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PRQ"S �UTWVUXUTZYF[?\9YF[]X^��[ P

_a`cbed6fhgifjbFk�lJm�n�o
p Tq�*rtshTW���^��[u��Tq[���v]wt�xYzy S �|{4}�~W�x���]�����Z���/�t[�����Tq[��a[tTWy S X��A�W�����^���?��[t����v��

��f��4mJ�Z�
��`�m�� ~W�/�t�z�A���e�¡ ^¢t£
¤¡¥a ^�¦�h�¡�¡§�¢��
vh��T

S
��Tq[��¨�?��[t�����9©ª[��¬«¡­t��YF�q�W�

s ∈ S
�������¨��V®��Tq[��¯{°�±v]XU�U�t²]XU�t�

As

�TqX1³��U�t[���
´��[t���

As
�

p ��TqX^���ªV^��T
U
��Tq[u©��µX^�xYer��qX^������¶�TW�|·*¸]�tTq	�YF�W�¹[�º¹�¼»����ZYFXUTW�z[

∼
YF��«

B :≡ ×s∈SAs
V^��T����t�^y S

f ∼ g :≡
{
s ∈ S

∣
∣ f(s) = g(s)

}
∈ U

�t�¹r�[tTW���UX��

¶�TW��Vx�a·½¸j�tTq	�YF�W��[tº��¼»ª���ZYFXUTW�z[uTWVUX*¾,� S �W�t�¹r�[tTW���UX
�
¿  �À  ^�qÁeÂ

�
f ∼ f Ã ��Y S ∈ U

�
f ∼ g ⇒ g ∼ f Ã ��Y {

s ∈ S | f(s) = g(s)
}

=
{
s ∈ S | g(s) = f(s)

}

�
f ∼ g, g ∼ h⇒ f ∼ h Ã ��Y

{
s ∈ S | f(s) = g(s)

}
∩

{
s ∈ S | g(s) = h(s)

}
=

{
s ∈ S | f(s) = g(s) = h(s)

}

︸ ︷︷ ︸

∈U Ä¹ÅtÆAÇUÆAÈ<É¹Æ¼ÊcËÍÌ¡Î�È�Ï ÐZÐ¦Æ¼ÏÑÇUÆAÈ�Ò�Ì¡Î�Ó±Ô�ÐcÕ^ÖUÈ,×�ÏÑØ Ð�ÆAÊ
⊂

{
s ∈ S | f(s) = h(s)

}

︸ ︷︷ ︸

∈U, ÅtÆAÇUÆAÈ,É�ÆAÊ&Ù�Ú�Ò¦Ì¡Î�ØÑÛ�ÜUÆAÏÑÇUÆAÈ�Ò�Ì�Î�Ó±ÔÝÐcÕ^ÖUÈ"×jÏÑØ Ð¦ÆAÊ
¸c�Ñ���Ñ�°�

Þàß�á6â�á�ã�ä�ä�å^á�ß�äeæ|çÝè�éÑêµëµì�í�î�ï�ð|ñFêµë�í�ò±ó�êµëµì�íWô
ËÍÆAÏ I ÆAÏÑÈ�Æ�õ<ÆAÈ�ÇUÆUö�÷àÓ�È¹È,Î�ÆAÏÑÜ�Ð F ø&ù�úüûþýÍÿ�Ó�Û¹Ô I Ä¹ÅtÆAÈ�È,ÇUÏÑØ Ð��
�����
F 6= ∅ Û�È�É ∅ /∈ F���	�
A, B ∈ F ⇒ A ∩B ∈ F��
	�
A ∈ F , A ⊆ B ⊆ I ⇒ B ∈ F

F Î�ÆAÏÑÜ�Ð��"úüû±ÿ�
��]úÑû±ýÍÿÍÄ^ÅtÆAÈ�È��AÛ�Ò��±Ð��AØÑÏÑÌ¡Î"Ô�ÖUØÑÇUÆAÈ�É�ÆAÒcÇUÏÑØ Ð��
�����

A ⊆ I ⇒ (A ∈ F ⇔ I \A /∈ F)

�
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��f��4mJ�Z�
��`�m�� ~W{ ¤������������U���
A
�

�ª�t[u�t�¹r�[tTW���^��[u¾*Tq�ª��Tq[��|{à�±v]XU�U�t²hXU�t�
A
YF��«

A :≡ B/ ∼ :≡
{
[h] | h ∈ B

} �
¥a ^�¦�h�¡�¡§�¢à ^¢�Â

Ri
(
[h0] . . . [ht(i)−1]

)
:≡

{
s ∈ S |RAs

i

(
h0(s) . . . ht(i)−1(s)

) }
∈ U

 �z¢!���¡�¡§�¢à ^¢�Â
fj

(
[h0] . . . [ht(j)−1]

)
:≡

[(
fAs

j

(
h0(s) . . . ht(j)−1(s)

)
| s ∈ S

)]

�|§�¢�Á��¼�e¢��± ^¢�Â
ck :≡

[(
cAs

k | s ∈ S
)]

¶�TW�aV^���t�¹r�[tTW���UX^� {°�±v]XU�U�t²]XU�t�ªTWV^X*¾,� S �W�t�¹r�[tTW���UX��
¿  �À  ^�qÁeÂ

Ri
(
[h0] . . . [hn−1]

)
:≡

{
s ∈ S |RAs

i (h0(s) . . . hn−1(s))
}
∈ U

vh��T
(h0, . . . , hn−1), (h′0, . . . , h

′
n−1) ∈ A

n 
�TqX ∀j ∈ {
0, . . . , n− 1

}
hj ∼ h

′
j

�ª�t[�TWVUX*º���º��¹Tq����[#"
{
s ∈ S | RAs

i (h0(s) . . . hn−1(s))
}
∈ U ⇔

{
s ∈ S | RAs

i

(
h′0(s) . . . h

′
n−1(s)

