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The uniform BSS model of computation

Example constants operations relation
A ring: R =(R:0,1: +— -: <)
R =(R; R; + — -; <) (= BSS model)
N\ infinite signature

A computation: s:=0;

fori:=1tondo

(index) integer /{' T any arity
SIZS+X;
} “~ real number (element of the structure)

gassnerc@uni-greifswald.de



The uniform BSS model of computation

Registers for elements of R: Z,, 7, , Z,,...

Registers for indices: 1, J

| J 4, L4, 43 Z, Ly Zg L; Ly Ly Ly Ly
HERORREIEREREEE

/ Every u € R can be stored in one register.
The length of the input
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Representations of programs

A A
program
. Input: (X, ..., X,) .
Guess: (Yy, ..., Yy € 10, 1}
=1+ 1,
2 =1 +Z1*ZI25
: if I, =1, then goto 9

Computation
paths

(=)

flowchart

— |::-|-'\;:|

— |::L.;-:|

else goto 5; L4
=1L+ 1

=+ 1 (5)-(8)-=(7)=(8)
P L=+ L w2
: goto 4; )
: if Z, = 1 then goto 11
else goto 10;

: =0
=1
: Output: Z,.
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The uniform model of computation

A structure: = (U;c,....Cy; fioonfs Ryyoos Ry =)
X=(U; (Cick: (flics (R)ien)
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The uniform model of computation

A structure: = (U;c,....Cy; fioonfs Ryyoos Ry =)
X=(U; (Cick: (flics (R)ien)

g
Computation: : 2, =52 2y )
I: Zk i= CJ’ .
1)
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The uniform model of computation

A structure: = (U;c,....Cy; fioonfs Ryyoos Ry =)
X=(U; (Cick: (flics (R)ien)

Computation: : 2 =(Zpn 2 )
I: Zk 3= CJ’ J
il
Branching: . if Ry(Z.....Z.) thengotol,else goto l,;

[ Lif Z=7 ' then goto I, else goto I,;; ]
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The uniform model of computation

A structure: = (U;c,....Cy; fioonfs Ryyoos Ry =)
X=(U; (Cick: (flics (R)ien)

Computation: : Z, = f(Zy .. kaj);

I: Zk = CJ’
Branching: . if Ry(Z.....Z.) thengotol,else goto l,;
[ Lif Z=2z ' thengotolelsegotol,; ]
Copy: . Z,:= Z,;
T T
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The uniform model of computation

A structure: X=(U;c,....C,; T, f,; Re,.os Ry, =)
X=(U; (Cick: (flics (R)ien)

Computation: : 2 =(Zpn 2 )
l: Z, :=cC; ’
Branching: . if Ry(Z.....Z.) thengotol,else goto l,;

[ Lif Z=2z ' thengotolelsegotol,; ]
Copy: . Z,:= Z,;

Index computation: I:= 1; I:= I, +1; if I, =1, then goto |, else goto I;
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Examples for several structures

4, = ({0,1},0,1; +, - ;=) (= Turing machines)
R = (R, R;+,—, -5 <) (= BSS model)
Yaring = ({0,1}*;¢,0, 1; add, sub;, sub;; =)

y = (tree(R); nil; concat, root, sub;, sub,; =)

concat(a, A A) ﬂ

tree
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The machine and the input

The input: (Z,,...,Z) = Xp..., X); lpi=n; 1= 1;... ; i =15
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The machine and the input

The input: (Z,,...,Z) == (Xp,..., X); li=n; L= 1;... ;

b/ IkM = 1;

X, X, Xg X4

CT
lllllliiiﬁﬁi
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The machine and the input

The input: (Z,,...,Z) == (Xp,..., X); li=n; L= 1;... ;

X, X, X3 X,
The size of l l l l
the input

Ny Z, 72, Z, 7, Z. Z, Z, Zy Z
| N

ZlO le
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The non-deterministic machines

(input and guessing)

The guessing:  (Z.i1v--s Zoer) = Ygpe s Yp) EUM

- inistic !
X, X, X; X, non-deterministic !

