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§yi{h|an\'t eYWYQ ¸�xA��WYW=tµcYR¨v'UR	��_^X�]g��efm'·6eYWYQ ¸�xA��WYW=tµi3hsan\=tµ[S��XZQSj
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¯UxYeYWYXZ_gxY[`¾saganR	]�·f��R�]^cYR�W�hZ[S_Jcf�/Q�¸ È mY_b¸ÉeYWYc�mAcf�­¸�Pyh|anR�QSR�W�R	]g\v¾s[Sag[`QS}~\1_gR�QSW'tP�QSRÉ¼=R	]gi�R�[S�s¸��Y]nhsR�WYjZR	[`_^}©\fRÉTVR	WYX�R�Wf[`R	\Y]gR�qÚ¼'�Cµiv=h|��Q`�Zi{hsagQS_^Q`R	]^a=cYQ`R¢¶�R�[`hsanQS��W�"Ú�yQ`_^a�R	Q`W¶�¢[`R�i�R	Wla���ZW·\¥" È x ∈ y

t�P�Q`R{X�RL��¨�\YWf[`Q`}~\YR	W i3hsan\fR�i3hsanQS_^}©\YR	W ª�R	X�]gQ�«=R{[`hZ_g_^R�W _^Q`}~\ QSWÀcYQSR�_gR	]#�J\YR	��]gQSRcYef]g}~\
∈
¸��v��]^i3R	[SWÕcYR�]^X�R�_ba~hZ[�a¬����]gi3hZ[SQS_^QSR�]^R�W È cvhZ_g_�_^Q`}~\âQSWÀ¼'�Cµ�cfQ`R{op]geYWfcYR�QSX�R�Wf_g}~\vhs�¿anR	WâcYR�]xARLan]nhs}©\,anRLanR�Wòª�R�XZ]gQS«BR{xAR	�rR�Q`_^R�W [­hZ_^_gR�W=t>£�W cYQSR�_^R�i u�Q`WfWYR�[SR�Q`_banRLa#cYQ`R1¼=R	]gi�R�[`�|¸��Y]nhsR�WYjZR	[`_g}~\YRTVR	WYX�R	WY[`R	\Y]gR�R	Q`WYR3op]gefWYcY[`R	X�eYWYXNcYR	]zTVhsan\YR	i{h|anQ`j6t'PyhZ_zu�\/_banR�i ¼'�CµºQ`_^a¬hZ[S[`R	]gcYQSWfX�_yeYWl���Z[`[�¸_ba~¾ZWYcfQ`X È R�_#X�Q`x�a ∈ ¸buf¾sagk�R È cYQSR{_gQS}©\ÀQ`W ¼'�Cµ¥WYQS}©\,a#R�W,an_g}~\YR	Q`cYR	Wò[­hs_g_gR	W't>£�Wf_gxAR�_^��WYcYR�]^RNQ`_^azcYQ`R

µ�hsWlan�Z]g_g}~\YR¶(���W,anQSW/eYefi3_^\¸\/mA�Zan\fR�_gR È cfQ`R�R�QSWYR�é�eY_^_nhZX�RywYxAR�]�cYQSR](qhZ]gcYQSWvhZ[SQ�an¾sarcfR�]�TVR	WYX�RpcfR�]]^R�R�[S[`R	WV¼'hZ\Y[`R	WNi3hZ}~\la È �Z��WVcfR�W�¼=R	]gi�R�[S�s¸��Y]nhsR�WYjZR	[`_^}©\YR	W�éU��QS��i�R�WNeYWvhsxY\v¾ZWYXZQ`XYtP�QSRi5d�Z]g[`R	_geYWfX¬xAR�X�QSWYWladi�QSa¢cYR	]F�¢QSWf��wY\Y]^eYWYX¬cYR	]di3R	WYX�R	Wlan\fR���]^R	anQS_g}~\YR	W{éU��QS��i3R�eYWYc3cfR�]3�¢Wla^¸��QS}©jl[SeYWYX�cfR�]��J\YR���]^Q`R¢cYR	][ey]^cYQ`Wvhs[�¸YeYWYc�(¬hs]gcYQSWvhZ[Sk�hZ\f[SR�W'tk£�iÞkL��R�Q�anR	W¬�ÍR	Q`[Z�JQ`]gcpcYQ`R~µ���\YR	WY_g}~\YR
�¢]gkL��Q`WfX�eYWYX�_banR	}©\YWfQ`j¹q%sC*|ûu�Lõ¿ø/ù�v#k	eY]r(���WY_ban]gefjlagQ`��Wò���ZW���R�]g_^}©\fQ`R�cfR�WYR�WFTV�/cYR	[`[SR�W�cYR	]�¼'�[µd¸é��fQS��i�R�R�QSWYX�RL��wY\Y]^a�trP�Q`R�_^R�_^��[`[Uhsef�qh|��Q`�Zi{h|anQS_^}©\YRV�v]ghZX�R	W wYxAR	]{cYQSR!(U��WlagQ`W/efeYi3_^\¸\/mA�Zag\YR�_^ReYWfc3cvhs_Éé�eY_^��hZ\Y[­hð�fQS��i¥hZWfX�R	�rR�WYcYRLar�rR�]gcfR�W't/P�Q`R«5d��]^[`R�_^eYWYXp����[`XZa(cYR�i�u�jl]gQSmfa�÷ÇöLø/ù/öLøvü`ö~ÿ/ûnöLtP�R	]J��i��ÆhZWYXzcfR�]F5d��]g[SR�_gefWYX#R�W,an_gmf]gQ`}~\la�R	a���h#cfR�W�(qhZmYQ�anR�[SW Ø ¸ ² È-®�È ×�¤ È Ø&¤ È Ø�Ø ¸t� × cfR�_�u�jl]gQSmfan_	t£�i u��Zi3i�R�]^_gR�i�R�_banR	] Ø&¤¥¤ �®��QS]gc�cYQSR�5d�Z]g[`R	_geYWfXÇi3Q�a�R�Q`WfR�])5d��]^[`R	_geYWYXÀT�R�WYX�R	WY[`R	\Y]gRº£»£#eYWYcR	Q`WYR	i u�R	i3QSWvhZ]�k	eY]�T�R�WYXZR�WY[SR�\Y]^Rq����]^agX�R�_^R	ankLa���R�]^cYR�W't
à
hZ_baU}~\vhZWYX�R	c'·Sep}Lan��xAR	] ×�× ag\ È Ø&¤¥¤,Ø
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¼ ½ÖE	I ¾®I«�E¿ IJH��¶À�Á��>�¬I�G���IJH�Â7ÃPÄ1I�G ÅÇÆ{Ek�¬¿ I
P�R	]¬ª�R	X�]gQ�«ÀcYR	]#÷¯öLø/ù/ö���Q`]^c¯hZWY_^}©\YhZeY[`QS}©\®cYeY]g}~\¯cvhZ_y����[`XZR�WYcfR�¼=Q�a~hsa�����W·:$�6ç(èTU ã�ä�å
æ
ç(èxAR	_g}~\Y]gQSR�xAR	W'·

È:ø+��öLû�öLõ¿ø=öLûp÷¯öLø/ù/ö¬`ZöLûu����ö~ÿvöLønG¢õ¿û~É�ö ú öqý7,¸��þ&.$.{öLø¨Ê	þ2�
��,/ø/ù M `&*|ø±�Lö
���Æõ�.$.$��öLøÌË
GI*-ÿ/üÍ,�ø+��öLûu���~ÿ/õÚö ú öLø=öLøÏÎ��ÐÉ�ö
J2��öLø

m
,/øÌ�LûnöLû�Ñ�øÌ���~ÿfþ&,-,/ø/ùw* ú öLû!,/øÌ�-öLû~ö
��ô#öLøÌJ,öLøÌ�Ò G�öLü��~ÿvö ú õÚö3ÓkÔrü`ö�.{öLø+��ö2Õ�`&*|ø M ù/öLøAþZøvø+�~G�öLû ú öLø&Ö¬	�,®öLõ¿ø=ö�.Ø×�þZø�	|öLøS�

�¢Wlag_g}~\YR	Q`cYR	WYc�Q`_ba È cvhs_g_¢R	Q`WYRJ¼=eY_nhsi3i�R�Wf�Æhs_g_gefWYXpk	e�R	Q`WYR	i¥oqhZWYk�R	W#��Q`R	cYR�]^eYi hZ[`_�xAR	_^anQSi�i#agR�_ È�r��\Y[`efWlanR	]g_^}©\YQSR�cYR	WYR	_�eyx��^R�j,a�hsef��X�RL�ÆhZ_g_ba#�rR�]gcfR�W jðhZWYW È _g��cvhZ_^_#R�QSWYR1TVR	WYX�R��¢[`R	i3R	WlazR�QSWYR�]TVR	WYX�R1_gR	Q`W j|hZWYW �/cYR	]$WfQ`}~\la�t:ÒâR	QSagR�]#QS_^a$R	Q`WYRN¼=eY_ghZi�i3R	Wf�ÆhZ_^_geYWYX®cYef]g}~\òcfQ`R�cvhs]gQ`WÀk	eY_nhZi$¸i�R�WfX�R	�ÆhZ_^_^agR�W��d[SR�i�R�W,anR1xAR	_^anQSi3iza�t[£�WYcYR�i ��QS]$cfQ`R��¢[SR�i�R�W,a^¸�ªrR�k�QSR�\leYWYX�q
∈
v#hsef�]epx��^R	jlagR�WR	]^�ÆhZ_^_gR�W È R�]b�ÆhZ_g_^R�W ��Q`]zhZ[`[SR3é�_gmAR�j,agRNcYR	_�TVR�WfX�R�W/¸���WfQS��R�]^_geYi�_�t(P�Q`R{R�QSWY[`R	QSagR�WYcYR�TV�ZagQS�sh|anQ`�ZW× t × [SR�XZa�WvhZ\fR È cvhs_g_3_gQS}©\ hZ[S[`R1i{h|an\YR	i{hsagQS_g}~\YR�Wweyx��^R�j,agRV���Z[`[`_ba~¾ZWfcYQ`X¯hs[`_3TVR�WYXZR�W È TVR�WYXZR�W���ZW1TVR�WYXZR�W È eY_^�qt�hZef��xYhZeYR�W{[`hZ_^_gR�W=tlÒÓQ`]d_gR	\YR	W1cvhs\YR�]d����W{R�QSWYR�]d�rR�Q�anR�]^R�W�ª�R	_g}~\Y]gR	Q`xYeYWfXz����W �TVR�WYXZR�W�hsW�_gQS}©\¸"¬hZx�eYWfcVjZ��WYk	R�W,an]^Q`R�]^R�WVeYWY_UhZef�ÍcYQ`Rq¶�R�[`hsanQS��W

∈
k	��QS_g}~\YR�WVQ`\YWYR	W'tP�R	]#WvhsQS��R�ã�äÍå
æ
ç(è'_g}~\YR{é�WY_nh|ank{��wY\f]^a$hs[`[SR�]gcfQ`WfX�_¬cYQS]gR�j,azk�eÀÒ Q`cYR	]g_gmf]gwY}~\YR�WÀ��Q`R{cfR�]ÚÙ�8[��b

�K��?-?,_g}~\YR	W�é�WlagQ`WY�Zi3QSRZtðé�[`_�é�ef_^��R	X¬R	]gX,hZx$_^Q`}~\$R�QSWYRJh|��Q`�Zi{h|anQS_^}©\fRI5¢��]gX�R	\YR	WY_^��R	Q`_^RZ·,cYQSR�é���Q`�s¸i�RU����W!VC�6è7X��S?/çÇeYWYcºcrè�ä>�6åCdE��?#xAR�_^}©\f]gR�QSxAR�W��dQSX�R�Wf_g}~\vhs�¿anR	W1cYR	]«�d[SR�i�R�W,a^¸�¶UR	[­hsagQS�ZW È _gQ`WfchZef_g]gR	Q`}~\YR	WYc{_ba~hZ]^jz��wY]dcYQSR�X�RL��wYWY_^}©\,anR�W{é�Wl�rR�WYcYefWYX�R�W È hsxAR�]¢��R�]^i3R	Q`cYR	W3cYQSRU¶�eY_^_gR�[S[`_^}©\YR�é�W�¸agQ`WY��i�QSRst/op[`R	Q`}~\Yk	R�QSagQSXqR�]^X�R�xAR	W�_gQ`}~\�hð�fQS��i3hsanQ�_g}~\YR/qCÛÞi�R	a~h|an\YR	��]gRLanQS_g}~\YR�v¢é�_gmAR	j,anRZ·/ÒâR	WYW�cfQ`Ré��fQS��i�R�eYWf_gR�]�X�R�_ghZizanR	_rÒÓQ`_g_^R�W1wfxAR�]JTVR�WfX�R�W1R�W,an\vhs[SanR	W È R�Q`WfR�xAR	_^anQSi3izagR�é�eY_g_ghZX�R����ZW1cfQ`R©¸_^R�W1é���Q`��i�R�W{hZxAR�]rWYQ`}~\la�R	Wlag_g}~\YQ`R	cYR�W���Q`]^c È _g�zjZ¨�WYWYR	W���Q`]ÉcYQ`R	_gR�é�eY_g_ghZX�RyWfQ`}~\la�R	Wlan_^}©\fR�QScYR�W'tPyhs_���QS]gcNxAR�Q�cYR�]pã�äÍå:æ
ç(è'_^}©\fR�Wº(���W,anQSW/eYeYi�_g\�\/mA�Zan\YR	_gR¬cfR�]U�6hZ[S[=_gR	Q`W't
Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�íÆì P�hZ_�àiáZâFãäáTå�æ[çkè]âPé«áZê�ëiáTåfÏ¨ì©í
±¡îrï
ÂÆÊAÅâ±/³:Ïkð
Ï	Î-±/Åòñ~ó xAR�_banR�\,aJhZeY_d����[�¸X�R	WYcYR	WVéU��Q`�Zi3R	W'·

î»ô�ï�ó °º±/³
´6±�³
±�ï
ÂÆÏ	Î-±/³:ë,ÑÌï�ÂÆÊAÅßõ
∃v0∀v1 ¬ v1 ∈ v0

t
îöô|ï'ÎZó÷ô|ï'Î-±/³:Ï�ÂÆÊA³
ÑvÃÄÂ¿Î¨øfÎðÏ	ÑÌï
Â�ÊBÅ�õ

∀v0∀v1(∀v2(v2 ∈ v0 ↔ v2 ∈ v1)→ v0 = v1)
t

î^ÐyÑYÑfË�ó ÐyÑYÑYË|Åâ±/³
´6±�³
ÑÌï
Â�ÊAÅßõ
∀v0∀v1∃v2∀v3(v3 ∈ v2 ↔ (v3 = v0 ∨ v3 = v1))

t
î ⋃ çuîrï�óúù¬±lËð±�ÂÆ³:ÂÆ´SûÍ³
´AÏ�ÑÌï
Â�ÊAÅßõ

∀v0∃v1∀v2(v2 ∈ v1 ↔ ∃v3(v3 ∈ v0 ∧ v2 ∈ v3))
t

îüî�û:Ï|óýî�ûÍÏ�Ï	ÊB³:Ì
±/Ë2û:³:´AÏ�Ï¨ì2í
±/ÅâÑ�õ
��wY][�^R�cfR
∈
¸��v��]gi�R	[

ϕ(v0, v1, . . . , vn)
mA��_^ageY[`QSR�]gRs·

∀v1 . . . ∀vn∀vn+1∃vn+2∀v0(v0 ∈ vn+2 ↔ (v0 ∈ vn+1 ∧ ϕ))
t

£�W�ÒÇ��]^agR�W'·l¼=e|�^R	cYR�]rT�R�WYX�R
a
efWYc]�^R�cfR�]di3hsag\YR�i3hsanQS_^}©\fR�WÚ�¢QSX�R�WY_^}©\Yhs�¿a

ϕ
R©��Q`_^agQ`R	]^aR�QSWYRyTVR	WYX�R

b È cYQ`RUX�R	WvhZe{cYQ`Rt�^R�WYQSX�R�Wr�¢[`R	i3R	WlagRU����W a R	Wlan\Y¾Z[Sa È cYQ`RUcYR	]«�¢QSX�R�WY_^}©\Yhs�¿a
ϕ
X�R	W/wYX�R	W't

î^ÐyÊvÎZó ÐyÊvÎ-±/³:ëlÅÇ±�³
´6±�³
ÑÌï
Â�ÊAÅßõ
∀v0∃v1∀v2(v2 ∈ v1 ↔ ∀v3(v3 ∈ v2 → v3 ∈ v0))

t
£�W3ÒÇ��]banR�W=·�¼=e��^R�cfR�]�TVR�WYXZR

a
R©�fQS_^agQ`R	]^aÉR�QSWYR�TVR	WYX�R

b È cYR�]^R�Wä�¢[`R	i3R	WlagRUX�R	]nhZcfR�cfQ`R�ÍR	Q`[Si3R	WYX�R	W1����W
a
_^Q`WYc't

î»þ	³Cÿsó���³
±/³ÍÌ:ÃÆÂÐì2í��6±/Â¿ÎðÏ�ÑÌï
Â�ÊAÅ�õ
∃v0(∃v1(v1 ∈ v0 ∧ ∀v2 ¬ v2 ∈ v1)∧

∀v1∃v2(v1 ∈ v0 −→ (v2 ∈ v0 ∧ ∀v3(v3 ∈ v2 ↔ (v3 ∈ v1 ∨ v3 = v1)))))
t

£�W�ÒÇ��]^agR�W'·��¢_dX�Q`xfa¢R	Q`WYRUT�R�WYX�R È cYQ`RJR	Q`WfR�T�R�WYXZRU��\fWYR��¢[`R	i3R	Wla¢R�Wlag\v¾Z[�adeYWfc�eYWlagR�]cYR�]�eymAR�]ghsanQS��W
x 7→ x ∪ {x}

hZxYX�R	_g}~\Y[S��_g_^R�W�QS_^a�t
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î»ô�ËsÏðóúôyË|Ï�±,Î-ë¸ûÍ³
´AÏ�Ï¨ì2í:±/ÅâÑZõ¢�ÍwY]I�^R	cYR
∈
¸��v��]^i3R	[

ϕ(v0, v1, v2, . . . , vn+1) È Q`WÕcYR�]qcYQSR$5dh|¸]gQ­hsxY[`R	W
vn+2

efWYc
vn+3

WYQS}©\,aJ����]gjZ��i�i�R�W È mA�Z_^aneY[SQ`R	]gR
∀v2 . . . ∀vn+1(∀v0∀vn+2∀vn+3((ϕ

vn+2

v1
∧ ϕvn+3

v1
) → vn+2 = vn+3)

−→ ∀vn+2∃vn+3∀v1(v1 ∈ vn+3 ↔ ∃v0(v0 ∈ vn+2 ∧ ϕ)))
t

£�WâÒâ�Z]^anR	W'·>�¢]g_^R	ankLa$i3hZWâcYQSRr�d[SR�i�R�W,anR3R�QSWYR�]#TVR�WfX�R
a
cYeY]^}~\ Q`\Y]^R{ª�QS[`cYR	]¬eYWlagR�]R�QSWYR�]d��eYWYj,agQ`��Wvhs[`R�W{¼=eY�Z]gcYWleYWYXäqÆcYQSR�_^R�Q`_bar\YQSR�]dcYeY]g}~\{cYQ`R
∈
¸��v�Z]gi�R�[

ϕ
X�R�XZR�xAR�W+v È _g�R�]g\Y¾Z[SaJi{hZWNR	]gWYR	efa�R	Q`WYR¬TVR�WfX�RZt

î»ó7ûÍ³:Ì(ó ó7û:³ÍÌ:ÂÆ±lË2ûÍ³
´AÏ�Ï¨ì2í:±/ÅâÑZõ'��wY]7�^R�cYR
∈
¸��v��]gi�R�[

ϕ(v0, v1, . . . , vn) È Q`W�cYR	]JcYQSR�5ÉhZ]gQ`hZxY[SR
vn+1

WfQ`}~\laJ����]^jZ��i3iza È mA�Z_^anef[`Q`R	]gR
∀v1 . . . ∀vn(∃v0ϕ → ∃v0(ϕ ∧ ∀vn+1(vn+1 ∈ v0 → ¬ϕ

vn+1

v0
)))
t

£�W�ÒÇ��]banR�W=·l�:]gQ�«BadR	Q`WfR�i{h|an\YR	i{hsagQS_g}~\YR��¢Q`X�R	WY_g}~\vhs�¿a
ϕ
hZe��=i3QSWYcYR	_^anR	WY_ÉR	Q`WfR�TVR�WfX�Rk�e È _g�¬ag]gQ�«Bad_gQSR�hseY}~\�hZe��'R�QSWYR�TVR	WYX�R�k	e È hZef�=cYR�]^R�Wä�¢[`R	i3R	WlagRU_^Q`RUWfQ`}~\laÉk�e�an]gQ�«Ba�qÆR�_X�Q`x�a�R	Q`WYR	WVi�QSWYQSi3hs[SR�W�¼=R	eYX�R	W���wY]

ϕ
v©t

ÒÓQS]�R�]^[­¾Ze�anR�]^W1cfQ`R�éU��Q`�Zi3R�cYR�]J¶�R�QS\YRyWYhZ}~\NeYWYc���wY\Y]^R�W1X�[`R	Q`}~\Yk�R	QSagQ`X�cYQSR���R�]^�rR�WYcfR	anR�u�mY]nhs}©\fReYWfc!(���W,��R�W,anQS��WYR�W�R	Q`W't
L��b� �Ó��� � �����d��������¦	�,¡f����
=����¦	
É¤
î»ô�ï�óð·

∃v0∀v1 ¬ v1 ∈ v0
t

P�QSR�_^R�_yé��fQS��i xAR	_nhZXsa�·Z�¢_�X�Q`x�a$q�R�QSWYR#TVR�WYXZR�v
v0 È _^��cvhZ_^_���wY]�hs[`[`R�qÚTVR	WYX�R	W�v v1

X�Q`[�a È cYhZ_g_ v1jZR	Q`Wº�¢[`R	i3R	WlaJ����W
v0

QS_^a�tÒÓQS]rcf]gwY}~jZR�W1cYQ`R	_gR	_�QSW{R�QSWYR	]Ju�mf]nhZ}~\YR�i3Q�aI�peYhZWlag��]gR	W
∃
eYWYc
∀
hZef_ È ��QSR�_gQ`R�k	eYi ª�R	Q`_gmfQ`R�[AhZeY_cYR	W

ε
¸
δ
¸�P�Rk�vWYQ�anQS��WYR	W�cYR	]�é�WvhZ[
\�_^Q`_�xAR�jðhZWYWla�Q`_^a�t6P�Q`R��¥1Aûgþ��~ÿvö ú öLûp÷¯öLø/ù/öLøvü`ö~ÿ/ûnö�_gmf]gQ`}~\,a�wYxAR�]5Éhs]gQ­hsxY[`R	W
v0, v1, . . .

tZP�Q`R	_gR�jZ¨ZWYWYR�W$QSWzcYR�W#k	��R	Q`_banR�[S[`QSX�R�Wz¶�R�[`hsanQS��WYR	W
∈
�/cYR�]

=
_^anR	\YR�W=·

v1 ∈ v0�/cYR	]
v1 = v0

t�P�Q`R{R�[SR�i�R�W,a~hZ]^R�W é�eY_g_ghZX�R	WòjZ¨�WfWYR�W i�QSa#hZef_g_nhsX�R�Wf[`��X�QS_g}~\YR�Wg5dR	]gjlW/wfmf��eYWYXZR�W
,/ø ú q ∧ v È * ú öLû�q ∨ v È õ�.|1Aü õ
	�õÚöLûo�~q→ v�efWYcÇøvõ��~ÿ��~q ¬ v���R	]gxYefWYcYR�WV��R	]gcYR	W'tBP�R	]�oqR	xY]nhZef}©\�cYQ`R	_gR�]u�mf]nhZ}~\YRq��QS]gc�hZW�cYR	W��rR�QSagR�]^R�WVé���Q`��i�R�WNcYR	i3�ZWY_^ag]gQ`R	]^a�t
£�WY\YhZ[Sag[`QS}~\{xAR	_nhZXZa�cvhZ_JTVR�WYXZR�WYR©�fQS_^anR	WYk�h|��Q`��i È cvhZ_^_JR	_�R�QSWYRpTVR�WfX�Rp�Z\YWYR��¢[SR�i�R�W,anR�X�QSxfa È R	Q`WYRÃ�±l±/Ëð±²°²±/³
´A±6t��¢_NQS_^a1WvhZ}~\FcfR�i TVR�WfX�R�WYR©�fQS_^agR�WYk�h|��Q`�Zi WY�/}~\Fi�¨�X�[SQS}~\ È cvhZ_^_NR�_Ni�R	\Y]gR	]gR_^��[`}~\YR�TVR	WYX�R	W�XZQ`xfa�t
L��ÚÙ �Ó��������¡�������¦	
d���d��¦¹¡fß(¡��/���J¦�
É¤
î»ô�ï'ÎZóð·

∀v0∀v1(∀v2(v2 ∈ v0 ↔ v2 ∈ v1)→ v0 = v1)
t

P�QSR�_^R�_Ué���Q`��i xAR�_nhsXZa È cYhZ_g_�R�QSWYR¬TVR�WYXZR¬X�R	WvhZe�cYef]g}~\VQS\Y]gR¶�¢[SR�i�R�W,anRpxAR�_banQ`i�izaJQS_^a�·���R�WfW v0eYWfc
v1

cYQSR�_^R�[SxBR	Wº�¢[`R�i�R�W,anRpR�W,an\vhZ[�anR	W È _^��_gQ`Wfc�_gQSRqXZ[`R�QS}©\=tÒÓQS]JjZ¨�WYWfR�WVW/efW�����[SX�R�]^W È cvhZ_^_UR�_�\Y¨/}©\f_^anR	WY_�R	Q`WYRp[`R�R	]gR¬TVR�WYXZR¬X�Q`x�a�·
�d±/ÅÀÅâÑ Þ'í��

∀v0∀v1((∀v2 ¬v2 ∈ v0 ∧ ∀v2 ¬v2 ∈ v1)→ v0 = v1)
�

P�QSR�_^R�ª�R	i3R	]gjleYWYX�[­¾s_g_^a�_gQS}©\1����]gi3hZ['hZef_�cYR�i ����agR�WY_^Q`�ZWvhZ[`Q�a~¾sag_nh|��QS��i�����[`XZR�]gW=·
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������������t ªrR	an]ghZ}~\lanR
v0 È v1 È _g��cvhZ_^_�· (∀v2 ¬v2 ∈ v0 ∧ ∀v2 ¬v2 ∈ v1)

t�ª�R	ag]nhZ}~\lagR
v2

t
PyhZWYWQS_^a
(¬v2 ∈ v0 ∧ ¬v2 ∈ v1)

t�P�hZWYWFQ`_ba
(v2 ∈ v0 ↔ v2 ∈ v1)

tJPyh
v2

xAR	[`QSR�xYQSXÀ��hZ] È X�QS[Sa
∀v2(v2 ∈ v0 ↔ v2 ∈ v1)

t+'�hZ}~\�cYR�i ���/anR�Wf_gQ`�ZWvhZ[`Q�a~¾sag_nh|��QS��i�����[`XsaJ\YQSR�]nhseY_�·
v0 = v1

t ���dP
¼=e�cYQ`R	_gR�i�ªrR	��R	Q`_rQS_^ad����[SX�R�WfcYR�_dk�e{xAR	i3R	]gjZR	W'·�PyhZ_Éé�]^X�eYi�R�W,aÉ����[S[`k	Q`R	\lad_^Q`}~\3WvhZ}~\3��R	_^agR�W�ª�RL¸�rR�Q`_ö�vX�eY]^R�W'·��Ui�R�QSWYRUé�[`[`hZeY_g_ghZX�R�k	e{k�R	Q`XZR�W È  ¹xAR	an]ghZ}~\lanRLaö"Ui{hsW�xAR�[`QSR�xYQSX�R�eyx-�^R	j,anRstfoqR	X�R�xAR	WYRé�[`[`hZeY_g_ghZX�R	W���R	]gcYR	WÞhsef��xARLan]nhs}©\,anRLanR eyx��^R�j,anR®xAR�k	��X�R�W=t�ÒÇR�Q�anR	]��rR�]gcfR�WÔhZeY_^_nhZX�R	WY[S��X�Q`_^}©\fRu�}~\Y[SwY_g_^Rq��Q`R

hZeY_
(A→ B)

eYWYc
A
����[SXZa

BR	Q`WYXZR�_gRLankLa�tUP�Q`R¯ª�R	��R	Q`_^i3RLan\Y�/cfRÇQ`_baN����]gi3hZ[ È eYWYcÔj|hZWfWÞi�QSa1X�R�WlwYX�R	WYcYR�i é�ef�¿��hZWYcÔ_^ag]gQ`j,a����]^i{hs[�XZR�i3hZ}~\la3��R	]gcYR	W È _^�ÀcvhZ_^_{�Z��W�R�QSWYR�i X�R	X�R�xAR	WYR�W i3hsan\fR�i3hsanQS_^}©\YR	W �:RL�/a���QSRV��xAR�WcYef]g}~\V_»\/W,a~hZj,anQS_g}~\YR/¯UxAR�]^mY]gwf��efWYX3R�W,an_^}©\YQSR�cfR�WV��R	]gcYR	W�jðhZWYW È ��x�cfQ`R	_gR�]�R	Q`W�ª�R	�rR�Q`_�Q`_ba�tP�QSR�xAR	W/efagk	agR�W�ª�RL��R�QS_»�vXZeY]gR	WòR	Wlan_^mY]gR	}©\fR�W�cfR�W QSWÀcYR�]�T�hsag\YR�i3hsagQ`jÕX�R	xY]n¾Zef}©\Y[SQ`}~\YR	W é�]gXZe�¸i�R�W,a~hsagQ`��Wf_^����]^i�R�W È ��QS]É�rR�]^cYR�W1cYhZ\YR�]rQSW1¼=efj/efWf�¿ar��Q`R�XZR	���Z\YWla�hZ]gX�efi3R	WlagQ`R�]^R�W't/P�Q`R�_rxAR	cYR�e�¸agR	a È cvhs_g_¢i3hZW�hs]gX�efi3R	WlanQSR�]ba È hZ[`_�\v¾sa^anR�i3hZW$cfQ`R�opR�_ghZizan\YR	QSa(hZ[`[SR�](TVR	WYX�R�W�jZ��WYjl]gRLa¢����]g[SQ`R�XZR�W't
L��ML �Ó�����N�d�d�Y¤¥�����d��������¦	
É¤
î^Ð�ÑYÑYË�óð·

∀v0∀v1∃v2∀v3(v3 ∈ v2 ↔ (v3 = v0 ∨ v3 = v1))
t

��wf]ÉhZ[S[`R
v0
eYWYc

v1
RL��QS_^anQSR�]baÉR	Q`W

v2 È cfR�_g_^R�Wä�d[SR�i�R�W,anR�X�R	WvhZe v0
efWYc

v1
_gQ`Wfc'tlP�QSR��¢Q`X�R	WY_g}~\vhs�¿a Ècvhs_g_

v2

hZef_VcfR�W �¢[`R	i3R	WlagR
v0

eYWYc
v1

hZef��X�R	xvhZefa�Q`_^a È j|hZWYWÔi{hsWFcYeY]g}~\ �¢Q`W���wY\Y]geYWfXò����WTVR	WYX�R	W/xYQS[`cYefWYX�_^agR�]^i3R	W�hseY_gcY]^wY}~jZR�W'·
v2 = {v0, v1}.P�QSR�_^R3�v��]gi�R�[�Q`_^aqR	Q`WYR�é�xYjlwY]gk	eYWYX�eYWYc¯_geYX�XZR�_^agQS��R{u�}~\Y]^R�QSxl��R	Q`_gR����ZW

∀v3(v3 ∈ v2 ↔ (v3 =
v0 ∨ v3 = v1))

tÒÓQS]É��R	]gcYR	WNR	Q`WYR���wY[S[`RU_^��[`}~\YR	]�hZxYjlwY]^k�R	WYcYR�WVu�}~\Y]gR	Q`x,��R�QS_gR	WNR	Q`W���wY\Y]gR	W't��vö ú öÉi3hsag\YR�i3hsagQS_g}~\YRP�R��vWYQ�anQ`�ZWqjðhZWYW¬QSWqcYQSRÉu�mf]nhZ}~\YRdcYR	]ÍTVR�WfX�R�Wf[`R�\f]gRdwYxAR�]^_gR	agk	a:��R	]gcYR	W È cfQ`R¢XZR	��¨�\fWY[`QS}©\fRÉu�}~\Y]gR	Q`x�¸�rR�Q`_^RJj|hZWfW�cvhZWYW�hZ[`_�_^eYX�X�R	_^anQ���RJeYWYc�XZR	���Z\YWlagR�é�xYjlwY]gk	eYWYXq��wf](R�QSWYRJ�v��]gi�R�[/cYR�]dTVR�WfX�R�WY[SR�\Y]^RhZWfX�R�_^R�\YR	WN��R�]^cYR�W=tATVQ�a�cYR�]�R�QSWYX�RL��wY\Y]^agR�W1é�xYjlwY]^k�eYWfX�_g}~\Y]^R�Q`xAR	WN��QS]�cvhZ_J»�h�hZ]^i3R	WYX�R�WYh|��Q`��i_^eYX�X�R	_^anQ��NhZ[S_�·
∀v0∀v1∃v2 v2 = {v0, v1}

tT�hsW¯xAR�hZ}~\lanR È cvhZ_^_qcYQ`R#�:R�]gi�_g}~\Y]^R�Q`x,��R	Q`_gR$��R	X�R�W¯cYR	_��(�/agR�WY_^Q`��Wvhs[`QSan¾san_gh|��Q`��i�_�i�QSaycYR	i XZRL¸�r��\YWlagR�W��Ui3X,hsWYX�i�QSa��:R�]gi�R�W�jZ��i�mvhsagQ`xAR�[=Q`_ba�·
�d±/ÅÀÅâÑ Þ'í�Þ

∀v0∀v1∀v2∀v3 ((v2 = {v0, v1} ∧ v3 = {v0, v1})→ v2 = v3)
�

P�QSR��v��]gi�R�[SxAR�_^anhZWYcfagR�QS[`R�i�QSaÉcYR�W
{., .}

¸¹�:R�]gi�R�W{�rR�]^cYR�WNhZ[S_ré�xfj/wf]gk�efWYX�R�WNxAR	W/efagk	a�tYP�QSR�é�eY_b¸_ghZX�R�����[SXZar_g�Z����]baJhZeY_�cYR	iý����agR�WY_^Q`��WYhZ[`Q�a~¾sag_nh|��QS��i È cvh v2

eYWYc
v3

cfQ`R�_^R�[SxAR�W��¢[`R	i3R	WlagRy\vhsxAR�W'tP�R	]{�:R�]^i
{v0, v1}

j|hZWYW hs[`_�é�xYjlwY]^k�eYWfX�_^agR�Q`[U��R	]g_^anhZWYcYR	W �rR�]gcfR�W È cYR�]3Q`WYWYR	]g\vhs[`x�R	Q`WYR	] ∈ ¸�v��]^i3R	[rX�R�R	Q`X�WfR	a�k	e RL��mvhZWYcfQ`R�]^R�WòQS_^a�t�P�Q`R	_gR¡����mvhZWf_gQ`�ZWòQS_^a$cYef]g}~\òcYQSR1�ZxYQ`X�R��v��]gi�R�[
(v3 =

v0 ∨ v3 = v1)
xAR�_^agQ`i�iza�t

{v0, v1}
 �xAR	_^anR	\la�"�hseY_{hs[`[`R	W T�R�WYX�R	W

v3 È cYQSR�cfQ`RV�v�Z]gi�R�[ (v3 =
v0 ∨ v3 = v1)

R�]b��wY[`[SR�W'tYP�QSR�_�[­¾s_g_^a�_gQS}©\NcYeY]g}~\
{v0, v1} = {v3|v3 = v0 ∨ v3 = v1}

hZeY_^cY]gwY}~jZR�W=t
{v0, v1}

_banR	\la�hZ[`_^�$��wY]JcYR�W��VÃÆÑYÏ�Ï�±/³BÎ-±lË|Å
{v3|v3 = v0 ∨ v3 = v1}

t
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Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�í����¢QSW ��Ã�ÑvÏ�Ï	±�³AÎ-±lËsÅ Q`_bazR	Q`WÇé�eY_^cY]geY}~jÇcfR�]z�v��]gi
{vn|ϕ} È �r��xAR�Q ϕ R�QSWYR

∈
¸�v��]^i3R	[=Q`_^a�t+�¢Q`W

∈
çnÁ�±lË|Å �/cYR�]�R	Q`Wf�Æhs}©\�Á�±lË|Å QS_^a�R�QSWYR�5dhZ]gQ`hZxY[`R��/cYR�]�R	Q`W¡(p[­hZ_^_gR	WlanR	]gi�t

ÒÓQS]���wf\Y]gR	W��rR�Q�anR�]^R/(p[­hZ_^_gR	WlanR	]gi�R¬R�QSWVeYWYc�X�R	xAR�W�R�Q`WfQ`X�R	W����ZW�Q`\YWfR�W�_^eYX�XZR�_^agQS��R�é�xfj/wf]gk�efW�¸X�R	W't
{v0} = {v1|v1 = v0}

Q`_bapcYQ`R9ôpÂÆ³
±/Ë|Åâ±/³
´6±�i�QSa�cYR�iÖR	Q`WYk	Q`X�R	WA�d[SR�i�R�W,a
v0

t'é�eY_qcYR	i »�h�hZ]�¸i�R�WfX�R�Wvhð�fQS��i ���Z[`XZa�_g�Z����]baUcfQ`R¶����Q`_^agR�WYkq���ZW!�¢Q`WfR�]gi�R	WYX�R�W=·
�d±/ÅÀÅâÑ Þ'í�!

∀v0∃v1 v1 = {v0}
�

Pyhs_¬¼=eY_ghZi3i�R	Wf�ÆhZ_g_^R�W®k�eÕ»�h�hZ]^R�WÕQS_^ayR	Q`WYR#R	[`R	i3R	WlanhZ]gR$eymAR�]nh|anQ`�ZW È ��\fWYR$cfQ`R$T�hsan\fR�i3hsanQSj�QSWcYR	]¬X�R	�r��\YW,anR�WÀ�v��]^i WYQS}©\,a�cfR�WYjlxvhs]�Q`_^a�t
PyhZ_¬û:³:´6±lÊAË|Ì:³:±,Î-± ÐyÑYÑYË
{v0, v1}

\vh|azhZ[S[`R	]gcYQSWYXZ_cYR	WA'�hZ}~\lagR�QS[ È cYhZ_g_)qÆefWlanR	]ycYR	W®xYQ`_^\YR�]^Q`X�R	W�éU��Q`�Zi3R	W�v�X�Q`[�a�· {v0, v1} = {v1, v0}
tZ�d_yQS_^ayWf¨ZanQSX ÈR	Q`W3´6±lÊ6Ë|ÌÍ³
±,Î-±/Ï¬ÐyÑfÑYË

(v0, v1)
k	��R	Q`R	]«eyx��^R�j,anR�R	Q`WYk	ef��wY\Y]^R�W È xAR	QAcfR�i�R�_�hZe��'cYQ`RU¶�R�Q`\fR�Wf����[SX�RhZWfjZ��i�i#a�tYP�Q`Rpé�_ö\�i�i�R	an]^Q`RpkL��Q`_^}©\fR�W

v0

eYWfc
v1

[`¾Z_g_baU_gQS}~\VhZef�Í��R	]g_g}~\YQSR�cYR	WYR�é�]^a�\YR�]^_^anR	[`[SR�W È��QS]JxAR�Wlefank	R�W�cvhs_UXZR�xY]g¾ZeY}~\Y[`QS}©\fR¬»�h�hs]�Wvhs}©\n698Íè�äfæ
ç����KdE�FqÆefWYc#" ���6å[�6è7vLt
Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�í%$

(v0, v1) = {{v0}, {v0, v1}}
QS_^a�cYhZ_�´A±lÊ6Ë|ÌÍ³
±,Î-±�ÐyÑYÑYË�����W

v0

eYWYc
v1

t
T�hsWÕxAR�hs}©\,anR È cvhZ_^_p\YQ`R	]�(p[­hZ_^_gR�W,anR	]gi�R#Q`WA(p[`hZ_g_^R�W,anR�]^i3R#R	Q`WYX�R	_gRLank	ap�rR�]gcfR�W't
P�Q`R#é�e'&Y¨�_geYWfXcYR	]JQ�anR	]gQ`R	]^agR�W�(p[­hs_g_gR	WlanR	]gi�RyR�]^X�Q`x�a�_gQ`}~\NhZef�:jðhZWY��WYQS_g}~\YRpé�]^a È ��Q`R���QS]Jhsi ����[SX�R�WfcYR�WNªrR�QS_gmYQSR�[_^R�\YR	W'·
�d±/ÅÀÅâÑ Þ'í)(

∀v0∀v1∃v2 v2 = (v0, v1)
�

������������t(·'ª�R	ag]nhZ}~\lagR
v0

eYWYc
v1

t�'�hZ}~\ÕcYR�iÖ»�h�hZ]^i3R	WYX�R	Wvh|��Q`��i ��¾Z\Y[`R
v3

eYWYc
v4

i3Q�a
v3 =

{v0, v1}
eYWYc

v4 = {v0}
tP'�hs}©\òcYR	i »�h�hZ]gi�R�WfX�R�WYh|��Q`��i ��¾Z\Y[SR

v2
i3Q�a

v2 = {v4, v3}
t(ÒÓQS]k	R�QSX�R�W È cvhZ_^_ v2 = (v0, v1)

·/P�Q`R	_gR	_�Q`_barR�QSWYRUé�xYjlwY]^k�eYWfX#��wf]�·
∀v5 (v5 ∈ v2 ↔ (v5 = {v0}∨ v5 =

{v0, v1})
tAP�QSR¬[`QSWYjZR�u�R�Q�anR¬j|hZWfW�¾&hleYQS�|hZ[`R	WlaUeYi�X�R	����]^izaJ��R�]^cYR�W'·

∀v5 ((v5 = v4 ∨ v5 = v3)↔
(v5 = {v0} ∨ v5 = {v0, v1})

t6P�QSR�_�Q`_baJ��hZ\Y]�WYhZ}~\�ÒâhZ\Y[=����W
v4

efWYc
v3

t ���dP
'U�/}©\N��Q`}~\,anQ`XZR�]JQS_^a�·
ê ÑfÎ-ë Þ'í%* ô�þ2�¬698:è�äYæ
ç����KdE��^,+�þ,þZû�ÿfþ&� ú õÚö�×�ûo,�ø ú öLõ�ù/öLø-���~ÿfþüÊo�Bù/ö
*|û ú ø=ö���öLû-+Jþ,þZûnö/. (x0, y0) =
(x1, y1)

õ�.|1Aü õ
	�õÚöLûo�
x0 = x1

,/ø ú y0 = y1

�
������������t®opR�[�anR

(x0, y0) = (x1, y1) È c't \'t È
q × v

{{x0}, {x0, y0}} = {{x1}, {x1, y1}}
t

ÒÓQS]JeYW,anR�]^_g}~\YR�QScYR	W�k	��R	Q:�(¾Z[S[SRZ·
s�þZü­ü10��

x0 = y0

tvPyhZWYW�Q`_ba�WvhZ}~\Àî»ô�ï'ÎZó
{{x0}, {x0, y0}} = {{x0}} È eYWYcjq × vr��QS]gcNk�e

q Ø v
{{x0}} = {{x1}, {x1, y1}}

t
P�ef]g}~\ é�Wl�rR�WYcfeYWYX�R	W�����W î»ô�ï'ÎZó3R	]gX�QSxfa�_gQS}©\ò\YQ`R	]nhZeY_

{x0} = {x1} È hZ[S_g� x0 = x1 È _^�ð��QSR
{x0} = {x1, y1} È hZ[`_^� x0 = x1

eYWYc
x0 = y1

t6P�hZi�QSaJQ`_ba
x0 = x1

eYWYc
y0 = y1

WYhZ}©\fX�R	��QSR�_^R�W't
s�þZü­ü32��

x0 6= y0

t+'�hZ}~\âî»ô|ï'ÎZóJ����[`X�R	W�hseY_¬q × v
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qM��v
{x0} = {x1}

�/cYR	]
{x0} = {x1, y1}

t
_^�ð��QSR
q ª¸v

{x0, y0} = {x1}
�/cYR	]

{x0, y0} = {x1, y1}
t

é�eY_]�^R	cYR�]�cYR	]�xAR	Q`cYR	W�£�cfR�WlagQSan¾sanR	W ����W qM��v�����[SXZa
x0 = x1

��R�XZR�W î»ô|ï'ÎZó È _g�¯cvh©p x0 = x1Wvhs}©\fX�R	��QSR�_gR	WòQ`_ba�t�ª�RLan]nhs}©\,anR1WleYWOq ª¸vLt:ÒF¾Z]^R�\YQ`R	]#cYQSR�R	]g_banR�£�cYR	WlanQ�a~¾saz��hs\Y] È _g�®\v¾|aganR	W ��QS]Wvhs}©\ îöô|ï'ÎZó
x0 = x1 = y0 È ��hZ_�cYR	]�5d�Z]nhZeY_^_gRLank�efWYX�����WÀ�6hZ[S[ Ø �JQ`cYR	]g_gmf]gQ`}~\la�tÍu���i�QSaqQS_^a�QSWq ª¸v�cYQ`R#kL��R�Q�anR$£�cYR	WlanQ�a~¾say��hZ\Y]k³'eYWlagR�]¶�¢Q`WlxAR�k�QSR�\leYWYXNcYR	_p��wY]q�6hs[`[ Ø xAR�]^R�Q�an_pX�R	k�R�QSXZagR�WÕR�]^X�Q`x�a_^Q`}~\ÕcvhZWfW
{x0, y0} = {x0, y1}

t�P�h1WvhZ}~\¯é�WYWvhZ\fi3R
x0 6= y0

X�QS[Sa È ����[`XZa�\YQ`R	]nhZef_pWvhs}©\�î»ô|ï'Îsó
y0 = y1

eYWYcV�6hZ[S[ Ø QS_^aUhZxYXZR�_g}~\Y[S��_g_^R�W'tAPyhsi3Q�aJQ`_^a�hZ[`[SR�_�X�R�k	R�QSXZa�t ���dP
TVQ�a�½�Q`[���R�X�R���]^cYWYRLanR�]1»�hZhZ]gR�j|hsWYW i{hsW�WleYW Q`W X�RL����\YW,anR�]{ÒÇR�QS_gR�wYxAR�]�4{±�Ã�ÑfÎðÂ�ÊA³:±/³²eYWYc
óBûÍ³1�=ÎðÂ�ÊB³
±/³�_^mY]gR	}©\YR	W't�½UQ`R	]gxAR�QpQ`_ba�k�eÔeYW,anR�]^_g}~\YR�QScYR	W k	��QS_g}~\YR�W ÷¯öLø/ù/öLø È cYQSR¯¶UR	[­hsagQ`�ZWYR�W�/cYR	]U�veYWYj,anQS��WYR	W�_gQSWYc È eYWYcn#¬ü�þ2�
�-öLø+��öLûo.{öLø È cfQ`Rq¶UR	[­h|anQ`�ZWYR�W1eYWfc��veYWYj,agQ`��WYR	W�_gQSWYc't
Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�í%5 �¢QSW (p[­hs_g_gR	WlagR�]gi

R
Q`_ba$R�QSWYR64�±/ÃÆÑ�ÎðÂ�ÊB³ È �Æhs[`[S_z_n¾Zizag[`QS}~\YR��¢[SR�i�R�WlagR�����W RX�R	��]^cYWYR	agRN»�h�hZ]^R�_gQSWYc't(�v�Z]gi3hZ[Ä·

Rel(R) :≡ R ⊆ V × V
t(u/a~hsa^a

(x, y) ∈ R
_^}©\f]gR�QSxAR�W ��Q`]i�R�QS_^a

Rxy
�/cYR	]�hseY}©\

xRy
t¸£�_ba

A
R	Q`Wr(p[­hs_g_gR	WlagR�]gi�eYWYc

R ⊆ A×A È _g�z_ghZX�R	W3��Q`] È R Q`_barR	Q`WYR
4�±/Ã�ÑfÎðÂ�ÊA³87�9¢±lË

A
t

T�hsW1xBR�hZ}~\lagR È cvhs_g_JR	_J_gQS}~\1\YQ`R	]�eYi R�QSW1efWYR�WYcf[`QS}©\YR	_ ê ì2í:±/ÅâÑ�����WNP�R��vWYQ�anQ`�ZWYR�W1\YhZWYcYR	[Sa�tv¼=e
�^R	cYR�i (p[­hs_g_gR	WlagR�]gi cYR�]¬�6�Z]gi

R = {v0|φ}
\vhZxAR	WÇ��QS]qR�QSWYR)þ�³:Ï	Î-Ñv³
ë�cYR	]¬��xYQ`XZR�WÇà�QS_^anR$����WP�R��vWYQ�anQ`�ZWYR�W1��R�]^R�Q`WlxvhZ]ba�t

Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�íÆì;:ºu�R	Q`R	W
R
efWYc

S
_g�ð��QSR

A
(p[`hZ_g_^R�WlagR�]^i3Rst

qÆh�v�P�R	]CÜ1±�Ý(³:Â�Î-ÂÆÊA³ÍÏ<9d±lËð±/ÂÐìKí��/cYR	]
hZeY}~\�qÆR�WfX�[Út_vZÜ1ÊBÅÇÑvÂÄ³�����W
R
Q`_ba

dom(R) :≡ {x | ∃y xRy}
t

q�x�v�P�R�]>=�±/Ë-Î-±;9¢±lËð±�ÂMì2íÇ�/cYR�]UhseY}~\gqÆR	WYX�[Ät v?4�Ñv³
´A±3����W
R
QS_^a

ran(R) :≡ {y | ∃xxRy}
t

qÆ}¨v�Pyhs_�ó�±/ÃÆÌâ���ZW
R
QS_^a

field(R) :≡ dom(R) ∪ ran(R)
t

q�c�v�P�Q`R�ôpÂÄ³:Ï¨ì2í:ËKøv³1�Bû:³:´�����W
R
hZef�

A
Q`_ba

R � A :≡ {(x, y) | x ∈ A ∧ xRy}
t

qÆR¨v�Pyhs_�@$ÂÆÃÆÌ¯����W
A
efWlanR	]

R
Q`_^a

R[A] :≡ R′′A :≡ {y | ∃xx ∈ A ∧ xRy}
t

q��uv�Pyhs_��1ËA9�ÂÆÃÄÌÕ����W
A
eYW,anR�]

R
QS_^a

R−1[A] :≡ {x | ∃y y ∈ A ∧ xRy}
t

q�X¸v�P�QSRB��ÊAÅDC¢ÊAÏ�Â¿ÎðÂ�ÊA³Õ����W
S
eYWYc

R
QS_^a

S ◦R :≡ {(x, z) | ∃y xRy ∧ ySz}
tFE

q�\�v�P�Q`R�þ�³HGA±lË|Ï�±{�/cYR�]I�NÅD�6±�í
Ë|Ëð±/Ã�ÑfÎðÂ�ÊB³Õ����W
R
Q`_ba

R−1 :≡ {(y, x) | xRy}
t

¶�R�[`hsanQS��WYR	W$jZ¨�WfWYR�W���R�]^_g}~\YQ`R	cYR�WfRU����i�u/anhZWYcYmfeYWYj,arcfR�]ÉT�hsan\fR�i3hsanQSjzhZef_dQSWlagR�]gR	_g_ghZWlagR��dQSX�R�W/¸_^}©\vh|�¿anR	Wâ\vhsxAR�W't7�dQSWYQ`XZR$cYR	]q��QS}©\,anQSX�_^agR�W¯_^Q`WYc¯QSW¯cfR�]¬WYhZ}~\f����[`XZR�WYcYR	WâP�Rk�vWYQ�anQS��WÕk�eY_ghZi�i3R	W�¸X�R	_^agR�[S[Sa�t
Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�íÆì6ìÓu�R	Q

R
R	Q`W¡(p[­hZ_^_gR	WlanR	]gi�t

J	KMLONMKMN	PRQRLTS,LOU<QVLXWYS�WYU[Z\N^]�_a`AbOS^c<dReaf[]gLOh�LXQIdiN�j kleabXb�c<dAe\f
S m Qld R

k m QAn/SoLXU\QAN^QVWoLOQldpc/diLON�qArAbXLts,`ANvuAs,`Ah,N�LXriw]HN�LtWoNvx�qAh�diLON[y�U<j-z{U/WYLOSoLXU<QI|\U<Q}k m QAn/SoLXU\QRN�Q~N�ho`leabOSoN�Q��
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qÆh�v�P�QSR

∈
¸��v��]gi�R�[

Ref(R) :≡ Rel(R) ∧ ∀x ∈ field(R) xRx
xAR	cYR�e�anR	a È R QS_^aÉR�QSWYRUËð±p��±�ï
Â)GA±¶�R�[`hsanQS��W't

q�x�v�P�Q`R
∈
¸��v��]gi�R�[

Irref(R) :≡ Rel(R) ∧ ∀x ∈ field(R) ¬xRx
xAR�cfR�efagR	a È R Q`_ba�R�QSWYR�ÂÆËðËð±¥ç

�Í±�ï
Â�GA±�¶�R�[`hsanQS��W't
qÆ}¨v�P�QSR

∈
¸��v��]gi�R�[

Sym(R) :≡ Rel(R) ∧ ∀x, y (xRy → yRx)
xAR�cfR�efagR	a È R QS_^ayR�Q`WfR$Ïkð
Å±çÅâ±,Î-Ë|ÂÆÏ¨ì2í:±3¶�R�[`hsanQS��W't

q�c�v�P�Q`R
∈
¸��v��]gi�R�[

Antisym(R) :≡ Rel(R) ∧ ∀x, y (xRy ∧ yRx → x = y)
xAR�cfR�efagR	a È RQS_^a�R�QSWYRqÑY³BÎðÂÆÏkð
ÅÀÅÇ±lÎ-Ë|Â�Ï¨ì2í
±{¶�R�[`hsanQS��W't

qÆR¨v�P�QSR
∈
¸��v��]gi�R�[

Tra(R) :≡ Rel(R) ∧ ∀x, y, z (xRy ∧ yRz → xRz)
xAR�cYR	efanRLa È R Q`_^aR	Q`WYRyÎ-ËðÑv³ÍÏ�Â�ÎðÂ)GA±3¶UR	[­hsagQ`�ZW't

q��uv�P�QSR
∈
¸��v�Z]gi�R�[

Con(R) :≡ Rel(R) ∧ ∀x, y((x ∈ field(R) ∧ y ∈ field(R)) → (xRy ∨
yRx ∨ x = y))

xAR�cYR	efanRLa È R Q`_ba�R�Q`WfR��6ÊA³Í³
±�ï�±1¶UR	[­hsagQ`��W=t
ÒÓQS]JjZR�WfWYk�R	Q`}~\YWYR�W�X�RL��Q`_^_gR¬�3\/mAR	WV����WV¶UR	[­hsagQ`�ZWYR�W'·
Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�íÆì��²u�R	Q

R
R	Q`W¡(p[­hZ_^_gR	WlanR	]gi�t

qÆh�v�P�QSR
∈
¸��v��]gi�R�[

Eq(R) :≡ Ref(R) ∧ Sym(R) ∧ Tra(R)
xAR�cfR�efagR	a È R Q`_baUR	Q`WYR����ZûÍÂ)GYÑ�çÃ�±/³:ë,Ëð±/ÃÆÑfÎ-Â�ÊA³Ét

q�x�v T�QSa
[y]R :≡ {x |xRy}

xAR	k�R�QS}~\YWYR�W���Q`]JcYQSR�����û:Â)GYÑvÃ�±/³:ëp�'ÃÆÑvÏ�Ï	±�����W
y
xAR	k�wYX�[SQ`}~\

R
t

@#±/Åâ±lËA�Bû:³:´gÞ�íÆì�Þ¹£�i hZ[S[`XZR�i�R�QSWfR�WVQS_^a�cYQSR¬fihleYQS�|hZ[`R	WYk�jl[­hs_g_gR�R�Q`WfR�]yTVR	WYX�R
y
xAR	k�wYXZ[`Q`}~\�cfR�]¶�R�[`hsanQS��W

R
R	Q`WYRJR�}~\lagR�(p[­hs_g_gRstl�UWlagR�]dcYR	W3QSWÚ�ft × hZWYXZR�X�R	xAR�WYR	Wä�¢]b��R�Q�anR	]geYWYXZR�W�ñPó�xYk	�qtÌñ~ó�ñ���ZW�ôp°�� an]^R	anR	W�é�eY_gWvhs\Yi3R	W�R	a���h¯cYhZWYW hsef� È �rR�WYW dom(R) ∈ V

XZQ`[Sa�t>£�i ¶�R�XZR�[S�Æhs[`[rQ`_^ahZxAR	]
[y]R

hZ[`_�R�}~\lanR$(q[`hZ_g_^R$hsWYk�eY_^R�\YR	W�³'��QS]�jZ¨�WYWYR	WÕcYR	_g\vhZ[Sx®WYQ`}~\,aqh{mY]^Q`��]^Q:cYQ`R� �(p[`hZ_g_^R#hZ[S[`R�]
fihleYQS�|hZ[`R	WYk�jl[`hZ_g_^R�W�"qxfQ`[`cfR�W È hZ[S_g�$jZR	Q`WYRq�6hZj,ag��]gQS_gQ`R	]geYWfX#WvhZ}~\ R cfeY]g}~\f��wY\Y]^R�W È cvh#cYQ`RpªrQ`[`cfeYWYX���ZWg t(p[­hZ_^_gR�Wâ���ZW (p[`hZ_g_^R�W�"�k	eÀÒÓQ`cYR	]g_gmf]gwY}~\YR�W ��wY\Y]^R�W j|hZWYW=t(��i cYR�WYWf�/}©\ R	Q`WYR�hZcv¾&hlevh|anRPyhs]g_^agR�[S[`eYWYX$cYR�]« ��6hZi3Q�[SQ�Ro"ycfR�]�fih/efQS�shs[`R�Wfk�jl[­hZ_^_gR	WVk�e�xAR�jZ��i�i�R�W È ��R	]gcYR	WV��QS]�hZef�ÍcYR�]Uª�hs_gQ`_cYR	_J�ZxAR�W1xAR�]^R�QSag_�R�]b��¾Z\fWlanR	WVu�\/_^anR	i3_�ñ~ó�ñ�hZeY_C�^R	cYR	]ifihleYQS�|hZ[`R	WYk�jl[`hZ_g_^RpR	Q`WYR	WN¶�R�mY]g¾Z_gR	WlanhZW�¸agR�W� �hseY_^��¾s\Y[`R	W�"$q�\YQ`R	]gk	e�xAR�Wf¨ZanQSX�R�W3��Q`]ÉcvhZ_3 ¹é�eY_b��hZ\Y[`h|��Q`��i9" È cvhZ_É��Q`]�hZef_^��wY\Y]^[`QS}©\3_^anefcYQ`R	]gR�W�rR�]gcfR�W�vpefWYc¯cvhZWfW¯cYQSR)(p[­hs_g_gR�hZ[S[�cYQSR�_^R�]q¶UR	mY]n¾Z_^R�W,a~hZW,anR	WÇxYQ`[ScYR�W=t��dQSWYR�hZWYcfR�]gR3T�¨�X�[SQ`}~\YjZR�Q�axAR	_^anR	\la�cvhZ]^Q`W È �^R�cfR!fihleYQS�shs[`R	WYk�jl[­hs_g_gRV_g�-��R�Q�a{k�e���R�]^jl[`R�QSWYR�]^W È xYQS_3_^Q`R�R�Q`WfR�TVR	WYX�R�QS_^a q���QS]�rR�]gcfR�W3Q`W ² t × ªq_gR	\YR	W È cYh&p¬R	}~\lanR�(p[`hZ_g_^R�W�QSW�X�R	��QS_g_^R�]dÒÇR	Q`_gR�k	e3XZ]g�¥pqXZR�]nh|anR�WfR�T�R�WYX�R	W3_gQ`Wfc�v ÈeYWfcVcYQSR¶(q[`hZ_g_^R¬hs[`[=cYQ`R	_gR	]i ��R�]gjl[SR�QSWYR�]banR�W¸"¶f�hleYQ��shZ[SR�WYk	j/[`hZ_g_^R�WVk	eVxARLan]nhs}©\,anR	W't
Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�íÆìp� u�R	Q

R
R	Q`W¡(p[­hZ_^_gR	WlanR	]gi�t

qÆh�v�P�QSR
∈
¸��v��]gi�R	[

wPO(R) :≡ Ref(R)∧Tra(R)
xAR�cfR�efagR	a È R QS_^a:R	Q`WYRÉÏ¨ì2íH�zÑ+ì©í
±�CÍÑYË-ÎðÂ�±/ÃÄÃ¿±

� Ë|Ì:³�û:³:´Ít
q�x�v�P�Q`R

∈
¸��v��]^i3R	[

PO(R) :≡ wPO(R) ∧ Antisym(R)
xAR	cYR�e�anR	a È R QS_^a�R�Q`WfR�CÍÑfËðÎ-ÂÆ±/ÃÆÃ�±

� Ë|Ì:³�û:³:´Ít
qÆ}¨v�P�QSR

∈
¸��v��]^i3R	[

LO(R) :≡ PO(R) ∧ Con(R)
xAR�cYR	efanRLa È R Q`_^a�R	Q`WfR¬ÃÄÂÆ³
±/ÑfË|± � Ë|ÌÍ³ZûÍ³
´Ít

q�c�v u/R�Q
A
R�QSWÚ(p[`hZ_g_^R�WlagR�]^iVtsÒÓQS](_nhZXZR�W È R Q`_^a¢R	Q`WYR�_g}~\l��hs}©\fR�mvhs]^anQSR�[S[SR È mvhZ]^agQ`R	[`[SR�xfk	�qt,[SQ`WYR�hZ]gRey]gcfW/eYWYX3Ñ+ûCÿ

A È �ÆhZ[S[`_ field(R) = A
XZQ`[Sa�t/ÒÓQ`]J_^R	agk�R	W�cYR�i�R�W,an_^mY]gR	}©\fR�WYc
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wPO(A,R) :≡ wPO(R) ∧ field(R) = A È
PO(A,R) :≡ PO(R) ∧ field(R) = A

eYWYc
LO(A,R) :≡ LO(R) ∧ field(R) = A

t
Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�íÆì�!²u�R	Q`R	W

R
eYWYc

A
_g�-��Q`R

B
(p[­hZ_^_gR�W,anR	]gi�R È _^�$cvh©p R R�Q`WfR�_g}~\l��hZ}©\fRqmvhs]^anQSR�[S[SR

ey]gcfW/eYWYX3hsef�
A
QS_^a�eYWfc

B ⊆ A
XZQ`[Sa�t

qÆh�v�P�QSRJTVR�WfX�R
x
\YR�QapZa

R
ç~ÅÀÂÆ³:ÂÄÅÇÑvÃ�±/Ï�ôpÃ�±/Åâ±/³BÎr���ZW

B È �ÆhZ[S[`_ x ∈ B ∧ ∀ b ∈ B (bRx→ b =
x)
X�QS[Sa�t�u�QSR¢\fR�Q�psa

R
çnÅâÑ-ï
ÂÄÅâÑYÃÆ±/Ï3ôpÃÆ±/Åâ±/³BÎ�����W

B È �ÆhZ[`[S_ x ∈ B ∧∀ b ∈ B (xRb→ x = b)X�QS[Sa�t
q�x�v�P�Q`RyTVR	WYX�R

x
\YR	Q�pZa

R
ç���Ã�±�ÂÆ³ÍÏLÎ-±/Ï�ôpÃ�±/Åâ±/³BÎU����W

B È �ÆhZ[S[`_ x ∈ B ∧ ∀ b ∈ B xRb
XZQ`[Sa�t/u/Q`R\YR	Q�pZa

R
çn´6ËA���AÎ-±/Ï)ôpÃ�±/Åâ±/³BÎy����W

B È �ÆhZ[S[S_ x ∈ B ∧ ∀ b ∈ B bRx
XZQ`[�a�t

qÆ}¨v�P�QSR#TVR	WYX�R
x
\YR	Q�pZa|û:³BÎ�±/Ëð±

R
ç ê ì2í:ËðÑv³1�6±N����W

B È �Æhs[`[S_ x ∈ A ∧ ∀ b ∈ B xRb
X�QS[Sa�tAu/Q`R\YR	Q�pZaJÊ�9¢±lËð±

R
ç ê ì©í
ËðÑv³1�A±{����W

B È �ÆhZ[S[S_ x ∈ A ∧ ∀ b ∈ B bRx
X�Q`[�a�t

q�c�v �¢QSWYR�TVR	WYX�R{\YR	Q�pZa
R
çüþ	³7Ý�ÅAûÍÅ ����W

B
eYWYcÇ��Q`]gcÇi�QSa

infRB
xAR	k�R�QS}~\YWYR	a È �Æhs[`[S_q_gQSR R ¸X�]^¨¥pZagR�_��¢[SR�i�R�W,a�����W

{s | s
Q`_^a�efWlanR	]gR

R
¸bu�}~\Y]nhsWYjZRq����W

B}
QS_^a�t~�¢Q`WYRVTVR�WYXZRV\YR	Q�pZa

R
çê û�C:Ëð±/ÅAûÍÅ ���ZW

B
eYWfc ��Q`]gcÀi3Q�a

supRB
xAR�k�R	Q`}~\YWYRLa È �Æhs[`[S_z_^Q`R R ¸¹j/[SR�QSWY_^agR�_$�¢[`R	i3R	Wla����W

{s | s
QS_^a���xAR	]gR

R
¸bu�}~\Y]ghZWYjZRq���ZW

B}
Q`_ba�t

ÒÇR�WfW�cYR�]¢ª�R	k�efXqk�e
R
hZeY_(cYR	i¥¼=eY_nhZi�i�R�WY\YhZWYXyjl[`hZ]�QS_^a È ��R	]gk	Q`}~\lagR�W$��Q`]�QSW#cYR�W$R�QSWYX�RL��wY\Y]^agR�Wª�R	X�]gQ�«BR�W�hZef��cYQSRpRL��mY[SQ`k�Q�anR�'�R	WYW/eYWfX�����W

R
t

Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�íÆì�$²u�R	Q`R	W
A
_^�ð��QSR

B
eYWYc

R
(p[­hs_g_gR	WlagR�]gi�R È R _^R�Q�R	Q`WYR�mvhZ]banQ`R	[`[SR!ey]gcYWleYWYXhZe��

A
eYWYc

B ⊆ A
t¢ÒÓQS]�_ghZX�R�W È B Q`_ba3R	Q`WYR

R
ç���±,Î�Î-± È �ÆhZ[S[`_ ∀x, y((x ∈ B ∧ y ∈ B) →

(xRy ∨ yRx ∨ x = y))
X�Q`[�a�tB½�h|aI�^R	cYR

R
¸t(pR	agagR$R	Q`WYR#��xAR�]^R�u�}©\f]nhZWYjZR È _g�N_nhsX�R�W®��Q`] È A QS_^acYef]g}~\

R
ÂÄ³:ÌCû��=Î-Â�G ´6±lÊAË|Ì:³:±,Î,t

Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�íÆì'(Þu�R	Q`R	W
R
_g�-��Q`R

A
eYWfc

B
(p[­hZ_^_gR�W,anR	]gi�R È _^�$cvh©p R R�Q`WfR�_g}~\l��hZ}©\fRqmvhs]^anQSR�[S[SR

ey]gcfW/eYWYX�hsef�
A
QS_^a�efWYc

B ⊆ A
XZQ`[Sa�t�½�hsa�cYQSR�(q[`hZ_g_^R

{s | s ∈ A \ B ∧ ∀ b ∈ B bRs}
R	Q`Wjl[`R	Q`Wf_^anR	_9�¢[`R	i3R	Wla

x È _g��xAR�k	R�Q`}~\YWfR�WÀ��Q`]¬cYQ`R	_zi�QSa lubB
efWYcÀWYR	WYWYR�W R	_zcvhZ_#Ã�±lÑvÏ	ÎAû1CMC¢±lË

9¢ÊSûÍ³:ÌÀ�Z��W
B
t

Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�íÆì�*²u�R	Q
R
R	Q`W¡(p[­hZ_^_gR	WlanR	]gi�t

qÆh�v�P�QSR
∈
¸��v��]gi�R�[

SLO(R) :≡ Irref(R) ∧ Tra(R) ∧ Con(R)
xAR	cYR�e�anR	a È R Q`_ba1Ï	Î-Ë|ÂY�=Î�±ÃÆÂÄ³
±lÑYËð± � Ë|Ì:³�û:³:´Ít

q�x�v u/R�Q
A
R	Q`Wx(p[­hZ_^_gR	WlanR	]gi�t�ÒÓQS]1_ghZX�R	W È R QS_^a1_^an]^Q`j,anR®[`QSWYR�hs]gRAey]gcfW/eYWYX�Ñ+û7ÿ

A È �ÆhZ[S[S_ RR	Q`WYRÀ_ban]gQSj,anRÀ[`QSWYR�hZ]^R·ey]gcfW/eYWYX i3Q�a
field(R) = A

Q`_^a�tyP�R�i�R�W,an_gmf]gR�}~\YR�WYc�_^R	ank	R�Wº��QS]
SLO(A,R) :≡ SLO(R) ∧ field(R) = A

t
ÒÓQS]{��R�WYcfR�WÔeYWY_NWleYWFcYR	i ���Z\Y[y��QS}©\,anQSX�_^agR�WFª�R	X�]gQ�« cYR	]NWYR	eYR�]^R�W T�hsag\YR�i3hsagQ`j�k	e È cfR�iª�R	X�]gQ�«�cYR�]U�veYWYj,agQ`��W't
Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�íÆì�5²u�R	Q

F
R�QSW�(p[­hs_g_gR	WlagR�]gi�t�P�QSR

∈
¸��v��]gi�R�[

Fun(F ) :≡ Rel(F )∧∀x, y1, y2((xFy1 ∧
xFy2)→ y1 = y2)

xAR�cfR�efagR	a È F QS_^a�R	Q`WYR¶ó7ûÍ³1�=ÎðÂ�ÊA³À�/cYR	]�ÿtû:³��=Î-ÂÆÊA³
ÑvÃbt
ÒÓQS]JcYR��vWYQ`R	]gR	W�����[SX�R�WYcfR È i�QSa��vefWYj,anQ`�ZWYR�WN��R	]gxYefWYcYR�WfR#ª�R	X�]gQ�«=RpefWYc�u/}©\Y]^R�QSxl��R	Q`_^R�W't
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Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�í%��:ºu�R	Q`R	W

F
_g�ð��QSR

A
efWYc

B
(q[`hZ_g_^R�W,anR�]^i3Rst

qÆh�v�P�QSR
∈
¸��v��]^i3R	[

F :A → B :≡ Fun(F ) ∧ dom(F ) = A ∧ ran(F ) ⊆ B
xAR	cYR�e�anR	a È F9ÍÂÄÃÆÌ:±,Î

A
ÂÆ³

B
Ñ�9rt

q�x�v�P�Q`R
∈
¸��v��]gi�R�[

F :A⊃→B :≡ Fun(F ) ∧ dom(F ) ⊆ A ∧ ran(F ) ⊆ B
xAR�cfR�efagR	a È F Q`_baR	Q`WYR�CÍÑYË-ÎðÂ�±/ÃÄÃ¿±ºó7û:³��=Î-ÂÆÊA³Ç����W

A
Q`W
B
t

qÆ}¨v
F :A

surj.
−→B :≡ F :A→ B ∧ ran(F ) = B

xAR	cYR�e�anR	a È F QS_^a�R�QSWYR ê û:Ë���±;�=ÎðÂ�ÊA³¯�/cYR�]JhZeY}~\Ï¨û
Ë���±;�=ÎðÂ)GA± ó7û:³��BÎðÂÆÊA³Ç����W
A
hZe��

B
t

q�c�v�P�Q`R
∈
¸��v��]gi�R	[

F :A
inj.
−→B :≡ F :A→ B ∧ ∀x1, x2 ∈ A∀y((x1Fy ∧ x2Fy)→ x1 = x2)xAR	cYR�efagR	a È F QS_^a�R	Q`WYR�þ�³���±;�=ÎðÂ�ÊB³Ç�/cYR�]UhseY}~\�ÂÆ³��	±��BÎðÂ�GA±ºó7û:³��=ÎðÂ�ÊA³â���ZW

A
Q`W
B
t

qÆR¨v�P�QSR
∈
¸��6�Z]gi�R�[

F :A ↔ B :≡ F :A
bij.
−→B :≡ F :A

inj.
−→B ∧ F :A

surj.
−→B

xAR�cYR	efanRLa È FQS_^a�R�QSWYRB@$ÂT��±;�=ÎðÂ�ÊA³¯�/cYR�]UhZef}©\�9�ÂT��±;�=ÎðÂ)GA±!óBûÍ³1�=ÎðÂ�ÊB³Ç����W
A
QSW
B
t

q��uv�P�R	]�(p[­hZ_^_gR	WlanR	]gi AB :≡ {f | f :A→ B}
cYRk�vWfQ`R�]ba�cYQ`R�(q[`hZ_g_^RqhZ[S[`R�]��vefWYj,anQ`�ZWYR�W1����W

AWvhs}©\
B È cfQ`R¬TVR	WYX�R�WV_gQSWYc't

L���� �Ó��� ���'�Y��¦���¦��d�����[������¦	
É¤
î ⋃ çuîrï�ó-·

∀v0∃v1∀v2(v2 ∈ v1 ↔ ∃v3(v3 ∈ v0 ∧ v2 ∈ v3))
t

é�eY}~\3\YQSR�](��QS]gc�cYQSR����fQS_^agR�WYkUR	Q`WfR�]¢X�R	��QS_g_^R�W3cYR��vWYQSR�]gxYhZ]gR	W�TVR	WYX�R	W{hZeY_^X�R�_ghZXZa È cYQ`R���QS]¢cYef]g}~\����[SX�R	WYcYR�W¡(p[­hZ_^_gR	WlanR	]gi R	]^�ÆhZ_^_gR�W=· ⋃
v0 = {v2|∃v3(v3 ∈ v0 ∧ v2 ∈ v3)}

Q`_ba�cYQ`R]ùq±/Ëð±/ÂÆ³ÍÂ�´Tû:³
´���ZW
v0

t'PyhZ_pé��fQS��i xAR	_nhZXZaqcYhZWYW È cYhZ_g_ ∀v0∃v1 v1 =
⋃
v0

t�£�WÕcYQSR/5dR�]^R�QSWYQ`X�efWYX����ZW
v0

��R�]�¸cYR	Wòhs[`_g��hZ[`[SRr�¢[SR�i�R�W,anR3����W �d[SR�i�R�W,anR	WÀ����W
v0

hZe���X�R�WY�Zi3i�R�W=t�P�Q`R3����[`XZR�WYcYR1u/}©\Y]^R�QSxl��R	Q`_^R_^eYX�X�R	]gQSR�]^a�cYQSRä5dR	]gR�QSWYQ`XZeYWYX®R�QSWYR�]��6hZi�Q`[�QSR3����W TVR	WYX�R	W È ��wY\f]^a�hZxAR�]$k�eYi _^R�[SxAR�W��¢]gX�R	xYWYQ`_	·
⋃
v3∈v0

v3 =
⋃
v0
tP�R	]z¼=ef_nhZi�i3R	WY\vhZWfXNk�ef]¬kL��R	Q`_^agR�[S[`Q`XZR�W 5dR�]^R�QSWYQ`X�efWYX�_g�ZmAR�]nh|anQS��W®Q`_^aqXZR�X�R	xAR�WÇcYef]g}~\'·

x ∪ y =⋃
{x, y}

t(P�hZxAR�Q�xAR	W/efagk�R	W ��Q`]#hZxº�^R	agk	a�ª�eY}~\Y_ba~hZxAR	W
a, b, c, . . . , x, y, z, . . .

hZ[`_#ª�R	k�R	Q`}~\YW/efWYX��wY]JX�R	R�Q`XZWYR	a�X�R	��¾Z\Y[�anR�5dhZ]gQ`hZxY[SR�W
v0, v1, . . .

tÒÓQS]���wY\Y]^R�WN��R�Q�anR	]gR�(p[­hZ_^_gR�W,anR	]gi�Rqk�ef]i5dR�]gR	Q`W��ÆhZ}©\leYWYX�cYR	]�'��ZanhsanQS��WYR	WNR�QSW'·
Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�í%��ì ��wf]i5Éhs]gQ­hsxY[`R	W

x È y eYWfc z cYRk�vWfQ`R�]^R�W���QS]�·qÆh�v
∅ :≡ {x |x 6= x}

Q`_^a�cfQ`RqÃÆ±l±lËð±���Ã�ÑvÏ�Ï�±{xYkL�qtAÃ�±l±/Ëð±�°²±/³:´6±6t
q�x�v

x ⊆ y :≡ ∀z(z ∈ x→ z ∈ y)
xAR�cfR�efagR	a È cvhs_g_ x R�QSWYR¬Ár±/ÂÄÃÆÅâ±/³
´6±�����W y Q`_ba�tqÆ}¨v