) }
∈ U

p ������[u�t����v%$h
�
´�¹X^�UTW�a����[]­t��X���V'&
⇒ ( º���º���Tq����[#"

vh��T {
s ∈ S | RAs

i (h0(s) . . . hn−1(s))
}
∈ U

�

∀j ∈
{
0, . . . , n− 1

} {
s ∈ S | hj(s) = h′j(s)

}
∈ U

⇒
⋂

j≤n−1

{
s ∈ S | hj(s) = h′j(s)

}
∈ U

¾,������[*)JTq�qX^���^��Tq����[�V^y S Ye«�X,+��.-

⇒
{
s ∈ S | RAs

i (h0(s) . . . hn−1(s))
}

︸ ︷︷ ︸

∈U

∩
⋂

j≤n−1

{
s ∈ S | hj(s) = h′j(s)

}

︸ ︷︷ ︸

∈U

⊂
{
s ∈ S | RAs

i

(
h′0(s) . . . h

′
n−1(s)

) }
∈ U

¾,������[*)JTq�qX^���^��Tq����[�V^y S Ye«�X,+0/.-

2

fj
(
[h0] . . . [hn−1]

)
:≡

[(
fAs

j (h0(s) . . . hn−1(s)) | s ∈ S
)]

vh��T
(h0, . . . , hn−1), (h′0, . . . , h

′
n−1) ∈ A

n 
�TqX ∀l ∈ {
0, . . . , n− 1

}
hl ∼ h

′
l

�
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�ª�t[�TWVUX*º���º��¹Tq����[#"

(
fAs

j (h0(s) . . . hn−1(s)) | s ∈ S
)
∼

(
fAs

j

(
h′0(s) . . . h

′
n−1(s)

)
| s ∈ S

)

⋂

l≤n

{
s ∈ S | hl(s) = h′l(s)

}

︸ ︷︷ ︸

∈U
︸ ︷︷ ︸

∈U

⊂

{
s ∈ S | fAs

j (h0(s) . . . hn−1(s)) = fAs

j

(
h′0(s) . . . h

′
n−1(s)

) }
∈ U

¾,������[*) Tq�qX^���^��Tq����[�Vxy S Ye«�X1+0/.-��

⇔ fj ([h0] . . . [hn−1]) ∼ fj
(
[h′0] . . . [h

′
n−1]

)

2

¸c�Ñ���Ñ�°�

��f��4mJ�Z�
��`�m32 ~	4 �A���Í��5���§%6&���à�½�z¢7684 �A���Í��54§j�± ^¢t£��
¶�TW���z����[ �t�¹r�[tTW���UX^��{à�±v]XU�U�t²hXU�t� S ��T:9�Xa��YzV<;>= ��b@?!A bF`CBJl kà�DBJfjb (

As

∣
∣ s ∈ S

) E d6fjb ; � p Tq�
����º���TWy S [���[ ��YzV�©ª�qXU�xYFw��^�]���t²]X�
�TqX ∏

s∈S As/U.
v]Tq[�� YF�q�W�

As
���W��TWy S ��Tq[�����{à�±v]XU�U�t²hXU�t� B Ã V^�V^y S �^��Tq����[�¾½Tµ� B

S/U
��¶�TW��V^�a{à�±v]XU�U��²]XU�t� S ��T:9�Xª��YF[t[u��TW�F;>= ��b@?!A6`���f]mHGJI�`cm

B
E d6f]b ; �

K ?��LG>M ~��t�h�¡£1�z§�¢>N9§1O��
vh��T

A :≡
∏

s∈S As/U.

+�Y.-�vh��T
r(x0, ..., xn)∈ P 
Q+¡{H-<�t[���V^��TW��[

[h0], ..., [hn] ∈ R �t¶aYF[t[���Tq�qX
rA

[
[h0], ..., [hn]

]
=

[ (

rAs [h0(s), ..., hn(s)]
∣
∣
∣ s ∈ S

) ]

.
+��S-�vh��T

ϕ (x0, . . . , xn) ∈
)�
���+¡{H-<�t[���Vx��TW��[

[h0], ..., [hn] ∈ R �t¶aYF[t[���Tq�qX
A |= ϕ

[
[h0], . . . , [hn]

]
←→

{

s ∈ S
∣
∣
∣ As |= ϕ [h0(s), . . . , hn(s)]

}

∈ U
�

Þàß�á6âcáUã�ä�ä�å^á�ß�äeæ|ç
Tm(L)

î±ï�ð�Ttì¡ê�ìVU�î�ïWUYX�Z±ï\[eì¡í�] ì¡ï¹ô
ËÍÆAÏ L ÆAÏÑÈ�Æ4Ë_^¹Ê�Ó�Ì¡Î¹Æ^öz÷àÓ�È�È½Î�Ó±Ð°É�ÏÑÆJõ<ÆAÈ�ÇUÆ Tm(L) É�ÆAÊC`�ý¹ÿba�ý Õ^ÖUÈ L Ô�ÖUØÑÇUÆAÈ�É�Æc ÏÑÇUÆAÈ�Ò¦Ì¡Î�Ó±Ô�Ð�ÆAÈ@�
ö ∀n < ω vn ∈ Tm(L)

ö ∀k ∈ K ck ∈ Tm(L)

