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Abstract (Recall)

For an uncountable cardinal A, we introduce a new com-
binatorial principle UB, to solve a problem about normal
ideals over PrA.

The principle UB, is implied from a weak form of the
square principle, however we see that UB, Is consistent
with almost all large cardinals and large cardinal properties.
We also discuss other applications of UB,, for instance,
UBy , refutes (R,41,Ry) — (N, Rq).



Motivation

A always denotes an infinite cardinal.

Let © be a cardinal. An ideal I over the infinite set A is

weakly p-saturated if there are no u-many pairwise disjoint
I-positive subsets.

Fact 1 (Folklore). Let k be a regular uncountable cardinal
with kK < X and I a normal ideal over PxA.
If w < X\ is a cardinal, then
I is weakly p-saturated <= 1 is u-saturated.
If A< = X (e.g., GCH + cf(\) > k) every ideal over
P is trivially weakly A"‘-saturated, but it might not be
A\t -saturated. Hence

Weakly AT -saturated <~ \t-saturated.



Motivation

On the other hand, if cf(\) < s then every stationary
subsets of P.\ has cardinality at least AT, and A tT-many
splitting is possible:

Fact 2 (Foreman—Magidor, Shioya). Suppose cf(\) < k <
A. Then NS.,, the non-stationary ideal over PgA, is not
weakly \T-saturated.

Fact 3 (U.). Suppose cf(\) < k. Then the existence of a
weakly \T-saturated normal ideal over P.\ is a very strong
property.



Question

However, when cf(\) < k, we do not know that
Weakly AT-saturated <= AT-saturated.

Question 4. Suppose cf()\) < k < A. Is every weakly AT -
saturated normal ideal over P\ \T-saturated?

This question remains open. We will introduce a new
combinatorial principle UB, and see that those saturation
properties are equivalent under UB,.



‘The principle UB

Definition 5. Let S C P()\). UB,(S) (UB stands for Un-
Branched or Unique Branch or Usuba’s Branching property,. ..
is the assertion that there exists f : <¥A1t — X\t such
that for every z,y C AT, if x and y are closed under f,
rNA=ynNAesS, sup(z) <sup(y) = z= C y.

<— For every large regular cardinal 6, a well-order A
on H(0), and M,N < (H(0),e,A,\,S), ifMNA=NNAXES
and sup(M N A1) < sup(N N AT) then M N AT is an initial
segment of N N AT .



‘The principle UB

Definition 5. Let S C P()\). UB,(S) (UB stands for Un-
Branched or Unique Branch or Usuba’s Branching property,. ..
is the assertion that there exists f : <¥A1t — X\t such
that for every z,y C AT, if x and y are closed under f,
rNA=ynNAesS, sup(z) <sup(y) = z= C y.

Note 6. 0 If S = {\}, then UB)(S) holds, There is f :
<w T — A\t such that for every f-closed z C A1, ifzN\ =
A then z € AT,

O If S C P(\) is non-stationary in P()\), i.e., there exists
g <Y\ = X\ such that there is no x € S which is closed
under g, then UB,(S) holds in the trivial sense.



Observations

Lemma 7. For S C P()), if S is stationary in P(\), {\} € S,
and |S| = X then UB,(S) fails.

If 2<* = X and cf()\) > w, then the set
S ={x CX:sup(x) <)}

is stationary and has cardinality A, hence UB,(S) fails. On
the other hand, every stationary subsets of

{x C X :sup(z) = A}
has cardinality at least A 1.

Definition 8. UB), = UB,({x C A : sup(x) = A}).



UB, solves the problem

Lemma 9. Let k be a regular uncountable cardinal with
cf(A\) < k < A. Let I be a normal ideal over PgX. If I is
weakly \T-saturated, then I is AT -saturated.

Proof. We see only a special case that I = NS,.,|S for some
stationary S C PgA. Notice that {z € P : sup(x) = A} €
I*.

Suppose that there is a family of stationary subsets X =
(X¢ 1€ < AT) of S such that X, N X, is non-stationary for
£ #n. We want to choose a family of clubs (C¢ : &€ < AT)
so that (XN Ce) N (XN Cy) =0.



Define F : PuX — P(\T) as:
F(z) = M Xt M < (H(0),€, A, X\ 1,X),MNX =z}

It is easy to see that for every £ < AT, {x € PxA: € € F(x)}
contains a club.

