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The Continuum Function in ZFC

A) Regular Cardinals

Theorem (Easton, 1970)

Let V be a ground model of ZFC + GCH with a function F whose
domain consists of regular cardinals and whose range consists of
cardinals, such that for all s, A e dom F:

o F(k)>kK
@ k< A= F(k)<F(\)
o cf F(K) > k.
Then there is a cardinal-preserving model V[G] 2 V of the theory

ZFC + Yk edom F 2% = F(k).
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Let % denote a singular cardinal with 2% < k. Then ¢ k'
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fr _ .+

Let % denote a singular cardinal with 2% < k. Then ¢ k'

In particular, if x is a singular strong limit cardinal, then 2 = k™.
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Singular Cardinals Hypothesis SCH (Mitchell, 1992)

Let % denote a singular cardinal with 2% < k. Then k% = k*.

In particular, if x is a singular strong limit cardinal, then 2 = k™.

Theorem (Shelah, 1982)
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The Continuum Function in ZFC

B) Singular Cardinals

Singular Cardinals Hypothesis SCH (Mitchell, 1992)

Let % denote a singular cardinal with 2% < k. Then k% = k*.

In particular, if x is a singular strong limit cardinal, then 2 = k™.

Theorem (Shelah, 1982)

If R, is a strong limit cardinal, then 2%« < 53 -
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The Continuum Function without AC: Introduction

Definition

For a cardinal x define:
o u(k):=sup{a | If:a— (k) injective function }
e (k) :=sup{a | If: £ (k) - « surjective function }.

Theorem (Gitik-Koepke, 2012)

Let V be a ground model of ZFC + GCH and A some cardinal in
V.
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The Continuum Function without AC: Introduction

Definition

For a cardinal x define:
o u(k):=sup{a | If:a— (k) injective function }
e (k) :=sup{a | If: £ (k) - « surjective function }.

Theorem (Gitik-Koepke, 2012)

Let V be a ground model of ZFC + GCH and A some cardinal in
V. There is a cardinal-preserving model N 2 V' of the theory

ZF + Vn<w 0(R,) =R + 0(Ry) > A"
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Rough ldea of the Construction

e Add sufficiently many ®,-subsets (G; | i < A), which are linked
in a certain fashion.

@ Any G; is generic for

[ Cohen ([, Rpi1)).

n<w
fin. supp.
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e Add sufficiently many ®,-subsets (G; | i < A), which are linked
in a certain fashion.
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fin. supp.

@ Define in the generic extension an appropriate equivalence
relation “~" on P(R,) such that Vi i G;n Gy =@.
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Define in the generic extension an appropriate equivalence
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Rough ldea of the Construction

e Add sufficiently many ®,-subsets (G; | i < A), which are linked
in a certain fashion.

@ Any G; is generic for

[ Cohen ([, Rpi1)).

n<w
fin. supp.

@ Define in the generic extension an appropriate equivalence

relation “~" on P(R,) such that Vi i G;n Gy =@.

o Let _
N:=HODVICI(v u TC({G; | i<A}) ).

o In NV, there exists a surjection f: fP(R,) — A: Set f(X) =i
whenever X € G;.
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Conjecture

Let V denote a ground model of ZFC + GCH with a function E
whose domain and range consist of ordinals such that for all «,
£ € domE
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Conjecture

Let V denote a ground model of ZFC + GCH with a function E
whose domain and range consist of ordinals such that for all «,
£ € domE

e a<f - E(a)<E(p)
o E(a)>a+2.
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Conjecture

Let V denote a ground model of ZFC + GCH with a function E
whose domain and range consist of ordinals such that for all «,
£ € domE

e a<f - E(a)<E(p)
o E(a)>a+2.
Then there is a cardinal-preserving model N2 V of the theory

ZF + YaedomE 0(R,) = Re(q)-
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Let V be a ground model of ZFC + GCH and (k, | n <),
(o) | m < y) sequences of cardinals such that
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Theorem A

Let V be a ground model of ZFC + GCH and (k, | n <),
(o) | m < y) sequences of cardinals such that

@ (ky | m <) is strictly increasing and closed
o (ay | p <) is increasing
° V< ay2kKy.

There is a cardinal-preserving extension N 2 V with N = ZF such
that Vi <y 0V (x,) = a,
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Theorem A

Let V be a ground model of ZFC + GCH and (k, | n <),
(o) | m < y) sequences of cardinals such that

@ (ky | m <) is strictly increasing and closed

o (ay | p <) is increasing

° V< ay2kKy.
There is a cardinal-preserving extension N 2 V with N = ZF such
that Vi <y 0V (x,) = ay, i.e. for all n <, there exists in N a

surjective function f : £(k,) = o, but no surjective function
f:0(ky) — a;.
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The Forcing
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The Forcing

Assume w.l.0.g. that all s, are limit cardinals.