ö ∀x0, . . . , xn ∈ Tm(L) ∀fn ∈ F : fnx0 . . . xn ∈ Tm(L)d ý¹ú�ý�egfih@ekjml@hF`�ýÍÿna�ýWh
ËÍÆAÏ β ÆAÏÑÈ�Æ#o�ÆAØüÆAÇUÛ�È¹Ç�ö�����

vA
n [β] :≡ β(vn)�p�	�
cA
k

[β] :≡ ck�p
	� (
fjs(0) . . . s(n)

)A
[β] :≡ fj

(
s(0)A[β], . . . , s(n)A[β]

)

/
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¿  �À  ^�qÁeÂ
~¦�
�ª�þ¢76&���à�¡�¡§�¢rqtst 	�u6t ^¢wvà 	�nx¨ ^¢c�h��ybs��h�
 �e�q�{z

r = vn
��Tq[��F| YF�UTZYF�t�W�

vh��T
[h] ∈ A

�
[(

rAs [h(s)]
∣
∣ s ∈ S

)]

= [(h(s) | s ∈ S)] = [h] = rA
[
[h]

]

2

 �e�q�H}
r = ck

��Tq[��F~��z[�VUXxYF[]X^�
[(

rAs
∣
∣ s ∈ S

)]

=
[(

cAs

k | s ∈ S
)]

= ck = rA

2

 �e�q���
r = fjr0 . . . rn


�TqX
r0, . . . , rn ∈ Tm(L)

�t[��
r0, . . . , rn

����«�­t�q�W��[8+�Y.-
vh��Tq��[

[h1], . . . , [hk] ∈ A
�

rA
[
[h1], . . . , [hk]

] �L��� ���0���b�
= fA

j

(

rA
0

[
[h1], . . . , [hk]

]
, . . . , rA

n

[
[h1], . . . , [hk]

])

�L�0�
= fA

j

( [(

rAs

0 [h1(s), . . . , hk(s)] | s ∈ S
)]

, . . . ,
[(

rAs
n [h1(s), . . . , hk(s)] | s ∈ S

)] )

� �����b� � � f
=

[(

fAs

j

(

rAs

0 [h1(s), . . . , hk(s)], . . . , r
As
n [h1(s), . . . , hk(s)]

) ∣
∣ s ∈ S

)]

�L��� ���0�b�b�
=

[((
fjr0 . . . rn

)As [h1(s), . . . , hk(s)]
∣
∣ s ∈ S

)]

=
[(

rAs [h1(s), . . . , hk(s)]
∣
∣ s ∈ S

)]

2

Þàß�á6âcáUã�ä�ä�å^á�ß�äeæ|ç
Fml(L)

î�ï�ð�Ttì¡ê�ì�U�î±ïWUYX�Z±ï<èLZ±í�] ì�êÑïÍô
ËÍÆAÏ L ÆAÏÑÈ�Æ9Ë_^�Ê¦Ó�Ì¡Î�ÆUö�÷àÓ�È�È½Î�Ó±Ð°É�ÏÑÆ9õ<ÆAÈ�ÇUÆ Fml(L) É�ÆAÊ�ø@l
ÿna�ý¹ú�h�Õ^ÖUÈ L ÔÝÖUØ �
ÇUÆAÈ�É�Æ c ÏÑÇUÆ¼È¹Ò�Ì¡Î�Ó±Ô�Ð¦Æ¼Èg�ö At(L) ⊂ Fml(L)

ö ∀ϕ,ψ ∈ Fml(L) : (ϕ ∧ φ) ∈ Fml(L)

ö ∀ϕ ∈ Fml(L) : ¬ϕ ∈ Fml(L)

ö ∀n < ω∀ϕ ∈ Fml(L) : ∀vnϕ ∈ Fml(L)� ÖUÚ�Æ¼Ï��6Ó�È{�4Ï Ð At(L) É�ÏÑÆ òÍë:Z�] ò±í�ì¡ï<è1Z±í�] ì¡êÑï Õ^ÖUÈ���Ú�Æ��AÆ¼ÏÑÌ�Î�È�Æ�Ð��ö At(L) := {s1 = s2 | s1 ∈ Fml(L) ∧ s2 ∈ Fml(L)}
∪ {Ris0 . . . sn | i ∈ I ∧ s : n+ 1 −→ Tm(L)}d ý�úüý_egfih@e\jLlgh ø@l
ÿna�ý¹ú�hËÍÆAÏ β ÆAÏÑÈ�Æ#o�ÆAØÑÆ¼ÇUÛ¹È�Ç�ö
ö A |= s1 = s2 [β] :≡ sA

1 [β] = sA
2 [β]

ö A |= Ris0 . . . sn [β] :≡ Ri

(
sA
0 [β], . . . , sA

n [β]
)

ö A |= (ϕ1 ∧ ϕ2)[β] :≡ (A |= ϕ1[β] ∧ A |= ϕ2[β])

ö A |= ¬ϕ[β] :≡ ¬A |= ϕ[β]

ö A |= ∀vnϕ[β] :≡ ∀a ∈ A A |= ϕ
[

β a
vn

]

~�se�ª�þ¢76&���à�¡�¡§�¢rqtst 	�u6t ^¢  §L�nx¨ ^�¦�h��yns��h�

�
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 �e�q�{z.�pz
ϕ ∈ At(L) : ϕ = r1 = r2


�TqX
r1, r2 ∈ Tm(L)vh��Tq��[

[h1], . . . , [hn] ∈ A
�

A |= ϕ
[
[h1], . . . , [hn]

] �1��� ���0�b���
⇔ rA

1

[
[h1], . . . , [hn]

]
= rA

2

[
[h1], . . . , [hn]

]

(a)
⇔

[(

rAs

1 [h1(s), . . . , hn(s)] | s ∈ S
)]

