0 or a prime number, then there is a field K of
characteristic p and cardinality \ such that the groups Aut(M) and
Aut(K) are isomorphic.

In particular, every group of cardinality at most A is isomorphic to the
automorphism group of a field of cardinality \.
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In this talk, we focus on free groups and the following question.

Question

Given an infinite cardinal )\, is there a field of cardinality A\ whose
automorphism group is a free group of cardinality greater than A7

The above question was first asked by David Evans for the case
A = Ny. Results of Winfried Just, Saharon Shelah and Simon Thomas
motivate its generalization to uncountable cardinalities.
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The following results show that the above question has a negative
answer for singular strong limit cardinals of countable cofinality.

Theorem (Shelah (2003))

Let L be a countable first-order language and M be a countable
L-model. Then Aut(M) is not an uncountable free group.

Theorem (Shelah (2003))

Let (\, | n < w) be a sequence of infinite cardinals with 2*» < 2Xn+1
foralln <w, A=, _ A,andp=>3% _ 2*.

If L is a first-order language of cardinality A\ and M is an L-model of
cardinality X such that Aut(M) has cardinality greater than y, then

Aut(M) is not a free group.
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In contrast, Winfried Just, Saharon Shelah and Simon Thomas
showed that it is consistent to have a regular uncountable cardinal s
with ¥k = k< and a field K of cardinality x whose automorphism
group is a free group of cardinality 2.

The following result shows that the existence of such fields already
follows from the axioms of ZFC for a larger class of cardinals.

Theorem (L. & Shelah)

Let \ be a cardinal with A\ = \* and p be either O or a prime
number. Then there is a field K of characteristic p and cardinality A
whose automorphism group is a free group of cardinality 2.

In particular, there always is a field K whose automorphism group is a
free group of cardinality greater than the cardinality of K.
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A combination of the above results allows us to completely answer
our question under certain cardinal arithmetic assumptions.

Corollary

Assume that the Continuum Hypothesis and the Singular Cardinal
Hypothesis hold. Then the following statements are equivalent for
every infinite cardinal \.

m There is a field of cardinality A whose automorphism group is a
free group of cardinality greater than \.

m There is a cardinal k < \ with 2% > X\ and cof(k) > w.

The methods developed in the proof of the above theorem also allow
us to derive several other interesting statements.
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For example, we can use them to prove the corresponding results for
free abelian groups.

Theorem (L. & Shelah)

Let X be a cardinal with A\ = \®0 and p be either 0 or a prime
number. Then there is a field K of characteristic p and cardinality \
whose automorphism group is a free abelian group of cardinality 2*.

Again, this drastically contrasts the countable setting, as the
following result shows.

Theorem (Solecki (1999))

Let L be a countable first-order language and M be an L-model.
Then Aut(M) is not an uncountable free abelian group.
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We can also use these methods to show that the above cardinal
arithmetic assumption is consistently not necessary for the existence
of such fields.

Theorem (L. & Shelah)

Let \ be a cardinal with A\ = \* and p be either 0 or a prime
number. If G is Add(w, k)-generic over the ground model V for some
cardinal k, then there is a field K of characteristic p and cardinality \
in V[G] such that Aut(K)VI¢ is a free group of cardinality greater or
equal to (2*)V in V[G].

Finally, our constructions show that, if it is consistent to have a
cardinal A\ of uncountable cofinality such that there is no field of
cardinality A whose automorphism group is a free group of cardinality
greater than )\, then it is necessary to use large cardinals to construct
a model of this statement.
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Theorem (L. & Shelah)

Let A\ be a regular uncountable cardinal such that there is no field of
cardinality A\ whose automorphism group is a free group of cardinality
greater than \. Then A\ is an inaccessible cardinal in L[z| for every
z C K.

Theorem (L. & Shelah)

Let X\ be a singular cardinal of uncountable cofinality such that there
is no field of cardinality A\ whose automorphism group is a free group
of cardinality greater than A. Then there is an inner model with a
Woodin cardinal.
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A pair D = (D, <p) is a directed set if <p is a reflexive, transitive
binary relation on the set D with the property that for all p,q € D
there isar € D with p,q <p r.

Given a directed set D = (D, <p), a pair

I={Gy|peD) (hpg|p,geD, p<pq))

an inverse system of groups over D if the following statements hold
for all p,q,r € D with p <p g <pr.

m G, is a group and h,, : G, — G, is a homomorphism of
groups.

m hyp = 1dg, and hyg 0 hgy = Ny,
Given such an inverse system I, we call the subgroup

G = {(9p)pep | Mpa(9q) = gp for all p,q € D with p <p q}

of the product of the GG,’s the inverse limit of I.



Representing inverse limits as automorphism groups of fields

The following result is the first step in the proof of the above theorem.




Representing inverse limits as automorphism groups of fields

The following result is the first step in the proof of the above theorem.