Let Cg = {x € P : & € F(x)} € I'*. Then (XgﬂCg) M
(XnNCy) =0;

Suppose not and take x € (XN C¢) N(XyNCy). Then
there are M, N < (H(6),...) such that M NA= NN\ =z,
£ e Mand n € N. If sup(M NnAT) < sup(N N A1), then
MNAT C NNt by UB,.

We have &,m € N, thus there is a club D € N in PgA with
XeNXyND=0. 2= NnNXe& D because D is club, hence
x ¢ X¢N Xy, This is a contradiction. L]



UB, is consistent with ZFC

Definition 10 (Cummings—Foreman—Magidor). ADS, is the

assertion that there is a family {A¢ : § < AT} such that

0 Ag C X is unbounded in X and |A¢| = cf()).

0 For every a < AT, there exists f : a — )\ such that
{Ag\ f(§) 1§ < a} is a pairwise disjoint family.



UB, is consistent with ZFC

Fact 11 (Shelah, Cummings—Foreman—Magidor). O If\is
regular, then ADS, holds.

O If X is singular and Uy holds, then ADS) holds.

Hence it is consistent that ADS), holds for every .

O If \ is a singular cardinal with pp(A\) > AT (e.g., )\ is a
strong limit cardinal such that cf(\) = w and 2* > A1),
then ADS, holds.

O Ifk is A\-supercompact cardinal with cf(\) < k < A, then
ADS, fails.

0 If Martin’s Maximum holds, then ADS), fails for every
A with cf(\) = w.
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UB, is consistent with ZFC

Lemma 12. ADS, = UB,.
Proof. Choose M,N < (H(0),e,A,)\) such that M N\ =
NNXand sup(M NA) = A. We show that:
sup(M NAT) <sup(NNAT) = MnAT CNNAT.

Take o« € M NAT and 8 € NN AT with a < 8. Let
{A¢ 1 € < AT} be an ADS)-family which lies in NN M. Then
there is f € N such that f: 8 — X and {A¢\ f(§) : £ < B} is
pairwise disjoint.

Since Ay € M is unbounded in XA and sup(M N X)) = A\, we

know A, N M is also unbounded in A.
Fix v € (Aa N M)\ f(a). v € N since MNA=NnNA.
Then o« is definable in N; « is a unique ordinal o' < B

satisfying vy € A/ \ f(a/). Hence a € N. L]
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Good forcing notion adding UB)

Proposition 13. Let cf()\) = w < kK < X and suppose that
Kk IS A-supercompact. Then there exists a poset P which

satisfies the following:
[ P is o-directed closed and satisfies the k-c.cC.

[0 P forces "k = wp and UB), holds".

Outline of the proof

Notice that:

Lemma 14. If cf(\) = w, the following are equivalent:

1 UB,.

0 There exists f : <WXT — X1 such that for every z,y €
[\T]¥, if x and y are closed under f, xN' X = yN\ and

sup(xz) < sup(y) then x C y.
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Qutline of the proof

Let C={MNAXT: M < (H@®),..)}, T={X€C:w C
X, |X| < k}.
Let P is the set of all pair (f,p) such that:
O f:d(f) x d(f) — wq for some d(f) € [AT]v.
[0 pis a function with dom(p) € [T]%.
0 For every X € dom(p),
0 p(X) isa C-increasing continuous sequence (a¢ : § < )
of [d(f) N X]¥ N C with length a < wq.
0 For every z € [d(f) N X]¥NC, if z is closed under f
and x N =agNA for some § < o then x C ag (actually
z is an initial segment of a;).
P is o-directed closed, satisfies the k-c.c., and forces Kk =

wo.
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Qutline of the proof

Let G be (V,P)-generic.

O F={f:3p(f,p) € G}.

0 For X eT, Cx ={p(X):3f{f,p) € G,X € dom(p), =
is F-closed}.

Then

0 F AT x AT = wy.

0 Cx is a club in [X]¥ and for every z € [X]YNC, if x is
closed under F', tNA =yNA for some y € Cx then z C y.
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Qutline of the proof

Let S = {a € [A\]¥ : there are z4,ya € C N [AT]¥ such
that z, and y, are closed under F', o N A = yo N A = a,
sup(zq) < sup(yae) but zq € ya}-

It is sufficient to show that S is non-stationary. Suppose
to contrary that S is stationary. Since x is A-supercompact
in V, a kind of stationary reflection principle of [A]¥ holds;

There is X € T such that SN [X N A]¥ is stationary in

[XNA]Y, and ae SN[X NA]Y = z4,yq C X.