The size of l l l l
the input

E llllllllliﬁi

y1 yz y3 Y4 Y5
_ /)

Arbitrar\yr elements can be guessed !
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The output

The output:  (Z,,...,Z,))

The size of
the output

\ Z, L, 4y Z, Ly Ly L; Ly Ly Ly, Ly
s e fefe 2 e e fe ]

- NEREEN

|

B
-

2

l
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The class DECy.
Decidable problems

B<cU>» abe U are constants with a + b.

Be DECs

=) if the characteristic function is computable,
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The class DECy.
Decidable problems

B<cU>» abe U are constants with a + b.

Be DECs

=) if the characteristic function is computable,

=) if there is a machine with
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The class DECy.
Decidable problems

B<cU>» abe U are constants with a + b.

Be DECs

=) if the characteristic function is computable,

=) if there is a machine with

Input: (Xy,..., X,) € U>;
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The class DECy.
Decidable problems

B<cU>» abe U are constants with a + b.

Be DECs

=) if the characteristic function is computable,

=) if there is a machine with
Input: (Xy,..., X,) € U>;

Output a (or halt) if (Xq,...,X,) € B Acceptance.
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The class DECy.
Decidable problems

B<cU>» abe U are constants with a + b.

Be DECs

=) if the characteristic function is computable,

=) if there is a machine with
Input: (Xy,..., X,) € U>;

Output a (or halt) if (Xq,...,X,) € B Acceptance.
Output b (or no halt) if (Xy,..., X)) & B.  Deterministic rejection.
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Halting problems for 2.

X

/—/%

Hy = {(Xy,..., X,, Code(M)) |
X€EU*® & M is a deterministic 2.-machine

& M halts on X}

H.SPeC = {Code(M) | M is a deterministic 2.-machine

& M halts on Code(M)}
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Diagonalization techniques
The undecidability of the Halting problem Hy (for Turing machines)

1. The set of machines is countable. Assume that HysPec is decidable.

Halt? | bin(L) | == [bin()| == | bin{)
M | yes/no
M yes
M; no
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Diagonalization techniques
The undecidability of the Halting problem Hy (for Turing machines)

1. The set of machines is countable. Assume that HsPec is decidable.

Halt?| bin(L)
My
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Diagonalization techniques
The undecidability of the Halting problem Hy (for Turing machines)

1. The set of machines is countable. Assume that HsPec is decidable.

Halt?' | oim(L)
My

VIS NOV/AYESH == S g

= There is an M recognizing the complement of HysPec, &
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Diagonalization techniques
The undecidability of the Halting problem Hy (for (R; R; +,— - ; <))

2. The codes of machines are ordered. Assume that H,SPe¢ is decidable.

Code(IVl;)

‘e

= There is an M recognizing the complement of HysPec, &
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Diagonalization techniques
The undecidability of the Halting problem Hs (for any structure)

3. X arbitrary (We can generalize the result; CCA 2008.)

Assume: Hs is decidable.
= H.SPec is decidable.
= The complement of HySPec
IS semi-decidable by a >-machine M.

= M halts on Code(M) g
< M does not halt on Code(M).

=
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The class Py

Computation in polynomial time

A machine M decides a problem in polynomial time

if there is some polynomial p,, such that

M halts for x = (x,,..., X,) within p,, (n) steps.

) 1]

Each instruction is executed within one fixed time unit.

= Py © DECy (P, 2 problems are decidable in polynomial time)
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The class NPy

The non-deterministic instructions

The non-determinism:

guess(Z,); Arbitrary elements can be guessed!

= Py & NP5
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The class NPy

The non-deterministic instructions

The non-determinism:

guess(Z,); Arbitrary elements can be guessed!

= Py & NP5
Non-deterministic acceptance: output a by means of guessed elements.
Non-deterministic rejection: if the input cannot be accepted.