=
[(

rAs

2 [h1(s), . . . , hn(s)] | s ∈ S
)]

⇔
(

rAs

1 [h1(s), . . . , hn(s)] | s ∈ S
)

∼
(

rAs

2 [h1(s), . . . , hn(s)] | s ∈ S
)

� �����b� � �
∼

⇔
{

s ∈ S | rAs

1 [h1(s), . . . , hn(s)] = rAs

2 [h1(s), . . . , hn(s)]
}

∈ U

�L��� ���0�b���
⇔

{

s ∈ S | As |= ϕ[h1(s), . . . , hn(s)]
}

∈ U

2

 �e�q�{z.��}
ϕ ∈ At(L) : ϕ = Rir0 . . . rn


�TqX
r0, . . . , rn ∈ Tm(L)vh��Tq��[

[h1], . . . , [hl] ∈ A
�

A |= ϕ
[
[h1], . . . , [hl]

] �L��� ���0�b�b�
⇔ Ri

(

rA
0

[
[h1], . . . [hl]

]
. . . rA

n

[
[h1], . . . [hl]

])

(a)
⇔ Ri

( [(

rAs

0 [h1(s), . . . , hl(s)]
)]

, . . . ,
[(

rAs
n [h1(s), . . . , hl(s)]

)] )

� �����b� � �#�@��� ���:� � �b���
⇔

{

s ∈ S
∣
∣
∣ RAs

i

(

rAs

0 [h1(s), . . . , hl(s)], . . . , r
As
n [h1(s), . . . , hl(s)]

) }

∈ U

�L��� ���0�b�b�
⇔

{

s ∈ S | As |= ϕ[h1(s), . . . , hl(s)]
}

∈ U

2

 �e�q�H}
ϕ = ¬ψ

�t[��r+��S-,��Tq�qX*«�­t�
ψ ∈ Fml(L)vh��Tq��[

[h1], . . . , [hn] ∈ A
�t¶aY

U
��Tq[u©ª�qXU�xYer��qX^���ªTWVUX Ã «��z�q��XL"

{
s ∈ S | As |= ψ[h1(s), . . . , hn(s)]

}
/∈ U

⇔
{
s ∈ S | ¬As |= ψ[h1(s), . . . , hn(s)]

}
∈ U (1)

¶/YF
�TqX*«��z�q��Xª��YF[t[#"

A |= ϕ
[
[h1], . . . , [hn]

] �L��� ���0�b�b�
⇔ ¬A |= ψ

[
[h1], . . . , [hn]

]

�L�0� �
⇔

{

s ∈ S | As |= ψ
[
h1(s), . . . , hn(s)

]}

/∈ U

�p���
⇔

{

s ∈ S | ¬As |= ψ
[
h1(s), . . . , hn(s)

]}

∈ U

�L��� ���0���b�
⇔

{

s ∈ S | As |= ϕ
[
h1(s), . . . , hn(s)

]}

∈ U

2

 �e�q���
ϕ = (ψ ∧ χ)

�t[��r+��S-,��Tq�qX*«¡­t�
ψ, χ ∈ Fml(L)vh��Tq��[

[h1], . . . , [hn] ∈ A
�t¶aY

U
��Tq[u©ª�qXU�xYer��qX^���ª�t[�����������[u��[����qTWy S ��vhy S [tTqXUX��

�
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�t[��Q�������U
´��[t����[h�tTq�W����[t�¨YF�t����V^y S �W��V^V^��[uTWVUX Ã ��Tq�qXL"

∀x, y ⊆ S : (x ∈ U ∧ y ∈ U)⇔ x ∩ y ∈ U (2)
¶/YF�xYF��V*«��z�q��X½��YF[t[#"

A |= ϕ
[
[h1], . . . , [hn]

] �1��� ���0�b�b�
⇔ A |= ψ

[
[h1], . . . , [hn]

]
∧ A |= χ

[
[h1], . . . , [hn]

]

�L�0� �
⇔

{

s ∈ S | As |= ψ
[
h1(s), . . . , hn(s)

]}

∈ U ∧
{

s ∈ S | As |= χ
[
h1(s), . . . , hn(s)

]}

∈ U

� �0�
⇔

{

s ∈ S | As |= ψ
[
h1(s), . . . , hn(s)

]}

∩
{

s ∈ S | As |= χ
[
h1(s), . . . , hn(s)

]}

∈ U

⇔
{

s ∈ S | As |= ψ
[
h1(s), . . . , hn(s)

]
∧ As |= χ

[
h1(s), . . . , hn(s)

]}

∈ U

⇔
{

s ∈ S | As |= ϕ
[
h1(s), . . . , hn(s)

]}

∈ U

2

 �e�q�¢¡
ϕ = ∀xψ

�t[��r+��S-,��Tq�qX*«�­t�
ψ ∈ Fml(L)vh��Tq��[

[h0], . . . , [hn] ∈ A
�!)J­t�ª��TW��Vx��[Q)&YF�q��TWVUX*º���º���Tq����[ Ã ��Y@9

(i) ∀[h] ∈ A
{

s ∈ S
∣
∣ As |= ψ

[
h(s), h0(s), . . . , hn(s)

]}

∈ U

(ii)
{

s ∈ S
∣
∣ ∀a ∈ As As |= ψ

[
a, h0(s), . . . , hn(s)

]}

∈ U (3)

£ ¸j�tTq	�YF�W��[]XªVUTq[��°�

¿  
À6 ^�WÁeÂ
(i)⇒ (ii)

R [t����[��z
�
´��[#"H+�TqT�-,TWVUX½[tTWy S Xª����«�­t�q�qX Ã �°� S �
{

s ∈ S
∣
∣ ∀a ∈ As As |= ψ

[
a, h0(s), . . . , hn(s)