For all n <, let (k| j < cfKky41) denote a normal cofinal
sequence in ky.1, With Ky 0= K.
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The Forcing

Assume w.l.0.g. that all s, are limit cardinals.

For all n <, let (k| j < cfKky41) denote a normal cofinal
sequence in ky.1, With Ky 0= K.

For 1 < =y, define

p

H Cohen ( [Fﬂu,j, /iuJ+1) )v

Iﬂ?u’j<Hn
Easton supp.
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The Forcing

Assume w.l.0.g. that all s, are limit cardinals.

For all n <, let (k| j < cfKky41) denote a normal cofinal
sequence in ky.1, With Ky 0= K.

For 1 < =y, define

P = [] Cohen ( [Kujs Kuj+1) )7
E:s?éj:s’zgp.
Pl = H Cohen ([HVJ,HV,J'+1)2)-

l{u’j<lin
Easton supp.
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The Forcing

Assume w.l.0.g. that all s, are limit cardinals.

For all n <, let (k| j < cfKky41) denote a normal cofinal
sequence in k1, With Ky o 1= K.

For 1 < =y, define
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The Forcing

Assume w.l.0.g. that all s, are limit cardinals.

For all n <, let (k| j < cfKky41) denote a normal cofinal
sequence in k1, With Ky o 1= K.

For 1 < =y, define

P = [] Cohen ( [Kujs Kuj+1) )7
E:s:éJ:s’zgp.
Pl = H Cohen ([HVJ,Hy,ﬁl)z)-

l{u’j<lin
Easton supp.

The forcings P" and P)! preserve cardinals and the GCH.
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° p.eP]
e V(n,i) esuppp:
o plePn
e a C K, is a bounded subset with
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The Forcing

The forcing P consists of all p = (p., (p;, 2! )y<y,ica,) such that:

o suppp ={(n,i) | p] * @} ist finite
° p.eP]
e V(n,i) esuppp:
o plePn
e a C K, is a bounded subset with
Vhuj <fin 3] 0 [ fuje)| <1

o V(n, i) (n',i") a] n a?,' = @ (Independence Property).
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The Forcing

Let G be a V-generic filter on P.
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The Forcing

Let G be a V-generic filter on P. It induces G, :=U{p. | p€ G},
and for all n <7, i <ay:

G :=\UH{p] | pe G}
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The Forcing

Let G be a V-generic filter on P. It induces G, :=U{p. | p€ G},
and for all n <7, i <ay:

G'=U{p | pe G}, g':=U{a] | peG}.
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Let G be a V-generic filter on P. It induces G, :=U{p. | p€ G},
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The Forcing

Let G be a V-generic filter on P. It induces G, :=U{p. | p€ G},
and for all n <7, i <ay:

G'=U{p | pe G}, g':=U{a] | peG}.

For g = (g, (q/,b!)n.i), p=(p«, (P}, 3! )n,i) €P, let g< pif :
@ g. 2 P«
o V(n,i) q/2p], b}24]
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The Forcing

Let G be a V-generic filter on P. It induces G, :=U{p. | p€ G},
and for all n <7, i <ay:

G'=U{p | pe G}, g':=U{a] | peG}.

For g = (g, (q/,b!)n.i), p=(p«, (P}, 3! )n,i) €P, let g< pif :
@ g.2p.
o Y(n,i) q'2p!, b!2a!
o Linking Property:
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The Forcing

Let G be a V-generic filter on P. It induces G, :=U{p. | p€ G},
and for all n <7, i <ay:

G'=U{p | pe G}, g':=U{a] | peG}.

For g = (g, (q/,b!)n.i), p=(p«, (P}, 3! )n,i) €P, let g< pif :
@ g.2p«
o Y(n,i) q'2p!, b!2a!
o Linking Property: Let ( edom (g} \ p), C € [Kyj, kv js1)
with a’ N[k, j, kuje1) = {E}-
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The Forcing

Let G be a V-generic filter on P. It induces G, :=U{p. | p€ G},
and for all n <7, i <ay:

G'=U{p | pe G}, g':=U{a] | peG}.