Theorem
Let

I={(Gq|q€ D) (hgr|a,r €D, ¢<pr))

be an inverse system of groups over a directed set D = (D, <p)



Representing inverse limits as automorphism groups of fields

The following result is the first step in the proof of the above theorem.

Theorem
Let

I={(Gq|q€ D) (hgr|a,r €D, ¢<pr))

be an inverse system of groups over a directed set D = (D, <p) and
p be either 0 or a prime number.



Representing inverse limits as automorphism groups of fields

The following result is the first step in the proof of the above theorem.

Theorem
Let

I={(Gq|q€ D) (hgr|a,r €D, ¢<pr))

be an inverse system of groups over a directed set D = (D, <p) and
p be either 0 or a prime number. Then there is a field K of
characteristic p with the following properties.



Representing inverse limits as automorphism groups of fields

The following result is the first step in the proof of the above theorem.

Theorem
Let

I={(Gq|q€ D) (hgr|a,r €D, ¢<pr))

be an inverse system of groups over a directed set D = (D, <p) and
p be either 0 or a prime number. Then there is a field K of
characteristic p with the following properties.

m The groups Aut(K) and Gy are isomorphic.



Representing inverse limits as automorphism groups of fields

The following result is the first step in the proof of the above theorem.

Theorem
Let

I={(Gq|q€ D) (hgr|a,r €D, ¢<pr))

be an inverse system of groups over a directed set D = (D, <p) and
p be either 0 or a prime number. Then there is a field K of
characteristic p with the following properties.

m The groups Aut(K) and Gy are isomorphic.

m |[K| < max{Ro, ) e [Gol}-
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Free groups as inverse limits

Let D = (D, <p) be a directed set. Consider the following game
G(D) of perfect information and infinite length between Player | and
Player I

in the i-th round of this game Player | chooses an element
p2; from D and then Player Il chooses an element py;. 1 from
D. Player | wins a run (p;)i<., of G(D) if and only if either
there is an i < w with DP2i ﬁ]]]) DP2i+1 OF P21 S]D) D2i+2 holds
for all i < w and there is ap € D with p; <p p for all i < w.

A winning strategy for Player Il is a function s : <D — D with the
property that Player Il wins every run (p;);,, that is played according
to s, in the sense that s({po, ..., p2i)) = pais1 holds for all i < w.
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The following result shows how free groups can be represented as
inverse limits of systems of groups assuming the existence of certain
suitable inverse systems of sets.

Theorem

Let D = (D, <p) be a directed set with the property that Player I/
has no winning strategy in G(D). If

1[0:<<Ap|p€D>7<fp,q‘p7q€D7 pSID)CI»

is an inverse system of sets over D with inverse limit Ay,, then there
exists an inverse system of groups

I= <<Gp |pED>a<hp,q |p,q€D, P <p Q>>

over D with the following properties.

m The group G, has cardinality max{Ry, |A,|} for every p € D.
m G is a free group of cardinality max{Ry, |Ar|}.
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Good inverse systems of sets

Let X\ and v be infinite cardinals. We say that an inverse system

I=((A4p [ p€ D) (fpqg|lpPa€D, p<pq)

of sets over a directed set D = (D, <p) is (), v)-good if the following
statements hold.

m Player Il has no winning strategy in G(ID).

m |D| <Xand |4y < Aforallpe D.

m The inverse limit of I has cardinality v.

The following proposition summarizes the above results.

Proposition

If there exists a (A, v)-good inverse system Iy over D and p is either O or a
prime number, then there is a field K of characteristic p and cardinality \
with the property that Aut(K) is a free group of cardinality v. O
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Good inverse systems of sets

Our theorem is now a consequence of the following lemma.

Lemma

If X is a cardinal with \ = \X0, then there is a (), 2*)-good inverse system
of sets.

Proof.

Define D = ([A]N, C). Given u,v € [A]N0 with u C v, set A, = “2 and
define f, 1 Ay —> Ay by fuu(s) =s [ uforall s € V2. Let I denote the
resulting inverse system of sets.

If z € 22, then we define @, = (z [ wWueppo € [luepro Au. It is easy to

see that @, is an element of Aj and the resulting map is a bijection of *2
and A]I- L]
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Our statements about the consistency strength of the non-existence of
certain fields will be a consequence of the following lemma.

Lemma

Let \ be a cardinal of uncountable cofinality, T be a tree of cardinality and
height \ with the property that the set [T| of cofinal branches through T
has infinite cardinality v. Then there exists a (), v)-good inverse system.

Proof.
Given a < < A, set A, = T(a) and

fap:Ag — Ag; t—t [ o

Let I denote the corresponding inverse system over the directed set
D = (A, <). Then Player Il has no winning strategy in G(ID). Finally, the
map

b: A1 — [T; (aa)a<r — {aa | @ < A}

is a bijection. O
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Thank you for listening!
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