{x} :≡ {y | y = x}
Q`_ba�cYQ`R�ôpÂÆ³
±/Ë|Åâ±/³
´6±

x
t

q�c�v
{x, y} :≡ {z | z = x ∨ z = y}

Q`_ba�cYQ`RpÐ�ÑYÑYË|Åâ±/³:´6±3����W
x
eYWfc

y
t

qÆR¨v
x ∩ y :≡ {z | z ∈ x ∧ z ∈ y}

Q`_^a�cfR�] ê ì2í:³ÍÂ¿Î�Îp����W
x
eYWfc

y
t

q��uv
x ∪ y :≡ {z | z ∈ x ∨ z ∈ y}

Q`_^a�cfQ`R]ù¬±lËð±/ÂÄ³:ÂÆ´Sû:³:´V����W
x
eYWfc

y
t

q�X¸v
x \ y :≡ {z | z ∈ x ∧ z 6∈ y}

QS_^a�cYQSR�ÜNÂ)�d±lË|±/³
ë��Z��W
x
eYWYc

y
t

q�\�v
x :≡ {z | z 6∈ x}

QS_^a�cvhs_��{ÊBÅ�C�Ã�±/Åâ±/³BÎy����W
x
t

q�Q�v ⋂
x :≡ {z | ∀y y ∈ x→ z ∈ y}

QS_^a�cYR	] ê ì2íÍ³:Â¿Î�Îq���ZW
x
t

q �uv ⋃
x :≡ {z | ∃y y ∈ x ∧ z ∈ y}

Q`_^a�cfQ`R]ù¬±lËð±/ÂÄ³:ÂÆ´Sû:³:´V����W
x
t
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q�jÌv

P(x) :≡ {z | z ⊆ x}
QS_^a�cYQSRpÐyÊvÎ-±/³:ëp�'ÃÆÑvÏ�Ï	±3����W

x
t

q�[�v
{x1, x2, . . . , xn} :≡ {z | z = x1 ∨ z = x2 ∨ . . . ∨ z = xn}

t
q�iäv

V :≡ {x |x = x}
QS_^a�cYQSR��VÃÆÑYÏ�Ï�± ÑYÃÄÃ�±lËF°²±/³
´A±/³��/cYR�]�cfQ`R±î1ÃÆÃY��Ã¿ÑvÏ�Ï	± �/cYR�]�cYhZ_

�N³:Â�GA±lË|Ï¨ûÍÅ�t
q�W�v

x
ÂÆÏ	Î�±�ÂÆ³
±�°²±/³:´6±

:≡ x ∈ V
t

£�WYcfR�i i3hZWÕQ`WÕcYR	WÇ��xYQSX�R�W¯P�R��vWYQSagQ`��WfR�W¯cfQ`R#��]gR�QSR�WA5dhZ]gQ`hZxY[SR�W®cYeY]g}~\j(p[­hZ_^_gR	WlanR	]gi�R�R	]g_gRLankLa ÈR	]g\v¾Z[�a�i3hZW�P�R��vWYQ�anQ`�ZWYR�W1��wY]�WfR�eYR¬(p[­hs_g_gR	WlagR�]gi�RZt
�UWlanR	]Uª�R�Wlefank	eYWYX3cYR	]Ué�[`[Sj/[`hZ_^_gR���R�]gR	Q`Wf�Æhs}©\,aU_gQ`}~\�cYQSR¬u�}©\f]gR�QSxl�rR�Q`_^R¬cYR	]Ué���Q`��i�Ry�rR�Q�anR�]	·
@#±/Åâ±lËA�Bû:³:´gÞ�í%��� PyhZ_�TVR	WYX�R�WfRL��Q`_^agR�WYk�hð�fQS��i î»ô�ï�ó�QS_^aU¾&hleYQ��shZ[SR�W,a�k�e

∅ ∈ V
tPyhs_�»�hZhZ]gi�R�WYXZR�Wvh|��QS��i î^Ð�ÑYÑYË�ó�Q`_baU¾&hleYQS�|hZ[`R	Wla�k	e

∀a, b {a, b} ∈ V
tPyhs_�5dR	]gR	Q`WYQSX�eYWYXZ_nh|��Q`�Zi î ⋃ ç
îrïÍó�Q`_baU¾&hleYQS�|hZ[`R	Wla�k	e

∀a
⋃
a ∈ V

t
TVQ�aÉ»�h�hZ]^i3R	WYX�R	W�¸ÍefWYcÚ5dR	]gR�QSWYQ`XZeYWYX�_gh|��Q`��i�X�R	[­hZWfX�R�W$��Q`]¢k�e3xAR	[`QSR�xYQSXpX�]g�&p�R�W�R	WYcY[SQ`}~\YR�W{TVR	W�¸X�R	W'·

∀v0, . . . , vn−1 {v0, . . . , vn−1} ∈ V
t'P�QSR�_^R�é�eY_g_ghZX�R	W¯[­hZ_^_gR�WÕ_^Q`}~\ÕcfeY]g}~\Õ���Z[`[S_^a~¾sWYcYQ`XZR/£�W/¸cYefjlagQ`��W¬wfxAR�]

n
xAR	��R	Q`_^R�W'·

{v0, . . . , vn−1} = {v0, . . . , vn−2}∪{vn−1}
tðP�Q`R~£�WfcYeYj,anQS��W�X�R	_g}~\YQSR�\lahZe��'cYR�]F�¢xAR�WYR�cYR�]d����]^i{hZ[SR	W{u/mY]nhZ}~\YR�eYWfc{WYQS}©\,arQSWYWYR�]^\vhZ[Sx�cYR�_ré���Q`��i�R�Wf_»\/_^anR	i�_]qÚTVRLa~hsag\YR��s¸]^R	anQS_g}~\YR¶£�WYcYeYj,anQS��W�v©t

L��,� �Ó����� �}����
d�����'�Y�����[����ÜY£��
¤¥�
îüî�û:Ï|óð·Y��wY][�^R�cfR

∈
¸��v��]^i3R	[

ϕ(v0, v1, . . . , vn)
mA��_^ageY[`QSR�]gRs·

∀v1 . . . ∀vn∀vn+1∃vn+2∀v0(v0 ∈ vn+2 ↔ (v0 ∈ vn+1 ∧ ϕ))
t

£�W ÒÇ��]^agR�W'·d¼=eº�^R�cfR�]�TVR�WfX�R
vn+1

eYWYc!�^R�cYR	]$i{hsag\YR�i3hsagQS_g}~\YR�W �¢Q`X�R	WY_g}~\vhs�¿a
ϕ
RL��QS_^anQSR�]ba�R	Q�¸WYR1TVR	WYX�R

vn+2 È cfQ`R3X�R�WYhZeÀcYQ`Rt�^R�WYQSX�R�Wg�¢[`R	i�R�WlagR3����W vn+1

R�W,an\v¾Z[�a È cYQSR3cYR�]9�¢Q`XZR�WY_^}©\vh|�¿a ϕX�R	W/wfX�R�W't
P�QSR�_�QS_^aUcvhZ_�R	]g_^agR�����W�i�R�\f]gR�]^R�W îrï
Â�ÊAÅâ±/³Bç ê ì2í
±�ÅÇÑfÎ-Ñ't6��wY]E�^R	cYR�_

ϕ
����W�XZR�R�QSX�WYRLanR	i �3\/m��QS]gc1R�Q`WfR¬TVR	WYX�R�WfRL��Q`_banR�Wfk�X�RL����]gcfR�]^a�t6TVQ�a�(p[­hZ_^_gR�W,anR	]gi�R�WNj|hZWfW�i3hZW1cvhZ_Uu�}~\YR	i{h$_g}~\Y]^R�QSxAR�WhZ[S_�·

��wY][�^R�cYR
∈
¸��v��]gi�R�[

ϕ(v0, v1, . . . , vn)
·

∀v1 . . . ∀vn∀vn+1∃vn+2 vn+2 = {v0|v0 ∈ vn+1 ∧ ϕ}
t

epcfR�]�·6�ÍwY][�^R�cYR
∈
¸��v��]gi�R�[

ϕ(v0, v1, . . . , vn)
·

∀v1 . . . ∀vn∀vn+1 {v0|v0 ∈ vn+1 ∧ ϕ} ∈ V
t

epcfR�]�·6�ÍwY][�^R�cYR	W!(p[­hZ_^_gR�W,anR	]gi
A
·
∀vn+1 vn+1 ∩ A ∈ V

t
epcfR�]�·6�ÍwY][�^R�cYR	W!(p[­hZ_^_gR�W,anR	]gi

A
·
∀x x ∩ A ∈ V

t
T�hsW�xBR�hZ}~\lagR È cvhs_g_U\YQSR�]JcYQSRpQ`WYQ�anQ`hs[SR	W1é�[`[ahlevhZWlag��]gR	W ∀v1, v1, . . . , vn

����]banX�R	[­hZ_^_gR	WN��eY]^cYR�W'tPyhs_1é�eY_g_^��WYcYR	]geYWYXZ_g_n}~\YR�i{h QS_^a�R	Q`WYR�hZxYX�R	_g}~\l��¾s}©\,anRn5dR	]g_gQS��W R	Q`WYR	_�T�R�WYX�R	WYjZ��Wf_^an]gefjlanQS��WY_b¸mY]^Q`WYk	Q`mf_ È cvhZ_�Q`i�mY[SQSk	Q�aJQSWNcYR�]J��]gwY\YR	W�TVR	WYX�R	WY[`R	\Y]gR�hZWYXZR	��R	WYcYR	aU��eY]gcfRZ·APyhZ_UxAR	QEcÉèC��UP�1����]b¸i#eY[SQSR�]^agRd_ba~hZ]^jZR-��ÊAÅDCÍËð±�í
±�³:Ï�Â�ÊB³:Ï�Ï¨ì2í
±/ÅâÑ�Q`_^a:Q`W¬eYWY_^R�]^R�]E'U�Za~hsagQ`��W=·ð��wf]��^R�cfR�W9(q[`hZ_g_^R�W,anR�]^i
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A
·
A ∈ V

tvP�Q`R	_gR	_�é���Q`��i ��wY]^cYR�hZxAR�]�_^�Z����]^a�k�e�cYR�]]Ù�8C�2�K��?,_g}~\YR�WVé�W,anQ`Wf��i3QSR���wf\Y]gR	W È cfR�WYWR	_���QScYR�]^_gmY]gQS}~\la�����[SX�R	WYcYR�i!u�hsanks·
�d±/ÅÀÅâÑ Þ'í���Þ

{x|x /∈ x} /∈ V
�

������������tÍ·6é�WYXZR�WY��i�i�R�W
{x|x /∈ x} ∈ V

tvÒF¾Z\Y[`R
y
i�QSa

y = {x|x /∈ x}
tAPyhZWYW�Q`_ba

y ∈ y ↔
y ∈ {x|x /∈ x} ↔ y /∈ y

tYÒÓQ`cfR�]g_^mY]gef}©\'t ���dP
Pyhs_y����[S[`R/(���i�mY]gR	\YR�Wf_gQ`�ZWY_g_^}©\YR	i{h�Q`_baphZ[`_^��_g�-��R�Q�aqhZxYk	eY_g}~\l��¾Z}©\YR�W È cvhs_g_¶(p[`hZ_g_gR	W®cYR�]p�v��]^i
{x|x /∈ x}

WYQS}©\,a�i�R�\f]�cYef]g}~\ÕTVR�WYXZR�W�Q`W
V
]gR�hs[`QS_gQSR�]^aJ��R�]^cYR�W=t'P�QSR�R	Wlan_^}©\fR�QScYR�WYcfR�ª�R	��xvhs}©\�¸ageYWYX$����WAVC�6è7X���?�çÀ��hZ] È cvhZ_^_�cYQ`Ryi3R	Q`_^agR�WVTVR	WYX�R	W/xYQS[`cYeYWfX�R�W�é�eY_g_^��WYcYR	]geYWfX�R�W�hZeY_JxAR�]^R�QSag_Wvhs}©\fX�R	��QSR�_gR	WYR	W TVR�WfX�R�WÇ_gQ`Wfc't
PyhZ_qéU��Q`�Zi3R	WY_»\/_^agR�i ��QS]gc¯cvhs\YR�]q_g�N��R�_banX�R	[`R�Xsa È cYhZ_g_¬R	_g_gR	W�¸agQ`R�[S[SR�TVR�WYXZR�Wâ��QSR�cYQ`R3TVR�WYXZR{cYR	]�Wvh|anwY]g[SQ`}~\YR	WÀ¼'hZ\f[`R�W¯�/cYR	]�cYQSR{TVR	WYX�R3cYR�]¬]gR�R	[`[SR�WÀ¼'hs\Y[`R	WX�R	xYQS[`cYRLa���R�]^cYR�W�jZ¨ZWYWYR�W È eYWYc�cYhZ_g_¢i3hZW#���Z[`[SR�é�eY_^_g��WfcYR�]^eYWYX�hZeY_¢xAR	]gR	QSan_(RL��Q`_banQSR�]gR	WYcYR	W{TVR	W�¸X�R	W�k�eY[`¾Z_^_^a�trP�Q`RVxAR�QScYR�W�Wv¾Z}~\Y_banR�W é��fQS��i�RV\vhsxAR�W i�QSa�cYR	]�ª�R�]^R�QSag_^anR	[`[SeYWYXÇcYR	]�R	]^��¾Z\YWlagR�W¼'hZ\f[`i�R�WYXZR�W1k�eNaneYW't

L��Y� ��
(¡����}
=¤¥�����d��������¦	
É¤
î^Ð�ÊvÎZóð·Ì£�W�cYR	]�(p[­hZ_^_gR�W,anR	]gi�_g}~\Y]gR	Q`x,��R�QS_gR¬QS_^a�cvhs_

∀a P(a) ∈ V È ����xAR	Q P(a) = {b|b ⊆ a}
t

P�QSR�_^R�_yéU��Q`��i!��wY\Y]bayk�e®XZ]g¨¥p�R	]gR	WA(qhZ]^cYQ`Wvhs[`Q a~¾|anR	W È ��Q`R���Q`]�Q`i op]gefWYcYRz_g}~\Y��W®xAR�Q�cfR�]�¯UxAR�]�¸hZxfk�¾Z\f[`xvhZ]^jZR�Q�a�cfR�]NTVR	WYX�R®cfR�]�]^R�R�[S[`R	WÓ¼'hZ\Y[SR�W�XZR�_^R�\YR	WF\vhZxAR	W't�PyhZ_�é�]^X�eYi�R�W,a{��Q`]^c Wf�/}©\cYR	efan[SQ`}~\YR	]rQSi�hZ[S[`XZR�i�R	QSWYR�W�(���W,anRL�/a È R�_�¾Z\fWYR�[�arcYR�i���xYQSX�R�W3é�]gX�eYi�R	Wla�wfxAR�]rcYQ`R�Ù�8C�2�K��?,_g}~\YRé�WlanQSWY��i�QSRZ·
�d±/ÅÀÅâÑ Þ'í���� s[�/û�þZü¿ü`ö

a
ùZõM���Jö
��J,öLõ¿ø=ö]��,/û�É�ö
J2�Äõ�`Zö�Ñ]����õ¿ü ú ,�ø/ù f : a→ P(a)

�
������������tòé�WYX�R	WY��i�i3R	W È f : a → P(a)

_gR�Q(R�QSWYR#_geY]��^R�j,anQ���R�é�xYxfQ`[ScYeYWYXYtZ'�hZ}©\ÕcYR	iÖé�eY_^_g��W/¸cYR	]geYWfX�_g_^}©\YR�i3hN��¾Z\Y[SR
b
i�QSa

b = {x|x ∈ a ∧ x /∈ f(x)}
t
b ⊆ a

eYWYc
b ∈ P(a)

t'ÒÇR�X�R	WÇcYR�]u�ef] �^R�j,agQS�/QSan¾sa�����W
f
��¾Z\Y[SRzR�Q`W

x ∈ a
i�QSa

f(x) = b
t=PyhZWYW®QS_^a

x ∈ b ↔ x /∈ f(x) ↔ x /∈ b
tÒÓQScYR�]^_gmY]^eY}~\'t ���dP

Pyh�i3hZWÀhZWY_^}~\YR�QSWYR�WYc cYQ`R�TVR	WYX�R
a
cYeY]g}~\

x 7→ {x}
Q`W

P(a)
R	Q`W/xARLagagR�W jðhZWYW È \vhsazcYQ`R{»Í�s¸agR�WYk	i3R	WYX�R¬����W

a
R	Q`WYR¬R�}~\la�X�]g¨&p�R�]^R/(qhZ]^cYQ`WYhZ[`Q a~¾|aUhZ[`_

a
tAP�Q`R�»Í�ZanR	WYk�i�R	WYX�RzR	Q`WYR	]�XZR�X�R	xAR�WYR	WR	WYcY[SQ`}~\YR�W T�R�WYX�R

{a0, . . . , an−1}
jðhZWYWâi{hZWn �jZ��WYjl]^R	aö"3cYeY]^}©\âé�WYX�hZxAR{hZ[`[SR�]

2n
�ÍR	Q`[Si3R	WYX�R	WjZ�ZWY_^an]^eYQ`R	]gR	W'tfP�hZ_�»Í�sanR�Wfk�Q­hs[AcfR�_�»Í�ZagR�WYk	i�R�WYX�R	Wvh|��Q`�Zi3_d��Q`R�hZeY}~\�cfR�]�hZWYcYR	]gR	W�_^a~hs]gjZR�W�i�R�W/¸X�R	Wlag\YR��Z]gR	agQ`_^}©\YR	WVé���Q`��i�RyR	Wlag�Æhs[SagR	aJ_gQS}~\NR�]g_baUQSi ¼=eY_ghZi�i3R	WY\vhZWfX$i3Q�a�eYWfR�WYcY[SQ`}~\YR	W�TVR	WYX�R	W't¼=eY_ghZi�i3R	W�i�QSaJcYR�i!é�ef_g_g�ZWYcYR�]^eYWYX�_g_g}©\fR�i3h3j|hsWYW�i3hZW�i�QSaJcYR�i »Í�sanR�Wfk�i�R�WYX�R	Wvh|��QS��i ��R�]�¸_^}©\YQSR�cfR�WYR�T�R�WYX�R	WYRL��QS_^anR	WYk�R�WVk	R�Q`XZR�W���Q`Rykst ª�tfcYQSR�����Q`_^agR�WYky����W1j|hZ]^agR�_^Q`_g}~\YR	WV»¢]g�/cYeYj,agR�W'·+�d__^R�Q

a× b = {z|∃x, y (x ∈ a ∧ y ∈ b ∧ z = (x, y))}
cvhs_V��ÑYË-Î-±/Ï�ÂÄÏ�ì©í
±VÐ¬ËðÊ�Ì[û1�=Îp����W

a
eYWYc

b
t��wf]

(x, y) ∈ a× b
X�Q`[�a�·

x ∈ a, y ∈ b, {x} ⊆ a∪ b, {x, y} ⊆ a∪ b, {x} ∈ P(a∪ b), {x, y} ∈

P(a∪b), (x, y) = {{x}, {x, y}} ⊆ P(a∪b), (x, y) ∈ PP(a∪b)
t�P�hZi3Q�a�QS_^a

a×b ⊆ PP(a∪b)
t

'�hZ}~\�cYR	i¥é�eY_g_^��WYcYR	]geYWfX�_g_g}©\YR�i3h�hsWYX�R	�rR�WYcfR	a�hsef�BcYQ`R�eyxAR�]^i3R	WYX�R
PP(a∪b)

R©��Q`_banQ`R	]^a¢cvhZWYW
a× b

hZ[S_UTVR�WfX�RZ·



y�z|{~}��[�~��� �|}��;���3���!�~�3�i���E��z]�~��y��~�C���E���3��z��]}����!� × ª

�d±/ÅÀÅâÑ Þ'í���!
∀a, b a× b ∈ V

�

L���� �Ó��� ÛÓ����������¦�ÜY£�§d��¦�¡�������¦	
r¤
î»þ	³7ÿsóð·

∃v0(∃v1(v1 ∈ v0 ∧ ∀v2 ¬ v2 ∈ v1)∧
∀v1∃v2(v1 ∈ v0 −→ (v2 ∈ v0 ∧ ∀v3(v3 ∈ v2 ↔ (v3 ∈ v1 ∨ v3 = v1)))))

t
£�W ÒÇ��]^agR�W'·i�¢_NX�QSxfa1R	Q`WYRÕTVR�WYXZR È cYQSR®R	Q`WYRÕTVR�WYXZRÕ��\YWYRA�¢[`R�i�R	Wla1R�W,an\v¾Z[�a1eYWYcFefWlanR	]NcfR�]eymAR�]ghsanQS��W

x 7→ x ∪ {x}
hZxYXZR�_g}~\Y[S��_g_^R�WVQ`_^a�t

ÒÓQS]É����[S[`R	W{cYQ`R	_gR	_�éU��Q`�Zi i�QSar½�Q`[���R�����W�(q[`hZ_g_^R�W,anR�]^i3R	W�Q`W{R�QSWYR�[SR�Q`}~\,anR�]É��R	]g_ba~¾ZWYcf[`Q`}~\YRy�v��]^ixY]^Q`WYXZR�W't6PyhZxAR	Q:[­hZ_^_gR	WV��Q`]�eYWY_�����W�cYR	i opR�cvhsWYjZR�W�[`R	QSagR�W È cYhZ_g_�cYQSRzT�R�WYX�R�cYR	]�Wvh|anwY]^[`Q`}~\YR	W¼'hZ\f[`R	W¯R	Q`WYR�TVR�WYXZR3QS_^a È cfQ`R$cvhZ_¬��WYR	WYcY[`QS}~\YjZR�Q�an_nhð�fQS��iÖxAR	k�R�efXZa�t�ÒÓQ`]y��wf\Y]gR	WÇR�W,an_gmY]^R�}~\YR�WYcYRé�xYjlwY]gk	eYWYX�R	W�eYWYcº(q[`hZ_g_^R�W,anR�]^i3RpR�QSW'·
Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�í%��$
0 = ∅

Q`_ba�cYQ`R¬¼'hZ\Y[g ºûÍÃÆÃ È 1 = {0}
Q`_^a�cfQ`R¬¼'hZ\Y[�ôpÂÆ³:Ï È 2 = {0, 1}

Q`_ba�cYQ`R¬¼'hZ\f[[ñ��z±�Â È eY_^�qt
x+ 1 = x ∪ {x}

Q`_ba�cYR�]I VÑ�ì©í7ÿ¹ÊAÃ�´A±lË¬����W
x
t

Pyhsi3Q�a���Q`]^c�cvhs_U��WYR	WYcY[`QS}~\YjZR�Q�an_nhð�fQS��i ¾©h/efQS�shs[`R�W,a�k�e=·
∃x (0 ∈ x ∧ ∀n(n ∈ x→ n+ 1 ∈ x))

tT�hsW�j|hZWYW�cvhZWfW�cYeY]g}~\Vi�RLa~hsan\fR���]^R	agQ`_g}~\YR¶£�WfcYeYj,anQS��W�k	R�Q`XZR�W È cvhZ_g_�cYQSR¬¼'hZ\Y[`R	W 0, 1, 2, . . .
�d[SRL¸i�R�W,anR¢cYR�]
\YQSR�]�mA��_baneY[SQ`R	]^anR	W�TVR�WfX�RÉ_^Q`WYc't-Pyhs_:é��fQS��iÔ���Z]gcYR	]^a
WYQ`}~\la
cYQSR~���fQS_^agR�WYkÉR	Q`WYR	]
R	Q`WYcfR�e�¸agQ`XVxAR	_^agQ`i�izanR�WÀT�R�WYX�Rst(TVQSa�RLa���hs_zi3R	\Y]�é�ef�¿��hZWfcÀjZ¨�WYWYR	WÀ��QS]zhsxAR�]�_gmv¾|anR�]�cYQ`R�R�QSWYcYR	efanQSXxAR	_^anQSi3izagR�TVR	WYX�R�cYR	]3Wvhsanwf]g[`QS}©\fR�W�¼'hZ\Y[SR�W�R	Q`Wf��wY\f]gR�W=trP�Q`R���xYQ`XZRVP�Rk�YWYQSagQ`��Wò��QS]gc xAR	Q�cfR�]i�R�WfX�R�W,an\YR	��]gRLanQ`_^}©\fR�W�P�Rk�YWYQSagQ`��W1���ZW�¼'hs\Y[`xAR	]gR�QS}©\fR�W1��R�Q�anR�]�hZeY_^X�R	��wY\f]^a���R�]^cYR�W=tP�ef]g}~\¯½�QSWlanR	]gR	Q`WvhsWYcYR�]^_g}~\vhZ[�aneYWYX�cfR�_q�UWYR�WfcY[`QS}©\fjZR�QSag_nh|��QS��i3_�eYWfcÕcfR�_q»Í�sanR�Wfk�i�R�WYXZR�Wvh|��QS��i�_X�R	[­hsWYX�R�W ��QS]{k	e wYxAR�]ghZxYk�¾s\Y[`xvhs]gR�WFT�R�WYX�R	W È �r��xAR�Q���QS]{WY�/}~\ cYQ`RVX�R�R	Q`X�WYRLanR	W eYWYR	WYcY[`QS}~\YR�Wop]g¨¥pZR�WlxBR	X�]^QS«BRqhZef��xYhZeYR�W�i#wY_^_gR�W=t

L��Y¡ �Ó�����1���/�=¡�
=�����[����ÜY£��
¤��
Pyhs_��¢]g_gRLank	eYWYX�_^_n}~\YR�i{h¯j|hZWfW ¾Z\YWY[SQ`}~\ ��Q`RNcvhs_�é�eY_g_^��WYcYR	]geYWYXZ_g_g}©\YR�i{hÇhZef��R	Q`WYRNmY]g¾ZX�WYhZWlagR�v��]^i i�QSai(q[`hZ_g_^R�W,anR�]^i3R	W�X�R�xf]nhZ}~\la���R	]gcYR	W'·
�d±/ÅÀÅâÑ Þ'í��H(¹Ñ�,�Ê ú öLûB¢Uþ2�Lõ��¬`&*|øâî»ô|ïÍó¨Ë�î»ô|ï=ÎZó¨Ë�î^ÐyÑfÑYË�ó�,/ø ú î ⋃ çuîrï�ó)�Lõ¿ø úNú õÚöFÊ¨*|ü ù/öLø ú öLø�LöLõ ú öLø#���~ÿvö�.�þ&�¹þzùZü`öLõ��~ÿ�G�öLûo�Äõ�ùp.Ò õ_Ö î»ôyË|Ï|ó©�
Ò õ¿õ_Ö s[�/û~É�ö ú öLø¡#¬ü�þ2�
�-öLø+��öLûo. F

ùZõ¿üÍ� ú õÚö|Ñ�,��
��þ-ù/ö ∀a(Fun(F )→ F [a] ∈ V )
�

ê ÑfÎ-ë Þ'í%��* ô�þ2��Ñ�,¸�
��*|ø ú öLûo,/ø/ù2�
���~ÿvö�.�þ�Ê¨*|ü ù&��þ&,�� ú ö�.úÔrûu�-ö�� 	�,/ø/ù2�
���~ÿvö�.�þ��
P�R	WYW�QSi²ÒÇR�_^R�Wlag[`QS}©\fR�W$j|hZWfW$i{hZWzcYQSRJTVR	WYX�R

x∩A
hZ[S_(ªrQ`[`c

x∩A = F [x]
R	]g\vhs[SanR	W È �r��xAR�QfcfQ`R�veYWfjlagQ`��W

F : x→ x
cfRk�vWYQSR�]barQS_^aÉcYef]g}~\'·

F (u) = u È �Æhs[`[S_ u ∈ A È eYWYc F (u) = a0 È �ÆhZ[S[`_ u /∈ A È�r��xAR�Q
a0

R�Q`WÕ��R�_bazX�RL��¾Z\Y[�anR	_/�¢[SR�i�R�Wlaq����W
x ∩ A

Q`_ba�t
Pyhs_�é�ef_g_g�ZWYcYR�]^eYWYX�_g_g}©\YR�i3hVxAR�[`hZ_g_^R�W



y�z|{~}��[�~��� �|}��;���3���!�~�3�i���E��z]�~��y��~�C���E���3��z��]}����!� ×K²
��QS]¬cYR	WYWY�/}~\ QSWÇeYWf_gR�]^R�i u�\/_banR�i cfR�]#TVR	WYX�R�WYh|��Q`��i�R È cvhN��Q`]¬xAR	QÉ_gmv¾|anR�]^R�W h|��QS��i3hsanQS_^}~\YR�Wª�RLan]ghZ}~\lanefWYX�R�W�agR�QS[S��R	Q`_^R�WleY]�é�eY_g_g�ZWYcYR	]geYWYX$��\YWYR]�¢]^_gR	agk�eYWfX$����]ghZeY_^_gR	agk�R	W1����[`[SR�W=tfT�QSa�cfR�i
�¢]g_^R	agk�eYWYXZ_g_g}©\YR�i3h�j|hsWYWzi{hZWq��R�Q�anR	]gR�TVR	WYX�R	WYRL��Q`_banR	WYk�R�W$Q`i²��i���R	[`cq����W#�veYWYj,agQ`��WYR	Wzk	R�QSX�R�W=t
Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�í%��5
P�R	])(p[`hZ_g_^R�W,anR�]^i AB :≡ {f | f :A → B}

cYR��vWYQSR�]^a#cYQ`Rä(p[­hs_g_gR�hZ[`[SR�]zTVR�WfX�R�W�¸��veYWYj,anQS��WYR	W���ZW
A
WvhZ}~\

B
t

£
i∈I F (i) :≡ {f | f : I → V ∧ ∀ i ∈ I f(i) ∈ F (i)}

t
�d±/ÅÀÅâÑ Þ'í�Þ�:¤�'öLõ

x ∈ V
,�ø ú F öLõ¿øn#¬ü�þ2�
�-öLø+��öLû�. .$õ��

F :x → V
�(ô�þZøvøVùZõ¿üÍ�

F ∈ V
��×�õ¿üÍ�î^Ð�ÊvÎZó¨Ë>��*�õ�����þ&,��~ÿ £

i∈x F (i) ∈ V
�

������������t ÒÇR�X�R	W
F = {(i, F (i)) | i ∈ x} = G[x] È ���ZxAR�Q G :≡ {(i, (i, F (i))) | i ∈

x} ∪ {(i, i) | i ∈ V \ x}
��efWYj,anQ`�ZWvhZ[BQ`_ba È ����[SXZa F ∈ V hZeY_qî»ôyË|Ï|óðt�£�WY_^xAR�_g�ZWYcYR�]^R¬Q`_ba�cvhZWYWNhZeY}~\

ran(F ) ∈ V
WYhZ}~\¦¥'¥YtvPyh
§
i∈x

F (i) = {f | f :x→ V ∧ ∀ i ∈ x f(i) ∈ F (i)} ⊆ x(
⋃

ran(F )),

X�QS[Sa�eYWYc®cYR�]yX,hsWYk#]gR	}©\,an_p_^agR�\YR	WYcYRÚ(p[­hZ_^_gR	WlanR	]gi Q`W
V
Q`_ba È ����[SXZa £ i∈x F (i) ∈ V

hZeY_�îüî�û:Ï|óðt
���dP

L��Y¨ �Ó����©U������¦��'�Y�����[����ÜY£��
¤¥�
Pyhs_��veYWYcYQSR�]gefWYX�_g_^}©\fR�i3h�X�R�\,azhZe��«ªj�¿è7��Xyä�å:çEm�m q × ® ×�­ v�k�eY]^wY}~j6t[�¢_�QS_^aqeYWlagR�]�hZ[S[`R	Wgñ~ó�ñq¸é��fQS��i�R�W�cvhs_ �^R�WfQ`X�R È cvhZ_ÉQSi¥i3hsan\YR	i3hsanQS_g}~\YR	W3é�[`[�a~hZXqhZi¥_gR	[SanR	WY_^agR�W3��R�]b��R�WYcfR	a���Q`]gc=t/oq[SR�Q`}~\�¸�r��\Y[U\vh|a{R	_3��R	QSag]gR�QS}©\fR�WYcYRVeYWYc���QS}©\,anQ`XZRº(���WY_^R�hleYR	WYk�R�W È hsef�pcYQSRN��Q`]�QSi �v�Z[`X�R	WYcYR�W�jleY]^kR	Q`WYXZR�\YR	W ���Z[`[SR�W't(¼=eYR	]g_^a�XZR�xAR�W ��Q`]#eYW,anR	]$5¢R�]^�rR�WYcYefWYXÇcYR	])(p[­hZ_^_gR�W,anR	]gi�_g}~\Y]gR	Q`x,��R�QS_gRNR	Q`WYRxYk	X�[ÄtYcYR�]UhZWfcYR�]^R�WVéU��QS��i�Rq¾&hleYQ��shZ[SR�WlagR¬µr\vhZ]nhsjlagR�]^Q`_gQSR�]^eYWYX����ZWÀîüóBûÍ³:Ì¢óyhZW=t
�d±/ÅÀÅâÑ Þ'í�Þ�ì È
ø+��öLû�î»ô|ï�ó�Ërîöô|ï'ÎZó¨Ëdî^ÐyÑYÑfË,ó$,/ø ú î ⋃ çuîrï�ó/�Lõ¿ø ú �p¬�,/õ�`|þZü`öLø+��.Ò õ_Ö îüó7û:³ÍÌ(ó©�
Ò õ¿õ_Ö s[�/û�É�ö ú öLøg#¬ü�þ2�
�-öLø+��öLûo. A ≡ {x |ϕ(x, ~w)}

ùZõ¿üÍ� ú õÚö9Ñ|,��
��þ-ù/ö ∀~w(A 6= ∅ → ∃x(x ∈
A ∧ A ∩ x = ∅))

�
Pyhs_��veYWfcYQ`R	]geYWfX�_g_g}~\YR	i{h�R	Wlan_^mY]gQS}©\,a$Q`W,aneYQ�anQ��ÕR�QSWYR�i \YQ`R	]nhZ]^}~\YQ`_^}©\ hZef��X�R	xvhZefagR�WòTVR	WYX�R�WleYWYQ ¸��R	]g_gefiVt=P�QSR9�¢[`R	i3R	WlagRzR	Q`WYR	]pTVR	WYX�R#R	]g_g}~\YR	Q`WYR	W®����]�cYR�]pTVR	WYX�R#_^R�[SxY_^a È cYhZ\YR�]�_^��[`[�anR¬R	_yjZR�QSW
x
i3Q�a

x ∈ x
X�R	xAR�W't6PyhZ_U�veYWYcYQSR�]^eYWYX�_^_g}~\YR�i3h�_^}©\f[`Q`RkpZa>�^R	cYRqé�]^aJ����W

∈
¸�¼T\�jZR	[`W�hZeY_	·

ê ÑfÎ-ë Þ'íaÞ��Ïs[�/û�­YþZûLõÆþ���ü`öLø
x1, . . . , xn n

ùZõ¿üÍ�,.
¬(x1 ∈ x2 ∧ . . . ∧ xn−1 ∈ xn ∧ xn ∈ x1)

�
�¥1vöü	�õÚöLü¿ü©Êa�/û

n = 1
.
x1 /∈ x1

�
������������t�é�WYX�R�Wf��i3i�R	W È
q × v

x1 ∈ x2 ∈ · · · ∈ xn ∈ x1

t



y�z|{~}��[�~��� �|}��;���3���!�~�3�i���E��z]�~��y��~�C���E���3��z��]}����!� ×�´
P�ef]g}~\

A :≡ {x1, . . . , xn}
��Q`]^c®R�QSWA(q[`hZ_g_^R�W,anR	]gi

A
X�R	X�R�xAR	W¯eYWfcÕR�_pQ`_ba

A 6= ∅
t�u�R�Q�X�R�i3¾&pîüóBûÍ³:Ì¢ó

x
i�QSa

x ∈ A
efWYc

A ∩ x = ∅
X�R	��¾Z\Y[Sa�tBPyhZWYW�Q`_ba

x = xk
��wf]�R	Q`W

k
i�QSa

1 ≤ k ≤ n
t

£�i!�6hZ[S[
k > 1

Q`_baUhZxAR�]
xk−1 ∈ A ∩ x

eYWYcVQSi �6hZ[S[
k = 1

Q`_ba
xn ∈ A ∩ x

tvé�[S_g��Q`W/�^R�cfR�i �6hs[`[
A ∩ x 6= ∅ È ÒÓQ`cfR�]g_^mY]gef}©\'t ���dP
�UWY_gR	]qé�ef��xvhse¯cfR�]q��\YR���]^Q`R$cYR	]¬ey]^cYQ`Wvhs[`k�hZ\Y[SR�W�Q`i Wv¾Z}~\Y_^agR�Wj(qhsmYQSagR�[�xAR	]geY\,a�hZef�rcfR�i �6efW�¸cYQSR�]^eYWYX�_^_g}~\YR�i3hft
L��b��® �Ó�[�¯� �}�;°Ç�d£�������¦	
É¤!�
Pyhs_3é��fQS��i îüî�ñ�ó{XZR�\Y¨Z]^a3k	eOVC�6è7X���?�ç:_ × ® ¤&° hZef��X�R	_^anR	[`[�anR	WòéU��Q`��i�R	WY_»\/_^agR�i¡³di3Q�a�_gR	Q`WfR�]½UQ`[���Ry\vhsa�R�]�cYR	W¯ã�ä�å
æ
ç(è'_g}~\YR	WNÒÇ��\Y[`�Z]gcYWleYWYX�_^_nhsagkqxAR	��Q`R	_gR	W't
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î�9�9�ÂÆÃÆÌ[û:³:´�ì�õ
b
ÂÆÏ	Î�±�ÂÆ³
± î�û:Ï<�#Ñ�íÍÃÆÅâ±/³:´6±!ÿ�7:Ë

a
í

ª�RL����]d��QS]dcYQSRUª�R	cYR�efageYWYXzcfR�_Éé�eY_b��hZ\Y[`h|��Q`��i�_¢Q`W�cYR�]�TVhsan\YR	i{h|anQ`j�jZ��i�i3R	WlanQSR�]^R�W È xAR	�rR�QS_gR�W��QS]�k	eYWv¾Z}~\Y_ba�cY]^R�Qy¾&hleYQS�|hZ[`R	WlanR�PyhZ]^_^anR	[`[SeYWYX�R	W't�q £�W ´ t × �rR�]gcfR�WÓ��QS]{��R	QSagR�]^Rnfih/efQS�shs[`R�Wfk�R	W����]^i#eY[`Q�R�]^R�W�eYWfcNxAR	��R	Q`_^R�W't_vJP�QSRyR�]^_^anR�µ�\vhs]nhZj,anR	]gQS_gQ`R	]geYWfX#��R�]gR	Q`Wf�Æhs}©\,a�cYQSRp�v�Z]gi#eY[SQSR	]geYWYX�����Wîüî�ñ�óUi3Q�a�½UQ`[S��R�cYR�]�(p[­hs_g_gR	WlagR�]gi�_g}~\Y]^R�QSxl��R	Q`_gRst
�d±/ÅÀÅâÑ Þ'í�Þ�Þ È
ø+��öLûÕîöô|ï�ó¨Ë#î»ô|ï'ÎZó¨Ë#îbÐyÑYÑYË�ó ,�ø ú î ⋃ çuîrï�óA�Lõ¿ø ú�ú õÚö/Ê¨*|ü ù/öLø ú öLø�Ñ�,¸�
��þ-ù/öLø�p¬�,/õ�`|þZü`öLø+��.
Ò õ_Ö îüî�ñ�ó2�
Ò õ¿õ_Ö

∀a∃ b((∅ /∈ a ∧ ∀x1, x2((x1 ∈ a ∧ x2 ∈ a ∧ x1 6= x2)→ x1 ∩ x2 = ∅))
−→ ∀x(x ∈ a→ ∃y b ∩ x = {y}))

�
�JQSR<&vQSR�X�R	WYcYR	]�Q`_^a�cfR�]�Q`i ����[`XZR�WYcYR	W�u�hsank¬hsef��X�R�k	R�QSXZanR¬¼=eY_ghZi3i�R�Wf\vhZWYXY·
ê ÑfÎ-ë Þ'íaÞ�� È:ø+��öLû ú öLø�öLõ¿ø/ù/ö Êa�,ÿ/ûo��öLø�ÑV±�õ�*2.{öLø���õ���þ&,�Ê ú þ2�EÑ�,¸��GÉþ|ÿ/ü�þ²±�õ�*2.O�Lõ¿ø ú �p¬�,/õ�`|þZü`öLø+��.Ò õ_Ö îüî�ñ�ó2�
Ò õ¿õ_Ö

∀r∃b ( Eq(r) −→ (∀x, y((x ∈ b ∧ y ∈ b ∧ x 6= y)→ ¬xry) ∧ ∀x∃y(x ∈ field(r)→
(y ∈ b ∧ xry))))

�
¢Lø´³)*|û���öLø�.M�vö ú ö�µ�¬�,/õ�`|þZü`öLø�	�ûnöLü�þ&�Äõ�*|ø�ÿfþ&�JöLõ¿øn`&*|ü¿ü ���%�Zø ú õ�ù/ö
�}¶�öt1Aû»�2�-öLø+�¹þZø+��öLøÌ��0K����ö�.Ú�Ò õ¿õ¿õ_Ö
∀f, x ((f :x→ V ∧ ∀ i (i ∈ x→ f(i) 6= ∅)) −→

£
i∈x f(i) 6= ∅)

�
¢Lø´³)*|û���öLø�.:ô�þ2�~+rûu* ú ,�J2�røvõ��~ÿ��M^�ü`ö~öLû~öLû�÷ÇöLø/ù/öLø�õ����Éøvõ��~ÿ��Éü`ö~öLûk�



y�z|{~}��[�~��� �|}��;���3���!�~�3�i���E��z]�~��y��~�C���E���3��z��]}����!� ×K­
������������t  �q�Q�v

⇒
q�QSQSQ�v%"~t6u/R�Q`R	W

f, x ∈ V
i3Q�a

f :x → V
eYWfc

f(i) 6= ∅
��wY]�hZ[S[`R

i ∈ x
tS�¢_�Q`_ba�R�QSW

g:x → V
i�QSa

g(i) ∈ f(i)
��wY]yhZ[`[SR

i ∈ x
k	en�vWfcYR�W't�½UQ`R	]gk�e! ¹i3hZ}©\fR�W�"���Q`]�cYQSR�T�R�WYX�R	W

f(i)cYQS_ �^eYWfjlaÉeYWYc���¾Z\f[`R�W�i3Q�aUîüî1ñ�ó�hZef_��^R�cYR	i�cYR�]
f(i)

R	Q`W��¢[`R	i�R�Wla
g(i)

hZeY_�tl�v��]gi3hZ[fX�R�_^}©\fQ`R�\,acvhs_{��QSRV����[SXZa�·ÉP�eY]g}~\
{{i} × f(i) | i ∈ x}

Q`_^a{Wvhs}©\ºî»ôyË|Ï|ó�R�Q`WfR®TVR�WfX�R
a
cYR��vWYQ`R	]^a�³rcYQ`R

�¢[`R	i�R�WlagR¬���ZW
a
_^Q`WYcVWYQ`}~\lab¸�[SR�R�]�eYWfc�mvhZhZ]^�rR�Q`_^R�cYQS_ �^eYWYj,a�tS'�hZ}~\ îüî�ñ�óyR©��Q`_banQ`R	]^a�R	Q`WYRzTVR�WfX�R

b ∈ V È cYQ`R¶�^R	cYR	_)�d[SR�i�R�W,az����W a Q`WâX�R�Wvhse R�QSWYR�i »¢eYWYj,a$an]^QS«Aa�t
é�eY_�ñ~ó����Z[`XZa È cvh©p®cfeY]g}~\⋃
{b ∩ ({i} × f(i)) | i ∈ x}

R	Q`WYR�TVR�WfX�R
g
cYR��vWYQSR�]^azQ`_ba�t�T�hsWÀ_gQSR�\laz[`R	Q`}~\la È cvh&p g:x → VX�QS[SapeYWYcÇcYQ`RÚ�¢[`R	i3R	WlagR�����W

g
����WÇcYR�]��v��]^i

(i, g(i))
i�Q�a

i ∈ x
eYWYc

g(i) ∈ f(i)
_gQ`Wfc't:P�QSR�veYWfjlagQ`��W

g
Q`_baUhZ[`_^�$��QSRqxAR�Wf¨ZanQSXZa�t

 oqÆQ`QSQ�v
⇒
qÆQ�Q v�"~tlu/R�Q

r
��QSRUQ`W!qÆQSQ�v©t,P�eY]^}©\

{[x]r | x ∈ field(r)}
Q`_barR	Q`WYR�T�R�WYX�R

a
cfRk�vWfQ`R�]ba�t

{(y, y) |
y ∈ a}

QS_^a�R�Q`WfR¢��efWYj,anQ`�ZWvhZ[`R¢TVR�WfX�R
f : a→ a È cYQ`R(Q`cYR	WlagQ`_g}~\YR¢é�xYxfQ`[ScYeYWYX�����W a t�ÒÇR�X�R	W x ∈ [x]rQS_^a

∅ /∈ a
eYWYc�_g�Zi3Q�a

f(y) 6= ∅
��wY]Ì�^R�cYR	_

y ∈ a
tK'�hZ}~\�q�Q`QSQ vBRL��QS_^anQSR�]baÍR	Q`W

g ∈
£
y∈a f(y)

t|PyhsWYWzQS_^a
g([x]r) ∈ [x]r

qÆhZ[`_^�
g([x]r)rx

v¢eYWYc
g([x]r) 6= g([x′]r)

Q`i�mY[SQSk	QSR�]^a
[x]r 6= [x′]r È c't \'t È ¬xrx′ eYWYc_^��i3Q�a

¬ g([x]r)rg([x
′]r)
t,P�QSRUT�R�WYX�R

ran(g)
Q`_^a¢hZ[`_^�pR�QSW$���Z[`[S_^a~¾ZWfcYQ`XZR�_(¶�R�mY]g¾Z_gR	Wla~hsWlagR�WY_ö\�_^anR�i��wY]

r
t

 oqÆQ`Q v
⇒
q�Q v�"~t'u�R	Q

a
R�QSWYR�TVR�WfX�R�WfQ`}~\lab¸�[`R	R�]^R�] È mvhZhZ]^��R	Q`_^R�cYQS_ �^eYWYj,agR�]�TVR	WYX�R	W't�ÒÓQS]y�Æhs_g_gR	W a hZ[S_»�hs]^anQ�anQ`�ZW¬����W ⋃
a
hZe��6eYWYc$cYR��vWYQSR�]gR	W$cYQ`Rrk�e$cfQ`R�_^R�](»�hZ]^agQSagQ`��W�XZR�\Y¨Z]gR�WfcYRifihleYQS�|hZ[`R	WYk�]^R�[`hsanQS��W�·

r
t©�¢Q`W�����[S[`_ba~¾ZWYcfQ`X�R	_Í¶UR	mY]n¾s_gR�W,a~hZW,anR	WY_»\/_^anR�i����ZW

r
an]^QS«Aa+�^R�cYR	_P�¢[`R	i3R	WlaÍ���ZW

a
QSWzX�R	WvhZe#R�QSWYR	i»¢eYWYj,a�tY�v��]gi3hZ[vX�R�_^}©\fQ`R�\,aJcfQ`R	_r��Q`RU����[`Xsa�·/P�eY]g}~\ ⋃

{u× u |u ∈ a}
Q`_ba�R�QSWYR�]^R�[`hsanQS��WvhZ[�R�TVR	WYX�R

r
X�R�XZR�xAR�W=tÍT�hZWÕ_gQ`R	\laq[`R	Q`}~\la È cvh&p r R	Q`WYR$fihleYQS�shs[`R	WYk�]^R�[­h|anQ`�ZW®QS_^aqefWYc a = {[x]r | x ∈

⋃
a}X�QS[Sa�tfÒF¾s\Y[`RqX�R�i3¾&p!q�Q`Q vr��wY]

r
R�QSW�����[S[`_^an¾ZWYcYQSX�R	_U¶�R�mY]g¾Z_gR	WlanhZWlagR�WY_ö\�_^anR�i

b ∈ V
tAPyhZWYW�an]gQ�«Ba

b�^R	cYRÚfih/efQS�shs[`R�Wfk�jl[­hs_g_gR�����W
r
q�c'tµ\=t È �^R�cYR	_/�¢[`R	i3R	Wlap����W a vpQSW¯XZR�WvhseÇR�QSWYR�i »¢eYWYj,a È QS_^a¬hZ[`_^���QSRp��wY]�qÆQ v�xAR	WY¨ZagQ`XZa�t ���dP

L��b�É� �8��¦	
É¤¥���}�;¸>�,¡��
¤¥�
£�W®cYR�]ph|��Q`��i3hsagQS_g}~\YR	W¯TVR	WYX�R	WY[`R	\Y]gR#��R	]gcYR	WÕ��R�]g_^}©\fQ`R�cfR�WYR�i3R	WYX�R	Wlan\fR���]^R	anQS_g}~\YR$éU��QS��i3R	WY_»\,¸_banR�i�RzeYWlagR�]g_^eY}~\la È R	a���h�QSW®ª�R	k�eYXNhZe��ÉQS\Y]gR¬ÒÓQ`cfR�]g_^mY]gef}©\Y_b��]gR	Q`\YR	QSa È �/cYR	]��rR�Q`[:Q`W�xAR�_^agQ`i�izanR	Wu�Q�anevh|anQ`�ZWYR�W¯WleY]�R	Q`WÇ�:R�Q`[dcYR	]���xYQSX�R�W¯éU��Q`��i�R�R�]^��wf[`[�a¬Q`_ba�t'ÒÓQ`]q�rR�]^cYR�WÀcvhZ\YR	]�X�]^eYWYcY_g¾sank	[`Q`}~\xAR�hZ}~\lanR	W È ��R	[`}~\YRJéU��QS��i3R�QSW$xAR�_banQSi3izanR�ª�R	�rR�Q`_^R�R	Q`WYX�R	\YR�W=t��¢Q`WYQSX�R��:R�QS[`_»\/_banR�i�RJk	R�QS}©\fWYR�W���QS]xAR	_g��WYcfR�]g_�hZeY_�·
Ü1±�Ý(³:Â¿ÎðÂÆÊA³ßÞ�íaÞ�!
Pyhs_�éU��Q`�Zi3R	WY_»\/_banR�iØñ~ó qÚ¼=R	]gi�R�[S�s¸��v]nhsR�WYjsR�[�v�xAR	_^anR	\laqhseY_yhs[`[SR�W�hsWYX�R�XZR�xAR	WYR�W®éU��QS��i�R�WVxYQ`_hZe���cvhZ_�é�eY_^��hZ\Y[­hð�fQS��i�t
Pyhs_Éé���Q`��i�R�Wf_»\/_^anR	iýñPóJñºxAR	_^anR	\la�hZef_ÉhZ[`[SR�W�hZWfX�R�XZR�xAR�WfR�W{é���Q`��i�R�W$R�Q`Wf_g}~\Y[`QSR�p�[SQS}~\$cYR�_dé�eY_�¸��hZ\Y[­hð�fQS��i�_¶qÆé���Q`��i �s�Éñ�\Y��QS}�R¨vLt
Pyhs_�éU��QS��i�R�WY_ö\�_banR�i

ZF−
xAR�_^agR�\,aphZef_�hZ[S[`R	WVhsWYX�R�XZR�xAR�WfR�W�é��fQS��i�R�W�xYQ`_UhZef�(é�eY_^��hZ\Y[�¸reYWYc»Í�sanR�Wfk�i�R�WYX�R	Wvh|��QS��iVt

¹»º ]HN^L�¼�bON^j½N�Q<S,N½|\U\Q ⋃
a
WoLXQRdBZ\N�Qle m dAeaQRQ¾_<¿ m LO|aeabXN�Q<S�c{]HN^QAQ�WYLXN-LOQ�diN^h,WoN�bXr{N�Q�À�N^LObXj½N�QAZ<N-diN^hvÁ�eahoSoLOSoLXU\QbOLXN�Z<N�Q;�



y�z|{~}��[�~��� �|}��;���3���!�~�3�i���E��z]�~��y��~�C���E���3��z��]}����!� ×�°
Pyhs_:éU��Q`��i�R	WY_»\/_^agR�iYôp°��®xAR	_^agR�\la�hZeY_:cYR	Wzé���Q`��i�R�WqcYR�]ÍTVR�WYXZR�WYR©�fQS_^anR	WYk È �(�/agR�WY_^Q`��Wvhs[`Q�a~¾sa È»�hZhZ]gi�R�WYXZR�W�¸ÉeYWfc¡5dR	]gR	Q`WYQSX�eYWYX�_^xYQ`[ScYeYWfXYt
�¢Q`W¯��Q`}~\lagQ`X�R	_#¼=Q`R	[dcYR�]�5d��]g[SR�_^eYWYX�Q`_bazcYR	]9'�hs}©\,��R�QS_zcYR�]�Ë|±/Ã�ÑfÎðÂ)GA±�³���ÊA³:Ï�ÂÄÏLÎ-±/³:ë�cYR�_zé�eY_�¸��hZ\Y[­hð�fQS��i�_�îüî�ñ�ó3wYxAR�]�cYR�i u�\/_^anR	i ñPóJñ3·dÒÇR�WfWOñPó ��QScYR�]^_gmY]^eY}©\f_^��]gR	Q�Q`_ba È _g�ÇQ`_ba{hZef}©\ñPóJñ���QScYR�]^_gmY]^eY}©\f_^��]gR	QÚt
Â Ã �> 1E�G��qH/Äi��ÄNH	I�G
P�QSRU¼'hZ\Y[SxAR�]gR	Q`}~\YRJcfR�]dWvh|anwY]^[`Q`}~\YR	W�eYWfc3]^R�R	[`[SR�W3¼'hZ\f[`R	W�_gQSWYc�cYQ`R�j/[`hZ_g_^Q`_^}©\YR	W�op]geYWfcY_^ag]geYj,anef]gR�WcYR	]NT�hsan\fR�i3hsanQSjAtdÒÓQ`]3�r��[`[SR�W�QSW�cYQ`R	_gR�i (qhZmYQ�anR	[�R�QSWYR�W i�R�WYXZR�Wlag\YR��Z]gRLanQ`_^}©\fR�WÞ¼'hs\Y[`xAR	X�]gQ�«R	Q`Wf��wf\Y]gR	W È cfR�]�hZ[`_~5dR	]nhZ[S[`X�R	i�R�QSWYR	]geYWYX¬cYR�_�ªrR�X�]^QS«B_rcYR	]�Wvh|anwY]g[SQ`}~\YR	W1¼'hs\Y[6��R	]g_ba~hZWYcfR�W���R�]^cYR�WjðhZWYW'tlÒÓQS]Éi��ZagQS�/QSR�]^R�W�cYQSRU_g}]µ�hZW,an��]^_g}~\YR�W � Ë|Ì:ÂÄ³
ÑvÃ�ë,Ñ+íÍÃ�±/³�cYeY]^}©\�ª�R	��xvhZ}~\lageYWYX�R	W�cYR�]É��xAR�WcYR��vWYQSR�]banR�W3Wvh|anwY]^[`Q`}~\YR	W{¼'hZ\f[`R�W

0, 1, 2, . . .
tlP�Q`R�ey]gcYQSWvhZ[Sk�hZ\f[SR�W�_^R	ank	R�W{cYQSR�WvhsagwY]g[SQ`}~\YR	W{¼'hZ\f[`R�WQSWY_ÆÅfû^þZøÌ��Çdøvõ���ö3����]ba�t�ÒÓQ`]1k�¾Z\f[`R�WFk�efWv¾Z}~\Y_^a�R	Q`WYQSX�RA�¢Q`XZR�WY_^}©\vh|�¿anR�WÔcYR	]�_g}~\Y��WÔR�QSWYX�R	��wf\Y]^agR�W

 ¹Wvhsanwf]g[`QS}~\YR	WV¼'hZ\Y[SR�W�"
0, 1, 2, . . .

hZef��·
qÆh�v�P�QSR

<
¸�¶UR	[­h|anQS��W�cYR	]qWvhsagwY]g[SQ`}~\YR�W¯¼'hZ\Y[SR�W®��QS]gcÕcvhs]gX�R	_^anR	[`[�apcYeY]g}~\¯cYQ`R

∈
¸�¶�R�[`hsanQS�ZW't=Pzt \'t È

m < n
Q`_^aU¾©h/efQS�shs[`R�W,a�k�e

m ∈ n
t

q�x�vÉÈZR	cYR�_��¢[`R�i�R	Wla1R	Q`WYR	_
n
QS_^a1hZeY}~\Ó�:R�QS[`i�R�WYXZRV����W

n È c'tµ\=t È n QS_^a�eYW,anR�]
∈
¸�5d��]gX�¾ZWYX�R	]gWhZxfX�R�_^}©\Y[S��_^_gR�Wgq� 

n
Q`_^aJag]nhZWf_gQSagQS�¥"»v©t

qÆ}¨v�P�QSR�TVR	WYX�R
n
��Q`]gcNcYeY]^}~\

∈
_^ag]gQSjla�[SQ`WYR�hZ]�X�R	��]gcYWfR	a�t

q�c�v�P�Q`R�'�hZ}~\f����[SX�R�]^xYQ`[ScfeYWYX#cYR	]JWvhsanwf]g[`QS}~\YR�W�¼'hs\Y[`R	W���Q`]^cNQSW
V
����]gi3hZ[SQS_^QSR�]ba�cYeY]^}©\NcYQ`R¶eymARL¸]ghsanQS��W

x 7→ x ∪ {x}
·+�¢_UQ`_ba

n+ 1 = n ∪ {n}
t

ÒÓQS]JeYW,anR�]^_geY}~\YR	W�WleYWVcfQ`R¬oqR	_nhZizag\YR�Q�aUhs[`[SR�]�T�R�WYX�R	W È cYQSRqcfQ`R	_gR�W�oqR	_gR	agk�R	W�X�R	W/wYXsa�t
�U�b� �Ó¦b�ÞÝÞ���[���/�Þ���'�´Ê �Y��¦����d�	
=�d£������
Ü1±�Ý(³:Â¿ÎðÂÆÊA³Ë�:íÆì;�¢_�_gR�QSR�W

A
eYWfc

R
(p[­hs_g_gR	WlagR�]gi�RZt

qÆh�v�P�QSR
∈
¸��v��]^i3R	[

Trans(A) :≡ ∀x, y((x ∈ y ∧ y ∈ A) → x ∈ A)
xAR	cYR�e�anR	a�·

A
Q`_^aÎ-ËðÑv³:Ï�Â¿ÎðÂ)G È c=tµ\'t È A Q`_baJX�R�XZR�W/wfxAR�]

∈
¸�5d��]gX�¾ZWYX�R	]gW1_gR	Q`WYR	]��d[SR�i�R�W,anRqhsxYX�R	_g}~\Y[`��_^_gR	W'·HÈZR	cYR�_

�¢[`R	i3R	WlaJ���ZW
A
Q`_^aUhseY}©\��:R�QS[`i�R�WYXZRy����W

A
t

q�x�v�P�Q`Ry¶�R�[`hsanQS��W
∈� A :≡ {(x, y) | x ∈ A ∧ y ∈ A ∧ x ∈ y}

Q`_ba�cfQ`R�hZef�
A
R	Q`WfX�R�_^}©\Y]g¾ZWYj,anR

∈
¸�¶�R�[­h|anQS�ZW't

Ü1±�Ý(³:Â¿ÎðÂÆÊA³Ë�:í%�WqÆh�v�P�eY]^}©\
On :≡ {x | Trans(x) ∧ SLO(x,∈� x)}

QS_^a3cYQSRº(q[`hZ_g_^RVcfR�]
� Ë|Ì:ÂÄ³
ÑvÃ�ë,Ñ+íÍÃ�±/³ÇcYRk�vWfQ`R�]ba�t

q�x�v T�QSa
x
ÂÄÏ	Î�±/ÂÆ³:± � Ë|ÌÍÂÆ³:ÑYÃÆë,Ñ+í:ÃÍxAR�k	R�QS}©\fWYR�WV��QS]JcYQ`R

∈
¸��v��]^i3R	[

x ∈ On
t

qÆ}¨v���wf]
x, y ∈ On

_^R	ank	R�WV��QS]
x < y :≡ x ∈ y

eYWfc
x ≤ y :≡ (x < y ∨ x = y)

t
ñPû:Ë� �Ê6Î�ÑfÎðÂ�ÊB³~õ6ÒÓQ`]���R	]^��R	WYcYR�W�jl[SR�QSWYRpX�]^Q`R	}©\fQ`_g}~\YRqª�eY}~\Y_ba~hZxAR	W�hs[`_I5ÉhZ]gQ`hZxY[SR�W{��wY]�ey]gcYQSWvhZ[ ¸k�hZ\Y[SR�W'tS�¢Q`WfRz�v��]^i3R	['��Q`R

∀αϕ
Q`_ba�k�e�[SR�_gR	W�hZ[S_

∀α (α ∈ On → ϕ)
eYWYc�R	Q`WYR��v��]^i3R	[�cYR�]Ué�]^a

∃αϕ
QS_^a�k�e�[`R	_gR	W�hZ[S_

∃α (α ∈ On ∧ϕ)
t



y�z|{~}��[�~��� �|}��;���3���!�~�3�i���E��z]�~��y��~�C���E���3��z��]}����!� × ®
@#±/Åâ±lËA�Bû:³:´��:íaÞ �ÍwY]>�^R	cYR¬WYhsanwY]^[`QS}©\fR¬¼'hZ\f[

n
Q`_^a

n ∈ On È ��QSRqi3hZWN[`R	Q`}~\la���R�]^Qa�vk	Q`R	]^a�tP�QSRqWY¾Z}~\Y_^agR�WVxAR�Q`cfR�W�uf¾sagk�Rqk�R	Q`X�R	W È cYh&p�cfQ`R¶(p[­hZ_^_gR On
cYQSRqcfRk�vWfQ`R�]^R�WYcfRzªrR�cYQSWYX�eYWfX�����W

OnR	]^��wY[S[Sa�t
ê ÑfÎ-ë#�
í�� Ô~��ùZõ¿üÍ�

Trans(On)
�

������������tNu�R	Q
x ∈ α

eYWYc
α ∈ On

tÌ�¢_�QS_^a�k�e1k�R	Q`XZR�W È cvh&p x QSW On
[`QSR�Xsa È hZ[S_g�zcYQ`R�cYRk�YWYQ`R	]gR�WfcYRª�R	cYQSWYX�eYWYX�cYR�_�(q[`hZ_g_^R�W,anR�]^i3R	_

On
R�]b��wY[`[�a�t

q × v �¢_UXZQ`[Sa
Trans(x)

t
������������t®u�R	Q

u ∈ v ∈ x
t��¢_UQS_^a

u ∈ x
k	eVk	R�Q`XZR�W'tvé�eY_

v ∈ x ∈ α
eYWfcVcYR	]U�:]nhsWY_gQ�anQS�/Q�a~¾sa�����W

α
����[SXZa

v ⊆ α È _g��cYh&p3��Q`]�_gmAR	k�QSR�[S[ u ∈ α \vhZxAR	W't=é�eY_ x, u ∈ α efWYcÕhseY_�cYR�]��Íhsag_nhZ}~\YR È cvh&p
α
cYeY]^}©\

<
_^an]^Q`j,az[SQ`WfR�hZ]qXZR���]^cYWYR	a���QS]gc È R�]^X�Q`x�a�_gQS}©\ È cvh&pVX�R�WvhseÀR	Q`WYR�cYR�]�é�ef_g_nhsX�R�W x ∈ uxYkL�qt

x = u
xYkL�qt

u ∈ x
R�]b��wY[`[�a�Q`_ba�tYÒF¾Z]^R

x ∈ u È _^�{\Y¾sagagR�W���Q`] x ∈ u ∈ v ∈ x ³v��¾Z]^R x = u È_^��\v¾sagagR�WÇ��QS]
x = u ∈ v ∈ x

tÍPyh
∈
jZR�QSWYR�¼T\�jsR�[r\Yhsa È _gQSR�\YRr�ft � Ø È j|hZWYWâjZR�QSWYR3cYR�]�xAR	Q`cYR	Wé�eY_g_ghZX�R	W�]gQS}~\lanQSX$_gR	Q`W'tYé�[S_g��i#e�p

u ∈ x
X�R	[SanR	W't hlR	c7q × v

q Ø v P�QSR�TVR	WYX�R
x
��Q`]^c�cfeY]g}~\

∈� x
_^ag]gQSjla�[`QSWYR�hZ]�X�R	��]gcYWfR	a�t

������������t�Pyh
α
an]nhsWY_gQ�anQS�VQS_^a È QS_^a x ⊆ α È eYWYcÕcvh α _ban]gQSjlap[`QSWYR�hs]����ZW

∈� α
X�R	��]gcYWfR	aq��QS]gc È����[SXZaJ_^�Z����]baUcfQ`Rqª�R	\vhZeYmfageYWYX q�xAR�hZ}~\lagR È cYh&p�QSW SLO

W/eY]�é�[`[ahlevhZWlag��]gR	W1����]^jZ��i�i3R	W�vLtShlR	c7q Ø v
q × v�eYWYcjq Ø v�Q`i�mY[SQ�k�QSR	]gR�W

x ∈ On
t ���dP

ñ�Ê6ËðÊBÃÆÃ�ÑYËÌ�
í%!ÏÔ3�¬ùZõ¿üÍ�
∀α α = {γ | γ < α} Í �t1vöü	�õÚöLü¿üF. ∀α, β (α = β ←→ ∀γ(γ < α ↔ γ <

β))
������������t�Pyh

α ∈ On
eYWfc

On
an]ghZWY_gQ�anQ��ÀQ`_ba È Q`_^a|�^R�cYR	_r�¢[`R	i3R	Wla����ZW α R�QSWYRºep]^cYQ`WYhZ[`k�hZ\Y[

γ < α
t ���dP

ê ÑfÎ-ë#�
í%$ÏÔ~��ùZõ¿üÍ�
SLO(On, <)

�
������������t '�hZ}©\VP�R��vWYQSagQ`�ZWNX�Q`[�a

<⊆ On×On
³vcYh
∈
jZR	Q`WYR�¼T\/jZR�[�\vhsa È X�QS[Sa α 6< α

t
q × v P�QSR¬¶�R�[`hsanQS��W

<
Q`_^aJag]nhZWf_gQSagQS��hsef�

On
t

������������t �¢_pX�R	[SanR
α < β < γ È c't \ È α ∈ β eYWfc β ∈ γ t=é�eY_pcfR�]p�:]ghZWY_gQ�anQ���Q�a~¾saU����W γ ���Z[`XZacvhsWYW

α ∈ γ È hZ[`_^� α < γ
t h/R	c7q × v

q Ø v ÈZRqk	�rR�QC�¢[`R	i3R	WlagRp����W
On

_^Q`WYc�xfk�X�[Ät
<
��R�]^X�[`R	Q`}~\/xYhZ]�t

������������t{é�WfX�R�WY�Zi3i�R�W È cfQ`R	_r��¾Z]gR�WYQS}©\,a�cYR�]��6hZ[`[ÄtlPyhsWYW1X�QSxfa�R	_�R	Q`W α È cvhZ_�cYQSR]�¢QSX�R�WY_^}©\Yhs�¿a
ϕ :≡ α ∈ On ∧∃β(β ∈ On ∧¬(α = β ∨ α ∈ β ∨ β ∈ α))



y�z|{~}��[�~��� �|}��;���3���!�~�3�i���E��z]�~��y��~�C���E���3��z��]}����!� Ø&¤
R	]^��wY[S[Sa�tF'�hZ}~\ îüóBûÍ³:Ì¢ógqÄhZWfX�R	�rR�WYcYRLa�hZef�

ϕ
v{RL��QS_^anQSR�]baNcvhZWfWFR	Q`W

<
¸¹i3QSWYQSi�hZ[�R�_

α È cvhZ_1i3Q�aR	Q`WYR	i¥X�RL��Q`_g_^R�W
β <

¸�eYW,��R�]^X�[`R	Q`}~\/xYhZ]¢Q`_^a�t��d]^WYR�e�anRUé�Wl�rR�WYcYefWYX�����W�îüó7û:³ÍÌ(ó È cYQ`R	_gi3hZ[vhZe��=cYQ`R�v��]^i3R	[
ψ :≡ β ∈ On ∧¬(α = β ∨ α ∈ β ∨ β ∈ α),[SQ`RL��R�]^azR�QSW

<
¸�i�Q`WYQ�i3hs[SR�_

β 6= α È cYhZ_$k�e α <
¸¹eYWl��R	]gX�[SR�QS}©\lxvhZ]zQ`_^a�tÍÒÓQS]#k	R�Q`XZR�W

α = β
eYWYcR	]g\vhZ[�anR	W�_g��R	Q`WfR�WNÒÓQ`cfR�]g_^mY]geY}~\'t

k	e  
⊆
"©tB£�_^a

γ < α È _g��Q`_baäq���R	X�R�WÀcYR	]#TVQ`WYQSi{hs[�Q�a~¾|ap����W α v γ i3Q�a β Wf�/}©\
<
¸¹�ZR�]gXZ[`R�QS}©\lxvhZ]	tPzt \'t È R	_zX�Q`[�a¬R	Wla���R�cfR�] β < γ

�/cYR�]
β = γ

�/cfR�]
γ < β

t7£�iáR�]^_^anR	W �6hZ[S[(��¾Z]^R
β < γ < α È�rR�X�R	W cYR	]z�:]nhZWf_gQSagQS�/QSan¾saq���ZW

<
hs[`_g�

β < α
³:QSi k	�rR�QSagR�W �6hZ[S[¢��¾Z]gR3R�xAR�W��ÆhZ[`[S_

β < α
tÍP�Q`R	_��QScYR�]^_gmY]^Q`}~\la�hsxAR�]�cYR	]

<
¸��UWl��R	]gX�[SR�Q`}~\lxvhZ]gjZR	QSar����W

α
eYWYc

β
tfé�[`_^�#jZ¨�WYWYR	W�cfQ`R	_gRyxAR�QScYR�WN�(¾s[`[SRWYQS}~\la�R�QSWlan]^R	agR�W È c=tµ\'t È R�_�X�Q`[�a γ < β

t
k	e  
⊇
"©tB£�_^a

γ < β È _g��QS_^aäq���R	X�R	W cfR�]#TVQ`WYQSi{hs[SQ a~¾|ap����W β v γ WY�/}~\Ài�QSa α <
¸¹�ZR�]gXZ[`R�QS}©\lxvhZ]	té�[`_g�

α < γ
�/cYR�]

α = γ
�/cYR�]

γ < α
t�é�WvhZ[`�ZXNk�efi  

⊆
"¹¸�ª�R	�rR�Q`_pR	]g\v¾Z[�aqi3hZWÕQ`WÕcYR�WÇxAR	Q`cYR	WR	]g_^agR�W��(¾Z[S[SR�W1R�QSWYR	WNÒÓQ`cYR	]g_gmf]geY}~\ È _^��cvh&p�QSWNcYR	]U�Íhsa γ < α

X�Q`[�a�t hlR	c7q Ø v
Pyhsi3Q�aJQ`_ba�cYR�]�ufhsagkqxAR	��QSR�_^R�W't ���dP
ê ÑfÎ-ë#�
íÎ(²ôqõÚö]#¬ü�þ2�
�-ö

On
õ�����öLõ¿ø=ö#ö
�~ÿ���ö]#¬ü�þ2�
�-ö/.

On /∈ V
�

������������tòé�WYXZR�WY�Zi3i�R�W È On ∈ V
t�Pyh

On
an]ghZWY_gQ�anQ��VQ`_baqefWYcÕ����W

<
_^ag]gQ`j,ap[`QSWYR�hZ]�X�R���]^cYWYRLa��QS]gc È ��¾s]gR On ∈ On

t6P�h
∈
jZR�QSWYR�¼T\/jZR�[
\Yhsa È R�]^X�Q`x�a�_gQS}©\�R	Q`W1ÒÓQ`cfR�]g_^mY]geY}~\'t ���dP

@#±/Åâ±lËA�Bû:³:´��:í%* P�QSR��Íhsan_ghZ}~\YR È cvhZ_^_ On
cYQSR�cYR��vWYQ`R	]gR	WYcYRUªrR�cYQSWYX�eYWYXy�Z��W

On
R�]^��wf[`[Saiq�_gQSR�\YR

ªYt ª�eYWYc¡ªYt ´ v�hsxAR�]�cfR�WYWY�/}~\VjZR�QSWº�¢[`R	i�R�Wla�����W
On

Q`_ba È ��Q`]gcNi3hZWY}~\Yi3hZ['hZ[S_Jcvhs_�ÐyÑYËðÑvÌ
Ê�ï�ÊB³GAÊA³ ��8Íè�ä[?-�ab
c(ç(è/æ7��Ï�xAR�k	R�Q`}~\YWfR	a�t~��8Íè�ä[?-�ab
c(ç(è/æ7�d��R	]g¨Z«BR�W,an[`QS}~\lazQSiÐÈ�hZ\Y] ×¨° ® ­ _gR	Q`WYRr�¢Wla^¸cYR	}~j/efWYX È cYhZ_g_#cfQ`R{ª�Q`[ScYeYWYXVcYR	]�TVR	WYX�R1hs[`[`R	]/ey]gcYQSWvhZ[Sk�hZ\f[SR�WÇk�e R	Q`WYR	iáÒÓQScYR�]^_gmY]^eY}©\À��wY\f]^a�tP�QSR�_^R�_�¶�R�_gef[Sa~h|a�\vhsa�eYWvhZxY\Y¾ZWYX�QSXz����W!��8:è�ä>?��ab
c¢ç(è/æ7�=hZeY}~\�ã�äÍå
æ
ç(è�QSi�È�hs\Y]gR ×�° ® ² X�RL��eYW�¸cYR	W't
�U�ÚÙ �N¦b�Ñ�,¡/�Y¦�§�¡8Ò�
d�Y¤¥�d�b�'�ÔÓÇ�3°¯��¦	�
P�QSR{R	[`R	i3R	WlanhZ]gR	W à�R�i�i3hZ_�wfxAR�]$ey]gcYQSWvhZ[`k�hZ\Y[SR	WÇ\vhZxAR�WÀR	a���hs_#eYW/wfxAR�]g_^Q`}~\lag[`QS}©\YR È hsxAR�]zjleY]^k�Rª�RL��R	Q`_gRst��¢_�Q`_ba�i�¨�X�[SQS}~\ È cYQ`R	_gRyªrR	��R	Q`_^Ry_^ag]gQ`j,ar���Z]gi3hZ[6cfeY]g}~\Yk�e���wY\Y]gR	W È kZtµª�t�eYW,anR�]�ª�R�Wlefank	eYWYXcYR	_Jª�RL��R�QS_b¸�»d]^wf��eYWYXZ_g_»\/_^anR�i�_UTº£b¼=é�¶ q¿�J�J�qtµi�Q`k�hZ]�t ��]^X¸vLt�£�i����Z[`X�R	WYcYR	W1ª�R	Q`_gmfQ`R	[A�rR�]gcfR�Wºey]�¸cYQSWvhZ[Sk�hZ\f[`R	W W/eY]NwfxAR�]N�Í]ghZWY_^QSanQ��/QSa~¾|a1eYWfcÞà�QSWYR�hZ]^QSan¾sa�cYR�]

∈
¸�¶UR	[­hsagQS��W�cYRk�YWYQ`R	]^a�t�T�hZWF_gQSR�\,a[SR�QS}©\,a È cvhZ_g_�cvhZ_�k�ef]�ep]^cYQ`WYhZ[`k�hZ\Y[ ¸�P�R��vWYQSagQS�ZW�ªYt × ¾©h/efQS�shZ[SR�W,a�Q`_ba�t

ÕaÖM×RØ�Ù�Úp×�Û�Ü;ÚÝÙ�Þ<ßXàoáHâ�Ú\ãpß�ä�å�æA� çA�Xå^ç\èAå\c\é�hoN^ê�ê�UaëiìAåa�Xå\�Oå^í\æAå\c\À m hoLXQlî1å^ç<çaï�Á�h,U\j½UaS,LXU\Q>LXQIð�eaSo`AN^j½eaSoLXn½e\QIdiN�hñ QALX|\N�h�WoLTS�_�S>Á�LtWoeRò�ear�å�ç\ç/ó�e\Q�diN�hVð�LXbXLTS�_ah�ean�e<diN�j½LXN\c�ear�å^í<ô\è¾e\bXW½U\h�diN^Q<SobXLts,`AN^h½Á�hoU\x�N^WoWoU\h�ò�dAeaQAN^r{N�Q�å�ç\íaïaëå^ç<í\èIeabtWvé�W,WoLXWYSoN^Q<S�|\U<Q�õ�×iÙ�ö�âÌe\Q¾diN^h ñ QALX|\N�h�WYLOS,_aS�À m h,LOQ;�p÷Me m zAS,eah,r{N�LOS,WoZ\N^rALXN	Sv|\U\Q«ÛvÜ;ÚpÙ�Þ<ßXàoáHâ�Ú\ãpß�LXWYS�diLXNø N�n/S,U\h�eaQReabXùiWYLtWMWYU�]gLXN-diLXN½À3`AN^U\h,LON½diN�h�bXLXQAN^eah,N�Q�À�h�eaQRWYx�U\h,j>e�SoLXU\QAN^Q m QRd�diN�h,N�Q�é1Q²]HN�Qld m QAZ\N^Q m � eR�pe m x�zA`/ù/wWYLXn�e\bOLtW,s,`AN-kRh�eaZ\N�W�S,N�bXb m QAZ\N�Q��ÝuiN�LXQAN>úHN�Wos�`R_�xûS,LOZ m QAZ�j½LOS[diN^h[üvh m QRdibteaZ\N^QAj>e�So`RN�j>e�S,LOn~xF_abXbTS�LXQ�dALON½N�h�W�S,N½÷�_abOxûSoNWYN^LOQRN^Wgý;N^r{N�QRW^òi`RLON^hor{N�L;|\N�h�W m s,`/SgN�h�cRõ�×iÙ�ö�â;Wgú�N�LOSoh�_aZ<Nvê m diLXN^WoN�jÔüvN^rALXN	S1ê m z{U\z m bteah,LtWYLXN�h,N�Q;�
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%(]M��1��4-���.��=��F/C=.��<������X76URS'���=0=����$/�������r*L]s���ZbVX76UR�d41��=A>m���ASbOR�dS'
:��	C���1�2�.�1���0S] [ 1����Y1_6O9a#/�4
��	�=0��	�4�`#/.a�/�Zbc1S6UX�dY1��=A&�/�Zbe976UX�dl#�"�.���Zbc1_6O9�d&$	A=���Y1 Q 9K$�A=���a���Zbe9S6V1=d
:���T���#�"

��	��-���.�����F/C�.��Y1S6O9B�	1�"H
��	�=0��	�Z'���=0=����$/�������&g7]t���Zbc1_6UX�dS'
���=0=����$/�������KuS]t���Zbe9S6UX�dS'
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vS]!h����	��"qbVR�d4����F/Cw*x68I���E�#/�
#/.�#�$@��\�9�$���\�m���A�#����=?�R=��C�?p'
y ]t���zbc1S6UR�d4����F/Cw*`6{gj6)v(6|I���E�#��
#�.�#�$@��\�A=���=\�h����	�
"�#�.�#�9�#�.�����.Z'}(]t���zbe976UR�d4����F/Cw*`6)up6)v(6|I���E�#��
#�.�#�$@��\�A=���=\�h����	�
"�#�.�#�9�#�.�����.Z'
~7]|��3�m(bVR�d4����F/Cw*`6|I���E�#/�
#/.�#�$@��\�9�$���\�m���A�#����=?�R=��C�?p'�7]t���zbc1S6O9�d&$�A=���Y1 Q 9&$	A=���a�/�Zbe976V1�dY����F/C y 6{}j6{~p6���.���#/5�.���\�3�#��������=��\�m���A���1��=0_'��?�"�$>���zbc1S6O9�d&$�A=���Y1 Q 9&$	A=���a�/�Zbe976V1�dY����F/CB�7'���=A=�7'

��?�"�$Y��3�m(bVX�d4����F/C�:���C��	1�2�.�1���0(6t��.���#/5�.���\�3�#��������=��\�m���A���1��=0_'
���=A=�7'
Q�Q �=$��k#/.4C���-��	��T
#��D-���T�#	��"��	�Z]
h�C��=$��=�@�z] [ 1�����X(6URD�k#/.l���ZbVX76UR�d41��=A>m���ASbOR�da#�"�.>��3=m(bVX�d4����F�CK%('
þ;þ
þ;þ!I�����5��j6tm��
þ;þt�������������������
�U�ML �N¦b�d������ÜY£���Òg¡����N�[
d� Ê �f��¦����d�	
=�d£��b���z�
ÒÓQS]�cfRk�vWYQSR�]^R�W®cYQ`Rzª�Q`[ScYeYWYX{cfR�_�'�hZ}~\f����[SX�R�]^_�R�QSWYR�]�ey]gcfQ`Wvhs[`k�hs\Y[:hZ[`_�5dR�]ghZ[`[SX�R�i�R	QSWYR�]^eYWYX

+1
¸

eymAR�]ghsanQS��W�hZef�dcYR�W®WvhsagwY]g[SQ`}~\YR�W®¼'hZ\Y[SR�W'tZey]gcYQSWvhZ[Sk�hZ\Y[SR	W È cfQ`RzjZR	Q`WYR$'�hZ}~\f����[SX�R�]^��]gcYQSWvhZ[�k�hZ\Y[�R�WeYWfcÇ����W
∅
��R�]^_g}~\YQ`R	cYR�WÀ_gQSWYc È ��R	]gcYR	W��rÂÆÅâ±/Ï�Ê6Ë|ÌÍÂÆ³:ÑvÃ�ë,Ñ+í:Ã�±/³ X�R�WvhsWYWla�t:é�WYcYR�]^_#hZ[S_¬xAR	QÉcYR	WWvh|anwY]^[`Q`}~\YR	WV¼'hZ\Y[SR�WNX�QSxfaJR�_�_g��[S}©\YRqà
QSi3R	_gk�hZ\Y[`R	WNQ`W

On
t

Ü1±�Ý(³:Â¿ÎðÂÆÊA³Ë�:í%5 �ÍwY]i�^R	cYR1TVR	WYX�R
x
_^R	ank	R

x + 1 :≡ x ∪ {x}
tC£�i �6hZ[`[

x = α ∈ On
\YR�QapZa

α + 1
ÌÍÂ�Ëð±��BÎ-±/Ë�Ê6ËsÌ:ÂÆ³:ÑvÃ�±lË  �Ñ+ì2íCÿ¹ÊAÃ�´A±lË¬����W

α
t

@#±/Åâ±lËA�Bû:³:´��:íÆì;:Y�¢_(X�QS[Sa
x+1 =

⋃
{x, {x}} ∈ V

��R�XZR�W�î^ÐyÑYÑfË,ó¢efWYc�î ⋃ çuîrï�ó-tsé�e�p�R	]gcYR	iQS_^azcYQSR
+1
¸�eymAR�]nh|anQ`�ZWÇQ`W2�^R	j,anQS�A·
ÒF¾s]gR{Wv¾si3[SQS}©\

x + 1 = y + 1
eYWYc

x 6= y È _^����¾Z]^R x ∈ y�rR�X�R	W
x ∈ y ∪ {y}

eYWYc
y ∈ x

�rR�X�R	W
y ∈ x∪ {x}

Q`i�ÒÓQScYR�]^_gmY]^eY}~\Ncvhsk�e È cvh&p ∈ jZR	Q`WYRp¼T\�jZR	[\vh|a�t
ê ÑfÎ-ë#�
íÆì6ì �'öLõ

α ∈ On
�
ô�þZøvøNùZõ¿üÍ�,.