NPy € DECy = Py # NP5  wegen P; € DEC; und P; S NPy.
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Some PZ NP5 problems for several structures

> Py = NPy ?
(C;Ci 45 =) ?
(R;R;+,— -5 <) ?
(R;R;+,— -5 =) no (<)
(QQ;+— ;=)@ Q;+ ;=) no (rational square numbers)
(R; R+, -5 <) ?
(R; R+ —; =) no (Meer / Koiran)
(L L+, - =), (L;Z;+,—;=) no (even integers)
(Z; 1; (99)sezi =) 9<(X) = sX no (no NP-complete problem)
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Example for Py + NPy

S=17 = (Z;0,1;-,+,—; =)
A={(x....x) | 3y X=y?)}.
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Example for Py + NPy

S=17 = (Z;0,1; -, +, —; =)
A={(x,...x) | 3y (X=y)}.
A € NP5 (we can guess Yy €7,).
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Example for Py + NPy

S=17 = (Z;0,1; -, +, —; =)
A={(x,...x) | 3y (x=y?)}.
A € NP5 (we can guess Yy €7,).

A & PZ: We cannot separate
Aand Z \ A.
Only a finite number N
of zeros.
yes no
The machine halts after t steb

I/
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Some Ps-NPs problems

for structures over numbers

> Py = DNP,? DNPy = NP,?
(C;Ci+,— -5 =) ? ?
RiR;+ -5 <) ? ?
R;R;+,— -5 =) ? no (=)
R;R;+,—; <) ? yes  (Koiran)
(R; R+, —; =) no (Meer) yes (Koiran)
(Z;2;+,—; <) ? no (even integers)
(Z,Z;+,—;=) no (for groups) no (even integers)

DN £ digitally non-deterministic:
Yi,--» Y € {0, 1}
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Example for Py +# DNPs

A=U_ . {k..x) € Z"| x<2"}.
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Example for Py +# DNPs

2 digitally.
A=U_ . {k..x) € Z"| x<2"}. P

4 I

A € DNPs (we can guess the binary code of x: (Yy,...,¥,) €{0,1}").
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Example for Py +# DNPs

2 digitally.
A=U_ . {k..x) € Z"| x<2"}. P

a4 I

A € DNPs (we can guess the binary code of x: (Yy,...,¥,) €{0,1}").

We cannot separate A and Z" \ A
it 2"> p(n).

A & Ps:
yes

Only a polynomial

number of solutions.
yes no
The machine halts after p(») sb

I/
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DEC,, Py, NPy

The size of an input (x,,..., X,): n.
=) Every u e U can be stored in one register.

The execution of any instruction: one time unit (one step).
=) The execution of one operation £ one time unit.

Computation in polynomial time: output after p(n) steps
for any input (x,,..., X,) and some polynomial p.

=) P, S NP,
= P, < DEC,
= NP, £DEC, = P, + NP,
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NP-complete problems

The Satisfiability Problem

SAT, ={(X, code()) € U>|
y quantifier-free (—, V, A)-formulae
& XEIAY Y (X Y)}

The NP-complete problem recognized by a usual universal machine

UNI; ={(b,...,b,Xx,,..., X,, Code(M)) € U t+¥n*k|
M is a non-deterministic 2.-machine

& M accepts (Xy,. .., X,) within #steps} S U ®
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The meaning
of these NP-complete problems
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The meaning
of these NP-complete problems

Any problem can be reduced to SAT in polynomial time.
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The meaning
of these NP-complete problems

Any problem can be reduced to SATs; and to UNIy in polynomial time.
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Properties of SATy, and UNIy

SATs € NPs. SATs is NPs-complete.

=) SATy € Py = Py = NP,
SATy & DECy — P, + NPs

UNI; € NPy . UNI; is NPs-complete.

=) UNI; € Py = P, = NPy
UNI, & DECy = P, # NPy
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Oracle machines

Oracle query:

l: 1t (Z,,...,Z,,) € B thengoto |, else goto |, ;

—~—

The length can be computed by /== 1; I:= 1L+ 1; ....
B oracle, B€ U»=u__ U"

n=>1

We will define oracles such that
Q Q
Pz o= NPZ ,

P.” = NP,’.
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. Q Q
An oracle @ with Py~ # NPy
Using the undecidability of the Halting problem Hy

U infinite,
a finite number of operations and relations,

{a,, 0,, 03,...} S U enumerable and decidable.