]}

/∈ U

¤¥¤ � � � ��¦	� �:� �
⇒ Z :=

{

s ∈ S
∣
∣ ∃a ∈ As ¬As |= ψ

[
a, h0(s), . . . , hn(s)

]}

∈ U

¶aYF[t[u�t�¹r�[tTW���^� ��TW�/«¡�z�q����[��t�§)��t[t²]XUTW�z[8+�
�TqX©¨�Tq�µ«��/����V R ��VU¾<Y S �ZYeshTW�z[�Vª+ R Q -n-W"

h : S −→
⋃

s∈S

As

h(s) :=

{
a ∈ As


�TqX
¬As |= ψ

[
a, h0(s), . . . , hn(s)

]
: s ∈ Z

a ∈ As
�����qTW���tTq�

:
Vx�z[�VUX

« V*��Tq�qX½[]�t[#"

Z ⊂
{

s ∈ S
∣
∣ ¬As |= ψ

[
h(s), h0(s), . . . , hn(s)

]}

︸ ︷︷ ︸

∈U Ã ¾,������[Q)JTq�qX^���^��Tq����[�V^y S Ye«¡X¬+0/.-
�/Yzy S |6�z�xYF��V^Vx��XUº��t[t�´TWVUXªYF�����ª��YzV©~��z
�wt�qTq
´��[]X���TW��Vx�¹�ª� ��[t���aTq[ U

⇒
p Tq���¹�xVUwt�U��y S º��t�ª¶/�¹r�[tTqXUTW�z[u	j�z[�©ª�qXU�xYer��qX^���

­



���������
	���
��������������

(ii)⇒ (i)vh��T
h ∈ ×s∈SAs

�����qTW���tTq���
« V*��Tq�qX½[]�t[#"

{

s ∈ S
∣
∣ ∀a ∈ As As |= ψ

[
a, h0(s), . . . , hn(s)

]}

⊂

{

s ∈ S
∣
∣ As |= ψ

[
h(s), h0(s), . . . , hn(s)

]}

�/Yzy S |6�z�xYF��V^Vx��XUº��t[t�*+�TqT�-W"
{

s ∈ S
∣
∣ ∀a ∈ As As |= ψ

[
a, h0(s), . . . , hn(s)

]}

∈ U

® � � �:� � ��� �0����¯p°�±���� � � ²��
⇒

{

s ∈ S
∣
∣ As |= ψ

[
h(s), h0(s), . . . , hn(s)

]}

∈ U

¸c�Ñ���Ñ�°�
+0/.-

�ª�t[¨«��z�q��Xª�t���©³,��¾,��TWV½	j�z[>)cYF�q� � "

A |= ϕ
[
[h1], . . . , [hn]

] �L��� ���0�b���
⇔ ∀a ∈ A A |= ψ

[
a, [h0], . . . , [hn]

]

⇔ ∀[h] ∈ A A |= ψ
[
[h], [h0], . . . , [hn]

]

�1�0� �
⇔ ∀[h] ∈ A

{

s ∈ S | As |= ψ[h(s), h0(s), . . . , hn(s)]
}

∈ U

��²��
⇔

{

s ∈ S
∣
∣ ∀a ∈ As As |= ψ

[
a, h0(s), . . . , hn(s)

]}

∈ U

�L��� ���0�b���
⇔

{

s ∈ S | As |= ϕ[h0(s), . . . , hn(s)]
}

∈ U

¸c�Ñ���Ñ�°�

´ `&bF` =�= ?tb¶µ ~W{�¤��!·h�¡£z U�
vh��T

ϕ ∈
)�
��

0
+¡{H-¹��¶aYF[t[���Tq�qXL" ∏

s∈S As/U |= ϕ⇐⇒
{

s ∈ S
∣
∣
∣ As |= ϕ

}

∈ U.
¿  �À  ^�qÁeÂ

¶����©³<��¾,��TWV*«¡�z�q��XªV^�F«¡�z�^XªYF��V½�t��
 v�YFXUº|	j�z[>¸��i¹1+¡�S-¹�

ϕ (x0, . . . , xn)
︸ ︷︷ ︸

ÈLº � Ô�ÊZÆAÏÑÆ7»�Ó�ÊZÏüÓ�Ú�ØÑÆAÈ
∈ Fmln+1(L)

¸c�Ñ���Ñ�°�

Þàß�á6â�á�ã�ä�ä�å^á�ß�äeæ|ç�¼�éÑïg½Íì±ë¦ë¦î�ïWUW¾@¿pÀ0Z�]{Z±í:ÁLÂ�é�À�],îbÀ0¾
ì¡ê�ì�] ì¡ï
ëµò±í�ì#¼jéÑï1½¹ì±ëZë�î±ïWUUô
ËÍÆAÏÑÆAÈ A Û�È�É B Ã1�ZËxÐ¦Ê¦Û�Ä^Ð¦Û�Ê¦Æ¼È<Û�È�É h : |A| −→ |B| ÆAÏÑÈ�Æ°ÙcÚ�Ú�ÏÑØÑÉ�Û�È�Ç�ö
h ÏÑÒ¦Ð�Æ¼ÏÑÈ¹Æ#Åàù�h1Æjý^û¼ûnfih@e�Ä¹Å�Æ¼È¹È"Ô�ÖUØÑÇUÆAÈ�É�ÆAÒ&ÇUÏÑØ Ð��

Ç



���������
	���
��������������

�����
h ÏÑÒ¦Ð�ÏÑÈbÈ¦Æ�Ä^Ð�Ï Õ���	�
∀i ∈ I ∀~x ∈ At(i)