For g = (g, (q/,b!)n.i), p=(p«, (P}, 3! )n,i) €P, let g< pif :
@ g. 2 P«

o Y(n,i) q'2p!, b!2a!
o Linking Property: Let ¢ e dom (g ~ p}'), ¢ € [k, Fjr1)
with a’ N[k, j, kuje1) = {E}-

Then g/ (¢) = g.(§,¢).
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The Symmetric Submodel

Work in a P-generic extension V[G].
For all (n, 1),
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The Symmetric Submodel

Work in a P-generic extension V[G].
For all (77,/), let FG(n,i) = ’le.n = {X € Ry ’ X ~p G/n}' and

N := HODVICI(v u TC({Fg})),

where X ~, Y if and only if X, Y ¢ x,, and there is x, j < K, such
that

o (X®Y) I Ky ky) eV,
° EIGI.ZO,...,G:SI (X@Y)lkyje V[GI.Z0 x - x G,

-1
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The Symmetric Submodel

Work in a P-generic extension V[G].
For all (77,/), let FG(n,i) = ’éﬁ = {X € Ry ’ X ~p G/n}' and

N := HODVICI(v u TC({Fg})),

where X ~, Y if and only if X, Y ¢ x,, and there is x, j < K, such
that

o (X®Y) I Ky ky) eV,
° EIGI.ZO,...,GZ’II (X@Y)lkyje V[GI.Z0 x - x G,

-1
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The Symmetric Submodel

Work in a P-generic extension V[G].
For all (77,/), let FG(n,i) = ’éﬁ = {X € Ry ’ X ~p G/n}' and

N := HODVICI(v u TC({Fg})),

where X ~, Y if and only if X, Y ¢ x,, and there is x, j < K, such
that

o (X®Y) I Ky ky) eV,
° EIGI.ZO,...,GZ’II (X@Y)lkyje V[GI.Z0 x - x G,

-1

e Gl-n e G;,]
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N & (ZF + Vn<vy 0(ky) > a;)
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The Symmetric Submodel

Proposition 3

N & (ZF + Vn<vy 0(ky) > a;)

Let n <.
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The Symmetric Submodel

Proposition 3

N & (ZF + Vn<vy 0(ky) > a;)

Let 7 <. We define in N a surjective function f : P(x,) - a, as
follows:
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The Symmetric Submodel

Proposition 3
N & (ZF + Vn<vy 0(ky) > a;)

Let n <. We define in NV a surjective function f: (x,) — oy as
follows: For X € N, X € k,, set f(X):= i in the case that X € G
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The Symmetric Submodel

Proposition 3
N & (ZF + Vn<vy 0(ky) > a;)

Let n <. We define in NV a surjective function f: (x,) — oy as
follows: For X € N, X € k,, set f(X):= i in the case that X € G
Then f is well-defined
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The Symmetric Submodel

Proposition 3
N & (ZF + Vn<vy 0(ky) > a;)

Let n <. We define in NV a surjective function f: (x,) — oy as
follows: For X € N, X € k,, set f(X):= i in the case that X € G
Then f is well-defined and surjective.
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The Symmetric Submodel

Proposition 3
N & (ZF + Vn<vy 0(ky) > a;)

Let n <. We define in NV a surjective function f: (x,) — oy as
follows: For X € N, X € k,, set f(X):= i in the case that X € G
Then f is well-defined and surjective. m|
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The Symmetric Submodel

For X € N, there is a formula ¢, a parameter v € V, and finitely
many Ggo, e, G;]:l such that
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The Symmetric Submodel

For X € N, there is a formula ¢, a parameter v € V, and finitely
many Ggo, e, G;]:l such that

X ={yeV[G]| V[G]F o(y,F5,v,G,..., G'" )}

o -1
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The Symmetric Submodel

For X € N, there is a formula ¢, a parameter v € V, and finitely
many Ggo, e, G;]:l such that

X ={yeV[G]| V[G]F o(y,F5,v,G,..., G'" )}

o -1

Lemma 5 (Approximation Lemma)
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The Symmetric Submodel

For X € N, there is a formula ¢, a parameter v € V, and finitely
many Ggo, e, G;]:l such that

X ={y e V[G]| V[G]E @(y,Fc,v,GP,...,G"*)}.

-1

Lemma 5 (Approximation Lemma)

For X € N, X c Ord, there are finitely many pairs (1o, i), -- -,
(77/_1, i/_1) with
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The Symmetric Submodel

For X € N, there is a formula ¢, a parameter v € V, and finitely
many Ggo, e, G;]:l such that

X ={y e V[G]| V[G]E @(y,Fc,v,GP,...,G"*)}.

-1

Lemma 5 (Approximation Lemma)

For X € N, X c Ord, there are finitely many pairs (1o, i), -- -,

sty ) vl X € V[GP x - x GI1].

-1
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Proof of Lemma 5.
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The Symmetric Submodel

Proof of Lemma 5.

Let X ¢ N, X c Ord.
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The Symmetric Submodel

Proof of Lemma 5.

Let X e N, X € Ord. By Lemma 4, there is a formula ¢, some
parameter v € V, and finitely many GIZO, e, G;i_’f with

X={aeOrd | V[G]E ¢(e, Fg,v, G,Zoa---len—lil)}‘
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The Symmetric Submodel

Proof of Lemma 5.