Ò þ�Ö
α + 1 ∈ On

�
Ò �öÖ

α < α + 1
�

Ò �tÖ
∀β (β > α→ β ≥ α + 1)

�
Ñ�,¸� Ò þ�Ö���õ�� Ò �tÖ�Ê¨*|ü ù&��Ë ú þ�� α + 1 ú õÚö]J|ü`öLõ¿øÌ����öÚÎ�û ú õ¿øAþZü 	-þ|ÿ/ü=õ�����Ë ú õÚö�ùZû
H)�¢öLûqõ�����þZü_� α �
������������t�k	eäqÄh¥vLt-Pyh

α+1
R�QSWYRd�:R�QS[`i�R�WYXZR(����W

On
QS_^a È X�R	W/wYXsaÍR	_ È Trans(α+1)

k�e¬��R	]gQa�Yk�Q`R	]gR	W È�/X�[Ät�¥'¥YtBoqR	[SagR¬hZ[`_^�
x ∈ y ∈ α + 1 = α ∪ {α}

tAPyhZWfW�Q`_^aUR�W,a���R�cYR	]
y ∈ α È eYWYcVR�_�X�QS[Sa x ∈ α�rR�X�R	W3cYR	]d�:]nhZWY_^QSagQS�/QSan¾sa�����W

α
³��/cfR�]¢R�_dQ`_ba

y = α È efWYc���Q`R	cYR�](����[`Xsa x ∈ α tZÒÇR�X�R	W α ⊆ α+1����[SXZaJQSWNxAR�QScYR�WV�(¾s[`[SR�W
x ∈ α+ 1

t6P�Q`R�_J��hZ]�k�e�k�R	Q`X�R	W't
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k	egq�x�vLtvP�Q`R	_�Q`_^a�jl[`hZ]�t
k	egq�}�vLt6u�R�Q

β < α + 1 = α ∪ {α}
t6PyhsWYWVQS_^a

β ∈ α
�/cYR	]

β = α È hZ[S_g� β ≤ α
t �¶�dP

�d±/ÅÀÅâÑ¦�
íÄì��YÑ�,�Ê ú öLø|Ê©ûa�,ÿvöLû ú ö�ÇdøvõÚöLûo��öLø�øAþ&�Y�/ûLü õ��~ÿvöLø3ýÍþ|ÿ/ü`öLø n ���Æõ�.$.$� ú õÚö]*&�LöLø ú ö�ÇdøvõÚöLûo��ö�pþ��~ÿoÊ¨*|ü ù/öLûk��õ¿ü ú ,�ø/ùÚ.$õ�� ú öLû��Ì��ü õ��~ÿvöLø|�pþ��~ÿoÊ¨*|ü ù/öLûk��õ¿ü ú ,�ø/ùÌ�Ì�LöLûnöLõ¿øS�
Ü1±�Ý(³:Â¿ÎðÂÆÊA³Ë�:íÆì�ÞWqÆh�v�P�Q`R

∈
¸��v�Z]gi�R�[

Succ(x) :≡ x ∈ On ∧ (x = ∅ ∨ ∃y (x = y + 1))xAR	cYR�efagR	a�·
x
Q`_ba�R�Q`WfRB VÑ�ì©í7ÿ¹ÊAÃ�´A±lËðÊ6Ë|ÌÍÂÆ³:ÑvÃ�ë,Ñ+í:Ã:�/cYR	]�j/ef]gk¾ �Ñ+ì2íCÿ¹ÊAÃ�´A±lËlt

q�x�v�P�Q`R
∈
¸��v��]gi�R�[

Lim(x) :≡ x ∈ On ∧¬ Succ(x)
xAR�cYR	efanRLa�·

x
QS_^aqR�Q`WfR��ÉÂÆÅâ±/Ï�Ê6ËsÌ:ÂÆ³:ÑvÃ çë,Ñ+í:Ã��/cYR	]�jleY]gk¾�ÉÂÆÅâ±/ÏZt

qÆ}¨v�P�QSR
∈
¸��v��]^i3R	[

Ind(x) :≡ ∅ ∈ x ∧ ∀y(y ∈ x→ y + 1 ∈ x)
xAR�cYR	efanRLa�·

x
QS_^aUÂÆ³ÍÌCû��=Î-Â�GÉt

@#±/Åâ±lËA�Bû:³:´��:íÆìp�÷qÄh¥v¥�ÍR	}~\YWYQ`_^}©\fR�op]gwYWYcfR3��R�]ghZWY[`hZ_g_^R�W efWY_zcvhZk�e È ∅ hZ[`_¬'�hZ}~\f���Z[`X�R	]zhZe��­¸k	ef�ÆhZ_g_^R�W'tBT�hZWf}©\fR�é�efan�Z]gR�W�k	Q`R�\fR�W�R�_UcYhZX�R�XZR�WN����] È ∅ hZ[S_�à�Q`i�R�_�hsWYk�eY_^R�\YR	W'tq�x�vW£�_ba
β 6= ∅

eYWYc�R�QSWÚ'�hZ}~\f����[SX�R�] È _^�¬X�Q`xfa¢R	_ÉX�R	WvhZe�R�QSW x i�QSa β = x+1 È eYWYc�R�_dQ`_ba x ∈ On
t

�U��� �Ó¦b�ÞÝÞ���[���/�
ω

���=� ���(¡=�U�Y��¦bÜY£���� N¬�d£��b���z�
£�WÓcYQSR�_^R�i é�xf_g}~\YWYQ�agaN_gRLank	R�WF��QS]�WYQS}©\,aNcYhZ_N��WYR	WYcY[SQ`}~\YjZR�Q�an_gh|��Q`��i ����]g_^R	agk�R�W=t��¢_1Q`_^a1cYhZWYWi�¨�X�[SQS}~\ È cYhZ_g_�cYQ`RpWvhsagwY]g[SQ`}~\YR	WV¼'hZ\Y[`R	WNR�QSWYRqR	}©\,anR¬(p[`hZ_g_^RqxYQS[`cYR	W't
Ü1±�Ý(³:Â¿ÎðÂÆÊA³Ë�:íÆì�! P�R��vWYQSR�]gR

Nat(x) :≡ (Succ(x) ∧ ∀y (y ∈ x→ Succ(y)))
q�c'tµ\=t È x QS_^a�R�QSWYRWvh|anwY]^[`Q`}~\YRq¼'hZ\Y[ vLt

ω = {n | Nat(n)}
_^R�Q�cYQ`R¶(p[`hZ_g_^RqcYR	]�³
ÑfÎA7
Ë|ÃÄÂMì2í:±/³ ñ¢Ñ�íÍÃ�±/³Ét

é�eY_rcfR�]rPyhZ]^_^anR	[`[SeYWYX¬Q`i [`RLankLanR�W{à�R	i3i3hy����[`XZa¢cYeY]^}©\{i�R	anhZ_gmf]nhZ}~\Y[SQ`}~\YR�£�WYcYefjlagQ`��W3[SR�QS}©\,a È cvhZ_^_
ω
cYQSRpk�ef���Z]UcYR��vWYQ`R	]^agR�W

n
R�Wlag\v¾Z[�a�eYWYc�i3Q�aJcYQSR�_gR	W� ¹xAR�X�QSWYWla�"©·

�d±/ÅÀÅâÑ¦�
íÄì�$Ïs[�/û¶É�ö ú ö�J�*|øÌJ|ûnö��yù/öÚù/ö��LöLø=öNøAþ&�o�/û©ü õ��~ÿvö�ýÍþ|ÿ/ü n õ����
n ∈ ω

��s
öLûLø=öLûNõ����
0 =

min(ω)
,�ø ú n = min(ω \ {0, . . . , n− 1})

õ�.ýs'þZü¿ü
n > 0

�
ê ÑfÎ-ë#�
íÆì'(��'öLõ

S:ω → ω ú õÚö6 �Ñ+ì2íCÿÚÊBÃ�´6±/ËKÿtû:³1�=ÎðÂ�ÊB³EË ú ��ÿ�Ë S(n) = n + 1
Êa��û{þZü¿ü`ö

n ∈ ω
�ô�þZøvø1ù/öLüÍ��öLø ú õÚöÚ@«�vä�å:çF^MÑV±�õ�*2.{ö/.Ò +½0�Ö

S:ω
inj.
−→ω

�
Ò +?2�Ö

0 /∈ ran(S)
�

Ò +_�kÖØs���û�þ�ü­ü`öÌÅAöLûo.�ö
A
ùZõ¿üÍ��.

(A ⊆ ω ∧ 0 ∈ A ∧ ∀x (x ∈ A→ S(x) ∈ A)) −→ A = ω
�

������������t#P�QSR�opwY[SagQSX�jZR	QSa�����W!qÄ» × vÍ����[`XsadhZeY_dcYR	]~£�W2�^R�j,anQ��/QSa~¾|adcYR	]
+1
¸öeymAR	]nhsagQ`��W�hZe��

V È qÆ» Ø vQS_^a�RL��QScYR�W,a�tCqÄ»~��vr����[`Xsa�hZeY_�cYR	i!�veYWYcYQSR�]gefWYX�_g_^}©\fR�i3h�eYWfcVcYR	]UP�Rk�vWfQSanQS��W1����W
ω
t ���dP

@#±/Åâ±lËA�Bû:³:´��:íÆì�* P�QSR�(p[­hZ_^_gR
ω
��QS]gc3cYef]g}~\{cYQ`R��YtµhftÌ@«�6äÍåÍç�¸�é��fQS��i�R�R	Q`WYcfR�efagQ`Xq��R�_banX�R	[`R	XZa�tT�hsW{xAR�hs}©\,anR È cvhs_g_rcYQ`R���xYQSX�Ri5dR�]^_gQS��W3cYR�]�»:R�hZWY�|¸�éU��QS��i�RUR	Q`WfR|(p[`hZ_g_^R�W,��R�]g_^Q`��W3Q`_^a�t/�UWlagR�]rcfR�]é�WYWvhZ\fi3RqcfR�_��UWYR�WYcf[`QS}©\YjZR	QSag_nh|��Q`�Zi3_�X�R	[­hZWYXZR�W1��Q`]Jk	eVcYR	]�wYxY[`QS}~\YR�WVTVR�WfX�R�W,��R�]g_gQS��W't

ê ÑfÎ-ë#�
íÆì�5Y¢�.xÑV±�õ�*2.{öLøÌ��0�����ö�.
ZF−−(Inf)

�Lõ¿ø ú �p¬�,/õ�`|þZü`öLø+��. (Inf)
,/ø úqú õÚö>Ñ�,��
��þ-ù/ö ω ∈ V �
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������������t¡e�«BR�WY_^Q`}~\lan[SQ`}~\�QS_^a
ω ∈ V

R�QSW�¼=R	eYX�R���wY]�cvhZ_J��WfR�WYcY[SQ`}~\YjZR	QSan_gh|��Q`��i�t��Ui3XZR�jZR�\f]^aJ_gR	Q
x ∈ V

¼=R	eYX�R#��wf]pcvhs_¬�UWYR�WfcY[`QS}©\fjZR�QSag_nh|��QS��i È c'tµ\=t 0 ∈ x ∧ ∀n(n ∈ x → n + 1 ∈ x)
tB'�hZ}~\

ªYt Ø&¤ ��wY]
A = ω ∩ x

X�Q`[�a
ω ∩ x = ω

t6PyhsWYWVQS_^a
ω ⊆ x

eYWfc
ω ∈ V

t ���dP
£�W

ZF−
R	]g\vhs[SanR	WN��QS]JcvhZWYW�cYQSRpX�R	�r¨�\YWY[SQ`}~\YR¬�v�Z]gi cYR	]U»ÍR�hZWf�,h|��Q`�Zi3Rs·

ê ÑfÎ-ë#�
í%��:¤�'öLõ
S:ω → ω ú õÚö6 �Ñ+ì2íCÿÚÊBÃ�´6±/ËKÿtû:³1�=ÎðÂ�ÊB³EË ú ��ÿ�Ë S(n) = n + 1

Êa��û{þZü¿ü`ö
n ∈ ω

�ô�þZøvø1ù/öLüÍ��öLø ú õÚöÚ@«�vä�å:çF^MÑV±�õ�*2.{ö/.Ò +½0�Ö
S:ω

inj.
−→ω

�
Ò +?2�Ö

0 /∈ ran(S)
�

Ò +_�kÖ
∀a((a ⊆ ω ∧ 0 ∈ a ∧ ∀x (x ∈ a→ S(x) ∈ a)) −→ a = ω)

�
ê ÑfÎ-ë#�
í%��ì

ω
õ���� ú õÚö]J|ü`öLõ¿øÌ����ö��Íõ�.{ö
��*|û ú õ¿øAþZü 	-þðÿ/ü
�

������������t
q × v

Trans(ω)
t

������������t u�R�Q
x ∈ y ∈ ω

t�Pyh
Nat(y)

Q`_ba
Succ(x)

t�P�h
Trans(y)

QS_^a
x ⊆ y

eYWfcÓcvhZ\fR�]
∀z(z ∈ x→ Succ(z))

tYé�[`_^��Q`_^a
Nat(x)

eYWYc
x ∈ ω

t hlR�cBq × v
q Ø v

SLO(ω,∈� ω)QS_^a�jl[­hs] È cYR	WYW ω ⊆ On
eYWYc�cYQ`R�ey]gcfQ`WvhZ[Sk�hs\Y[SR�W1_gQSWYc�cfeY]g}~\

∈
_ban]gQSj,aU[SQ`WYR�hZ]�X�R	��]gcfWYR	a�t¼=eY_ghZi�i3R	WNR�]^X�Q`x�a�_gQS}©\

qM��v
ω ∈ On

t
q ª¸v

ω
Q`_ba�R�QSWYR¬à�QSi3R	_g��]^cYQ`Wvhs[Sk�hs\Y[Ät

������������tâé�WfcYR�]^Wf�ÆhZ[`[S_U��¾Z]^R
Succ(ω)

eYWYc®cYhZi3Q�a
Nat(ω)

tBé�xBR	]ycYhZWYW�Q`_ba
ω ∈ ω

Q`i!ÒÓQScYR	]b¸_^mY]geY}~\Vk�eV�veYWYcYQSR�]gefWYXYt hlR�cBqMª�vPyh#hZ[`[SR��¢[`R�i�R�W,anR����ZW
ω
'�hZ}~\f����[SX�R�]^k�hZ\f[`R	W�_^Q`WYc È Q`_ba ω cYQ`R�jl[`R�QSWY_^agRyà�Q`i�R�_^��]gcYQSWvhZ[�k�hZ\f[Ät-���dP

Pyhsi3Q�ar_^Q`WYc{cYQSR�WYhsanwY]^[`QS}©\YR	W1¼'hs\Y[`R	W�hs[`_�TVR�WfX�R�����]gi3hZ[SQS_^QSR�]ba�t�£�i�Wv¾Z}~\Y_banR�W�(qhsmYQSagR�[6cYR��vWYQ`R	]gR	W��QS]¢k�eYcfR�i�cYQSRJX�R	�r��\YW,anR�W{hZ]^QSan\fi3RLanQS_^}©\YR	W�epmAR	]nhsagQ`��WfR�W�hZef�
N = ω

i3Q�ad½UQ`[���R�cYR�]É¶�R�jleY]^_gQS��W't
� �BG� NM���K
E��zG MNG�  � Ii�3M��>Â�Ek��G��
þ	³òÌ:Â�±�Ï	±�Å �VÑ�CÍÂ�Î�±�Ã(Ï�±,Î-ë,±/³ �{Â�Ë��âÏ�Ê�ÿ¹±lË|³ò³ÍÂMì2íBÎzÑ+û:Ï�Ì
ËR7[ìA��ÃÆÂÐì2í ±,Îa�zÑvÏ�Ñv³ÍÌ
±lËð±�Ïz´6±/Ï�ÑY´vÎ
�3Â�ËsÌ��òÌ
ÑvÏ ê ð
Ï	Î-±/Å

ZF−
GAÊAËðÑ�ûÍÏZí

¢©ø ú ,¸J2�Æõ�*|ø¯QS_^a$q�Q`WV_gR�QSWYR�]�R�Q`W��ÆhZ}©\f_^anR	WÕ�v�Z]girvJR�QSW�ª�R	�rR�Q`_^mY]gQSWYk�QSm���wf]�é�eY_g_ghZX�R	W®wYxAR�]�ey]gcYQSWvhZ[ ¸k�hZ\Y[SR�W't+�¢_�xAR�_nhsXZa È cYh&p�R�QSWYRqi3hsag\YR�i3hsagQ`_^}©\fR¶�¢Q`XZR�WY_^}©\vh|�¿a ϕ ��wY][�^R�cYR¬ey]^cYQ`Wvhs[`k�hs\Y[=XZQ`[�a È ��R	WYWi3hZWÇ��wY]��^R�cYR�ep]^cYQ`WYhZ[`k�hZ\Y[
α
hZef_#cYR	]�oqwf[SanQSXZjZR�Q�a¬����W

ϕ
��wY]#hs[`[`R)5d�Z]gX,¾ZWfX�R�]¬����W

α
hsef��cYQ`RopwY[SagQSX�jZR�Q�a�����W

ϕ
��wY]

α
_gR�[SxY_^aU_^}©\Y[SQ`Rkp�R�WNj|hZWYW=t
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¶�ö
J2,/û
�Lõ�*|ø�Q`_ba�qÆQ`W{_^R�QSWYR�]�R�QSWf�ÆhZ}~\Y_^agR�WN�v�Z]girvdR	Q`Wä(���WY_ban]gefjlagQ`��Wf_gmY]^Q`WYk	Q`m3��wY]r��efWYj,anQ`�ZWvhZ[SR|(p[­hs_b¸_^R�W

F : On→ V
t¨�d_
xAR	_nhZXsa È cYh&p F cvhZWYWp����\f[�¸6eYWfc¬R�QSWYcYR�e�anQ`XJcYR��vWYQSR�]^a
QS_^a È ��R	WYW¬R�_
R�QSWYR(��eYWYj�¸agQ`��Wvhs[`R¬(p[­hZ_^_gR
G
X�QSxfa È cYQSR���wY]~�^R�cfR�_ α hseY_ycYR	WÕxAR	]gR�Q�an_�xAR�]gR	}©\fWYR	agR�WÕÒâR	]^agR�W

(F (β)|β < α)eYWfcVcYR	]UhZj,aneYR	[`[SR�WVu/anR	[`[SR
α
cYR	W�ÒÇR�]ba

F (α)
xAR	]gR	}©\fWYR	a�t

���b� Ê �Y��¦����d�	
=�d£���¦������U§�¡�¦�
d�#�
ê ÑfÎ-ë�!'íÆì �'öLõ

C
öLõ¿ø!#¬ü þ©�u�-öLø+��öLûo.Ú�

Ò þ�Ö ×�õ¿üÍ�
C ⊆ On

,/ø ú ∀α(α ⊆ C → α ∈ C)
ËP��*�õ����

C = On
�

Ò �öÖ ×�öLüÍ��öLø
C ⊆ On

,/ø ú 0 ∈ C
��*2G¢õÚö

∀α(α ∈ C → α + 1 ∈ C)
,/ø ú ∀α((Lim(α) ∧ α ⊆

C) −→ α ∈ C)
ËP��*�õ����

C = On
�

������������t�k�e¹qÄh�v©t�ÒF¾Z]gR
C 6= On È _g�¯QS_^a α :≡ min(On \C)

���Z\Y[`cfRk�vWYQSR�]ba�t(é�ef_�cYR	]3TVQ ¸WYQSi3hZ[SQ�an¾say����W
α
����[SXZa

α ⊆ C È _g�VcYh&pVWYhZ}©\±5d��]ghZeY_^_gR	agk�eYWfX α ∈ C X�QS[Sa�t�P�QSR�_q��QScYR�]^_gmY]^Q`}~\la
α ∈ On \C

tYé�[S_g��Q`_ba
C = On

t
k	ejq�x�vLt�ÒÓQ`]�k	R�QSX�R�W È cvh&p$cYQ`R|5d�Z]nhZeY_^_gRLank�efWYX�R	W�hseY_�qÄh�vrR	]^��wY[S[Sa�_^Q`WYc È _g��cYh&pºq�x�v�hseY_�qÄh�vÉ����[SXZa�tu�R	QBhZ[`_^�

α ⊆ C
t¸£�_ba

α = 0 È _g�zQS_^arWvhZ}~\�é�WYWvhs\Yi3R�QSW qÆx�v α ∈ C t¸£�_^a α 6= 0
R�Q`Wr'�hs}©\�����[`X�R	] È _g�QS_^a

α = β + 1
���ZxBR	Q

β ∈ C
X�Q`[�aJ��R�XZR�W

α ⊆ C
³6WvhZ}~\�é�WYWYhZ\Yi�R�QSWgqÆx+v�QS_^a�cYhZWYW

β + 1 ∈ C ÈhZ[S_g�
α ∈ C

t6oqQS[�a
Lim(α) È _g��[`QSR	��R	]^aJcYQSRpé�WYWvhs\Yi�RqQ`W q�x�v�eYWfi3Q�aganR	[`xvhs] α ∈ C t ���dP

Pyh��^R	cYR�]i(p[`hZ_g_^R�W,anR�]^i
C ⊆ On

����W1cfR�]��v��]gi
C = {α | ϕ(α, ~w)}

QS_^a È [SQ`RL��R�]ba�cfR�]Jufhsank�_^�Z����]^acYQSRq¶UQS}©\,anQSX�jZR�Q�aJcfR�_����Z[`X�R	WYcYR�W�£�WYcYeYj,agQ`��WY_^_g}~\YR�i3hZ_	t
ê ÑfÎ-ë�!'í%� î»þ�³:ÌCû��=Î-ÂÆÊA³ÍÏ�Ï¨ì2í:±/ÅâÑAÿ�7:Ë

On
óD�'öLõ

ϕ(x, ~w)
öLõ¿ø=ö
∈
^�sC*|ûo.�öLü �
ô¬þZøvøNùZõ¿üÍ�,.

Ò þ�Ö
∀α ∈ On (∀β < α ϕ(β, ~w) → ϕ(α, ~w)) −→ ∀α ∈ On ϕ(α, ~w)Ò �öÖ (
ϕ(0, ~w)∧∀α(ϕ(α, ~w) → ϕ(α+1, ~w))∧∀α( Lim(α) → (∀β < α ϕ(β, ~w) → ϕ(α, ~w)) )

)

−→ ∀α ∈ On ϕ(α, ~w)ÒÓQS](����]gi#ef[`QSR	]gR	W�cYQSR�é�eY_g_ghZX�RUcYR	_É[`RLankLanR�W{ufh|ank�R	_d��R�WfQ`X�R	]¢����]gi3hZ[Ät&�¢_É_gR	Q6R	Q`WYR�i3hsag\YR�i3hsagQS_g}~\YR
�¢Q`XZR�WY_^}©\Yhs�¿a

ϕ
����]^X�R�[SR�XZa�t��¢_�_g��[S[6X�R	k�R	Q`XZaÉ��R	]gcYR	W È cYh&p ϕ hZef�
hZ[S[`R�ey]^cYQ`Wvhs[`k�hZ\Y[SR�W�k	efan]gQ�«Aa�t/�UicYQSR�_JcYeY]g}~\Yk	ef��wY\Y]^R�W È _banR�\fR�WVk	��R	QÍu/an]ghsanR	X�Q`R	WNk�eY]i5dR	]^��wYX�efWYXY·� æ
è�äfæ7��UP�������vª�RLan]nhs}©\,anRyR	Q`WYR�xAR	[`QSR�xYQSX�R|ep]^cYQ`WYhZ[`k�hZ\Y[

α
eYWYc1WYQSi3i�hZW È cvh&p ϕ hZef�:hZ[S[`R|ey]gcYQ ¸Wvhs[`k�hZ\Y[`R	W

β < α
k�e�an]gQ�«Ba�³Yk	R�Q`XZR È cYh&p�cYhZWYW ϕ hZe�� α k�efag]gQ�«Ba�t� æ
è�äfæ7��UP�������
¼=R�QSX�Rzk	eYWv¾Z}~\Y_ba È cvh&p ϕ hZef�

0
k	efan]gQ�«Ba�t=ªrR	an]ghZ}~\lanR#cvhZWfW®R�Q`WfR#xAR	[`Q`R	xYQSX�R9ey]gcYQ ¸Wvhs[`k�hZ\Y[

α > 0
eYWfc1eYWlagR�]^_g}~\YR�QScYRpcYQSRy�(¾Z[S[SR

α = β + 1
eYWYc

Lim(α)
t-£�i �6hZ[S[

α = β + 1
WYQ`i�ihZW È cvh&p ϕ hZef�

β
k�efag]gQ�«Ba�eYWfc�k�R	Q`X�R È cvh©p ϕ hZe��

α
k	efan]^QS«Aa¨³6QSi �6hZ[S[

Lim(α)
WfQ`i�i!hZW È cYh&p ϕhZe��(hZ[S[`R

β < α
k	efan]^QS«Aa�eYWYc�k�R	Q`X�R È cvh©p ϕ hZef� α k	efan]gQ�«Aa�tÒÓQS]�jZ¨�WYWYR	W±£�WYcYefjlagQ`��WÕhZeY}~\ÕxAR	W/efagk�R�W È eYi é�eY_^_nhZX�R	W¯wYxAR	]pé�Wf�ÆhsWYX�_g_banwY}~jZR$����W

On
k�eÕxAR©¸�rR�Q`_^R�W'·��¢_p_gR	Q`R	WÕR	Q`WYRzi{h|an\YR	i{hsagQS_g}~\YR9�¢Q`XZR�WY_^}©\vh|�¿a

ϕ
eYWfcÕR	Q`WYR$ep]^cYQ`WYhZ[`k�hZ\Y[

γ
����]^X�R�[SR�Xsa¨³BR�__^��[`[�X�R�k	R�QSXZap��R�]^cYR�W È cvh©p ϕ hZef��hs[`[`R

α < γ
k�efag]gQ�«Ba�t�P�R	Wâª�R	��R	Q`_qj|hZWfWÇi3hZW®��wY\Y]^R�W È QSWYcYR�ii3hZW R�Q`WfRÕcfR�]N��xAR	WÔhZWYX�R	X�R�xAR	WYR�W u/ag]nhsagR�X�QSR�W ��R	]^����[SXZa È ���ZxAR�Qpi3hZWj�^RL��R�QS[`_1cfQ`R¯¼=eY_ghsank�hZW�¸Wvhs\Yi�R

α < γ
\YQSWYk�ef��wfXZa�trP�QSR�_^R!5d�Z]gX�R	\YR�WY_b��R�QS_gR�Q`_^a{jZ�Z]g]gR	j,a�·rR�_3��Q`]gc \YQSR�]^cYeY]g}~\�Wv¾Zi�[`Q�}©\
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xARL��Q`R	_gR�W È cvh©p¯cYQSRNi3hsag\YR�i3hsanQS_^}©\fR��dQSX�R	WY_g}~\vhs�¿a ψ(x, ~w) :≡ (x < γ → ϕ(x, ~w))

hsef�yhZ[S[`R
α ∈ On

k	efan]^QS«Aa È ��hZ_p_g�Z����]baqcYQSR�opwY[SagQ`XZjZR�Q�a�����W ϕ ��wY]F�^R�cYR	_
α < γ

Q`i�mY[SQSk	QSR�]ba�t=�UWlanR	]qcYQSR�_^R
 ¹é�Wf�ÆhsWYX�_g_banwY}~j�¸t£�WYcYefjlagQ`�ZWYR�W�"J�ÆhZ[S[`R	W#kZtµª�t�cYQSR�xAR�jðhZWYWlagR�WÚ£�WYcYeYj,anQS��WYR	W�wYxAR	]¢Wvhsanwf]g[`QS}~\YR�¼'hs\Y[`R	W
q
γ = ω

vLt
���ÚÙ Ê �Y��¦����d�	
=�d£����Y�'§J�U����¦	
É�z�
ÒÓQS]���R	WYcYR	W�eYWY_UcfR�i R�QSWYX,hZWfX�_J_gjlQ`k	k�Q`R	]^agR�Wº(���WY_^ag]geYj,anQS��WY_^mY]gQSWYk�QSmNk�e=t
ê ÑfÎ-ë�!'íaÞ î^4�±;�Bû
ËsÏ�ÂÆÊA³:Ï�Ï¨ì2í:±/ÅâÑnÿ 7:Ë

On
ó��'öLõ

G
öLõ¿ø¬#¬ü�þ2�
�-öLø+��öLû�.Ú�,ô�þZøvø�J�H|øvø=öLø9G¢õ¿û�öLõ¿ø=öLø

#¬ü�þ2�
�-öLø+��öLûo.
F
þ�ølù/ö��	öLøÌË>��* ú þ�� ,�ø���öLû ZF−

Ê¨*|ü ù/öLø ú ö
�UùZõ¿üÍ�,.Ò þ�Ö
G:V → V −→ (F : On→ V ∧ ∀αF (α) = G (F � α))Ò �öÖ ¢u���

F ′
öLõ¿ø G�öLõ���öLûnöLû]#¬ü þ©�u�-öLø+��öLûo./Ë ú þZøvøNùZõ¿üÍ��.

(G:V → V ∧ F ′: On→ V ∧ ∀αF ′(α) = G (F ′ � α)) −→ F = F ′ô#öLû�#¬ü�þ2�
�-öLø���öLûo.
F
ÿvöLõ��C�UÌ
±lË{ÌCû:Ë2ì2í

<
ç�4�±;�Bû:Ë|Ï�Â�ÊA³�Ñ�ûCÿ

On
ûÍ³:Ì ÌÍÂ�±�4�±;�Bû
Ë|Ï�ÂÆÊA³:Ï<GAÊAË¨çÏ¨ì2í
Ë|ÂMÿÚÎ

G
9d±/Ï	ÎðÂÆÅÀÅ�Î�±���Ñv³:ÊA³:ÂÄÏ¨ì2í
±¯Ár±/Ë|Å;�Cs�þZü¿ü_�

G:V → V
ùZõ¿üÍ� Ë«�Löü	|öLõ��~ÿ/ø=öLønG¢õ¿û

F
þ&,+�~ÿþZü_�3Ì:ÂÆ±ÕÌ[û
Ë2ì©í

<
ç�4�±;�Bû
Ë|Ï�ÂÆÊA³ÓÑ+û7ÿ

On
û:³ÍÌÔÌÍÂ�±¦4�±;�Bû
ËsÏ�ÂÆÊA³:Ï<GAÊAË|Ï¨ì2í
Ë|ÂMÿÚÎ

G
9d±/Ï	Î-ÂÄÅÀÅ�Î-±

óBûÍ³1�=ÎðÂ�ÊB³F�
������������tzÒÓQS]ÉhsmYmY]g����Q`i�Q`R	]gR	W�cYQ`R��veYWYj,anQS��W

F
cYeY]^}©\{�veYWYj,anQS��WYR	W

f È cYR	]gR�W{P�R��vWYQSagQ`��Wf_gxAR�]^R�Q ¸}~\YR�ey]gcYQSWvhZ[`k�hZ\Y[SR	Wz_gQ`Wfc È eYWYc$cYQSR�_gQ`}~\�hsef�AQS\Y]gR	W�P�Rk�vWYQ�anQS��WY_gxAR	]gR	Q`}~\YR�W$X�R	i{¾&p�cYR	]¢¶UR	jleY]g_gQS��WY_�¸���Z]g_g}~\Y]^QS�¿a
G
�ZR�]g\YhZ[SagR�W't/ÒÓQ`]�k	R�QSX�R�W È cvh&p��^RykL��R	Q'_g��[S}~\YR�]�é�mYmY]^�-��Q`i3hsagQ`�ZWYR�W¡J�*2.|1fþ&�ÆõM�LöLü�_^Q`WYc Èc't \'t È hZef�¢cYR	i XZR�i�R�QSWY_nhZi�R�WV�:R	Q`[:QS\Y]gR	_�P�R��vWYQSagQ`��Wf_gxAR�]^R�QS}©\YR	_�wYxAR�]^R�QSWY_^agQ`i�i3R	WVeYWYc�cvh&p��^R�cYR

ey]gcfQ`Wvhs[`k�hs\Y[lhZ[`_ÍP�Rk�YWYQSagQ`��WY_^xAR�]^R�Q`}~\#R	Q`WfR�]Íé�mYmf]g�-��QSi{h|anQS��W¬Q`Wz�v]nhZXZRrjZ��i�iza�tðP�R�W$(q[`hZ_g_^R�W,anR�]^i
F
R	]g\vhs[SanR	WN��QS]JcYeY]g}~\¡5dR	]gR	Q`WYQSX�eYWYX�hZ[`[=cYQSR�_^R�]�é�mYmf]g���fQSi{h|anQS��WYR	W't

P�R��vWYQSR�]gR¬hZ[`_^�
App(f,G) :≡ f : dom(f)→ V ∧ dom(f) ∈ On ∧∀α ∈ dom(f) f(α) = G (f � α)

eYWfcV_^R	ank	R
F :≡

⋃
{f | App(f,G)}.

½UQ`R	]gi�QSa�\vhZxAR	W���QS]
F
R	«BR�j,anQ��NhZeY_

G
jZ��WY_ban]geYQSR�]ba�t��¢_�X�R�[�anRpW/efW

ZF−
t

qÆh�vLt6u�R	Q
G:V → V

q × v ÈZRqk	�rR�Q
é�mYmY]g����Q`i3hsanQS��WfR�W1_gQSWYc�jZ��i�mvhsagQ`xAR	[Ú·
App(f,G) ∧ App(g,G) ∧ dom(f) ⊆ dom(g) −→ g � dom(f) = f

tu�mAR	k�QSR�[`[Ä·voqQS[�a
App(f,G)

efWYc
App(f,G)

_^�ð��QSR
dom(f) = dom(g) È _g��Q`_ba f = g

t
������������tÀÒF¾Z]gR

g � dom(f) 6= f È _g�1X,¾ZxAR#R	_pR�Q`W�jl[`R�QSWY_^agR�_ α ∈ dom(f)
i3Q�a

f(α) 6= g(α)
tÒÇR�XZR�WÇcfR�]�TVQSWYQ`i3hZ[�Q�an¾sa����ZW

α
QS_^a

f � α = g � α
eYWYc¯cvhZi�QSa È ��R�QS[ G ��eYWfjlagQ`��WYhZ[(QS_^a È hZeY}~\

G(f � α) = G(g � α)
trÒÇR	X�R�W

App(f,G)
eYWYc

App(g,G)
\vhZxAR	W ��QS]�hZxAR	]1hZWYcYR	]gR	]g_gR	QSag_

f(α) = G(f � α)
efWYc

g(α) = G(g � α) È _^�3cvh&p�cY�/}~\ f(α) = g(α)
_^R�Q`W�i#e�p È ÒÓQ`cYR	]g_gmf]geY}~\'thlR�cBq × v
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q Ø v

∀α ∈ On ∃f (App(f,G) ∧ dom(f) = α).
������������tVÒÓQS]���wY\Y]^R�W�R�Q`WfR�W¡£�WYcYeYj,agQ`��WY_^xAR	��R	Q`_	t
α = 0

tv��wY]
f :≡ ∅

X�QS[Sa
f : 0→ V

eYWYc
App(f,G)

t
α = β + 1

tT'�hZ}~\ £�WYcYefjlagQ`��Wf_^����]ghZeY_g_^R	ank	eYWYXNR©�fQS_^agQ`R�]ba
g: β → V

i�QSa
App(g,G)

t=u�RLank	R
f :≡

g∪{(β,G(g))}
tZP�hZWYW$X�QS[Sa

f :α→ V È efWYc$i{hsWz��R	]gQ
�vk�QSR�]^a�[`R	Q`}~\la App(f,G)
tZª�R�hZ}~\lanR�\YQSR�]^xAR�Q Ècvh©p���wY]

γ ≤ β
X�Q`[�a

f � γ = g � γ
t

Lim(α)
t�'�hZ}~\O£�WYcYefjlagQ`��Wf_^����]ghZeY_g_^R	ank	eYWYX�RL��Q`_banQSR�]^aN��wf]9�^R	cYR�_

β < α
R	Q`W

fβ: β → V
i3Q�a

App (fβ, G)
t«'�hZ}~\Ïq × v�Q`_^a

fβ
R�Q`WfcYR�efagQ`XâxAR�_banQ`i�iza È _g� cYh&pâ��Q`] fβ =

⋂
{g | App(g,G) ∧

dom(g) = β}
\YhZxAR�W È c't \'t È k	eY]pP�Rk�vWfQSanQS��W�����W fβ ��Q`]^còî»î1ñ�ópWYQ`}~\,apxAR�Wf¨ZanQSXZa�tBP�eY]g}~\ f :≡⋃

{fβ | β < α}
QS_^a È �rR�Q`[,é�mYmY]^�-��Q`i3hsagQ`�ZWYR�Wpmvh�hZ]b��R�QS_gRdjZ��i�mvhsanQSxAR�[�_^Q`WYc È R�Q`WfRÉ�veYWYj,anQS��W f :α→

V
XZR�X�R	xAR�WOq�xAR�hZ}~\lagR È cvh&p {fβ | β < α}

WvhZ}~\Fî»ôyË|Ï|ó$R	Q`WYR1TVR�WfX�R1QS_^a È hZ[S_g���rR�X�R	WÔî ⋃ çuîrï�ó
f ∈ V

X�Q`[�aov©t6��wY]
β < α

\Yhsayi3hZW�hZeÌp�R�]^cYR�i
f � β = fβ+1 � β

tAÒÇR�XZR�W
App (fβ+1, G)

����[SXZa\YQSR�]ghZeY_
f(β) = fβ+1(β) = G (fβ+1 � β) = G (f � β)

tAu/��i3Q�aJXZQ`[Sa
App(f,G)

t h/R	c7q Ø v
é�eY_±q × v È q Ø v3efWYcÓcYR�]1P�Rk�YWYQSagQ`��W ����W F

R�]^X�Q`x�a1_^Q`}~\ _g�Z����]ba
F : On → V

t�é�Wvhs[`��XÀk	eÓcYR	]mvhs]nhZ[S[`R	[SR�W u/agR�[`[SR�QSi £�WYcYefjlagQ`��Wf_gxAR	�rR�QS_1����WÏq Ø v���wY]{cYR�WFà�QSi3R	_^�ÆhZ[S[�_gQ`R	\la1i3hZW È cvh&p F cfQ`R¶�R�jleY]^_gQ`�ZWY_gX�[SR�QS}©\leYWYX
∀β F (β) = G (F � β)

R	]^��wY[S[Sa�tYPyhZi�QSaJQS_^a¬qÆh�v�xAR	��QSR�_gR	W't
k	e q�x�vLtAP�R�]�ª�R	�rR�Q`_U��R�]^[­¾Ze��¿a�XZR�Wvhse�_^�3��Q`R¬cYR�]�ª�RL��R�QS_�cYR	]](U��i3mYhsanQSxYQS[�Q�an¾sa�kL��R�QSR�]�é�mYmf]g�-��Q ¸i3hsanQS��WfR�W È _^Q`R�\fRrq × vLt ���dP
@#±/Åâ±lËA�Bû:³:´ !�í��ºP�R	]�jðhZWY��WYQS_g}~\YR��ÍR	]gi

F
Q`i�¶UR	jleY]g_^Q`��Wf_g_g}~\YR�i3hzQS_^a

G
R�QSWYcYR�e�anQ`X¬k�eYXZR���]^c�¸WYRLa¨³(_^R�Q`WfR�P�Rk�vWYQ�anQS��W Q`_ba$cYR�i ��xYQSX�R	WòªrR	��R	Q`_�k	eòR	WlagWYR�\Yi�R	W'tdP�R	]��:R�]^i
F
QS_^a�hZeY}~\ cvhZWYWcYR��vWYQSR�]ba È ��R�WYW G WYQS}©\,aÉ��eYWYj,anQS��WvhZ[vQ`_ba�t�£�W{cYQSR�_gR	i �6hZ[S[Yi{hZ}~\laÉcvhZ_r¶UR	j/ef]g_gQS��WY_^_g}~\YR�i3h��^R	cY�/}~\jZR	Q`WYRqé�eY_g_ghZX�R¬wYxAR	]UcYQSR¶�dQSX�R	WY_g}~\vhs�¿agR�W�����W

F
t

Pyhs_�¶UR	jleY]g_gQS��WY_^_g}~\YR�i3h���QS]gc��Z�¿a:Q`W¬cYR�]
����[`XZR�WYcYR	Wz�v��]gi²hZWfX�R	��R	WYcYRLa�·Z��wf]:cYQ`Rdk�ezcYR��vWYQ`R	]gR	WYcYR�veYWfjlagQ`��W
F : On→ V

��Q`]^cN���Z[`X�R	WYcYR	_J����]gXZR�X�R	xAR�W'·
q�Q�v cYR	]U�veYWYj,anQS��WY_^�rR�]^a�hZWNcYR�]�u/agR�[`[SR

0 ÈqÆQSQ�v�R	Q`WYR�iVtµ½�tAR	Q`WYR	_](q[`hZ_g_^R�W,anR�]^i3R	_�����]gi#eY[SQSR	]gxvhs]gR� _5¢��]g_^}©\Y]^QS�¿a�" È ��QSR#hseY_�cYR�i �veYWYj,agQ`��WY_�¸��R	]^a�hZWVR�QSWYR	]�u/anR	[`[SR
α
cYR�]��veYWfjlagQ`��Wf_^��R	]^a�hZWVcYR	]yu/agR�[S[`R

α + 1
hZef_gX�R	]gR�}~\YWYRLa���R	]gcYR	Wj|hsWYW Èq�Q`QSQ v�R	Q`WYR�R	xAR�WY_^��[`}~\YRI _5d��]^_g}~\Y]gQ��¿aö" È ��Q`RJhsW�à
QSi3R	_g_banR�[S[`R	W α hZeY_(cYR	W3�vefWYj,anQ`�ZWY_^�rR�]^agR�W�hZW$cYR	Wjl[`R	Q`WYR	]gR	W�u/anR	[`[SR�WNcYR	]U�veYWYj,anQS��WY_^�rR�]^a�hZWNcYR�]�u/agR�[S[`R

α
xAR	_^anQSi�i#a���R�]^cYR�WVj|hZWYW=t

�v��]^i{hs[sxAR�cfR�efagR	a:cYQ`R	_ È cYh&p�R	Q`W x0 ∈ V
_g�-��Q`R~(p[`hZ_g_^R�WlagR�]^i3R

Gsucc

eYWYc
Glim

i�QSa
Gsucc, Glim:V →

V
����]^X�R�XZR�xAR�WV_^Q`WYc È _g��cvhs_g_UcfQ`Rp]gR	j/]^eY_gQ���R��veYWYj,anQS��W F R�]b��wY[`[�a�·
q�Q�v

F (0) = x0 ÈqÆQSQ�v
F (α+ 1) = Gsucc(F (α)) Èq�Q`QSQ v
F (α) = Glim (F � α) È �ÆhZ[`[S_ Lim(α)

t
Pyhs_É¶UR	j/ef]g_gQS��WY_^_g}~\YR�i3h¬[SQ`R	��R	]^a(eYWY_dcYQ`Ri�(��QS_^anR	WYkUcfR�]dXZR	��wYWY_^}©\,anR�W��veYWfjlagQ`��W

F È ��R�WfW���Q`]¢cfQ`R�6hZ[S[SeYWlagR�]^_g}~\YR�QScYeYWYX�R	WVhZe�&v¨�_gR	W È QSWYcYR	i ��QS]J_gRLank�R	W'·
G :≡ { (f, x0) |f : 0→ V } ∪



y�z|{~}��[�~��� }��|�!�Cyr�C}��i�^�C�|� ���~y8�[���-}��i��� Ø&°

{(f, y)|∃α f :α + 1→ V ∧ y = Gsucc(f(α))} ∪

{ (f,Glim(f)) |∃α Lim(α) ∧ f :α→ V } ∪

{(f, 0)|¬(∃α f :α→ V )}.

PyhsWYW¯X�QS[Sa
G:V → V

eYWYcÕcYQ`R#��xYQSX�R�W®é�ef_g_nhsX�R�WßqÆQ�ve�ZqÆQSQ�Q v�_gQ`WfcÕX�[`R	Q`}~\l�rR�]^agQ`X�i�QSa
∀αF (α) =

G (F � α) È ��QSR3��wY]�cvhZ_#¶UR	jleY]g_^Q`��WY_^_g}~\YR�i3h�xAR�WY¨sanQ`Xsa�t
ÒÓQS]�_^agR�[S[`R�WâW/efW R	Q`WYQSX�R���QS}~\lanQSX�R3é�W/¸�rR�WYcYefWYX�R�W�cfR�_�¶�R�jleY]^_gQ`�ZWY_g_^}©\YR	i{hs_U����]	t
���ML Ê �Y��¦����d�	
=�d£����¢�Y¦¹¡f£�¤¥�=¡f¦�§q�
ÒÓQS]JwYxAR�]ban]nhsX�R�WVcfQ`Rp��wf]�cYQ`RpX�R	�r¨�\YWY[SQ`}~\YR	WVWvh|anwY]^[`Q`}~\YR	W�¼'hs\Y[`R	W�XZR�X�R	xAR�WYR	WnepmAR	]nhsagQ`��WfR�W�éJc�¸cYQ�anQS��W È TVeY[SagQ`mY[SQSjðhsanQ���W1efWYc!����mA��WYR	WlagQ­hsagQ`��W�hsef��cYQSRpX�R�_ghZizanR�W!ey]^cYQ`Wvhs[`k�hZ\Y[SR�W=t
Ü1±�Ý(³:Â¿ÎðÂÆÊA³Ô!�í%! P�Rk�vWYQSR�]^R¢��wY]

α ∈ On
cfeY]g}~\

<
¸�¶UR	jleY]g_gQS��WqhZef�

On
cfQ`R(é�xYxfQ`[`cfeYWYX

α+ : On→
V
i�QSa
q�Q�v

α + 0 :≡ α ÈqÆQSQ�v
α + (β + 1) :≡ (α+ β) + 1 Èq�Q`QSQ v
α + δ :≡

⋃
{α + β | β < δ} (= supβ<δ α+ β) È ��wY] Lim(δ)

t
P�QSR¬�veYWfjlagQ`��W

+
\fR�Q�psa � Ë|ÌÍÂÆ³
ÑvÃÆë,Ñ+í:Ã�ÑvÌÍÌ:Â¿ÎðÂ�ÊA³dt

P�R	]yWY¾Z}©\f_^anR�u�hsankzk	R�QSXZa È cYh&p�cfQ`R9ey]gcYQSWvhZ[Sk�hZ\f[­hscYcYQ�agQS�ZWVWYQS}~\layhZeY_ On
\YR	]nhZef_^��wY\Y]bapeYWfc®_banR�[S[SaR	Q`WYQSX�Rp¶UR	X�R�[SWN��wf]�cYQSR�ep]^cYQ`WYhZ[`k�hZ\Y[`hscYcYQ�agQS��W�k�eY_ghZi�i3R	W't

ê ÑfÎ-ë�!'í%$ÏÔ~��ùZõ¿üÍ�,.
Ò þ�Ö
∀α, β α+ β ∈ On

�
Ò �öÖ

β < γ −→ α + β < α + γÒ �tÖ ôqõÚö)Î�û ú õ¿øAþZü 	-þ|ÿ/ü�þ ú,ú õ��Äõ�*|øVõ�����þ2�
��*�	�õÆþ&�Äõ�`R. (α+ β) + γ = α + (β + γ)
�

Ò ú Ö ôqõÚöÚÎ�û ú õ¿øAþZü 	-þ|ÿ/ü�þ ú�ú õ��Äõ�*|øVõ����ÉõM�¿þ��f�q�� 	¡`¢«J�*2.$.$,-�Úþ&�Äõ�`2�
������������tØqÄh�ve�ZqÆ}¨v�xBRL��R	Q`_^a�i{hZW [SR�QS}©\,a{cYef]g}~\

<
¸t£�WYcfeYj,anQ`�ZW't�¼=efi ª�R	Q`_^mYQ`R	[�k	R�QSXZa{i{hsW�qÆh�vcYef]g}~\ £�WYcYefjlagQ`��WVwYxAR�]

β
xAR	Q7�f��Q`R�]banR	i

α
tB��wf]9q�c�v�XZR�xAR�WV��Q`]UR	Q`W�oqR	X�R�WlxAR�QS_gmYQSR�[:hZW'·A��Q���QSR�]gR

n
i�QSa

0 < n < ω
t6PyhsWYWVX�QS[Sa

n+ ω = supm<ω n+m = ω < ω + n
t �¶�dP

ê ÑfÎ-ë�!'íÎ(��vö ú ö�Î�û ú õ¿øAþZü 	-þ|ÿ/ü α õ����¢öLõ¿ø ú ö�,��Äõ�ù ú þZû
����öLü¿ü
�~þZûJõ¿ø ú öLûIs7*|û�. α = δ+n
Ë7GI*&�LöLõ

n < ω,/ø ú δ = 0
* ú öLû Lim(δ)

ùZõ¿üÍ�%�
������������tòÒÓQS]yk�R�QSX�R	W¯k	eYWv¾Z}~\Y_^a¬cYQ`R$�¢Q`WYcYR	efanQSX�jZR	QSa�tBé�WYX�R	WY��i�i�R�W È R�_p��¾s]gR α = δ1 + n1 =
δ2 + n2

t6PyhsWYWVXZQ`[Sa
q × v

δ1 = δ2 (≡: δ)
t

������������t¯é�WYXZR�WY�Zi3i�R�W
δ1 < δ2

tBP�eY]^}©\ £�WYcfeYj,anQ`�ZW�WYhZ}~\
n
k�R	Q`X�R	WV��Q`]

δ1 + n < δ2
��wY]�hs[`[`R

n < ω
·

n = 0
tvjl[­hZ]���R�XZR�W

δ1 + 0 = δ1
t
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n = m + 1
tS�¢_�XZR�[SagR

δ1 +m < δ2
tAPyhZWfW�QS_^a�k	eYWv¾Z}~\Y_ba

δ1 + n = (δ1 +m) + 1 ≤ δ2 È eYWfc�cYh
δ2
R	Q`W�à
QSi3R	_JQS_^a È i$eÌp�_g��X,hs] δ1 + n < δ2

_gR�QSW't
u�mAR	k�QSR�[S[:R	]gXZQ`xfa�_^Q`}~\�W/efW

δ1 + n1 < δ2 ≤ δ2 + n2 È Q`i ÒÓQ`cfR�]g_^mY]gef}©\�cvhsk�e È cvh©p{cYQSR�hZe�p�R	WY_^agRL¸\YR	WYcYR	W��:R�]^i3RqcfR�]U��WYXZ[`R�QS}~\/eYWYXZ_gjZR	a^anRqi3Q�a
α
wYxAR�]^R�QSWY_^agQ`i�i3R	W't hlR	c7q × v

ÒF¾s]gR�_g}~\Y[SQ`Rkp�[`QS}~\ R	a���h
n1 < n2 È _^�Ç\v¾sagagR�Wò��QS] δ + n1 < δ + n2

QSi ÒÓQ`cYR	]g_gmf]geY}~\ cvhZk	e Ècvh©p�xAR�QScYR¯ÒÇR	]^anRÇi�QSa
α
wYxAR�]^R�Q`Wf_^anQSi3i�R	W't�PyhZi�Q�a�QS_^aVcfQ`R �¢QSWYcYR�e�anQ`XZjZR�Q�a�cYR�]VPyhZ]g_banR�[S[`efWYXWvhs}©\fX�R	��QSR�_gR	W't

P�QSR�����Q`_banR	WYk¬cYR�]�X�RL��wYWY_^}©\,anR�W�PyhZ]^_^anR	[`[SeYWYX�k	R�Q`XZR�WN��Q`]�cYeY]g}~\º£�WYcYefjlagQ`�ZW�WvhZ}~\
α
·

α = 0
t+�¢_UQ`_ba

α = 0 + 0
t

α = β + 1
t(ÒÇR�WYW

β
cYQ`RNPyhZ]^_^agR�[`[SeYWYX

β = δ + n
\vh|a È cYhZWYWò\vhsa α cfQ`RNPyhZ]g_banR	[`[`efWYX

α =
(δ + n) + 1 = δ + (n+ 1)

t
Lim(α)

t+�d_�Q`_ba
α = α + 0

t
Pyhsi3Q�aJQ`_ba�cYR�]�ufhsagkqxAR	��QSR�_^R�W't ���dP
Ü1±�Ý(³:Â¿ÎðÂÆÊA³Ô!�í%* P�Rk�vWYQSR�]^Rr��wY]

α ∈ On
cYeY]g}~\

<
¸�¶�R�jleY]^_gQ`�ZWzhZef�

On
cYQSRÉé�xfxYQ`[ScYeYWYX

α· : On→
V
i�QSa
q�Q�v

α · 0 :≡ 0 ÈqÆQSQ�v
α · (β + 1) :≡ (α · β) + α Èq�Q`QSQ v
α · δ :≡

⋃
{α · β | β < δ}(= supβ<δ α · β) È ��wY] Lim(δ)

t
P�QSR¬�veYWfjlagQ`��W

·
\YR	Q�psa � Ë|ÌÍÂÆ³:ÑYÃÆë,Ñ+í:ÃÄÅnûÍÃ¿Î-Â)C�Ã�Â���ÑfÎðÂ¿ÊA³Ét

ê ÑfÎ-ë�!'í%5ÏÔ~��ùZõ¿üÍ�,.
Ò þ�Ö
∀α, β α · β ∈ On

�
Ò �öÖ

β < γ ∧ α 6= 0 −→ α · β < α · γ
�

Ò �tÖ
α · 1 = 1 · α = α

�
Ò ú Ö Ô~��ùZõ¿üÍ� ú þ2�PÊ¨*|ü ù/öLø ú ö�ôqõ����ÆûLõM��,��Æõ�`Lù/ö
�-ö�� 	i. α · (β + γ) = α · β + α · γ

�
Ò ötÖ ôqõÚö)Î�û ú õ¿øAþZü 	-þ|ÿ/üÍ.$,/üÍ�Æõ_1Aü õ�JZþ&�Æõ�*søVõ�����þ2�
��*�	�õÆþ&�Æõ�`R. (α · β) · γ = α · (β · γ)

�
Ò Ê�Ö ôqõÚö)Î�û ú õ¿øAþZü 	-þ|ÿ/üÍ.$,/üÍ�Æõ_1Aü õ�JZþ&�Æõ�*søVõ����ÉõM�¿þ��f�q�� 	¡`¢«J�*2.$.$,-�Úþ&�Äõ�`2�
������������t#ÒÓQ`]¢X�R�xAR	W{\YQ`R	]ÉWleY]ÉR�QSW�opR�XZR�WlxBR	Q`_^mYQ`R	[v��wY]�q��uv¢hZW'·/�ÍQ���Q`R	]gR

n
i3Q�a

1 < n < ω
t/PyhsWYWX�QS[Sa

n · ω = supm<ω n ·m = ω < ω · n
t �¶�dP

ÒÓQS]�xAR�_^}©\f[`QSR�p�R	W®eYWf_gR�]^R�W®j/ef]gk�R	WÕé�eY_^&vefX1Q`W�cfQ`R9ey]gcYQSWvhZ[Sk�hZ\Y[`hs]gQ an\Yi�R	agQSj1i�QSaUcYR�]yP�Rk�vWYQ�anQS��WcYR	]���]gcfQ`WvhZ[SR�W�����mA��WYR	WlanQ`hsanQS��W't
Ü1±�Ý(³:Â¿ÎðÂÆÊA³Ô!�íÆì;:²P�R��vWYQSR�]gR(��wY]

α ∈ On
cYef]g}~\

<
¸�¶�R	j/ef]g_gQS��W¬hsef�

On
cYQSR(é�xYxYQS[`cYefWYX

exp(α, ·): On→
V
i�QSa
q�Q�v

exp(α, 0) :≡ 1 ÈqÆQSQ�v
exp(α, β + 1) :≡ exp(α, β) · α Èq�Q`QSQ v
exp(α, δ) :≡

⋃
{exp(α, β) | β < δ}(= supβ<δ exp(α, β)) È ��wY] Lim(δ)

t
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P�QSR �veYWYj,anQS��W
exp

\YR	Q�psa � Ë|Ì:ÂÄ³
ÑvÃ�ë,Ñ+íÍÃ�±�ïgC¢ÊA³:±/³BÎðÂ�ÑfÎðÂ¿ÊB³dtUÒÓQS]®_^}©\f]gR�QSxAR�W i3R	Q`_ba
αβ

_^anhsaga
exp(α, β)

t
P�QSR#]gR	jleY]g_^QS��R	WÇP�Rk�YWYQSagQ`��WYR	W®cYR	]qhZ]^QSan\fi3RLanQS_g}~\YR	W±eymAR�]ghsanQS��WYR	W®R�W,an_^mY]gR	}©\YR	WÇcYR�W®X�R	���Z\YWlagR�W
eymAR�]ghsanQS��WYR	W�hZef��cYR	W1Wvh|anwY]^[`QS}©\YR	W1¼'hZ\f[`R	W't/P�eY]g}~\��¢QSWY_g}~\Y]n¾sWYjleYWYX�hZe��
cfQ`RyTVR	WYX�R

N
R	]g\vhZ[�anR	W��QS]¬cYQSR���R	]^ag]nhZefagR{hZ]gQ�an\Yi�R	agQS_g}~\YR3u/an]^eYj,aneY]¬cYR�]¬Wvhsanwf]g[`QS}©\fR�Wâ¼'hZ\Y[SR�W'·

(N,+ � N, · � N, exp �

N, 0, 1)
tfé�eY_JcYQSR�_gR	]�[­hZ_^_gR�W1_gQS}©\1cYQSRyXZ]g¨¥p�R	]gR	W�¼'hZ\Y[`xAR	]gR	Q`}~\YR

Z È Q eYWYc
R
hsef�:X�R	�r��\YW,anRyÒÇR�Q`_^RhZe���xvhZeYR	W't

����� �Ó¦b�4��
d�N£Þ����¤¥�É���r¤¦¥Ô¦��'�Y�¢�YÜY£�¦��
(Vα)α∈On

�
TVQ�aU½�QS[S��RycYR	_�¶UR	jleY]g_^Q`��WY_^_g}~\YR�i3hZ_UcYRk�YWYQ`R	]gR�W���QS]JcYQ`R¨§
ç(åª©���8[XyäÍå:å'¸�½�Q`R	]nhZ]^}~\YQ`R È R�Q`WfRqR�}~\lahZe���_^anR	Q`XZR�WYcYR3�v��[SX�R#����WÀTVR�WfX�R�W È cfQ`R�cvhZ_¬X�R	_nhZizagR{TVR	WYX�R�WleYWYQ���R�]^_geYi hZef_g_g}~\Y¨�m��¿a�tf«VÂÆ±lËðë¸ûÏ�±,Î-ë,±/³8�3ÂÆË GAÊB³�³�û:³�Ñv³Oñ~ó GAÊ6ËðÑ+ûÍÏsí
Ü1±�Ý(³:Â¿ÎðÂÆÊA³Ô!�íÆì6ì P�R��vWYQSR�]gR�cYQSR8¬Fæ~ê ­Aá
®iãréiê�êFç¯«VÂÆ±lËðÑYË2ì2íÍÂ�±

(Vα |α ∈ On)
cfeY]g}~\

<
¸¶�R�jleY]^_gQ`�ZWVhZef�

On
��QSRp���Z[`XZa�·

q�Q�v
V0 :≡ ∅

t
qÆQSQ�v

Vα+1 :≡ P(Vα)
t

q�Q`QSQ v
Vδ :≡

⋃
α<δ Vα

��wY]
Lim(δ)

t
ê ÑfÎ-ë�!'íÆì��ÏÔ~��ùZõ¿üÍ��.
Ò þ�Ö ôqõÚöy÷¯öLø/ù/ö

Vα
õ����3�ÆûgþZøÌ�Lõ��Æõ�`2�

Ò �öÖ
β < α −→ Vβ ∈ Vα

�
Ò �tÖ

β ≤ α −→ Vβ ⊆ Vα
�

Ò ú Ö Vα ∩On = α
�M�¥1vöü	�õÚöLü¿üF.

α ∈ Vα+1

�
������������t�k	egqÄh¥vLtfÒÓQ`]���wY\Y]gR	WVR	Q`WYR�£�WYcYeYj,agQ`��W�wYxAR	]

α
cYef]g}~\'·

α = 0
tvP�Q`R¬TVR�WfX�R

V0 = ∅
QS_^aJan]ghZWY_^QSanQ��At

α = β + 1
tYu�R	Q

x ∈ y ∈ Vα
tÌ'�hZ}~\NP�R��vWYQSagQ`��W3����W

Vα
Q`i÷'�hZ}©\�����[`XZR�]^�Æhs[`[6QS_^a

Vα = P(Vβ) È c'tµ\=t È
y ∈ Vα

QSi3mY[SQ�k�QSR	]^a
y ⊆ Vβ È efWYc _^��i�QSazQS_^a x ∈ Vβ

t(Pyh
Vβ

WYhZ}~\ £�WYcYefjlagQ`�ZWY_^����]ghZeY_^_gR	agk�eYWYXag]nhZWY_^QSagQS�{QS_^a È R�]gXZQ`xfa�_^Q`}~\ x ⊆ Vβ È hZ[`_^� x ∈ Vβ+1

t
Lim(α)

tYé�[S_i5dR	]gR	Q`WYQSX�eYWYX#an]nhsWY_gQ�anQS��R	]UTVR	WYX�R	W�QS_^a
Vα

ag]nhZWY_^QSagQS�At
k	egq�x�vLtvP�eY]g}~\º£�WYcYefjlagQ`��W�WYhZ}©\

α
��R�]^Qa�vk	Q`R	]^a�i{hsWN[`R	Q`}~\la

∀β < α Vβ ∈ Vα
t

k	egq�}�vLtvP�Q`R	_J����[`XsaJeYWYi�QSa^anR�[SxvhZ]�hZef_/qÆh�v�eYWYcjqÆx�v©t
k	egq�c�vLtfÒÓQ`]���wf\Y]gR	WVR�QSWYR¶£�WfcYeYj,anQS��W�WvhZ}~\

α
cfeY]g}~\'t

α = 0
tfÒÇR�X�R	W

V0 = ∅
Q`_ba

V0 ∩On = ∅
t

α = β + 1
t��¢_UX�R	[SagR

Vβ ∩On = β
t��¢_UQS_^a

Vβ+1 ∩On = β + 1
k�eVk	R�QSX�R�W=tk	e� 

⊆
"~t¸£�_^a

γ ∈ Vβ+1 È _g�#XZQ`[�a γ ⊆ Vβ
WvhZ}~\1P�Rk�YWYQSagQ`��W�����W

Vβ+1

t�£�WYcYR	i i3hZW3cYQ`R�£�WYcYeYj,anQS��WY_�¸���Z]nhZeY_^_gR	agk�eYWfX�hZWl�rR�WYcfR	a È ����[SXZaJcvhsWYW γ ⊆ β È c't \'t È γ ∈ β + 1
tk	e� 

⊇
"~tru�R	Q

γ < β + 1
t3£�_^a

γ < β È _^�â����[SXZa3hZeY_3cYR�]r£�WfcYeYj,anQS��WY_^���Z]nhZef_g_gRLank�eYWYX γ ∈ Vβ ÈhZ[S_g�
γ ∈ Vβ+1

t�Pyh�_^}©\f[`Q`Rkp�[SQS}©\âcfQ`Rr£�WYcYefjlagQ`��Wf_^����]ghZeY_g_^R	agk�eYWYX¯eYWYc cYQSR�P�R��vWYQSagQ`��WÇ����W
Vβ+1QSi3mf[`Q�k�QSR	]gR	W È cvh&p β ∈ Vβ+1

X�Q`[�a È ����[SXZa γ ∈ Vβ+1

hZeY}~\�Q`i �6hs[`[
γ = β

t



y�z|{~}��[�~��� }��|�!�Cyr�C}��i�^�C�|� ���~y8�[���-}��i��� � ×
Pyhsi3Q�aJQ`_ba�cYR�]�'�hs}©\�����[`X�R	]^�Æhs[`[=hZxYXZR�\vhZWfcYR�[�a�t
Lim(α)

tP£�_^a
γ ∈ Vα È _g�¯Q`_^a�WvhZ}~\ P�Rk�YWYQSagQ`��W ����W Vα _g}~\Y��W γ ∈ Vβ

��wY]�R�QSW
β < α

³dWYhZ}©\
£�WYcfeYj,anQ`�ZWY_^����]ghZeY_^_gR	agk�eYWYXNQ`_baycYhZWYW

γ < β È hs[`_g� γ < α
tT£�_^aphZWYcYR	]gR	]g_gR	QSag_

γ < α È _g��QS_^a�WvhZ}~\£�WYcfeYj,anQ`�ZWY_^����]ghZeY_^_gR	agk�eYWYX
γ ∈ Vγ+1 È ��R	X�R	W Vγ+1 ⊆ Vα

hs[`_g�
γ ∈ Vα

t(PyhZi�Q�a#Q`_ba�hZef}©\ cfR�]à�QSi3R	_^�ÆhZ[S[=hZxYX�R	\vhZWYcfR�[Sa È efWYcgq�c�v�QS_^a�xARL��Q`R�_^R�W't ���dP
£�i [SR	ankLanR	WÕu�hsank¬��eY]^cYRzX�R�k	R�QSXZa È cvh&p{cfQ`RzTVR�WYXZR�W Vα (α ∈ On)

R�QSWYR�QSi u�Q`WfWYR�cYR	]|£�WYjl[SeY_gQS��W���ZW®TVR	WYX�R	W®hsef��_^agR�Q`XZR�WYcYR��v�Z[`X�RpxYQS[`cYR	W È eYWYc�cYh&p Vα Q`W�cYR	]�(p[­hZ_^_gR On
XZR�]nhscYR¬xYQ`_�k	eY]�¼'hZ\Y[

α
]gR	Q`}~\la¶q�i{hZW{_ghZXZa È Vα \Yhsa¬*|û ú õ¿øAþZü`ö±°¬H-ÿvö α vLtfP�R�]�Wv¾s}©\Y_banRqufhsank�k	R�Q`Xsa È cvh&p��^R�cfRqTVR�WfX�RphZeY_

V
 �_g}~\Y[SQ`Rkp�[`Q�}©\¸" È c=tµ\'t È ��wf]�\YQ`WY]^R�QS}©\fR�WYc�X�]g�&p�R�_ α QSW Vα [SQ`R	XZa�tYP�QSR²§
ç(å<©¶�S8CXyäÍåÍå=¸�½UQ`R�]ghZ]g}~\YQSRX�[SQ`R	cYR�]badhs[`_g�pefWY_gR	]�T�R�WYXZR�W/efWYQS��R	]g_gefi�QSW$_gQ`}~\�R�]b��R�Q�anR	]gWYcYR�u/agef��R�W È �r��xAR�QvcfQ`RF ���xAR	]gRUop]gR�Wfk�Ro"cYR	]
α
¸¹agR�WÓu/ane���R

Vα
XZR�]ghZcYR�QSW ½�¨Z\YR�cYR	]�ey]gcYQSWvhZ[Sk�hZ\f[

α
[SQ`R	XZa È _^Q`R�\fR�é�xYxfQ`[`cfeYWYX Ø t P�Q`R

A
A

A
A

A
A

A
A

A
A

AA

�
�
�
�
�
�
�
�
�
�
��

V

���On

���
Vαα

î�9M9ÍÂÄÃÆÌ[û:³
´ �Bõ
Vα

Vα
jZ¨�WfWYR�W _g��i�QSa�Q`WâX�RL��Q`_^_gR�]zÒÇR	Q`_gR�hZ[`_�é�Wf�ÆhZWYX�_^_^agwY}©jZR1cYR	_�T�R�WYX�R	W/efWYQS��R	]g_geYi�_�hZef��XZR	�Æh&psa�rR�]gcfR�W't

ê ÑfÎ-ë�!'íÆì�ÞÏÔ~��ùZõ¿üÍ�
V =

⋃
α∈On Vα

�
������������t�é�WfX�R�Wf��i3i�R�W È V 6= ⋃

α∈On Vα
t6PyhZWfWVR©�fQS_^anQSR�]ba

x ∈ V \
⋃
α∈On Vα

t�'�hs}©\âîüó7û:³ÍÌ(óX�QSxfayR�_pR�Q`W
∈
¸�i�Q`WYQ�i3hs[SR�_

x
i3Q�aycYQSR�_^R�]¶�¢Q`XZR�WY_^}©\vh|�¿a�t=ÒÇR�XZR�W¯cYR	]¬TVQ`WYQSi3hZ[SQ a~¾|a�����W

x
QS_^a

x ⊆⋃
α∈On Vα

tYé�[S_g��Q`_ba�cYeY]^}©\
y 7→ f(y) :≡ min {α | y ∈ Vα}R	Q`WYR¬�veYWfjlagQ`�ZW

f :x→ On
cYR��vWYQSR�]^a�t�'�hZ}~\Àî»ôyË|Ï|óUX�QS[Sa

f [x] ∈ V
³6hs[`_g��QS_^a

α :≡
⋃
f [x] ∈ On

té�eY_¬cYR	]�P�R��vWYQ�anQS��WÕ�Z��W
f
���Z[`XZa

x ⊆ Vα
t�PyhZWYWÇXZQ`[�aqhZxAR	]

x ∈ Vα+1 È eYWYc¯cYQ`R	_p��Q`cYR	]g_gmf]gQ`}~\,acYR	]JÒÀhs\Y['����W
x
t ���dP

TVQ�aq½�QS[S��RzcYR	]
Vα

jZ¨�WYWYR	W¯��QS]phZWY_g}~\vhZef[`QS}©\®}©\vhs]nhZj,anR	]gQS_gQ`R	]gR	W È ��hZWfW¯R�QSW±(p[­hs_g_gR	WlagR�]gi A
R�Q`WfRR	}©\,anR¬(p[­hs_g_gRpcYR��vWYQ`R	]^a�·

ê ÑfÎ-ë�!'íÆìp� �'öLõ
A
öLõ¿øº#¬ü�þ2�
�-öLø+��öLû�.Ú��ô�þZøvø1ùZõ¿üÍ��.