Since S is stationary in [X NA]¥ and Cx is a club in [X]¥,
thereis a € Cx such that an\ € S. Hence there are F'-closed
incomparable zq,yq € [X]YNC such that 2N = yoNA = a..
However this contradicts the choice of Cy.
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Some conclusions

Lemma 15. Let cf(A\) = w < kK < A and suppose & is \-
supercompact. Then UB\({x C\:xNk € k}) holds.

Proof. By the previous proposition, there exists a poset P
such that P satisfies the k-c.c. and P forces UB,.

Let f be a name of a function witnessing UB, in the
generic extension. By the k-c.c. of P, for each s € <w)\T
there is as € [AT]<F such that I f(s) C as. Then choose
g : <WXxt 5 AT so that for every g-closed z C AT with
TNk €k, Vs € Yz (as Cx).

It is easy to see that g withesses UB \({zr C A : z Nk €
K}). H
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Some conclusions

Corollary 16. Let cf(\) < k < X and suppose k is A-
supercompact. Then UB\({x C\X:xNk € k}) holds.

Corollary 17. Let cf(\) < kK < X and suppose k is A-
supercompact. Let Col(w, < k) be the standard poset which
collapse k = w1. Then UB, holds in V<o!l(w,<x)

Proof. Let f: <¥XT — AT be a function witnessing UB,({z C
AxNkKk € kK}). Then, because kK = wq in Y Collw,<k) it is
easy to see that f witnesses UB, holds in Y Col(w,<k) N
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Consistency of UB, with large cardinals

Corollary 18. Let x be supercompact. In Vol w.<k) yUB,
holds for every singular cardinal A with cf(\) = w.

Proposition 19. Relative to a certain large cardinal as-
sumption, it is consistent that

“ZFC 4 dsupercompact cardinal + UB, holds for every
singular cardinal A with cf(\) = w.”

Proof. Suppose there are two supercompact cardinals kg <
k1. In y Col(w,<ko) UB, holds for every singular cardinal A
with cf(\) = w, and k1 remains a supercompact cardinal.

L]
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Consistency of UB, with large cardinals

This argument shows that UB, is consistent with almost

all large cardinals; e.g.,

0 X is a limit of supercompact cardinals with cf(\) = w
—+ UB)\ holds.

[0 dsuperhuge cardinal 4+ UB, holds for every A with cf(\) =
w,

[l There exists a non-trivial elementary embedding j5
V)\_|_1 — V)\_|_1 and UB, holds, etc.
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Consistency of UB, with large cardinals

Proposition 20. Let k be supercompact. Then in V0! (w1,<x)
UB, holds for every \ with cf(\) = w1.

Corollary 21. Let kg < k1 be supercompact. Then in
 Col(w,<rg)xCol(ko,<k1) UB, holds for every A with cf()\) <

w1 -
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Consistency of UB, with large cardinal prop-

erties

Proposition 22. Relative to a certain large cardinal as-

sumption, it is consistent that
“ZFC + Martin’'s maximum + UBy, .”

Proposition 23. Relative to a certain large cardinal as-

sumption, it is consistent that
"“"ZFC + (Nw+1,Nw> — (N1, Rg) + UBNw.”
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Note 24. The consistency of

(Ny41, Rw) = (N1, Rg)
is known (Levinski—Magidor—Shelah), but the consistency
of

(N1, Ney) = (No, Nq)
is still open.



Other applications

Fact 25 (Folklore). Let x be a regular uncountable cardinal

with Kk < A. Let I be a normal ideal over PgA.

O If I is AT -saturated, then I is precipitous.

O If I is AT -preserving and 2)~" = A\t then I is precipi-
tous.

Where an ideal I is pu-preserving if the standard generic ul-
trapower poset P; associated with I forces that “u remains
a cardinal.”
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Other applications

Fact 25 (Folklore). Let x be a regular uncountable cardinal

with Kk < A. Let I be a normal ideal over PgA.

O If I is AT -saturated, then I is precipitous.

O If I is AT -preserving and 2)~" = A\t then I is precipi-
tous.

Proposition 26 (UB)). Suppose cf(\) <k < X. Let I be a

normal ideal over PgA.