Let X e N, X € Ord. By Lemma 4, there is a formula ¢, some
parameter v € V, and finitely many G,.ZO, e, G;i_’f with

X={aeOrd | V[G]E ¢(e, Fg,v, G,'Zoa - G}
We will show that X € V[G® x - x G"1].
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The Symmetric Submodel

Proof of Lemma 5.

Let X e N, X € Ord. By Lemma 4, there is a formula ¢, some
parameter v € V, and finitely many G,.ZO, e, G;i_’f with

X={aeOrd | V[G]E ¢(e, Fg,v, G,'Zoa - G}
We will show that X € V[G® x - x G"1].

Let
X! = {aeord | dp: p||—(p(a,F-G,\7,G’?ZO,...,G’.?_’;l ,
70 70 YIS -
pl.0 c Gio ""’pi/711 c Gi,,ll .

Anne Fernengel On the Continuum Function in Zermelo-Fraenkel Set Theory



The Symmetric Submodel

Proof of Lemma 5.

Let X e N, X € Ord. By Lemma 4, there is a formula ¢, some
parameter v € V, and finitely many G,.ZO, e, G;i_’f with

X={aeOrd | V[G]E ¢(e, Fg,v, G,'Zoa - G}
We will show that X € V[G® x - x G"1].

Let
X':={aeOrd |3p: pikp(a,Fs, v, G,..., G 1),

Py €GPt G )
Claim: X = X’.
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The Symmetric Submodel

Proof of Lemma 5.

Let X e N, X € Ord. By Lemma 4, there is a formula ¢, some
parameter v € V, and finitely many G,.ZO, e, G;i_’f with

X={aeOrd | V[G]E ¢(e, Fg,v, G,'Zoa - G}
We will show that X € V[G® x - x G"1].

Let
X':={aeOrd |3p: pikp(a,Fs, v, G,..., G 1),
Py €GPt G )
Claim: X = X’.
e XcX
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The Symmetric Submodel

Proof of Lemma 5.

Let X e N, X € Ord. By Lemma 4, there is a formula ¢, some
parameter v € V, and finitely many G,.ZO, e, G;i_’f with

X={aeOrd | V[G]E ¢(e, Fg,v, G,'Zoa - G}
We will show that X € V[G® x - x G"1].

Let
X':={aeOrd |3p: pikp(a,Fs, v, G,..., G 1),

Py €GPt G )
Claim: X = X’.

e X c X': Forcing Theorem.
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The Symmetric Submodel

Proof of Lemma 5.

Let X e N, X € Ord. By Lemma 4, there is a formula ¢, some
parameter v € V, and finitely many G,.ZO, e, G;i_’f with

X={aeOrd | V[G]E ¢(e, Fg,v, G,'Zoa - G}
We will show that X € V[G® x - x G"1].

Let
X':={aeOrd |3p: pikp(a,Fs, v, G,..., G 1),

Py €GPt G )
Claim: X = X’.

e X c X': Forcing Theorem.
o X' cX:
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The Symmetric Submodel

Proof of Lemma 5.

Let X e N, X € Ord. By Lemma 4, there is a formula ¢, some
parameter v € V, and finitely many G,.ZO, e, G;i_’f with

X={aeOrd | V[G]E ¢(e, Fg,v, G,'Zoa - G}
We will show that X € V[G® x - x G"1].

Let
X':={aeOrd |3p: pikp(a,Fs, v, G,..., G 1),

Py €GPt G )
Claim: X = X’.

e X c X': Forcing Theorem.

e X' c X: Assume towards a contradiction, there was o € X'\ X.
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Proof of Lemma 5. (continued)
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Proof of Lemma 5. (continued)

Using o € X', we can take p as above with
pi-o(a, Fe, v, GIZO, ..., GM 1) and p™ c G pltc G

i1-1 i oI /5 e /A
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The Symmetric Submodel

Proof of Lemma 5. (continued)

Using o € X', we can take p as above with
pikp(a, Fg, v, GP,...,G"") and pi° c G°

-1 ¢ G-t
i1-1 i i ""’pl/-1 I

Also, since a ¢ X, there must be p’ € G with
p' - —p(a, Fe, v, G,.ZO, o, G,

-1
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The Symmetric Submodel

Proof of Lemma 5. (continued)

Using o € X', we can take p as above with
pikp(a, Fg, v, GP,...,G"") and pi° c G°

-1 -1
e Pl G
I-1 0] o

"pl/-1 = i1
Also, since a ¢ X, there must be p’ € G with

p, I _'80(0‘7 FG7 v, G,‘Zoa ccag G,7_III -
W.l.0.g. we can assume that p and p’ have “the same shape”:

suppp = supp p’, dom p. =domp, Ua’ =U(a")},...
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The Symmetric Submodel

Proof of Lemma 5. (continued)

Using o € X', we can take p as above with
. v GN 7 " n Y] B
pi- (o, Fe, v, G,.O0 G”’ll) and p; 0 c G, 0 p,/’l1 c G,.I_’ll.
Also, since a ¢ X, there must be p’ € G with
’ A Al Ni-1
p' I+ -p(a, Fg, v, G’ G:, ).
W.l.0.g. we can assume that p and p’ have “the same shape”:

suppp = supp p’, dom p. =domp, Ua’ =U(a")},...

