5. Problem set for “Models of set theory I”, Summer 2011

Stefan Geschke, Philipp Schlicht, Anne Fernengel, Allard van Veen

Suppose M is a countable transitive model of ZFC and (P, <) € M is a par-
tial order. P is called nonatomic if every p € P has at least two incompatible

extensions.

Problem 17. Show:
(1) If P is nonatomic, then no filter G C P that is P-generic over M is

actually an element of M.

(2) Every P-generic filter G over M is a maximal filter.

Hint for (1): Given a filter G € M, find a dense subset D € M that is

disjoint from G.

(1) Show that P — G is dense. Given p € P, let ¢, < p be incompatible
extensions of p. They are not both in G, since G is a filter, so one of them
isin P — G.

(2) If not, there is a condition p ¢ G with p||¢ forall g € G. D :={qe P:
g<porql p}isdense: If ¢ L pthereisr <p,q,sor € D. DNG = {,

contradiction.

Problem 18. Show: If P is nonatomic, then [{G C P : G is P-generic over
M} =2%.

Hint: Looking at the proof of Theorem 6.4 might be useful. Construct
a family (ps : s € 2<¥) of conditions with p; < ps for s C ¢ such that
Gy = {p € P: 3In(pyn < p)} is a generic filter for each z € 2¢.

Construct (ps : s € 2<¥) by recursion on the length of s with p; < ps for
s Ctand ps~g L ps~1 for s € 2<%, Suppose (D,, : n € w) is an enumeration

of the dense sets in M and make sure that ps € D, for all s of length n.

Problem 19. Given P-names 0,7 € M, find P-names u,v, 7, p € M such
that for every P-generic filter G over M

1) pe = (0a,17¢) = {{oct {oa, 7¢}},

2)

3) Tq = og N71qg, and
4)

(
(2) vg =0g UTg,
(
(

PG =0G — TG,



and prove that they have these properties, where you may assume dom(o)U
dom(1) C{&:x € y} for some y € M in (3) and (4).

Hint for (4): Let p = {(Z,p) : = € y and 3¢ > p((&,¢q) € o) and
Vr|lp((&,7) ¢ 7)}, where r||p means that r and p are compatible, i.e. there
issome s < r,p. If x € og — 71, there is ¢ € G with (&,q) € o and (&,p) ¢ T
for all p € G. Show that D := {p € P: Vr||p((Z,r) ¢ 7) or Ir > p(Z,r) € T}

is dense.

(1) p = {({(e, 1), (. )}, 1), (fo, D} D,
2v=0cUr,

(3) m={(&,p) : x € y and Jq,r > p((&,q) € 0,(Z,r) € 7)}, and

(4) p=A{(&,p) : x € y and 3¢ = p((&,q) € o) and Vr|[p((z,7) & 7)}.

The properties are easily checked except for (4): If x € og — 7¢, there is
q € G with (&,q) € o and (&,p) ¢ 7 for all p € G. Show that D := {p € P:
Vr|lp((Z,r) ¢ T7) or (Ir > p(Z,r) € 7)} is dense: If p € P and there is r||p
with (&,7) € 7,let s <r,p,thens e D. So E:={peP:(pe D andp<q)
or p L ¢} is also dense. Let p € ENG, sop < qand p € D. Since p € D
and = ¢ 7q, Vr||p((&,7) ¢ 7). This shows x € pg witnessed by (&, p).

Problem 20. Suppose M and P are as in problem 18 and G is a P-generic
filter over M. Assume that M[G] satisfies ZF and show that in M[G] every
set can be well-ordered.

Hint: You may use that every name can be well-ordered in M, since M
satisfies ZFC. Show that every surjective image of a well-orderable set can

be well-ordered.

Working in ZF, suppose the set A can be well-ordered and f: A — B is a
partial function from A onto B. Let g(b) be the least a € A with f(a) = b
for b € B. Then g: B — A is one-to-one and b < b’ :& g(b) < g(b') defines
a wellorder on B.

Suppose 7 is a name for a set A € M|[G]. Let m : 7 — A be the (partial)
interpretation map 7 ((o,p)) = og if p € G. A = range(w) by definition. 7

can be well-ordered (in M and hence in M[G]), so A can be well-ordered.