0= @.={ (o, X, Code(M)) |
XEU>® & M isadeterministic 2.-machine

& M(x)|'}

H_/ . .
M accepts x = (X ,..., X) € U* within t steps.

Proposition (CCA 2008): Hy € NPy “\ P, (P.°<S DECy)
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An oracle Oy with Py%Z = NPy %=

A universal oracle:

eU!
f_)%
0= 0;={(b,..., b, x, Code(M)) |

XEU>* & M isanon-deterministic X-machine using O

& M(x)!'}

(cp. also Baker, Gill, and Solovay; Emerson; ... for Turing machines... )

Proposition (CCA 2008): Py°= NP;°.

gassnerc@uni-greifswald.de



An oracle Oy containing only tuples of length 1
with P;Z = NPy“Z ?

Structures over strings
Y= (U*;¢ 4a,Db,c,,..., c,; add, sub,, sub,, fi,...,f,; Ry,....R,, =)

(dy,..., d,) € U¥ C U= stored in K registers

e

s=d,---d, e U* stored in one register
d eU
add(s, d) = sd sub(sd) = s sub,(sd) =d
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An oracle Oy containing only tuples of length 1
with P;Z = NPy“Z ?

Recall: P, = NP, and P, + NP, for

0,={ (b,..., b, x, Code(M)) | x € (U*)=

Tx—’ & M is a non-deterministic 2.-machine using Oy & M(X) ]}

0,={ (b-b, x, Code(M)) | X € (U*)*
— & M is a deterministic 2-machine & M(X)|%}

I x

Theorem (CCA 2008): There is not an oracle O with
b---b-string(x) -string(Code(M )) € O

< X E (U
& M is a non-deterministic 2.-machine using O

& M(X)]L.
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Structures with P = NP

An additional relation R
on padded codes

of the elements of a universal oracle O

with Py© = NP;©

Strings
with identity relation
and relation R
recursively defined

by means of SAT;,
(GaBner, CiE 2006)

Strings
with operations for
adding and deleting the

last character
(GaBner, CiE 2007)

Binary trees
with decidable identity

relation
(GaBner, Dagstuhl 2004)
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The idea - similar trees

A tree of computation paths mﬁ The paths corresponding
%(0) the strings satisfying R
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The description of UNIy_ by a tree
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The description of UNIy_ by a tree

The codes of the

-

1 e
tup CS v\o . \\R

in UNIg,N (U*)K

in UNIg N (U*)k
in UNIg N (U*)k+2
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Some R with UNIy € DEC,_

R(«bY, X4,..., X, Code(M)>4,) = true
iff (b, Xy,..., X, Code(M)) € UNIy,

..... . P, Xq,..., Xp,Code(M)>
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Some R with UNIy € DEC,_

R(«bY, Xy,..., X, Code(M)»4y,) = true
iff (b, Xy,..., X, Code(M)) € UNIy,

..... . P, Xq,..., Xp,Code(M)>

=> Paddmg of strings
(by doubling the length)

The codes:

S € U* = S, =4 Safl € U*

Syy..., Sp € U* is the code of (Sy,..., S;) €(U*)X
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The new operations for slow (!!!) computation

Y =(U;cq,...,Cp froeo s fs Ry, Ry, ),
E> Yo=(U*; ga,b,cq,...,C,; add, sub;, sub,, f,',....f5R,,.... R/, R, =)

B) add(s,d) =sd sub(sd) =s sub(sd)=d seUxdeu

=d; dy dy
add(s, d) =d;-- d,0
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Similar trees

A tree of computation paths m The paths corresponding
&tc: the strings satisfying R
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Similar trees

A tree of computation paths m The paths corresponding
&tc: the strings satisfying R

contains the
inputs traversing
the red path
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Similar trees

A tree of computation paths m The paths corresponding
&tc: the strings satisfying R

contains the codes of

_contains the : the k-tuples belonging to
Inputs traversing UNl-_ N (U*)k
the red path *R
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1me

1t
The paths corresponding

14
&tc: the strings satisfying R

7
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Trees and polynomial time

A tree of computation paths m The paths corresponding
&tc: the strings satisfying R

We cannot distinguish
between the codes of
the tuples which satisfy
R and which begin here