There is an isomorphism 7:Ptp — Pp/
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The Symmetric Submodel

Proof of Lemma 5. (continued)

Using o € X', we can take p as above with

. v GN 7 " n Y] M-
pi- (o, Fe, v, G,.O0 G”’ll) and p; 0 c G, 0 p,/’l1 c G,.I_’ll.
Also, since a ¢ X, there must be p’ € G with

. v GN 7

p' - —p(a, Fg, v, G’ G”’l1 .
W.l.0.g. we can assume that p and p’ have “the same shape”:
suppp = supp p’, dom p. =domp, Ua’ =U(a")},...

There is an isomorphism 7: P p P} p’ with 7G/' = G for all

(n,1)
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The Symmetric Submodel

Proof of Lemma 5. (continued)

Using o € X', we can take p as above with
p - 90(047 FQ» v, G,-ZO G77/ 1) and ,[)770 c G770 pnl 1c G-t

Ij—1 l-1 -1

Also, since a ¢ X, there must be p’ € G with

’ A Al Ni-1
p' I+ -p(a, Fg, v, G’ G:, ).
W.l.0.g. we can assume that p and p’ have “the same shape”:
suppp = supp p’, dom p. =domp, Ua’ =U(a")},...
There is an isomorphism 7: P} p — Pt p’ with 7G;' = G]' for all
(n,i) —in particular, mF; = F¢.
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The Symmetric Submodel

Proof of Lemma 5. (continued)

Using o € X', we can take p as above with
pIF 90(04, FC’ v, GI_ZO G77/ 1) and pno c G pn/ 1c G

i1-1 o 77l T T T

Also, since a ¢ X, there must be p’ € G with

’ A Al Ni-1
p' I+ -p(a, Fg, v, G’ G:, ).
W.l.0.g. we can assume that p and p’ have “the same shape”:
suppp = supp p’, dom p. =domp, Ua’ =U(a")},...
There is an isomorphism 7: P} p — Pt p’ with 7G;' = G]' for all
(n,i) —in particular, mF; = F¢.

Moreover, G = G, ... 7GM"' = G-,
o Io -1 I1-1
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The Symmetric Submodel

Proof of Lemma 5. (continued)

Using o € X', we can take p as above with
pi- (e, Fe,v,G,...,G") and pl° < G°,...,pllt < G

i_1 ip 7° I-1 I1-1

Also, since a ¢ X, there must be p’ € G with

’ A Al Ni-1
p' I+ -p(a, Fg, v, G’ G:, ).
W.l.0.g. we can assume that p and p’ have “the same shape”:
suppp = supp p’, dom p. =domp, Ua’ =U(a")},...
There is an isomorphism 7: P} p — Pt p’ with 7G;' = G]' for all
(n,i) —in particular, mF; = F¢.

Moreover, G = G, ... 7GM"' = G-,
o Io -1 I1-1

Contradiction.
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The Symmetric Submodel

Proof of Lemma 5. (continued)

Using o € X', we can take p as above with
pi- (e, Fe,v,G,...,G") and pl° < G°,...,pllt < G

i_1 ip 7° I-1 I1-1

Also, since a ¢ X, there must be p’ € G with

’ A Al Ni-1
p' I+ -p(a, Fg, v, G’ G:, ).
W.l.0.g. we can assume that p and p’ have “the same shape”:
suppp = supp p’, dom p. =domp, Ua’ =U(a")},...
There is an isomorphism 7: P} p — Pt p’ with 7G;' = G]' for all
(n,i) —in particular, mF; = F¢.

Moreover, G = G, ... 7GM"' = G-,
o Io -1 I1-1

Contradiction. m]
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The Symmetric Submodel

Corollary 6
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The Symmetric Submodel

Corollary 6
Cardinals are N-V-absolute.
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Corollary 6
Cardinals are N-V-absolute.
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The Symmetric Submodel

Corollary 6
Cardinals are N-V-absolute.

If not, there is a V-cardinal x and an ordinal « < s with a
surjective function f: o - k in N.
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The Symmetric Submodel

Corollary 6
Cardinals are N-V-absolute.