(
RA

i ~x↔ RB
i h(~x)

)

h Î�ÆAÏÑÜ�Ð�É0Ê�l@a©leÿ�Ë.Ì�ù�Ê�aYf�Ê^ÄxÅ�Æ¼È¹È��AÛ�Ò��±Ð��AØÑÏÑÌ¡Î<È�ÖxÌ¡Î"ÔÝÖUØÑÇUÆ¼È¹É�ÆAÒcÇUÏÑØ Ð��
��
	� Î,ÏÑÒZÐ&Ú¹Ï È¦Æ�Ä^Ð�Ï Õ

h ÏÑÒ¦Ð�Æ¼ÏÑÈ¹Æ°ý�úüý�a�ýWh�û�
�ÿþý�Åàù�h1Æjý^ûþûbfih@e�Ä¹ÅtÆAÈ�È"ÇUÏÑØ Ð��
�����
∀n < ω ∀ϕ ∈ Fmln(L) :
(

∀h1, . . . , hn ∈ |A|n : A |= ϕ
[
h1, . . . , hn

]
←→ B |= ϕ

[
h(h1), . . . , h(hn)

])

´ `&bF` =�= ?tbDÍ ~¡ ^�¡ 	x¨ ^¢��¼�g�� kÎ4�q¢7st 
�U�^�z¢ÐÏ��
vh��T

B
�¹Tq[��¯{à�±v]XU�U�t²hXU�t���J¶aYF[t[ TWVUX����t�^y S ι(b) :≡

[
(b | s ∈ S)

] ��Tq[��¯���W��
´�¹[hXxYF�^� « Tq[]����XUXU�t[t�
ι : B ≺ B

S/U
���¹��������[��

¿  �À  ^�qÁeÂ
vh��T

ϕ(x1, . . . , xn) ∈ Fmln(L).
vh��T

b1, . . . , bn ∈ |B|
�����qTW���tTq���

¶/YF[t[���Tq�qXL"
B |= ϕ[b1, . . . , bn]⇔

{
s ∈ S | B |= ϕ[b1, . . . , bn]

}

︸ ︷︷ ︸

∈ {∅, S}

∈ U

Ñ_�0Ò � Ób�
⇔ B

S/U |= ϕ
[
ι(b1), . . . , ι(bn)

]

¸c�Ñ���Ñ�°�

³<��T���Tq[���
 ©��qXU�xYFwt�^�]���t²hX,
�­�V^V^��[¯��TW����Tq[tº����q[���[J)&YF²hX^�z�^��[ [tTWy S X,[��zXþ¾,��[���Tq�¯ ^�¡ nx¨ ^¢à�¼�g�� ©���tszÁ
��������¤�U���� ^¢ �t��V ©��qXU�xYFwt�^�]���t²hX^��V"V^��Tq[��.Ô¹� R ��VUTq[��´VUTW�*º�� ��TW��V^��
 [��]y S [tTWy S X ��Tq[t
1YF�� ^�¡ 	x¨ ^¢��¼�g�Y·j���z�A���e�¡ ^¢��U�
Õ®f]�VÖLA9��f =¥× ~�Ø��U�:x�£e�gÙt�¡ ^¢t�
vh��T

F
�t���\)JTq�qX^�����t����y��]��[����qTWy S ��[ P ��Tq�q
´��[t����[ �t����� ��[t��� P

�t����\4�UTq
�º
Y S �W��[ �t[�� U ⊃ F
��Tq[

©ª�qXU�xYer��qX^�����Ú)J­t�
p ∈ P

Vx��T
Fp

�t���©~\Ûz�Uw����ª
�TqX½w « �W��
´��[]X^��[Ü+�YF�WV^�
Fp = Z/pZ

-¹�
¶aYF[t[¬TWVUX

F :≡
∏

p∈P
Fp/U

��Tq[8~\Ûz�Uw������t��� Q"S YF�xYF²hX^���UTWVUXUTq²¬����¶�TW��Va«��z�q��X�YF��V �t��
 v�YFXUº1	j�z[
¸��i¹1+�Y.-,�t[��uYF��Vª�t��� « Tq����[�V^y S Ye«�X Ã ��Y@9�«¡­t�ªYF�q�W� p ∈ P

{
q ∈ P | Fq |= ¬Cp

}
= P \ {p} ∈ U

TWVUX��

Þàß�ácâcáUã�ä�ä�å^á�ß�äeæ,ç�ì¡ê�ì�] ì¡ï
ëµò±í¡ìÞÝeî�½bÀ¼ë�í¼îbß�ë�î�í¡ì�ï1¾xì¡ê�ì�] ì¡ï
ëµò±í¡ìáàH½�½�éÑê�ðeî�ï_UÍì�ïL¾^ì¡ê�ì�] ì�ï�ëµò�íânã î�épX�ò±ê�ì¡ï
ë:¾�ä�Zxì¡ï�ðÍêÑéåä�Â�ìæ[
ì¡éÑê�] ì�ï_UÍì�ïL¾.ç.Â�ò±í�ò�ß�ëqì¡í¦é�ÀþëÝé�ßxô
ËÍÆAÏÑÆAÈ A,B Ã1�ZËxÐ¦Ê¦Û�Ä^Ð¦Û�Ê¦Æ¼È�ö
÷àÓ�È�È,ÏÑÒZÐ A ÆAÏÑÈ�Æ°ý�úüý�aªý�h�û�
�ÿ±ý'èif�ÆiÊAû±ÿnf�é
ûbfzÿ°Õ^ÖUÈ B Ä¹ÅtÆAÈ�È,ÇUÏÑØ Ð��
� Ï � A ⊂ B� ÏÑÏ � id : A ≺ B