We cannot distinguish__
between the inputs
traversing these paths
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P, =NP,_

Proof of Py, = NPy by a reduction.
UNI ={(b,..., b, Xy,..., X, Code(M)) | X €(U*)* & M is NPy -mach. & M(x)]'}

UNI

1§
: ]

Output: a / Db
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P, =NP,_

Proof of Py, = NPy by a reduction.
UNI ={(b,..., b, Xy,..., X, Code(M)) | X €(U*)* & M is NPy -mach. & M(x)]'}

UNI = RES-UNI (the length of guesses can be restricted)

SUB-UNI (short input strings) SUB-UNI C RES-UNI

Output: a / Db
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P, =NP,_

Proof of Py, = NPy by a reduction.
UNI ={(b,..., b, Xy,..., X, Code(M)) | X €(U*)* & M is NPy -mach. & M(x)]'}

UNI = RES-UNI

(the length of guesses can be restricted)

- Decompose {x,...., X,} into equivalence classes,
- replace x,,..., X, by suitable short strings

such that possible chains are not destroyed.

SUB-UNI

(short input strings) SUB-UNI C RES-UNI

Output: a / Db
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P, =NP,_

Proof of Py, = NPy by a reduction.
UNI ={(b,..., b, Xy,..., X, Code(M)) | X €(U*)* & M is NPy -mach. & M(x)]'}

UNI = RES-UNI

(the length of guesses can be restricted)

- Decompose {x,...., X,} into equivalence classes,
- replace x,,..., X, by suitable short strings

such that possible chains are not destroyed.

SUB-UNI (short input strings) SUB-UNI C RES-UNI
- Transform the input tuple into a string,
- double the length,
~_ - check the new string by means of R.
Output: a / Db
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Why do we use strings?

Our goal:
ut A relation R allows to decide whether Z € O;.
ut R can be defined recursively.
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Why do we use strings?

Our goal:

ut A relation R allows to decide whether Z € O;.
ut R can be defined recursively.

Problems:

ut Each relation has a fixed arity.

| Os contains tuples of any length.

ut

N
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Why do we use strings?

Our goal:

ut A relation R allows to decide whether Z € O;.
ut R can be defined recursively.

Problems:

ut Each relation has a fixed arity.

| Os contains tuples of any length.

u For many structures:

The tuples of arbitrary length cannot be encoded by tuples of fixed length.
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Why do we use strings?

Appendix
Our goal:
ut A relation R allows to decide whether Z € O;.
ut R can be defined recursively.
Problems:
ut Each relation has a fixed arity.
| Os contains tuples of any length.
u For many structures:

The tuples of arbitrary length cannot be encoded by tuples of fixed length.

A solution:
m  Strings.
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Structures over strings

Y=(U*;¢ a,Db,cCy,..., C,; add, sub,, sub,, fi,....f,; Rs,....R,,, R, =)
s=d,---d,eU* stored in one register
(dg,...,d) e Uk Cc U* stored in K registers

gassnerc@uni-greifswald.de



Structures over strings

Y=(U*;¢ a,Db,cCy,..., C,; add, sub,, sub,, fi,....f,; Rs,....R,,, R, =)
s=d,---d,eU* stored in one register
(dg,...,d) e Uk Cc U* stored in K registers
add(s, d) = sd sub,(sd) = s sub,(sd) =d
seEU* deU
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Structures over strings

Y=(U*;¢ a,Db,cCy,..., C,; add, sub,, sub,, fi,....f,; Rs,....R,,, R, =)
s=d,---d,eU* stored in one register
(dg,...,d) e Uk Cc U* stored in K registers
add(s, d) = sd sub,(sd) = s sub,(sd) =d
seEU* deU

Reunc (U*)"h and REU*
f.(ss, ..., Smi) =¢ if |§>1 for some ]
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Computation over strings

Example: X = ({a, b}* ; ¢, a, b; add, sub; =)
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Computation over strings

Example: X = ({a, b}* ; ¢, a, b; add, sub; =)
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Computation over strings