Ò þ�Ö
A /∈ V ←→ ∀α∃β(β > α ∧ A ∩ (Vβ \ Vα) 6= ∅)

�



y�z|{~}��[�~�ª³ ´�µ¶�7}/·-z|�C�~�|���3���]�3��z¸�[�f¹9z]���Bz��]}���� �
� � Ø
Ò �öÖ

A ∈ V ←→ ∃αA ⊆ Vα
�

÷�õ��dþZø ú öLûnöLøË³Ú*|ûo��öLø�.ZÔ��~ÿ���ö�#¬ü�þ2�
�-öLø1û~öLõ��~ÿvöLø¶ÓK��õ��yþZø ú öLø *&�LöLûnöLø�¶�þZø ú Õ ú ö
�J÷ÇöLø/ù/öLø+,/øvõ�`ZöLûo^��,�./�
V
ÿvöLû^þZøÌËÍõ`ÿ/ûnö¶*|û ú õ¿øAþZü`öz°¬H-ÿvö�õ�����øvõ��~ÿ��E�Lö
���~ÿ/ûü�ZøÌJ2��ËCGI*-ÿ/õ¿ø/ù/öÚù/öLø|É�ö ú ö�÷¯öLø/ù/ö����~ÿ+*|ø�ÅAöLõ¿üöLõ¿ø=ö
��Ñ�ø¨Ê	þZø/ù2�
���Y���
J��¶`&*|ø

V
õ�����ËP�LõÚö~ÿvö�Ñ]����õ¿ü ú ,�ø/ùº�¸�

������������t$P�h
V
����W3cYR	W

Vα
hZef��_^agR�QSX�R�Wfc{hZef_gX�R	_g}~\Y¨�mf�¿aÉ��Q`]^c È ���Z[`XZa�qÆh�v([SR�QS}©\,aÉhZeY_�qÆx�v©t�£�_^aÉW/eYW

A ∈ V È _g��Q`_^a A ∈ Vα ��wY]�R�QSW α ∈ On
tAÒâR	X�R	WÕcYR�]y�:]ghZWY_gQ�anQ���Q�a~¾saU���ZW

Vα
����[`XZa

A ⊆ Vα
tT£�_^aeYi�X�R	jZR�\Y]ba

A ⊆ Vα È _^��Q`_^a A ∈ V ��R�XZR�WÀîüî�û:Ï|óðt ���dP

A
A

A
A

A
A

A
A

A
A

AA

�
�
�
�
�
�
�
�
�
�
��

V

���
Vα�� ���
TVR�WYXZR

� ��
R�}~\,anR¬(p[­hZ_^_gR

î�9�9�ÂÆÃÄÌCûÍ³
´gÞ�õ(°²±�³
´6±/³ û:³ÍÌ�±�ì2íBÎ-±��VÃÆÑYÏ�Ï�±/³

» ¼¦½�M1Eo¾��qHLI�G Ä�I�G  1I�ÂúÅ M�Â`¿ �¬Ä1Hk��Æ{Ek�¬¿ ÂZ�
Pyhs_dé�eY_^��hZ\Y[`h|��Q`��i Q`_^a(k�e�k�hs\Y[`]^R�QS}©\YR	W�hsWYcYR�]^R�W$ ¹é�eY_b��hZ\f[`mY]^Q`WYk	Q`mYQSR�W�"�¾&hleYQS�|hZ[`R	Wla�t|ÒÓQ`]�k�R	Q`X�R	WR	Q`WYQSX�RycYQ`R	_gR	]�fihleYQ��shZ[`R	WYk	R�W't
ê ÑfÎ-ë�$'íÆì È
ø+��öLû]ñ~ó �Lõ¿ø ú�ú õÚöPÊ¨*|ü ù/öLø ú öLø�Ñ|,��
��þ-ù/öLøA�p¬�,�õ�`|þZü`öLø+�,.Ò õ_Ö îüî�ñ�ó2�
Ò õ¿õ_Ö �6ö ú ö¾µ�¬�,/õ�`|þZü`öLø�	�ûnöLü�þ&�Äõ�*|ø þ¥,oÊ�öLõ¿ø=öLû#÷¯öLø/ù/ö$ÿfþ&�pöLõ¿ø·`&*|ü¿ü_�����Zø ú õ�ù/ö
�«¶�öt1Aû»�2�-öLø+�¹þZø+��öLøÌ��0©^����ö�.Ú�
Ò õ¿õ¿õ_Ö �6ö ú ö
�~+rûu* ú ,¸J2�Éøvõ��~ÿ��M^�üSö©öLûnöLû�÷¯öLø/ù/öLø�õ����Éøvõ��~ÿ��Éü`ö~öLûk�Ò õ�`üÖ ý7,ÚÉ�ö ú öLûz÷¯öLø/ù/ö�ùZõM���qö
��öLõ¿ø=öäî�û:Ï<�zÑ+íÍÃ ÿtû:³��=Î-ÂÆÊA³EË ú õÚö3þ&,���É�ö ú ö�.Öøvõ��~ÿ��Ð^�ü`ö~öLûnöLø±Ô�ü`ö�^

.{öLø+� ú õÚö
�-öLû�÷ÇöLø/ù/ö�öLõ¿ø Ôrü`ö�.{öLø+��þ&,���G3�sÿ/üÍ�,. ∀a∃f (f : a → V ∧ ∀u ((u ∈ a ∧ u 6=
∅) −→ f(u) ∈ u))

�
Ò `üÖ =�ÊTí:Ã�ÊAË|Ì:³�û:³:´AÏ�Ï�Ñ�Î-ë~GAÊA³nñ¢±lË|Åâ±/Ã�Ê:í��vö ú ö(÷ÇöLø/ù/ödü
���[�+�Lõ��~ÿ¶GI*-ÿ�üa*sû ú ø=öLø�. ∀a∃r WO(a, r)

�
Ò `-õ_Ö �6ö ú öy÷¯öLø/ù/ö¬õ����>	�,®öLõ¿ø=öLûÚÎ�û ú õ¿øAþZü 	-þ|ÿ/üvùZü`öLõ��~ÿ�.Ú���~ÿ��Æõ�ùp. ∀a∃f ∃α f :α

bij.
−→ a

�
Ò `-õ¿õ_Ö �É±/ÅÀÅÇÑ¦GAÊA³Oñ(ÊAË|³díÁÀ��vö ú ö¬õ¿ø ú ,�J2�Äõ�`qù/ö
*|û ú ø=ö���ö�÷ÇöLø/ù/öyÿfþ&�JöLõ¿øn.�þ²±�õ�.�þZü`ö
��Ôrü`ö�.{öLø+��.Â¯Ã Ù�ÄÆÅ[Ü�Ç�Ü�Ø�ãÉÈ�â�Úpö«ä�Z\N^r;�/èA� èA�Xå^í<ô\èic\÷Meaj�r m h,Z/îgå^í<æ\ôvÁ�hoU<j½UaSoLXU\QVeaQIdiN�h�÷�e\QRWYLtW,s,`AN^Q ñ QRLO|\N^h,WoLTS�_�SH÷Meaj-wr m h,ZRò�å^í<æ\æ�¼�j½LXZ\h�e�SoLXU<Q�LOQ diLON ñ uié�ò�diU<hYS[Á�h,Uax�N�WoWoU\h�x�qAh�ðBe�So`RN�j>e�S,LOn¾ê m QR_<s,`RWYS�e\Q«diN^hpÊ�eabXN ñ QRLO|\N^h,WoLTS�ùBLXQ



y�z|{~}��[�~�ª³ ´�µ¶�7}/·-z|�C�~�|���3���]�3��z¸�[�f¹9z]���Bz��]}���� �
� �¥�

∀a∀r ((PO(a, r) ∧ ∀ b∃c((b ⊆ a ∧ b
õ����

r
^�#$ö��Ð��ö

)→ c
õ����i*&�LöLûnö����~ÿ/ûgþZøÌJ,ö�`&*|ø

b))
−→ ∃c (c ∈ a ∧ c

õ����
r
^t.�þ²±�õ�.�þZü

))
�

������������t®¼=eY]ifihleYQS�shs[`R	WYkp����WjqÆQ v È qÆQSQ�vÉeYWYcjqÆQ`QSQ vÉ_^Q`R�\fR¬��t_�&ªft oqÆQ`QSQ�v
⇒
qÆQ �Ìv%"~t�u�R�Q

a ∈ V
t'ÒÓQS]qjZ¨�WfWYR�Wâ�ft_�Jt:hsWYWYR	\Yi3R	W È cvh©p ∅ /∈ a X�QS[Sa�t'P�Rk�YWYQ`R	]gR g: a → VcYef]g}~\

g(u) :≡ u
��wY]

u ∈ a
tS'�hZ}~\ q�Q`QSQ v�Q`_ba £

u∈x g(u) 6= ∅
tHÈZR�cYR	_

f ∈
£
u∈x g(u)

Q`_baU����W�cYR�]é�]^a È ��Q`Ry��wY]�qÆQS�Ìv�xAR	WY¨ZanQSXZa�t oqÆQS�Ìv
⇒
q�Q�v�"~tlu/R�Q

a
R	Q`WYR�TVR�WfX�R�WYQS}©\,a^¸�[SR�R	]gR�] È cYQS_ �^eYWfjlagR�]�TVR�WfX�R�W=t-'�hZ}~\nq�QS�Ìv(RL��QS_^anQSR�]ba f : a→ Vi�QSa

f(u) ∈ u
��wY]UhZ[S[`R

u ∈ a
t6Pyh�cYQSR��¢[`R	i�R�WlagRp����W

a
cfQ`_ �^efWYj,a�_gQSWYc È QS_^a ran(f)

R	Q`WYR�TVR	WYX�R ÈcYQSRF�^R�cYR	_��¢[`R�i�R�W,aJ����W
a
QSWNX�R�WYhZe�R�Q`WfR�i »defWYj,aUan]gQ�«Ba�t

 oqÆQS�Ìv
⇒
q¿��Q v%"~tYu�R�Q

a ∈ V
xAR	[`QSR�xYQSXYt-£�cYR�Rs·vÒÓQ`]���¾Z\Y[SR�Wº�¢[`R	i3R	WlagR

F (0) ∈ a È F (1) ∈ a\{F (0)} È F (2) ∈ a\{F (0), F (1)} È . . . È F (α) ∈ a\{F (β) | β < α} È t�t�t_^��[­hsWYX�R È xfQ`_#��Q`] a X,hsWYk�hZeY_^X�R�_^}~\Y¨�mf�¿a3\vhZxAR	W È efWYcò��¾s\Y[`R	W ��wY] α cYR	W�¼=R�Q�anmYeYWfjla È hZWòcfR�icYR	]{»¢]g��k	R�pÀhZxYxf]gQ`}~\la È c't \'t È ��wY]�cYR�W a = {F (β) | β < α}
XZQ`[�a�t¢�v��]^i{hs[JX�R	\YR�W���Q`]�_^�Ç����]	·

'�hZ}~\ßqÆQ��Ìv�R©��Q`_^agQ`R	]^apR�QSWYR$é�ef_^��hZ\f[S��eYWYj,agQ`��W
g
��wY]

P(a) È hs[`_g� g: P(a) → V
i�QSa

g(u) ∈ u
��wY]

∅ 6= u ⊆ a
tYÒÓQ`]�jZ¨ZWYWYR�W��Yt �Jt

g(∅) = a
hZWfWYR�\Yi�R�W=tBP�Rk�vWYQSR�]^R�]gR	jleY]g_^QS�NR�QSW

F : On→ a ∪ {a}i�QSa
F (α) = g(a \ {F (β) | β < α})

t
q × v

∃αF (α) = a
t

������������tJé�WYX�R	WY��i�i�R�W È R�_ÍXZQ`[Sa F (α) 6= a
��wY]:hZ[`[SR

α ∈ On
t|PyhZWYW�X�Q`[�a

F (α) ∈ a\{F (β) | β <

α}
��wY]�hZ[`[SR

α
WvhZ}~\VP�Rk�vWfQSanQS��W1���ZW

g È c't \'t È F : On
inj.
−→ a

tfÒÇR�X�R	W
ran(F ) ⊆ a

Q`_ba
ran(F ) ∈ VWvhs}©\�î»î�ûÍÏ|ó È efWYcÕR�_pX�Q`[�a F−1: ran(F )

surj.
−→On

t=é�ef_q[SR	agk	anR	]gR	i ����[SXZa
On ∈ V

��R	X�R	W î»ôyË|Ï|óðtPyh
On /∈ V

XZQ`[Sa È R�]^X�Q`xfaJ_gQ`}~\�R	Q`W1ÒÓQ`cYR	]g_gmf]geY}~\'t h/R	c7q × v
u�R	Q

α
i�Q`WfQ`i�hZ[Bi3Q�a

F (α) = a
tÌË�PyhZWYWVQS_^a

F � α
R	Q`WYR¬�veYWfjlagQ`��W

f :α→ a
t6P�QSR�_^R¬Q`_^a�xYQ4�^R	j,anQS�A·ÒÇR�XZR�W

F (α) = a
Q`_^a

a \ {F (β) | β < α}︸ ︷︷ ︸
=ran(f)

= ∅,

hZ[S_g�
a = ran(f) È c't \'t È f Q`_bap_geY] �^R	j,anQS�S³=��wY] γ < β < α

QS_^a
F (β) ∈ a \ {F (δ) | δ < β} È hZ[S_g�_^mAR�k�QSR�[S[

f(β) = F (β) 6= F (γ) = f(γ) È c't \'t È f Q`_ba�Q`W2�^R	j,anQ��Bt
 oq��/Q�v
⇒
q¿��v�"©tðu�R	Q

α ∈ On
eYWYc

f ∈ V
i�QSa

f : a
bij.
−→α

tðPyhZWYW�Q`_ba
{(x, y) | x ∈ a∧ y ∈ a∧ f(x) <

f(y)}
R�QSWYRpÒÇ��\f[`��]^cYW/eYWfX

r
hZef�

a
t

 oq��Ìv
⇒
qÆQ���v�"©t�u�R�Q

a ∈ V
t
u�R�Q

r
R	Q`WYR$ÒÇ��\Y[S��]gcfW/eYWYX�hZef� ⋃

a
t'ÒÓQ`]pcYR��vWYQSR�]^R�W

f
cYR�]ghZ]^a È cvh&p fhZef_I�^R	cYR�i

u ∈ a
cvhZ_

r
¸�jl[SR�Q`Wf_^anR$�¢[`R	i�R�WlaqhZeY_b��¾Z\f[Sa�t'�v��]gi3hZ[ÍXZR�\YR	WÕ��Q`]ycvhZxAR	Q¢_^�N���Z]�·�Pyh

rR	Q`WYRyÒâ�Z\Y[`�Z]gcYWleYWYX$����W ⋃
a
Q`_ba È Q`_ba�cYeY]^}©\

F :≡ {(u, y) | u ∈ a ∧ y ∈ u ∧ ∀x ((x ∈ u ∧ x 6= y)→ yrx)} ∪ {(u, ∅) | u ∈ a ∧ u = ∅}Í N^]�÷Me�|\N^Q}äÏÎHU\QAQ;� î c\dAe\QAQ½eaQ-dAN�h�Ð)QRdiLteaQRe ñ QALX|\N�h�WYLOS�ù[LOQ½ú�bXU²U\j½LXQAZaS,U\Q;�ÑÈ�â�ÚpöV|\N�heÒ+ÓÝN�Q<S,bXLXs�`<S�QAN^r{N�Q½é1h,r{N�LOSoN^Qê m h�é1bXZ\N^rAh,e m QRd¾ð�N^QAZ\N^QAbON^`Ah,N?e m s,`�WYU<bXs�`AN?ê m h�é1QleabXù²WoLtW m QRd¾k m QAn/SoLXU\QRe\bXe\QReabXùiWYLtW^�lKve\WvQRe<s,`BLX`Aj´r{N�QRe\QAQiwSoN>ý;N�j½j>e�] m h�diN-qArAh,LOZ<N�QRWvN�h�W�S,j½e\bXWv|\U\Q�Ô>Ü�ÚÝÙ/ã;â�ÕVØ{Ö'ß'x�U<hoj m bXLXN�hoS m QldBr{N�]gLXN^WoN�Q m QldBN^h,WYSvê^]�eaQAê^LOZ�×<ea`RhoNWYzl_�SoN^h3|\U<QØÈ�â�ÚpöB]gLON�diN�h,N�Q/S,diN�s,n/S^�Ù^eabtWoU
α :≡

⋂
{β |F (β) = a} Ú º m hxÛ«ea`Ab;|\U<Q α

]gLOh�dÆÜÞÝàßZáSâ@ãåäVæ�ç3r{N�Q@ÒaSoLXZaS��
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R	Q`WYR���eYWYj,anQS��WvhZ[SR/(p[­hZ_^_gR
F : a → V

cYRk�YWYQ`R	]^a�téè¬��wf]
u ∈ a

i�QSa
u 6= ∅

X�QS[Sa
F (u) ∈ u

tAÒÇR�X�R	W
dom(F ) ∈ V

QS_^a
F ∈ V

WvhZ}~\º�ft_� ¤ È hZ[S_g��R	Q`WYRq�veYWYj,anQS��W1��Q`Ry��wY]¬q�QS�Ìv�xAR	WY¨ZanQSXZa�t oqÆQS�Ìv
⇒
q¿��QSQ v%"~t�P�QSRâT�R�WYXZR

a
_^R�QqcYeY]^}©\

r
Q`WYcfeYj,anQS��X�R��Z]gcYWYRLa�tÌê�ÒÓQ`]�����[S[`R�WÓR�QSWYR

r
¸�(pR	a^anR

bjZ�ZWY_^an]^eYQ`R	]gR	W È cYQSRdhZ[S[`R�Q`\f]gR¢�ZxAR�]gR	Wzu�}~\Y]nhZWfjZR�WzhZ[`_B�¢[`R	i3R	WlagR¢R�Wlag\v¾Z[�a�t�£�_^a:cYhZWYW c ∈ a QS]gX�R	WYcYR	Q`WYR��xAR	]gR�u�}~\Y]nhsWYjZRU���ZW
b
q¿��R�XZR�W3cYR�]~£�WYcYefjlagQS�/Q�a~¾sadcYR	]Fep]^cYW/efWYX�R©��Q`_banQ`R	]^adR�QSW�_g�Z[`}~\YR�_

c
v È _^�¬Q`_^a c

r
¸¹i{hð�fQSi3hs[SR�_~�¢[`R	i3R	Wlad���ZW

a
·lQS_^aÉWv¾Zi�[`Q�}©\

x ∈ a
eYWfc

crx È _g��QS_^a x R	Q`WYR���xAR�]^Ryu/}©\f]nhZWYjZRU����W beYWfc�WvhZ}~\$ÒâhZ\Y[�����W
b
XZQ`[�a

x ∈ b
tsÒÇR�Q`[

c
��xAR	]gRUu/}©\Y]ghZWYjZR�����W

b
Q`_ba È R�]^X�Q`xfa(_^Q`}~\ xrc t&£�WY_gX�R	_nhZiza\vhsxAR�WÀ��Q`]

crx
eYWYc

xrc È ��hZ_z��R	X�R�W cfR�]#é�WlanQS_»\/i�i3RLan]gQSR����ZW r hZef� c = x
��wY\f]^a�tÍé�[`_g��QS_^a

c
Q`W�cYR�]��Íhsa

r
¸�i3h|��Q`i�hZ[�Q`W

a
t'¼=e�R�QSWYR�]

r
¸�(pR	a^anRzcYR	]yXZR	��wYWf_g}~\lanR�WÕé�]bayjZ��i�i3R	W���QS] È Q`WfcYR�i��QS]Ji�QSa�cYR	]

r
¸�(pRLaganR

∅
_^anhZ]^agR�W�eYWfc�cvhZWYWNQ`W/�^R	cYR�i!u�}©\f]gQSa^a�cYR	]�(���Wf_^an]^eYj,anQ`�ZWNk�e�cYR	]�xAR�]^R�Q�an_jZ�ZWY_^an]^eYQ`R	]^agR�W)(pR	agagR�R�QSWYR�Q`\Y]^R�]���xAR	]gR	W

r
¸�u�}©\f]nhZWYjZR	W�\YQSWYk�eYWfR�\Yi�R�W$_g�Z[­hZWYXZR È xfQ`_�cYQSR�_gR	]¢»¢]g��k	R�pagR�]gi�Q`WfQ`R	]^a È c't \'t È k�e�jZR�Q`WfR�]�R�}~\,anR�W��¢]^��R	QSagR�]gefWYX$i�R�\f]r��wY\f]^a�t��v��]gi3hZ[vX�R�\fR�W���QS]r_g�z����]	·Ì'�hs}©\q�QS�Ìv�RL��Q`_banQSR�]^aUR�QSWYR¬é�ef_^��hs\Y[S��eYWfjlagQ`��W

g
��wY]

P(a) È hZ[S_g� g: P(a)→ a ∪ {a}
i3Q�a

g(u) ∈ u È �Æhs[`[S_
∅ 6= u ⊆ a È efWYcgq��Yt_�Jt_v g(∅) = a

tvP�R��vWYQ`R	]gR¬]^R�jleY]^_gQS�1R	Q`WYRq�veYWYj,anQS��W
F : On→ a ∪ {a}

i�QSa
F (α) = g

(
{z | z ∈ a \ {F (β) | β < α} ∧ z

QS_^a���xAR	]gR
r
¸bu�}~\Y]ghZWYjZRq���ZW

{F (β) | β < α}}
)
.

P�QSR�_^R�[SxBR	W{é�]gXZeYi3R	WlagR È cYQ`RUk	eAq × v(��wY\Y]^R�W È k	R�Q`XZR�W È cvh&p�R�_ α ∈ On
X�QSxfari�Q�a

F (α) = a
t,ÒF¾Z\Y[SR

α
i�Q`WfQ`i�hZ[Íi�QSa

F (α) = a
t3q £�i ªrR	��R	Q`_p����Wßq��/Q�v�\vhZxAR	W¯��Q`]yX�R�_^R�\YR	W È cvh&pNcYQ`R	_q�Z\YWYRVîüî�ñ�ói�¨�X�[SQS}~\�Q`_ba�t_vUP�hZWYW�QS_^a

{F (β) | β < α}
R�QSWYR

r
¸t(qRLagagR

b
·�£�_ba�Wv¾Zi�[`QS}~\

γ < β < α È _g�{Q`_ba�WYhZ}~\(��ZWY_^an]^eYj,anQS��W
F (β)

R	Q`WYR���xAR	]gR
r
¸bu�}~\Y]nhsWYjZR�����W

{F (δ) | δ < β} È _^mAR�k	Q`R�[S[�hZ[S_g� F (γ)rF (β)
té�eY_

F (α) = a
����[`Xsa

{z|z ∈ a \ {F (β) | β < α} ∧ z
Q`_^aJ��xAR�]gR

r
¸�u�}©\f]nhZWYjZRp����W

{F (β) | β < α}} = ∅

eYWfcÀcYQSR�_�QSi3mf[`Q�k�QSR	]^a È cvh&p b hZ[S[`R�_^R�QSWYR3��xAR�]^R�W r ¸�u�}~\Y]nhZWfjZR�W hZ[`_��d[SR�i�R�W,azR	Wlag\v¾Z[�a�t
é�[S_g�VQ`_ba b��QSRqxAR	WY¨ZanQSXZa�t
 oq��/Q`Q v

⇒
qÆQ ��v�"©téëUu�R�Q

x ∈ V
tAu�R	Q

A :≡ {g | g: dom(g)→ V ∧ dom(g) ⊆ x

∧∀u(u ∈ dom(g)→ ((u 6= ∅ → g(u) ∈ u) ∧ (u = ∅ → g(u) = ∅)))}.

PyhsWYW Q`_^a
A ⊆ P(x × ({∅} ∪

⋃
x)) È hZ[S_g� A ∈ V

tÉP�Q`R�TVR	WYX�R
A
��QS]gc�cYef]g}~\

⊆
Q`WYcfeYj,anQS�X�R	��]^cYWYR	a�·�£�_^a

b ⊆ A
R	Q`WYR
⊆
¸t(pR	agagR È _^�3Q`_ba ⋃

b ∈ A
efWYcVR�QSWYRq��xAR�]gR

⊆
¸bu�}~\Y]ghZWYjZRq����W

b
t�'�hZ}~\

V:ç�è
åâRL��QS_^anQSR�]baU_g�Zi3Q�aJR�Q`W
⊆
¸�i3h|��Q`i�hZ[�R�_

f ∈ A
t6PyhZWfWVQ`_^a

f : dom(f)→ V
i�QSa

f(u) ∈ u
��wY]hZ[S[`R

u ∈ dom(f)
i3Q�a

u 6= ∅ È eYWYcÀR	_zX�Q`[�a dom(f) ⊆ x
t[�d_�xY[`R	Q`xfa

dom(f) = x
k�eÀk	R�Q`XZR�W'tÒF¾s]gR

x 6= dom(f) È _g�NX,¾ZxAR$R	_ u ∈ x \ dom(f)
tZ£�_^a

u = ∅
_g�NQ`_^a

f ′ :≡ f ∪ {(u, ∅)}
QSW
AeYWfcÕR�QSWYR#R	}©\,anR)�¢]^��R	QSanR	]geYWfX1����W

f
³=QS_^a

u 6= ∅ È _g�1Q`_ba ∅ 6= {f ∪ {(u, y)} | y ∈ u} ⊆ A
eYWYc

�^R	cYR�_
f ′ ∈ {f ∪ {(u, y)} | y ∈ u}

Q`_^a�R	Q`WfRqR�}~\lagR¬�¢]^��R	QSanR	]geYWfX����ZW
f
Q`W
A
t6P�QSR�_J��QScYR�]^_gmY]^Q`}~\lacYR	]

⊆
¸bT�hð�fQSi3hZ[SQ�an¾sa�����W

f
tvé�[`_g��X�QS[Sa

x = dom(f)
t

Pyhsi3Q�aJQ`_ba�cYR�]�ufhsagkp����[S[`_^an¾ZWYcYQSX#xAR	��QSR�_gR	W't ���dP
ì)Ð)j8kleabXb

u ∈ a m QRd u 6= ∅
LXWYS

F (u)
dAe\W

r
wÎn²bON^LOQRWYSoN�¼�bON^j-N^Q<S�|\U\Q

u
�í |²Z\b��AæA�Xå^èî^KMN�h�x�U\bXZ\N^QRdiN1ú�N�]HN^LXW�LXWYS�S)ù²zALtW,s,`½x�qAhHdiN^Q Í e\s�`/]HN^LXW�|\U\Q½¼�ïiLtW�S,N�QAê�e m W,W,eaZ\N^Q?j~� ÷[�/diN^W�ý;N^j½j½e<W�|\U\QðÈ�â�Úpö��
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@#±/Åâ±lËA�Bû:³:´ $�í%� »¢eYWYj,a¶q��/Q vdcfR�_Jufhsagk�R�_�R	]g[­hseYxfarR�_�eYWf_ È �^R	cYRpTVR	WYX�R a i�QSar½UQ`[S��RJ���ZW�ey]gcYQ ¸Wvhs[`k�hZ\Y[`R	W3k	e� ¹k�¾Z\Y[SR�W¸"©tlP�Q`R	_rQ`_^arcfR�]�op]geYWYcY_banR	Q`W3��wf]rcYQSRU�J\YR���]^Q`RUcYR�]I(qhZ]^cYQ`Wvhs[`k�hZ\Y[SR	W È cYQSRU��QS]QSi�wfxAR�]gWY¾Z}©\f_^anR	W¡(qhZmYQSagR�[6R�W,a���QS}©jZR	[`W{��R	]gcYR	W't��¢Q`WYR	W�R�]g_banR	W1jZ��]g]^R�j,anR	W�ª�RL��R	Q`_�cYR�_�ÒÇ��\f[`��]^c�¸WleYWYX�_^_nhsagk�R	_�X�hZxAV7�Aè7X���?/ç QSi È�hZ\f]gR × ® ¤ ªYt
ò óõô²öq÷MøúùMô�ûÑüZôØý!ûÑþàù�ÿ
����� ���	��

������������������������������� ���!�����"�
#%$'&�&)(�$'*,+-&).0/1+-2�34+-&�56+0&

x 7 &�8 y 569:+02:;<(�=>2?+-9?+A@B9:+0CD+0&FEG+IHJ@B2:&	+K=6+0LG&FM�&	NOEP2?56+'QR+-LTSTEPCD$'9?S=6U'&WV�XZY\[^]`_�a�bIc6d'cfe�g!56+056+0*,+-&�+"h!&fE�/1U6LTEi$ 7 N�8�2:+0SG+"j�LP$'5'+�2:STE-kml!2:+"3n+-&	56+-& x 7 &�8 y (�$'*,+0&569?+-2?;o(p=q2:+09:+�@�9?+-Cp+-&fEP+rQF/�+-&�&sCD$'&D8�+-&s@B9:+0CD+0&FEP+0&t=6U6&
x uqvxwfy<zq{0|o}'{iy�~O�,�qy�u>��~�� 8�2?+!@B9:+0CD+0&FEP+=6U'&

y
. 7 U'LG8�&�+0&���$'&�&��m@B2?&�+x3n+0&�56+ x (�$rE���(��q;<(�S�EP+-&	S!STU�=q2:+09:+�@B9:+0CD+0&FEG+o��/�2?+�+02:&�+�3n+-&�5'+ y Q/1+-&�&�Ct$r&��T+-8�+0C�@B9?+-Cp+-&fEx=6U'&

x
+-2?&�@B9:+0CD+0&FE�=6U6&

y
8	+-LP$rLTE". 7 U6LT8�&�+-&���$r&�&�QZ8�$'���T+t.0/�+02=6+0LGSG;<(�2?+-8�+0&�+-&�@B9:+0CD+0&FEP+0&�=6U6&

x
$ 7 ;<(�=6+-LTSG;<(�2:+08�+-&	+�@�9?+-Cp+-&fEP+�=6U6& y . 7 5'+0/�2?+-SG+0&�/1+-LG8	+-&��#�2?L�8�+���&�2:+0LG+0&n8�+-ST(�$'9?*�k

�s f¡(³\¢O£�¢�¤A³¦¥�§�¨©#�2?L�8�+���&�2?+-LG+0&�k
a�$fe

x 7 &�8 y SG2?&�84ª,«¬ >¢�­�®Z¯J°�­�®m£�¢Oª :≡ x ∼ y :≡ ∃f f :x
bij.
−→ y
�

a¬*±e
x
®^²	£t®\³�­�®\´0£I qµZ´p¶\¢� �·�°�­�®m£�¢¬ª±¸± >¢O£�¹,¤,µ

y :≡ x � y :≡ ∃f f :x
inj.
−→ y
�

3�$r&4.-+-2?5'E�9:+02:;<(FE�8�2:+ºN¬U'9:56+0&�8�+-&4@B2:56+0&�SG;<(�$rNOEG+-&4=6U'&
∼ 7 &�8 � k

»� q¯W¯%²W¥m§:¼¾½ ����y�{i¿BÀÁ�qy�ÂÃ��y��A�'~ÄyBÅÇÆ�ÂÈ�qy��,�qy��sÉ!ufÊ<Ê-}I�qy��,ËÌ }�Í ∼ ~:Ê���y�~O��y�ÎÐÏ-u>~OÑ�}'Â:y��qÒ-{Py�Â�}'��~ÄÆ��A}'uoÅ V ÓÌ |�Í ∀x, y (x ∼ y → (x � y ∧ y � x)) ÓÌTÔ Í � ~:Ê��
{Py¬ÕÐyTÖ6~OÑ�Ë ∀xx � x ÓÌ ��Í � ~:Ê��1��{G}'�	Êo~O�×~OÑ�Ë ∀x, y, z ((x � y ∧ y � z)→ x � z) ÓÌ y�Í ∀x, y (x ⊆ y → x � y) Ó#�2?L\+-L�/R$'LTEG+-&"2?&FE 7 2?EG2�=mQÇ8�$'�º$ 7 ;o(x8�2?+�ØÐCD�'+0(�L 7 &�5!=6U6&sa�*�e^562:9�EÇ�'V�XÙY^[^]`_DÚ 7 �6+0LTEÙ+02:&�+
8�+-Cp+-&fETÛSTÜ�LG+0;o(�+0&�8�+�Ý�+-LTC 7 E 7 &	5�QqÞ1ß±à>á:â�ã�ß±_^Y\ä�[^ß±áOYÙå�æ�a�&�Uq;<(DçièqCp&�$'ST2é$'S�EB. 7 8	2:+0SG+-L
ê�+02?E<e\EGLPÚ'5rE�bIc6ë6dìTí×îðïTñ�ïRòôó�õ:ö�÷Føúù�ùGûüOýPþ�ÿ��������`ÿ��
	���
fÿ���	�������ø��Iøúù�������ö���� �!�úï ë#"�øúù$�IøúùTû %'&�ö$(*)�+Äî-, ñ/.0�'1�ù$��û &32�46587�î!5�9:7Iï�+<;±ñ�î-�!=-í>=0÷�ñ�îúï�ö�é3+?,Äñ/@'= �-= A0îðï
5�B87�CD58B�íE4FA�ïGí6, ñ�î�,Äñ�4×ï`î-B�;±î í6�G5�B/7�HI= 9©í>=�J�îúïK7Iï�+�LM��4Äñ�ï�9N�'4×î-OÐî!B�LM)�B8, ñ�ï�BFö/�P�'�-�ðï0ö8Q�ï�+F�ðî-BR5�B87MSUT'4>4Äî-B�A�ï�B�VùTûXW�ùY;Z+F= 9G='4Äî!=XBDî!B[SUT'464×î-B�A�ï�B\1'ïTî�]^����_rÿ��X
`5�B87sþ�ÿ������baN�0ÿ8��	cV�ùGû WX"d�P�'1�î-�úîe4?��4Äî!=XBDî-Bf�P�'�-�ðïXV�ùTûXW "�ërùTû W��
;Z+Äî!g'��4F7�=\ê�ï�BX4�V>ùGû W��^hFïTîe4Äï�+U7Iï�+P9N��4Äñ�ï�9N��4ÄîúíF, ñ�ï�BdCD����íÄí�ïi7IïGí\ï�+Äí>4×ï�BM7Iï�5#4ÄíF,Äñ�ï�Bj2Çï�9Rî-B8�'+ í3kl)�+Pm±ï�+ í�î�,Äñ�ï�+F5�B�A0í>n
9N��4×ñ�ï�9N��4Äî!ORî-BRSUT'4>4Äî!B8A�ï�B�V'ùTû�ù0ù3� 5�o�ï�+6=X+F7Iï�B�46�úî-, ñ�ï�+p;Z+F='k ïGí×í6= +Zkl)�+I2�4F��4Äî íE4Äî!O�î!BRSUT'464×î-B�A�ï�B0V'ùTû�ù��rq\î-+×ï�O�46= +s7IïGí
g = B
îðñ�9:A�ï�AX+6)8B87Iït4Äï�BruvB�í>4×î!465�4Äí<kl)�+c9N��4Äñ�ï�9N��4ÄîúíF,Äñ�ïw2�4F�'4×î íE4Äî!OxVÇùTû��IùZ= +?7Iï�B�46�úî�,Äñ�ï�+<;Z+F='k ïGí×í6= +�kl)�+ym±ï�+ í�î�,Äñ�ï�+F5�B�A0í>n
9N��4×ñ�ï�9N��4Äî!O�5�B/7d9N��4×ñ�ï�9N��4ÄîúíF,Äñ�ïG2�4?��4×î í>4×î-OM�'Bj7Iï�+Kz3B�î!g�ï�+Äí×îe4?@�4KSDT'4>4Äî!B8A�ï�B�V	ùGû "X"NmZîúí×î!4×î-B�AR;Z+6= k ïTíÄí>=X+U�'Bj7Iï�+
{ = �-5�9i1�î���nvz3B�î-g�ï�+ í×îe4?@�4K|^ï�J~}Z= +FOxV�ùTû "X&��P+?7Iî!B/�'+Äî!5�íPkl)�+iQ�î!=X9Rït46+Äîúï�ø��`ÿ��
	���
6ÿ���	�B�î!9G9r41í6, ñ�= B�� �úírSU��9GB8��ní�î���í>4Zî-B���� �!�úï^�'9�2Çï�9�î-B8� +i����	0

�<�6í�4×ïTî!�:ö6í×îúï�ñ�ï^��� 5�÷#464×ït��4Gøx|P� , ñ�í×ï�î-B�ï�+UqZîúíÄí�ï�+>4?��4Äî!=XB�g�ï�+6�úï�A 4D�Ùÿ8�
	��t
fÿ���	í�ïTî!B¾é3+F1'ï�î!4Äí6A�ï�1�îðï�4Pg =XBd7Iï�+DLiï�B�A0ï�B��úï�ñ�+Äï
ñ�î-BBê�5�+Ù÷�+?�'O�4×î í6, ñ�ï�BMLM�'4×ñ�ï�9G�'4×î-O6ø/�p+U5�BX4Äï�+ í>58, ñX4K�'58, ñd�'5�o0ï�+F9N��n
4×ñ�ï�9N��4×î íF,Äñ�ïi��+?�'A0ï�B0��uv9��X��ñ�+ÄïRùTû�����ï�B�4F7Iï$,FO�4\ï�+�7Iï�B�m�ï�+×ï�+F1�5�B8A0í69�ï$,Äñ/�'B�î í>9i5ríw7Iï�+�Qs�-5#46AX+65�÷�÷rï�B�é�ö/Q�5�B87
W�ø
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+02:&�+0&¢¡�+0/1+-2?S!8�2?+-SG+0LÐÝ�+0LGC 7 E 7 &�5t2?& V!XZY^[^]`_�SR£q+-Cp2:&�$'L�2?&¥¤!$r9:9:+º=6U6L-�,@`E�/R$D569?+-2?;o(	.-+-2�EP2?5 7 &>ÛEG+-LG&	2:CpCxER¦R_^Y\ä�[�§p¨I©Z_«ªD¬Ùß±_ å�å +-2?&�+-&­¡�+�/�+02:ST=6+0LGS 7 ;<(�Q,8�+-LÙ�T+08�Uq;<(�j�+-(	9:+-L�$ 7 NO/�+-2?STE-�
® ²	£#¯A¥m§±°�² ® ²>£#¯4¹,¤,µ´³�²�µ,£I¤Zµ�¶�·" 0µ�µZ´�£I q¢×µD¸ ½ ����y�{t¿BÀ �'~OÂÃ� ∀x, y ((x � y ∧ y � x) −→
x ∼ y) Óã�ßc¹�ß±áOä6� @BSÐ5'+-&qM	5'EÐ. 7 .-+02:56+0&���8�$'�p562?9?Ea�b�e

∀a, b, c ((a ⊆ b ∧ b ⊆ c ∧ a ∼ c) −→ b ∼ c).

£>2?&�8n8�$'&�&�&�Ú'Cp9:2?;<(
f :x

inj.
−→ y 7 &�8 g: y inj.

−→ x
Q±STUt5'2:9�E

g ◦ f [x] ⊆ g[y] ⊆ x 7 &�8 x ∼ g ◦ f [x]
Q

/�$'S�/1+-56+0&�a�b�ei$ 7 N x ∼ g[y]
N¬M�(�L�EÇ�\l!$

g
2:&��T+-�fEP2�=K2:S�EÇQ�2?STE

g: y
bij.
−→ g[y]

Q\$'9?SGU
y ∼ g[y]

�^h 7 S
x ∼ g[y] 7 &�8 y ∼ g[y]

N¬U69:5rE
x ∼ y
�

ã�ßc¹�ß±áOäJ=6U'& a�b�e��º£>+-2
f : c

bij.
−→ a 7 &�8 d ST+-2�8	+-L�h!*�ST;o(	9 7 ��=6U6& c \ b 7 &FEG+-L f Q�$r9:SGU d =⋃

n<ω f
n[c \ b]

Q	/�U6*,+02^8�2?+�j 7 &��fEP2?U6&�+-&>N¬U69:5'+ (f n | n < ω)
LT+-� 7 LGST2?=s8�+0��&�2:+0LTEÐ2?STE�8 7 LT;o( f 0 :≡

id � c 7 &�8 f n+1 :≡ f ◦ f n
Q�ST2:+-(	+�h!*�*�2?9:8 7 &�5pc	� #J+-5'+-& ran(f) ⊆ a

562?9?E
'

&

$

%

'

&

$

%

'
&

$
%��

��
� c

� b
� a

�
⋃
n<ω f [f n[c \ b]]

c \ b

»f¼�¼ ¢�«×¶�½\µ\ª¿¾3ÀU¯0½Z¯ ·" 0Áx q¢×´x¹,¤mµ)¥m§�°

a
∗
e

d = (c \ b) +
⋃

n<ω

f [f n[c \ b]]

︸ ︷︷ ︸
⊆a⊆b

� å>Â

l!+���&�2?+-LG+
g
8 7 LG;<(

g(u) :≡

{
f(u),

N�$r9:9?S
u ∈ d

u,
N�$'9?9:S

u ∈ c \ d
�

ü×ü�Ã��
	<�t
�ÄxÅ*Æ0�*Ç<Èqÿ8�É��� %Iøúù�ù0øðù$����ù�ö�Ld�'B�B�ñ�ï�î-9�ë6ù�&�ø &�øðùTû WX�Iö�CK� +6� í>+F5�ñ�ï$.s2�4F587Iî-5�9�7Iï�+3LM�'4×ñ�ï�9N�'4×î-OÊ58B87�7Iï�+
;±ñ��Ií×î!O�î-Bj�^ï�î�7Iï��!1'ï�+6Arö*5Fø ��øx1'ïTîZË«Ì0È/ÍÊ�lÎÐÏi
x
0�­]1ÿ/���TÿÑ�±�X�Iø ��øúù���ù�ù�ö*C�TXB�î!A-í>1'ï�+6A�ë���ø ��øúù��X����ö*L�)�B/,Äñ�ï�B/.�öÓÒ^ÌxÔ
�t
 �'ÕfÖD�<_rÿ8� 
ÑaN���*Å*Æ0Æ<��×�×d�¬ù��Iø "�øúù��X����ö#C�T B�î-A0í61'ï�+FA�ë'ù$�Çøúù�WIøúù�� �X�Çö#Q�ï�+F�ðî-B/.s5�B87�aG���
�ºþw�fÿ���ÆFÿ��
�ÉÕ���	\�UÌ�	xÔ
��ÿ8	:�±�X%Iø ��øúù��<û�ù�ö<C�=X+61/� , ñ²ë#�'�Iøúù�ù�øðù�� & W�ö<Qs= B�B/.tV�ù$� &X��;p+6=X9G='4×î-= Bqöy7�� B�BÑJmï�î!4×ï�+×ï�2�4F587Iîúï�BDî-B\C�TXB�î-A0í61'ï�+6AM1�î íù��X&'�8Vy�P�'1�î-�ðî!4F�'4×î-= BDî!B`(*)�+Äî�,ÄñFöÓ7��'B/� , ñ\�'� í^hFïTñ�+×ï�+�î!B\;Ókl=X+oêTñ�ï�î-9Ø5�B87�Qs�X7Iï�B�nÙQw� 7�ï�B0Vc�'14ù$���'&�= +?7Iï�B�46�úî�,Äñ�ï�+
;Z+F='k ïTíÄí6= +Zkl)�+gé�+×î!4×ñ�9Rï�4×î-O'ö#Ú<+Äî!AX= B�=X9�ï�46+Äîðï358B87�ñ�T0ñ�ï�+ÄïMé�B8�'�-�Ií�î í«� BY7Iï�+wÚI�¥CK�'+F�úí6+65�ñ�ï�ø Û[@�ñ�+Äï�B87Ðí�ïTî!B�ï�+3('ï�î!4
�'� í«hFï�ñ�+Äï�+«1'ïTíF,Äñ8@'k�4×î-A'4�í×î�,ÄñY�`ÿ��
	���
fÿ���	iñ8�'5�÷#4ÄíF@ , ñ��úî-, ñÊ9�î!4w�'+Äî!4×ñ�9Rït4Äî í6, ñ�ï�BFö��'B8� �!��4ÄîúíF,Äñ�ï�BN5�B87��'�-A�ï�1�+?�oî í6, ñ�ï�B
��+?�'A0ïTí>4×ï��-�-5�B�A�ï�B0Voî-BÐí�ïTî!B�ï3;Z+F='k ïGí×í6= +Äï�BRê�ï�î!4ÓkÜ�'�-�úï�B�7��'B�BÊ5�9^kÜ� B�A +Äï�î�,Äñ�ïPz3BX4Äï�+ í>58, ñ�58B�A�ï�B>ê�58+«� �!A0ï�1�+?�oî í6, ñ�ï�BNh0= n
A�î-O6øüEÝ�qU��í32#��9i1*=X�

+
1'ï�êTï�î�,Äñ�B�ït4^ñ�îúï�+37IîúïKm�ï�+Äï�î-B�î-A 5�B�AN7Iî ílÞE5�B8OX4Äï�+�Liï�B�A�ï�BFø
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#�2?L�.-+-2?56+-&
g: c

bij.
−→ b
Q>/R$'S�a�b�e1*,+�/�+-2?STEÇ��h 7 S�a ∗ e
N¬U69:5rE�. 7 &�Úr;o(�S�E g: c→ b

��l�2:+ij 7 &��fEP2?U6& g 2:STE2?&��T+-�fEP2�=,Q�8�$
g � d 7 &�8 g � c \ d

2:&��T+0�FEG2?=6+�j 7 &��fEP2?U6&�+0& CD2�Ei8�2?S¬� 7 &��fEP+0C¾#J+0LTEP+0*,+-LG+02:;<(JSG2:&	8��l!2?+�j 7 &��fEP2:U'& g 2?STEºS 7 L¬�T+-�fEG2?=,��ØÐC 8�2?+-S!. 7 SG+-(	+-&�Q��yß>2:+0LG+ v ∈ b �«à�STE v ∈ b \ d ⊆ c \ d
SGUs2:S�E

v = g(v) á 2:STE v ∈ b ∩ d Q�SGUp+'ß	2?STEG2:+-L�E�+-2?& u ∈ c \ b CD2�E
v = f n+1(u) = f(f n(u)︸ ︷︷ ︸

≡:u′∈d

).

h�9:SGUp2:STE
v = g(u′)

�Zà�&�*,+-2?8�+0&KjÙÚ'9:9?+0&4562:9�E�SGU6Cp2�E
v ∈ ran(g)

Q±8��È(��?Q
g
2?STE�S 7 L¬�T+0�FEG2?=,�mlº$'Cp2?E�2:STEa�b�e�*,+0/�2?+-SG+0&�� âF+-8�a�b�e

l!2?+-S�=6+0LT=6U69?9:S�E<Ú'&�8	2:5'E�8	+-&¥¡1+0/�+02:SÐ8	+-SR£	$�EP.-+0S�=6U6&AV�XÙY^[^]`_mÛGãÐß,_^Y\äI[^ß±áOY�� ãi@�l

���Fä � �Iå<å�æ��!� �rç�� �éè����ëê>���Kì����?ê	���x�
l!2?+ºj±$'Cp2?9?2�+Ð8�+0L

∼
ÛîíNâ 7 2?=r$r9:+0&�.-�F9é$rSGSG+0&s2?STE�+-2?&�&�$�EPM�LT9:2?;o(�+0L^ïÙ$rLP$'Cp+0EG+-L
N¬M�L�çiLG�'�6+-& 7 &FEG+-LGST;<(�+-2 Û8 7 &�56+0&n*,+02\3n+0&�56+0&���h!9?9:+-LT8�2?&�56S�SG2?&�8�8�2?+ ∼ Û?íÊâ 7 2�=r$'9?+-&�.0�F9é$'STSG+-&�2Ä�ð$	�	+0;o(fEP+dði9é$'STSG+0&�� å>ñ l!2?+-ST+-S

ïBLGU'*�9:+0C¾/RÚrLG+D5'+-9?�6STE-Q�/1+-&�&J/�2:L�$ 7 SR�T+-8�+0L ∼ ÛîíNâ 7 2�=r$'9?+-&�.0�q9:$'SGST+D+02:&A��$ 7 ST56+-.0+-2?;o(�&	+0EP+0S��`òº*>Û�T+0�FEº$r9:SYó�+-Ü	LPÚ'ST+-&FEP$'&FEG+-& 8�2?+-SG+0LRði9é$'STSG+�$ 7 ST/�Ú'(�9?+-&��'�6&�&fEP+-&���@B2:&n.0/1+-2�EP+-SRï�LTU6*�9?+-C EPLT2?ETE�$ 7 N�Q/1+-&�&s/�2?L1=6+0LGS 7 ;o(�+-&�Q±çiLG�6�6+0&t=6U6&43n+0&�56+0&�. 7 =6+0LG569?+-2:;<(�+0&��q#�2:L
/�U69?9:+-&�Qq8�$'�"8�2?+içiLG�6�6+0&t=6U6&�T+�.�/�+02134+-&�56+0&A=6+-LG5'9:+-2?;<(q*�$'LºST2:&�8�Q�8�$'��$'9:STU�N¬M�L�34+-&�5'+-&
x 7 &�8 y S�EP+0EGS x � y

Uq8�+0L
y � x562?9?E-�Bl!2:+0SD2:STE-QB/�+0&�&©/�2:Lp& 7 L ¿�À =6U6LP$ 7 SGST+0EP.0+-&�Q�2×�ú$>��&�2?;<(FED8�+-Ltj±$'9?9×��l�2:+¥¤Ð2:&�. 7 &�$r(�CD+48�+0Sh 7 ST/�$'(�9é$�ß	2?U6Cp+-SB9?�6STE 7 &�SG+0LG+YïBLGU6*	9:+-Cp+Z�T+08�Uq;<(DCp2?E`+-2?&�+-Cô£>;<(�9é$'5	�flº$�&�ÚrCD9?2?;<(�2?& ¿�À ³ &�$r;o( 	��bÙ�T+-8�+�3n+0&�56+Ð*�2 �T+-�fEP2�=�$ 7 N�+-2?&�+YòºLT8�2:&�$'9:.-$'(�9�$r*�56+0*�2:9?8�+0E`/�+0LG8�+0&t��$'&	&�Qf(�$'*,+-&�/�2:LB+02:&�+0LGSG+02?EGS+02:&�+0&s��$'&	U6&�2?SG;<(�+-&�ó�+-Ü	LPÚ'ST+-&FEP$'&fEP+-&sN¬M�L^�T+08�+

∼
ÛîíNâ 7 2?=�$'9:+0&�.-�F9:$'SGST+ [x]∼ Q>&�ÚrCD9?2?;o(D8�2:+!�F9?+-2:&	STEP+òºLG8	2:&�$r9:.Ç$r(�9×QÙ8	2:+s. 7 [x]∼

56+-(��'LTEÇQ 7 &�8��'�'&�&�+-&©$'&�8	+-LG+0LGST+-2?EGSº�T+�.0/�+02�3n+-&�5'+-&©5'LG�6�'+-&�CDÚ'�62?5=6+0LG569?+-2?;o(�+0&�Q,2:&	8�+-C /�2:LÐ8�2:+�8�+-& +0&FEGSGÜ�LG+0;<(�+-&�8�+-&
∼
Û?íÊâ 7 2�=r$'9?+-&�.0�F9é$'STSG+-&�. 7 56+0U6LG8	&�+0EG+-&~òºLG8�2 Û&�$r9:.-$'(�9:LT+-Ü�LGÚ'SG+0&FEP$'&FEG+-&K=6+-LT569:+02:;<(�+-&�� åEõdö ¢Eµ�´- f£#¯f qµ ¶\ q´Ç®^²�« ¼ ¹,¤,µ�µw½\µ�²�µ ¿�À ³ ¹,¤pµ�²Ó½\´'§à�Cø÷^2?;o(fE�8�+-L�+0*,+-&n56+0Ct$';<(fEP+-&­ùÐ*,+-LT9:+-5 7 &�56+0&n8�+���&�2?+-LG+0&4/�2:L0k

�s f¡`µ\¢O£�¢�¤,µ¦¥�§l¾ l�2:+­òºLG8	2:&�$r9:.Ç$r(�9
x :≡ card(x) :≡ min ([x]∼ ∩On) = min{α |x ∼ α}(�+02:�rE�8�2:+Mú4²cµ�¶Z¢�µ\²�«�¢O£I°	£iUq8�+-LÐ$ 7 ;<(�·�°�­�®m£�¢¬ª±¸± q¢¬£i=6U6& x �

�s f¡`µ\¢O£�¢�¤,µ¦¥�§%! a�$fe #�2?L�8�+0��&�2:+0LG+-&�k
α
2:S�E�+-2?&�+dú4²cµ�¶Z¢�µ\²�«>¯f²�®\«

:≡ ∃x x = α
�

a¬*±e l�2:+ëði9é$rSGSG+
Cd :≡ {α |α

2:STE�+02:&�+Mð�$'LG8�2?&�$'9?.Ç$r(�9
}
2?STE\8�2:+iú�«¬²�´Ç´- x¶\ 0µ�ú4²cµ�¶Z¢�µ^²�«>¯f²�®\«¬ >µ�Q

Card :≡ {α |α ∈ Cd ∧α ≥ ω}
2?STE�8�2?+Mú�«¬²�´Ç´-  ¶^ 0µf½Zµ^ >µ\¶\«×¢�­�®\ qµûú4²cµ�¶Z¢�µ\²�«E¯f²�®\«� qµ��

üEü ê�ø QÙø
[1]

∼
⊇ {{Vα} |α ∈ On} /∈ V

øüvý$z39~�'5/,Äñ
î-BGþpÿÑ7Iï�B^Q�ï�AX+×î��N7Iï�+cCK� +F7�î!B8� �Oê$�oñ��<ê�5^7Iï��8B�îðï�+×ï�Bqö��-g�ï�+FO��ðïTî!B�ï�+>4��«9G� Bë7Iîúï
∼
n	��
�5�î!g'�'�úï�BAê
�
���
�������

ê�5���
�5�î!g'�'�úï�BAê�������������ö�î-B87Iï�9 9N�'BÊ9Rîe4
α(x) :≡ min{α | [x]

∼
∩Vα 6= ∅}

g = B
[x]

∼

)�1'ï�+6A0ï�ñX4Hê�5
[x]

∼
∩V

α(x)

ø
q\îúïTí×ïTíÓm±ï�+>kÜ��ñ�+Äï�B^J�î-+F7^9N�'B8, ñ�9N�'���'ÄxÅx��
*
6íÓÚ<+Äî-,?O��IA0ï�B8�'B8BX4Z5�B87^= k�4p� B�A�ï�Jmï�B87�ït4Tö'5�9Jï$,Äñ�4×ï3CD����íÄí×ï�B1î-BNLiï�B#n
A�ï�B ê�5É46+?�'B�í>kl= +F9Rîðï�+×ï�BFøyq\îúï!ñ�îðï�+G�'B8A�ï�A0ï�1'ï�B�ï�qZï��8B�îe4Äî!=XB\A�ï�ñ�4-ê�58+6)8,?O �'5�k��r�<	
�bÄ*
6ÿ#ÍI��� 
¿Ä
Å*��
x
¢�ÜA�ï�1Føù�ù0øðù$W�øúù�û "X�Iö0Q�ï�+FO�ï��úï��0ö { ��ø .N��ùTûX%X% .�ö
g�AX�?øqït4EJs�M7Iîðï��±î-B��ðïTîe4F5�B�ABê�5sòôó�õD� ÷Fø �X.�ø<|P��46)8+6�úî-, ñ�ñ8��4ë7�îðïGí�ï�+ëCK�'+?7Iî-B8�'�!n
ê���ñ��!1'ï�A +Äî��MJmï�î!4?�'5�íwJ�ï�B�î-A�ï�+I�'B8A�ï�B�ï�ñ�9RïD�±î-A�ï�Brí6, ñ8��k�4Äï�B��'� íw7�ï�+�î-BMþpÿ�� ê�5�+Im�ï�+>kl)�AX5�B�A�í>4×ï�ñ�ï�B87Iï0ø
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a�Ø�&�+0&�8�9?2:;<(�+IeÑð�$rLG8�2?&�$'9?.Ç$'(	9?+-&�*,+-.0+-2?;o(�&	+-&¦/�2?LD2Ä�ð$	��CD2�ED8�+0&�¡ 7 ;<(�S�E<$'*,+0& κ, λ, µ, ν �ëð�$'LG8�2 Û&�$r9:.-$'(�9:+0&�SG2?&�8�5'+-LP$r8�+s8�2:+��T+-&�2?56+0& òºLG8	2:&�$r9:.Ç$r(�9?+-&�Q\8�2:+�&�2?;o(fEp$ 7 N�+-2?&�+s�F9?+-2:&	+-LG+[òºLG8�2?&�$'9?.Ç$'(	9*�2 �T+-�fEP2�=4$r*�56+-*	2:9:8	+0EÐ/1+-LT8�+-&K�r�6&�&�+0&��`aF£>U'9:;<(�+�òºLG8	2:&�$'9?.Ç$r(�9?+-&�/�+0LG8�+0&KCt$r&�;<(�Ct$r9\$r9:S���2?&�2�EP2?$'9?+
òºLG8	2:&�$r9:.Ç$r(�9?+-&q�D*,+-.0+-2?;o(�&	+0EÇ�úe�l!2?+-ST+-S 7 &�8�/1+-2?EG+-LT+�N 7 &�8�$'CD+0&FEP$'9:+fó�+-S 7 9?EP$rEP+tM�*,+-LÉð�$'LT8�2:&�$'9 Û.-$'(�9?+-&4ST2:&�842?&sN¬U69?56+-&�8	+-Cø÷�+-CpCt$". 7 SP$rCDCp+-&�5'+-STEG+-9?9?EÇ�
»� q¯W¯%²W¥m§! #" Ê��'~OÂÃ� ËÌ }�Í α ∈ Cd ←→ ∀ β < α¬ β ∼ α ÓÌ |�Í α ∈ Cd ←→ α = α ÓÌTÔ Í α ∈ Card −→ Lim(α) Óã�ßc¹�ß±áOä6�R. 7 a×$feo�-� ⇒�o��£>+02 α = x

��ç�Ú'*,+�+0S
β < α

Cp2?E
β ∼ α

Q�STUÐ/RÚ'LT+
β ∼ x

2?C #�2:8�+0LGSGÜ	L 7 ;<(. 7 α = min{γ |x ∼ γ}
��

⇐
�<��@�S�2:S�E

α = min{β |α ∼ β}
�

. 7 a¬*±e���l!2:+0S�N¬U69:5'ER9:+02:;<(FE�$ 7 S�a×$6e��. 7 a¬;Ie��	#)Ú'LG+ α = β + 1
Q�STUp/�Ú'LG+�8 7 LG;<(

f(γ) :≡

{ γ + 1,
N�$'9?9:S

γ ∈ ω
γ,

N�$'9:9?S
ω ≤ γ < β

0,
N�$'9:9?S

γ = β

+02:&�+M¡�2ô�T+0�fEP2:U'&
f :α

bij.
−→ β

56+056+-*,+0&��,l!2?+-S�/�2?8�+-LTSGÜ�LT2:;<(FExa�$fe��
lº$rCD2�E�2:S�E�8�$'S�÷�+-CpCt$"*,+�/�2:+-ST+-&�� ãi@�l
l!2?+�h 7 SGSG$'56+0&J8	+-S�&�Ú';o(	STEP+0&¿÷^+0CDCD$'S!SG+0EG.-+0&J8�2?+ ð�$rLG8�2?&�$'9?2�EPÚrEG+-&�=6U6&A.�/�+-2
34+-&�56+0& 2:& ÝB+-L�Û*�2?&�8 7 &	5pCp2?ER8�+-LÐ@Uß>2:STEG+-&�.�=6U'&nh�*�*�2?9:8 7 &	56+-&�.0/�2?SG;<(�+0&�8�2?+-SG+0& 3n+0&�56+0&��
»� q¯W¯%²W¥m§O¥%$ y�~Äy�� x, y ∈ V Ó'&�}'�����'~OÂÃ�ÄËÌ }�Í x = y ←→ x ∼ y ÓÌ |�Í(&�~Äy`ÅÇÆrÂô�qy��,�qy��sÉ!ufÊ<Ê-}I�qy���Ê�~O�±�*)fÏ-uq~OÑ�}'Â:y����Ì ~úÍ x ≤ y ÓÌ ~O~úÍ ∃f f :x

inj.
−→ y +��fÓ�z	Ó,+ x � y ÓÌ ~O~O~úÍ ∃f f : y
surj.
−→ x Óã�ßc¹�ß±áOä6��. 7 a×$6e��>� ⇒ �<��@BSÐ5'2:9�E x ∼ x = y ∼ y

Q±$r9:SGU
x ∼ y

/1+-56+0&n8�+-L.-\LP$'&	SG2?EG2?=q2?EPÚrE�=6U6&
∼
��

⇐
�<�Ç@BS�2:S�E

x ∼ y
5'9:+-2?;<(F/�+0LTEP2?5RCp2?E

[x]∼ = [y]∼
QÇ$'9:STU

x = min ([x]∼ ∩On) = min ([y]∼ ∩On) =
y
�
. 7 a¬*±e��>��a�2ée ⇒ a�2?2:e �<�c£>+02 g:x bij.

−→ x 7 &�8 h: y bij.
−→ y
�Z£>+0EG.-+

f :≡ h ◦ g
�±lº$r&�&n2?STE

f :x
inj.
−→ y
�

�oa�2:2ée
⇒
a¬2?2�2éeÄ�<�p£q+-2

g:x
inj.
−→ y
�pà�STE

x = ∅
Q,STU�2?STE

∅: y
surj.
−→ x
�s£q+-2Z$'9:STU

x 6= ∅
=6U6LP$ 7 SG56+0SG+0EG.0E-�I£>+0EG.-+

a :≡ ran(g)
�Blº$'&	& 2:STE

g−1: a
bij.
−→ x

Q`SGUA8�$'�
f :≡ g−1 2:C�j±$'9?9 a = y

8�$'Spç�+�/�M�&�SG;<(FEG+9?+-2?STEP+�EÇ�yà�C j±$'9:9
a 6= y

/�Ú'(�9?+�Cp2?EM² » ³Ñ¸Ð+-2?&
v0 ∈ x 7 &�84SG+�EP.-+

f(u) :≡

{
g−1(u),

N�$r9:9?S
u ∈ a

v0,
N�$'9?9?S

u ∈ y \ a
�
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lº$r&�&n5'2:9?E
f : y

surj.
−→ x
�

�oa�2:2?2:e
⇒
a�2�2éeÄ�<�c£q+-2

g: y
surj.
−→ x
�>#�2:LR8�+���&�2:+0LG+0&

f
SGU�Q�8�$r�

f
�T+08�+-C

u ∈ x
+-2?&4ØÐLG*�2?9:8t=6U6&

u 7 &fEP+0L
g
. 7 U6LG8�&	+0EÇ�!a×@B2?&©STU69:;<(�+0St+'ß>2:STEG2:+0LTEÇQ�8�$ ran(g) = x

2:S�EÇ� e�j�U6LGCD$'9�5'+-SG;<(�2?+-(fE�8�$rSp/�2:+�N¬U69:5rEÇk
a :≡ {g−1[{u}] | u ∈ x}

2:S�Ep+-2:&	+�3n+0&�56+nÜ�$6$'LT/1+-2:ST+48�2?S¬� 7 &��fEP+0Lt3n+-&�5'+-&�Q
8	2:+s/�+056+-&©8�+0L£ 7 L¬�T+-�fEG2?=q2?EPÚrE1=6U6& g SGÚ'CxEP9?2?;o(D&�2:;<(FE�9:+-+0L�SG2?&�8��c£>+02 h +02:&�+!h 7 ST/�$'(�9�N 7 &��fEP2?U6&�N¬M	L a �	lx�È(���Q	+-SR2?STE
h: a→ y

Cp2?E
h(z) ∈ z

N¬M�LÐ$'9?9:+
z ∈ a
�±l!+0��&�2:+0LG+

f :x→ y
8 7 LT;o( f(u) :≡ h(g−1[{u}])

�,3�$r&ST2:+-(fEÐ9?+-2?;o(fEÇQ	8�$'�
f
2?&��T+-�fEP2�=�2?STE-�

�oa�2:2ée
⇒
a¬2éeÄ�<��£>+02

f :x
inj.
−→ y
�d£>+02

g: y
bij.
−→ y
��lº$r&�& 2:S�E

h :≡ g ◦ f :x
inj.
−→ y
��@BS SG+02

β :≡

otp(ran(h)) 7 &�8 π: ran(h)
bij.
−→ β

SG+-2Ù8�+0L0/%]`äI[^]w¹�ä21`á�Ûîà�STU6CDU'LGÜ�(�2?SGC 7 S0�,#J+-56+0& ran(h) ⊆ y2?STE
β ≤ y

Q	SG2?+-(�+0343���lº$r&�&�2?STE
h′ :≡ π ◦ h:x

g◦f=h
←→ ran(h)

π
←→ β

+02:&�+�¡12ô�T+0�FEG2:U6&D=6U6&
x
$ 7 N β �5�$';<(nl!+0��&	2?EP2?U6&s='U6&

x
C 7 ��8�$'&�& x ≤ β

SG+02:&��±lº$>Q�/�2?+i56+-ST+-(�+0&�Q
β ≤ y

2:S�EÇQ	N¬U'9:5'ER2:&	SG56+0SP$'CxEN¬U69?5'E
x ≤ y

�
lº$rCD2�E�2:S�E�8�$'S�÷�+-CpCt$"*,+�/�2:+-ST+-&�� ãi@�l
³�¤Zµ�¤m«�«¬²cµs¥m§76#" Ê��'~OÂÃ� α < β −→ α ≤ β Ól!2?+dði9:$'SGST+�8�+0LYð�$'LT8�2:&�$'9?.Ç$'(�9?+0&s2:S�E 7 &FEG+-L�8�+-L�Ý�+0LG+02:&�2?5 7 &�5"=6U6&8-Z+02:9?CD+0&�56+-&�$'*�56+0SG;<(�9:U'SGSG+0&�k
»� q¯W¯%²W¥m§!9#" Ê��'~OÂÃ� ËÌ }�Í x ⊆ Cd −→

⋃
x ∈ Cd ÓÌ |�Í (x ⊆ Card ∧x 6= ∅) −→

⋃
x ∈ Card Óã�ßc¹�ß±áOä6�D. 7 a×$6e��F#�2?L1.0+-2?56+-&t. 7 &�Úr;o(	STEÇQ	8�$'� ⋃

x
+-2?&�+�òiLT8�2:&�$'9:.-$'(�9�2:S�EÇ�>l!$ ⋃

x ∈ V
562?9?E 7 &	88�2?+�+-2?&�.-2?56+0&pEGLP$'&	SG2?EG2?=6+0&:-\+-2:9?CD+0&�56+0&�=6U6&

On
8	2:+YòºLG8	2:&�$'9?.Ç$'(	9?+-&�SG2?&�8�QfSG2?+-(�+;3<3�QF56+0&qM�5rE1+-S
. 7.0+-2?56+-&�Q±8�$'� ⋃

x
EGLP$'&	SG2?EG2?=�2:STE-�p¤Ð2:+0LG. 7 �yß>2:+0LG+ u ∈ v ∈ ⋃

x
�mlº$r&�&�+ ß>2:S�EP2:+0LTE�+02:&�+jòºLG8�2?&�$'9?.Ç$'(	9

α ∈ x
CD2�E

u ∈ v ∈ α
��lº$

α
EPLG$'&�ST2?EP2�=D2:S�EÇQ>N¬U'9:5'E

u ∈ α 7 &�8�SGU6Cp2�E u ∈ ⋃
x
�	h!9:STU�2:STE ⋃

x
+02:&�+

òºLG8	2:&�$r9:.Ç$r(�9
λ
��#�2?L�.0+-2:5'+-&

λ ∈ Cd
Q�2:&�8	+-C /�2:L

λ = λ
&�$';o(f/�+02:SG+0&��. 7 ≥ ��l!2:+0S�2:S�E��q9:$'L-�. 7 ≤ �<£>+02 α < λ

�=5!$';<(�l!+���&�2�EP2?U6&�=6U6&
λ
+ ß>2:S�EP2:+0LTE
8�$'&�&D+-2?&�+Yð�$'LG8	2:&�$'9?.Ç$r(�9

κ ∈ x
Cp2?E

α < κ
�

#J+-5'+-&
κ ∈ x

2?STE
κ ≤ λ

��h!9?SGU�+-LT562:*>E�SG2?;o(
α < κ = κ ≤ λ

�
. 7 a�*±eo�>5!$r;o(¦a×$fei2:S�E ⋃

x ∈ Cd
��#%+056+-&

x 6= ∅
+ ß>2?STEP2?+-L�E

κ ∈ x
�Zlº$r&�&W562?9?E

κ ≥ ω
aO/�+-5'+-&

x ⊆ Card
e 7 &�8 κ ≤ ⋃

x
��h!9?SGU�2:S�E

ω ≤
⋃
x
�

lº$rCD2�E�2:S�E�8�$'S�÷�+-CpCt$"*,+�/�2:+-ST+-&�� ãi@�l
#�2?L��'�6&�&	+-&n& 7 &n*,+-LT+-2�EPS�56+�/�2:STSG+jòºLG8	2:&�$'9?.Ç$'(	9?+-&�$'9?SÊð�$'LG8�2?&�$'9?.Ç$'(	9?+-&s2:8	+-&fEP2?��.-2:+0LG+0&�k
® ²	£#¯A¥m§�¨=?@" Ê!�'~OÂÃ� ËÌ }�Í ω ⊆ Cd ÓÌ |�Í ω ∈ Card Óã�ßc¹�ß±áOä6��. 7 a×$6e��	#�2:LR.-+02:56+0&48 7 LG;<(­à�&�8 7 �fEP2:U'&4&�$';<( n < ω

k
a�b�e

∀m < n¬m ∼ n
�
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n = 0
�±l!2?+-S�2:S�E��F9é$'L0�

n = l + 1
�Ùh!&�5'+-&�U6CpCp+-&�+-S"/RÚ'LG+

f :m
bij.
−→n

N¬M	L�+-2?&
m < n

�Z#%+056+0&
n 6= 0

2?STE
m 6= 0

Q8��È(���Q�+-Sº+ ß>2:S�EP2:+0LTEº+02:&
k < ω

CD2�E
m = k + 1

��@BSi2?STE
k < l < n

/1+-56+0&
m < n = l + 1

�,#�2:L
7 &fEP+0LGSG;<(�+02:8�+0&�& 7 &n.�/�+-2\j`Úr9:9?+'kD }'ÂéÂ'EfÓ f(k) = l

�yà�&48�2?+-SG+0C j±$r9:9m2:S�E
f � k: k

bij.
−→ l
Q	/�$'S�8�+0LÊà�&�8 7 �fEP2:U'&�ST=6U6LG$ 7 STSG+0EG. 7 &�5p/�2:8�+0L�ÛSTÜ�LG2?;o(fEÇ�

D }'ÂéÂ�FqÓ f(i0) = l
N¬M	L�+02:&

i0 < k
�±l 7 LG;<(

g(i) :≡

{
f(i),

N�$'9?9:S
i < k
Q
i 6= i0

f(k),
N�$'9?9?S

i = i0

2?STER8�$'&	&�+02:&�+�¡�2ô�T+0�FEG2:U6&
g: k

bij.
−→ l
56+-56+0*,+-&�Q	/�$'S�8	+-LGà�&�8 7 �fEG2:U6&�S�=6U6LP$ 7 SGST+0EP. 7 &�5�/�2?8�+-LTSGÜ�LT2:;<(FE-�£>U'CD2�E�2?STE�a�bIe 7 &�8n8�$'CD2�E�$ 7 ;o(%a×$6eR*,+�/�2:+0SG+0&��. 7 a�*±eo��#J+-2:9 ω ⊆ Cd 7 &�8 Cd 7 &fEP+0LiÝ�+-LT+-2?&�2:5 7 &�5�=6U6&G-\+-2?9:Cp+-&	56+-&A$'*�5'+-SG;<(�9?U6SGST+-&J2?STEÇQmN¬U69?5'Ea¬*±e�$ 7 SaIH6e ⋃

ω = ω
�

ã�ßc¹�ß±áOä6���
⊆
�<�<£>+02

u ∈
⋃
ω
�>lº$'&�&t2:STE

u ∈ n
N¬M	L1+-2?&

n ∈ ω
�>lº$

ω
EPLP$r&�SG2�EP2?=�2?STEÇQfN¬U69?5'E
(�2?+-LG$ 7 S

u ∈ ω
��

⊇
�o�yà�STE

n ∈ ω
Q�SGUp2:S�E

n ∈ n+ 1 ∈ ω 7 &�8n8	+-SG(�$'9:* n ∈ ⋃
ω
� âF+08^aJHfe

lº$rCD2�E�2:S�E�8�+-LY£	$rEG.�*,+0/�2?+-ST+-&�� ãi@�l

���LK M��ON��������!�QPSRB�UT«è
�����URB����æ!�VNXWÐ�����YRB�OTsè��!���URB�	��� ���!�����x�
#�2?L�&	+-&�&�+0&%+-2?&�+D3n+-&�5'+

a
+0&�8�9:2?;o(�Q�/�+0&�&%+0S�+02:&�+�&�$�EPM�LT9:2:;<(�+pê�$'(	9

n
562:*>EÇQ�SGU48�$'�

a
56+0&�$ 7

n
@B9:+0CD+0&FEG+4+-&fEP(�Ú'9�E á a 2?STED$'*�.-Ú'(�9?*�$'L-Q`/1+-&�& a 569?+-2:;<(�CDÚ';<(FEG2?5A. 7 L�34+-&�56+n8�+0LD&�$rEPM�LT9:2?;o(�+0&ê�$'(	9:+0&�2:STE-Q 7 &�84M�*,+0LP$'*�.-Ú'(�9?*�$'L-Q	/�+0&�& a /�+08�+-LÐ+0&�8�9?2:;<(4&	Uq;o(n$'*�.-Ú'(�9?*�$'L�2?STEÇ�
�s f¡`µ\¢O£�¢�¤,µ¦¥�§�¨±¨�£>+02

a ∈ V
�±l�+0��&�2?+-LT+

a�$fe
a
2:STE� qµ\¶Z«�¢×­�®

:≡ a < ω
�

a¬*±e
a
2:S�E�½Zµ^ qµZ¶\«�¢×­�®

:≡ a ≥ ω
�

a�;Çe
a
2:S�E�² ¼ ¯f°�®Z« ¼ ²cµ

:≡ a = ω
�

a¬8±e
a
2:S�EÐ®\³�­�®\´0£I qµZ´�² ¼ ¯f°�®\« ¼ ²cµ

:≡ a ≤ ω
�

a�+Çe
a
2:S�E�Z ¼  0µ�² ¼ ¯f°�®Z« ¼ ²cµ

:≡ a > ω
�

»� q¯W¯%²W¥m§×¨q¼@$ y�~Äy�� a uq�,� b y��,�	ÂÃ~ Ô z�yU[ y��q�qy�� uq�,�4y<ÊiÊÇy�~ x ∈ V Ó\&�}'���s�'~OÂÃ� ËÌ }�Í(&�~Äy][ y��q�qy�� a∪{x} uq�,� a∪ b ÊIÆ_^B~Äy a∩ b uq�,� a× b ÊIÆ_^B~Äy a\ b uq�,� P(a) Ê�~O�,�Dy��,�>ÂÃ~ Ô z	Ó" Ê�~:Ê�� P(a) = 2a ÓÌ |�Í `�y����4�'~OÂÃ� ∀z(z ∈ a→ z ~:Ê���y��,�	ÂÃ~ Ô z ) +BÊIÆ"Ê�~O�,� ⋃
a uq�,�0a z∈a z y��,�	ÂÃ~ Ô z	ÓÌTÔ Ícb�yG�qy*d,y�~OÂÃvty��q�qyxy�~O��y�{xy��,�	ÂÃ~ Ô z�y��8[Jy��q�qy�~:Ê���y��,�	ÂÃ~ Ô z	Ó
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ã�ßc¹�ß±áOä6��. 7 a×$6e��cà�STE x ∈ a Q�SGUp2:S�E a ∪ {x} = a < ω
�Óà�STE

x /∈ a 7 &�8 f : a
bij.
−→ a
Q�SGUp2:S�E�8 7 LT;o(

g(u) :≡

{
f(u),

N�$'9?9:S
u ∈ a

a,
N�$'9:9?S

u = x

+02:&�+M¡�2ô�T+0�fEP2:U'&�.�/�2:ST;o(�+0&
a ∪ {x} 7 &	8 a + 1

56+056+0*m+0& á (�2?+-LG$ 7 SRN¬U69:5'E a ∪ {x} ≤ a + 1 < ω
�

l!2?+D@B&�8	9:2?;o(��'+02?E�='U6&
a ∪ b

/�2?LG8 8 7 LT;o(¿à�&�8 7 �fEP2?U6&J&�$r;o( b < ω
*,+�/�2:+0SG+0&�kPà�S�E

b = 0
Q^STUn2:STE

b = ∅ 7 &�8 a ∪ b = a
2:S�E!+-&�8	9:2?;o(��Zà�STE

b > 0
QmSTUt/RÚ'(�9?+

x0 ∈ b
��lº$r&�&K2?STE

b \ {x0} < b
�e5�$';o(

à�&�8 7 �fEP2:U'&�ST=6U6LG$ 7 STSG+0EG. 7 &�5�2:S�E a ∪ (b \ {x0})
+0&�8�9?2:;<(�Q�SGU48�$r�4&�$';<(J8	+-C¾*,+-LT+-2?EGS�*,+0/�2:+0SG+0&�+-&

a ∪ b = (a ∪ (b \ {x0})) ∪ {x0}
+0&�8�9:2?;o(�2?STEÇ�l!2?+n@B&�8�9?2:;<(��'+-2�E�=6U6&

a × b
/�2?LG8 7 &FEP+0L�¡�+0& 7 EG. 7 &	5W8�+0St*,+0LG+02?EPSp56+0.-+02:5'EG+-&©+0*,+-&	N�$r9:9?Sp8 7 LG;<(à�&�8 7 �fEP2:U'&4&�$';<( b *m+�/�2:+0SG+0&��«¡1+Ç$';<(FEG+ a× ∅ = ∅ 7 &�8 a× b = (a× (b \ {x0})) ∪ (a× {x0})

QN�$'9?9?S
x0 ∈ b

�l!2?+"h 7 SGSP$r56+-& M�*,+0Li8�2?+�@B&�8�9?2:;<(��'+-2�Ei8	+-LMðÐU6CDÜ	9:+-Cp+0&FEPCp+0&�56+ 7 &�8A8�+0Ld£>;<(�&�2�EGEGCD+0&�56+xN¬U69?56+0&$ 7 S�a�;Ieo�ØÐC 8�2?+"h 7 SGSP$'5'+�M�*,+0L�8	2:+ ð�$'LG8	2:&�$r9:2 E<Ú�E!8�+-LMïZUrEP+-&	.-Cp+-&�5'+�. 7 .0+-2:5'+-&�Q�56+0&qM�5'Ei+-S-Q�8 7 LG;<(~à�&>Û8 7 �FEG2:U6&�&�$';<( n < ω
. 7 =6+0LG2?��.-2?+-LG+0&�ka�b�e

P(n) = 2n
�

l!2?+-S�2:STE�LG2?;o(fEP2?5�N¬M	L
n = 0

a
P(0) = {∅}

e��<à�C j±$'9?9
n = k+ 1

2:STE
P(n) = P(k)∪ {u∪ {k} |u ∈

P(k)}
Q 7 &	8�Ct$r&©ST2:+0(FEt9:+02:;<(FE-Q�8�$r�%8�2:+�3n+-&	56+ $ 7 Ni8�+0LtLG+0;<(FEP+0& £>+02?EG+n8�+-S

=
Û�ê�+-2?;o(�+0&�SD8�2?+

ð�$'LT8�2:&�$'9:2 E<Ú�E
2k + 2k = 2k+1 = 2n

(�$�EÇ�
. 7 a�*±eo��l 7 LG;<(�à�&	8 7 �fEP2?U6&xM�*,+0L a N¬U69?5'E^8�2:+
@�&	8�9:2?;o(��'+02?E^=6U6& ⋃

a
k�à�S�E

a = 0
Q�SGU!2?STE

a =
⋃
a = ∅
�

à�S�E
a > 0

Q�STUJSG+02
x0 ∈ a

��@BSD2?STE
a \ {x0} < a 7 &	8 ⋃

a =
⋃

(a \ {x0}) ∪ x0

2:S�E�/�+-5'+-&8�+0LYà�&�8 7 �fEP2?U6&�S�=6U6LP$ 7 SGSG+�EP. 7 &�5s+02:&�+�Ý�+-LT+-2:&	2:5 7 &�5p=6U6&�.0/1+-2Z+-&	8�9:2?;o(	+-&K3n+0&�56+-&�Q�$'9:STUD&�$';<(�a�$fe+0&�8�9?2:;<(��l!2?+�h 7 SGSG$'56+�M�*,+0L a z∈a z N¬U69:5'E�/�+-5'+-&
f
z∈a

z = {f | f : a→
⋃

a ∧ ∀z(z ∈ a→ f(z) ∈ z)} ⊆ P(a×
⋃

a)

$ 7 S�8�+-C *,+-LT+-2�EPS�*,+0/�2?+-ST+-&�+0& 7 &�8Wa¬;Ieo�. 7 a�;Ieo�I£q+-2 u ⊆ a
��l 7 LG;<(A8�2?+jà�&��F9 7 ST2:U6& 2?STEº8�$'&�&K+02:&�+x2:&��T+-�fEP2�=6+"j 7 &��fEP2?U6& u inj.