Proof.

If not, there is a V-cardinal x and an ordinal a < k with a
surjective function f: o - k in N.

By Lemma 5,
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The Symmetric Submodel
Corollary 6
Cardinals are N-V-absolute.

Proof.

If not, there is a V-cardinal x and an ordinal a < k with a
surjective function f: o - k in N.

By Lemma 5, there are G/°,.. ., G;]:l with f e V[G® x - x GITII]
so k is not a cardinal in V[G® x - x G/"].
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The Symmetric Submodel
Corollary 6
Cardinals are N-V-absolute.

Proof.

If not, there is a V-cardinal x and an ordinal a < k with a
surjective function f: o - k in N.

By Lemma 5, there are G/°,.. ., G;]:l with f e V[G® x - x GITII]
so k is not a cardinal in V[G® x - x G/"].

Contradiction. )

Anne Fernengel On the Continuum Function in Zermelo-Fraenkel Set Theory



The Symmetric Submodel
Corollary 6
Cardinals are N-V-absolute.

Proof.

If not, there is a V-cardinal x and an ordinal a < k with a
surjective function f: o - k in N.

By Lemma 5, there are G/°,.. ., G;]:l with f e V[G® x - x GITII]
so k is not a cardinal in V[G® x - x G/"].

Contradiction. O
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Let o <.
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Proposition 7

Let 0 <v. The NE0(k,) < af,
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Proposition 7

Let 0 <7. The N 0(k,) < a, i.e. there is no surjective function
f:P(ko) = af in N.
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Proposition 7

Let 0 <7. The N 0(k,) < a, i.e. there is no surjective function
f:P(ko) = af in N.

Proof. (outline)
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Proposition 7

Let 0 <7. The N 0(k,) < a, i.e. there is no surjective function
f:P(ko) = af in N.

Proof. (outline)

A) Find in V[G (o +1)] a set £(ko) 2 N (ko) with an injection
L:RP(ky) = ap.

Anne Fernengel On the Continuum Function in Zermelo-Fraenkel Set Theory



Proposition 7
Let 0 <7. The N 0(k,) < a, i.e. there is no surjective function

o

f:P(ko) = af in N.

Proof. (outline)
A) Find in V[G (o +1)] a set £(ko) 2 N (ko) with an injection
L:RP(ky) = ap.
B) Assume towards a contradiction, there exists a surjective
function £ : PV (k,) — a in N.
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Proposition 7
Let 0 <7. The N 0(k,) < a, i.e. there is no surjective function

o

f:P(ko) = af in N.

Proof. (outline)
A) Find in V[G (o +1)] a set £(ko) 2 N (ko) with an injection
L:RP(ky) = ap.
B) Assume towards a contradiction, there exists a surjective
function £ : PV (k,) — a in N.
Show that there are Ggo, ey G;Z_’;l with
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Proposition 7
Let 0 <7. The N 0(k,) < a, i.e. there is no surjective function

o

f:P(ko) = af in N.

Proof. (outline)
A) Find in V[G (o +1)] a set £(ko) 2 N (ko) with an injection
L:RP(ky) = ap.
B) Assume towards a contradiction, there exists a surjective
function £ : PV (k,) — a in N.
Show that there are Ggo, ey G;Z_’;l with

feV[Gl(o+1)x G Mgy hing) X -+ x G MEos finy)]-
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Proposition 7
Let 0 <7. The N 0(k,) < a, i.e. there is no surjective function

o

f:P(ko) = af in N.

Proof. (outline)
A) Find in V[G (o +1)] a set £(ko) 2 N (ko) with an injection
L:RP(ky) = ap.
B) Assume towards a contradiction, there exists a surjective
function £ : PV (k,) — a in N.
Show that there are Ggo, ey G;Z_’;l with

feV[Gl(o+1)x G Mgy hing) X -+ x G MEos finy)]-

C) This gives a surjection a, — a in
V[G f(O' B 1) X Gizo r[nmﬁﬁo) X x G r[’{07’{77/—1)]'

-1
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Proposition 7

Let 0 <7. The N 0(k,) < a, i.e. there is no surjective function
f:P(ko) = af in N.

Proof. (outline)
A) Find in V[G (o +1)] a set £(ko) 2 N (ko) with an injection
L:RP(ky) = ap.
B) Assume towards a contradiction, there exists a surjective
function £ : PV (k,) — a in N.
Show that there are Ggo, ey G;Z_’;l with

fe V[G Mo +1) x GI'ZO r[”aa”ﬁo) X e x G r[K’OWK’nI—l)]'

-1

C) This gives a surjection a, — a in
V[G f(O' B 1) X Gizo r[nmﬁﬁo) X x G r[’{07’{77/—1)]'

-1

Contradiction.
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Proposition 7

Let 0 <7. The N 0(k,) < a, i.e. there is no surjective function
f:P(ko) = af in N.