0 If I is AT T-saturated, then I is precipitous.

0 If I is AT+ -preserving and 2*~" = AT+, then I is pre-
Cipitous.
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Other applications

Fact 27 (Folklore). Suppose cf(\) < k < A. Let U be a
normal ultrafilter over Px\. If M is a ultrapower of V. by U,
then j“\t € M.

Proposition 28 (UB)). Suppose cf(\) < k < A. Let I
be a normal precipitous ideal over PxA. If M is a generic
ultrapower of V by a (V,P;)-generic filter, then j*“\T € M.
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Other applications

Proposition 29 (UB)). Suppose cf(\) <k < X. Let I be a
normal ideal over PxA. Then the following are equivalent:

[]

[]
[]
[]

I is \t-saturated.

I is weakly \t-saturated.

Every normal ideal J extending I is precipitous.
Every normal ideal J extending I is )C"—preserving.
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Other applications

A cardinal A is Jonsson if {x C A\ : || = A} is stationary in
P(N).

Fact 30 (Foreman). Suppose X\ is Jonsson. Then there is
no o-complete AT -saturated ideal over [\]*.

Proposition 31. Suppose )\ is Jonsson. Then there is no
weakly AT -saturated normal ideal over [\]*.
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Other applications

Proposition 31. Suppose )\ is Jonsson. Then there is no
weakly AT -saturated normal ideal over [\]*.

Proof. Suppose to contrary that there is a weakly A\T-saturated
normal ideal I over [\]}.

If UB, holds, then I is in fact AT-saturated, this contra-
dicts with Foreman’'s theorem.

Suppose UB, fails, then X\ is a singular cardinal with
pp(\) = AT. In this case, using Shelah’'s pcf-theory, we
can derive a contradiction directly.

L]
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Other applications

Proposition 32 (UB,). Suppose X is singular. Let S be
the set {x C AT |z N\ < |z|, |[tN A is regular > cf(\) and
sup(z) = \}. Then S is non-stationary in P(AT).

Note 33. For n < w,
{r CX,41 Ny = |z N Ry < x|, sup(x) = Nw} is stationary
in P(Nw_|_1).

In particular,
UBy, = (Ny41,Nw) A (N,40,N,41) for every n < w.
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Other applications

Proposition 32 (UB,). Suppose X is singular. Let S be
the set {x C AT |z N\ < |z|, |[tN A is regular > cf(\) and
sup(z) = \}. Then S is non-stationary in P(AT).

Proof. Suppose to contrary that S is stationary. Then there

is M < (H(0),...) such that |[M N A| < ‘MDA+|, M) is

regular > cf(\), and sup(M NAX) = A. Let u=|MnNA|.
Take a C-increasing continuous sequence

(ag 1 € < p) sothat |ag| < p, supag = A, and MNA = g, ac.
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For & < pu, let
A£={a€Mﬂ)\+ : SK(ag U{a}) N A = ag}.
Since p is regular, M N AT = U, Ae.

‘MﬂA+| > p, hence we can find £* < p such that |Ag| >

7!
For a € Agx, let My the Skolem hull of ag U {a} un-

der (H(0),...). By UB), (Mq: a € Ag) forms a chain with
respect to C. Thus, N = UaeAg* My is an elementary sub-

model of (H(0),...). Then NN X = ag anc ‘Nﬂ)ﬁ“ <
|Nﬁ)\|+ = ‘ag*‘_l_ < wu. However ‘Nﬂ)("’ > u because
Ag» C NN AT, this is a contradiction. [ ]



Other appli

cations

Proposition 33. Let M, N be transitive models of ZFC
with M C N. Let A € M be such that

M

— “)X is a singular cardinal.”

If (UBy)™ holds and

N_

then (\H)M = (

'y

>\|N is regular > ch()\),”
ATV,

Note 34. In particular, if there are M C N such that Nf}){Ll =

NY', then UByu

fails in M. However the existence of such

models is unknown.

Note 35. I (N, 4 1,Ry) — (Rp,N1) holds and Woodin cardinal
exists, then there exist such models.
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Question

For a singular X, is the failure of UB, consistent?

Note 36. If cf(A\) = w, then UB, is indestructible by forcing
which preserves A and \7T:

Lemma 37. Suppose cf(\) = w or A is regular. If UB),
holds then IFp “UB), holds” for every poset P which forces
“X and A1)V are cardinals .
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