−→ a
56+056+-*,+0&��h�9:SGU�2?STE

u ≤ a < ω
�

lº$rCD2�E�2:S�E�8�$'S�÷�+-CpCt$"*,+�/�2:+-ST+-&�� ãi@�l
#�2?Lt;<(�$'LG$'�fEP+0LG2:ST2:+0LG+-&�8�2:+�@�&	8�9:2?;o(	�'+-2?Et+-2?&�+-Ls3n+0&�56+

a
8 7 LG;<(¦h 7 STSP$'56+0&�M�*,+-L�8	+-&)ê 7 SP$'C�ÛCp+-&	(�$'&�5�.0/�2?SG;<(�+0&�8�+0Ljà�&��T+-�fEG2?=q2?EPÚrE 7 &�8W8�+-L�£ 7 L¬�T+0�fEP2?=q2�E<ÚrE�=6U6&Wh!*	*�2:9?8 7 &�5'+-& a → a

�^#�2?L*,+0562:&	&�+-&4Cp2?E�8	+-Cg5!$';<(f/�+-2?SÐ&�U'E�/�+0&�8�2?56+-L�¡1+-8�2?&�5 7 &�5'+-&�k
® ²	£#¯A¥m§�¨�°#" Ê!�qy�ÂÃ��yº¿�À�Ó $ y�~ a ∈ V y��,�	ÂÃ~ Ô z	Ó�&�}'�����'~OÂÃ�ÄËÌ }�Í ∀ f (f : a

inj.
−→ a −→ f : a

surj.
−→ a) Ó�ho�i`pÆ�{o��y��,Ë>b�yG�qyOho��jÇy<w��×~ÄÆ���Ñ'Æ�� a ~O� a ~:Ê��BÊ�u>{�jÇy<w���~OÑ�Ó
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Ì |�Í ∀ f (f : a
surj.
−→ a −→ f : a

inj.
−→ a) Ó�ho�i`pÆ�{o��y��,Ë>b�yG�qy $ uq{�jÇy<w��×~ÄÆ�� Ñ'Æ�� a }'u�Å a ~:Ê��
~O��jÇy<w��×~OÑ�Óã�ßc¹�ß±áOä6��. 7 a×$6e��Zò"�ú@��p£q+-2 a = n < ω

��#�2?L�*,+0/1+-2:ST+-&Wa×$fe�8 7 LT;o(�à�&�8 7 �fEP2?U6&4&�$r;o( n �
n = 0
�Óà�&48�2:+0SG+0C j±$'9:9�2?STE

f = ∅: ∅ → ∅ á $'9:STU�2:S�E f S 7 L¬�T+0�fEP2?=,�
n = k + 1

�Ùh�&�56+-&	U6CDCp+0&�Q
f
2?STE�&	2:;<(FE�S 7 L¬�T+0�FEG2?=,�Ù#�2:Lx�'�'&�&�+-&�8�$'&�&�U	�ú@��`$'&�&�+0(�CD+0&�Q`8�$'�

k /∈ ran(f)
2?STEÇ�ma�h�&�SGU'&�STEG+-&�/RÚ'(	9:+

k0 ∈ n \ ran(f) 7 &	8�56+-(	+!M�*,+-L
=6U6& f . 7 f ′ Qq8�$rS1/�2:+�N¬U69:5rE8�+���&�2?+-L�EÐ2:STE-k
f ′(i) :≡

{
f(i),

N�$r9:9?S
f(i) 6= k

k0,
N�$'9?9:S

f(i) = k
�

lº$r&�&s562:9�E
f ′:n

inj.
−→n 7 &	8�+0SR2:STE k /∈ ran(f ′)

�úek5 7 &s2:STE f � k: k
inj.
−→ k
Q�$r9:SGUx&�$';<(`à�&�8 7 �fEG2:U6&�S�Û=6U'LP$ 7 STSG+0EG. 7 &	5 ran(f � k) = k

��#%+056+-&
k /∈ ran(f)

2:S�E
f(k) < k

Q^$'9?SGU
f(k) ∈ ran(f � k)

�
£>U'CD2�E�+ ß>2?STEP2?+-L�Eº+02:&

l < k
Cp2�E

f(k) = f(l)
�ml!2:+0S!/�2?8�+0LGSGÜ�LT2:;<(FEº8	+-LRà�&��T+-�fEG2?=q2?EPÚrE�=6U6&

f
�mh!9?SGUC 7 � f 8�Uq;<(nS 7 L¬�T+0�fEP2?=sST+-2?&��. 7 a�*�e��	#�2?LR&�+-(	CD+0&�/�2?+-8�+0L�U��ð@�� a = n ∈ ω

$'& 7 &�84*,+0/1+-2?SG+-&%a�*±e�8 7 LG;<(�à�&�8 7 �fEG2:U6&�&�$';<( n �
n = 0
�±lº$'&	&n2?STE

f = ∅ 7 &�8n2?&��T+-�fEG2?=,�
n = 1

��l!2?+�+-2?&�.-2?56+"h!*�*�2?9:8 7 &�5�=6U6& 1 = {0}
$ 7 N 1 2:S�E�8�2?+ à�8�+0&FEG2?E<Ú�E á 8�2:+0SG+�2?STEi2:&��T+0�fEP2?= 7 &�8S 7 L¬�T+0�FEG2?=,�

n = k + 1
CD2�E

k ≥ 1
�\h�&�56+-&	U6CpCD+0&�Q

f
2?STE�&�2?;<(FE�2:&��T+0�fEP2?=,��#�2?L�CpUq8�2?��.-2:+0LG+0&

f
/�2:+�N¬U69?5'EÇkl!+���&�2?+-LG+

f ′:n→ n
8 7 LG;<(

f ′(i) :≡




f(i),

N�$'9?9:S
f(i) /∈ {f(k), k}

f(k),
N�$'9?9:S

f(i) = k
k,

N�$'9:9?S
f(i) = f(k)

�
lº$r&�&©2:S�E

f ′(k) = k
Q 7 &�8©Cp2?E f 2?STED$ 7 ;<( f ′ &	2:;<(FED2?&��T+-�fEG2?=,�Kà�STE

f ′(l) 6= k
N¬M�L

l < k
Q�STU

2?STE
f ′ � k: k

surj.
−→ k 7 &�8A&�2:;<(FEi2?&��T+-�fEP2�=,��l!2:+0Sº/�2:8	+-LGSTÜ�LG2?;o(fE�8�+0L�à�&�8 7 �fEP2?U6&�S�=6U6LP$ 7 SGST+0EP. 7 &�5	�3à�STE

f ′(l) = k
N¬M�L�+-2?&

l < k
Q`STUA�yß>2?+-LT+-&�/�2?L�STU69:;<(�+0S

l 7 &�8�N¬M�(�LG+0& 8�2?+�N¬U69?56+0&�8�+434Uq8�2?����$rEP2?U6&8 7 LG;<(�k,l�+0��&�2?+-LT+ f ′′:n→ n
8 7 LG;<(

f ′′(i) :≡




f ′(i),

N�$'9:9?S
i 6= k 7 &�8 f ′(i) 6= k

0,
N�$r9:9?S

i 6= k 7 &�8 f ′(i) = k
f ′(k),

N�$'9:9?S
i = k
�

lº$r&�&K2:S�E
f ′′
S 7 LO�T+-�fEP2�=,Q f ′′(i) < k

N¬M�L
i < k 7 &�8 f ′′(l) = 0

SGUI/�2:+
f ′′(k) = k

�ml!2:+"j 7 &	�FEG2:U'&
f ′′ � k

2:S�Eº&�2?;o(fEº2?&��T+-�fEP2�=,k�ØÐC 8�2:+0Sº. 7 SG+0(�+-&K/�Ú'(�9:+ i0 < n
CD2�E

f ′(i0) = 0
��l!$'&�&K2:S�E

i0 < k7 &	8 i0 6= l
/�+056+-&

f ′(l) = f ′(k) = k > 0
�`h 7 S�8	+-L�l!+0��&�2?EG2:U6&W=6U6& f ′′ N¬U69:5rE f ′′(i0) = 0

�h�&�8�+0LG+-LTSG+-2�EPS�2:STE�$ 7 ;<( f ′′(l) = 0
Q�$'9?SGU

f ′′ � k
&�2?;o(fE�2:&��T+0�fEP2?=,��h 7 S48	+-C *	2:SG(	+-LsM�*,+-L f ′′56+0SP$r5'EP+0&4N¬U69?5'E�$'*,+0L

f ′′ � k: k
surj.
−→ k
�±l�2:+-S�/�2?8�+-LTSGÜ�LT2:;<(FEÐ8	+-LÊà�&�8 7 �FEG2:U6&	ST=6U6LG$ 7 SGST+0EP. 7 &�5��lº$rCD2�E�2:S�E�8�+-LY£	$rEG.�*,+0/�2?+-ST+-&�� ãi@�l

ØÐ&FEP+0L ¿�À ³ �'�6&�&�+0&4/�2:L�$ 7 ;<(48�2:+�Ø�Cp�'+0(�L 7 &	5D8�+0SÐ9:+�EP.�EP+-&¥£>$rEP.0+-SÐ*,+�/�+-2?SG+0&�k
® ²	£#¯A¥m§�¨
¾l$ y�~ a ∈ V uq��y��,�	ÂÃ~ Ô z	Ó'&�}'�����'~OÂÃ�ÄË
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�

Ì }�Í ∃f f :ω
inj.
−→ a ÓÌ |�Í ∃f (f : a
inj.
−→ a ∧ ¬ f : a

surj.
−→ a) ÓÌTÔ Í ∃f (f : a

surj.
−→ a ∧ ¬ f : a

inj.
−→ a) Óã�ßc¹�ß±áOä6� . 7 a�$fe��,l!2:+�Ø�&�+0&�8�9:2?;<(��'+-2�E�=6U6& a 2:CpÜ�9?2�.-2?+0LTE ω ≤ a 7 &	8 8�2:+0SG+0S!.-2?+-(FE ω � a

&�$';<(ST2:;<(��±l!2?+-S�/�2?LG8�56+-LG$'8�+�2:& a×$fe�*,+-(�$ 7 Ü	EG+0EÇ�. 7 a¬*±e�Q^a�;IeN£>+-2
κ :≡ a

��#�2?L��'�6&�&	+-&nU��ð@��
a = κ

$'&�&�+0(�CD+0&���#J+-56+0&
κ ≥ ω

2?STE�8 7 LT;o(

f(α) :≡

{
α + 1,

N�$'9?9?S
α < ω

α,
SGU'&�STE-Q

+02:&�+�à�&��T+-�fEP2?U6&�=6U'&
a
$ 7 N a 56+056+-*,+0&�Q±8�2?+i&�2:;<(FE�S 7 L¬�T+-�fEG2?=s2:S�E 7 &�848 7 LT;o(

g(α) :≡

{ 0,
N�$'9?9?S

α = 0
Uq8�+-L

α = 1
α− 1,

N�$r9:9?S
1 < α < ω

α,
STU6&�STE-Q

2?STE�+02:&�+d£ 7 L¬�T+0�fEP2:U'&�=6U6& a $ 7 N a 56+-5'+-*,+-&�Q±8�2:+i&�2?;o(fE�2:&��T+0�FEG2?=t2:S�EÇ�lº$rCD2�E�2:S�E�8�+-LY£	$rEG.�*,+0/�2?+-ST+-&�� ãi@�l
à�&�ST56+-SG$'CxEÐ(�$'*,+0&4/�2:L�$r9:SGU 7 &FEG+-L ¿�À ³ 8�$'S�N¬U69?56+-&	8�+MóÐ+0S 7 9�E<$rE-k
® ²	£#¯A¥m§�¨nm@$ y�~ a ∈ V Ó\&�}'���4Ê�~O�,�ÐÅÇÆ�ÂÈ�qy��,�qyÐÉ!ufÊ<Ê-}I�qy��o)fÏ-u>~OÑ�}'Â:y����ÄËÌ ~úÍ a ~:Êo��y��,�	ÂÃ~ Ô z	ÓÌ ~O~úÍ ∀ f (f : a

inj.
−→ a −→ f : a

surj.
−→ a) ÓÌ ~O~O~úÍ ∀ f(f : a

surj.
−→ a −→ f : a

inj.
−→ a) Ó

·" q¯% 0µ�¸I½\µ\ª�¥�§�¨n l!2?+-SG+0L�£	$rEG.�+0LGCp�6569:2�;o(fEÐ+0S-Q,8�+0&Ð¡1+-56LT27pA8�+0L�+-&	8�9:2?;o(�+0&K3n+0&�56+�U6(�&	+j¡�+�Û. 7 5�$ 7 Nëð�$'LT8�2:&�$r9:.-$'(�9?+0&�. 7 8�+���&�2?+-LG+0&���@B2:&�+x8�+0LP$'L�EP2:5'+"l!+���&�2�EP2:U'& 8�+0S�@B&�8	9:2:;<(��'+02?EGSG*,+-5'LG27pm+-SS�E<$'CpCxEZ=6U6&rqxßp¬Zßs1`áOYP¬%a�bIc6c6c6e�k'3�$'&"&�+-&	&FEB+-2?&�+�3n+-&	56+
a tvuxwkuxy]z�{�w ¶P qµ\¶Z«�¢×­�®�Q�/�+-&�&��T+-8�+à�&��T+0�fEP2:U'&

f : a→ a
$ 7 ;<(tS 7 L¬�T+-�fEG2?=�2:S�EÇQf8��È(���Qf/�+-&	&Aa¬2:2éeÙ8	+-S1U6*�2?56+0&f£>$rEP.0+-S1562?9?E-�r#�2:L�(�$r*,+-&t*,+oÛ/�2?+-ST+-&�Q�8�$r��8�+-LVqxßZ¬Ùßs1`áOY�¬\SG;<(�+�@B&�8�9:2?;o(	�'+-2�EPSG*,+056LG2,p�. 7 8�+-C =6U6& 7 &�S�56+�/RÚ'(�9�EP+0&4Ú*â 7 2�=r$'9?+-&fE2?STEÇ�s¤�2:+0LG*,+02`SG2?&�8K/�2?Lº&�2:;<(FEiU6(�&	+�8�$rSih 7 S�/R$'(�9:$8ß>2:U6C $ 7 SG56+0�'U6CpCD+0&��sà�&A8�+0L;-Ù$�E���$'&�&ACD$'&.0+-2?56+-&�Qf8�$'��8�2:+0SG+�íNâ 7 2?=r$'9?+-&	.�$ 7 N�8	+-Lë¡R$'ST2:S ¿�À a×$r9:SGU�U6(�&�+Ðh 7 ST/R$r(�9é$8ß>2?U6Cte ��~ Ô zq� *,+0/1+-2?SG*�$'L2?STEÇ�

lº$rS�N¬U69:5'+-&�8�+ÑóÐ+0S 7 9�E<$rE�/�2:8	+-LGSTÜ�LG2?;o(fE 7 &�SG+0LG+-Lx$'&J+-&�8�9?2:;<(�+�òº*q�T+-�fEP+t$'&�5'+-Ü�$r�'EP+0&W@BLTN�$'(�L 7 &�5�Q8�$�+-S1$ 7 STSP$'5rEÇQF8�$r��2?C ¡�+-LT+-2:;<(D8�+0L 7 &�+-&	8�9:2?;o(	+-&�3n+-&	56+-&t+02:&p+-;<(FEG+-L|-Z+02:9�+-2?&�+-S�ç�$'&�.0+-&D569?+-2?;o(56LTU6��ST+-2:&���$'&�&�/�2:+i8�$'S�ç�$r&�.-+�ST+-9?*�STE-�
³�¤Zµ�¤m«�«¬²cµs¥m§�¨�¥}" Ê!�'~OÂÃ�ÄË a ~:Ê��
u>��y��,�	Â ~ Ô z ←→ ∃u (u ⊆ a ∧ u 6= a ∧ u ∼ a) Ó
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ã�ßc¹�ß±áOä6�s�
⇒
�<�Ó£>+02

f : a→ a
+02:&�+�à�&��T+-�fEP2?U6&�Q	8�2:+º&�2?;o(fE�S 7 L¬�T+0�fEP2?=�2?STE-�Ó£>+0EG.-+ u :≡ f [a]

��lº$'&�&
2?STE

u ⊆ a 7 &�8 u 6= a
��j�+-LG&	+-L�2:S�E

a ∼ u
/1+-56+0&

f : a
bij.
−→u
�

�
⇐
�<��@B2:&�+ë¡�2 �T+-�fEG2:U6&

f : a
bij.
−→u

��$'&�&"$'9?S�à�&��T+-�fEP2?U6&
f : a

inj.
−→ a

$ 7 N¬56+�N�$'�'E^/�+0LG8�+0&���#J+-5'+-& u 6= a2?STE
f
&�2:;<(FE�S 7 L¬�T+-�fEG2?=,� ãi@�l

����� ������� ��Rrå<åq�
Card

N!������RB�YN����OR���TxR��!�����x�
¡�2?S	�T+0EG.0E\/�2:STSG+0&�/�2:L�/�+0&�2:5ÐM�*,+-L\8�2:+iði9:$'SGSG+0&

Cd 7 &�8 Card
�#à�&�8	+-L\-Z$rEZ(�$'*,+0&�/�2?L^*�2:ST(�+-L\�'+02:&�+h 7 SGSG$'56+18�$'LTM�*,+-L0Q�U6* Card

&	+-*,+-&
ω
M�*,+0LG(�$ 7 Ü	EÙ&�Uq;<(x2?LG56+0&�8�+-2?&�+
$'&�8�+0LG+GòºLG8	2:&�$'9?.Ç$r(�96+-&FEG(�Ú'9�EÇ�lº$r�D8�2?+-SÐ8�+0L�j±$'9:9�2:STE-Q�/�2:LT8nST2:;<(�$ 7 SÐN¬U'9:56+0&�8�+0C £	$rEP.�+-LG5'+-*,+-&�Q,8�+-LÐ8�2?+iN¬M�LÐ+0&�8�9?2:;<(�+�3n+-&�5'+-&56+0.-+02:5'EG+�@B2:5'+-&�ST;o(�$rNOEÇQ�8�$'��8	2:+ ïZU'EG+-&�.0CD+0&�56+�+-2:&	+-Lº+-&�8�9?2:;<(�+0&J3n+-&	56+

a
&�2:;<(fE�5'9:+-2?;o(	CtÚr;o(fEP2?5. 7 L�3n+-&	56+ a ST+-9?*�STEÐ2:S�EÇQ�$ 7 N 7 &	+-&�8�9?2:;<(�+�3n+0&�56+0&n=6+0LP$'9?9:56+0Cp+-2?&�+-L�EÇ�

® ²	£#¯A¥m§�¨n6û² ® ²	£�¯4¹,¤,µ´³�²�µ,£I¤Zµ
¸G" Ê��'~OÂÃ� ∀xx 6∼ P(x).

ã�ßc¹�ß±áOä6��h�&�56+-&	U6CDCp+0&�Q�+-SÐ2?STE
x ∼ P(x)

��lº$'&�&4+ ß>2:S�EP2:+0LTE
f :x

bij.
−→P(x)

�p£>+02
u :≡ {y | y ∈ x ∧ y /∈ f(y)}.

#J+-5'+-&
u ∈ P(x)

2:STE
u = f(y)

N¬M	Lº+02:&
y ∈ x
��@BSº2:STE

y ∈ f(y)
569?+-2?;o(f/�+-L�EP2?5tCp2?E

y ∈ u
Q 7 &�88�2?+-SB2:S�E
Ú*â 7 2�=r$'9?+-&fE�. 7 y /∈ f(y)

�fl!2:+0SG+0LB#�2:8�+0LGSGÜ	L 7 ;<(D.0+-2?5'EÇQ'8�$'� x ∼ P(x)
&�2:;<(FEB56+-9�EP+-&���$'&�&��

ãi@�l
·" q¯% 0µ�¸I½\µ\ª�¥�§�¨n9 lº$'S�2?C £	$rEP.Ð=6U6&�V�XZY\[^]`_�$r&�56+0/1+-&�8�+�EP+�¡�+0/1+-2?ST=6+-L�N�$'(�LT+-&�2?STE1+-2:&	+�ÝB+-L�ÛST2:U6&�8�+0S�V�XZY\[^]`_�ST;o(	+-&Dl!2:$'56U6&�$'9?=6+0LTN�$r(�LG+0&�S-Q68�$'S�V�XÙY^[^]`_s2:Cl�6$'(�LT+�bIc'ë	b�2?&�+-2?&�+-C Ý�U6L�EPLP$r5Cp2?E�8�+-C�-�2?EG+-9B�tùÐ*m+0Lx+-2?&�+t+09:+0CD+0&FE<$rLG+tj�LP$'5'+t8	+-L�3�$'&�&	2:5'N�$'9�EP2�56�'+02?EGSG9?+0(�LG+<�p=6U6LTSTEP+09:9�EP+'Q^SG2:+0(�+$ 7 ;o(v��3~�×QFÜ�Ü���H6d'c2�<H'c	b6�FØÐC 8�$'S &�~�}I�qÆ��,}'Â�}'{×�'uqvty���� 8�2?+-SG+0SG¡1+0/�+02:ST+-S�. 7 =6+0LG8�+ 7 EP9?2:;<(�+-&�QqSTEP+09:9?+-&/�2?L 7 &�SÐ+02:&	+�3�$rEGLG2lß A = (ay,z)y,z∈x

=6U6L0Q�/�U'*m+02

ay,z =

{
1,
N�$'9?9:S

y ∈ f(z)
0,
SGU'&�STEÇ�

a�l!2:+Rj 7 &��fEP2:U'& χz :≡ (ay,z | y ∈ x)
2:S�E�$r9:SGUº8�2?+R;<(�$'LG$'�fEP+0LG2:S�EP2?SG;<(�+�j 7 &	�FEG2:U6&x=6U6& f(z)

� eÙl 7 LG;<(8�2?+ &�~�}I�qÆ��,}'Â:y 8�+-L"3n$rEPLT2ÜßA2:STE�8�2:+Dj 7 &��fEP2:U'& χ: y 7→ ay,y(= χy(y))
5'+-56+0*,+-&��Zl!2:+Dj 7 &��fEG2:U6&

1−χ
2:S�EÙ;o(�$'LP$r�FEG+-LG2?STEG2:SG;<(�+Rj 7 &	�FEG2:U6&x+02:&�+0L�-\+02:9:Cp+-&	56+ u =6U6& x ��#J+056+-& 1−χ(z) = 1−χz(z) 6=

χz(z)
2?STE!$'*,+-L

1 − χ 6= χz
N¬M	LB�T+-8�+0S

z ∈ x
Q 7 &	8 SGU6Cp2?E u /∈ {f(z) | z ∈ x}

Q,8��È(���Q
f
2?STE�&�2:;<(fES 7 L¬�T+0�FEG2?=,�

³�¤Zµ�¤m«�«¬²cµs¥m§?¼s?@" Ê!�'~OÂÃ� ∀xx < P(x) Ó
ã�ßc¹�ß±áOä6��lº$x8 7 LG;<( i 7→ {i} +-2?&�+Rà�&��T+0�fEP2:U'&t=6U6&

x
2:&

P(x)
8�+���&�2?+-L�E�2?STE-Qq2:STE

x ≤ P(x)
�45�$';o(

8�+0C £	$rEG.i=6U6&AV!XZY^[^]`_A2?STEÐ$'&	8�+-LT+-LGST+-2�EPS
x 6= P(x)

� ãi@�l



���R�r���P�r��� �������R�t�Y�R���s���R�3�r�j� A=�

³�¤Zµ�¤m«�«¬²cµs¥m§?¼^¨ &i~ÄyO��Â�}�Ê<ÊIy��qy�{V�x}'{T�6~O�±}6ÂôÒI}�z>Â?y��4~:Ê�����~ Ô zq�
|�y<Ê Ô zq{�)'�	w��`~O�K�qy�{V��Â�}�Ê<ÊIy��qy�{��R{���'~O�,}'ÂÈÒI}�zqÂ:y��,Ë ∀α ∈ On ∃κ ∈ Card α < κ Ó�h��	Ê-|�y<ÊIÆ��,�qyo{<yº~:Ê�� Card y�~O��y"y Ô zq��yU��Â�}�Ê<ÊIy-Óã�ßc¹�ß±áOä6��ò"�ð@��^ST+-2
α ≥ ω

a�STU6&�STE�*,+0EPLG$';<(FEP+
ω
STEP$rEGE

α
eo��£>+-2

κ :≡ P(α)
��#)Ú'LT+

κ ≤ α
Q�SGU

/�Ú'LG+
κ = κ ≤ α

Q\$'9:STU
P(α) ≤ α

2:C #�2:8	+-LGSTÜ�L 7 ;o(%. 7 d>��H�B	��#)Ú'LT+DST;o(	9:2:+0�69:2?;<( Card ∈ V
QSTUs/RÚ'LT+

κ :≡
⋃

Card ∈ Cd
&�$r;o(Jd>�ðë	��5!$r;o(A8�+0C¾*,+0LG+02:STEi56+-.0+-2:5rEP+-&A5'2:*	Eº+-S

λ ∈ Card
Cp2?E

λ > κ
��h 7 S λ ∈ Card

N¬U'9:5'E�$'*,+-L
λ ≤

⋃
Card = κ

Q�+-2?&�#�2?8�+-LTSGÜ�L 7 ;o(�� ãi@�l
·" q¯% 0µ�¸I½\µ\ª�¥�§?¼±¼ #�2?L
*,+-Cp+-LG�'+0&�U6(�&�+R¡�+�/�+-2?S-Q>8�$'��d>��H>b�2:&Dh�*F/�+0SG+0&�(�+-2?ER8�+0SGïZU'EG+-&�.0CD+0&>Û56+0&�$8ß>2?U6CDSR&�2:;<(FE�562?9?E-�
lº$D+0S!. 7 �T+08�+-L�òiLT8�2:&�$'9:.-$'(�9�+-2?&�+�56LT�6�6+0LG+jð�$'LT8�2:&�$'9:.-$'(�9�5'2:*	E-Q±�'�6&�&	+-& /�2:L�=6U6& 8�+0L!�F9?+-2?&�STEP+0&8�2?+-ST+-L�ð�$'LG8	2:&�$r9:.-$'(�9?+0&�STÜ�LG+0;o(	+-&��±#�2?L�8�+���&�2:+0LG+0&�k
�s f¡`µ\¢O£�¢�¤,µ¦¥�§?¼Z° jÙM	L��T+-8	+[òºLG8�2?&�$'9:.-$'(�9

α
SG+0EG.-+

α+ :≡ min{κ |κ ∈ Card ∧κ > α}
�Pà�Cj±$'9?9

α ∈ Card
(�+-2?�'E

α+ 8	+-L�¸>²cµ�¶Z¢�µ\²�«¬ v�4²�­�®\�Ä¤m«¬ª± 0µ�=6U6& α �
·" q¯% 0µ�¸I½\µ\ª�¥�§?¼c¾ jÙM�L

α < ω
2?STE

α+ = ω á N¬M�L α ≥ ω
2:STE

α+ > α + 1
Q
α + ω

Q
α + α

Q
α · ω
Q
α · α
Q
αα
Q
. . .
�^¤�2?+-LT*m+02�*,+-.0+-2:;<(�&	+-&

+ 7 &	8 · SGUI/�2:+ @Uß>Ü,U6&�+0&FEP2:$rEP2?U6&�8	2:+��T+�/�+02:9:2?56+0&
òºLG8	2:&�$r9:.Ç$r(�9?U6Ü,+0LP$rEG2?U6&	+-&��
í�(�&�9?2:;<(D/�2?+�*,+-2wòºLT8�2:&�$'9:.-$'(�9?+-&p�'�6&�&�+0&�/�2?L1& 7 &�.0/1+-2,=6+-LTSG;<(�2:+08�+-&	+ih!L�EP+-&t=6U'&`ð�$'LG8	2:&�$r9:.-$'(>Û9?+-& 7 &FEG+-LTSG;<(�+-2?8�+-&�Q±&�Ú'Cp9:2?;<(�5!$r;o(>N¬U69:56+0LG��$rLG8�2?&�$'9?.Ç$r(�9?+-& 7 &	8¥÷�2:Cp+-ST��$'LT8�2:&�$'9?.Ç$'(�9?+0&�k
�s f¡`µ\¢O£�¢�¤,µ¦¥�§?¼smØ£>+02

κ ∈ Card
�±l�+0��&�2?+-LT+

a�$fe
κ
2:STE�+02:&	+��n²�­r®'� ¤,«�ª± 0µ�¸	²yµr¶\¢�µ\²�«E¯f²�®\«

:≡ ∃λ ∈ Card κ = λ+ �a¬*±e
κ
2?STE�+-2?&�+�»
¢�¯% q´-¸	²yµr¶\¢�µ\²�«E¯f²�®\«

:≡ ¬∃λ ∈ Card κ = λ+ �
·" q¯% 0µ�¸I½\µ\ª�¥�§?¼s �¡�+-$';<(FEP+0&�£q2:+rQÇ8�$'�Ð$ 7 ;<(�+02:&�+�5!$';<(	N¬U69?56+-L w'}'{G�'~O�,}'Â .Ç$r(�9r+02:&�+K÷�2:Cp+-S Æ�{T�'~O�,}'Â .Ç$'(	92?STEÇQ	SG2:+0(�+�d>�! 	�
·" q¢�´��Ù¢¬ q«�¥m§?¼m¥ l!2:+ÑòºLG8	2:&�$'9?.Ç$r(�9

ω
2?STEi+-2:&	+Ñ÷�2?CD+0SG��$'LT8�2:&�$'9?.Ç$'(	9 á N¬M�L λ ∈ Card

562?9?Eº&�ÚrCD9?2?;<(
λ ≥ ω 7 &�84SGU6Cp2?E λ+ > ω

�
lº$rS�N¬U69?56+0&�8�+M÷�+-CpCt$"LG+0;<(FEGN¬+0LTEG2:5'E�8�2?+M¡�+-.0+-2?;o(�& 7 &�5�� ~Ovty<Ê ��$rLG8�2?&�$'9?.Ç$'(�9�k
»� q¯W¯%²W¥m§:¼s6@$ y�~ κ ∈ Card Ó'&�}'���nÊ�~O�,�ÐÅÇÆ�ÂÈ�qy��,�qyÐÉ�uFÊ<Ê0}��qy��o)fÏ-uq~OÑ�}'Â:y���� ËÌ ~úÍ κ ~:Ê���y�~O��y � ~Ovty<Ê<w'}'{T�'~O�,}'ÂÈÒI}�zqÂ�ÓÌ ~O~úÍ κ = sup{λ |λ ∈ Cd ∧λ < κ} Óã�ßc¹�ß±áOä6� ��a¬2Oe

⇒
a�2�2éeÄ�o�i£>+02

κ ∈ Card
+02:&�+¥÷^2?CD+0SG��$'LG8�2?&�$'9?.-$'(�9×�Kà�STE

κ = ω
Q
SGUW2?STE

{λ |λ ∈
Cd ∧λ < κ} = ω 7 &�8n8�2:+M¡�+-(�$ 7 Ü	E 7 &�5pN¬U69:5'E�$ 7 S ω = supω

�Óà�STE
κ > ω

Q�STUD2:S�E
ω ∈ {λ |λ ∈

Cd ∧λ < κ} 7 &�84SGU6Cp2?E
sup{λ |λ ∈ Cd ∧λ < κ} = sup{λ |λ ∈ Card ∧λ < κ}.
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£>+02
x :≡ {λ |λ ∈ Card ∧λ < κ}

�fl!$'&�&p2?STE
ω ∈ x 7 &�8 µ :≡

⋃
x ∈ Card

Q68�$
Card
&�$';<(td>�ðë

7 &fEP+0LÐ8�+0L�Ý�+0LG+-2?&�2:5 7 &�5�=6U6&4&�2:;<(FE�Û�9:+0+-LT+-&8-\+02:9:Cp+0&�56+-&4$'*	56+-ST;o(�9?U6SGST+-&�2?STEÇ�ZòOpm+-&q*�$'L�2:STE µ ≤ κ
�#)ÚrLG+

µ < κ
Q�SGU�/RÚrLG+p$ 7 ;o( µ+ < κ

Q�8�$
κ
+-2?&�+Ñ÷�2?CD+0SG��$rLG8�2?&�$'9?.Ç$r(�9Ù2?STEÇ��h!9?SGU

µ+ ∈ x
Q�8��ð(��?Q

µ+ ≤ µ
Q�+-2?&�#�2?8�+-LTSGÜ�L 7 ;o(��,lº$'Cp2?E�2?STE µ = κ

*,+�/�2:+0SG+-&�Q 7 &	8n8�2?+-S�/�$'L�. 7 .-+02:5'+-&���oa�2:2ée
⇒
a¬2éeÄ�<�±@�S!2:S�E

κ = µ+ & 7 L�N¬M�L µ < κ
Cp�6569?2?;<(��,j±$'9?9:S

κ = µ+ /RÚ'LT+"$'9:STU κ = sup{λ |λ ∈
Cd ∧λ < κ} = sup{λ |λ ∈ Cd ∧λ ≤ µ} = µ < κ

QB+-2?&�#�2:8	+-LGSTÜ�L 7 ;<(���h�9:SGUA2:S�E κ +-2:&	+÷�2?CD+0SG��$'LT8�2:&�$'9?.Ç$'(	9×� ãi@�l
3n2�EÑ¤�2?9?N¬+�8�+0L�òºLG8	2:&�$'9?.Ç$'(	9?+-&��'�6&�&�+0&�/�2?L�8	2:+[ð�9:$'SGST+

Card
$ 7 N¬.ÇÚ'(	9:+-&���l!2?+-S�/�2:LT8�=6U6& 8�+-L

ℵ
Ûî¤�2?+-LP$rLG;<(�2:+i56+-9?+-2?STEP+�EÇQ�8�2?+�/�2:L�& 7 &nLG+-� 7 LTSG2�=48�+0��&�2:+0LG+0&�� åL�il!+���&�2?EG2:U6& 7 &�8¢¡1+-.-+02:;<(�& 7 &�5�8	+-L
ℵ
Ûî¤�2?+-LP$rLG;<(�2:+º56+0(�+-&n$ 7 NºV�XÙY^[^]`_K. 7 LTM�;<�,�
�s f¡`µ\¢O£�¢�¤,µ¦¥�§?¼s9 l!+���&�2?+-LG+�LG+-� 7 LTSG2�=�+02:&�+ºN 7 &��fEP2?U6&�$'9?+�ð�9:$'SGST+

ℵ: On→ V
Cp2?E

a¬2Oe
ℵ0 = ω

Q
a�2?2Oe
ℵα+1 = ℵ+

α

Q
a¬2:2?2ée

ℵδ =
⋃
α<δ ℵα

Q�N�$'9?9:S
Lim(δ)

�
#�2?L�SG;<(�LT+-2:*,+0&

ℵα
S�E<$rETE

ℵ(α)
�

® ²	£#¯A¥m§±°�?@" Ê!�'~OÂÃ� ËÌ }�Í α < β −→ ℵα < ℵβ ÓÌ |�Í Card = {ℵα |α ∈ On} Óã�ßc¹�ß±áOä6� . 7 a�$fe���l!2?+-Si*,+�/�+-2?STE�Ct$'& 9:+-2?;<(FEº8 7 LG;<(~à�&�8 7 �fEP2:U'&A&�$';<( β 7 &fEP+-LM¡�+0& 7 EG. 7 &	548�+-LØÐ&�569?+-2:;<( 7 &�5 γ+ > γ
�

. 7 a¬*±eÐ� ⊇�o��l 7 LT;o(~à�&�8 7 �FEG2:U'& &�$';<( α .-+02:5'EiCD$'& ℵα ∈ Card
�^3n$'&A*,+-& 7 EP.0E κ+ ∈ Card

2?C
5�$';<(	N¬U69:5'+-LGST;<(�LG2�EGE 7 &�8 ⋃

x ∈ Card
N¬M�L

x ⊆ Card
2:Cø÷�2?CD+0SGSG;<(�LT2?ETEÇ��

⊆
�o�Ó£>+02

κ ∈ Card
��#�2?L��'�6&	&�+-&

κ > ω
$'&	&�+-(�Cp+0&4/�+056+-&

ℵ0 = ω
�

a�b�e
∃β ∈ On ℵβ ≥ κ

�
ã�ßc¹�ß±áOä6�%h�&�56+0&�U6CpCD+0& &	2:;<(FE-��l!$'&�&K2?STE

A :≡ {ℵα |α ∈ On} ⊆ κ
Qm$'9:STUt&�$r;o( ² » ½\´8¸i+02:&�+

3n+0&�56+r�mh�&�8�+-LT+-LTSG+-2�EPS!2?STE�8 7 LG;<( α 7→ ℵα /�+056+-&�a�$fe�+02:&�+�¡�2 �T+-�fEP2?U6&
ℵ: On

bij.
−→A

5'+-56+0*,+-&�Q,SGU8�$r��&�$';<(Ð²���µ�´8¸
On ∈ V

562:9�EÇQ'/�$'S1&�2:;<(fE18�+-L�j±$r9:9�2:STE-�Fh�9:STU�C 7 ��a�b�eB8�Uq;<(tLG2?;<(FEP2?5�ST+-2?&��0âq+08^a�b�e
£>+02�& 7 & α :≡ min{β | ℵβ ≥ κ}

��lº$'&�&4562?9?E
aIH6e

κ = ℵα
�

ã�ßc¹�ß±áOä6��h�&�56+-&	U6CDCp+0&4&�2?;<(FEÇ��lº$r&�&n562?9?E
a
∗
e

β < α −→ ℵβ < κ < ℵα
�

ü� 
ℵ
ö��ðîúïTí���� �ðï�k�ò 9Rî!4�Q�ït4F= B�58B�AN�'5#kc7�ï�9 �oõ:ö�îúí>437�ï�+�ï�+Äí>4×ïKQs58, ñ�íE4?�'1'ïK7IïGí�ñ�ï�1�+?@oî í6, ñ�ï�B~é3�ú÷�ñ8�'1'ï�4×ïGí�ø
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#�2?L 7 &fEP+-LTSG;<(�+-2?8�+0&�& 7 &4.0/1+-2\j`Ú'9?9?+'kD }'ÂéÂ'EfÓ α = β + 1
��h 7 S�a ∗ e�N¬U69?5'E�8�$r&�& ℵα = ℵ+

β ≤ κ < ℵα
Q�+02:&s#�2:8�+0LGSGÜ	L 7 ;<(��D }'ÂéÂ�FqÓ Lim(α)

�Óà�&48�2?+-ST+-C j±$'9:9m9:2?+0N¬+-L�E�a
∗
e
ℵα =

⋃
β<α ℵβ ≤ κ < ℵα

Q�+02:&s#�2:8	+-LGSTÜ�L 7 ;o(��lº$
α > 0

5'2:9?E�/�+056+0&
κ > ω

Q1SG2?&�8�(	2:+-LTCD2�ED$'9:9?+4Cp�6569?2?;<(�+0&�j`Ú'9?9?+n$'*�5'+-(�$'&	8�+-9�EÇ�1l!2:+nSG2?;o(+0LG56+0*,+-&�8	+-&n#�2:8�+0LGSTÜ�LGM�;<(�+�.-+02:5'+-&�Q�8�$'��aIH6e�8�Uq;<(nLT2:;<(FEG2:5�SG+02:&4C 7 �	� âF+-8�aJHfe
lº$rCD2�E�2:S�E�8�+-LY£	$rEG.�*,+0/�2?+-ST+-&�� ãi@�l
·" q¯% 0µ�¸I½\µ\ª�¥�§±°�¨¦@BSÐ2?STEÐ$ 7 ;<(48�2:+M¡�+0.-+02:;<(�& 7 &�5 ωα N¬M	L ℵα M�*�9:2?;<(��
à�S�Ex+02:&�+Ñð�$rLG8�2?&�$'9?.Ç$'(	9

κ
='U6LG56+056+-*,+0&�Q\SGUn9:Ú'�'E�SG2?;o(%$r&�(�$'&�8J8�+0LjïB9:$rEP.0& 7 CpCp+-Lº=6U6& κ 2?& 8�+-L

ℵ
Ûî¤�2:+0LP$'LT;<(�2:+º*,+0STEP2?CDCp+-&�Q�U6*

κ
5�$';<(	N¬U69:5'+-L�Uq8	+-L�÷�2:Cp+-SR2:STE-k

»� q¯W¯%²W¥m§�°±¼@$ y�~ κ ∈ Card Ó'&�}'�����'~OÂÃ�ÄËÌ }�Í κ ~:Ê���y�~O��yUª�} Ô zoÅÇÆ�ÂÈ�qy�{Pw'}'{T�'~O�,}'ÂÈÒI}�zFÂ ←→ ∃ακ = ℵα+1 ÓÌ |�Í κ ~:Ê���y�~O��y � ~Ovty<Ê<w'}'{G�'~O�,}'ÂÈÒI}�zqÂ ←→ κ = ℵ0 ∨ ∃δ(Lim(δ) ∧ κ = ℵδ) Óã�ßc¹�ß±áOä6� @BSÐ5'+-&qM	5'EÇQ\a�$fe�. 7 *,+0/1+-2:ST+-&���
⇒
�<�Ó£>+-2

κ = λ+ ��#)Úr(�9:+ α Cp2?E λ = ℵα
��lº$'&�&42:STE

κ = ℵ+
α = ℵα+1

�
�
⇐
�<��@�S�2:S�E

κ = ℵ+
α

Q±$'9?SGU�+02:&85!$r;o(	N¬U'9:56+0L-� ãi@�l

« ¬ ô0­¯®õô�°8­L÷*±²ö>²G­'³pý!þµ´4ô¨öqôØ÷*±.¶·±Øù
¸ ¹ ±�ö�º ô²ûúþ »:¼!öjô�³pý!þàù�ÿ
#�2?LB(�$'*,+-&D2:CÁ=6U6LP$'&	56+-(�+0&�8�+0&`ð�$'Ü	2?EP+09:&�56+-ST+-(�+0&�Qq8�$'STS18�$'S
h 7 ST/R$r(�9é$�ß	2?U6C 7 &�2:&fE 7 2�EP2�=6+Êð�U6&qÛST+�â 7 +-&	.-+-&A*,+-ST2?EP.�EÇQ,8�2?+�. 7 8�+-L!j�LP$'5'+�N¬M	(�LG+0&�QmU6*�8�$rS!hÊß	2?U6C 2:C ð�U'&FEG+ ßqEº8�+0L!M	*�LG2?56+-&�hÊß>2:UrÛCp+�/�2?8�+-LTSGÜ�L 7 ;<(�STN¬LT+-2�2?STEÇ��l!2?+�#�2:8	+-LGSTÜ�L 7 ;<(�S�N¬LG+-2?(�+02?Ep/RÚ'LT+n*,+-STU6&�8�+0LGS�$'&	56+-ST2:;<(FEPSp8�+-Lp5 7 EG+-&ð�U'&�SG+Xâ 7 +-&�.-+-& 8�+-S�h 7 ST/R$'(	9é$8ß>2?U6CDS�/�M	&�SG;<(�+-&�ST/�+-LTEÇQm8	2:+�/�2:L�. 7 C ¡�+-2?SGÜ�2?+-9�2:C ð�$'Ü�2�EP+09�M�*,+-L
ð�$'LT8�2:&�$'9:.-$'(�9?+0&s�'+-&�&�+0&�56+09:+0LG&FE�(�$r*,+-&��l!2?+-S"N¬M	(�LTE�. 7 ��$8ß>2?U6CD$rEG2?ST;o(�+0& ù�*,+0LG9:+05 7 &�5'+-&q�<kÙ#�2?L"Cp�q;o(fEP+0&�8�2?+[ðÐU6&�SG2?STEG+-&�.s8�+0S\£qèqSTEG+-CpSê�j\½ .0+-2?56+-&��ëòº(�&�+n$ 7 Nil!+�E<$'2?9:S�+-2?&�. 7 56+-(�+0&�Q
*,+0SP$'5rED8�+-L�.0/�+02?EP+�çi�q8�+09:SG;<(�+4Ø�&f=6U69:9?STE<Úr&�8�2:5�Û�'+02?EGSGSP$rEG.'Qq8�$'SGS18�2:+0SG+Rð�U6&�SG2?STEG+-&�.�&�2:;<(FE1Cp2?E
8�+0&�M�*�9?2:;<(�+-&DCt$�EP(�+0Ct$rEG2?SG;<(�+-&�3n2�EGEP+09:&D*,+�/�2:+0SG+-&/1+-LG8	+-&���$r&�&��	@�2?&�+!56+0&qM�5'+-&�8�$ 7 ST8�L 7 ;o�FSGLT+-2:;<(�+rQ�8 7 LG;<([÷�2:S�EP+-&t=6U'&sh�ß>2?U6CD+0&t56+-56+0*,+-&	+;-�(�+0UrÛLT2:+
��$'&	&"&�2:;<(fEÙ2:(	LG+
+-2?56+-&�+^ð�U'&�SG2?STEP+0&�.�*,+�/�+-2?SG+0&��6l!+0&�&�Uq;<(��'U6&�&fEP+�çi�q8�+09q+-2?&�ó�+-S 7 9?EP$rEÙ.0+-2?56+-&�Q8�$rSÙ*,+-SP$r5'EÇQr8�$'STS`8�$rSK£qèqSTEP+0C ê�j>½%&	2:;<(FEZ/�2:8�+0LGSTÜ�LGM�;<(�9?2:;<(�+-L`$r9:SZ8�$rSÙ+-2:&>N�$';o(	+-LG+N£Fè>S�EP+0C ê�j42:STE-�çi�q8�+-9�*,+0/�2?+-S18 7 LT;o(t8	2:+YðÐU6&�STEGL 7 �fEP2?U6& ~O����y�{Py�{][ Æ-�qy�ÂOÂ:yº�qy�{][Jy��q�qy���Â:y<zq{Py k'/�+-&�&t8�$'S^£qèqSTEG+-Cê�j�/�2?8�+0LGSGÜ�L 7 ;<(�STN¬LT+-2�2?STE-QBSGUJ2?STED$ 7 ;<(�8�$'S�£qèqSTEG+-C ê�j>½ /�2:8�+0LGSTÜ�L 7 ;<(�S�N¬LG+-2×�1l!$J8	2:+�h�ß>2?U6CD+=6U'&�ê�j +-2?&�+�5 7 EG+s2?&FE 7 2?EG2�=6+f¡1+-56LTM�&�8 7 &	5A*m+0SG2�EP.0+-&�Q`2?STE"8�2:+0S"2:&W+-2?&�+-C 5'+0/�2?SGSG+0&�£q2:&�&�+02:&�+0&#�2?8�+-LTSGÜ�L 7 ;<(�STN¬LG+02:(	+-2?EGSG*,+�/�+-2:S�=6U6&�ê�j>½��#�2?L /�U'9:9:+0& 2?& 8�+-& N¬U69?56+-&�8	+-& ð�$rÜ�2?EG+-9?&�8�$'S~ó�+-S 7 9?E<$�EK=6U6& ç��q8�+09"CD2�E:¤Ð2:9?N¬+%8�+-L~ði9é$rSGSG+
¤Ròil 8	+-L y�{0|-ÂÃ~ Ô z¾�R{T�'~O�,}'ÂÈÒI}�zqÂ¿���qy�À���~Äy�{0|<}'{Py��r[Jy��q�qy�� .0+-2:5'+-&Ka z�y�{<yG�'~O�Ä}'{o~OÂ¿ÁpÆ�{T�'~O�,}'Âm�qy�À��,}f|-Â:y e��



���R�r���P�r�¢¡ £¥¤N�V¦­���3�¨§y�r����©D�Y�i��� Afc

l!2?+ �R{T�'~O�,}'ÂÈÒI}�zqÂ¿���qy�ÀB��~Äy�{0|<}'{Py�� 3n+-&	56+-&�SG2?&�8 8�2?+��T+0&�2:5'+-&�3n+-&	56+-&�Q�8	2:+sCD2�EÉ¤Ð2:9?N¬+t+-2?&�+-L�j±U'L�ÛCp+-9�8�+0L�3n+0&�56+0&�9:+0(�LG+ 7 &�8 òºLG8�2?&�$'9:.-$'(�9 ÛîïÙ$rLP$'C�+0EG+-LG& 8�+���&�2:+0LTE�/�+0LG8�+0&��'�6&�&	+-&��Ùl!2?+ y�{0|-ÂÃ~ Ô zòºLG8	2:&�$r9:.Ç$r(�9 Û 8�+0��&�2:+0LG*�$'LT+-& 3n+0&�56+0&AST2:&�8�SGU69?;<(�+'Q,8�2:+�SG+09:*	STE 7 &�8K$'9?9:+�2?EP+0LG2?+-LTEG+-& ∈ Û ÝBU6LG5fÚr&�56+-LòºLG8	2:&�$r9:.Ç$r(�9 Û 8�+0��&�2:+0LG*�$'L�SG2?&�8��l!2?+-ST+Y¡�+-ST;o(�LT+-2?* 7 &�5�8�+-Lið�9:$'SGST+�¤�òil)2:S�E
2?&	N¬U6LGCp+09?9×Q'8�+0&�&p/�2:L`N¬LP$'56+0&�QfU6*p+0S
N¬M	L�+-2:&	+Ð*,+�EPLG$';o(qÛEG+0EP+Ð3n+0&�56+
x
+02:&�+
∈
Û�j�U'LGCp+-9>562?*	EÇQr8�2?+

x
8�+0��&	2:+-L�EÇ�fl!2?+-SB��$'&	&p& 7 L�8�$'&�&�. 7 +-2:&	+-L ∈ Û�l!+���&�2?EG2:U6&=6U'&¿¤�òil 5'+-CD$';<(FEº/�+-LT8�+-&�Q�/�+0&�&J8�2?+pçi+-SG$'CxEP(�+02?Eº8�+-L

∈
Û�j�U6LGCp+-9?& 7 &	8 +-2?&o-\+-2?9`8�+0LS-�(�+0UrÛLT2:+D8�+0L�l�+0��&�2?+-LT*�$'LG�r+-2?E"2?C £qèqSTEG+-C ê�j SG+09:*�S�E"N¬U'LGCD$'9?2?ST2?+-LTE�2:S�EÇ�Zl!2:+0S�/�2:LT8W8�2?+th 7 N¬5f$'*,+t8	+-LN¬U69?56+0&�8�+-&�ð�$'Ü�2�EP+-9�SG+02:&��çi+-&�+0LG+09:9F��$'&	&"CD$'&�&�+0*,+-&"8�2:+1$rLG2?EG(�Cp+0EP2?ST;o(	+-& 7 &�8x56+0U6CD+�EPLT2:SG;<(�+0&�ç�L 7 &�8�S�EPL 7 �FE 7 LG+0&�8	2:+
9:U'562 ÛST;o(�+0&�çiL 7 &�8�STEGL 7 �fE 7 LG+-&pSTEG+-9?9:+-&��6@B9:+0�FEGLGU6&	2:SG;<(�+�lº$rEG+-&f=6+-LG$'LG*,+-2�E 7 &	5�2:S�E`/�+0&�2:56+0LB+09:+-�fEGLGU6&�2?SG;<(�+É�{o~O�¬zqvty���~:w $'9?S�8	2:+�+09:+0�FEGLGU6&	2:SG;<(�+�ÝB+-LP$rLG*,+-2�E 7 &�5�=6U'& Â:ÆG�'~:Ê Ô z�y�� @B&FEG2?E<Ú�EP+0&4/�2:+�£qèqC"*,U69:+0& 7 &�88�$rLP$ 7 S15'+-*�2?9:8�+�EP+�#��6L�EP+-LT&��>@B2:&�+ 7 CpN�$'STSG+0&�8�+ºj�U6LTCt$'9�2?SG2?+0L 7 &�5�8	+-LR3�$rEP(	+-CD$rEP2?�,Qf8�2:+�$ 7 ;<(�8	2:+çiL 7 &	8�STEGL 7 �fE 7 LT+-&s8�+0L^à�&	N¬U6LGCD$rEG2:� 7 C�N�$'SGS�EÇQq2:&	&�+-LT(�$'9:*D8�+0SÊ£qèqSTEG+-CpS�ê�jJ+0LTN¬U6LT8�+-L�ER8�$'(	+-LR$ 7 ;o(8�2?+�j�U6LGCD$'9?2�SG2?+-L 7 &�5"=6U'&¥÷�U6562?�±�	#�2?L�$'LT*,+-2?EG+-&�2:&�8�2?+-SG+0C ð�$'Ü�2?EG+-9�2:C h�ß>2:U'CD+0&�STèqSTEG+-C ê�j1�

Â ��� Ã��ÅÄº�VRB���sê	�QP0Æ������������������������ºæ!�ONcÇ�Ä��YR����!���x�
�s f¡`µ\¢O£�¢�¤,µ¢9�§�¨¦@B2?& » «L�Z®^² ¼  F£

A
2:S�E^+02:&�+B&	2:;<(FETÛ 9:+0+-LG+�3n+0&�56+r�_�'+-8�+0SZ@B9:+0CD+0&FE�=6U6&

A
/�2?LG8�$r9:S

¿  >¢�­�®\ qµ�²Ó½\´ A *,+0.-+-2?;<(�&�+0E-��@BS!SG+02 A∗ :≡ < ωA :≡
⋃
n<ω

nA ≡ {f | ∃n < ω f :n → A}
�

�'+08�+-S�@B9:+0CD+0&FE
w ∈ A∗

(�+02:�'E ¿  q¢×­�®^ qµ�µ� q¢×®^ %a¬Uq8�+-Lº$ 7 ;<( ® £#µ�¢�µ\ª *�.0/�� ö ¤Zµ�£�eÐM�*,+0L
A
Q�8	2:+&�$�EPM�LT9:2:;<(�+�ê�$'(�9

|w| :≡ dom(w)
(�+-2?�'EÐ»�°�µ^ª, t=6U6&

w
�±@BS�SG+-2

� :≡ ∅
8�$'SÐ«¬ q 0µ�  ö ¤Zµ�£6�

·" q¯% 0µ�¸I½\µ\ªÈ9�§?¼ #�2?L�2?8�+-&fEP2���.-2?+-LG+0&�8�$rSiê�+-2:;<(�+0&
a ∈ A

CD2�EÐ8�+-Liê�+02:;<(�+-&	LG+-2?(�+
(a|i < 1) ∈

A∗ 7 &�8A�'�6&�&�+0& SGU A ⊆ A∗
SG;<(�LG+02:*,+0&��^@B2?&�+-&~£qEPLG2?&�5

f = (f(i)|i < n) ∈ A∗
ST;o(	LG+-2?*,+-&A/�2?LCD$'&�;<(�CD$'9�$ 7 ;<(42:&�8�+0L�j�U'LGC f(0)f(1) . . . f(n− 1)

�
#�2?L�8�+���&�2:+0LG+0&n8�2:+ºN¬U'9:56+0&�8�+-&­òºÜ,+-LP$�EP2:U'&�+-& 7 &�8­ó�+-9é$�EP2:U'&�+-&�$ 7 NZ#��6L�EP+-LT&�k
�s f¡`µ\¢O£�¢�¤,µ¢9�§±°Ø£q+-2:+0&

v, w ∈ A∗
�

a�$fe #�2:LR8�+0��&�2:+0LG+-&48�2:+UÉ� 0µ�¸± f£Ç£�½\µ\ª�a×$ 7 ;<(�kZút¤mµ^¸>²	£I qµ\²	£I¢�¤,µZe�=6U6& v 7 &�8 w 8 7 LG;<(
v_w :≡ vw :≡ v ∪ {(|v|+ i, w(i)) | i < |w|}

�#�2?L�8	+0��&�2?+-LT+-&%8�$'S » µZ®^°�µ\ª± qµÁ q¢×µ^ q´ ¿  q¢×­�®^ >µ\´ a ∈ A
$r&

v
8 7 LT;o( v_a :≡ va :≡

v_{(0, a)}
�

a¬*±e l�2:+ ó�+-9:$rEP2?U6&
v v w :≡ ∃m ≤ dom(w) v = w � m

*,+-SG$'5'EÇk
v
2:S�Eº+-2:& » µ\�Ä²�µ\ª,´Ç´0£ÊZZ­�¸=6U6&

w
�

»� q¯W¯%²Ë9�§Ü¾l$ y�~ A y�~O��É!Â Ì�z	}f|�y��ÄÓ\&�}'��� ~:Ê�� A∗ = A + ℵ0 Ó
Â �Fä Í"����Î � æ!�VNXÏ�çB��Î �����"�
�s f¡`µ\¢O£�¢�¤,µ¢9�§7m @B2?&�+`²�� ¤Zµr¯J²�«� c¸ ® ��µ�²�­�®\ 42?STE!+02:&

4
ÛÅ- 7 Ü,+-9 (I, J,K, t) Q±/�U6*,+-2 I Q J 7 &�8 KÜ�$'$'LT/1+-2:ST+�8�2:SO� 7 &��fEP+�3n+0&�56+-&nSG2?&�8 7 &�8 t: I ∪ J → ω
5'2:9?E-�
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Â �LK Í"����Î � æ!�VNXÏ�çB��Î �����"�
jÙ2lß>2:+0LG+s+-2?&�+­£>Ü�LP$r;o(	+

L = (I, J,K, t)
�`#�2:L�8�+0��&	2:+-LT+-&�+-2?& . 7 8�2?+-SG+0L�£>Ü�LG$';<(�+s��Ü�$'STSG+0&�8�+-S��h�9:Ü�(�$'*,+0E

AL
Q>/�U6*,+02

I, J,K
$r9:S^à�&�8�+'ß	Cp+-&	56+-&�N¬M�LNó�+-9:$rEP2?U6&�S�Û<Q>j 7 &	�FEG2:U6&	S�Û 7 &�8�ð�U6&�S�E<$'&fEP+0&>ÛS�è>C"*,U69?+�=6+-LT/1+-&�8	+0ED/�+-LT8�+-& 7 &�8 t 8�2?+­£FEP+-9?9:+0&�.Ç$'(	9R8�+-LÑóÐ+09é$�EP2:U'&�S�Û 7 &�8�j 7 &��fEP2?U6&�SGS�èqC�*,U'9:+9?2:+�N¬+-LTE-�

�s f¡`µ\¢O£�¢�¤,µ¢9�§7 l!$'S » «L�Z®\² ¼  f£
AL
¹,¤,µ

L
2?STE!8	2:+��T+0&�2?56+"3n+0&�56+rQ�8�2?+�56+-&�$ 7 8�2:+�N¬U'9:56+0&�8�+-&@B9:+0Cp+-&FEG+�+0&FEP(�Ú'9?E-k

a¬2Oe ún«�²�¯%¯% 0µrµ�k
(̇ :≡ (0, 0)

Q
)̇ :≡ (1, 0) áa�2?2Oe#É�²yµr¢¬² ¼ «� qµ�k	N¬M�LZ�T+-8	+-S

n < ω
8�$'SÐ@B9:+0CD+0&FE

v̇n :≡ (2, n) áa¬2:2?2ée@Ðs½Zµ^¸�£I¤Zµ� >µ�k
∧̇ :≡ (3, 0)

a6½\µZ¶�QZú�¤,µ<Ñ�½Zµ^¸�£�¢¬¤mµZe�Q
¬̇ :≡ (4, 0)

a×µ\¢�­r®,£fQY�n Fª±²	£�¢¬¤mµZe áa¬2?=	e¯ÒÑ½^²�µm£Ç¤pµFk
∀̇ :≡ (5, 0) áa¬=	eÔÓ0¶\ qµm£I¢¬£I°>£fk .
= :≡ (6, 0) áaO=>2éelÕ� q«¬²	£�¢¬¤,µZ´Ç´�Ö^¯ ¼ ¤m«O ,kqN¬M�LZ�T+-8�+0S

i ∈ I
8�$'SÐ@B9:+0CD+0&FE

Ṙi :≡ (7, i) áa¬=q2:2ée À ½\µ^¸�£�¢�¤,µ\´Ç´�Ö^¯ ¼ ¤,«� ±k>N¬M�LÙ�T+08�+-S
j ∈ J

8�$'SÐ@B9:+-Cp+0&FE
ḟj :≡ (8, j) áaO=>2?2:2ée ú�¤,µ\´0£I²�µ,£I qµZ´�Ö^¯ ¼ ¤,«¬ ,k>N¬M�LÙ�T+08�+-S

k ∈ K
8�$rSÐ@�9?+-Cp+-&fE

ċk :≡ (9, k)
�

¤Ð2:+0L�/�2:LT8W+-2?&Wh!9?Ü�(�$'*,+�E"+-LT�q9:Ú'LTE-QZ8	+-SGST+-& £qèqC�*,U'9:+D*,+-S�EP2:CpCxEP+Dh 7 N¬5f$r*,+-&�2?&W+02:&�+0L"j±U'LGCD$'9?2ÃÛST2:+-L 7 &�5�8�+0L�CD$rEG(�+-CD$rEP2?ST;o(	+-&�£qÜ�LP$';<(�+iM�*,+0LG&�+0(�Cp+-&s/�+-LT8�+-&��	#�2:+!8�2:+�£qèqC"*,U69:+!2?C +-2?&�.-+09:&	+-&N¬+0STEP5'+-9?+-5'EZ/�+-LT8�+-&�Q62?STE 7 &	+-LG(	+-*�9?2:;<(���#�2?;o(fEP2?5!2?STE-Q�8�$'SGSÙSG2?+�+02:&�8�+ 7 EP2?5�N¬+-S�EP56+09:+05'EP+ 7 &�8�Ü�$6$'LT/1+-2?SG+=6+0LGSG;<(�2?+-8�+0&�+�3n+-&	56+-&�ST2:&�8��±l!2?+R�T+�/�+-2?9:2?56+-&n3n+0&�56+0&�aJ× £qèqC"*,U69?+Ie�/1+-LG8	+-& $'9:SÊð�9:$'SGST+-&fEP+-LTCD++02:&�5'+0N¬M�(�L�EÇQZ8	2:+D/�2?LxCp2?E�h�*��FM�LG. 7 &�56+0& *,+0.-+02:;<(�&�+0&�Q`8�2:+t$ 7 N�2:(	LG+tSTÜ�ÚrEG+-LG+tÝ�+0LT/�+0&�8 7 &	5 (	2:&>Û/1+-2:ST+-&��U£>Un/�2?LG8J8�2?+�34+-&�5'+
(1, 0)

SGÜ�Ú�EP+-L�8�2?+���j 7 &��fEG2:U6&F�p+-2?&�+0L�LG+0;<(FEP+0& ð�9:$'CpCp+0L�+0LTN¬M�9?9:+-&�k
)̇ :≡ (1, 0)

�#�2?LÐN¬U6LGCD$'9?2?ST2?+-LG+0&�& 7 &K8�+-&KS 7 �F.-+-SGSG2�=6+-& h 7 N¬*�$ 7 =6U6&KCD$rEG(�+-CD$rEP2?ST;o(	+-&Kj�U6LTCD+09:&n8 7 LT;o(Ø-\+-L�ÛCp+'Q�$rEGU6Ct$rLG+Kj±U'LGCp+-9?& 7 &�8 j�U6LTCD+09:&��^¤�2?+-LG. 7 *,+-&��rEP2:5'+-&�/�2:Ls+02:&�+KÝB+-LP$r9:9:5'+-Cp+-2?&	+-L 7 &�5�8	+-Lð�U'&���$rEG+-&�$rEG2:U'&�STN 7 &��fEG2:U6& _ k
�s f¡`µ\¢O£�¢�¤,µ¢9�§é¥ £q+-2

A
+-2?&4h�9:Ü�(�$'*,+0E-Q

n < ω
Q
s:n→ A∗ 7 &	8 i ≤ n

��l 7 LT;<(¥óÐ+0� 7 LGSG2?U6&4&�$r;o(
j ∈ {−1} ∪ n

8�+0��&�2:+0LG+-&�/�2:L�8�$rS�@B9?+-Cp+-&fE
s(i)_ · · ·_s(j)

=6U6&
A∗
k2?C j±$'9?9

j < i
SG+-2

s(i)_ · · ·_s(j) :≡ � á2?C j±$'9?9
j ≥ i
SG+-2

s(i)_ · · ·_s(j) :≡ (s(i)_ · · ·_s(j − 1))_s(j)
�#�2?L�SG;<(�LT+-2:*,+0&�$ 7 ;<( s(i) . . . s(j) STE<$rETE s(i)_ · · ·_s(j) �

�s f¡`µ\¢O£�¢�¤,µ¢9�§76 l�2:+s3n+0&�56+
Tm(L)

8�+-L
L
¶ÚÙ1 �µ�¯% A2?STEx8�2:+

⊆
Û �q9?+-2?&�STEG+Û-\+02:9?CD+0&�56+p=6U'&

A∗L
QN¬M�L�8�2?+�5'2:9�EÇk

aL-ib�e
∀n < ω v̇n ∈ Tm(L) áaL-�H6e
∀ k ∈ K ċk ∈ Tm(L) áaL-Ê�fe
∀ j ∈ J ∀s (s: t(j)→ Tm(L) −→ ḟj

_s(0)_ · · ·_s(t(j)− 1) ∈ Tm(L))
�

·" q¯% 0µ�¸I½\µ\ªÈ9�§79 a�$fe @BSx2?STEx$r9:SGU
Tm(L) =

⋂
{x ⊆ A∗L |x

+-L�N¬M�9:9�E�aL-ibIe�Q^aL-�H6e 7 &�8Wa�-Ê�fe
} á8�2?+-ST+i3n+-&	56+º+'ß	2?STEG2:+-L�E�&�$';<(�8�+0C h 7 STSGU6&�8	+-L 7 &�56SP$8ß>2:U6C $'&	56+0/1+-&�8�+�E�$ 7 N�8�2:+º3n+0&�56+ A∗L �
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a¬*±e l�2:+R=6U6& 7 &�S�56+0/�Ú'(�9�EP+�£>;<(�LG+02:*f/�+-2?SG+'Qf2?&�8�+0L�8�2?+�òºÜ,+-LG$rEPU'LG+-&�=6U6LB8�+-&�òºÜ,+-LG$'&�8�+0&DSTEG+-(�+0&�Q*,+0.-+-2?;<(�&�+0E4CD$'&¦$'9:SÛ�B¤m«�µZ¢�´Ç­�®^ Ü�n¤�£I²	£�¢¬¤,µ
�
h 7 ST8�LGM	;o�'+ 2?&¦Ü,U69?&�2:ST;o(	+-L*5ÐU'E<$rEG2:U6&©SG2:&	8$ 7 ;o(�U6(�&	+Êði9:$'CpCp+0LG&x+-2?&�8�+ 7 EP2?5º9:+0SG*�$rL-�/à�&�8	+-LKïBLP$8ß>2?S`*,+-& 7 EP.0+-&�/�2?L`$'9?9:+0LG8�2?&�5'SZCD+02:S�EP+-&	S-\+-LTCD+rQ�8�2?+�&�2?;o(fE\2:&�Ü,U69?&�2?SG;<(�+-L\5ÐU'E<$�EP2:U'&�SG2:&	8��8£>UÐSG;<(�LG+02:*,+-&�/�2:L^.r�-¡!�I&�U6LGCD$'9?+-L�/�+-2?SG+
x+yS�E<$rETE

+xy
�Z£qU69:;<(�+;-\+0LGCp+�9:$'SGST+-&�SG2?;o(4$r*,+-L�9:+02:;<(FER2:&s8�2?+iÜ,U'9:&�2?SG;<(�+S5ÐU'E<$�EP2:U'& 7 CpN¬U6LTCD+0&��

�s f¡`µ\¢O£�¢�¤,µ¢9�§�¨=?�l!2?+�3n+0&�56+�8	+-L�²	£I¤,¯%²cµ� qµ À ¤Zµ�¯% q«×µ�Q At(L)
Q�2:STE�8	+0��&�2?+-L�EÐ8 7 LT;o(

At(L) :≡ {s1
.
= s2 | s1 ∈ Tm(L) ∧ s2 ∈ Tm(L)} ∪ {Ṙi

_s(0)_ · · ·_s(t(i) − 1) | i ∈
I ∧ s: t(i)→ Tm(L)}

�
�s f¡`µ\¢O£�¢�¤,µ¢9�§�¨±¨¦l!2?+n3n+-&�5'+

Fml(L)
8�+-L

L
¶ À ¤Zµ�¯% q«×µ 2:S�Ep8�2?+ ⊆ Û��F9?+-2:&	STEP+*-\+-2:9?Cp+-&�56+�=6U'&

A∗L
Q�N¬M	L�8�2?+ºN¬U69:56+0&�8�+0S�562?9?E-k
a�j�b�e

At(L) ⊆ Fml(L) áa�j�H6e
∀ϕ, ψ ∈ Fml(L) (̇ϕ∧̇ψ)̇ ∈ Fml(L) áa�jD�fe
∀ϕ ∈ Fml(L) ¬̇ϕ ∈ Fml(L) áa�j�AFe
∀n < ω ∀ϕ ∈ Fml(L) ∀̇v̇nϕ ∈ Fml(L)

�
òOpm+-&�ST2:;<(FEG9:2:;<(A��$'&�&JCD$'& 8	2:+�56+�/��6(	&�9:2?;o(�+0&%j�U6LTCD+09:&K2:&A8�2:+0SG+-L�j�U6LGCD$'9?2�SG2?+-L 7 &�5s&�$';<(q*�2?9:8�+0&��h�9:9?+-LG8	2:&�5'S�C 7 SGSxM�*,+0LGÜ�LTM	NOEx/�+-LT8�+-&�Q`8�$'SGSx+-2:&W@B9:+0CD+0&FE�=6U6& Fml(L)

� +-2?&�8�+ 7 EP2?5�9?+-ST*�$'L��D2:S�EÇQ8�$rCD2�ER+0S�+02:&�+º+-2:&	8�+ 7 EP2:5'+�¡�+-8�+ 7 E 7 &�5p2:C 9:U65'2:ST;o(�+0&[ð�U6&FEG+ ßqE�(�$rE-�Ó¤Ð2:+0LG. 7 2:STER+-2:&	+i8�+�E<$'2?9:9?2�+-LTEG+ØÐ&FEP+0LGS 7 ;<( 7 &�5�=6U6&¾-Z+0LGCp+-& 7 &�8Kj�U6LTCD+09:&4+-L�N¬U6LG8	+-LG9?2:;<(��,l�2:+�+02:&�8�+ 7 EP2?56+�÷^+0SG*�$rLG�'+02?Eº��$'&�&K$ 7 N=6+0LGSG;<(�2?+-8�+0&�+Rh!LTEG+-&x+-LTLG+-2?;<(FEZ/�+0LG8�+0&4a¬Ü,U69:&	2:SG;<(�+¥5�UrE<$rEG2:U6&�Q�ð�9:$'CpCp+0LGSG+�EP. 7 &�5Fe 7 &	8"2?STEZ2:&fE 7 2�EP2�==6+0LTEPLG$ 7 E-�rl�2:+1@B2:&	.-+-9?(�+-2�EP+0&�8�+0LU¡�+�/�+-2?SG+18�+0LZ+-2?&�8�+ 7 EP2?56+-&�÷^+0SG*�$rLG�'+-2�EÙST2:&�8x$'9?9:+0LG8�2?&	56S�EP+-;<(�&�2?SG;<(
7 &	8n(�Ú'&�5'+-&4=6U'&�l!+�E<$'2?9:S�8�+0L�j�U6LTCt$'9�2?SG2?+0L 7 &�5�$'*�Q�8�2:+ºN¬M�L 7 &	SG+-LT+"êm/�+0;o�r+�&�2:;<(FE�+-&fEPSG;<(�+02:8�+0&�8ST2:&�8��i¡�+02Y¡�+-8�$'LTNi�'�'&�&FEG+�CD$'&�8�2?+¢£Fè>&fE<$�ß�$ 7 ;o(�$'*�Úr&�8�+-LT&�Q 7 C @�2?&�8�+ 7 EP2?56�'+-2�EPSG*,+�/�+02:SG+n. 7=6+0LG+02:&	N�$';<(�+0&��
® ²	£#¯v9�§�¨q¼û²��i¢×µ\¶^ <½�£�¢¬ª± n»� q´ ¼ ²cµ�¸± q¢O£t¶\ 0µ·Ù1 0µr¯J Ó¸ d,y�{ovty�Ê�~O�,�A}'uoÅ�y�~O�,�qy�uq�×~��qyÝ`�y�~:ÊIyt~O�$ u	|-��y�{ovty Ì ½ ����y�{���y�{ovty�ÍpÒ�y�{�Â?y �f|<}'{0ÓÞ&�Ó�z	Ó,+R~:Ê�� s ∈ Tm(L) +�ÊIÆp�'~OÂÃ�1�qy��,}'u%y�~O��y��qy�{�ÅÇÆrÂô�qy��,�qy��É�uFÊ<Ê0}��qy��±ËÌ ~úÍ " Ê��'~�|-�Ù�qy��,}'uKy�~O� n < ω +`ÊIÆt�f}�ß s = v̇n àÌ ~O~úÍ " Ê��'~�|-�Ù�qy��,}'uKy�~O� k ∈ K +BÊIÆD�f}�ß s = ċk àÌ ~O~O~úÍ " ÊRyTÖ6~:Ê��×~Äy�{o�	�qy��,}'u�y�~O� j ∈ J uq�,���qy��,}'u�y�~O� r: t(j)→ Tm(L) +�ÊIÆ!�f}�ß s = ḟj

_r(0)_ · · ·_r(t(j)−
1) �'~OÂÃ�ÄÓ

® ²	£#¯v9�§�¨�°û²��i¢×µ\¶^ <½�£�¢¬ª± n»� q´ ¼ ²cµ�¸± q¢O£t¶\ 0µ À ¤Zµ�¯% q«�µK¸ b�yG�qy D Æ�{ovty�Âiw'}'��� }'uoÅ y�~O�,�qy�u>��~��qy
`�y�~:ÊIyD~O� $ u	|×ÅÇÆ�{ovty�ÂÃ�JÒ�y�{�Â:yÄ�'�V^�y�{G�qy��,Ë [(]L) ∩ Fml(L) = ∅ u>�,�xÅ�á>{�jÇyG�qy<Ê ϕ ∈ Fml(L) �'~OÂÃ��qy��,}'u y�~O��y��qy�{BÅÇÆ�ÂÈ�qy��,�qy��sÉ�uFÊ<Ê-}I�qy��,ËÌ ~úÍ " Ê��'~�|-�Ù�qy��,}'uKy�~O� s1 ∈ Tm(L) uq�,���qy��,}'uKy�~O� s2 ∈ Tm(L) +BÊIÆD�f}�ß ϕ = s1

.
= s2 ÓÌ ~O~úÍ " ÊZ�'~�|-�	�qy��,}'u�y�~O� i ∈ I u>�,�R�qy��,}'u�y�~O� s: t(i)→ Tm(L) +�ÊIÆ��f}�ß ϕ = Ṙis(0) . . . s(t(i)−