Proof. (outline)
A) Find in V[G (o +1)] a set £(ko) 2 N (ko) with an injection
L:RP(ky) = ap.
B) Assume towards a contradiction, there exists a surjective
function £ : PV (k,) — a in N.
Show that there are Ggo, ey G;Z_’;l with

fe V[G Mo +1) x GI'ZO r[”aa”ﬁo) X e x G r[K’OWK’nI—l)]'

-1

C) This gives a surjection a, — a in
V[G f(O' B 1) X Gizo r[nmﬁﬁo) X x G r[’{07’{77/—1)]'

-1
Contradiction. O
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A) Capturing N
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A) Capturing PN (k).

Let X e N, X C K.
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A) Capturing PN (k).

Let X e N, X C K.

By Lemma 5, we have

A
X e V[G x - x G x -]
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A) Capturing PN (k).

Let X e N, X C K.

By Lemma 5, we have

A
XGV[GZJOX“‘XGkSX"']

for some 1g,...< 0, Ag,...>0.
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A) Capturing PN (k).

Let X e N, X C K.

By Lemma 5, we have
XGV[G;LOX“‘XGQSX"']
for some 1g,...< 0, Ag,...>0.

Then R
XEV[GZ)OX‘”XGkngQUX-..].
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A) Capturing PN (k).

Let X e N, X C K.

By Lemma 5, we have
XGV[G;LOX“‘XGQSX"']
for some 1g,...< 0, Ag,...>0.

Then R
XEV[GZ)OX‘”XGkngQUX-..].

Setting ag := g,f;f’ PRgy e
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A) Capturing PN (k).

Let X e N, X C K.

By Lemma 5, we have
XGV[G;LOX“‘XGQSX"']
for some 1g,...< 0, Ag,...>0.

Then R
XEV[GZ)OX‘”XGkngQUX-..].

Setting ag := g,f;f’ Mgy ..., We get

X e V[G" x - x G, (ag) x -],
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A) Capturing PN (k).

Let X e N, X C K.

By Lemma 5, we have
XGV[G;LOX“‘XGQSX"']
for some 1g,...< 0, Ag,...>0.

Then R
XEV[GZ)OX‘”XGkngQUX-..].

Setting ag := g,f;f’ Mooy ... We get
XeV[Gi’;"x---xG*(ao)x---],

where for all ¢ € [k, j, Ky jr1) With ag N [Kyj, Ky ji1) = {£}, we

define G, (a0)(¢) = G.(&,0).
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A) Capturing N
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A) Capturing PN (k).

Define in V[G | (c+1)]:
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A) Capturing £N(k,).

Define in V[G | (c+1)]:

Pro)= U {P(ko) n VIGP x - x Gi(ag) x ]}

(10,00) --+,a0,---
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A) Capturing £N(k,).

Define in V[G | (c+1)]:

Pro)= U {P(ko) n VIGP x - x Gi(ag) x ]}

(10,00) --+,a0,---

Then @(Ho) 2PN (ke).
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A) Capturing PN (k).

Define in V[G | (c+1)]:

Pro)= U {P(ko) n VIGP x - x Gi(ag) x ]}

(10i0)5--+,30,---

Then (ko) 2 PV (ko).

Moreover, there is an injection ¢ : P(k,) = a in V[G | (o +1)].
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A) Capturing PN (k).

Define in V[G | (c+1)]:

Pro)= U {P(ko) n VIGP x - x Gi(ag) x ]}

(10i0)5--+,30,---

Then (ko) 2 PV (ko).

Moreover, there is an injection ¢ : P(k,) = a in V[G | (o +1)].
i
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Assume towards a contradiction, there was a surjective function
0N (ky) = al in N.
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B) Capturing Surjective Functions.

Assume towards a contradiction, there was a surjective function
0N (ky) = al in N.

Now, one can use A) and show by similar isomorphism arguments
as in the Approximation Lemma, that there exist (1o, o), - -,
(M1-1,i1-1) with

fe V[G Mo +1)x GI.ZO MEgs Kg) % - x G r[ﬁg,ﬁm_l)].
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C) Contradiction.

Combining the surjection f : N (k,) = o}
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C) Contradiction.

Combining the surjection f : N (k,) - ot and the injective map

L: @(FLJ) - Qg
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C) Contradiction.

Combining the surjection f : N (k,) - ot and the injective map

t:P(ks) = ap, one obtains a surjection a, — o
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C) Contradiction.