A ≺ B ÏÑÒ¦Ð�ÆAÏÑÈ�Æ°ý¹ú�ýWa�ý�h�û�
�ÿ±ý�êëÆiÆ�ù�úåì.fih@e�ÄÍÅtÆAÈ�È,ÇUÏÑØ Ð��
� Ï � h : |A| −→ |B|� ÏÑÏ � ∀n < ω ∀ϕ ∈ Fmln(L) ∀~a ∈ |A|n

(
A |= ϕ[~a]↔ B |= ϕ[h(~a)]

)

í
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��������������

A Û�È¹É B Ò¦ÏÑÈ�É"ý¹ú�ýWa�ýWh�û�
�ÿ¢îLï�f�ù j�

úüý�h�ûxÄxÅtÆAÈ�È,ÇUÏÑØ Ð��
ö Th(

A
)
≡ Th

(
B

)

ÅtÖUÚ�Æ¼Ï Th(
A

)
:≡

{
ϕ ∈ Fml0(L) | A |= ϕ

}

øcùÝúüûþý¹ÿæìzý¹ÿëðnlFý�h�ì�úÝù�ðbÌFý�h§`�ý�ùÝú�aªý�h@e�ýWh½É�ÆAÊcõ<ÆAÈ�ÇUÆ P �
ö C :=

{
A ⊆ P | N \A ÏÑÒ¦Ð�ÆAÈ�É�ØÑÏÑÌ¡Î }

ñ Ì@
�ÿ�
Lé�û±ýÍÿUùåÊAû�ùåé
ö Cp :≡

∑

i<p 1 = 0

ö4Ô�ò�Ê Fp ÇUÏÑØ Ð�� Fp |= Cp

Þàß�á6â�á�ã�ä�ä�å^á�ß�äeæ|ç�ócò�î�Á�ë�î±êµë�í�ò�ó�êµëµì�íZô
U ÏÑÒ¦ÐÚôõ
1f�ËFûbf�úüû±ÿ�
��]úüûþýÍÿàÕ^ÖUÈ S ÄÍÅtÆ¼È¹È,ÇUÏÑØ Ð��

∃so ∈ S : U =
{
x ⊂ S | so ∈ x

}

´ `&bF` =�= ?tbDö ~�÷/�h�L59�U�z�A���Í�gø����� 	���
ÔþV^Xù4$��Tq[Q¨/YF�twtXU�t�qXU�xYer��qX^��� Ã �°� S � ∃s0 ∈ S 
�TqX

U =
{
x ⊂ S

∣
∣ s0 ∈ x

} ÃV^�®TWVUX ∏

s∈S As/U ∼= As0 .¿  �À  ^�qÁeÂ
vh��T

A :≡
∏

s∈S As/U. F : |A| −→ |As0 |

�TqX

F
(
[h]

)
= h(so)

TWV^X*TWV^�z
´�z�Uw S �vh��T
[f ], [g] ∈ |A|

[f ] = [g]⇔ f ∼ g
U ú �0�bû��:��� � � ��¦�� �:� �

⇔ f(s0) = g(s0)

⇔ F
(
[f ]

)
= F

(
[g]

)

 �q¢1ü� 	�à�¡�A�
YF[t����[��z
�
´��[#"

∃[f ], [g] ∈ |A| : F
(
[f ]

)
= F

(
[g]

) �t[��
f 6∼ g

F
(
[f ]

)
= F

(
[g]

)
⇔ f(s0) = g(s0)⇔

{
s ∈ S | f(s) = g(s)

}
∈ U

⇔ f ∼ g
p TW�t���^V^wt�U��y S º��t� R [t[&Y S 
´�

2

 Á�����ü� 	�à�¡�A�
��Y

U
¨�YF�twtXU�t�qXU�ÍYer��qX^���ª��Tq�qXL"

|A| = |As0 |

2

¥a ^�¦�h�¡�¡§�¢à ^¢
vh��T

Ri
��Tq[��a[��¼VUX^���q�qTq��� »ª���ZYFXUTW�z[�	j�z[

A
�t[��

[h1], . . . , [hn] ∈ |A|º���º���Tq����[#"
RA
i

(
[h1], . . . , [hn]

)
↔ R

As0
i

(
F ([h1]), . . . , F ([hn])

)

RA
i

(
[h1], . . . , [hn]

)
⇔

{

s ∈ S
∣
∣ RAs

i

(
h1(s), . . . , hn(s)

)}

∈ U

ý



���������
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��������������

⇔ s0 ∈
{

s ∈ S
∣
∣ RAs

i

(
h1(s), . . . , hn(s)

)}

⇔ R
As0
i

(
h1(s), . . . , hn(s)

)

2

¸c�Ñ���Ñ�°�

K ?��LGQþ ~W�|§Lx§5��g����Ùà ^�A��ÁxÁÍ�h�¡£��
vh��T

Φ ⊂
)�
��

0
+¡{H-��t[��¶ÿ����t����[����qTWy S � P ��Tq�q
´��[t��� s ⊂ Φ S YF������Tq[i� �]�t���µ� As

�°¶aYF[t[i�¹shTWVUXUTW���UX
��Tq[¨©ª�qXU�xYer&�µXx�¹�

U
YF��«

S :≡
{

s ⊂ Φ
∣
∣ s < ℵ0

}

Ã V^����Y@9 ∏

s∈S As/U
��Tq[¨�?�]�t���q�à	��z[

Φ
TWVUX��h¶�TW��V

Tq
�wt�qTqº�TW���UXL"ÚÔ±VUX
Φ
��[����qTWy S ����«�­t�q�q�&YF� Ã V^�®TWVUX Φ

����«¡­t�q�q�&YF����� ´ `�g A¢?tkà����fh�Z�LÖ1ÖL?��LG��
¿  �À  ^�qÁeÂ

Þàß�á6âcáUã�ä�ä�å^á�ß�äeæ|ç���Z�]¢Áeò�ß�ë�Â�ì�éµë�ÀVÀ¡òÍë	��ô
ËÍÆAÏ Φ ⊂ Fml0(L) ö
ö Erf(Φ)⇔ ∀Φ′ ⊂ Φ