1) ÓÌ ~O~O~úÍ " Ê��'~�|-�Ù�qy��,}'uKy�~O� ψ ∈ Fml(L) uq�,���qy��,}'uKy�~O� χ ∈ Fml(L) +BÊIÆD�f}�ß ϕ = (̇ψ∧̇χ)̇ Ó
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Ì ~OÑGÍ " Ê��'~�|-�Ù�qy��,}'uKy�~O� ψ ∈ Fml(L) +BÊIÆD�f}�ß ϕ = ¬̇ψ ÓÌ ÑGÍ " Ê��'~�|-�Ù�qy��,}'uKy�~O� n < ω u>�,�"�qy��,}'uKy�~O� ψ ∈ Fml(L) +BÊIÆD�f}�ß ϕ = ∀̇v̇nψ Ó

Â ��� â6�VNRæ�ì^ê>��ç��ºæ��ONäã©�wìNæÐ�cåq�tç
�x�
l!2?+�LG+-� 7 LTSG2�=6+;5!$rE 7 L
=6U6&·-\+-LTCD+0& 7 &�8sj�U6LGCp+-9?&D+0LGCp�6569:2�;o(fE1+0S-Q>8�$'SG¡1+0/�+02:SGÜ	LG2:&	.-2?Ü ho�,�'uFw���~ÄÆ��7 &	8n8�$rS�ð�U6&�STEGL 7 �fEG2:U6&�STÜ�LG2?&�.-2?Üvå y<w�u>{PÊ�~ÄÆ�� $ 7 N>-Z+0LGCp+ 7 &�8nj�U6LGCp+-9?&s. 7 M�*,+-L�EPLG$'56+-&��
® ²	£#¯v9�§�¨
¾�²�Ó-µ\¶P½^¸�£�¢¬¤,µ¢Z ¼  0µs¶^ qµæÙ1 �µ�¯%²c½\� ¼ ²Ó½D¸ç$ y�~ χ y�~O��y ∈ � D Æ�{�vty�Â�Ó " Ê!�qy�ÂÃ��y-ËÌ ~úÍ ∀n < ω χ(v̇n) uq�,� ∀ k ∈ K χ(ċk) àÌ ~O~úÍ ∀ j ∈ J ∀s: t(j)→ Tm(L) (∀ i < t(j) χ(s(i)) −→ χ(ḟjs(0) . . . s(t(j)− 1))) Ó
&�}'���s�'~OÂÃ� ∀s ∈ Tm(L) χ(s) Óã�ßc¹�ß±áOä6�

T :≡ {s ∈ Tm(L) |χ(s)}
+0LTN¬M�9?9?E�aL-ºb�e�Q	a�-�H6e 7 &	8�aL-Ê�feo��#J+-5'+-&"8�+0L

⊆
Û�3n2:&�2?CD$r9?2 E<Ú�E=6U'&

Tm(L)
2:S�EÐ$'9:STU

T = Tm(L)
� ãi@
l

@B2:&	+ÐCt$�EP(�+0Ct$rEG2?SG;<(�+Ð@�2?56+0&�SG;<(�$rNOE
χ
EPLT27p,E1$r9:SGU�$ 7 N^$r9:9?+ L ÛÅ-\+-LTCD+�. 7 Qf/�+-&	&�SG2?+�$ 7 N�$'9?9:+RÝ
$'LT2é$�Û*�9?+-& 7 &�8�$'9:9?+^ð�U6&	STE<$r&FEP+0&�STèqC"*,U69?+R. 7 EPLG2,pmE-Q 7 &�8"/�+0&�&�N¬M�L±�T+-8�+0S j ∈ J $ 7 S`8�+0L�ç�M�9�EP2?56�'+02?E\=6U6&

χ
N¬M�L��T+

t(j)
Û =q2:+09:+.-\+-LGCp+

s(0), . . . , s(t(j)− 1)
8�2?+!ç�M�9�EP2?56�'+02?EB=6U6&

χ
N¬M�L

ḟjs(0) . . . s(t(j)− 1)N¬U69?5'E-�
® ²	£#¯v9�§�¨nmû²�Ó-µ\¶P½^¸�£�¢¬¤,µ¢Z ¼  0µs¶^ qµ À ¤Zµ�¯% q«�²c½\� ¼ ²Ó½D¸È$ y�~ χ y�~O��y ∈ � D Æ�{ovty�Â�Ó " Ê!�qy�ÂÃ��y-ËÌ ~úÍ ∀ψ ∈ At(L) χ(ψ) àÌ ~O~úÍ ∀ψ, χ ∈ Fml(L) ((χ(ψ) ∧ χ(χ)) −→ (χ((̇ψ∧̇χ)̇) ∧ χ(¬̇ψ))) àÌ ~O~O~úÍ ∀ψ ∈ Fml(L)∀n < ω (χ(ψ) −→ χ(∀̇v̇nψ)) Ó
&�}'���s�'~OÂÃ� ∀ψ ∈ Fml(L) χ(ψ) Óã�ßc¹�ß±áOä6��h�&�$'9:U'5�. 7 ¡�+�/�+02:SÐ8	+-S�à�&�8 7 �fEP2:U'&�SGSG$rEP.0+-SÐN¬M�L]-\+-LGCp+'� ãi@�l
® ²	£#¯v9�§�¨n û²�Õ� F¸I½�µ�´Ç¢¬¤,µ¢Z ¼  0µ�¶\ qµæÙ1 �µ�¯%²c½\� ¼ ²Ó½D¸È$ y�~Äy�� Gvar, Gconst, Gfun:V → V Ón&�}'���yTÖ6~:Ê���~Äy�{o�Ù�qy��,}'uKy�~O� H: Tm(L)→ V v�~O� ËÌ ~úÍ ∀n < ω H(v̇n) = Gvar(v̇n) àÌ ~O~úÍ ∀ k ∈ K H(ċk) = Gconst(ċk) àÌ ~O~O~úÍ ∀ j ∈ J ∀s: t(j)→ Tm(L) H(ḟjs(0) . . . s(t(j)− 1)) = Gfun(j, s, (H(s(i))|i < t(j))) Óã�ßc¹�ß±áOä6� l!+���&�2?+-LG+0&4/�2:L

T0 :≡ {v̇n |n < ω} ∪ {ċk | k ∈ K}
Q

Tn+1 :≡ Tn ∪ {ḟjs(0) . . . s(t(j) − 1) | j ∈ J ∧ s: t(j) → Tn}
QZSTUK2?STE

Tm(L) =
⋃
n<ω Tn

�#J+-5'+-&p8�+0L�+02:&�8�+ 7 EP2?56+0&Ñ÷�+-SG*�$'LG�'+02?E�8�+-L�-\+-LGCp+�9éÚr�'E`SG2:;<(
H � Tn

9?+-2:;<(fEBLG+0� 7 LGSG2�=�STU�8	+0��&	2:+-LT+-&�Q8�$r��a�2ée�Q
a�2:2ée 7 &	8�a�2:2?2ée!56+-9�EP+0&��Zl!$'CD2�E�2:STE�8�2?+t@Uß>2:S�EP+-&	.t=6U6&
H
5'+-SG2?;o(	+-LTE-�Ùl�2:+t@B2:&	8�+ 7 EG2:5'�'+-2?EN¬U69?5'E�+0*,+-&	N�$r9:9?S�9:+02:;<(FE�$ 7 S�8�+-L�+02:&�8	+ 7 EG2:56+0&­÷�+-ST*�$'LT�'+-2�E�8�+0L.-Z+0LGCp+'� ãi@�l

® ²	£#¯v9�§�¨	¥ ²�Õ� F¸I½�µ�´Ç¢¬¤,µ¢Z ¼  0µ�¶\ qµ À ¤Zµ�¯% q«�²c½\� ¼ ²Ó½D¸È$ y�~Äy�� Gat, G∧̇, G¬̇, G∀̇:V → V Ón&�}'���yTÖ6~:Ê���~Äy�{o�Ù�qy��,}'uKy�~O� H: Fml(L)→ V v�~O� Ë
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Ì ~úÍ ∀ϕ ∈ At(L) H(ϕ) = Gat(ϕ) àÌ ~O~úÍ ∀ϕ, ψ ∈ Fml(L) H((̇ϕ∧̇ψ)̇) = G∧̇(ϕ, ψ,H(ϕ), H(ψ)) àÌ ~O~O~úÍ ∀ϕ ∈ Fml(L) H(¬̇ϕ) = G¬̇(ϕ,H(ϕ)) àÌ ~OÑGÍ ∀ϕ ∈ Fml(L)∀n < ω H(∀̇v̇nϕ) = G∀̇(n, ϕ,H(ϕ)) Óã�ßc¹�ß±áOä6��l!2?+-S
*,+�/�+-2?STE1CD$'&p56$'&�.Ð$'&�$'9?U65�. 7 C ó�+-� 7 LTSG2:U'&�SGSG$rEP.ÐM�*,+-L
8�+0&r-Z+0LGCD$ 7 N¬*�$ 7 ��ãi@�l
¡�+02:STÜ�2:+09:+!N¬M�L�8	2:+ih!&f/�+-&	8 7 &�5t8	+-L�óÐ+0� 7 LGST2:U6&�STSPÚrEG.-+�9:2?+0N¬+0LG&�8	2:+ºN¬U69?56+-&�8	+-&nl�+0��&�2�EP2?U6&�+0&��
�s f¡`µ\¢O£�¢�¤,µ¢9�§�¨n6 jÙM	L

t ∈ Tm(L)
8	+0��&�2?+-LT+-&�/�2?L�LG+0� 7 LGST2?=�8�2:+K·� qµ^ª,  ¶^ �µ¢É�²cµ�¢¬² ¼ «� qµ=6U'&

t
Q
var(t)

Q�8 7 LG;<( var(v̇n) :≡ {v̇n} 7 &�8 var(ċk) = ∅
SGUI/�2:+

var(ḟjs(0) . . . s(t(j) − 1)) =⋃
i<t(j) var(s(i))

�
·" q¯% 0µ�¸I½\µ\ªÈ9�§�¨n9 Ø�C 8�2:+0SG+dó�+-� 7 LGST2:U6&�N¬U'LGCD$'9�8 7 LT;o(	. 7 N¬M	(�LG+0& ST+0EP.0+-&4/�2:L
Gvar :≡ {(x, {x}) |x ∈ V }

Q
Gconst :≡ {(x, ∅) |x ∈ V }7 &	8 Gfun :≡ {((j, f, g),

⋃
ran(g)) | j ∈ V ∧ f ∈ V ∧ g ∈ V }

�
�s f¡`µ\¢O£�¢�¤,µ¢9�§?¼�?�jÙM	L

ϕ ∈ Fml(L)
8�+0��&�2:+0LG+-&�/�2:L�LT+-� 7 LTSG2?=�8�2?+�·� >µ^ª± )¶^ 0µÈÉ�²cµ�¢¬² ¼ «¬ qµ=6U'&

ϕ
Q
var(ϕ)

Q 7 &�848�2?+�·� qµ^ª, K¶^ 0µÛ�?µ� >¢¬ qµ�É�²cµ�¢¬² ¼ «� qµ =6U6& ϕ Q fr(ϕ)
Q�/�2?+iN¬U69?5'EÇk

a¬2Oe
var(s1

.
= s2) :≡ fr(s1

.
= s2) :≡ var(s1) ∪ var(s2) áa�2?2Oe

var(Ṙis(0) . . . s(t(i)− 1)) :≡ fr(Ṙis(0) . . . s(t(i)− 1)) :≡
⋃
j<t(i) var(s(j)) áa¬2:2?2ée

var((̇ϕ∧̇ψ)̇) :≡ var(ϕ) ∪ var(ψ) 7 &�8 fr((̇ϕ∧̇ψ)̇) :≡ fr(ϕ) ∪ fr(ψ) áa¬2?=	e
var(¬̇ϕ) :≡ var(ϕ) 7 &�8 fr(¬̇ϕ) :≡ fr(ϕ) áa¬=	e
var(∀̇v̇nϕ) :≡ var(ϕ) ∪ {v̇n} 7 &�8 fr(∀̇v̇nϕ) :≡ fr(ϕ) \ {v̇n}

�
à�S�E

Φ ⊆ Fml(L)
Q�STUpSG+-2

fr(Φ) :≡
⋃
{fr(ϕ) |ϕ ∈ Φ}

8�2?+�3n+-&�5'+�8�+-L�N¬LT+-2:+0&�Ý�$'LG2:$'*�9:+0&�=6U6&
Φ
�

·" q¯% 0µ�¸I½\µ\ªÈ9�§?¼�¨¦l!2?+�34+-&�56+
fr(ϕ)
*,+-S�EP+-(fE�56+-LG$'8�+º$ 7 SR8�+0&��T+-&	2:56+0&�Ý
$'LG2:$'*�9?+-&�$ 7 S var(ϕ)

Q8�2?+�$'&4Cp2:&�8	+-STEG+-&�S�+02:&�+0LY£qEG+-9?9:+!=6U6&
ϕ
&�2:;<(fE�� 2:C #�2?LG� 7 &�56ST*,+-LT+-2:;<(q��+-2:&	+-SYã 7 $'&fEPU6LGS�STEG+-(�+0&��3�$r&�;<(�Ct$r9,2:S�E�+-S�ST2:&�&f=6U69:9×QfSG2?;o(�$ 7 N�*,+0STEP2?CDCxEG+�N¬LG+02:+�Ý
$'LG2:$'*�9?+-&p. 7 *,+-ST;o(	LPÚ'&��'+0&��	#�2?L18	+0��&�2?+�ÛLT+-&48�+-ST(�$'9?*�k

�s f¡`µ\¢O£�¢�¤,µ¢9�§?¼±¼ jÙM	L
n < ω

SG+02
Fmln(L) :≡ {ϕ ∈ Fml(L) | fr(ϕ) ⊆ {v̇i | i < n}}

��lº$r&�&2?STE
Fml0(L)

8�2:+�3n+-&	56+x$'9:9?+-L�j�U6LTCD+09:&�Q�8�2?+��'+02:&�+�N¬LG+-2?+-&4Ý�$'LG2:$'*�9?+-&4(�$'*,+-&�Q 7 &�8�(�+02:�'E!3n+0&�56+8�+0L
L
¶ ® °>£#¯f ,�

#�2?L�=6+0LG+02:&q*�$'LG+0&�Q�8�$'�"/�2:L�. 7 �FM�&>NOEP2:5�STEP$rEGE�8�+0LRÝ
$'LG2:$'*�9?+-& v̇n $ 7 ;<(�8�2:+�¡ 7 ;<(�STE<$r*,+-& x, y, z . . .a�$ 7 ;<( Cp2?ERà�&�8�2?.-+-SPeºST;o(�LT+-2?*,+-&A/�+-LT8�+-&��\l�2:+Ñ£q;o(�LT+-2?*F/�+02:ST+
ϕ(x1, . . . , xn)

*,+-8	+ 7 EG+0EÇQ�8�$rSGS ϕ ∈
Fml(L)

2?STE�Cp2?E
fr(ϕ) ⊆ {x1, . . . , xn}

�
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Â �Jë ��������RB�YN����OR����îê<èDê����������ìÇ�Ä��YR����!���
�s f¡`µ\¢O£�¢�¤,µ¢9�§?¼Z°Ø£>+02

L = (I, J,K, t)
+02:&	+G£>Ü�LP$r;o(	+'�'l!2?+^ð�$rLG8�2?&�$'9?.Ç$'(	9

L :≡ I ∪ J ∪K+ℵ0(�+02:�rE�8�2:+Mú4²cµ�¶Z¢�µ\²�«�¢O£I°	£�¶^ �µ ® �Pµ�²�­�®^ 
L
�

·" q¯% 0µ�¸I½\µ\ªÈ9�§?¼c¾Øà�&�8�+0L"U6*�2?56+-&Wl!+0��&	2?EP2?U6&%=6U'&
L
/�2?LG8

ℵ0

$'8�8	2:+-L�EÇQ^/�+-2?9
/�2:L"$r*�.ÇÚr(�9:*�$rL=q2:+09:+ºÝ�$'LG2:$'*�9?+-&s(�$'*,+0&�Q 7 &�8n8	2:+-ST+�$'9:S�. 7 LY£>Ü�LG$';<(�+�56+0(��6LT+-&�8�$r&�56+0SG+-(	+-&n/�+0LG8�+0&��
»� q¯W¯%²Ë9�§:¼sm@$ y�~ L y�~O��y $ Ì,{G} Ô z�y-Ó�&�}'����~:Ê�� L = Fml(L) Ó
ã�ßc¹�ß±áOä6��#%+056+0&

Fml(L) ⊆ A∗L
N¬U69?5'E

Fml(L) ≤ A∗L = AL + ℵ0 = L
�`lº$A$'&�8	+-LG+0LGSG+02?EGSN¬M�L��T+-8	+-S

i ∈ I 7 &�8 j ∈ J
STU�/�2:+

k ∈ K 7 &�8 n < ω
5'2:9�E

Ṙiv̇0 . . . v̇0 ∈ Fml(L) 7 &�8
ḟj v̇0 . . . v̇0

.
= ḟj v̇0 . . . v̇0 ∈ Fml(L)

SGU�/�2?+
ċk = ċk ∈ Fml(L) 7 &�8 v̇n .

= v̇n ∈ Fml(L)
Q�+0LG562?*	E

ST2:;<(
L ≤ Fml(L)

� ãi@�l
#�2?L�9é$rSGSG+0&%2:C N¬U69:56+0&�8�+0&%8�2?+\ï 7 &��fEP+tM�*,+-L�8�+-& £qèqC"*,U69:*,+0.-+02:;<(�& 7 &	56+-&%N¬U'LTE 7 &	8WSG;<(�LT+-2?*,+-&
(, ),∧,∀, vn, . . .

STEP$rEGE
(̇, )̇, ∧̇, ∀̇, v̇n, . . .

�
Â �Lí ������î<���!�����ON����Xïëæ!��ì^ê<ç��	��� æ��ONcð æOR��ëê<ç��	���"�
#�2?LÙN¬M�(�LT+-&p8�2?+RN¬U'9:56+0&�8�+0&r� 7 &��fEPU'LG+-& 7 &	8�ã 7 $'&FEGU6LG+0&p$'9:S`h�*��FM�LG. 7 &�56+0&DN¬M	LB56+�/�2:SGST+�ê�+-2?;o(�+0&>ÛLT+-2:(	+-&W8�+0LÉ£>Ü	LP$';<(�+�8	+-L�÷^U'562:�K+-LTSTEG+-LÉ£qE 7 N¬+t+-2?&��`342?Ex2:(	LG+-Lj¤Ð2:9�N¬+p9é$'STSG+-&WST2:;<(W=q2?+-9?+tj�U6LGCp+-9?&+02:&	N�$r;o(�+0L�ST;o(�LT+-2?*,+-&��
�s f¡`µ\¢O£�¢�¤,µ¢9�§?¼s Ø£>+02:+0&

ϕ, ψ ∈ Fml(L)
�	#�2:LRSG+0EG.-+0&�k

a�$fe
(ϕ ∨ ψ) :≡ ¬ (¬ϕ ∧ ¬ψ)

a�¤�¶^ 0µre��
a¬*±e

(ϕ→ ψ)̇ :≡ (¬ϕ ∨ ψ)
aLÓ0¯Ý�Z«×¢O¸	²	£I¢¬¤,µZe��

a�;Çe
(ϕ↔ ψ) :≡ ((ϕ→ ψ) ∧ (ψ → ϕ))

aLñ:òw½Z¢O¹�²�«� qµ3¯�óU·�¢×¢�¯Ë�Z«�¢O¸	²>£�¢¬¤,µZe��
a¬8±e
∃vnϕ :≡ ¬∀vn¬ϕ

a��Oô^¢�´0£I qµ�¯=òs½\²�µ,£I¤Zµ'eo�
j�U69?56+0&�8�+ih!*	�qM	LG. 7 &�56+0& ST2:&�8�+-*,+-&>N�$'9:9?S�SG+0(�LÐ&FM	EP.09:2:;<(�k
�s f¡`µ\¢O£�¢�¤,µ¢9�§?¼m¥ a�$fe £>+-2

n < ω 7 &�8�SG+-2?+-& x1, . . . , xn ∈ {vi | i < ω} 7 &�8 Q1, . . . , Qn ∈
{∀,∃}

��j�+-LG&	+-LpST+-2
ϕ ∈ Fml(L)

�`#�2:L�8�+���&�2:+0LG+0&©LG+0� 7 LGST2?= Qnxn . . . Q1x1 ϕ ∈ Fml(L)8 7 LG;<( Q0x0 . . . Q1x1ϕ :≡ ϕ 7 &�8
Qn+1xn+1 . . . Q1x1ϕ :≡ Qn+1xn+1Qnxn . . . Q1x1ϕ

�
a¬*±e £q+-2

n < ω 7 &�8�N¬M	L i < n
ST+-2

ϕi ∈ Fml(L)
�B#�2:L�8�+���&�2?+-LT+-&©LG+-� 7 LTSG2�= ∧

i<n ϕi
*�.�/��

∨
i<n ϕi

8 7 LT;o(∧
i<0 ϕi :≡ ∀v0 v0 = v0

*�.0/�� ∨
i<0 ϕi :≡ ¬∀v0 v0 = v0

Q
∧
i<1 ϕi :≡

∨
i<1 ϕi :≡ ϕ0

Q
∧
i<n+1 ϕi :≡ (

∧
i<n ϕi ∧ ϕn)

*	.0/�� ∨
i<n+1 ϕi :≡ (

∨
i<n ϕi ∨ ϕn)

Q	N�$'9:9?S
n ≥ 1
�
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õ.ö ÷ ±¶÷!þzûúûúþ�ÿ
#�2?L��<ß	2?+-LT+-&t+-2?&�+ÐN¬U'LGCD$'9?+Y£qÜ�LP$';<(�+

L = (I, J,K, t)
�>l!2?+�à�&FEG+-&FEG2:U6&D8�2?+-ST+-LG£>Ü	LP$';<(�+�2:STE
8�2:+�¡�+�ÛST;o(�LT+-2?* 7 &�54=6U'&ø$ ��{�ufw���u>{Py�� Q^2?& 8�+0&�+-&J8�2:+ÉóÐ+09é$�EP2:U'&�S�ÛPQ�j 7 &��fEG2:U6&	S�Û 7 &�8bð�U6&	STE<$r&FEP+0&�STèqC"*,U69?+8�+0Sth!9:Ü	(�$'*,+0EGS

AL
8 7 LG;<(�+-&fEPSGÜ�LT+-;<(�+-&�8�+:ó�+-9:$rEP2?U6&�+0&�Q
j 7 &��fEP2:U'&�+-& 7 &�8 ðÐU6&�STEP$'&FEG+-&�2?&FEP+0L�ÛÜ�LT+0EG2:+-L�E"SG2?&�8��\#�2?L�/1+-&�8�+0& 7 &�S"8�$'Cp2?E�8�+-Lr$ y�vp}'���×~:w 8�+0LxN¬U6LGCD$'9?+0& £>Ü�LG$';o(	+s. 7 QÙ8��È(��Ù2?(�LG+0Là�&fEP+-LTÜ�LG+�E<$rEG2:U6&��	#�2:LRN¬U'LGCD$'9?2?ST2:+0LG+0&�. 7 &�Ú';<(�S�E!8�+0&¥¡�+056LG2,pK+02:&	+-L�CD$rEG(�+-CD$rEP2?ST;o(	+-&­£qEPL 7 �fE 7 L0�

�'ù��T� Ç^êq�yæYì^ê<æÐ�����"�
�s f¡`µ\¢O£�¢�¤,µ ¨n?�§�¨¦@B2:&	+

L−
® £#µ8½^¸�£�½�µ�2:S�E�+-2?&

4
ÛÅ- 7 Ü,+-9

A = (A, (Ri|i ∈ I), (fj|j ∈ J), (ck|k ∈ K)),

/1U6*,+-2�N¬U69:5'+-&�8�+0S�562?9?E-�
a¬2Oe

A
2:S�E�+-2?&�+�&�2:;<(fETÛ�9?+-+0LG+x34+-&�56+ á ST2:+�(�+02:�'EVÙ^µ�°�ª± 0µ�¯% qµ\ª± sUq8	+-L!$ 7 ;<(Øú�µ\¢¬¹, 0µ�´�½\¯ =6U6&

A
�	#�2:LRSG+0EG.-+0&

|A| :≡ A
�

a�2?2Oe
∀ i ∈ I Ri ⊆ At(i)

��lº$'S�(�+-2?�'EÇQ
Ri

2:STE�+02:&�+
t(i)

¶<´�£I q«×«�¢¬ª± 8Õ� q«¬²	£�¢¬¤mµJ$ 7 N A �a¬2:2?2ée
∀ j ∈ J fj:A

t(j) → A
��lº$'S�(�+-2?�'EÇQ

fj
2:STE�+02:&	+

t(j)
¶<´0£Ç >«�«�¢¬ª±  À ½\µ\¸�£I¢�¤,µW$ 7 N A �a¬2?=	e

∀ k ∈ K ck ∈ A
��lº$'S�(�+-2?�'EÇQ

ck
2:STE�+-2:&	+dú�¤,µZ´�£I²�µm£Ç s$ 7 S A �l!2?+dú4²cµ�¶Z¢�µ\²�«×¢O£I°>£�8�+0LR£FEPL 7 �FE 7 L A 2:S�E A :≡ A

�
�s f¡`µ\¢O£�¢�¤,µ ¨n?�§?¼Ø£>+02

A
+-2?&�+

L
Û�£qEGL 7 �fE 7 L�CD2�E L = (I, J,K, t)

�
a�$fe l!2?+�£qEGL 7 �fE 7 L A (	+-2:�rE » «�ª±  ¼ µ�²�Q	N�$'9:9?S I = ∅

5'2:9?E-�
a¬*±e l�2:+d£qEPL 7 �FE 7 L A (�+02:�'EÊµ� q«¬²	£�¢�¤,µ^²�«¬  ® £�µ/½^¸�£�½3µFQ	N�$'9?9:S

J = ∅
562:9�EÇ�

@B2:&	+�h!9?56+0*�LP$�*,+0SG2?EG.0E�$'9?SGU��'+-2:&	+�ó�+-9:$rEG2:U6&	+-&�Q	+02:&�+iLG+-9:$rEP2?U6&�$r9?+M£FEPL 7 �FE 7 L��'+-2:&	+�j 7 &��fEP2:U'&�+-&��
·" q¢�´��Ù¢¬ q«�¨=?�§±° l!2:+�£FEPL 7 �FE 7 L!8�+0L!LT+-+-9?9:+0&Kê�$'(	9:+-&n��$r&�&�N¬U69?56+-&�8	+-LGCD$'�6+0&�$'9?S L Û�£qEGL 7 �fE 7 L!Cp2?E
L = ({0}, {1, 2}, {3, 4}, {(0, 2), (1, 2), (2, 2)})

*,+-SG;<(�LT2:+0*,+-&n/�+0LG8�+0&�k
(R, {(0, <R)}, {(1,+R), (2, ·R)}, {(3, 0), (4, 1)})

/1U6*,+-2�/�2:L
I :≡ {0}

Q
J :≡ {1, 2} 7 &�8 K :≡ {3, 4}

56+0/�Ú'(�9?E�(�$r*,+-&��
#�2?L18�+0��&	2:+0LG+-&s+02:&�2?56+Ð/�U'(�9:*,+0��$'&�&fEP+�¡�+0.-2?+-( 7 &�56+-&s.0/�2?SG;<(�+-&­£FEPL 7 �FE 7 LG+0&�2?& 7 &	SG+-LT+-C j�U6LGCD$�Û9?2:SGC 7 S-�Ó£>+02 L = (I, J,K, t)

+02:&�+d£>Ü�LP$r;o(�+ 7 &�84SG+-2?+-&
A = (A, (Ri|i ∈ I), (fj|j ∈ J), (ck|k ∈ K)) 7 &�8

A
′ = (A′, (R′i|i ∈ I), (f

′
j|j ∈ J), (c′k|k ∈ K))

L
Û�£qEGL 7 �fE 7 LG+-&��
�s f¡`µ\¢O£�¢�¤,µ ¨n?�§l¾ l!2?+N£qEPL 7 �fE 7 L A 2:S�E`+-2?&�+ ® ½ ¼ ´�£#µ8½\¸�£#½�µ�=6U6& A

′ a�*	.0/��
A
′ +02:&	+Vû ¼  0µ�´0£#µ8½^¸«¶£�½3µ�=6U'&

A
e�Q	N�$'9:9?SR562?9?E-k
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a¬2Oe
A ⊆ A′ áa�2?2Oe
∀ i ∈ I Ri = R′i ∩ A

t(i) áa¬2:2?2ée
∀ j ∈ J fj = f ′j � At(j) áa¬2?=	e
∀ k ∈ K ck = c′k

�
à�&�8�2:+0SG+-C j±$'9?9>ST;o(	LG+-2?*,+-&�/�2:L

A ⊆ A
′ �6lº$i8	2:+N£ 7 *�STEGL 7 �fE 7 L A 8 7 LT;o( A 7 &�8�2?(�LG+k-\LPÚ'56+0LGCp+-&	56+

A
+-2?&�8�+ 7 EP2:5"N¬+-STEG56+-9?+-5'E�2:S�EÇQ��'�'&�&�+-&4/�2?L�$ 7 ;<(n8�+���&�2?+-LT+-&�k A = A

′ � A
�

�s f¡`µ\¢O£�¢�¤,µ ¨n?�§7m @B2:&	+4j 7 &	�FEG2:U6& h:A → A′
(�+02:�'Eýün¤,¯%¤,¯%¤Zµ2�Ù®\¢�´Ç¯:½\´t=6U'&

A
&�$r;o(

A
′ QN�$'9?9?S�N¬U69:5'+-&�8	+-S�5'2:9?E-k

a¬2Oe
∀ i ∈ I ∀~x ∈ At(i) (Ri~x −→ R′ih(~x)) áa�2?2Oe
∀ j ∈ J ∀~x ∈ At(j) h(fj(~x)) = f ′j(h(~x))

Q�8��È(���Q�8�$'SÐl!2:$'56LP$rCDC

A × · · · × A
fj

→ Ayh . . .
yh

yh

A′ × · · · × A′
f ′

j

→ A′

�'U6CpC 7 EG2:+-L�E áa¬2:2?2ée
∀ k ∈ K h(ck) = c′k

�
#�2?L�SG;<(�LT+-2:*,+0&n2:&�8�2?+-ST+-C j±$'9?9

h: A→ A
′ �

¡�+-$';<(FEG+-& £>2:+rQ18�$r�%/�2:LD2?&�U'*�2:56+0Ltl!+���&�2?EG2:U6&©& 7 LDN¬U6LG8	+-LG&�Q18�$'�W2?&©8�+-L�Ø�LT*�2:9?8�STEGL 7 �fE 7 LD*,+�ÛS�EP+-(	+-&�8�+Éó�+-9:$rEP2?U6&�+0&�*,+�/R$'(�L�Eº/�+0LG8�+0&AC"M�SGST+-& á &	2:;<(FE!*,+-STEG+-(�+0&�8�+Ñó�+-9:$rEP2?U6&	+-&�C"M�STSG+0&A&	2:;<(FE
7 &F*,+-8�2?&�5'E"*,+0/R$r(�LTE�/1+-LT8�+-&��Blx�È(���Q`562?9?E Ri~x

SGUK562?9?Ex$ 7 ;<( R′ih(~x) á /�+-&�& Ri~x ��~ Ô zq� 562?9?E-Q^SGU��$'&�&�$r*,+-L�8 7 LG;<(�$ 7 S R′ih(~x) 56+-9�EP+-&��
�s f¡`µ\¢O£�¢�¤,µ ¨n?�§7 @B2:&	+Rj 7 &��fEP2:U'& h (�+02:�'E>�i¢�µ ¼  f£Ç£�½\µ\ª�=6U6& A

2:&
A
′ Q�N�$'9?9:S�N¬U69?56+-&�8	+1h 7 SGSP$r56+-&56+09?EG+-&�k

a¬2Oe
h: A→ A

′ áa�2?2Oe
h
2:S�E�2:&��T+0�fEP2?= áa¬2:2?2ée
∀ i ∈ I ∀~x ∈ At(i) (Ri~x ←→ R′ih(~x))

�
à�&48�2?+-SG+0C j±$'9:9mSG;<(�LG+02:*,+-&4/�2?L

h: A ↪→ A
′ �

�s f¡`µ\¢O£�¢�¤,µ ¨n?�§é¥ @B2:&	+nj 7 &��fEP2?U6& h (�+02:�'E:Ó0´-¤,¯%¤Zµ2�Ù®\¢�´Ç¯:½Z´�=6U6&
A
$ 7 N A′ Q`N�$'9?9:S"N¬U69?56+0&�8�+h 7 SGSG$'56+0&�56+09?EG+-&�ka¬2Oe

h: A ↪→ A
′ áa�2?2Oe

h
2:S�E�*�2ô�T+0�fEP2?=,�

à�&�8�2?+-ST+-C j±$'9?9>ST;o(�LT+-2?*,+-&�/�2?L
h: A ∼= A

′ 7 &	8pSG$'56+0&�Q A 2?STE�¢�´-¤,¯%¤Zµ2�Ù®4. 7 A
′ �6l!2?+�£q;o(�LT+-2?*F/�+02:ST+

A ∼= A
′ *,+08�+ 7 EP+'Q±8�$'��+-S�+-2?&�+-&�à�SGU'CDU'LGÜ�(�2?SGC 7 SR='U6& A

$ 7 N A′ 562:*	E-�
÷^Ú'�rE�SG2:;<(�+02:&�+j£qEPL 7 �fE 7 L A 2?&n+-2:&	+�£qEGL 7 �fE 7 L A′ +02:&F*,+0EGEG+-&�Q,STUt��$'&�&�Ct$r& A

$'9?SR£ 7 *	STEPL 7 �fE 7 L=6U'&
A
′ $ 7 p�$'SGSG+0&��mçi+-&�$ 7 +-L�5'2:9?E-k
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® ²	£#¯%¨=?�§76#" Êº�qy�ÂÃ��y h: A ↪→ A
′ Ó\&�}'��� ~:Ê�� A′′ :≡ ran(h) d	{�)I�qy�{"y�~O��y�{ $ u�|�Ê���{ouFw���uq{ A′′ Ñ'Æ��

A
′ +�u>�,��y<Ê!�'~OÂÃ� h: A ∼= A

′′ Óã�ßc¹�ß±áOä6� jÙM	L
i ∈ I

ST+-2
R′′i :≡ R′i ∩ (A′′)t(i)

�D£>+-2
j ∈ J

�ÙjÙM�L
~y = h(~x) ∈ (A′′)t(j)

a�Cp2?E
~x ∈ At(j)

e�2?STE
f ′j(~y) = f ′j(h(~x)) = h(fj(~x)) ∈ A

′′ Q,STUt8�$r� f ′′j :≡ f ′j � (A′′)t(j)
+-2?&�+�j 7 &��fEP2?U6&

(A′′)t(j) → A′′
8�+0��&�2:+0LTEÇ��lº$4$ 7 �6+0LG8�+0C c′k = h(ck) ∈ A

′′ N¬M�L k ∈ K 562?9?E-Qm2:STE�8 7 LG;<( A
′′ :≡

(A′′, (R′′i |i ∈ I), (f ′′j |j ∈ J), (c′k|k ∈ K), t)
+-2?&�+f£qEPL 7 �fE 7 Lx8�+���&�2?+-L�EÇ�Zh 7 Sx8�+0&�l!+���&�2�EP2:U'&�+-&N¬U69?5'E
SGU'N¬U'LTEÇQq8�$'�

A
′′ +-2?&�+�£ 7 *�S�EPL 7 �FE 7 L�=6U6& A

′ 2?STE-�	3�$'&t=6+0LG2���.-2?+-L�ER& 7 &�9:+02:;<(FE-Qq8�$'� h: A ∼= A
′′562?9?E-� ãi@�l

�'ù��?ä ����� �éç]N�����������Tm�����Næ��!�Ð�
#J+-&	&

A
+02:&�+p2:C N¬U69?56+-&	8�+-& N¬+-S�EP56+0(�$'9�EP+-&	+

L
Û�£qEGL 7 �fE 7 L�2?STEÇQ�SGU�2?STE�8�$rCD2�E�N¬+0STEP5'+-9:+05'EÇQ�/�2?+D8	2:+ó�+-9:$rEP2?U6&�S�Û<QIj 7 &��fEG2:U6&�S�Û 7 &�8�ð�U'&�STE<$r&FEG+-&�S�è>C"*,U69?+12?&

A
2?&FEP+0LGÜ�LT+0EG2:+-L�E\/1+-LT8�+-&���#J+-&	&". 7 SPÚrEG.-9:2?;o(N¬+0STEP5'+-9?+-5'E�2?STE-Q�/�2?+p8�2?+�Ý
$'LT2é$'*	9:+0& 2:&

A
2?&FEP+0LGÜ�LT+0EG2:+-L�E�/�+0LG8�+0&�QZ�'�6&	&�+-&W$'9:9?+

L
Û�-Z+0LGCp+ 7 &�8 L Ûj�U6LTCD+09:&�2?&

A
2:&fEP+-LTÜ�LG+�EP2?+-LTE�/�+-LT8�+-&��'l!2?+-ST+ëà�&FEG+-LGÜ	LG+0EP$rEP2?U6&�STEP+09:9�E\8�$rS\N 7 &	8�$'Cp+-&fE<$'9?+i¡�2?&�8�+-5'9:2?+-8.�/�2:ST;o(�+0&Ð£qèq&fE<$8ß 7 &�8¥£>+-CD$'&fEP2?�t8�$rL-�

�s f¡`µ\¢O£�¢�¤,µ ¨n?�§79 #�2?L�8�+���&�2:+0LG+0&�k
β
2:STE�+02:&�+M·" q«� Fªp½Zµ^ªW¢�µ

A :≡ β: {vn |n < ω} → A
�

#�2?LR�yß>2:+0LG+0&n& 7 &n+02:&�+i*,+-9?2:+-*	2:56+�¡1+-9:+05 7 &	5 β 2?& A
�

�s f¡`µ\¢O£�¢�¤,µ ¨n?�§�¨=? £>+02
s ∈ Tm(L)

+-2?& *m+09:2?+-*�2?56+-L�-Z+0LGC4��l!+���&�2?+-LG+"LG+-� 7 LTSG2�= 8	2:+þÓ-µ,£I 0µ2�Pµ� x¶£I²>£�¢�¤,µ ¹,¤,µ
s
¢�µ

A
½Zµ,£I 0µ�¶\ 0µf·" q«� Fªp½Zµ^ª

β
Q
sA [β]
Q	/�2:+ºN¬U69?5'EÇk

a¬2Oe
vA

n [β] :≡ β(vn) áa�2?2Oe
cAk [β] :≡ ck

�
a¬2:2?2ée

(fjs(0) . . . s(t(j)− 1))A [β] :≡ fj(s(0)
A [β] , . . . , s(t(j)− 1)A [β])

�
@B2:&þ-\+0LGC /�2:LT8"$'9:STU!2:&

A
8�+0LP$rLTE`2?&FEG+-LTÜ�LG+�EP2:+0LTEÇQ�8�$'���T+-8�+0SBj 7 &��fEP2?U6&�S�Û�*�.�/��xð�U6&	STE<$r&FEP+0&�STèqC"*,U698 7 LG;<(�8�2?+D�'U6LGLT+-STÜ,U6&�8�2?+-LG+0&�8�+sj 7 &��fEP2?U6&%*�.�/��Dð�U'&�STEP$'&FEG+D=6U6&

A
+0LGST+0EP.�E 7 &�84�T+-8	+tÝ�$'LG2:$'*�9?+Cp2?E
8	+-C 8 7 LG;<( β *,+-S�EP2:CpCxEP+0&t@B9:+-Cp+-&fE1=6U'& A a×$r9:STU β(vn)

N¬M	L18�2:+�Ý
$'LT2é$'*�9?+
vn
e�*,+-9?+-5rE1/�2:LT8��ØÐC¾. 7 8�+0��&	2:+0LG+-&�Q�/�2?+�+-2?&�+�j±U'LGCp+-9 ϕ 2:&K+-2?&�+-Ld£qEGL 7 �fE 7 L A

2?&FEP+0LGÜ�LT+0EG2:+-L�Eº/�2:LG8�Q�C"M�SGST+-&A/�2:LCpUq8�2���.-2?+-LTEG+�¡�+-9?+-5 7 &�56+0&n+02:&	N¬M	(�LG+0&��
�s f¡`µ\¢O£�¢�¤,µ ¨n?�§�¨±¨�£>+02

β
+-2?&�+d¡�+09:+05 7 &�5�2:& A

Q
a ∈ A 7 &�8 n < ω

��lº$'&�&4SG+02
β a
vn

8�2:+i8 7 LG;<(

β
a

vn
(vm) :≡

{
β(vm),

N�$'9?9:S
m 6= n

a,
N�$'9?9:S

m = n
Q

8�+���&�2?+-L�EP+d¡�+-9?+-5 7 &�5p2?& A
�

l!2?+j¡�+09:+05 7 &�5 β a
vn
7 &fEP+0LGSG;<(�+02:8�+�EiSG2?;o( $'9?SGUp=6U6& β & 7 L�8�$r8 7 LG;<(�Qm8�$'SGS!8	2:+�Ý�$'LG2:$'*�9?+ vn 8 7 LG;<(

a
*,+-9?+-5'E�/�2:LT8��
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�s f¡`µ\¢O£�¢�¤,µ ¨n?�§�¨q¼Ø£>+02
ϕ ∈ Fml(L)

+02:&�+º*,+-9?2:+0*�2:56+
L
Û�j�U'LGCp+-9×�>l!+���&�2:+0LG+iLG+-� 7 LTSG2�=�8�2:+i@B2:5'+-&>ÛST;o(�$�NOE

A |= ϕ[β]
/�2?+iN¬U69?5'EÇk

a¬2Oe
A |= s1 = s2[β] :≡ sA

1 [β] = sA

2 [β] áa�2?2Oe
A |= Ris(0) . . . s(t(i)− 1)[β] :≡ Ri(s(0)

A [β] , . . . , s(t(i)− 1)A [β]) áa¬2:2?2ée
A |= (ϕ1 ∧ ϕ2)[β] :≡ (A |= ϕ1[β] ∧ A |= ϕ2[β]) áa¬2?=	e
A |= ¬ϕ[β] :≡ ¬A |= ϕ[β] áa¬=	e
A |= ∀vnϕ[β] :≡ ∀a ∈ A A |= ϕ[β a

vn
]
�

#�2?L�SG$'56+-&48�$r&�&�k
A
 0µ2�ÅZZ«�«O£

ϕ
½\µm£I 0µ

β
Uq8�+-L

ϕ
ªm¢�«¬£�¢×µ

A
½Zµ,£I 0µ

β
Uq8�+-L

A
2:S�E�+-2?&4· ¤�¶^ q«×«¹,¤,µ

ϕ
½Zµ,£I 0µ

β
�

5�$';<(�8�+0LxU6*�2:5'+-&Wj�U6LGCD$'9?2�SG2?+0L 7 &�5n2?STE A |= ϕ[β]
+-2?&�+

∈
Û�j�U6LTCD+09�CD2�E�8�+0& ïÙ$'LG$'Cp+0EP+0LG&

A
Q
ϕ7 &	8 β �±l!2?+dó�+-9:$rEP2?U6&

|=
*,+0.-+-2?;<(�&�+0E�CD$'&4$'9?S�·�¤�¶\ q«�« ¼  0¯F¢� q®w½\µ^ªZ�

·" q¢�´��Ù¢¬ q«�¨=?�§�¨<° ¡�+0EGLP$';<(FEG+
A = (R, ∅, (+R|i < 1), 0, {(0, 2)}) 7 &�8

ϕ :≡ ∀v0 + v0v1 = v0)
�
@BSt5'2:9�E

ϕ
2?&

A
*,+-2Ð+02:&�+0L�¡1+-9:+05 7 &�5 β 56+-&�$ 7 8�$'&	&�Q�/�+0&�&�562?9?E

∀a ∈ R a+ β(v1) = a
�\a�l!2:+0S�2:STE�&�$rEPM�LT9:2?;o(s56+0&�$ 7 8�$'&	&n8	+-LÐj±$'9:9×Qq/�+0&�& β(v̇1) = 0

�
#�2?LR=6+-LG$'9?9:56+0CD+02?&�+-LT&�8	2:+�3nUq8�+09:9:*,+0.-2?+-( 7 &�5p$ 7 N`j�U6LTCD+09:C�+-&�5'+-&��
�s f¡`µ\¢O£�¢�¤,µ ¨n?�§�¨
¾ £>+02

Φ ⊆ Fml(L) 7 &�8 β +-2?&�+�¡1+-9?+-5 7 &	5�2?& A
�ml!+0��&	2:+-LT+'k

A |= Φ[β] :≡
∀ϕ ∈ Φ A |= ϕ[β]

�
® ²	£#¯%¨=?�§�¨<m Ì }0Í ��| A |= ϕ[β] �'~OÂÃ�ZÆÇ�qy�{1��~ Ô zq��+mz4)'�q�'����uq{�}f|�Ñ'Æ��t�qy��sy��,�	ÂÃ~ Ô zxÑI~Äy�Â:y��Ë`py�{o��y��

β � fr(ϕ) ÊIÆ_^B~Äyº�qy�� y��±�	ÂÃ~ Ô zDÑI~Äy�Â:y�� å y�Â�}'��~ÄÆ���y�� {Ri | i ∈ I ∧ Ṙi ∈ ran(ϕ)} +B�qy�� y��,�	ÂÃ~ Ô zÑI~Äy�Â:y�� D uq�	w��×~ÄÆ���y�� {fj | j ∈ J ∧ ḟj ∈ ran(ϕ)} u>�,���qy�� y��,�	ÂÃ~ Ô z�ÑI~Äy�Â:y��¢��Æ��	Ê��Ä}'����y��
{ck | k ∈ K ∧ ċk ∈ ran(ϕ)} ÓÌ |�ÍXhPÊ�� ϕ y�~O� L � $ }'�:Ò�+`ÊIÆ�z4)'�q�'�1�'~Äyrÿ�áqÂÃ��~���wfy�~O�1Ñ'Æ�� A |= ϕ[β] ��~ Ô zq��Ñ'Ær� β }f|IÓ

·" q¯% 0µ�¸I½\µ\ª©¨n?�§�¨n lº$'S�9:+�EP.0EG+d÷�+-CpCD$�LT+-;<(FETN¬+-L�EP2:5rEÐ8	2:+ºN¬U69?56+-&�8	+-&¥£q;o(	LG+-2?*F/1+-2:ST+-&�k
a�$fe £>+02

s ∈ Tm(L) 7 &�8 var(s) ⊆ {v0, . . . , vn−1}
�#à�S�EZ8�$'&�&

ai = β(v̇i)
N¬M	L

i < n
QISGU�ST;o(	LG+-2?*,+-&/�2?L

sA [a0, . . . , an−1]
S�E<$rETE

sA [β]
�

a¬*±e £q+-2
ϕ ∈ Fmln(L)

*	.0/��
Φ ⊆ Fmln(L)

�Óà�STE�8�$'&�&
ai = β(v̇i)

N¬M�L
i < n
Q±SGUDSG;<(�LT+-2?*,+-&n/�2:L

A |= ϕ[a0, . . . , an−1]
STEP$rEGE

A |= ϕ[β]
*	.0/��

A |= Φ[a0, . . . , an−1]
STE<$�EGE

A |= Φ[β]
�

a�;Çeôà�C j±$'9?9�+02:&	+-S £>$rEP.0+-S
ϕ
SG;<(�LG+02:*,+0&W/�2:L

A |= ϕ
S�E<$rETE

A |= ϕ[β] 7 &	8WSP$'5'+-&�Q A ¢�´0£  q¢�µ·�¤�¶^ >«�«x¹,¤,µ
ϕ
�Dà�C j±$'9:91+-2?&�+-Lp3n+-&�5'+

Φ
=6U'&

L
Û�£	Ú�EP.-+0& SG;<(�LG+02:*,+0& /�2:L

A |= Φ
STE<$�EGE

A |= Φ[β] 7 &�84SP$r56+-&�Q A ¢×´0£� q¢×µ©·�¤�¶\ q«�«
¹,¤,µ Φ
�

�'ù��IK �����ÜÏYç��������cæ��!�råF����T������Gæ!�!� æ!�VNXMs�Yî
W������ORB�yì
���îê��
l!2?+�9:U6562?SG;<(�+0&­¡�+-56LT27pm+�8�+0L�j�U69:56+0L 7 &	5�Q�8�+0L�-Ù$ 7 EPU69?U6562?+ 7 &	8�8	+-L�#�2:8	+-LGSTÜ�L 7 ;o(�S�N¬LG+02:(�+02?E�9:$'SGST+-&ST2:;<(4& 7 &4Cp2?EÊ¤Ð2:9�N¬+º8�+0LÐ+02:&�5'+0N¬M�(�L�EP+0&¢£q+-CD$'&FEG2:�D8�+0��&�2:+0LG+-&�k
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�s f¡`µ\¢O£�¢�¤,µ ¨n?�§�¨	¥ £>+02
Φ ⊆ Fml(L) 7 &�8 ϕ ∈ Fml(L)

�	#�2:L�8	+0��&	2:+-LT+-&�k
Φ |= ϕ :≡ ∀A∀β ((A

2:S�E
L
Û�£FEPL 7 �FE 7 L ∧ β 2:S�E�¡�+09:+-5 7 &�5p2?& A ∧ A |= Φ[β]) −→ A |= ϕ[β]).

çi2:9�E
Φ |= ϕ

Q�SGUpSP$r56+-&�/�2:L
Φ
¢�¯Ý�Ù«�¢v¯F¢O 0µI£

ϕ
Uq8�+0LÐ$ 7 ;<( ϕ � ¤,«¬ª±£�²Ó½\´

Φ
�

�s f¡`µ\¢O£�¢�¤,µ ¨n?�§�¨n6 jÙM�L
ϕ, ϕ1, . . . , ϕn ∈ Fml(L)

8�+0��&�2:+0LG+rk
ϕ1, . . . , ϕn |= ϕ :≡ {ϕ1, . . . , ϕn} |=

ϕ
�
�s f¡`µ\¢O£�¢�¤,µ ¨n?�§�¨n9 jÙM�L

ϕ, ψ ∈ Fml(L)
8�+���&�2?+-LT+'k

ϕ, ψ
SG2:&	8D°�òs½Z¢O¹�²�«� qµm£

:≡ (ϕ |= ψ ∧ ψ |=
ϕ)
�
@B2:&	+�@B2:5'+-&�ST;o(�$�NOEÐ2:STE�+02:&	+S-Z$ 7 EPU'9:U65'2:+ºUq8	+-LÐ$'9?9:5'+-Cp+02?&�56M�9 EP2�5�Qq/�+0&�&nSG2:+iSTEG+0EPS�. 7 EGLG27p,EÇk
�s f¡`µ\¢O£�¢�¤,µ ¨n?�§?¼�?�jÙM�L

ϕ ∈ Fml(L)
8�+���&�2?+-LG+rk

ϕ
2:STEÙ²�«×«¬ª± q¯% q¢�µ^ªeZ\«O£I¢¬ª

:≡ |= ϕ :≡ ∅ |= ϕ
�

�s f¡`µ\¢O£�¢�¤,µ ¨n?�§?¼�¨�£>+02
Φ ⊆ Fml(L)

��#�2?L�8�+���&�2:+0LG+0&�k
Φ
2:S�E� 0µ2�ÅZ\«×« ¼ ²cµ

:≡ Erf(Φ) :≡ ∃A∃β (A
2:STE

L
Û�£qEGL 7 �fE 7 L ∧ β

2:STE�¡�+09:+05 7 &�5�2:& A ∧ A |=
Φ[β])
�

�s f¡`µ\¢O£�¢�¤,µ ¨n?�§?¼±¼Ø£>+02
Φ ⊆ Fml(L)

��#�2?Lº8�+���&�2:+0LG+0&�k
Φ
2:S�E�Át¢�¶\ 0µ�´���µ8½Z­�®\´��?µ� q¢

:≡ ¬Φ |=
¬̇v̇0

.
= v̇0

�
»� q¯W¯%² ¨=?^§?¼Z°#" Ê!�'~OÂÃ�ÄË Φ |= ϕ ←→ ¬ Erf(Φ ∪ {¬̇ϕ}) Ó $ Ì�yGÒ-~Äy�ÂOÂ�Ë |= ϕ ←→ ¬ Erf(¬̇ϕ) Óã�ßc¹�ß±áOä6�n. 7 � ⇒�o��@BS�56+09?EP+ Φ |= ϕ

��h!&�5'+-&�U6CpCp+-&�Q
Φ ∪ {¬̇ϕ}

(�$rE�+-2?&n3nUq8�+09:9
A 7 &FEG+-L�+02:&�+0L¡�+09:+05 7 &�5 β ��lº$'&	&4562?9?E A |= ¬̇ϕ[β]

Q�$'9?SGU
¬A |= ϕ[β]

��h 7 �6+0LG8�+0C 562?9?E A |= Φ[β]
Q>/R$'SR/�+-5'+-&

Φ |= ϕ
$ 7 N A |= ϕ[β]

N¬M	(�LTE-�\h!9?SGUn562?9?E
(A |= ϕ[β] ∧ ¬A |= ϕ[β])

Q\+02:& #�2:8�+0LGSGÜ	L 7 ;<(��Ùl!2?+3n+0&�56+
Φ ∪ {¬̇ϕ}

��$'&	&�$'9?SGU�&	2:;<(FE�+-L�N¬M�9:9?*�$'LRST+-2?&��
. 7 � ⇐ �<��@BSi5'+-9�EP+ ¬Φ |= ϕ

��lº$r&�&A+'ß	2?STEG2:+-L�Eº+-2:&	+
L
Ût£qEPL 7 �fE 7 L A 7 &�8A+02:&�+�¡�+-9?+-5 7 &�5 β 2?& A

QSTUs8�$r�
A |= Φ[β] 7 &	8 ¬A |= ϕ[β]

56+-9�EP+-&��s÷�+0EG.0EP+0LG+0Si2:STE!569?+-2?;o(f/�+-L�EP2?5tCp2?E
A |= ¬̇ϕ[β]

Q�$'9:STU
A |= Φ ∪ {¬̇ϕ}[β]

Q�8��ð(���Q
Erf(Φ ∪ {¬̇ϕ})

�
lº$rCD2�E�2:S�E�8�$'S�÷�+-CpCt$"*,+�/�2:+-ST+-&�� ãi@�l
¤Ð2:+0LP$ 7 S�9éÚ'STSTE�SG2?;o(4*,+02�#W$r(�9�=6U6& ϕ = ¬̇v̇0

.
= v̇0

SGUrN¬U6LTE�N¬U69?56+-LT&�k
® ²	£#¯%¨=?�§?¼Ó¾

Φ ~:Ê��|^B~��qy�{PÊÅÌ,{�u Ô zfÊ¬Åo{Py�~!+\�f��^
Ó Φ y�{OÅ�á>ÂOÂ�|<}'{i~:Ê�� Ó
à�&J8�+-L�CD$rEP(	+-CD$rEP2?SG;<(�+0&b÷�U65'2:�n/�2:LG8 56+-.0+-2?5'EÇQ�8�$'STS�8�2?+p(�2?+-L�+-2?&�56+�N¬M�(�LTEG+-&b¡�+-5'LG27pm+�.0/�2?SG;<(�+-&S�è>&fE<$'�fEG2:SG;<(�+0&A@�&fEP2�E<ÚrEG+-& $ 7 ;o( $ 7 NBLT+-2:&nSTèq&fE<$'�fEP2?SG;<(�+-C #%+05�8	+0��&�2?+-L�E�/�+-LT8�+-& �'�6&�&�+0&�k�3�$'&N¬M�(	LTE�+-2?&�+-& Éi|-Â:y�~O��u>�q��Ê<w'}'Âúw_áqÂ +-2?&�QÙ8�+0L�STèq&fE<$'�fEP2?SG;<(�$ 7 N L Û�j�U6LGCp+-9?&%U6Ü,+0LG2:+0LTE-�B3�$'&�8	+0��&	2:+-L�E
Φ ` ϕ

Q\N�$'9?9:S�SG2:;<(
ϕ
2:C h!*�9?+-2�E 7 &	56SG��$r9:�FM�9�$ 7 S Φ

+-LG.0+ 7 56+-&�9éÚ'STSTEÇ�Ù@B2?&�+sj�U'LGCp+-9:C�+-&�5'+ Φ
2?STE

wfÆ��	Ê�~:Ê���y���� QqN�$r9:9?S�ST2:;<(s8�$'SVD }'ÂúÊ�u>v ¬v0 = v1

&�2:;<(FE�$ 7 S Φ $'*�9:+02?EG+-&�9éÚrSGSTE-�yà�C çi�q8�+-9?SG;<(�+-&sÝBU69:9 ÛS�E<Ú'&�8	2:56�'+02?EGSGSP$�EP.'QZ8	+-L"$'9:Sxj 7 &	8�$'Cp+-&fE<$'9?SP$rEG.D8�+0L"CD$rEP(	+-CD$rEP2?ST;o(�+0& ÷�U65'2:�A$ 7 N¬56+�N�$'SGS�Ex/�+-LT8�+-&��$'&�&�Q^/�2:LG8%*,+�/�2:+0SG+0&�QÙ8�$'STSx8�2:+\óÐ+09é$rEG2:U'&�+-&
|= 7 &�8 ` M�*,+-LT+-2?&�STEG2:CpCD+0&��\lº$rLP$ 7 S�N¬U69:5rEÇQ�8�$'STS+02:&�+;-�(�+-U'LG2:+i+-LTN¬M	9:9:*�$'LR2?STEÇQ�5'8	/���SG2?+�S�è>&fE<$'�fEG2:SG;<(n�'U6&�ST2:STEG+-&fE�2:S�EÇ�
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�'ù��L� ÍK�!�IçB�������þP��éç�N!�����îì���Rrå<åq��� æ!�VNXÃ����tç¥Î ���Yå��Nå0ê>�'Î ���
à�&�=q2:+09:+-&¢¡�+-LT+-2?;o(�+0&K8�+-Li3�$rEG(�+-CD$rEG2:� 7 &FEG+-LGS 7 ;<(FE�CD$'&Ð£qEGL 7 �fE 7 LG+0&ACp2?E�56+�/�2:STSG+0&A56+0CD+02:&�SG$�ÛCp+-&AçiL 7 &�8�+-2?56+-&	SG;<(�$rNOEP+0&���3�$r& 7 &fEP+0LGS 7 ;o(fE�+0E�/R$s$r9:9:+�9?2:&	+Ç$'LT+-&ÐòºLG8�& 7 &�56+0&KUq8�+-Lº$'9?9:+xçiL 7 ÜqÛÜ,+0&�Uq8�+0L�$'9?9:+�ð��6LGÜ,+0L 7 ST/��m@BSÐ(�$'&	8�+-9�EÐSG2:;<(��T+�/�+-2?9:S 7 C 8�2?+�h!&�$r9?èqSG+�8�+0L!3nUq8�+09:9?�q9:$'SGST+�+-2?&�+-L56+�/�2:STSG+0&¾-�(	+-U6LT2:+'k
�s f¡`µ\¢O£�¢�¤,µ ¨n?�§?¼sm}�'+-8	+�+-L�N¬M�9:9?*�$'LG+�34+-&�56+

Φ ⊆ Fml0(L)
(	+-2:�rE�a

L
Û�e�Ù�®\ F¤Zµ�¢� ±�

à�Cé¤Ð2:&q*	9:2?;o�%$ 7 N!8�$'SDç��q8�+09:ST;o(�+�ó�+-S 7 9?EP$rEpM	*,+-Lp8�2?+ {Py�Â�}'��~OÑ'y·��Æ��	Ê�~:Ê���y��qÒ =6U6& ¿BÀ ³ . 7¦¿�ÀCD$';<(�+-&�/�2?L�CD2�EÊ¤Ð2:9�N¬+º8�+-L�+02:&�56+�N¬M�(�L�EP+-&¥£>+0Ct$r&FEG2:�pN¬U69:56+0&�8�+�l!+���&�2�EP2:U'&�k
�s f¡`µ\¢O£�¢�¤,µ ¨n?�§?¼s Ø£>+02:+-&

Φ 7 &�8 Ψ
-�(�+-U6LT2:+0&��Ùlº$'&	&�2:S�E

Φ
µ� q«�²>£�¢¬¹ ¸±¤,µ\´Ç¢×´�£I qµm£�*,+-.0M�569:2?;<(

Ψ
Q	N�$'9:9?SR8	2:+�@BLTN¬M�9?9:*�$'LT�'+-2�ER=6U6&

Ψ
8�2?+�@�L�N¬M�9:9?*�$'LT�'+-2�ER=6U6&

Φ
2:CpÜ�9?2?.02?+-L�EÇ�

ØÐ&�SÙ2?&FEP+0LG+0SGSG2?+-LT+-&"2?&�8�+-LÙ$8ß>2:U'Ct$rEG2?ST;o(�+0&�34+-&�56+0&�9:+0(�LG+�*,+0SGU6&	8�+-LTS`8�2:+|-�(�+-U'LG2:+0& ¿�ÀW7 &�8 ¿BÀ ³t�l!2?+-ST+�9:$'SGST+-&4SG2?;o(42?&�&�+0LG(�$'9?*�8�+0L.-�(�+-U'LG2:+ ¿�À SG+09:*�S�EÐN¬U'LGCD$'9?2?ST2?+-LG+0&��
�'ù���ë M����!�ÜÏYçB��ÎlR����tå>�����yæ!�!� �rç�� Æ�Ï ��� Æ�Ï �
#�2?LÙ*,+�EPLP$r;o(fEP+0&na�2:&

V
eZ8	2:+N£>Ü	LP$';<(�+

L(∈̇) :≡ ({0}, ∅, ∅, {(0, 2)})
Q'8�2?+�56+-&�$ 7 +-2?&".0/�+02:STEG+-9?9:2?56+-Só�+-9:$rEP2?U6&�STSTèqC"*,U69

Ṙ0
*,+-ST2?EP.�EÇQ'8�$'SÙ/�2?L`Cp2?E

∈̇
*,+0.-+02:;<(�&�+0&��6#�2:LÙST+0EG.-+-&

Fml(∈̇) :≡ Fml(L(∈̇))
�ê 7 L�j�+0STEP9?+-5 7 &�5�+02:&�+0L L(∈̇)

Û�£FEPL 7 �fE 7 L�56+0&qM�5'+-&}-\LPÚ'5'+-LTCD+0&�56+ 7 &	8�8�2?+bà�&fEP+0LGÜ�LT+0E<$�EP2:U'& 8�+0S.�/�+-2?STEG+-9:9?2:5'+-& ó�+-9:$rEG2:U6&	SGSTèqC"*,U69?S-Q\/�2?L�STÜ�LG+0;o(	+-&�(�2:+0L�$ 7 ;o(�=6U6& ∈̇ Û�£qEGL 7 �fE 7 LG+-&��`#�2?L"*,+-.-+02:;<(>Û&�+0&
∈̇
Ût£qEPL 7 �fE 7 LT+-&�=6+0LG+-2?&	N�$';<(�+0&�8�Cp2?E M = (M,E)

Q>U'(�&�+!.0/�2:ST;o(	+-&­£qEGL 7 �fE 7 L 7 &�8·-ZLGÚ'56+0L�. 77 &fEP+0LGSG;<(�+02:8�+0& á 8�$r*,+-2�2:S�E E 8�2?+�à�&fEP+-LTÜ�LG+�E<$rEG2:U6&�=6U6&
∈̇
��@B2?&s/�2?;o(fEP2?56+-LÊ£qÜ,+-.-2:$'9?N�$r9:9,2?STE�8�$'8 7 LG;<(56+056+0*,+-&�Q±8�$'SGS

E
8�2?+�@B2?&�SG;<(�LPÚr&�� 7 &�5D8�+0L ∈ Ûtó�+-9:$rEP2?U'&�$ 7 N M 2:S�EÇk

�s f¡`µ\¢O£�¢�¤,µ ¨n?�§?¼m¥ Ø�&fEP+0L�+02:&�+0L
∈
Ût£qEPL 7 �FE 7 L4a�U'(�&�+[ï 7 &��fE��úex=6+-LGS�EP+0(�+-&�/�2?LÉ£qEPL 7 �fE 7 LT+-& 8�+-Lj�U6LTC

M = (M,∈� M)
�	#�2:L�ST;<(�LG+02:*,+-&n(�2?+-L�N¬M�L�$ 7 ;<(4� 7 LG. M = (M,∈)

�
»� q¯W¯%² ¨=?^§?¼s6#" Ê!�'~OÂÃ� ZF ` Fml(∈̇) ⊆ Vω Óã�ßc¹�ß±áOä6� @BSÐ2?STE

AL(∈̇) ⊆ ω × ω
� �'+08�+�j�U6LTCD+09

ϕ ∈ Fml(∈̇) = A∗
L(∈̇)

2:S�EÐ$'9?SGU�=6U6&48�+0L�j�U'LGC
ϕ = {(i, (ki, li)) | i < n}

Cp2?E
n, ki, li ∈ ω

�6lº$r&�&�2:S�E
rg((i, (ki, ri))) ∈ ω 7 &�8 rg(ϕ) = lub{rg((i, (ki, ri))) | i < n} < ω

�h�9:SGU�2?STE
Fml(L(∈̇)) ⊆ Vω

� ãi@�l
#�2?L�U6LT8�&�+-&4& 7 &��T+08�+-L ∈ Û�j±U'LGCp+-9 ϕ +-2?&�+�3n+0&�56+ pϕq ∈ Fml(∈̇)

. 7 �
�s f¡`µ\¢O£�¢�¤,µ ¨n?�§?¼s9Ø£>+02

ϕ
+-2?&�+

∈
Û�j�U6LTCD+09×��#�2:L�8	+0��&�2?+-LT+-&W8	2:+��	� wku�
 ¶P·  qµ^ª±  pϕq

=6U6&
ϕ8 7 LG;<(¥ó�+-� 7 LGST2:U6&4M�*,+0LÐ8	+-&nh 7 N¬*�$ 7 =6U'& ϕ ka¬2Oe

pvi = vjq :≡ v̇i
.
= v̇j áa�2?2Oe

pvi ∈ vjq :≡ v̇i∈̇v̇j á
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a¬2:2?2ée
p(ϕ ∧ ψ)q :≡ (̇pϕq∧̇pψq)̇ áa¬2?=	e
p¬ϕq :≡ ¬̇pϕq áa¬=	e
p∀viϕq :≡ ∀̇v̇ipϕq

�
à�S�E

Φ
+-2?&�+��'U6&��FLG+�E�=6U6LT56+-5'+-*,+-&	+'Q,+-&	8�9:2?;o(	+d÷^2?STEG+i=6U6&

∈
Û�j�U6LGCp+-9?&

ϕ0, . . . , ϕn−1

Q�STUD8�+���&�2:+0LG+0&/�2?L
pΦq :≡ {pϕ0q, . . . , pϕn−1q}

�
·" q¯% 0µ�¸I½\µ\ª©¨n?�§±°�? a×$fe a¬2Oe 7 &�8Ja�2?2Oe�2?&s8	+-L�U6*	2:56+0&�l!+���&�2�EP2:U'&sC"M��rEP+-&s+'ß	$'�fE pvi = vjq :≡

v̇ı̃
.
= v̇̃ 7 &�8 pvi ∈ vjq :≡ v̇ı̃∈̇v̇̃

9:$ 7 EP+0&�Qq8�$ ñ 8�2:+!j�U6LTCt$r9?2?ST2:+0L 7 &	5�8�+-L�Cp+0EP$'SGÜ�LG$';<(�9:2?;o(	+-&&�$�EPM�LT9:2:;<(�+0&nê�$'(�9
n
2?&
V
2:STE-� å
�

a¬*±eôà�S�E
ϕ
+-2?&�+
∈
Û�j�U6LTCD+09×Q>SGUp2:S�E

pϕq
+-2:&�ði9é$rSGSG+0&FEG+-LGC 8	+-LÐj�U6LGC

{(0̃, (ı̃0, ̃0)), . . . , (ñ− 1, (ı̃n−1, ̃n−1))},/�U'*,+-2
n 7 &�8 ik, jk N¬M	L k < n

�'U6&��FLG+�E�56+056+-*,+0&�+na�Cp+0E<$rSGÜ�LG$';o(	9:2:;<(�+Çe�&�$�EPM�LG9?2:;<(�+�ê�$'(�9?+-&ST2:&�8��ql!2:+0S1*m+�/�+02:STE�Ct$'&D9?+-2:;<(fE18 7 LT;o(�+02:&�+xa�Cp+0E<$rSGÜ�LG$';o(	9:2?;o(�+�� eKóÐ+0� 7 LGSG2?U6&tM�*,+-L18�+-&�h 7 NéÛ*�$ 7 =6U'& ϕ Q>/�+0&�&4CD$'&Aa×$6e1SGUI/�2:+º8�2?+il!+���&�2�EP2:U'&�+-&�=6U6& v̇k STU�/�2?+ (̇ 7 &�8 )̇
STU�/�2:+

¬̇ 7 &�8 ∧̇7 &	8 ∀̇ *,+Ç$';<(FEG+0E-�,@BSÐ2:S�E rg(pψq) = l̃
Cp2?E

l = maxk=0,...,n−1 max{k, ik + 2, jk + 2}+ 2
�

a�;Çe #�2?LtN�$rSGSG+0&)8�2?+o� 7 &	�FEGU6LG+0& ∨,→,↔ 7 &�8�8�+-&´ã 7 $'&fEPU'L ∃ 2:&�8�+-L�M�*�9?2:;<(�+-&�#J+02:SG+K$'9:Sh�*��FM�LG. 7 &�56+0& $ 7 N 7 &	8n+0LG(�$'9�EP+0&�k
p(ϕ ∨ ψ)q = (̇pϕq∨̇pψq)̇

Q
p(ϕ→ ψ)q = (̇pϕq→̇pψq)̇

Q
p(ϕ↔ ψ)q = (̇pϕq↔̇pψq)̇

Q
p∃viϕq = ∃̇v̇ipϕq

�
a¬8±e #�2?Lº�'�6&	&�+-& &�2:;<(FE�$'LT5 7 Cp+-&fEP2:+0LG+0&�Q�8�$'���T+-8�+0S σ ∈ Fml(L(∈̇))

=6U'& 8�+0L�j±U'LGC
σ = pϕqCp2?E�+02:&�+0L

∈
Û�j±U'LGCp+-9

ϕ
2:S�EÇ�m@Uß	2?STEG2:+-L�Eº.r�-¡���+-2?&

n ∈ ω
Qm8�$'Sº&	2:;<(FE!=6U'&K8�+0Lij�U6LTC

ñ
2?STEÇQ,SGU562?*	E�+-SÐ�'+02:&	+

∈
Û�j�U6LTCD+09

ϕ
Cp2?E

pϕq = v̇n
.
= v̇n
�

3n2�E�¤�2?9?N¬+º8	+-L���ªD¬Ùß±à'Û�3n+0&�56+-&4�'�6&�&	+-&4/�2:L ¿BÀ 2:& ¿�À N¬U6LTCt$r9?2?SG2?+0LG+0&��
�s f¡`µ\¢O£�¢�¤,µ ¨n?�§±°�¨©#�2:LR8�+0��&�2:+0LG+-&�k
pZFq :≡

{
p(Ex)q, p(Ext)q, p(Paar)q, p

² ⋃ ¶ » ôU¸
q, p(Pot)q, p(Inf)q

}
∪

{
∀̇v̇1 . . . ∀̇v̇n∀̇v̇n+1∃̇v̇n+2∀̇v̇0(̇v̇0∈̇v̇n+2↔̇(̇v̇0∈̇v̇n+1 ∧̇ϕ)̇)̇

∣∣∣ n < ω ∧ ϕ ∈ Fmln+1(L(∈̇))
}
∪

{
∀̇v̇2 . . . ∀̇v̇n+1(̇∀̇v̇0∀̇v̇n+2∀̇v̇n+3(̇(̇ϕ

v̇n+2

v̇1

∧̇ϕ
v̇n+3

v̇1

)̇ →̇ v̇n+2 = v̇n+3)̇

˙−→∀̇v̇n+2∃̇v̇n+3∀̇v̇1(̇v̇1∈̇v̇n+3↔̇∃̇v̇0(̇v̇0∈̇v̇n+2 ∧̇ϕ)̇)̇
∣∣∣

n < ω ∧ ϕ ∈ Fmln+2(L(∈̇)) ∧̇ {v̇n+2, v̇n+3} ∩ var(ϕ) = ∅
}
∪

{
∀̇v̇1 . . . ∀v̇n(̇∃̇v̇0ϕ →̇ ∃̇v̇0(̇ϕ ∧̇ ∀̇v̇n+1(̇v̇n+1∈̇v̇0→̇¬̇ϕ

v̇n+1

v̇0

)̇)̇)̇
∣∣∣

n < ω ∧ ϕ ∈ Fmln+1(L(∈̇)) ∧ v̇n+1 /∈ var(ϕ)
}
.