Combining the surjection f : N (k,) - ot and the injective map

t:P(ks) = ap, one obtains a surjection a; — f in

[ Mo+1)x G770 MKy K ) X -+ x G' T["&m’fm_l)]-
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C) Contradiction.

Combining the surjection f : N (k,) - ot and the injective map

t:P(ks) = ap, one obtains a surjection a; — f in

[ Mo+1)x G770 MKy K ) X -+ x G' T["&m’fm_l)]-

-1
But this is not possible, since the forcing

Pt(oc+1)x PP} [’{07”770) X e x P F[KU’KnI—l)

preserves cardinals > a, .
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C) Contradiction.

Combining the surjection f : N (k,) - ot and the injective map

t:P(ks) = ap, one obtains a surjection a; — f in

[ Mo+1)x G770 MKy K ) X -+ x G' T["&m’fm_l)]-

-1

But this is not possible, since the forcing
P1(o+1) x PP MKg, king) x - x PT kg, i, )

preserves cardinals > a, .

Thus, 0V (k,) < af. i
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Let V be a ground model of ZFC + GCH and (k, | n <),
(o) | m < y) sequences of cardinals such that
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Theorem B

Let V be a ground model of ZFC + GCH and (k, | n <),
(o) | m < y) sequences of cardinals such that

@ (ky | m <) is strictly increasing and closed
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Let V be a ground model of ZFC + GCH and (k, | n <),
(o) | m < y) sequences of cardinals such that

@ (ky | m <) is strictly increasing and closed
o (ay | n <) is increasing
° Vn<y ay2k".

There is a cardinal-preserving extension N 2 V with N = ZF such
that
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Theorem B

Let V be a ground model of ZFC + GCH and (k, | n <),
(o) | m < y) sequences of cardinals such that

@ (ky | m <) is strictly increasing and closed
o (ay | n <) is increasing
° Vn<y ay2k".

There is a cardinal-preserving extension N 2 V with N = ZF such
that Vi <y 0V (k,) = ay.
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Sequences of Class Length

A straightforward generalization of our construction to sequences
(ky | m€Ord) and (o, | 7€ Ord) of class length does not give a
ZF-model N.

Anne Fernengel On the Continuum Function in Zermelo-Fraenkel Set Theory



Sequences of Class Length

Remark

A straightforward generalization of our construction to sequences
(ky | m€Ord) and (o, | 7€ Ord) of class length does not give a
ZF-model N.
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Sequences of Class Length

Remark

A straightforward generalization of our construction to sequences
(ky | m€Ord) and (o, | 7€ Ord) of class length does not give a
ZF-model N.

| A

Theorem C

Let V be a ground model of ZFC + GCH with sequences
(ky | m€Ord) and (o, | 7€ Ord),

Anne Fernengel On the Continuum Function in Zermelo-Fraenkel Set Theory



Sequences of Class Length

RENEILS

A straightforward generalization of our construction to sequences
(ky | m€Ord) and (o, | 7€ Ord) of class length does not give a
ZF-model N.
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Theorem C

Let V be a ground model of ZFC + GCH with sequences

(ky | m€Ord) and (o, | 7€ Ord), where (k,, | n € Ord) is strictly
increasing and closed,
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Sequences of Class Length

RENEILS

A straightforward generalization of our construction to sequences
(ky | m€Ord) and (o, | 7€ Ord) of class length does not give a
ZF-model N.

| A

Theorem C
Let V be a ground model of ZFC + GCH with sequences
(ky | m€Ord) and (o, | 7€ Ord), where (k,, | n € Ord) is strictly
increasing and closed, and («, | n € Ord) is increasing with
ap > 77+1 for all n € Ord.
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Sequences of Class Length

RENEILS

A straightforward generalization of our construction to sequences
(ky | m€Ord) and (o, | 7€ Ord) of class length does not give a
ZF-model N

| A

Theorem C

Let V be a ground model of ZFC + GCH with sequences

(ky | m€Ord) and (o, | 7€ Ord), where (k,, | n € Ord) is strictly
increasing and closed, and («, | n € Ord) is increasing with

for all n € Ord.

77 n+1
There is a cardinal-preserving extension N 2 V with N = ZF
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Sequences of Class Length

Remark

A straightforward generalization of our construction to sequences
(ky | m€Ord) and (o, | 7€ Ord) of class length does not give a
ZF-model N.

Theorem C

Let V be a ground model of ZFC + GCH with sequences

(ky | m€Ord) and (o, | 7€ Ord), where (k,, | n € Ord) is strictly
increasing and closed, and («, | 7 € Ord) is increasing with

ay 2 Ky 7y for all n e Ord.

There is a cardinal-preserving extension N 2 V with N = ZF such

that OV (k1) = oy, for all n € Ord.

| A
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