(

Φ′ < ℵ0 → Erf(Φ′)
)

ö Φ |= ϕ⇔ ∃Φ′ ⊂ Φ
(

Φ′ < ℵ0 ∧ Φ′ |= ϕ
)

¶��¹r�[tTW���^�a«¡­t�
ϕ ∈ Fml0(L) : <ϕ>:≡

{
s ∈ S | ϕ ∈ s

}

�t[��
E :≡

{
<ϕ> | ϕ ∈ Φ

}

¶/YF[t[ S YFX E ��TW�® ^¢76��q��
�Ùà 
�®����
�Ù�Á�
�Ùt¢t�A�U��Á� ^�pÏt ^¢�Á�
�Ùc�@y±� Ã ��Y
⋂

i<n

<ϕi> 3
{
ϕi | i < n

}

Þàß�á6âcáUã�ä�ä�å^á�ß�äeæ|çÝì�ï�ðÍêÑéåä�Â�ì�� î±í�ä�ÂWÀ0ä�Â�ï¹éqëZë�À¡ì�é UÍì¡ï�À0ä�Â�ò��Zë�ô
E Î�Ó±ÐcÉ�ÏÑÆ°ýWh�ì�ú�ùåðnÌFý���fzÿ�ðnÌ�Ê�ðnÌih�ùÑûþû�Ê¼ý¹ùåe�ýWh�Ê�ðbÌ@
��µûÍÄxÅtÆAÈ�È,ÇUÏÑØ Ð��
ö ∀E′ ⊂ E

(

E′ < ℵ0 →
⋂
E′ 6= ∅

)

vh��T
U ⊃ E

��Tq[u©ª�qXU�ÍYer��qX^����YF��« v��
4L ����WÁ��¡�¡ 	����" � � ����� ��� � ���C� ��� � � û�� ���

E ⊂ Pot(S) : ∃U
©��µX^�xYer��qX^����YF��« v

⇔ E S YFXª��TW�|��[����qTWy S � ¶��t�^y S Vxy S [tTqXUX^V^��Tq����[�V^y S Ye«¡X

F :≡
{

y ⊂ S
∣
∣ ∃E′ ⊂ E

(
E′ < ℵ0 ∧ y ⊃

⋂

E′

︸ ︷︷ ︸

6=∅

)}

) ­t�ª��TW��V^��[Q³<��¾,��TWV½����[tÛzXUTq����[u¾*Tq�½[]�t�ª��TW�a��Tq[��|»ªTWy S XU�t[t�*+�&
⇐ ( -¹�º���º���Tq����[#"

F
TWVUX½��Tq[u��Tq����[]XU�qTWy S ���k)JTq�qX^����YF��« S Ã �t��� E �t
®«�Y@9�X��

+��1-
E S YFXª��TW�|��[����qTWy S �|¶��t�^y S Vxy S [tTqXUX^V^��Tq����[�V^y S Ye«¡X ⇒ ∅ /∈ F+��.-
F
TWV^X*��������[ �������U
´��[t����[]��Tq�W���t[��¯YF�t����Vxy S �W��V^V^��[��

x ⊂ y ⊂ S : x ∈ F ⇒ ∃E ′ ⊂ E
(

E′ < ℵ0 ∧ x
︸︷︷︸

y

⊃
⋂

E′
)

���
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	���
��������������

+0/.-
y1 ⊃

⋂
E′

�t[��
y2 ⊃

⋂
E′′


�TqX
E′, E′′ ⊂ E

��[����qTWy S

y1 ∩ y2 ⊃
⋂ (

E′ ∪ E′′
︸ ︷︷ ︸

⊂E
��[����qTWy S

)

� �����b� � � F
⇒ y1 ∩ y2 ∈ F

��Yzy S �t��
! �§L�U¢#" Á�
�Ùà ^¢?{9 	xùx �N¾ £ S �W�a[]�t[u��Tq[ ⊂ �A
1YeshTq
1YF�W��V « �W��
´��[]X U Tq[

F :=
{
G ⊂ Pot(S) | F ⊂ G ∧G

TWVUX½��Tq����[]XU�qTWy S ���k)JTq�qX^����YF��« S}

U
TWVUX½��Tq[u©��qXU�xYer��qX^�����

vh��T
ϕ ∈ Φ

V^�®��Tq�qXL"
As |= ϕ

«�­t�æÿU���t��V
s ∈ S


�TqX
ϕ ∈ s

�
R �WV^�®TWVUXL" s ∈ <ϕ>vh�z
�TqX½��Tq�qXL"

{
s ∈ S | As |= ϕ

}
⊃ <ϕ>

�t[��¨¾,��Tq�
<ϕ>∈ U $

Ó � ��% ���b�0���b� Ó ¯p°:±b� �'&
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∣
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} �tº����A�9���W��
´��[]XxYF�^���´·*¸]�tTq	�YF�W��[tº
�t[�����������[u©��qXU�xYFwt�^�]���t²]XU�tTq�W���t[��¯YF�t����Vxy S �W��V^V^��[uVUTq[��°�
¿  �À  ^�qÁeÂ
&
⇒ (

κ
���W��
´��[]XxYF�
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