ü�����5
ñ
í�îúï�ñ�ï1óIórø
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@BSÐ+0LG562?*	E�ST2:;<(4SGUrN¬U6LTE-k
»� q¯W¯%² ¨=?^§±°±¼ h<Ê�� ϕ y�~O��¿�ÀU��É�Ö6~ÄÆ�vþ+�ÊIÆ��'~OÂÃ� ZF ` pϕq ∈ pZFq Ó D y�{o��y�{B�'~OÂÃ� ZF ` pZFq ⊆
Fml0(L(∈̇)) Ó
õ�õ � þzûÑô��Lø��¸øÑþZöÞ°Mù! Øþàù �þ±Øù ¹ ±�ö�º þzûÑù�ÿ
#�2?L�SG+�EP.0+-&�2?&�8�2:+0SG+0C ð�$rÜ�2?EG+-9 �tSGU'N¬+0LG&4&�2:;<(fEPSÐ$'&	8�+-LT+-SÐ56+0SP$'5'E�/�2:LG8Û��& 7 L.�i· »�=6U6LP$ 7 S-�l!+0LR£	$rEG.i=6U6& çi�q8�+-9�M�*,+-LÐ8	2:+�LT+-9:$rEP2�=6+Mð�U6&�ST2:S�EP+-&	.�8�+-SÐh 7 ST/�$'(�9é$�ß	2?U6CpSR/�2:LG8�8 7 LG;<(nh!&	5f$'*,++02:&�+0L 7 &�2�N¬U6LTCD+0& 3n+�EP(�Uq8�+x*,+�/�2:+-ST+-&�QmCp2?EÐ8	+-L�SG2:;<(��T+-8	+-Si3nUq8�+09:9�=6U6& ¿BÀ 2?&n+-2?&K3nUq8�+09:9�=6U6&¿BÀ ³ EGLP$'&�S�N¬U6LGCp2?+-LG+0&p9:Ú'SGS�EÇ�6#�2?L�8�+���&�2?+-LG+0&t8�$rN¬M	L^£ 7 *�CpUq8�+-9?9:+R=6U6&�3nUq8	+-9:9?+-&�N¬M�L�8�2?+Y£>Ü�LP$r;o(	+8�+0L43n+-&	56+-&�9?+-(�LT+'k�8	+-L*-ZLGÚ'56+0Ls8�+-S�£ 7 *�CpUq8�+09:9:SD/�2?LG8�8 7 LG;<()+02:&�+ ∈ Û�j�U'LGCp+-9�2?&�&�+0LG(�$'9?*¦8�+0SÚ 7 �6+-LT+-&�3nUq8�+09:9:S^8�+0��&�2:+0LTEÇQ�8�2:+ ∈ Ûtó�+-9:$rEP2?U'&�+0SK£ 7 *�CDUq8	+-9:9?S^2:STE\8�2:+1@B2?&�SG;<(�LPÚr&�� 7 &�5º8�+0LÙÚ 7 �6+0LG+-&
∈
Ûtó�+-9é$�EP2?U'& $ 7 NR8	2:+-ST+-&Ë-\LPÚ'5'+-L-�^l!2?+-SG+0S�Ý�+0LTN�$'(�LT+-&J+-LT2:&�&	+-LTE�$'& 56+�/�2:STSG+\ð�U6&�STEGL 7 �fEP2?U6&�+0& =6U6&3nUq8	+-9:9?+-&D8�+-L ��~ Ô zq�L�Gy�uFw�ÂÃ~��'~:Ê Ô z�y�� çi+-U6Cp+�EPLG2?+�$r9:S^£ 7 *�CpUq8�+09:9?+�=6U6&s3nUq8�+09:9:+0&t8�+0L y�ufw�ÂÃ~��'~:Ê Ô z�y��çi+-U6Cp+�EPLG2?+'�>l!2?+M£ 7 *�CDUq8	+-9:9 Ût¡12?9?8 7 &�5�/�2?LG8s8 7 LG;<(vå y�Â�}'�×~OÑI~Äy�{ouq�q�qy�� =6U6&�j�U6LGCp+-9?& 7 &�8*-Z+0LGCp+-&$ 7 N�-\+-LTCD+�LG+-$'9?2:SG2?+-L�EÇ�
�����T� �����Üã©����RDê>���������cæ!��� ���������

∈ " Ï�ç��YÎ ��� RræOît���������
∈ " Í"����Î ��s f¡`µ\¢O£�¢�¤,µ ¨,¨�§�¨�£>+02

W
+-2:&
∈
Û�-\+-LGC 7 &�8 ϕ +02:&	+ ∈ Û�j�U6LGCp+-9×Q�SGU�8�$'� W 7 &�8 ϕ �'+02:&�+`Ý
$'LT2é$'*�9?+-&56+0Cp+-2:&	SP$'C (�$'*,+-&���#¦2:L\8	+0��&�2?+-LT+-&"8	2:+|Õ� q«¬²	£�¢O¹^¢¬ 0µ8½\µ\ª�¹,¤mµ

ϕ
²Ó½'�

W
Q
ϕW
Q�8 7 LG;<(�óÐ+0� 7 LGSG2?U6&M�*,+0LÐ8	+-&�j�U'LGCp+-9é$ 7 N¬*�$ 7 8 7 LT;o(a¬2Oe

(vi ∈ vj)
W :≡ vi ∈ vj áa�2?2Oe

(vi = vj)
W :≡ vi = vj áa¬2:2?2ée

(¬ϕ)W :≡ ¬(ϕ)W áa¬2?=	e
(ϕ ∧ ψ)W :≡ (ϕW ∧ ψW ) áa¬=	e
(∀viϕ)W :≡ ∀vi(vi ∈W → ϕW )

�
l!2?+
∈
Û�j�U'LGCp+-9

ϕW
+0&FEPS�EP+0(FE�$'9?SGU�$ 7 S ϕ QF2?&�8�+-C 8�+0L^÷^$ 7 N¬*,+-LT+-2?;o(��T+08�+0SNã 7 $'&FEGU6LGS
2:& ϕ $ 7 N�8�+0&

∈
ÛÅ-\+-LTC

W
*,+0SG;<(�LPÚ'&	�FEÐ/�2:LG8��Ó¤�2:+0LP$ 7 S�N¬U69?5'E�8 7 LG;<(­à�&�8 7 �fEG2:U6&4M�*,+0LÐ8	+-&nh 7 N¬*�$ 7 =6U'& ϕ k

® ²	£#¯%¨±¨�§?¼@$ y�~ ϕ(v0, . . . , vn−1) y�~O��y ∈ � D Æ�{ovty�Â^uq�,�4�'~Äy$#�}'{o~�}f|-Â:y x wfÆ�v�vty�~O� ϕ ��~ Ô zq��Ñ'Æ�{0Ó&�}'���s�'~OÂÃ�ÄË
x 6= ∅ −→ ∀v0, . . . , vn−1 ∈ x (ϕx(v0, . . . , vn−1)↔ (x,∈) |= pϕq[v0, . . . , vn−1]).

l!2?+�ç�M�9�EP2?56�r+-2?E�+-2:&	+-Li$ 7 N
8�+0& ∈ ÛÅ-\+-LTC W
LG+09é$rEG2?=q2?+-LTEG+-&Kj�U6LTCD+09

ϕW
��$'&	&J$r&�56+-ST2:;<(FEGSi8�2:+0SG+0S

£	$�EP.-+0S"$'9?S"çiM�9�EP2?56�'+02?E�8�+-Lxj�U6LTCD+09
ϕ
2?&J8�+-C¾��3nUq8	+-9:9Ã�

(W,∈)
2:&FEG+-LTÜ�LG+�EP2:+0LTE�/1+-LG8	+-&��Ùlº$'(�+0LST;o(�LT+-2?*,+-&4/�2:L�$ 7 ;o( (W,∈) |= ϕ

STEP$rEGE
ϕW
�ØÐC Cp2?ER8	+-LÐ3n+0EG(�Uq8�+�8�+0L�2:&�&�+0LG+0&�34Uq8�+-9?9:+ºh 7 SGSG$'56+0&nM�*,+0L�LT+-9:$rEP2�=6+�ð�U'&�SG2?STEP+0&�.-+0&n. 7 +0LG(�$r9�ÛEG+-&�Q�*,+0&��'EP2?56+-&s/�2:L�&�Uq;<(�k
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® ²	£#¯%¨±¨�§±°@$ y�~ M = (M,E) y�~O��y ∈̇ � $ ��{ouFw���uq{-Ó $ y�~ W = {x|χ} y�~O� ��Â�}�Ê<ÊIy�����y�{�v ÆIzq��yBÅo{Py�~Äy
#�}'{o~�}f|-Â:y-ÓQ&"y�À���~Äy�{Pyp�'~Äy0h�����y�{�Ì,{<y��Ä}'�×~ÄÆ��%Ñ'Æ�� W ~O� M }'ÂúÊ WM = {x|(M,E) |= χ} uq�,�4ÊIy�~
N �6~Äy ∈̇ � $ �×{oufw��×uq{ N = (WM , E � WM) Ó D áq{ ϕ ∈ L(∈̇) �qy�À���~Äy�{<y��'~Äy å y�Â�}'��~OÑI~Äy�{�uq�q� ϕW{Py<w�uq{<Ê�~OÑÛ^B~Äy�~O� ECEfÓ�EfÓ�&�}'��� �'~OÂÃ�^Å�áq{p}6ÂéÂ:y ϕ ∈ L(∈̇) uq�,��%ºy�Â:yÄ�'uq�q�qy�� β ~O� N Ë M |= ϕW [β]�f��^
Ó N |= ϕ Ó
�����?ä ã©����RDê>���������cæ!������� N����ìÆ�Ï'& " Ã(���tç|Î ���#�2?L 7 &fEP+0LGS 7 ;o(�+0&�Q\/R$'&	& ¿BÀ ³�Û h�ß>2:U'CD+�2?&b£qEGL 7 �fE 7 LT+-& (W,∈)

5'+-9?EG+-&��3¤Ð2:+0LG*,+02�2:&fEP+0LG+-STSG2?+-LG+0&=6U'LÐ$'9:9?+-C �×{T}'�	Ê�~O��~OÑ'y ði9é$'STSG+0&FEP+0LGCp+ W �
® ²	£#¯%¨±¨�§l¾ " Ê!�qy�ÂÃ��yº¿�À�Ó $ y�~ W y�~O� �×{T}'�	Ê�~O�×~OÑ'y�{O��Â�}�Ê<ÊIy�����y�{ovþ+ W 6= ∅ Ó'&�}'�����'~OÂÃ�ÄËÌ }�Í (Ex)W ÓÌ |�Í (Ext)W ÓÌTÔ Í (Paar)W ←→ ∀a ∈W ∀ b ∈W {a, b} ∈W ÓÌ ��Í ² ⋃ ¶ » ôU¸ W ←→ ∀a ∈W ⋃

a ∈ W ÓÌ y�Í $ y�~ ψ �'~ÄyBÅ�á>{��'~Äy ∈ � D Æ�{ovty�Â ϕ(x, ~w) �qy-|-~OÂ��qy���y�h��	Ê��Ä}'�qÒ�Ñ'Æ�� ² » ½\´8¸ Ó'&�}'�����'~OÂÃ�ÄË
ψW ←→ ∀~w ∈W ∀a ∈W {x ∈ a | ϕW (x, ~w)} ∈ W ÓÌ ÅIÍ (Pot)W ←→ ∀a ∈ W P(a) ∩W ∈W ÓÌ ��Í (Inf)W ←→ ∃a ∈W (∅ ∈ a ∧ ∀x ∈ a x+ 1 ∈ a) Ó$ Ì�yGÒ-~Äy�ÂOÂ�Ë ω ∈W −→ (Inf)W uq�,� ((Inf)W ∧ (Aus)W ) −→ ω ∈W ÓÌ zIÍ (Ers)W �'~OÂ �`�qy��,}'un�f}'���4+Q^�y����xÅ�áq{QjÇyG�qy ∈ � D Æ�{ovty�Â ϕ(x, y, ~w) �'~OÂÃ� Ë
∀~w ∈ W

(
∀x, y, y′ ∈ W ((ϕW (x, y, ~w) ∧ ϕW (x, y′, ~w))→ y = y′)

−→ ∀a ∈W {y | ∃x ∈ a ϕW (x, y, ~w)} ∩W ∈ W
) ÓÌ ~úÍ " Ê!�'~OÂÃ� (Fund)W Ó�ÿ�y��,}'u�y�{0Ë�h<Ê�� ψ y�~O��yVho�	Ê�� }'�qÒ�Ñ'Æ�� ² À ½\µZ¶D¸ +BÊIÆ��'~OÂÃ� ψW ÓÌ j Í (AC)W ←→ ∀a ∈ W

(
(∅ /∈ a ∧ ∀x, y ∈ a (x 6= y → x ∩ y = ∅)) −→ ∃b ∈ W ∀x ∈

a∃z b ∩ x = {z}
) Ó

ã�ßc¹�ß±áOä6�n#�2?L�&�U'EG2:+0LG+-&�. 7 &�Ú';o(	STEa�b�e £>+02
x ∈ W 7 &�8nST+-2?+-& ϕ 7 &�8 ψ ∈ Û�j�U'LGCp+-9?&��	lº$'&�&4562:9�EÇka�$fe
x ∩W = x

�
a¬*±e
∀y ((y ∈ x ∧ ϕ) → ψ)←→ ∀y ∈ W ((y ∈ x ∧ ϕ) → ψ)

�
a�;Çe
∃y (y ∈ x ∧ ϕ)←→ ∃y ∈W (y ∈ x ∧ ϕ)ã�ßc¹�ß±áOä6�Wlº$
W
EGLP$'&	SG2?EG2?=�2?STEÇQ�N¬U69:5'E

x ⊆ W
$ 7 S x ∈ W Q 7 &	8K8�2?+-S!2?CDÜ	9:2�.-2?+0LTExa×$feo�mlº$t&�$';<(a�$fe

y ∈ x
569?+-2:;<(f/�+-L�EP2:5�2?STE�Cp2?E

y ∈W ∧ y ∈ x
+0LG56+0*,+-&nSG2?;o(%a¬*±e 7 &�8Wa¬;Ieo� âF+-8^a�b�e

#�2?L�*,+0/1+-2?SG+-&n& 7 &48�2?+�+02:&�.0+-9?&�+-&­ï 7 &��fEG+�8�+0SR£	$rEG.-+0S-�
. 7 a�$fe��m@BSº5'2:9?E-k (Ex)W ←→ ∃x ∈ W ∀y ∈ W y /∈ x

�mlº$
W
EPLG$'&�ST2?EP2�=�2:S�EÇQ,562?9?E

∀y ∈ W y /∈
x ←→ ∀y y /∈ x

N¬M�L\�T+-8�+0S
x ∈ W

Q	*,+Ç$r;o(fEP+pa�bI$feo�c¤Ð2:+0LR2?STE�8	2:+ºLT+-;<(FEG+S-\+-2?9?N¬U6LTCp+-9,569?+-2?;o(f/�+-L�EP2?5
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Cp2?E
x = ∅

Q,SGU�8�$'�t/�2?L
(Ex)W ←→ ∃x ∈ W x = ∅

(�$'*,+0&���ØÐC�a×$fe�. 7 *,+�/�+02:SG+0&�Q�2?STE!SGU6Cp2?E
∅ ∈ W

. 7 .-+02:56+0&��Z¤Ð2:+-LT. 7 =6+0LG2���.-2?+-LT+-&�/�2:L0kaIH6e @BSÐ5'2:9?E-k
x 6= ∅ −→ ∅ ∈ TC(x)

��å*)
ã�ßc¹�ß±áOä6�%#�2:LÐN¬M�(�LT+-&K+02:&�+

∈
Û?à�&�8 7 �fEG2:U6& 8 7 LG;<(�Q�SG2?+-(�+r3<3��w£>+02 x ∈ V 7 &�8K8�2?+�¡�+-(�$ 7 Ü	E 7 &�5N¬M�Li8�2:+�@�9?+-Cp+-&fEP+�=6U6&

x
*,+0/�2?+-ST+-&���à�S�E

x = ∅
Q�SGU42:S�E�&	2:;<(FEPS�. 7 *,+0/�+02:ST+-&��3à�STE x 6= ∅ Q�STUnSG+02

y ∈ x
*,+09:2?+-*�2?5��/à�S�E

y = ∅
Q6SGU�2:S�EÐaJH6eZ56+-.0+-2?5'E á 2:S�E y 6= ∅ Q6STU�562:9�E`&�$';o(Éà�&�8 7 �fEG2:U6&�S�=6U6LP$ 7 SGST+0EP. 7 &�5

∅ ∈ TC(y)
Q 7 &�8�/�+02:9 TC(y) ⊆ TC(x)

562?9?E-QqN¬U69:5'ER(�2:+0LP$ 7 S�8�2?+d¡1+-(�$ 7 Ü	E 7 &	5�� âF+-8^aIHfe
lº$

W 6= ∅
562?9?E-QZ+ ß>2:S�EP2?+-LTE

x ∈ W
�Dà�STE

x = ∅
Q`SGU SG2?&�8�/�2:L"N¬+0LTEG2:5 á 2?STE x 6= ∅ QBSTU 2:S�E�&�$r;o(aIH6e

∅ ∈ TC(x)
�\lº$

W
EPLG$'&�ST2?EP2�= 2:S�EÇQ�N¬U69?5'E

TC(x) ⊆ W 7 &�8%STU6Cp2?E ∅ ∈ W
�\lº$rCD2�E�2?STEta×$6e*,+�/�2:+0SG+-&��

. 7 a�*±eo��@�S�562?9?E-k (Ext)W ←→ ∀a, b ∈ W (a = b ↔ ∀x ∈ W (x ∈ a ↔ x ∈ b))
��h 7 Sta�bÇ*±eN¬U69?5'E-Q	8�$r��N¬M	L

a, b ∈ W
562:9�E
∀x ∈ W (x ∈ a↔ x ∈ b)←→ ∀x (x ∈ a↔ x ∈ b)

�Ó¤�2?+-LR2:STE�8�2:+LT+-;<(FEG+þ-\+-2?9?N¬U6LTCp+-9�569:+02:;<(F/1+-L�EP2:5�CD2�E
a ⊆ b ∧ b ⊆ a

�±h!9?SGUD562?9?E-k
(Ext)W ←→ ∀a, b ∈ W (a =

b↔ (a ⊆ b ∧ b ⊆ a))
�±l!$ ¿BÀ 562:9�EÇQ>2?STE�8�2?+-S�a¬&�$';<( ²��Oô�£*¸0e
+-L�N¬M�9:9�EÇ��l!$'CD2�E�2:S�E�a�*±e�*,+0/�2?+-SG+0&��

. 7 a�;Çe��\@BS�5'2:9�EÇk (Paar)W ←→ ∀a, b ∈ W ∃c ∈ W ∀x ∈ W (x ∈ c ↔ (x = a ∨ x = b))
�h 7 S�a�b-*±eºN¬U69?5'EÇQ�8�$r�4N¬M�L�$'9?9:+ a, b, c ∈ W

562?9?E-k
∀x ∈ W (x ∈ c ↔ (x = a ∨ x = b)) ←→

∀x (x ∈ c↔ (x = a ∨ x = b))
�±l!2:+�LG+-;<(fEP+0-Z+02:9�N¬U6LGCp+09�2:S�E�5'9:+02:;<(F/�+0LTEG2:5�CD2�E

c = {a, b}
��h!9?SGU562?9?E

(Paar)W ←→ ∀a, b ∈ W {a, b} ∈ W
�±l!$'CD2�E�2:S�E�a�;ÇeR*,+0/�2?+-SG+0&��

. 7 a¬8±e���@BSº5'2:9�EÇk�² ⋃ ¶ » ôU¸ W ←→ ∀a ∈ W ∃b ∈ W ∀x ∈ W (x ∈ b ↔ ∃y ∈ W (y ∈ a ∧ x ∈
y))
��3n2�E1a�bIemN¬U69:5rE�/�2?+-8�+0L^9:+02:;<(FE-Q-8�$'�

∀x ∈W (x ∈ b↔ ∃y ∈W (y ∈ a∧ x ∈ y))←→ ∀x(x ∈
b↔ ∃y (y ∈ a ∧ x ∈ y))

N¬M�LÐ$'9:9?+
a, b ∈ W

562?9?E-�Ó¤Ð2:+0LÐ2?STEÐ8�2?+�LG+0;<(FEP+0-\+02:9?N¬U'LGCp+-9�Cp2�E
b =

⋃
a569?+-2?;o(f/�+0LTEP2?5�QÙSTU 8�$'�ASG2:;<( 8�2?+nçiM�9�EP2?56�'+02?Ex=6U6& ² ⋃ ¶ » ôU¸ W ←→ ∀a ∈ W ∃b ∈ W b =

⋃
a+0LG562?*	EÇQ>/�2:+i2:&Ja�8�eR*,+-(�$ 7 Ü	EG+0EÇ�. 7 a¬+Ie��Z£>+-2 ψ 8�2:+iCp2?E ϕ(x, ~w)

56+-*�2?9:8�+�EP+�à�&	STE<$r&�.�=6U6&b² » ½\´8¸���l!$'&�&4562:9�E
ψ ←→ ∀~w ∀a∃ b∀x (x ∈ b↔ (x ∈ a ∧ ϕ(x, ~w))).

@BSÐ+0LG562?*	E�ST2:;<(
ψW ←→ ∀~w ∈ W ∀a ∈W ∃ b ∈W ∀x ∈W (x ∈ b↔ (x ∈ a ∧ ϕW (x, ~w)))︸ ︷︷ ︸

(1b)
←→∀x (x∈b↔(x∈a∧ϕW ))

.

lº$
∀x(x ∈ b↔ ψ)

5'+-LP$r8�+
b = {x |ψ}

*,+-8�+ 7 EP+�EÇQ�N¬U69:5'ER(�2:+0LP$ 7 S�a�+Çe��. 7 aON<eo��@�S�562:9�E
(Pot)W ←→ ∀a ∈ W ∃b ∈ W ∀x ∈W (x ∈ b↔ ∀y ∈W (y ∈ x→ y ∈ a)).

#J+-5'+-& a�bÇ*±e�2:STE"8	2:+-Sx569:+02:;<(F/�+0LTEG2:5�Cp2?E
∀a ∈ W ∃b ∈ W ∀x ∈ W (x ∈ b ↔ ∀y (y ∈ x →

y ∈ a))
�
#J+-5'+-&

∀x ∈ W (x ∈ b ↔ ∀y (y ∈ x → y ∈ a)) ←→ b = P(a) ∩ W
N¬U69?5'E

(Pot)W ←→ ∀a ∈W P(a) ∩W ∈W
�±l�2:+-S�/�$'L�. 7 .0+-2:5'+-&��ü�+

TC(x)
î íE4�7IîúïKO��úï�î-B�í>4×ïD46+?�'B�í×îe4Äî!g0ïr�P1'ï�+F9Rï�B�A0ïUg = B

x
ö�g�A �:øróIórø
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. 7 a¬5Fe�� (Inf)W
2?STEÐÚ*â 7 2�=r$'9?+-&fE�. 7

∃a ∈W
(
∃x ∈W (x ∈ a ∧ ∀y ∈W y /∈ x) ∧

∀x ∈W (x ∈ a→ ∃y ∈W (y ∈ a ∧ ∀z ∈W (z ∈ y ↔ (z = x ∨ z ∈ x))))
)
.

h 7 Sxa�bÇ;Ie 7 &�848�+-&­ù�*,+0LG9:+05 7 &�5'+-&4. 7 (Ex)W
N¬U'9:5'E-Q	8�$r��N¬M�L

a ∈W
562:9�E

∃x ∈ W (x ∈ a ∧ ∀y ∈W y /∈ x)←→ ∃x (x ∈ a ∧ x = ∅);

l 7 LG;<(nCD+0(�LTN�$';<(�+0SÐh�&F/�+0&�8�+0&�=6U'&Wa�bÇ*±e 7 &�8%a�bÇ;Çe�N¬U69?5'ERN¬M�L a ∈ W
∀x ∈ W (x ∈ a→ ∃y ∈ W (y ∈ a ∧ ∀z ∈ W (z ∈ y ↔ (z = x ∨ z ∈ x))))

←→∀x(x ∈ a→ ∃y(y ∈ a ∧ ∀z(z ∈ y ↔ (z = x ∨ z ∈ x)))).

a>¡�+-(�$r&�8�9?+�. 7 &�Úr;o(	STE ∀z Q�8�$'&�$';o( ∃y 7 &	8 SG;<(�9?2:+0�69:2?;<( ∀x � e!l!2:+0SG+-S�2?STEi569?+-2:;<(f/�+-L�EP2:5�Cp2?E ∀x ∈
a x+1 ∈ a

QISGU�8�$'�Ð/�2:L
(Inf)W ←→ ∃a ∈ W (∅ ∈ a ∧ ∀x ∈ a x+1 ∈ a)

(�$'*,+0&��/¤Ð2:+-LG$ 7 S^N¬U69?5'ESTU'N¬U6LTE
ω ∈ W −→ (Inf)W

��ç�+09?EP+�& 7 & (Inf)W 7 &�8 (Aus)W
�,#)Ú'(	9:+

a ∈ W
CD2�E
∅ ∈ a
QmSGU8�$r�

a 7 &FEG+-LR8�+0L +1
Ût¡�2?9:8 7 &�5x$'*�56+0SG;<(�9:U'SGSG+0&�2:S�EÇ�c£q+-2 s(x) :≡ ∃y ∈ x∀z ∈ x (z ∈ y ∨ z = y)+02:&�+

∈
Û�j�U6LTCD+09×Qf8�2?+!$ 7 STSP$'5rEÇQq8�$'� x +02:&·5�$';<(	N¬U69:5'+-L
2:S�EÇ�f#J+-56+0& s(x)W ←→ ∃y ∈ x∩W ∀z ∈

x∩W (z ∈ y ∨ z = y) 7 &�8�a�bÇ$fe^5'2:9�E s(x)W ↔ s(x)
N¬M�LÙ$'9?9:+

x ∈ W
�*£>+02

ψ(x) :≡ s(x) ∧ ∀y ∈
x s(y)

�^lº$'&�&J562:9�E
ω = {n |ψ(n)} = {n ∈ a |ψ(n)}

Q�=q569×��A���b2�>�^lº$n$ 7 S�a�bI$fe 7 &	8 sW ↔ sN¬U69?5'E-Q\8�$'�
ψ(x)W ↔ ψ(x)

N¬M�L
x ∈ W

5'2:9�EÇQ^+0LG562?*	ExSG2:;<(
ω = {n ∈ a |ψW (n)} ∈ W

&�$';<(
(Aus)W

��lº$'Cp2?E�2?STE�a�5feR*,+�/�2:+0SG+0&��
. 7 a¬(±e��s£>+02 ϕ(x, y, ~x)

+-2?&�+
∈
Û�j�U6LTCD+09 7 &�8 ψ 8	2:+�Cp2?E ϕ 5'+-*�2?9:8�+�EP+dà�&�STE<$r&�.x=6U'& ²���µ�´8¸��,@BS!2:S�E. 7 .0+-2:5'+-&�Q�8�$'� ψW Ú/â 7 2?=r$r9:+0&FE�. 7 8�+0L�2:&Ja�(�e�$'&�5'+-56+0*,+-&�+0& ∈ Û�j�U6LGCp+-9m2:STE-��@BSÐ2?STE

ψW ←→ ∀~w ∈ W
(
∀x, y, y′ ∈ W ((ϕW (x, y, ~w) ∧ ϕW (x, y′, ~w))→ y = y′)

−→ ∀a ∈ W ∃b ∈W ∀y ∈ W (y ∈ b↔ ∃x ∈ a ∩W︸ ︷︷ ︸
(1a)
= a

ϕW (x, y, ~w))

︸ ︷︷ ︸
←→b={y | ∃x∈a ϕW (x,y, ~w)}∩W

)
.

l!2?+-S�/�$'L�. 7 .-+02:56+0&��. 7 a¬2Oe��Ó£>+02 ψ 8�2?+iCD2�E�8�+0L ∈ Û�j�U'LGCp+-9 ϕ(x, ~w)
56+0*�2:9?8�+�EP+�à�&�S�E<$'&�.i=6U6&b² À ½\µZ¶D¸�Q�8��È(���Q

ψ ←→ ∀~w
(
∃xϕ(x, ~w) −→ ∃x(ϕ(x, ~w) ∧ ∀y ∈ x ¬ϕ(y, ~w))

)
.

£>+02
ψ0

8�2:+�CD2�E18�+-L
∈
Û�j�U'LGCp+-9

x ∈W ∧ ~w ∈ W ∧ ϕW (x, ~w)
56+-*�2?9:8�+�EP+Yà�&�S�E<$'&�.!=6U'&~² À ½\µZ¶D¸��lº$r&�&n5'2:9?E

ψ0←→ ∀~w ∈ W
(
∃x ∈W ϕW (x, ~w)

−→ ∃x ∈ W (ϕW (x, ~w) ∧ ∀y ∈ x ¬(y ∈W ∧ ~w ∈ W ∧ ϕW (y, ~w))︸ ︷︷ ︸
↔¬ϕW

8�$
y∈x⊆W 7 &�8 ~w∈W

)
)
,
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/�2?+�Ct$'&49:+02:;<(FEÐSG2?+-(fEÇ�m3n2�ER¤�2?9?N¬+º=6U6&�a�bÇ*±eRN¬U69?5'EÇQ�8�$'�D8�2?+-S�Ú*â 7 2?=�$'9:+0&FEÐ. 7 ψW 2?STE-�,lº$ ψ0

5'2:9?E-Q562?9?ERSTU6CD2�E�$ 7 ;<( ψW �±lº$'Cp2�E�2:STE�a¬2Oe156+0.-+-2?5'EÇ�. 7 aú�Pe�� (AC)W
2?STEÐÚ*â 7 2�=r$'9?+-&fE�CD2�E

∀a ∈W ∃b ∈ W
(

(∀x ∈ W (x ∈ a→ ∃y ∈W y ∈ x) ∧

∀x ∈ W ∀y ∈W ((x ∈ a ∧ y ∈ a ∧ x 6= y)→ ¬∃z ∈W (z ∈ x ∧ z ∈ y)))

−→ ∀x ∈ W (x ∈ a→ ∃y ∈ W (y ∈ x ∧ y ∈ b ∧

∀z ∈ W ((z ∈ x ∧ z ∈ b)→ z = y)))
)
.

l 7 LG;<(ACp+-(	LTN�$';<(�+-S!h!&f/�+-&�8	+-&K=6U6& a�bÇ*±e 7 &�8 a�b-;Ie�N¬U69?5'E!$'&�$'9:U65D. 7 L!ÝBU6LG56+0(�+0&�ST/�+02:ST+�*,+02Ù8	+-Lh�&�$'9�è>ST+i=6U6&
(Inf)W

Q�8�$r�p8�2?+-SÐÚ/â 7 2?=r$r9:+-&fE�2:S�E�. 7
∀a ∈W ∃b ∈ W

(
(∀x (x ∈ a→ ∃y y ∈ x) ∧ ∀x∀y((x ∈ a ∧ y ∈ a ∧ x 6= y)→ ¬∃z (z ∈ x ∧ z ∈ y)))

−→ ∀x(x ∈ a→ ∃y(y ∈ x ∧ y ∈ b ∧ ∀z ((z ∈ x ∧ z ∈ b)→ z = y)))
)
.

l!2?+-S�2?STEÐÚ*â 7 2�=r$'9?+-&FE�. 7 8�+-L�2:&Jaú�PeR$'&�56+056+-*,+0&�+-& ∈ Û�j�U'LGCp+-9×�>h!9?SGU�562?9?E�a �Peo�lº$rCD2�E�2:S�E�8�+-LY£	$rEG.�*,+0/�2?+-ST+-&�� ãi@�l
#�2?L�*,+0EGLP$';<(FEG+-&�$'9?SÊ¡�+-2?SGÜ�2?+-9�8�2?+�,^]`Y.-�ß0/21ºXZYZY�SG;<(�+�¤Ð2:+0LP$'LT;o(�2?+'�
® ²	£#¯%¨±¨�§7m#" Ê!�qy�ÂÃ��yº¿�À ³ Ó $ y�~ α ∈ On + α > 0 ÓÌ }�Í " Ê!�qy�ÂÃ��y�� (Ex)Vα + (Ext)Vα + ² ⋃ ¶ » ôP¸ Vα + (Aus)Vα + (Fund)Vα u>�,� (AC)Vα ÓÌ |�ÍXhPÊ�� α > ω +BÊIÆ��'~OÂÃ� (Inf)Vα ÓÌTÔ Í ÿR~OÂÃ� Lim(α) +`ÊIÆx�qy�ÂÃ��y�� (Paar)Vα uq�,� (Pot)Vα Óã�ßc¹�ß±áOä6��lº$

Vα
EGLP$'&�ST2?EG2?=�2?STEÇQrN¬U'9:5'EB$ 7 S�b6b6��AiSGU'N¬U6L�E�8	2:+�ç�M	9?EP2?5'�'+-2�EÙ=6U'& (Ex)Vα

Q
(Ext)Vα 7 &�8

(Fund)Vα
��ØÐC ² ⋃ ¶ » ôU¸ Vα

. 7 .0+-2:5'+-&�Q	�yß>2?+-LG+0&�/�2:L a ∈ Vα *,+09:2?+-*�2?5��<à�STE y ∈ ⋃
a
Q�STUp+'ß>2:STEG2:+0LTE+02:&

x ∈ a
CD2�E

y ∈ x á $'9?SGU�2?STE rg(y) < rg(x) < rg(a)
�±l!$'CD2�ERN¬U69?5'E

rg(
⋃

a) = sup{rg(y) + 1︸ ︷︷ ︸
≤rg(a)

| y ∈
⋃

a} ≤ rg(a) < α.

£>U'CD2�E!562?9?E ⋃
a ∈ Vα

Q 7 &�8A8�2?+-S�/R$'Lº. 7 .0+-2?56+-&���l!2:+�ç�M	9?EP2?5'�'+-2?EÐ=6U'& (Aus)Vα
+-LG5'2:*	EºST2:;<(KSGU	k

£>+02
a ∈ Vα 7 &�8pSG+-2?+-& ~w ∈ Vα Q6N¬+0LG&�+0L
SG+02 ϕ(x, ~w)

+-2:&	+
∈
Û�j±U'LGCp+-9×�'lº$

{x ∈ a | ϕVα(x, ~w)} ⊆ a562?9?E-QqN¬U69:5rE
rg

(
{x ∈ a | ϕVα(x, ~w)}

)
≤ rg(a) < α,

$'9?SGU
{x ∈ a | ϕVα(x, ~w)} ∈ Vα

�±l!2?+-S�/R$rL�. 7 .-+02:56+0&��ØÐC 8�2:+�ç�M	9?EP2?5'�'+-2�E�=6U6&
(AC)Vα

. 7 *,+0/1+-2:ST+-&�Q1*,+0EGLP$';<(FEG+�+-2?&�+ 3n+-&	56+ a ∈ Vα
=6U6&�&	2:;<(FETÛ9?+-+0LG+-&�Q�8�2?S¬� 7 &��fEG+-&�3n+-&�5'+-&���#%+056+-&b² » ³É¸Ð+ ß>2:S�EP2?+-LTE�+-2:&

b ∈ V
Q�8�$rS�Cp2?E\�T+-8�+0C @B9:+-Cp+-&fE�=6U6&

a
5'+-&�$ 7 +-2?&t@�9?+-Cp+-&fE156+0CD+02:&�SG$'C (�$rE-�qØ�C $ 7 S b $r9:9:+�� M�*,+-L�3�M�SGST2:56+0&q�!@�9?+-Cp+-&fEP+Ð. 7 +-&FETN¬+-LT&�+-&
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a�$'9:STU!�T+0&�+'Q�8�2?+i&�2:;<(FE�. 7 +02:&�+0C @B9:+0Cp+-&FE�=6U'& a 56+0(��6LT+-&±eoQ�SG+�EP.-+0&n/�2?L b′ :≡
⋃
{x ∩ b |x ∈ a}

�lº$r&�&�2:S�E
b′
+-2?&�+�34+-&�5'+'Q�8�2:+ºCp2�E\�T+08�+-C @B9?+-Cp+-&fER=6U6&

a
56+0&�$ 7 +02:&�@B9?+-Cp+-&fE�56+-Cp+02:&�SG$'C (�$rE áM�*,+0LG8�2?+-S�562?9?E

b′ ⊆
⋃
a
�±h 7 S�9?+0EP.�EP+0LG+-C N¬U69?5'E rg(b′) ≤ rg(

⋃
a) ≤ rg(a) < α

�±h�9:SGUp2:S�E
b′ ∈ Vα7 &	8 (AC)Vα

56+-.0+-2?5'EÇ�
à�S�E

α > ω
Q�STUp562:9�E

ω ∈ Vα 7 &�8 (Inf)Vα
/�+-5'+-&

ω ∈ Vω+1 ⊆ Vα
�

5 7 &s56+-9�EP+ Lim(α)
�c£>2?&�8

a, b ∈ Vα
Q>SGU�562?9?E

rg(a) < α 7 &�8 rg(b) < α
�	lº$

α
+02:&`÷�2:Cp+-S12:S�EÇQ>2?STE$ 7 ;o( rg(a)+1 < α 7 &	8 rg(b)+1 < α

Q�SGU!8�$'�!ST2:;<(
rg({a, b}) = max{rg(a)+1, rg(b)+1} < α+0LG562?*	EÇ�Ó£>U6Cp2?ER2:STE

{a, b} ∈ Vα
Q�8��È(���Q±+0SÐ562?9?E

(Paar)Vα
�±l�+-S�/�+-2�EP+0LG+-&42:S�E

rg(P(a) ∩ Vα) ≤ rg({x |x ⊆ a}) = sup{rg(x)︸ ︷︷ ︸
≤rg(a)

+1 | x ⊆ a} ≤ rg(a) + 1 < α,

$'9?SGU
P(a) ∩ Vα ∈ Vα

�p£qU6CD2�E�5'2:9?E
(Pot)Vα

�
ãi@�l

�����IK �����ÜÃ©�Rå<ç��tæ�ê>�!���?ê �rç
�äÏ�ç��YÎ �����"�
ØÐC 8�$rS^ð�U6&�.0+-Ü	E�8�+0L1+-9?+-Cp+-&FEP$'LG+0&`£ 7 *�STEGL 7 �fE 7 L å
4 $ 7 Nm�tði9é$rSGSG+0&�CpUq8�+-9?9?+o��=6U'& ∈ ÛÅ-�(	+-U6LT2:+-&D. 7M�*,+0LTEGLP$'56+0&�Q�N¬M�(�LT+-&4/�2:L�8�+0&¥¡�+-5'LG2,pK8�+0LR��$'*�STU69 7 EP+-&4j�U'LGCp+-9 �!+-2?&�k
�s f¡`µ\¢O£�¢�¤,µ ¨,¨�§7 Ø£>+02:+0&

W 7 &�8 W ′ ∈
ÛÅ-\+0LGCp+ 7 &�8 ϕ(x1, . . . , xn)

+-2?&�+
∈
Û�j�U6LTCD+09×Qf8	2:+ÐSGUI/�U6(�9Cp2?E

W
$'9:Sp$ 7 ;<(©CD2�E W ′ �'+02:&�+4Ý
$rLG2:$'*�9:+s56+0CD+02:&�SG$'C (�$rEÇ�
l�2:+ ∈ Û�j�U'LGCp+-9 ϕ (	+-2:�rE W ¶

W ′ ¶² ¼ ´-¤,«>½^£fQ	N�$'9?9:S�562:9�E
∀x1 ∈W . . . ∀xn ∈ W (ϕW ↔ ϕW

′

).
£qEP$rEGER�

W
Û
V
Û�$'*�STU69 7 E��iSG$'56+0&4/�2?L�� 7 LG. W ¶P² ¼ ´-¤,«>½^£f�

jÙM	L
W ⊆ W ′ *,+-8�+ 7 EP+�E18�2:+ W Û W ′ Û h!*�STU69 7 EP(�+02?EB+02:&�+0L ∈ Û�j�U6LGCp+-9 ϕ Q68�$'SGS�*,+02r�T+-8	+-L`�î¡�+-9?+-5 7 &�5��8�+0L�N¬LG+02:+-&sÝ
$'LT2é$'*	9:+-&�=6U'&

ϕ
CD2�EÊïÙ$'LG$'Cp+0EP+0LG&

x1, . . . .xn
$ 7 S W 562?9?E

(W,∈) |= ϕ(x1, . . . , xn) ⇐⇒ (W ′,∈) |= ϕ(x1, . . . , xn).

3�$r&s��$'&�&s+-2?&�+-&t� h!*�STU69 7 EG(�+-2�EPST��$'9?�qM	9 ��+0&FE�/�2:;<�'+-9?&�Q	&�$';<(s8�+-C $'*	SGU69 7 EP+ºj�U6LGCp+09:&�$ 7 S�$'*�SGU'9 7 ÛEG+-&%j±U'LGCp+-9?&A56+-*	2:9:8	+0E�/1+-LT8�+-&%�'�6&�&�+0&��Zj�U6LGCp+-9?&�Q�8	+-LG+0& ã 7 $'&FEG2?����$rEP2?U6&�+0& *,+-SG;<(�LGÚ'&��fE"SG2?&�8�QST2:&�84$'*�SGU'9 7 E-�
»� q¯W¯%² ¨±¨±§é¥%$ y�~Äy�� W + W ′ ∈ ��d,y�{ovty�uq�,�4y<Ê��qy�ÂÃ��y W ⊆ W ′ uq�,� W 6= ∅ Ó\&�}6�����'~OÂÃ�ÄËÌ }�Í É���Æ�vp}'{Py D Æ�{ovty�ÂÃ�4+B}'ÂúÊIÆ D Æ�{ovty�ÂÃ���qy�{�ÿ�y<Ê��Ä}'ÂÃ� vi ∈ vj |<Ò�^
Ó vi = vj Ê�~O�,� W � W ′ ��}f|�ÊIÆ�ÂÃuq� ÓÌ |�Í `�y���� ϕ uq�,� ψ W �W ′ ��}f|�ÊIÆ�ÂÃuq��Ê�~O�,�_+BÊIÆ�}'u Ô z ¬ϕ uq�,� (ϕ ∧ ψ) à �f}'v�~O��Ê�~O�,�s�f}6��� }6u Ô z

(ϕ ∨ ψ) + (ϕ→ ψ) ÊIÆ_^B~Äy (ϕ↔ ψ) W � W ′ ��}f|�ÊIÆ�ÂÃu>�ÄÓÌTÔ Í $ y�~ W �×{T}'�	Ê�~O��~OÑ�Ó�hPÊ��Ð�f}'��� ϕ W � W ′ ��}f|�ÊIÆ�ÂÃuq��+1ÊIÆ�}'u Ô z ∀x ∈ y ϕ à �f}'v�~O��~:Ê��Ð�f}'���W}'u Ô z
∃x ∈ y ϕ W � W ′ ��}f|�ÊIÆ�ÂÃu>�ÄÓü�5Tí×îðïTñ�ï
óIó
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ã�ßc¹�ß±áOä6��. 7 a×$6e���l!2?+-S�2:S�E��F9é$'L0Q�8�$ ϕW ≡ ϕW
′

≡ ϕ
562:9�EÇ�

. 7 a�*±eo��h 7 S�8�+0&�Ý�U6LP$ 7 SGST+0EP. 7 &�56+0& ∀~x ∈ W (ϕW ↔ ϕW
′

)
STU�/�2?+

∀~x ∈W (ψW ↔ ψW
′

)
N¬U69:5rE

∀~x ∈ W
(
¬(ϕW )︸ ︷︷ ︸
≡ (¬ϕ)W

←→ ¬(ϕW
′

)︸ ︷︷ ︸
≡ (¬ϕ)W ′

) SGU�/�2?+
∀~x ∈W

(
(ϕW ∧ ψW )︸ ︷︷ ︸
≡ (ϕ∧ψ)W

←→ (ϕW
′

∧ ψW
′

)︸ ︷︷ ︸
≡ (ϕ∧ψ)W ′

)
.

l!2?+-S�/�$'L�. 7 .-+02:56+0&��. 7 a¬;Ie��	#�2:L�(�$'9?EG+-&�. 7 &�Ú';<(�STEÐN¬+-S�EÇka�b�e à�S�E
y ∈W

Q�SGUp562?9?E
y ∩W = y ∩W ′ �

ã�ßc¹�ß±áOä6��lº$
W
EPLP$r&�SG2�EP2?=�2?STE-QqN¬U'9:5'E

y ⊆ W
$ 7 S y ∈ W �>h�9:SGUx562?9?E y = y ∩W ⊆ y ∩W ′ ⊆ y

�
¤Ð2:+0LP$ 7 SRN¬U69:5rE�8�2?+d¡1+-(�$ 7 Ü	E 7 &	5�� âF+-8�a�b�e
£>+02�& 7 & ϕ ≡ ϕ(x, y, ~z)

�p£>+02:+0&
y, ~z
@B9:+0CD+0&FEG+i=6U6&

W
��lº$'&�&4562?9?E-k

(∀x ∈ y ϕ(x, y, ~z))W ←→∀x ∈ y ∩W ϕ(x, y, ~z)W

←→∀x ∈ y ∩W ϕ(x, y, ~z)W
′ a¬8�$

ϕ W
Û
W ′ Û�$'*�SGU'9 7 E<e

(1)
←→∀x ∈ y ∩W ′ ϕ(x, y, ~z)W

′

←→ (∀x ∈ y ϕ(x, y, ~z))W
′

h�9:SGU�5'2:9?E
∀y, ~z ∈ W

(
(∀x ∈ y ϕ(x, y, ~z))W ←→ (∀x ∈ y ϕ(x, y, ~z))W

′

) � ãi@�l
lº$rSë÷�+0CDCD$º.-+-2?5'E-Q68�$'�iN¬M�LBh!*�STU69 7 EG(�+-2�EPST*m+�EPLG$';<(FE 7 &�56+-&DSTU69:;<(�+ ∈ Û�j�U6LTCD+09?&�+02:&�+�(�+-LG$ 7 STLP$'56+0&>Û8�+dó�U69:9?+!SGÜ�2?+-9:+0&�Q�8�+-LT+-&¢ã 7 $'&fEPU'LG+-&n$ 7 NB3n+0&�56+-&n*,+0SG;<(�LPÚ'&	�FE�SG2:&	8��
�s f¡`µ\¢O£�¢�¤,µ ¨,¨�§76 @B2:&	+

∈
Û�j±U'LGCp+-9

ϕ
(	+-2?�'E

Σ0

¶ À ¤pµ�¯% q«�Q
N�$'9?9:SDST2:+�=6U'&�+02:&�+0L�8�+0L�N¬U69?56+0&�8�+-&j�U6LTCD+0&�2?STEÇk
a¬2Oe

ϕ
2:STEÐ$�EPU6CD$'L-Q	$'9:STU�=6U6&48�+0L�j�U'LGC

vi ∈ vj
Uq8�+0L

vi = vj áa�2?2Oe
ϕ ≡ ¬ψ

Q	/�U'*m+02
ψ
+02:&�+

Σ0

Û�j�U6LGCp+-9m2:STE áa¬2:2?2ée
ϕ ≡ (ψ ∧ χ)

Q	/�U6*,+02
ψ 7 &�8 χ Σ0

Û�j�U6LTCD+09?&sSG2?&�8 áa¬2?=	e
ϕ ≡ ∀x(x ∈ y → ψ)

Q�/1U6*,+-2
ψ
+02:&�+

Σ0
Û�j�U'LGCp+-9�2?STEÇ�

h 7 S�b'b6� dxN¬U69?5'E�STU'N¬U6L�EÇk
® ²	£#¯%¨±¨�§79@$ y�~Äy�� W u>�,� W ′ ∈ ��d,y�{ovty
+ÙÊIÆD�f}�ß W 6= ∅ u>�,� W ⊆ W ′ �'~OÂÃ�
uq�,� W �×{T}'�	Ê�~O��~OÑ~:Ê��ÄÓ &�}'���t~:Ê��=jÇyG�qy Σ0 � D Ær{ovty�Â�+\�'~Äy.^�yG�qy�{�v�~O� W ��Æ Ô z�v�~O� W ′ y�~O��y'#�}'{�~�}f|-Â:y1�qy�vty�~O�	Ê-}'v z	}'��+
W �W ′ ��}f|�ÊIÆ�ÂÃuq� Ó
õ;: � þzûÑô��Lø���þ ó ±�ù�­xø�­8�Lþàù!ü=<�þ=>aþzø�­xþ�ÿ
�PäR�T� ����� � �sê>�Rç�N!��N����©�����!������� �éç�N!���������
�s f¡`µ\¢O£�¢�¤,µ ¨>¼�§�¨¦@B2:&bði9é$'STSG+-&fEP+0LGC

W
(�+-2?�'Ex¢�µZµ^ 0µ� q´ ·�¤�¶^ q«×«�=6U6& ¿�À Q\N�$'9?9?S W 6= ∅

Q
WEGLP$'&�ST2?EG2?=t2?STE 7 &�8 ϕW N¬M�LÙ�T+08�+-S ¿BÀ Û�hÊß	2?U6C

ϕ
562?9?E-�
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à�&�&	+-LG+x34Uq8�+-9?9:+i9:$'SGST+-&4SG2?;o(�N¬M	L�LT+-9é$�EP2?=6+�ð�U6&	SG2:S�EP+0&�.-*,+�/�+-2?SG+�& 7 EP.0+-&�k
® ²	£#¯%¨q¼�§?¼#" Êº�qy�ÂÃ��yi¿�À�Ó $ y�~ W y�~O�A~O����y�{Py<Ê;[ Æ-�qy�ÂOÂ�Ñ'Ær��¿BÀ u>�,� ϕ y�~O� ∈ � $ }'�:Òxv�~O� ZF |=
ϕW Ó\&�}'����~:Ê�� ZF + ϕ {Py�Â�}'��~OÑxwfÆ��	Ê�~:Ê���y����ZÒ-u ZF Óã�ßc¹�ß±áOä6��£>+02

M = (M,E)
+02:&�3nUq8�+-9?9F=6U6& ¿�À �
£>+02 N 8�$'SK£ 7 *�CpUq8�+-9?9 N = (WM , E � WM)

�
5�$';<(Jb'b6�-��562?9?E�N¬M�L�$'9:9?+M£	Ú�EP.0+

χ
k
N |= χ

568	/��
M |= χW .

5�$';<( ÝBU6LP$ 7 SGSG+�EP. 7 &�5s562:9�EÐ8�2:+�LT+-;<(FEG+É£>+02?EG+�N¬M�L!$'9?9:+
χ ∈ ZF + ϕ

Q 7 &�8 N 2:STE�+-2?&A3nUq8	+-9:9^=6U'&
ZF + ϕ

� ãi@�l
·" q¯% 0µ�¸I½\µ\ª©¨>¼�§±° Ø�&fEP+0LBÝ�+0LT/�+0&�8 7 &	5�=6U6&4bÊH>��H!��$r&�&pCD$'&�LG+09é$rEG2?=6+Gð�U6&�SG2?STEG+-&�.0*,+0/�+02:SG+ÐCp2?E
¤Ð2:9�N¬+!8�+-L�·� f£�®\¤�¶^  ¶^ 0µt¢×µ\µ\ 0µ� qµ©· ¤�¶^ q«×«¬ �/�2:+!N¬U69:5rE�N¬M�(�LT+-&��Z£>+-2

ϕ
+-2:&
∈
Ût£	$rEG. 7 &	84+-S�SG+028�2?+sa¬LG+-9:$rEP2�=6+IeÊð�U6&�SG2?STEG+-&�.x=6U'&

ZF + ϕ
. 7 .-+02:56+0&��s¤�2?+-LG. 7 �'U'&�STEGL 7 2?+-LG+xCt$'&�+02:&�+0& 7 &fEP+-L!8�+-LÝ�U'LP$ 7 STSG+�EP. 7 &�5 ¿�À &�2?;o(fETÛ 9:+-+0LG+0&�Q�EPLP$r&�SG2�EP2?='+-&­ð�9:$'STSG+-&fEP+0LGC

W
CD2�E

(ZF + ϕ)W
��#�2?L�/�+-LT8�+-&8�2?+-ST+-S�Ý�+0LTN�$r(�LG+0&n2:&Kb#�	�ðëp$ 7 N ϕ ≡ (AC)

$'&F/1+-&�8�+0&��
#�2?LtN¬U'LGC 7 9:2�+-LT+-&�+02:&�ðiLG2�EP+-LT2 7 C 8�$�N¬M�L-Q�8�$'SGSs+-2?&�=6U6LG5'+-9:+05'EP+0L`ði9é$'STSG+0&FEP+0LGC

W
+02:&¦2?&�&�+-LT+-S3nUq8	+-9:9�2?STEÇ�

�s f¡`µ\¢O£�¢�¤,µ ¨>¼�§l¾ a�$fe @B2:& ði9é$'STSG+0&FEP+0LGC
W
(�+02:�'Eý� ²�´0£�¶�½\µZ¢O¹, �µ�´- q«�«�QÙN�$r9:9?S

∀x(x ⊆ W −→
∃y ∈ W x ⊆ y)

562?9?E-�
a¬*±e @B2?&Éði9:$'SGST+-&FEG+-LTC

W
(�+02:�'E » ½Z´Ç´0¤mµ\¶\ 0µ8½\µ\ª,´ ¶G² ¼ ª± q´Ç­r®\«�¤,´Ç´0 >µ�Q6N�$r9:9?S

∀a, ~y ∈ W {x | x ∈
a ∧ ϕW (x, ~y)} ∈ W

N¬M	LÙ�T+08�+
∈
Û�j�U6LTCD+09

ϕ(x, ~y)
5'2:9?E-�

·" q¯% 0µ�¸I½\µ\ª©¨>¼�§7mÜ5!$r;o(­£	$rEG.�b6b6��A�2:S�E�8�2:+º.�/�+-2�EP+�@B2:56+0&�SG;<(�$rNOEÐÚ/â 7 2?=r$r9:+-&fE�8�$r. 7 Q�8�$'STS�2?& W8�$rS�h 7 STSGU6&�8	+-L 7 &�56SGSG;o(�+-CD$¥² » ½Z´�¸�562:9�EÇ�
® ²	£#¯%¨q¼�§7 ÿ�y�ÂÃ��yB¿BÀ�Ó<&"y�{Þ��Â }rÊPÊIy�����y�{ov W ÊIy�~���{T}'�	Ê�~O�×~OÑ�+IÅ0}�Ê��L��uq��~OÑ'y�{PÊIy�ÂOÂ6uq�,��É�uFÊPÊIÆ��,�qy�{�uq�q��Ê��}f|��qy<Ê Ô zqÂ:ÆIÊ<ÊIy��±Ó�&�}'����~:Ê�� W y�~O� ~O����y�{Py<ÊU[ ÆÇ�qy�ÂéÂ�Óã�ßc¹�ß±áOä6� 5!$';<(©Ý�U6LG$ 7 STSG+0EG. 7 &	5�2?STE W EPLG$'&�ST2?EP2�=,�
lº$ W N�$'STE�Û 7 &�2�=6+-LTSG+09:9 7 &	8 ∅ ⊆ W

2:S�EÇQ+'ß	2?STEG2:+0LTE�+-2?&
y ∈W

a¬CD2�E
∅ ⊆ y
e���h!9?SGU�2:S�E

W 6= ∅
�

h 7 S18	+-L|-ZLG$'&�ST2?EP2�=q2?E<Ú�EB=6U'& W 7 &�8 W 6= ∅ N¬U69:5'+-&p&�$r;o(nb6b6��A (Ex)W
Q
(Ext)W 7 &�8 (Fund)W

�
. 7 (Paar)W

�0£>+02:+0&
a, b ∈W

�flº$
{a, b} ⊆ W 7 &�8 W N�$'S�ETÛ 7 &�2?=6+0LGSG+09:9	2:STE-Q6+'ß>2:STEG2:+0LTE�+02:& z ∈ WCp2?E

z ⊇ {a, b}
�±l!$'&�&n5'2:9�E
{a, b} = {x ∈ z |x = a ∨ x = b} = {x ∈ z | (x = a ∨ x = b)W}.

lº$
W
h 7 SGSTU6&�8�+0L 7 &	56S�Û�$r*�56+-ST;o(�9:U6STSG+-&"2:STE-QIN¬U69?5'E^(�2:+0LP$ 7 S {a, b} ∈ W Q 7 &�8x&�$';<(tb6b'��A (Paar)W

�
. 7 ² ⋃ ¶ » ôU¸ W �^£>+02

a ∈ W
�1lº$

W
EPLP$r&�SG2�EP2?=�2:S�EÇQ�2:STED8�$'&�& ⋃

a ⊆ W
Q
SGU%8�$'�J/�+056+-&�8�+-LN�$'S�ETÛ�Ø�&�2�=6+-LTSP$'9?2?E<Ú�E�=6U6&

W
+-2?&

z ∈W
+'ß	2?STEG2:+-L�EÐCp2�E

z ⊇
⋃
a
�p£>U6Cp2�E�2:S�E

⋃
a = {y ∈ z | ∃x ∈ a y ∈ x} = {y ∈ z | (∃x ∈ a y ∈ x)W}.
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⋃
a ∈W

N¬U69?5'E�$ 7 S^8	+-L^h 7 SGSTU6&�8�+0L 7 &�5'S�Û�h�*�56+-SG;o(�9?U6SGST+-&�(�+-2?E^=6U6& W �Ê5!$';<(pb6b'��A�5'2:9�Er² ⋃ ¶ » ôU¸ W �. 7 (Aus)W
�Çl!2:+0SG+0SU£q;o(	+-CD$RN¬U69:5'E�8�2:LT+-�fE\$ 7 S�8�+-L^l!+���&�2�EP2:U'&º=6U6&�h 7 STSGU6&�8	+-L 7 &�56S�Û�$r*�56+0SG;o(�9:U'SGSG+0&7 &	8n8�+0L�¡�+-Cp+-LT� 7 &�5�b2Hq���>�. 7 (Pot)W
�y£>+02

a ∈ W
�qlº$'&�&t2:STE

P(a)∩W ∈ V 7 &	8 P(a)∩W ⊆ W
�>lº$

W
N�$'S�ETÛ 7 &�2?=6+0LGST+-9:92?STEÇQ	+ ß>2:S�EP2:+0LTE�+02:&

z ∈W
Cp2?E

P(a) ∩W ⊆ z
Q 7 &	8n+0SÐ562?9?E

P(a) ∩W = {x ∈ z | ∀y ∈ x y ∈ a} = {x ∈ z | (∀y ∈ x y ∈ a)W}.lº$
W
h 7 STSGU6&�8	+-L 7 &�56S�Û�$r*�56+0SG;o(�9:U'SGSG+0&%2?STEÇQm2:STEi8	2:+�3n+-&	56+p$ 7 N
8�+-LiLG+0;<(FEP+0& £q+-2?EG+�2?&

W
Q�8��ð(��?Q

P(a) ∩W ∈ W
�s5�$';<(Jb'b6��A�562?9?E

(Pot)W
�

. 7 (Inf)W
��#�2:L�.-+-2?56+0&�Q,8�$'STS

On ⊆ W á (�2:+0LP$ 7 SÐN¬U69?5'E ω ∈ W 7 &�8 (Inf)W
��#%+0&�&

On 6⊆ W2?STEÇQ,SGU�2:STE
α :≡ On∩W ∈ On

Qm8�$
W
EPLP$r&�SG2�EP2?=�2:S�EÇ�mlº$

α ⊆ W 7 &�8 W N�$'S�ETÛ 7 &�2?=6+0LGSG+09:9\2:STE-Q+'ß	2?STEG2:+0LTE
+-2?&
z ∈ W

Cp2?E
α ⊆ z

�Fh 7 S
8�+-L1l!+���&�2�EP2:U'&�=6U6& α N¬U69:5rE α = z∩On
�Flº$�8�2?+Ðj�U6LGCp+-9?&

Trans(x) 7 &	8 SLO(x)
Ú*â 7 2?=�$'9:+0&FE�. 7 Σ0

Û�j�U6LGCp+-9?&�SG2?&�8 7 &�848�$'(	+-L W Û�$r*�SGU'9 7 E�SG2?&�8�Q�2:STE-k
α = {x ∈ z |x ∈ On} = {x ∈ z | Trans(x) ∧ SLO(x)} = {x ∈ z | (Trans(x) ∧ SLO(x))W}lº$
W
h 7 SGSTU6&�8�+0L 7 &�5'S�Û�$'*	56+-SG;<(�9:U6STSG+-&J2:STE-Q�2:S�E�8	2:+�3n+-&�5'+p$ 7 N18�+0L�LT+-;<(FEG+-& £q+-2?EG+�2?&

W
��h!9?SGU2?STE

α ∈W
��5!$';<(�#W$r(�9�=6U6&

α
2:S�EÐ$'*,+-L

α /∈ On∩W
�	#�2:8�+0LGSGÜ	L 7 ;<(��. 7 (Ers)W

�Z£>+-2
ϕ(x, y, ~w)

+02:&�+
∈
Û�j�U6LGCp+-9×�c£>+02:+-&

a, ~w ∈ W 7 &�84+-S�56+-9�EP+
∀x, y, y′((ϕW (x, y, ~w) ∧ ϕW (x, y′, ~w)) −→ y = y′)#J+-&	8�+

(Ers)
$'&n$ 7 NÙ8�2?+�j�U'LGCp+-9 y ∈ W ∧ ϕW (x, y, ~w) á 8�$r&�&42:S�E

b :≡ {y | ∃x (x ∈ a ∧ (y ∈W ∧ ϕW (x, y, ~w)))} ∈ V.#J+-5'+-&
b ⊆ W

+ ß>2?STEP2?+-L�E
+-2?&
z ∈W

CD2�E
z ⊇ b
�fh 7 N¬56L 7 &�8p=6U'& (Aus)W

562?9?E`8�$'&�&�a�ST2:+0(�+�b'b6��Afe
b = {y ∈ z | ∃x (x ∈ a ∧ (y ∈W ∧ ϕW (x, y, ~w)))} ∈W.h�&�8�+0LG+-LTSG+-2�EPSº5'2:9�E
b = {y ∈ W | ∃x ∈ a ϕW (x, y, ~w)}

&�$r;o(Kl!+���&�2�EP2:U'&n=6U6&
b
��l!$'CD2�E�(�$'*,+-&/�2?Li56+-.0+-2?5'EÇQ�8�$'�

{y ∈ W | ∃x ∈ a ϕW (x, y, ~w)} ∈ W
562?9?E-QmSGU48�$'�s/�2:Li&�$';<( b6b6��A

(Ers)W*,+�/�2:+0SG+-&n(�$'*,+0&��
lº$rCD2�E�2:S�E

ZFW *,+�/�2:+0SG+-&�� ãi@�l

�PäR�?ä �����@?BADC�E�å>�����Üã��8Fº�G���tç��Rå�å<RDê<TÙ�
l!+0L�N¬U69:5'+-&�8�+j£	$rEG.x2?STE!2?&n=q2:+09:+0&¢ð�U6&�ST2:STEG+-&�. 7 &fEP+-LTS 7 ;<( 7 &�56+-&K/�2?;<(FEP2?5��,@BL�*m+0SP$r5'EÇQm8�$'SGS!+-S�N¬M�L8�2?+1h 7 S�/�+-L�E 7 &�5�+02:&	+-LÙ56+056+-*,+0&�+0&pj�U6LGCp+-9F56+-&FM�5'E-QrSG2:;<(�$ 7 N±+02:&xh!&	N�$'&	56SGS�EPM�;<�x8	+-SBØ�&	2?=6+0LGS 7 CDS. 7 *,+0SG;<(�LPÚ'&	�'+-&��
® ²	£#¯%¨q¼�§é¥ ²�Õ� IHÙ Cô^¢¬¤,µZ´Ç´-²>£#¯�¹,¤,µ¦»KJF¹�ÖZå�g�¸Ë" ÊÙ�qy�ÂÃ��yB¿BÀ�Ó $ y�~ ϕ0(x0, . . . , xr−1) + . . . + ϕn−1(x0, . . . , xr−1)y�~O��ysy��±�	ÂÃ~ Ô z�y � ~:Ê���yDÑ'Æ�� ∈ � D Æ�{ovty�ÂÃ�Wu>�,�4ÊIy�~ θ0 ∈ On Ó¥&�}'����yTÖ6~:Ê���~Äy�{���y�~O� θ ≥ θ0 +�ÊIÆ��f}�ß
ϕ0, . . . , ϕn−1 Vθ ��}f|�ÊIÆ�ÂÃuq�BÊ�~O�,�fÓü¬ìML=N'�
�Ãÿ���ËPO�Õ�Q



���R�r���P�r�æè�6 ���r�I�R�����D� �:¤N�U§���§3�P�r���87G��9:�K��§y��� d�B

3n2�Eº8�+0Lij±U'LGCp+-9
ϕ(α, x) :≡ rg(x) < α

N¬U69:5rE!8�+0LMó�+�3�+ ß>2:U'&�SGSG$rEP.�$ 7 Si8	+-C N¬U69?56+-&�8	+-&�Q�$'9?9:5'+�ÛCp+-2?&�+-LT+-&�óÐ+0S 7 9�E<$rE-�
® ²	£#¯%¨q¼�§76û² » «×«Oª, q¯J q¢�µ^ 0µ:Õ� IHÙ Cô^¢¬¤,µZ´Ç´0²	£#¯y¸G" Ê!�qy�ÂÃ��yi¿�À�Ó " Ê�ÊIy�~ ϕ(α, x) y�~O��y ∈ � D Æ�{ovty�Â�+ÊIÆn�f}�ß Wα :≡ {x |ϕ(α, x)} Å�áq{]jÇyG�qy<Ê α ∈ On y�~O��yþ[Jy��q�qy�~:Ê��Ðuq�,� Wα ⊆ Wβ Å�áq{ α < βuq�,� Wδ =

⋃
α<δWα Å�áq{þjÇyG�qy � ~Ovty<ÊIÆ�{T�'~O�,}'ÂÈÒI}�zqÂ δ �'~OÂÃ�ÄÓ $ y��:Ò�y W :≡

⋃
α∈OnWα Ó " Ê�ÊIy�~

ϕ0(x0, . . . , xr−1), . . . , ϕn−1(x0, . . . , xr−1) y�~O��yÐy��,�	ÂÃ~ Ô z�y � ~:Ê���yRÑ'Æ�� ∈ � D Æ�{ovty�ÂÃ��uq�,�xy<Ê
ÊIy�~ θ0 ∈
On Ós&�}'����yTÖ6~:Ê��×~Äy�{o�`y�~O��y � ~Ovty<ÊIÆ�{T�'~O�,}'ÂÈÒI}�zqÂ θ ≥ θ0 +�ÊIÆ��f}�ß ϕ0, . . . , ϕn−1 Wθ �W ��}f|�ÊIÆ�ÂÃuq��Ê�~O�,�fÓã�ßc¹�ß±áOä6�!#�2?LZ�'�6&�&�+0&�U��ð@��'$'&�&�+0(�CD+0&�Q'8�$'�º8�2?+

∈
Û�j�U6LGCp+-9?&

ϕi
& 7 L 7 &FEG+-LÙÝ�+0LT/1+-&�8 7 &�5i=6U6& ¬ Q

∧ 7 &�8 ∃ $ 7 N¬5'+-*�$ 7 ERSG2?&�8 7 &	8s8�2?+�÷�2?STEP+�8�+0L
ϕi
/�2:+ÐN¬U69:5'E
*�.-569×�y£ 7 *>N¬U6LGCp+-9?&�$'*�5'+-SG;<(�9?U6SGST+-&s2:STE-kà�S�E

ψ
+02:&�+Y£ 7 *>N¬U6LGCp+-9�=6U6& ϕi QFSTU�2:STE ψ ≡ ϕj

N¬M�L
+02:&
j < i
�qjÙM	L

i < n
8	+0��&	2:+-LT+

Fi:W
r → On8 7 LG;<(

Fi(x0, . . . , xr−1) :≡





min{β | ∃v ∈Wβ ψ
W (x0, . . . , xr−1)},

N�$'9?9:S
ϕi ≡ ∃vψ 7 &�8

ϕWi (x0, . . . , xr−1)
562?9?E á

0,
SGU6&	STEÇ�

j±$'9?9?S
ϕi ≡ ∃vψ

2:STE 7 &�8 ϕWi (x0, . . . , xr−1)
562?9?E-QZ2:STE

{β | ∃v ∈ Wβ ψW (x0, . . . , xr−1)} 6=
∅
/�+056+-&

W =
⋃
β∈OnWβ

Q
SGU%8�$'STS
Fi(x0, . . . , xr−1)

+02:&�+¢òºLG8	2:&�$'9?.Ç$r(�9�2:STE-�ëùÐ*,+-LT8�2:+0SDN¬U69:5rESTU'N¬U6LTE
a�b�e

∀~x ∈ W (∃v ∈W ψW (~x) ←→ ∃v ∈WFi(~x) ψ
W (~x))

�
l!+���&�2?+-LG+ & 7 & +02:&�+ j�U69?56+ (θm|m < ω)

LG+0� 7 LGSG2�=�CD2�E θm+1 = lub(Fi[W
r
θm

] ∪ {θm})
��£>+-2

θ :≡
⋃
m<ω θm

�cà�STEÐ8�$'&	&
ϕi ≡ ∃vψ

Q�SGUp562?9?E�N¬M�L�$'9:9?+
~x ∈Wθ

k
aIH6e

∃v ∈ WFi(~x) ψ
W (~x) ←→ ∃v ∈ Wθ ψ

W (~x)
�

ã�ßc¹�ß±áOä6��. 7 � ⇒ �<�	#)Úr(�9:+i+-2?& m < ω
CD2�E

~x ∈Wθm

�±lº$r&�&n562?9?E
WFi(~x) ⊆ Wθm+1 ⊆ Wθ

�. 7 � ⇐ �<��l�2:+-S�N¬U'9:5'ERSGU'N¬U6L�EÐ$ 7 S�a�b�eo� âF+08^aJHfe
#�2?L�.-+-2?56+0&%8 7 LG;<(bà�&�8 7 �fEP2?U6&J&�$';<( i < n

Q^8�$'STS
ϕ0, . . . , ϕn−1 Wθ

Û
W
Û�$r*�SGU69 7 E�SG2?&�8���£>+-2
$'9:STU

i < n 7 &�8t8	2:+ Wθ

Û
W
Û�h�*�SGU69 7 EP(	+-2?E`=6U6& ϕj N¬M	L1$'9:9?+ j < i

*,+�/�2:+-ST+-&��>lº$'&�&DSG2:&	8pN¬U69:56+0&�8�+Ðj`Ú'9?9?+Cp�6569?2?;<(�k
D }'ÂéÂ'EfÓ ϕi 2?STEÐ$rEGU6CD$'L-�	lº$'&�&42:S�E ϕi Wθ

Û
W
Û�$'*�STU69 7 E-�D }'ÂéÂ�FqÓ ϕ ≡ (ψ ∧ χ)

Uq8�+0L
ϕ ≡ ¬ψ

�,lº$'&	&�562:9�E
ψ ≡ ϕj1 7 &	8 χ ≡ ϕj2

N¬M�LÐ56+�/�2:STSG+
j1, j2 <

i
�Q5�$';<( à�&�8 7 �fEG2:U6&�S�=6U6LP$ 7 SGST+0EP. 7 &�5%ST2:&�8 ϕj1 7 &�8 ϕj2 Wθ

Û
W
Û�$'*	SGU69 7 EÇ�`lº$ $ 7 STSP$'56+0&�9?U6562:ST;o(	+Ý�+0LG�F&qM	Ü	N 7 &�56+0&�=6U'&�$'*�SGU'9 7 EG+-&Wj�U6LGCp+-9?& /�2:+-8	+-L"$r*�SGU69 7 EP+tj�U'LGCp+-9:& ST2:&�8�Q\ST2:+0(�+�b6b'� d>Q^+-LT562:*>EST2:;<(�Q�8�$rSGS

ϕi Wθ

Û
W
Û�$'*�SGU'9 7 ER2:STE-�D }'ÂéÂ2RFÓ ϕi ≡ ∃vψ ��lº$r&�&K2:S�E ψ ≡ ϕj

N¬M�L�+-2:&
j < i
��lº$t&�$';<(Ðà�&�8 7 �FEG2:U6&	ST=6U6LG$ 7 SGST+0EG. 7 &�5 ϕj

Wθ

Û
W
Û�$'*�STU69 7 E�2:S�EÇQ	N¬U69?5'ERN¬M	LÐ$'9?9:+ ~x ∈Wθ

k
ϕWi (~x) ←→ ∃v ∈W ϕWj (~x)

(1)
←→ ∃v ∈ WFi(~x) ϕ

W
j (~x)

(2)
←→

∃v ∈ Wθ ϕ
W
j (~x)

Ind.Vor.
←→ ∃v ∈Wθ ϕ

Wθ

j (~x)
︸ ︷︷ ︸

≡ϕ
Wθ
i (~x)

.
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h�9:SGU�5'2:9?E
∀~x ∈ Wθ(ϕ

Wθ

i (~x)↔ ϕW (~x))
� ãi@�l

h 7 SÐ8	+-CWVYXZ,\[BSG;<(�+0&¥óÐ+�3�+ ß>2?U6&�SGSG$rEP.�+0LG(�$r9?EP+0&�/�2?L�$'9:SR2:&FEG+-LT+-SGSG$'&FEG+-SV5�+0*,+-&�LT+-S 7 9?E<$�EÇk
® ²	£#¯%¨q¼�§79 ¿�À ~:Ê��
��~ Ô zq��y��,�	ÂÃ~ Ô z4}ÇÖ6~ÄÆ�vp}'�×~:Ê�~Äy�{0|<}'{0Óã�ßc¹�ß±áOä6�xh!&	56+-&�U'CDCp+-&�Qf+0S
562?*	EB+-&�8�9?2:;<(�=>2?+-9?+ ¿�À Û�hÊß>2:U6Cp+

ϕ0, . . . , ϕn−1
Cp2?E

ϕ0, . . . , ϕn−1 `
ZF
��lº$r&�&A+'ß>2:STEG2:+0LTEº+-2?&

θ ∈ On
Cp2?E

ϕVθ

i

N¬M�L
i < n
�w£>+02

θ
CD2?&�2?CD$r9^CD2�E!8�2?+-ST+-Li@B2:56+0&�SG;<(�$�NOEÇ�

5�$';<(K8�+-C óÐ+�3�+ ß>2:U'&�SGSG$rEP."562:9�E
ZF ` ∃κ ∈ On ∃x (x = Vκ ∧ (ϕ0 ∧ . . . ∧ ϕn−1)

x)
�,#J+-56+0&

ϕ0 ∧ . . . ∧ ϕn−1 ` ZF
N¬U69?5'E

ϕ0 ∧ . . . ∧ ϕn−1 ` ∃κ ∈ On ∃x (x = Vκ ∧ (ϕ0 ∧ . . . ∧ ϕn−1)
x).

lº$
(ϕ0 ∧ . . . ∧ ϕn−1)

Vθ
562:9�EÇQqN¬U69?5'E�$ 7 S�8�+-C 3nUq8�+09:9 Ût÷�+-CpCD$:3<3

(
∃κ ∈ On ∃x (x = Vκ ∧ (ϕ0 ∧ . . . ∧ ϕn−1)

x)
)Vθ

,

/�$'SÐ&�$';o(48�+0C ó�+-9:$rEP2�=q2?+-L 7 &�56SG9?+-CpCp$:343p. 7a�b�e
∃κ ∈ On∩Vθ ∃x ∈ Vθ (x = (Vκ)

Vθ ∧ (ϕ0 ∧ . . . ∧ ϕn−1)
x)Ú*â 7 2�=r$'9?+-&fEB2?STE-��a>¡�+Ç$';<(fEP+'Q68�$r� (ϕ0 ∧ . . . ∧ ϕn−1)

x
+-2?&�+

Σ0

Û�j±U'LGCp+-9q2:S�EÇ�úe�5�$';<(·343�562?9?E
(Vκ)

Vθ =
Vκ ∩Vθ = Vmin{κ,θ}

�qh 7 S κ ∈ Vθ ∩On = θ
N¬U69?5'E

κ < θ
Q	$r9:SGU

(Vκ)
Vθ = Vκ

�qh 7 Sia�b�eBN¬U69?5'E18�$'&�&
(ϕ0 ∧ . . . ∧ ϕn−1)

Vκ
Q>/R$rS�/1+-56+0&

κ < θ
8	+-LÐ3n2?&�2:CD$'9�2�EPÚrE1=6U'&

θ
/�2:8	+-LGSTÜ�LG2?;<(FEÇ��lº$'Cp2?E�2:STER8�+-L

£	$�EP.�*,+�/�2:+0SG+-&�� ãi@�l
·" q¯% 0µ�¸I½\µ\ª©¨>¼�§�¨=? h!&�$r9:U654*,+0/1+-2:S�E"CD$'&�Q�8�$'� $ 7 ;<( ZFC

&�2?;o(fE�+-&�8�9?2:;<(%$8ß>2:U6CD$rEG2?SG2?+0LG*�$'L2?STEÇ�

õ^] ¬ øoþ öqþzûúô_�Lø��Æþ ó ±Øù�­Lø�­8�Lþàù!ü`�þ±�ù aIbdcfejÿ
#�2?L!*m+�/�+02:SG+0& 8�2:+xLG+-9:$rEP2�=6+�ð�U6&�ST2:S�EP+-&	."=6U6& ¿BÀ ³ *,+0.-M	569:2?;o( ¿BÀ Cp2?E�¤�2?9?N¬+�8�+0S�2?&�&�+-LT+-& 3nUrÛ8�+09:9?S18�+0LNði9:$'SGST+

HOD
$'9?9:+-L y�{-|-ÂÃ~ Ô z4Æ�{T�'~O�,}'ÂÈÒI}�zqÂ��qy�À���~Äy�{0|<}'{Py��·[ y��q�qy�� �F#�2?L1SG+�EP.-+0&�2:&t8	2:+-ST+-Cð�$'Ü	2?EP+09�S�EP+0EGS ¿�À =6U6LG$ 7 S0�

�s f¡`µ\¢O£�¢�¤,µ ¨<°�§�¨ a�$fe @B2:&�+43n+-&	56+
x
2:STE�¶\ f¡ÙµZ¢¬ 0µ ¼ ²cµ $ 7 S y1, . . . , yn ∈ V

QÙ/�+0&�&�+-S�+-2:&	+
∈
Û�j�U6LGCp+09

ϕ(v0, . . . , vn)
562?*	EÇQ	SGUp8�$rSGS
∀v0 (v0 = x←→ ϕ(v0, y1, . . . , yn)).

a¬*±e @B2?&�+�3n+-&	56+
x
2:S�Ei¤Zµ�¶Z¢�µ\²�«>¯f²�®\«×¶^ f¡`µ\¢¬ �µ ¼ ²cµFQ,/�+0&�&A+-SdòºLG8�2?&�$'9?.Ç$'(�9?+0&

y1, . . . , yn ∈ On562?*	EÇQ	SGUp8�$'SGS
x
8�+���&�2?+-LG*�$'LÐ$ 7 S y1, . . . , yn

2?STEÇ�
l!2?+-S!SG2:&	8K�'+02:&�+�l�+0��&�2�EP2?U6&�+0&K2?& ¿�À �I£>U��'�6&	&�+-&K/�2?L!.'�!¡!��8	2:+��îði9é$'STSG+"$r9:9:+0LÐU6LG8�2?&�$'9?.Ç$'(	9?8�+0�	Û&�2?+-LT*�$'LG+0&�3n+0&�56+0&q��&�2:;<(FE�*�2?9:8�+0&��	#�2?L�8�+���&�2?+-LG+0&n8�+0SG(�$'9?*42:& ¿BÀ k



���R�r���P�r�æèTS �Y���û���r�3�Y�����D� �:¤N�U§<��§I�P�i�R�U�¥¤N� ² » ³Ñ¸8� d~H

�s f¡`µ\¢O£�¢�¤,µ ¨<°�§?¼ l!+���&�2?+-LG+�8�2:+Mði9é$rSGSG+
OD
8	+-L�¤Zµr¶\¢�µ\²�«E¯f²�®\«×¶^ f¡`µ\¢� 0µ ¼ ²cµ� >µ©·� qµ\ª± qµ�$r9:S

{
x

∣∣∣ ∃θ ∈ On ∃χ ∈ Fml2(∈̇)∃α < θ (x ∈ Vθ ∧ ∀y ∈ Vθ (y = x↔ (Vθ,∈) |= χ[y, α]))
}
.

l!2?+-ST+�l!+���&�2�EP2:U'&�+-&fEPSGÜ	LG2:;<(FEÐ8�+0C 2:&FE 7 2?EG2�=6+-&[¡�+-5'LG27p 8�+0LRòºLT8�2:&�$r9:.-$'(�9?8�+���&�2:+0LG*�$rLG�'+-2�EÇk
® ²	£#¯%¨�°�§±° Ì }�Í $ y�~ i 7→ ϕi y�~O��y��qy�À���~Äy�{0|<}'{Pyg%�~ jÇy<w���~ÄÆ���Ò�^B~:Ê Ô z�y�� ω uq�,� Fml2(∈̇) Ó $ y�~

ϕ(v0, θ, i, α) :≡ (v0 ∈ Vθ ∧ ∀v1 ∈ Vθ (v1 = v0 ↔ (Vθ,∈) |= ϕi[v1, α])).

$ y�~ x ∈ OD Ó'&�}'���JyTÖ6~:Ê���~Äy�{Py�� θ ∈ On uq�,� i < ω ÊIÆ_^B~Äy α < θ v�~O�
∀v0 (v0 = x←→ ϕ(v0, θ, i, α)).