Example: X = ({a, b}* ; ¢, a, b; add, sub; =)

add(s,a)=r sub,(r) =s

gassnerc@uni-greifswald.de



Computation over strings

Example: X = ({a, b}* ; ¢, a, b; add, sub; =)

add(s,a)=r sub,(r) =s

2) r=sb add(s,b) =r sub,(r) =s
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Computation over strings

Example: X = ({a, b}* ; ¢, a, b; add, sub; =)

Definition:

2) r=sb

Sc, I < sub(r)=s.

add(s,a)=r

add(s,b) =r

sub,(r) =s

sub,(r) =s
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Computation over strings

Example: £ = ({a, b}™* ; ¢, a, b; add, sub; =)

Definition: sSc,;r < sub(r) =s.

LLemma. For t steps of a machine holds:
1.

2.
3.
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Computation over strings

Example: £ = ({a, b}™* ; ¢, a, b; add, sub; =)

Definition: sSc,;r < sub(r) =s.

LLemma. For t steps of a machine holds:

1. The input values, the guesses, and the new computed values form maximal chains
S, Cq -4 S
1< 15k
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Computation over strings

Example: £ = ({a, b}™* ; ¢, a, b; add, sub; =)

Definition: sSc,;r < sub(r) =s.

Lemma. For t steps of a machine holds:

1. The input values, the guesses, and the new computed values form maximal chains
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Example: £ = ({a, b}™* ; ¢, a, b; add, sub; =)

Definition: sSc,;r < sub(r) =s.

LLemma. For t steps of a machine holds:

1. The input values, the guesses, and the new computed values form maximal chains
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Computation over strings
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Computation over strings

Fxample: = ({a, b}* ; &, &, b; add, suby; =) oneminimal element fJ "
. e

a second minimal element l /
/

rd

.. a third minimal element
Definition: sc,r < sub(r) =s.

Lemma. For t steps of a machine holds:

1. The input values, the guesses, and the new computed values form maximal chains
S, Cq - CyqSy.

2. The maximal chains form trees. Every tree has only one minimal element.

3. The predecessors I ©; S; of the minimal elements S; are not computed.
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Computation over strings

Fxample: = ({a, b}* ; &, &, b; add, suby; =) oneminimal element  fJ "
D e

a second minimal element l /
S e

rd

.. a third minimal element
Definition: sc,r < sub(r) =s.

Lemma. For t steps of a machine holds:

1. The input values, the guesses, and the new computed values form maximal chains
Sl Cl D Cl Sk.

2. The maximal chains form trees. Every tree has only one minimal element.

3. The predecessors I ©; S; of the minimal elements S; are not computed.

Corollary:

The minimal elements can be replaced without changing the computation path.
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Our goal:
m Structures X with NPy € DEC; .
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Why do we pad the codes?

Our goal:
m Structures X with NPy € DEC; .

Problems:
= Arbitrary strings can be guessed.

= Anew R could imply Hy_ < NPy \ DECy,
for the halting problem HZR .

Solution:
m  Padding strings:
R(S) = (Are U*) (s =ra).

It allows to replace
= long inputs and guesses
® by short strings over {a, b}.
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The new relation R

Y =(U*;a,b,cs,....,cp5 fr ... fs Ri,o s Ry, =)
2 = Expansion of X by R

A universal oracle:

Let W C (U*)* with Py”* = NPy** (derived from Oy ).
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The new relation R

Y =(U*;a,b,cs,....,cp5 fr ... fs Ri,o s Ry, =)
2 = Expansion of X by R

A universal oracle:

Let W C (U*)* with Py”* = NPy** (derived from Oy ).
(CiE 2007)

The relation R:

r---ran - erR < (r,.,r)€e W

Theorem (CiE 2007):
Py, = NPy, .
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Complexity over arbitrary structures

Thank you very much!
Christine GaBner

Vielen Dank auch
m flr die Unterstltzung bei der Vorbereitung von Prasentationen an

Gerald van den Boogaart, Volkmar Liebscher, Rainer Schimming,
Michael Schirmann u.v.a.

- fur frihere Diskussionen an

Mihai Prunescu, Gunter Asser, Pascal Koiran (Uber M. P.), Dieter
Spreen u.v.a.
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