`s~O{iÊ0}��qy���~O� �'~Äy<ÊIy�v D }'ÂOÂ�Ë (θ, i, α)
¶^ f¡`µ\¢¬ �µI£

x ÓÌ |�Í $ y�~ x �qy�À���~Äy�{-|<}'{�}'uFÊ α1, . . . , αn ∈ On v�~O� ∈ � D Æ�{ovty�Â ϕ(v0, . . . , vn) Ó�&�}'�����'~OÂÃ� x ∈ OD Óã�ßc¹�ß±áOä6� . 7 a�$fe��|5!$';<(¦l!+���&�2?EG2:U6& =6U6& OD
+'ß>2:STEG2:+0LG+-&

θ ∈ On
Q
i < ω 7 &�8 α < θ

Cp2?E
ϕ(x, θ, i, α)

�±lº$'&	&n562?9?ER2:&	SG*,+-STU6&�8�+0LG+
x ∈ Vθ 7 &	8�Q�2:&�8	+-C Ct$'& v1 :≡ x

SG+0EG.0EÇQ
a�b�e

(Vθ,∈) |= ϕi[x, α]
�

à�S�E�8�$'&�&
v0

*,+-9?2:+0*�2:5�Cp2�E
ϕ(v0, θ, i, α)

Q�SGU�N¬U'9:5'E-Q	2:&	8�+-C Ct$r&
v1 :≡ x

ST+0EP.�EÇk
x = v0 ←→ (Vθ,∈) |= ϕ[x, α].

lº$�&�$';o(%a�bIeR8	2:+iLG+0;o(fEP+j£q+-2?EG+�8�2?+-ST+-LÊíNâ 7 2?=r$r9:+-&	.�562?9?E-Q>N¬U'9:5'E v0 = x
�±lº$rCD2�E�2:S�E�a×$fe�*,+0/�2?+-ST+-&��

. 7 a�*�e��±#�2?LÐ�'U6&�STEGL 7 2?+-LT+-& . 7 &�Ú';<(�STEº+-2?&�+ ∈ Û�j�U6LGCp+-9 χ Q,8	2:+ x $ 7 S�+-2?&�+-C ïÙ$rLP$'Cp+0EG+-LÐ8�+0��&	2:+0LTE
7 &	8n*,+�EPLP$r;o(fEP+-&n8�$'&�& pχq

�h 7 N < ω On :≡ {s | ∃n < ω s:n→ On}
8�+���&�2:+0LG+�+-2?&�+i#JU6(�9?U6LG8	& 7 &�5 ≺ 8 7 LG;<(

s0 ≺ s1 :≡ (s0 ⊆ s1 ∧ s0 6= s1)∨ (dom(s0) = dom(s1)∧∃i < dom(s0) (s0 � i = s1 � i∧ s0(i) < s1(i))).

£>+02
h
8	+-LU/%]`äI[^]w¹�ä21`á�Ûîà�STU6CDU'LGÜ�(�2?SGC 7 SR=6U6& ≺ á 8�$'&�&42?STE h[< ω On] = On

�p£q+-2
χ(v0, α) :≡ ∃v1, . . . , vn(v1 = h(α)(0) ∧ . . . ∧ vn = h(α)(n− 1) ∧ ϕ(v0, . . . , vn)).

£>+02
α ∈ On

CD2�E
h(α) = (αi+1|i < n)

�	lº$'&�&�/�2:LT8
x
$ 7 S α Cp2?E ∈ Û�j�U6LTCD+09 χ 8�+���&�2:+0LTE-�>#)Ú'(�9?+&�$r;o(t8�+0ChVYXZ,\[BSG;<(�+0&`ó�+i3�+'ß	2?U6&�STSP$rEG.xb2H>�úd�+-2?&

θ ∈ On
QqSTUx8�$'�

x ∈ Vθ
STU�/�2?+

α ∈ Vθ
562:9�E 7 &�8

∀y (y = x←→ χ(v0, vn+1)) Vθ
Û�$'*�STU69 7 E�2?STEÇ��lº$ ∀y(y = x←→ χ(v0, α))

5'2:9?E-QqN¬U69:5rE�8�$'&	&
∀y ∈ Vθ (y = x←→ χVθ(x, α)).

l!2?+-S�2?STE�&�$';<( b6b6��H"569:+02:;<(F/1+-LTEG2:5�Cp2?E
∀y ∈ Vθ (y = x←→ (Vθ,∈) |= pχq[x, α]).

h�9:SGU�5'2:9?E
x ∈ OD

�
ãi@�ll!2?+dði9:$'SGST+

OD
2:STE�$'*�56+0SG;<(�9:U'SGSG+0&�56+056+-&nl!+���&�2:+0LG*�$rLG�'+02?E�$ 7 S�ïÙ$'LG$'Cp+0EG+-LG&4$ 7 S OD

k



���R�r���P�r�æèTS �Y���û���r�3�Y�����D� �:¤N�U§<��§I�P�i�R�U�¥¤N� ² » ³Ñ¸8� d*�

® ²	£#¯%¨�°�§l¾ `�~O{T���'~Äy;[ y��q�qy x }'ufÊ x1, . . . , xn ∈ OD v�~O� ∈ � D Æ�{ovty�Â ϕ(v0, . . . , vn) �qy�À���~Äy�{���+ÊIÆ�~:Ê�� x ∈ OD Óã�ßc¹�ß±áOä6�nl!2:+ij±U'LGCp+-9
ϕi(vi, ~α)

8�+���&�2?+-LG+
xi
$ 7 S ~α ∈ On

Q�8��È(���Q�+0S�562:9�E
(ϕi(vi, ~α)↔ vi = xi)

�lº$r&�&n8	+0��&�2?+-L�E
∃v1, . . . , vn (ϕ1(v1, ~α) ∧ . . . ∧ ϕn(vn, ~α) ∧ ϕ(v0, . . . , vn))

8�2?+�3n+-&	56+
x
$ 7 S ~α � ãi@�l

#�2?L�5'+-(�+0&n& 7 &nM	*,+-L�=6U6& OD
. 7 L�ði9é$'STSG+�$'9:9?+-L�8�+0L¬�T+-&	2:56+0&�3n+-&	56+-&�Q±8�2:+ y�{-|-ÂÃ~ Ô z U6LG8�2?&�$'9?.Ç$'(	9 Û8�+���&�2?+-LT*�$'L�SG2?&�8�Qq8��ð(��?Q�3n+-&	56+-&�Q�8	2:+�&�2:;<(FE�& 7 LRST+-9?*�STER2:& OD

9:2?+-56+0&�QFSGU6&�8	+-LG&s8�+0LG+-&sSGÚ'CxEP9?2:;<(�+@B9:+0Cp+-&FEG+ 7 &�8©8�+-LT+-&¦@B9:+0Cp+-&FEG+ 7 &�8©8�+-LT+-&¦@B9:+0Cp+-&FEG+ . . . +0*,+-&	N�$r9:9?SpU6LT8�2:&�$r9:.Ç$r(�9?8�+���&�2:+0LG*�$rLST2:&�8��
�s f¡`µ\¢O£�¢�¤,µ ¨<°�§7m l!2?+`ði9é$rSGSG+

HOD :≡ {x | TC({x}) ⊆ OD}
(�+02:�'E ði9:$'SGST+�8�+-L" 0µ ¼ «�¢×­�®¤Zµ�¶Z¢�µ^²�«>¯f²�®Z«�¶\ f¡ÙµZ¢¬ 0µ ¼ ²cµ� qµ�·� qµ^ª, qµ�a×®^ �µ� q¶\¢¬£I²cµ�¢�«�Ö�¤pµ�¶\¢×µ^²�«Ù¶<¶^ f¡`µ^² ¼ «�  ´- f£�´Çe��

·" q¯% 0µ�¸I½\µ\ª©¨<°�§7 #J+-56+0&
x ∈ TC({x})

562?9?E
HOD ⊆ OD

�
® ²	£#¯%¨�°�§é¥ &�~ÄyU��Â�}�Ê<ÊIy HOD ~:Ê���y�~O� ~O����y�{Py<ÊU[ Æ-�qy�ÂOÂ�Ñ'Æ��n¿BÀ�Óã�ßc¹�ß±áOä6�ý5!$r;o(nb2H>�! �2?STE
. 7 .-+02:56+0&�QF8�$r� HOD

EPLG$'&�SG2�EP2�=mQ'N�$'S�ETÛ 7 &�2?=6+0LGST+-9:9 7 &	8th 7 SGSGU'&�8�+-L 7 &�56S�Û$'*	56+-ST;o(	9:U6STSG+-&n2:S�EÇ�
. 7 L�-\LP$'&�ST2?EP2�=q2?EPÚrEÇ�Ó£>+02 x ∈ y ∈ HOD

�,l!$'&�&�2?STE
y ∈ TC({y})

Q±$'9:STU
y ⊆ TC({y})

/1+-56+0&�8�+-L
-\LP$r&�SG2�EP2?=q2�E<ÚrE`=6U6&

TC(y)
�fh 7 S x ∈ y N¬U69?5'E�8�$r&�& {x} ⊆ TC({y})

QF$'9?SGU
TC({x}) ⊆ TC({y})

�lº$
TC({y}) ⊆ OD

/�+056+-&
y ∈ HOD

562:9�EÇQ�N¬U'9:5'E
TC({x}) ⊆ OD

Qm$'9:STU
x ∈ HOD

�ml!2:+0S�/R$'L. 7 .0+-2:5'+-&��. 7 LÐj±$'S�ETÛ�Ø�&�2�=6+-LGSG$'9:2�EPÚrEÇ�>lº$�/1+-56+0& V =
⋃
α∈On Vα

. 7 �T+-8	+-C x ⊆ HOD
+-2?&

α ∈ On
+ ß>2?STEP2?+-L�ECp2?E

x ⊆ Vα ∩HOD
Q>56+0&qM	5'ER+-S�. 7 .0+-2:5'+-&�Qq8�$'� Vα ∩HOD ∈ HOD

Q>$'9?SGU
TC({Vα ∩HOD}) ⊆

OD
N¬M�L�$'9:9?+

α ∈ On
562?9?E-��l!$
TC({Vα ∩ HOD}) = (Vα ∩ HOD)︸ ︷︷ ︸

⊆HOD⊆OD

∪{Vα ∩ HOD}

2?STEÇQF56+-&FM�5'ER+0SR. 7 .-+-2?56+-&�Q>8�$r� Vα ∩HOD ∈ OD
562:9�EÇ�0¤Ð2:+-LT. 7 *,+0CD+0LG�'+0&�/�2:L0Qq8�$'�x8�2?+-SG+i34+-&�56+$ 7 S α Cp2?ER8�+-L ∈ Û�j�U6LTCD+09

ϕ(v0, v1) :≡ ∀u(u ∈ v0 ↔ (u ∈ Vv1 ∧ TC({u}) ⊆ OD))

8�+���&�2?+-L�E�/�2:LG8��Ó¤�2:+0LP$ 7 S�+-LT562?*	E�SG2?;o(�8�2:+M¡�+0(�$ 7 Ü	E 7 &�5��. 7 L�h 7 STSGU6&	8�+-L 7 &�56S�Û h!*�56+0SG;o(�9:U'SGSG+0&�(�+-2?EÇ��£>+-2 ϕ(u, v1, . . . , vn)
+02:&�+
∈
Û�j�U6LGCp+-9×��£>+02:+-&

x, x1, . . . , xn ∈
HOD
�Fl!$'&�&p/�2?LG8

z :≡ {u ∈ x |ϕHOD(u, x1, . . . , xn)}
8�+0��&�2:+0LTE1$ 7 S x, x1, . . . , xn

Cp2?E
∈
Û�j�U6L�ÛCp+-9

χ(v0, v, v1, . . . , vn) :≡ ∀u (u ∈ v0 ↔ (u ∈ v ∧ ϕHOD(u, v1, . . . , vn)).



���R�r���P�r�æèTj �Y���û���r�3�Y�����D� �:¤N�U§<��§I�P�i�R�U�¥¤N�
¬AC k �i�V§3�P�r�h�D�r�O§l�k©D� dêA

lº$
OD
&�$';<(�b#�>��A�56+056+-&Al!+0��&	2:+0LG*�$'LT�'+-2�E�$ 7 S�ïÙ$'LP$'Cp+0EG+-LT&A$ 7 S OD

$r*�56+0SG;<(�9:U6STSG+0& 2:S�EÇQ,N¬U69?5'E
z ∈ OD

��lº$�&�$';<(�Ý�U6LP$ 7 SGST+0EP. 7 &�5 x ∈ HOD
Q�$'9:STU

TC({x}) ⊆ OD
562?9?E-Q	+0LG562?*	E�ST2:;<(

TC({z}) = {z} ∪ TC(z) ⊆ {z} ∪ TC(x) ⊆ {z} ∪ TC({x}) ⊆ OD .

h�9:SGU�2?STE
z ∈ HOD 7 &�8 HOD

h 7 STSGU6&�8	+-L 7 &�56S�Û�$r*�56+0SG;o(�9?U6SGSG+0&�� ãi@�l
h�*�SG;<(�9?2:+-�'+-&�84.-+02:56+0&�/�2:L0Q�8�$'��2:&

HOD
8�$rS�h 7 S�/R$'(�9:$8ß>2:U6C 562:9�EÇ�

® ²	£#¯%¨�°�§76#" Ê!�'~OÂÃ� (AC)HOD Óã�ßc¹�ß±áOä6�n#�2?L�8�+���&�2:+0LG+0&n. 7 &�Ú';o(	STE�+-2:&	+i#JU6(�9?U6LG8�& 7 &�5p$ 7 N OD
�Z¤Ð2:+-LT. 7 ST+0EP.0+-&4/�2:L

T :≡ {(θ, i, α) | θ ∈ On ∧ i < ω ∧ α < θ}.

#�2?L�8�+���&�2:+0LG+0&�$ 7 N T +-2?&�+�S�E<$'LT�'+�#JU6(�9?U6LG8�& 7 &�5�8 7 LT;<(n8�2:+i9?+ ß>2:�'U65'LP$'Ü�(	2:SG;<(�+dòºLG8	& 7 &	5�k
(θ, i, α) <T (θ′, i′, α′) :≡ θ < θ′ ∨ (θ = θ′ ∧ i < i′) ∨ (θ = θ′ ∧ i = i′ ∧ α < α′).

jÙM	L
x, x′ ∈ OD

SG+0EG.-+0&n/�2:L
x <OD x′ :≡ ∃t ∈ T (t

8�+0��&	2:+0LTE
x ∧ ∀t′ ∈ T (t′

8	+0��&�2?+-L�E
x′ → t <T t

′)).

3�$r&KSG2?+-(fEº9:+02:;<(FE-Q,8�$'�
<OD

+02:&�+�STE<$rLG�'+x#JU6(�9:U'LG8�& 7 &�5�$ 7 N OD
8�+���&�2?+-LTE-�«à�STEi& 7 & a ∈ HOD+02:&�+�3n+-&�5'+�&�2?;o(fETÛ�9?+-+0LG+0L-Q�Ü�$'$'LT/1+-2:ST+�8�2:SO� 7 &��fEP+0L!34+-&�56+0&�Q±SGUpST+0EP.0+

b :≡ {y | ∃x ∈ a (y
2?STE

<OD

Û CD2?&�2?Cp$'9�+-S�@B9:+0CD+0&FE�=6U6&
x)}.

l!2?+s3n+-&�5'+
b
/RÚ'(�9�E�$'9?SGU�8�$'S�342:&�2?C 7 C +02:&	+-SÐ�T+08�+-& @B9?+-Cp+-&fEP+-S�=6U6& a $ 7 S-�ÙØ�C (AC)HOD. 7 *,+�/�+-2?SG+0&�Q�2?STE4&�$r;o( b6b6��A b ∈ HOD

Q�$'9:STU
TC({b}) ⊆ OD

. 7 .-+02:56+0&��Ðlº$ ST2:;<( b $ 7 S
a ∈ OD

8�+0��&	2:+-LT+-&%9éÚ'�rEÇQ�2?STE
b ∈ OD

&�$';<(©b#�	��A���#J+-5'+-&
TC(b) ⊆ TC(

⋃
a) ⊆ TC({

⋃
a})N¬U69?5'E

TC(b) ⊆ OD
Q�8�+0&�&W$ 7 S a ∈ HOD

SGUI/�2:+¥² ⋃ ¶ » ôU¸ HOD +0LG562?*	E�SG2:;<( ⋃
a ∈ HOD

Q^$'9?SGU
TC({

⋃
a}) ⊆ OD

�3à�&�SG5'+-SP$rC"E�N¬U69?5'E
TC({b}) = {b} ∪ TC(b) ⊆ OD

�\l!2:+0S�/�$'L�. 7 .-+02:56+0&��h�9:SGU�5'2:9?E
(AC)HOD 7 &�8n8	+-LY£	$rEG.�2:STE�*,+�/�2:+0SG+0&�� ãi@�l

3n2�E�¤�2?9?N¬+º8	+-L�3n+�EP(�Uq8�+�8	+-L�2:&�&	+-LG+0&�3nUq8�+-9?9:+�a�SG2?+-(�+�bÊH>�-�6e�2:S�E�8�$'Cp2?E�5'+-.0+-2:5rEÇk
® ²	£#¯%¨�°�§79û²nms³�¶^ >«?¸ &�}�Ê $ Á�Ê���y�v ¿BÀ ³ ~:Ê��
{Py�Â�}'�×~OÑ�wfÆ��	Ê�~:Ê���y����ÙÒ-uqv $ ÁIÊ���y�v ¿�À�Ó
·" q¯% 0µ�¸I½\µ\ª©¨<°�§�¨=? ç��q8�+09`.-+-2?5'EG+�8�2?+-SG+0S�ó�+-S 7 9?EP$rE�. 7 &�Ú';o(	STE�CD2�Ei8�+0C¾2:&�&�+0LG+0&W34Uq8�+-9?9B8	+-LwfÆ��	Ê���{ouFw���~�|-Â:y�� [Jy��q�qy��p7 &	8nSGÜ�ÚrEP+0LÐCp2?ER8�+-C 3nUq8	+-9:9 HOD

�



���R�r���P�r�æèTj �Y���û���r�3�Y�����D� �:¤N�U§<��§I�P�i�R�U�¥¤N�
¬AC k �i�V§3�P�r�h�D�r�O§l�k©D� d~�

õpo ¬ øoþ öqþzûúô_�Lø��Æþ ó ±Øù�­Lø�­8�Lþàù!ü`�þ±�ù
¬AC q þZö�­r�LþZöts>þZö�­'°�³pý

ØÐC�. 7 .-+-2?56+-&�Q�8�$'STSZSG2:;<(þ5 7 9:9:S�EP+09:9?+0&�=6U6&jïZU69�è>&	U6Cp+-&�$'9:9?56+0Cp+-2?&�&�2?;o(fEZ8 7 LG;<(�ó�$r8�2:��$'9:+B8�$rLGSTEG+-9 Û9?+-&49é$'STSG+0&�Q±8�+0��&�2:+0LTE�CD$'&42?&48�+-L!ç�$'9:U'2?STEG(�+-U'LG2?+�Ø�&fEP+0LG�'�6LTÜ,+-LÐ=6U6&n56+056+-*,+0&�+-&¢ð��6LGÜ,+0LG&n8 7 LG;<(£qèqCpCp+0EPLT2:+0+-2:5'+-&�ST;o(�$rNOEP+0&��yà EP+0LG2:+0LTEG+MóÐ$'8�2?��$'9?+!+0LTN¬M�9?9:+0&s8	2:+M£qèqCpCD+�EPLT2:+-+02:5'+-&�ST;o(�$�NOEP+-& 7 &	8�SG2:&	82?&p8�+-C S�è>CpCp+0EPLT2:ST;o(�+0&tØ�&FEG+-LT�'�6LGÜ,+0L1+-&fEP(�$'9�EP+0&�Qf/�Ú'(�LG+0&�8�8�+0SGSG+-&�SG2:;<(D+-2?&\ïZU69?èq&�U6C M�*,+0L18	+-CçiL 7 &	8��'�6LGÜ,+0LR$r&�56+-*,+0&�9éÚ'STSTEÇQF8�+0SGST+-&�5 7 9?9:STEG+-9?9?+-&p8�2:+R£qèqCpCD+�EPLG2?+-+02:56+0&�SG;<(�$rNOEG+-&D&�2:;<(FE1+-L�N¬M�9:9?+-&��
¤Ð2:+0LZSGU69?9q2?&�=r$'56+0LÙh�&�$'9:U'562:+�+-2?&�34Uq8�+-9?9q8�+-LB3n+0&�56+0&�9:+0(�LG+R�'U'&�STEGL 7 2?+-LTEZ/�+-LT8�+-&�Q'2:&x8�+0CÁ56+0/�2?SGST+3n+0&�56+0&��'+-2?&�+�h 7 ST/R$'(	9?N 7 &��fEG2:U6&D*,+-ST2?EP.0+-&���à�&t8�+0C ��STèqCpCp+0EPLT2:ST;o(�+0&�ØÐ&FEG+-LGCpUq8�+09:9Ã��+-2?&�+0SR3nUrÛ8�+09:9?Sº8�+0L�34+-&�56+0&�9:+0(�LG+�+'ß>2:STEG2:+0LG+-&A8�2?+"2:&K8�+0&%ê�+-LTCD+09:UrÛ�j�LG$'+0&��'+-9?SG;<(�+-&AhÊß>2:U6Cp+-&K56+�N¬U6LT8�+-L�EP+-&3n+0&�56+0&�QZ$'*,+0L�/�2?L��'�6&�&	+-&%+02:&�+�STèqCpCD+�EPLG2?SG;<(�+D3n+-&�5'+t$'&	56+-*,+0&�Q\8	+-LG+0&%h 7 ST/�$'(�9?N 7 &��fEP2:U'&�+-&&�2?;<(FEZSTèqCpCD+�EPLG2?SG;<(xST2:&�8 7 &�8x8�$'(	+-LZ&�2?;o(fEÙ2?C�Ø�&FEG+-LTCDUq8�+09:9f9:2?+-56+0&���lº$'LG$ 7 S\N¬U69:5rE\8�2?+1Ø�&F*m+�/�+02:S�Û*�$rLG�'+02?EÐ8�+0S�h 7 ST/�$'(�9:$8ß>2:U6CpS�$ 7 SÐ8	+-&nM�*�LT2:56+0&4h�ß>2:U'CD+0&���h!9?9:+-LT8�2?&�56S�/�2:LG8�8�$'SÐS�èqCDCp+0EGLG2:ST;o(	+3nUq8	+-9:9�&�2?;o(fE�8�$'S�56+�/��6(�&�9?2:;<(�+d£qèqSTEP+0C ¿�À Q�SGU6&�8	+-LG&n+02:&�+ºÝ
$'LG2:$'&FEG+ ZFA

+0LTN¬M�9?9:+-&��#�2?Lt*,+-5'2:&�&�+0&¦+-2?&�+ 7 C�N�$'&�5'LG+-2?;<(�+¢ð�U6&�S�EPL 7 �fEP2:U'&��G£>+-2
η ∈ On 7 &�8 A ⊆ Vη+1 \ Vη

Q
L ∈

(Vη+1\Vη)\A
�Çlº$'*,+-2'/�+-LT8�+-&�8�2:+B@B9:+0CD+0&FEP+Ù=6U6&

A
+-2?&�3nUq8�+09:9

W
8�+-L\3n+0&�56+0&�9:+0(�LG+�56+0&�+-LT2:+0LG+-&�Q2?&p8�+0C 8�2:+�çi+-&	+-LP$�EPU6LT+-&�� h�EGU6Cp+o��SG2?&�8�Qf8��È(��<òº*q�T+-�fEP+ÐU6(�&�+�@B9?+-Cp+-&fEP+'�fh�9:S`� 9:+-+0LG+�3n+0&�56+<��8�+0S3nUq8	+-9:9?S

W
8�2?+-&FE

L
��lº$'S�3nUq8�+09:9Ù/�2:LT8A8 7 LT;o( +-2?&�+�� 7 C 7 9é$rEG2?=6+ ¤Ð2:+-LG$'LG;<(�2?+�Úr(�&�9:2?;o(K8�+0Li=6U6&5Ð+ 7 CD$'&�&	SG;<(�+-& $ 7 N¬56+-*�$ 7 EÇk

W0 =A ∪ {L};

Wα+1 = P(Wα) \ {∅};

Wλ =
⋃

α<λ

Wα,
N¬M�LÊ÷^2?CD+0S

λ;

W =
⋃

α<On

Wα.

l!2?+ëði9é$'STSG+
W
+0LTN¬M�9?9?E^+-2?&�+�Ý
$'LG2:$'&fEP+�8�+-LÙê�+-LGCp+-9?UrÛ�j�LG$'+-&	�'+-9?SG;<(�+-&�h�ß>2:U'CD+rQ�2?&�8�+0LÙ@B9:+0CD+0&FE�Û�9:U'SG+� h�EGU6Cp+o�x=6U6LG�rU6CDCp+-&K�'�6&�&�+0&��P£FE<$rETE�8�+-S�3nUq8�+09:9:S

W
/�U69?9:+-& /�2?Li8�$'Sd£ 7 *�CpUq8�+09:9 HS ⊆ W8�+0L�� +-LG*	9:2?;o(tSTèqCDCp+0EGLG2?SG;<(�+-&q��3n+0&�56+-&sN¬M�LR8�2?+�ù�*,+0LG9?+-5 7 &	56+-&�. 7 C h 7 ST/�$'(�9:$8ß>2:U6C *,+-& 7 EP.0+-&��¤Ð2:+0LG. 7 *,+0EGLP$';<(FEG+-& /�2?LRïZ+-LTC 7 E<$�EP2:U'&�+-&4=6U6& A 7 &�8 8�$'8 7 LG;<(K2?&�8 7 .02:+0LTEP+jï\+-LGC 7 EP$rEP2?U6&�+0&n=6U6&

W
�
a�b�eRjÙM�L

x ∈ W \W0

2:STE
x /∈ Vη+1

�ã�ßc¹�ß±áOä6��h!&	56+-&	U6CDCp+-&�Q
x
2?STE
∈
Û�Cp2:&	2?CD$r9?+0SBçi+-56+0&q*,+-2?SGÜ�2?+-9×�'lº$'&�&�2?STE

x ∈ W \W0

Q
x ∈ Vη+1

Q
x ⊆ Vη

��#)Úr(�9:+
β ∈ On

Cp2:&	2:Cp$'9�Q>SGUp8�$'STS
x ∈ Wβ+1

�
x ⊆ Wβ

Q
x 6= ∅
�

D }'ÂéÂ.E k β = 0
��lº$r&�&©2?STE

x ⊆ A ∪ {L} 7 &�8�+-Sp562:*>E z ∈ A ∪ {L}
Cp2�E

z ∈ x ⊆ Vη
QB2:C#�2?8�+-LTSGÜ�L 7 ;<(�. 7 L�#%$'(�9�=6U'& A,L �D }'ÂéÂ�F k β > 0

k±lº$'&�&4/RÚr(�9:+
y ∈ x
Q
y ∈ Wβ \W0

�
y ∈ x ⊆ Wη ⊆ Wη+1

2?C #�2:8�+0LGSTÜ�L 7 ;<(�. 7 L
∈
Û�3n2?&�2:Cp$'9�2�E<Ú�E�=6U6&

x
� âF+08^a�b�e

£>+02
G = GA = {π|π : A↔ A}

8�2?+�STèqCpCD+�EPLT2:SG;<(�+xçiL 7 Ü�Ü,+�$ 7 N A �p¡1+0EPLG$';<(FEP+�+02:&�+�ïZ+0LGC 7 E<$�ÛEG2:U6&
π ∈ G

��l�+0��&�2?+-LT+�LT+-� 7 LGST2?= π̃ : W → W
Q
π̃ � A = π

Q
π̃(L) = L

Q
π̃(x) = {π̃(y)|y ∈ x}N¬M�L

x ∈W \W0

�
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aIH6e
∀α x ∈ Wα → π̃(x) ∈Wα

�ã�ßc¹�ß±áOä6��jÙM�L
α = 0

2:STE�8�2?+Ñ¡�+-(�$ 7 Ü	E 7 &�5��F9é$'L0�'5 7 &%ST+-2 α = β + 1 7 &�8J8�2:+Ñ¡�+0(�$ 7 Ü	E 7 &�556+09?EG+ºN¬M�L
β
�±lº$r&�&n2?STE

x ∈ P(Wβ) \ {∅}
�
π̃(x) = {π̃(y)|y ∈ x} ⊆ Wβ

Q
π̃(x) 6= ∅

� âF+-8^aIHfe
a>�feRjÙM�L

σ = id � A
2?STE

σ̃ = id � W
�ã�ßc¹�ß±áOä6��#�2?L".0+-2?56+-&�8 7 LG;<( ∈ Û?à�&�8 7 �fEP2?U6&�k σ̃ � W0 = id � W0

Q 7 &	8�N¬M�L x ∈ W \ W0

2:S�E
σ̃(x) = {σ̃(y)|y ∈ x} = {y|y ∈ x} = x

� âF+-8�a6�Fe
a�AFeRl!2:+dòºÜ,+-LP$�EP2:U'&

π 7→ π̃
2:S�E�+-2:&�ð�U6CpÜ,U6ST2?EP2?U'&>Ûî¤�U'CpU'CpU'LGÜ�(�2�SGC 7 S0k π̃ ◦ σ = π̃ ◦ σ̃

�ã�ßc¹�ß±áOä6�%#�2:L�.-+-2?56+0&K8 7 LT;o( ∈ Ûîà�&	8 7 �fEP2?U6& M�*,+-L W Qm8�$rSGS π̃ ◦ σ(x) = π̃ ◦ σ̃(x)
��lº$rSº2:STE!�q9:$'LN¬M�L

x ∈ W0

�ZjÙM�L
x ∈ W \W0

Q\SGU�8�$'SGSx8�2:+�¡1+-(�$ 7 Ü	E 7 &	5 N¬M�L ∈ Û��F9?+-2?&�+-LT+�3n+-&	56+-&�562?9?E-Q�2:STE-k
π̃ ◦ σ(x) = {π̃ ◦ σ(y)|y ∈ x} = {π̃ ◦ σ̃(y)|y ∈ x} = {π̃(σ̃(y))|y ∈ x} = π̃({σ̃(y)|y ∈ x}) =
π̃(σ̃(x))

� âF+-8^a�Aqe
aI�6e]�'+-8�+0S

π̃ : W ↔ W
2:STE�+02:&�h 7 EGU6CpU6LGÜ�(	2:SGC 7 S π̃ : (W,∈, A)↔ (W,∈, A)

�
ã�ßc¹�ß±áOä6� £>+-2

π ∈ G
��lº$'&	&A2:S�E

π̃ ◦ π̃−1 = ĩd � A = id � W
Q�8�$'(�+0Lº2:STE

π̃
S 7 L¬�T+0�fEP2?=,�m#%+02?EG+-L2?STE

π̃−1 ◦ π̃ = ĩd � A = id � W
Q�8�$'(�+0L�2:STE

π̃
2:&��T+0�fEP2?=,�

£>+02:+0&
x, y ∈ W

�mlº$r&�& 2:S�E
x ∈ y ↔ x ∈ {z|z ∈ y} ↔ π̃(x) ∈ {π̃(z)|z ∈ y} ↔ π̃(x) ∈

π̃(y)
� âq+08^aJ�6e

a> feZjÙM�L±�T+-8	+-S
x ∈W

2?STE
Gx = {π ∈ G|π̃(x) = x}

+02:&�+RØ�&fEP+0LG56L 7 Ü�Ü,+R=6U6& G Qr8�2:+V$ �Ä}'�,�I�'{�uÊÌCÌ�y=6U'&
x
�ã�ßc¹�ß±áOä6�

id � A ∈ Gx

&�$';o()a>�fe��\#J+0&�&
σ, π ∈ Gx

QZ8�$'&�&
σ̃ ◦ π(x) = σ̃(π̃(x)) = x

Q 7 &�88�$r(�+-L
σ ◦ π ∈ Gx

�q#%+0&�&
π ∈ Gx

Q>8�$'&�&
π̃−1(x) = π̃−1(π̃(x)) = π̃−1 ◦ π(x) = ĩd � A(x) = x

Q
7 &	8n8�$r(�+-L π−1 ∈ Gx

� âF+-8�a6 Fe
3�$r&4��$r&�&4& 7 &�SP$'56+0&�Q�8�$'SGS�+02:& x ∈ W � STèqCpCD+�EPLG2?SG;<(q�º2:S�EÇQ>N�$'9:9?S�8�2:+M£qE<$r&�8�56L 7 Ü�Ü,+ Gx

�<56LTU6���2?STEÇk
�s f¡`µ\¢O£�¢�¤,µ ¨0¾^§�¨�£>+02

x ∈ W
�

a�$fe @B2:&�+�3n+-&	56+
A0 ⊆ A

2:S�E�+-2?& d	{�)I�qy�{ =6U'& x Q�N�$r9:9?S {π ∈ G|π � A0 = id � A0} ⊆ Gx

�
a¬*±e l�2:+�3n+-&�5'+

x
2:STE Ê�Á�v�vty���{�~:Ê Ô z Q±N�$'9?9:SÐ+-Sº+-2:&	+"+0&�8�9:2?;o(	+�3n+0&�56+ A0 ⊆ A

5'2:*	E-Qm8�2?+þ-\LPÚ'56+0L=6U6&
x
2?STEÇ�
S = {x ∈ W |x

2?STE�S�è>CpCp+0EPLT2:ST;o(
}
2:S�E
8�2:+�ði9é$'STSG+Ð8�+0L
STèqCDCp+0EGLG2?SG;<(�+-&�3n+-&	56+-&��

a�;Çe l!2?+�3n+0&�56+
x
2:S�E y�{0|-ÂÃ~ Ô z�Ê�Árv�vty���{o~:Ê Ô z Q	N�$r9:9?S TC({x}) ∩W ⊆ S

�
a¬8±e

HS = {x|x
2:S�E�+-LT*�9:2?;o(�S�èqCDCp+0EGLG2:ST;o(

}
2?STE�8�2?+Ñði9:$'SGST+�8�+0L�+-LG*	9:2:;<(AS�è>CpCp+0EPLT2:ST;o(	+-&%3n+-&qÛ56+0&��6lº$'S�a×j�LP$r+-&��'+09:ST;o(�+ÇeDu y�{ov�uq�Ä}'�×~ÄÆ��	Ê�vtÆ-�qy�ÂOÂ 2:S�EB8	2:+�+-LT/1+-2�EP+-L�EP+ ∈ Û�£FEPL 7 �FE 7 L (HS,∈, A)

�
#�2?L�/�+0LG8�+0&¦STÜ�ÚrEP+0Lt.0+-2?56+-&�Q
8�$'STSt8�$'S�ïZ+0LGC 7 E<$�EP2?U6&�SGCpUq8�+09:9R+-2?&�+4Ý
$rLG2é$r&FEG+�=6U6& ¿�À +0LTN¬M�9?9?EÇQSTU�/�2?+�8�$'STSÐ+-S 7 &FEG+-L�56+0+-2:5'&�+0EG+-&�Ý�U6LP$ 7 SGST+0EP. 7 &�56+0&�+-2?&�3nUq8	+-9:9�=6U6& ¬(AC)

2:S�EÇ�
a×d6e

A ∪ {L} ⊆ HS
�ã�ßc¹�ß±áOä6� £>+02

x ∈ A ∪ {L}
�x5�$';<( a�b�e�2:S�E

TC({x}) ∩W = {x}
��@BSº5'+-&qM	5'Ei$'9?SGUt. 7 .0+-2?56+-&�Q
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8�$rSGS
x ∈ S

�
GL = G

QF$r9:STU�2:STE
L ∈ S

�fjÙM�L
x ∈ A

/RÚ'(�9?+
A0 = {x}

�flº$'&�&p2:STE
A0

+-2?&p+0&�8�9?2:;<(�+-L
-\LPÚr56+-L�=6U'&

x
� âF+-8�aÄdfe

#�2?LiN�$'STSG+0&
HS
$'9?S�3nUq8	+-9:9BCp2?E�3n+0&�56+-& 7 &�8 É!��Æ�vty�� $ 7 N���#�2:LiN¬U'LGC 7 9?2?+0LG+-& 7 &�8J*,+�/�+-2?SG+0&8�$�N¬M�LÐ$r8�Ú*â 7 $rEG+�h�ß>2:U6Cp+r�

a¬h�EGU6Cte
HS |= ∀x ∈ A∀y y /∈ x

�l!2?+-ST+-S�h�ß>2?U6C *,+-SG$'5'E-Q68�$'SGSB8�2:+RhREPU6Cp+Nï 7 &��fEG+Ð8�+0S
Ø�&	2?=6+0LGS 7 CDSBSG2?&�8�Q'8�2:+RCp+-&	56+-&fEP(�+0U6LG+�EP2:ST;<(� 9:+0+-L��iST2:&�8��
a�@Dß�e

HS |= ∃x /∈ A∀y y /∈ x
�l!2?+-ST+-SÐh�ß>2?U6C N¬U6LT8�+-L�EÐ8�2?+�@Dß>2?STEP+0&�.�+-2?&�+�9?+-+0LG+-& [ y��q�qy �a

ExtA
e

HS |= ∀x, y /∈ A(∀z(z ∈ x↔ z ∈ y)→ x = y)
�l!2?+-ST+�Ý�+0LGST2:U6&48	+-S�@UßqEP+0&�SG2?U6&�$'9?2?EPÚrEPSG$8ß>2:U6C�SR*,+-.02:+0(FEÐSG2?;o(n$ 7 NÙ8�2?+ [ y��q�qy�� 8�+-S�3nUq8�+-9?9:S0�ã�ßc¹�ß±áOä6��£>+-2?+-&

x, y ∈ HS \ A 7 &�8 ∀z ∈ HS(z ∈ x ↔ z ∈ y)
��£>+02�U6(�&�+D@B2:&	SG;<(�LPÚ'&	� 7 &�5

x 6= L
�,#)Úr(�9:+

α
Q,SGU�8�$'STS

x ⊆ Wα

Q
x 6= ∅

�mlº$
x ∈ HS

Qm2?STE
x ⊆ HS

��lº$r&�&K2?STEº$ 7 ;o( y 6= L7 &	84/�2?L��'�6&�&�+0&4/�2:+i*,+-2 x +02:&�+dòºLG8�2?&�$'9?.Ç$'(�9
β
/RÚr(�9:+0&4CD2�E

y ⊆ Wβ

Q
y 6= ∅
Q
y ⊆ HS

��lº$'Cp2?E2?STE
∀z(z ∈ x↔ z ∈ y).5�$';<(n8�+0C @DßqEG+-&�ST2:U6&�$r9:2�E<ÚrEGSP$8ß>2:U'C 2?&
V
2:STE�8�$'&�&

x = y
� âF+08^a

ExtA
e

ê 7 C 5!$r;o(f/�+-2?Sx8�+-L"3n+0&�56+-&	+ ß>2:STEG+-&�.Ç$�ß	2?U6CD+D*,+0/1+-2:ST+-&W/�2?L�+02:&bð�LT2?EG+-LG2 7 C N¬M�L�8�2:+t3n2?EG569:2�+-8>ÛST;o(�$�NOE�2?&
HS
�

»� q¯W¯%² ¨
¾\§?¼ `�y���� x ⊆ HS u>�,� x ∈ S +BÊIÆ�~:Ê�� x ∈ HS Óã�ßc¹�ß±áOä6� @BSÐ5'2:9?E�$'9?9:5'+-Cp+02?&
TC(z) = z ∪

⋃

u∈z

TC(u).

h�9:SGU�2?STE
TC({x}) ∩W = {x} ∪ (TC(x) ∩W )

= {x} ∪ (x ∪
⋃

u∈x

TC(u) ∩W )

⊆{x} ∪ (x ∪
⋃

u∈x

(TC({u}) ∩W ))

⊆S.

ãi@�l
a>ïÙ$6$'L<e

HS |= ∀x, y∃z∀u (u ∈ z ↔ u = x ∨ u = y)
�ã�ßc¹�ß±áOä6�G£q+-2:+0&

x, y ∈ HS
��£>+�EP.0+

z = {x, y} ⊆ HS
�Ê5!$';<(�8�+0C 56+0LP$'8	+�*,+�/�2:+-ST+-&�+0&�ðiLG2�EP+0LG2 7 Cb�A	��H�56+0&qM�5rE`+0SÙ. 7 .-+02:56+0&�Q�8�$rSGS z ∈ S �I#)Ú'(�9:+
+-&	8�9:2?;o(	+¥-\LPÚ'5'+-L A0, A1 ⊆ A

N¬M�L
x
*�.�/��

y
�/£>+0EG.-+
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A2 = A0∪A1

�fjÙM�L
π ∈ G

CD2�E
π � A2 = id � A2

2?STEB8�$'&�&
π̃({x, y}) = {π̃(x), π̃(y)} = {x, y}

�lº$rCD2�E�2:S�E
A2

+-2:&�+-&	8�9:2?;o(	+-L]-ZLGÚ'56+0L�N¬M�L
z
� âq+08^a6ïÙ$'$'Loe

ê 7 C 5�$';<(F/�+02:SÐ8	+-L�/�+02?EP+0LG+0&nh�ß>2?U6Cp+i*,+0/1+-2:ST+-&4/�2:L�+02:&�2?56+U-Ù$�EPSP$';<(�+0&�M�*,+0LR£FE<$'&�8	56L 7 Ü	Ü,+-&��
»� q¯W¯%² ¨
¾\§±°@$ y�~Äy�� x ∈ S u>�±� π ∈ G Ó\&�}'����~:Ê�� Gπ̃(x) = πGxπ

−1 Óã�ßc¹�ß±áOä6�
Gπ̃(x) = {σ ∈ G|σ̃(π̃(x)) = π̃(x)}

= {σ ∈ G|π̃−1 ◦ σ̃ ◦ π̃(x) = x}

= {π ◦ (π−1 ◦ σ ◦ π) ◦ π−1|(π−1 ◦ σ ◦ π)∼(x) = x}

= {π ◦ τ ◦ π−1|τ̃(x) = x}8�$�8�2?+dð�U'&�� 7 5f$�EP2:U'& σ 7→ π−1 ◦ σ ◦ π
+02:&�+M¡�2ô�T+0�FEG2:U6&

G↔ G
2:STE á

=π ◦ {τ |τ̃(x) = x} ◦ π−1

=πGxπ
−1.

ãi@�l

»� q¯W¯%² ¨
¾\§l¾ D áq{ π ∈ G ~:Ê�� π̃ � HS : HS → HS Óã�ßc¹�ß±áOä6�)h!&	56+-&	U6CDCp+-&J&�2?;o(fEÇ��#)Ú'(�9?+
x ∈ HS ∈

Û�Cp2?&�2?Cp$'9`CD2�E
π̃(x) /∈ HS

�Zl!$
π̃[W0] =

W0 ⊆ HS
Q^2:STE

x ∈ W \W0

�Zlº$r(�+-L�2:STE
x
+02:&�+p&�2:;<(FE�Û�9?+-+-LT+:-\+-2:9?CD+0&�56+�=6U6&

W 7 &�8 π̃(x) =
{π̃(y)|y ∈ x}

�q#J+056+-&s8�+0L
∈
Û�3n2?&�2:Cp$'9�2�EPÚrE�=6U6&

x
2?STE

π̃(x) ⊆ HS
�q#)Ú'(�9?+!& 7 &s+02:&�+0&s+0&�8�9?2:;<(�+-&-\LPÚr56+-L

A0 ⊆ A
=6U'&

x
�±lº$r&�&n2?STE

Gπ̃(x) = πGxπ
−1

⊇ π ◦ {σ|σ � A0 = id � A0} ◦ π
−1

= {π ◦ σ ◦ π−1|σ � A0 = id � A0}

= {π ◦ σ ◦ π−1|∀a ∈ A0 π ◦ σ(a) = π(a)}

= {π ◦ σ ◦ π−1|∀b ∈ π[A0] π ◦ σ ◦ π
−1(b) = π ◦ π−1(b) = b}

= {µ|µ � π[A0] = id � π[A0]}.

lº$rCD2�EB2?STE
π̃(x)
S�èqCDCp+0EGLG2:ST;o(�Cp2?E`+0&�8�9?2:;<(�+-C@-ZLGÚ'56+0L

π[A0] ⊆ A
�C5�$';o(�b�A���Hº2:S�E�8�$'&�&

x ∈ HS
�l!2?+-S�/�2?8�+-LTSGÜ�LT2:;<(FEÐ8	+-L�¡�+0/1+-2?SP$'&�&�$'(�Cp+'� ãi@�l

»� q¯W¯%² ¨
¾\§7m
π̃ � HS : (HS,∈, A)↔̃(HS,∈, A) Ó

ã�ßc¹�ß±áOä6�JØ�C 8�2?+�£ 7 L¬�T+-�fEG2?=q2?EPÚrE�. 7 .-+02:56+0&�Q,*,+0EGLP$';<(FEG+ z ∈ HS
�,lº$'&�&�2:STE

π̃−1(z) ∈ HS 7 &�8
π̃(π̃−1(z)) = ĩd(z) = z

�p£>U6Cp2�E�2?STE
π̃ � HS : HS ↔ HS

Q 7 &	8�8�$ π̃ : W → W ∈
Û 7 &�8 A Û EGLG+ 72?STEÇQ	2:STE

π̃ � HS
+-2:&�h 7 EPU6CpU6LTÜ�(�2:STC 7 S�=6U6& (HS,∈, A)

� ãi@�l
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lº$�8�2?+!ê�+0LGCp+-9?UrÛ�j�LP$r+-&��'+09:ST;o(	+-&Dh�ß>2?U6CD+0&p8�2:+Ð@Uß	2?STEG+-&�.Ð=6U6&Dh!*�S�EPLG$'�fEP2:U'&�STEG+-LGCp+-&t$'9?S13n+-&�5'+-&N¬U6LT8�+-LT&�Q�2?STE�8�$rS�N¬U69:56+0&�8�+M÷�+-CpCD$�&FM	EP.09:2?;o(��
»� q¯W¯%² ¨
¾\§7 @$ y�~ ϕ y�~O��y ∈ −A � D Ær{ovty�Â�uq�,� π ∈ G Ó $ y�~

t = {x ∈ HS|(HS,∈, A) |= ϕ(x, y0, . . . , yn−1)}

v�~O� y0, . . . , yn−1 ∈ HS Ó;`�y�~O��y�{ºÊIy�~ t ∈ V u>�,� t 6= ∅ Ó'&�}'��� ~:Ê�� t ∈ W \W0 uq�,�
π̃(t) = {x ∈ HS|(HS,∈, A) |= ϕ(x, π̃(y0), . . . , π̃(yn−1))}.

`�y�~O��y�{�~:Ê�� t ∈ S uq�,� t ∈ HS Óã�ßc¹�ß±áOä6�Ë5!$';<(Kl!+���&�2�EP2:U'&n='U6&
W
2?STEB�T+-8�+�&�2:;<(FE�Û�9:+0+-LT+�-Z+02:9?CD+0&�56+�='U6&

W
+02:& @B9:+0Cp+-&FEÐ=6U6&

W
�	#�2:LR*,+-LT+-;<(�&�+-&

π̃(t)
k

π̃(t) = {π̃(x)|x ∈ HS ∧ (HS,∈, A) |= ϕ(x, y0, . . . , yn−1)}

= {π̃(x)|π̃(x) ∈ HS ∧ (HS,∈, A) |= ϕ(π̃(x), π̃(y0), . . . , π̃(yn−1))}

= {x|x ∈ HS ∧ (HS,∈, A) |= ϕ(x, y0, . . . , yn−1)}.

lº$
y0, . . . , yn−1

+-LT*�9:2?;<(KS�è>CpCp+0EPLT2:ST;o(KST2:&�8�Q��'�'&�&�+0&A/�2:L!+-&�8	9:2:;<(�+ -\LGÚ'56+-L
A0, . . . , An−1 ⊆ AN¬M�L��T+0/1+-2?9:S

y0, . . . , yn−1

/RÚ'(�9?+-&��r£>+�EP.-+
B =

⋃
i<nAi ⊆ A

��lº$r&�&�2?STE�N¬M�L�$'9?9:+
σ ∈ G

CD2�E
σ � B = id � B

k
σ̃(t) = {x ∈ HS|(HS,∈, A) |= ϕ(x, y0, . . . , yn−1)} = t.

h�9:SGU�2?STE
t
STèqCpCD+�EPLT2:SG;<(���5!$r;o(48�+0C ðiLT2?EP+0LG2 7 C b�A	��H"2?STE t ∈ HS

� ãi@�l
#�2?L�.0+-2:5'+-&D& 7 &DÝB+-LGST2:U6&	+-&D8�+-L
LT+-S�EP9:2?;o(	+-&DhÊß>2:U6Cp+�='U6& ¿�À Qq2?&�8�+0C /�2?L�56+0+-2?56&�+0EG+Yði9é$rSGSG+0&FEG+-L�ÛCp+

t ∈ HS
$r&�56+0*m+0&���3�$r&K*,+Ç$r;o(fEP+rQ�8�$'SGSº8�$rSº56+0LP$'8�+x*,+0/�2?+-ST+-&�+É÷�+-CpCD$D&�2?;o(fETÛ 9:+-+0LG+0-\+-LTCD+*,+0&��'EP2?5'EÇ�

a ⋃ Û h�ß�eÊ£>+02
x ∈ HS

�Z£>+-2
y0 = {z ∈ HS|(HS,∈, A) |= ∃u ∈ x z ∈ u}.

D }'ÂéÂ'E k y0 = ∅
�±l!$'&�&nST+0EG.-+

y = L ∈ HS
��jÙM�L�$'9?9:+

z ∈ HS
2:S�E�8�$'&�&

z ∈ y ↔ (HS,∈, A) |= ∃u ∈ x z ∈ u},

8��È(��
y
+-L�N¬M�9:9�E�8�$'S ⋃ Û�h�ß>2?U6C 2:&�8�2?+-SG+0C j±$'9:9×�

D }'ÂéÂÞF k y0 6= ∅
�^lº$'&�& SG+0EG.-+

y = y0 ∈ HS
&�$';<(J8�+0C U6*	2:56+0&¿÷�+0CDCD$	��jÙM�L�$'9:9?+

z ∈ HS
2:STE8�$r&�&

z ∈ y ↔ (HS,∈, A) |= ∃u ∈ x z ∈ u},

7 &	8n8�$rS ⋃ Û�hÊß>2:U6C 562?9?ER2:&
HS
/�2?+�U6*,+0&�� âF+-8^a ⋃ Û�hÊß�e



���R�r���P�r�æèTj �Y���û���r�3�Y�����D� �:¤N�U§<��§I�P�i�R�U�¥¤N�
¬AC k �i�V§3�P�r�h�D�r�O§l�k©D� c~B

a
AusA
eN£>+02

ϕ
+-2?&�+
∈ −A
Û�j�U6LTCD+09×�c£>+-2?+-&

x, y1, . . . , yn ∈ HS
�p£>+02

y = {y0 ∈ HS|(HS,∈, A) |= (y0 ∈ x ∧ ϕ(y0, y1, . . . , yn))}.

D }'ÂéÂ'E k y = ∅
�,342?E

z = L ∈ HS
2:STE�8�$'&�&48�2:+0SG+Mà�&�S�E<$'&�.�8�+-SÐh 7 SGSTU6&�8�+0L 7 &	56SGSG;o(�+-CD$'S�+0LTN¬M�9?9?E-�D }'ÂéÂÞF k y 6= ∅ �'5�$';<(b÷�+0CDCD$ b�A��! s2:STE�8�$'&�&

y ∈ HS 7 &	8 y +-LTN¬M	9:9�Ei8�2:+�*,+�EPLP$r;o(fEP+�EP+Ñà�&�STEP$'&�.8�+0SÐh 7 SGSGU'&�8�+-L 7 &�56STSP;<(�+-Ct$'S0� âF+-8^a
AusA
e

a>ïZU'EoeN£>+-2
x ∈ HS

�p£>+02
y = {z ∈ HS|(HS,∈, A) |= z ⊆ x}.

x ∈ y
Q
y 6= ∅
Q 7 &�8 y ∈ HS

&�$';<(Jb�A��! 	�pòOpm+-&	SG2:;<(FEG9:2?;o(�+-L�N¬M�9:9�E
y
8�$'SYïZU'EG+-&�.0CD+0&�56+0&�$8ß>2:U'C N¬M�L

x
2:&

HS
� âF+-8�a6ïZU'E<e

aEà�&	N<em#�2:L��'�6&	&�+-&�8�$'SZ3n+-&	56+-& 7 &�2?='+-LGS 7 C V $ 7 N	&�$rEPM	LG9:2?;o(	+Bh!L�E\&�$';<( HS
+-2?&q*,+�EGEP+0&���l!+0��&	2:+-LT+

e : V → HS
LT+-� 7 LGST2?=s8 7 LT;o(�k

e(∅) =L;

e(x) = {e(y)|y ∈ x}
N¬M�L

x 6= ∅.

%ºy<z	}'uÊÌ,��u>�q� k ∀x (Ge(x) = G ∧ e(x) ∈ HS)
�ã�ßc¹�ß±áOä6� h!&�5'+-&�U'CDCp+-&�&�2?;<(FEÇ�G£q+-2

x
+02:&
∈
Û CD2?&�2?Cp$'9�+-S�çi+-5'+-&q*,+02:STÜ�2:+09Ä�1lº$'&	&�2?STE

x 6= ∅
Q

e(x) 6= ∅ 7 &�8 e(x) ⊆ W
�D£>+02

π ∈ G
�Zlº$'&�&W2:S�E

π̃(e(x)) = {π̃(e(y))|y ∈ x} = {e(y)|y ∈
x} = e(x)

�mh�9:STU�2:S�E
e(x) ∈ S

�,#%+056+0&A8�+0L
∈
Û�3n2:&	2:CD$r9?2 E<Ú�EÐ=6U6&

x
2:STE

e(x) ⊆ HS
�x5�$';<(�b�A���H2?STE�8�$r&�&

e(x) ∈ HS
Q�2:C #�2:8�+0LGSGÜ	L 7 ;<(n. 7 L�#%$'(�9�=6U6& x � âF+-8^a>¡�+-(�$ 7 Ü	E 7 &�5>e

5 7 &x562?9?E e(0) = L 7 &�8 e(n+1) = {e(x)|x ∈ n+1} = {e(x)|x ∈ n}∪{e(n)} = e(n)∪{e(n)}
�lº$rCD2�E�+-&fEP(�Úr9?E

e(ω)
$ 7 S
8�+-L^£q2:;<(FE�=6U6&

HS
8�2?+�9:+0+-LT+!3n+0&�56+

L
$'9:S�@B9:+-Cp+0&FE 7 &�8D2?STE
*,+-.0M�569?2:;<(8�+0LYòºÜ,+-LP$�EP2:U'&

x 7→ x+ 1
$r*�56+0SG;<(�9:U6STSG+0&�� âF+08^a>à�&	NPe

a
ErsA
e\£q+-2

ϕ(u, v, ~w)
+-2?&�+

∈A
Û�j�U6LGCp+-9 á SG+02 ~z ∈ HS

Q�SGU%8�$'SGSD8�2:+�N¬U69:5'+-&�8	+�j 7 &	�FEG2:U'&�$'9:2�EPÚrE+0LTN¬M�9?9?E�2?STE-k
HS |= ∀u, v, v′ (ϕ(u, v, ~z) ∧ ϕ(u, v′, ~z)→ v = v′).

£>+02
x ∈ HS

�Z£>+0EG.-+�8�$r&�&�k
y0 = {v ∈ HS|(HS,∈, A) |= ∃u ∈ x ϕ(u, v, ~z)}.

5�$';<(�8�+-C @BLGSG+�EP. 7 &�56STSP;<(�+-Ct$�2:& V 2?STER8�$'&�& y0 ∈ V
�>#J+-&�&

y0 = ∅
Q>SGU�/�2?LG8s8	2:+º*,+�EPLG$';o(fEP+�EP+

à�&�S�E<$'&	.�8�+0SÐ@�LTSG+�EP. 7 &�56SGSG;<(�+0Ct$'S�Cp2?E y = L
+0LTN¬M�9?9?EÇ�F#J+-&�&

y0 6= ∅
Q�STU�2:STER&�$';<( b�A	�- 

y = y0 ∈
HS
Q 7 &	8tUêp�+0&�SG2?;o(fEP9?2:;<(p+0LTN¬M�9?9?E y 8�2:+�*,+0EPLG$';<(FEP+�EP+�à�&�STE<$r&�.�8	+-S1@�LTSG+�EP. 7 &�56SGSG;o(�+-CD$'S0��âq+08^a ErsA

e
a
FundA

eÊ£>+02
ϕ
+-2?&�+
∈A
Û�j�U6LGCp+-9×Q

~y ∈ HS
Q 7 &	8

(HS,∈, A) |= ∃x ϕ(x, ~y).

5�$';<(�j 7 &	8�2:+0L 7 &�5�2:& V /�Ú'(�9:+i& 7 &n+02:& x ∈ HS ∈
Û CD2?&�2�CD$r9�Cp2?ER8�+-LÐ@B2:5'+-&�ST;o(�$rNOE

(HS,∈, A) |= ∃x ϕ(x, ~y).



���R�r���P�r�æèTj �Y���û���r�3�Y�����D� �:¤N�U§<��§I�P�i�R�U�¥¤N�
¬AC k �i�V§3�P�r�h�D�r�O§l�k©D� c	b

lº$r&�&n5'2:9?E
(HS,∈, A) |= ∀x′ (x′ ∈ x→ ¬ϕ(x′, ~y).

âF+-8^a
FundA

e
lº$rCD2�E�2:S�E�56+-.0+-2?5'EÇk
® ²	£#¯%¨
¾^§é¥

(HS,∈, A) ~:Ê���y�~O�È[ Æ-�qy�ÂOÂ1�qy<Êp~Ov � }'uoÅÇy��qy�{���Æ��	Ê���{ouFw���~ÄÆ���}'�q�qyÄ�qy-|�y���y��KÉÐÖ6~ÄÆ_�vty��	Ê�ÁIÊ���y�vxÊ ZFA Óê�2?+-9�8�+0S^ð�$'Ü	2?EP+09:S`2:STE�+-2?&t3nUq8�+09:9ÄQ'2:&p8	+-C 8�$'S
h 7 ST/R$r(�9é$8ß>2?U6C =6+0LG9?+0EP.�E12?STEÇ�
¤�2?+-LT. 7 C"M�SGSG+0&D/�2?L+02:&�+i. 7 SGÚrEP.09:2?;o(�+ih!&�&�$r(�Cp+�M�*,+-L�8�2?+�34+-&�56+�8�+-L�hREPU6Cp+iCD$';o(	+-&�k» µ\µ\²�®Z¯% ZÀ
A
2:S�E 7 &�+0&�8�9:2?;o(��

® ²	£#¯%¨
¾^§76
(HS,∈, A) |= ¬(AC) Óã�ßc¹�ß±áOä6��#�2:L��'U6&�S�EPL 7 2:+0LG+-&t2:& HS

+02:&�+!3n+0&�56+
z
U'(�&�+ É�uFÊ�^
}�zqÂ Åouq�	w��×~ÄÆ�� �Fl!2?+º34+-&�56+ z /�2:LT8$ 7 S�8�+-&4h�EGU6CD+0&n$ 7 N¬56+0*�$ 7 E-k

z = {u ⊆ A|u
(�$rEÐ.�/�+02\@�9?+-Cp+-&fEP+

}.

a�b�e
∀u ∈ z u ∈ HS

�ã�ßc¹�ß±áOä6� £>+02
u ∈ z
�mlº$

Gu ⊇ {π|π � u = id � u}
Qm2:S�E

u ⊆ A
+02:&�+-&�8�9?2:;<(�+0LO-\LPÚ'5'+-L�=6U6&

u
�

5�$';<(Jb�A���H"2?STE�8�$'&	&
u ⊆ A ⊆ HS

+-2:&4@B9:+0CD+0&FE�=6U6&
HS
� âF+-8^a�b�e

aIH6e
z ∈ S
�ã�ßc¹�ß±áOä6�Ð£>+02

π ∈ G
�±lº$r&�&n2?STE
π̃(z) = {π̃(u)|u

(�$rE�.0/�+02\@B9:+-Cp+-&fEP+
}

= {u|u
(�$rE�.0/�+02\@B9:+-Cp+-&fEP+

},
8�$

π : A↔ A,

= z.

âF+-8�aJHfe
5�$';<(Wa�b�e 7 &�8%aJH6e�562?9?ER8�$'&	&a>�fe

z ∈ HS
�

à�&
HS
2:STE

z
+02:&�+p3n+0&�56+�=6U6& &�2?;o(fETÛ�9?+-+0LG+0&J3n+-&�5'+-&���h!&�56+0&�U6CpCpCD+0&�Q�+-S�5fÚ'*,+�+-2?&

f ∈ HS
Q8�$rS�+-2:&	+�h 7 ST/R$'(	9?N 7 &	�FEG2:U6&sN¬M�L z 2:STE-k

f : z → A, ∀u ∈ z f(u) ∈ u.

#)Úr(�9:+�+-2?&�+-&p+0&�8�9:2?;<(�+-&:-\LPÚr56+-L
A0 ⊆ A

N¬M�L
f
�flº$

A uq��y��,�	ÂÃ~ Ô z 2:S�EÇQ6�'�6&	&�+-&p/�2:L a, b ∈ A\A0
Q

a 6= b
/RÚ'(	9:+0&���lº$'&�& 562:9�E

f({a, b}) = a
Uq8�+-L

f({a, b}) = b
�Bl!+0��&�2:+0LG+

π : A ↔ A
Q
π �

A \ {a, b} = id � A \ {a, b}
Q
π(a) = b

Q
π(b) = a

�±lº$r&�&n562?9?E-k
π̃({a, b}) = {π(a), π(b)} = {a, b}



���R�r���P�r�æèwv �r�x9:�K���P�i�����y�Ê�i���¥¤N�%¦È¤N���r���3�r� ���r�%¦¥�r�y�Ê�i�Y�3�i�Y�Y� cCH

7 &	8

(HS,∈, A) |= a = f({a, b})

↔ (HS,∈, A) |= π̃(a) = π̃(f)(π̃({a, b}))

↔ (HS,∈, A) |= b = f({a, b}).

h�9:SGU�/�Ú'LG+
a = b
Q	#�2:8	+-LGSTÜ�L 7 ;o(�� ãi@�l

lº$rCD2�E�2:S�E�56+-.0+-2?5'EÇk
® ²	£#¯%¨
¾^§79 `py������f}�Ê $ Á�Ê���y�v ¿�À ^B~��qy�{PÊÅÌ,{�u Ô zfÊ¬Åo{Py�~1~:Ê���+�ÊIÆs~:Ê����f}�Ê $ ÁIÊ���y�v ZFA + ¬(AC)
^B~��qy�{PÊÅÌ,{ou Ô zfÊ¬Åo{Py�~�Ó
à�&�8�+-C =6U6LG5'+-STEG+-9?9?EG+-&n3nUq8	+-9:9�2:S�E�+0SÐ$'9?SGU�&�2?;o(fE�Cp�6569?2?;<(�Q	$ 7 S�+-2?&�+-LÐ34+-&�5'+�=6U'& 7 &�5'+-U6LT8�&�+�EP+-&ïÙ$'$'LG+0& $ 7 SG. 7 /RÚr(�9:+0&���#�2?Ls/1+-LG8	+-& 8�2:+0SG+¿ð�U6&	STEPL 7 �fEP2:U'& STÜ�ÚrEG+-L42:C óÐ$'(�Cp+-&)8�+0Lnj�U6LG;02:&�5rÛ3n+�EP(�Uq8	+i&�$';<(q*�2?9:8�+0& 7 &�8�8�U6LTE�8�2:+!Ø�&�$'*�(�Ú'&	562:5'�'+-2?E
=6U6&~² » ³É¸�=6U6C 7 LGSTÜ�LGM�&	569:2?;o(	+-&[£qèqSTEG+-C
¿BÀ .-+-2?56+0&��

õ;z { ö|>aþzø��LþZö�°Mù! Øþàù �þ±Øù ÷ ±¸÷!þzûoûúþàù ÷!þZö ÷ þàù! Øþàù!ûoþàý!öfþ
l!2?+B*�2:ST(�+-L^�rU6&�STEGL 7 2?+-LTEG+-& 7 &�8 7 &fEP+-LTS 7 ;<(FEG+-&�3nUq8�+09:9?+B8�+0LZ3n+-&	56+-&�9?+-(�LT+�/R$rLG+-& ~O����y�{Py�[ ÆÇ�qy�ÂéÂ:y Q8��È(��n-\+02:9:CpUq8�+09:9�+�='U6&th 7 ST5f$'&�56STCDUq8	+-9?9:+-&��Fh 7 S156L 7 &	8�SPÚrEG.-9?2:;<(�+-&�ù�*,+-LT9:+05 7 &�56+0&�Qq8�2?+�/�2:L
&	Uq;o(&�2?;<(FE�$ 7 STN¬M�(	LG+-&��'�6&�&	+-&�Q`+0LG562?*	E"SG2:;<(�QÙ8�$'SGS�ST2:;<(�=q2?+-9:+�$8ß>2?U6CD$rEP2�SG;<(�+�Ø�&FEG+-LTS 7 ;<( 7 &	56+-&�&	2:;<(FECp2?ER2?&�&�+0LG+-&n3nUq8�+09:9?+-&s8 7 LG;<(	N¬M	(�LG+0&n9é$'STSG+0&���lº$'(�+0L�/�+0&�8�+-&4/�2?L 7 &�S�& 7 &Ø" {�^�y�~O��y�{ou>�q�qy�� =6U6&56+056+0*,+-&�+0&�3nUq8	+-9?9:+-&"8�+-L�3n+-&�5'+-&�9?+-(�LT+�. 7 �fl!2?+R(�2:+0LÙ=6U6LT56+-S�EP+09:9�EP+V" {TÒ�^B~O�q�'uq�q��Ê Û�Uq8�+0LkD Æ�{ Ô ~O�q� Û3n+�EP(�Uq8	+RSTE<$rCDCxE\=6U6& ïÙ$ 7 9Y½�U6(	+-&�Q'8	+-LÙCD2�EZ2:(	LG+-LU¤Ð2:9�N¬+
8�2:+�Ø�&�$'*�(�Ú'&	562:5'�'+-2?EZ8�+-L�½R$'&fEPU6LTSG;<(�+-&
ð�U'&FEP2?& 7�7 CDST(FèqÜ,U'EP(	+-SG+ 7 &�848�+-SÐh 7 ST/�$'(�9:$8ß>2:U6CpS�56+0.-+02:5'E�(�$�EÇ�#�2?L�/1U69:9?+-&�. 7 +-2?&�+-C 56+056+-*,+0&�+-& ∈ Û�34Uq8�+-9?9 M =6U6& ¿�À ³ +-2?&�+ �qy���y�{�~:Ê Ô z�y 34+-&�56+ G }f��jou>����'~Äy�{Py�� Q,SGU�8�$'STSº8�$'S!+-&FEGSTEG+-(�+0&�8�+D3nUq8�+09:9 M [G]

/�2?+-8�+0L 7 C +-2?&A3nUq8�+09:9\=6U'& ¿�À ³ 2?STEÇ�x½�U6(	+-&*,+�/�2:+0SÐ8�2?+�Ø�&�$'*�(�Úr&�562:5'�'+-2�E�8�+-L�ð�U'&FEP2?& 7	7 CDST(FèqÜ,U'EG(�+-ST+ ³þüJQ	2:&	8�+-C +0L �qy���y�{o~:Ê Ô z�y " {�^�y�~O��y��{ouq�q�qy�� M [G] 7 &�8 M [G′]
�'U6&�S�EPL 7 2:+0LTEP+rQ�SGUq8�$'STS

M [G] |= ZFC + CH
*	.0/��

M [G′] |= ZFC + ¬CH.

l!+0L�@�L�/�+-2�EP+0L 7 &�5'SGÜ�LTU6.-+0SGS!*,+-SG2�EP.�E�+-2?&�2:56+ih�&�$'9?U6562?+-&�. 7 8�+0L�@BLT/�+02?EP+0L 7 &	5 k(a) +-2:&	+-SYð��6LTÜ,+-LGS
k 7 C +02:& EPLG$'&�SG.0+-&�8	+-&fEP+-S�@B9:+-Cp+-&fE a �P¡�+02
8�+0Lx$'9:56+0*�LP$r2:SG;<(�+0&bð�U6&�S�EPL 7 �fEG2:U6&J9é$rSGSG+0&%SG2?;o(J8�2:+@B9:+0Cp+-&FEG+

b
8�+-L�@BLT/1+-2?EG+-L 7 &�5xCD2�Eë¤Ð2:9�N¬+�=6U6&�@B9:+-Cp+-&fEP+0&t8�+-SRç�L 7 &�8��'�6LTÜ,+-LTS�*,+-ST;o(�LT+-2?*,+-&�k b 2?STE+02:&�+"56+-*	LGUq;<(�+-& LG$rEP2?U6&�$'9?+xj 7 &��fEP2?U6& =6U6& a Qm/�U'*m+02`8�2:+ ð�Uq+�}D.02:+0&FEG+-& 8	+-L�j 7 &��fEP2?U6&A$ 7 Si8	+-CçiL 7 &	8��'�6LGÜ,+0L k S�E<$'CpCp+-&���lº$'S�@B9:+0CD+0&FE b 9éÚrSGSTEiST2:;<( $r9:SGU�8 7 LT;o(A+-2?&�+"+-&�8	9:2:;<(�+�j�U69?56+x8�2?+-ST+-Lð�Uq+�}p.-2:+0&FEG+-& *,+-ST;o(	LG+-2?*,+-&���l!2:+0SG+"j�U69?56+���$'&�& $'9:S ªi}'vty 8�+-Sº@B9:+0CD+0&FEGS b $ 7 N¬56+�N�$'SGS�E!/�+0LG8�+0&���'+08�+-S�@B9:+0Cp+-&FE�8	+-S�ç�L 7 &�8��'�6LTÜ,+-LTS�*,+-ST2?EP.�E�+02:&�+0&AEPLT2?=q2é$'9�+-&o5�$'Cp+-&�Q�&�ÚrCD9?2?;<(K8�2:+�@B2?&�+-L�N¬U69:5'+'Q8�2?+�$ 7 S�8�2?+-ST+-C @B9:+0CD+0&FE�*,+-S�EP+0(FEÇ�\lº$rSGS k(a) +-2?&¿ð��'LGÜ,+-Li2:S�EÇQ�*,+0L 7 (fE�8�$rLP$ 7 N�Q�8�$'SGS�8	2:+Éð��6L�ÛÜ,+0LP$8ß>2:U'CD+p2:&%8	+-Lxh 7 SG5f$'&	56SGS�EPL 7 �fE 7 L�5'+-9�EP+-&��Ùl�2:+t@�L�/�+02?EP+0L 7 &	5 /�2?LG8J=6U6& k 7 &	8 a +0LG.-+ 7 5'E-k
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�T+08�+-L�êm/�2:ST;o(�+0&��'�6LTÜ,+-L
K
Cp2?E

k ⊆ K ⊆ k(a) 7 &�8 a ∈ K +-LTN¬M	9:9?E K = k(a)
�ql!2?+ÐCp+-&�5'+-&fEP(�+0UrÛLT+0EP2?SG;<(�+ £>2�E 7 $�EP2:U'&42:STE!$'9?9:+-LT8�2?&�56S�/�+0SG+0&FEP9?2:;<( �'U6CpÜ�9?2:.02?+-LTEG+-LÐ$'9:SÐ8�2?+x$'9?56+-*	LP$'2?SG;<(�+'k�/RÚ'(	LG+-&	8K+-S*�2?S�$ 7 NKà�STU6CpU6LGÜ�(	2:+�& 7 L�+02:&	+�+-2:&>N�$';<(�+�EPLP$r&�SG.0+-&�8�+0&FEG+�@BLT/1+-2?EG+-L 7 &�5t562?*	EÇQ	/�+-LT8�+-&n/�2:L�*,+-2\8	+-Ll!2?SG� 7 STSG2:U'&�8	+-L�j�U6LT;-2?&�5rÛ�34+0EP(	Uq8�+!+02:&�+!56LTU6�6+ºjZM�9:9?+Ð/1+-SG+0&FEG9:2:;<(�=6+0LGSG;<(�2?+-8�+0&�+-LÐ@BL�/�+-2�EP+0L 7 &�5'+-&�'+0&�&�+0&�9:+0LG&�+0&��#�2?L�/�U69?9:+0&n. 7 &�Ú';<(�STEº+-2?&�+jð�U6&	STEPL 7 �fEP2:U'&n=6U6& @BLT/�+02?EG+-L 7 &�56+-& M [G]

$'&	56+-*,+0&�Qm8�2?+�2:C h�9:9?56+�ÛCp+-2?&�+-&x&�2?;o(fEB$r9:9?+
h�ß>2:U'CD+
8�+-LB3n+0&�56+-&	9:+0(�LG+R+-L�N¬M�9:9?+-&��rl!2?+-SG+Gð�U6&�S�EPL 7 �fEP2:U'&x/�2:LT8"STÜ�ÚrEP+0L`. 7 8	+-L½�U'(�+-&�ST;o(	+-&�3n+0EG(�Uq8�+�STÜ,+-.02é$'9?2:SG2?+-L�EÇ��#�2:L�$'LT*,+-2?EG+-&%. 7 L�Ý�+-LT+-2?&	N�$';<( 7 &	5 8�+0L"lº$'LGS�EP+09:9 7 &�5�Cp2?E
∈
Û�3nUq8�+09:9?+-& 8	+-L�3n+-&�5'+-&�9?+-(�LT+'��l!2?+�j�LP$'5'+'Q,/�2?+x/�2:L!. 7 56+0+-2:5'&�+0EG+-& ÿR{ouq�,�'vtÆ-�qy�ÂOÂ:y�� �'U6CpCp+-&�'�'&�&�+-&�Q±SGU69?9�+-LTSTEÐSGÜ�Ú�EP+-L�8�2?SG� 7 EP2?+-L�E�/1+-LT8�+-&��
�s f¡`µ\¢O£�¢�¤,µ ¨<m�§�¨¦@B2:&	+

∈
Ût£qEPL 7 �fE 7 L M = (M,∈)

2:S�E�+02:&~m`µ8½\µZ¶\¯%¤�¶\ q«�«�Qm/�+-&�&%+-S�+-2?&%$'*qÛ.-Ú'(�9?*�$'LG+0S-QIEPLG$'&�ST2?EP2�=6+-SZ3nUq8�+-9?9f=6U6& ¿�À ³ 2?STEÇQI8��È(�� ZFCM Q�;Ç$'LT8 (M) = ℵ0 7 &�8 M 2:S�E\EGLP$'&	SG2?EG2?=,�jÙ2lß>2:+0LG+A*�2:Sn$ 7 N"#J+02?EP+0LG+0S�+02:& çiL 7 &�8	CDUq8�+09:9 M =
(M,∈)

��l!2:+"5'+-S 7 ;o(fEP+p@BL�/�+-2�EP+0L 7 &�5 (M [G],∈)
/�2:LT88 7 LG;<(4+02:&	+pa¬&�+ 7 +Ie�3n+0&�56+ G N¬+-S�EP56+09:+05'ER/�+0LG8�+0&��±l!2?+ð�U'&�STEPL 7 �fEP2?U6&�=6U6& G +0LTN¬U69?5'EÇQ'2:&�8�+0C S 7 �F.-+0SGSG2?=pCp+-(�Là�&	N¬U'LGCD$rEP2?U6&WM�*,+-L

G
N¬+-S�EP56+09:+-5rE�/�2?LG8��Bl�2:+-ST+-L"�tïBLGU�Û.0+-SGS���/�2?LG8%8 7 LT;o(W+-2:&	+f¤�$'9:*,U6LT8�& 7 &�5n=6U6&Wh!Ü	Ü�LGU�ß	2 ÛCD$rEP2?U6&	+-&4$'&

G
�'U6&fEPLTU69:9?2?+-L�EÇ��l!2?+�h!Ü�Ü�LTU#ß>2:CD$rEG2:U'&�+0&ST2:&�8©*,+-LG+02?EGSt2:&©8�+0Lf÷^$'56+'Q1@B2:56+0&�SG;<(�$�NOEP+-&�8�+-Lt+0&�8>Û56M	9?EP2?56+0&�@BLT/�+02?EG+-L 7 &�5 M [G]

. 7 ��*,+08�2:&	56+-&q�iUq8�+0L�. 7� +-LG.�/�2:&	56+-&q�<��lº$'(�+0LÐ8�+���&�2?+-LG+0&4/�2:L0k A
A

A
A

A
A

A
A

A
A

AA

�
�
�
�
�
�
�
�
�
�
��

E
E
E
E
E
E
E
EE
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�
��

M [G]︷ ︸︸ ︷
M

V

r� G

�s f¡`µ\¢O£�¢�¤,µ ¨<m�§?¼ @B2:& l!LG+02?E 7 Ü,+-9 (P,≤, 1P )
(	+-2:�rE À ¤Zµ�­f¢×µ^ªÓ¶Úü4²�« ¼ ¤Zµr¶\µw½\µ^ª�Uq8�+0LS��µ�¯xÁD¢×µw¶ªp½\µ\ª,´�µ� q«�²>£�¢�¤,µ�Q	N�$r9:9?SR562?9?EÇk

a¬2Oe
(P,≤)

2:STE�+02:&�+iSG;<(F/R$r;o(	+xÜ�$'LTEG2:+-9?9?+MòºLT8�& 7 &	5 áa�2?2Oe
1P
2?STE�56LT�6�'EP+0SÐ@B9:+0Cp+-&FE�=6U'&

(P,≤)
�

l!2?+�@B9?+-Cp+-&fEP+º=6U6&
P
/�+0LG8�+0& $ 7 ;<(�$'9?SÊ·" q¶\¢×µ^ª«½\µ^ª, qµ%*,+-.-+02:;<(�&�+�EÇ�,j±$'9?9?S

p ≤ q
SP$r56+-&�/�2:L0Q

p¹, 0µ�´0£I°cµ�¸�£
q
�0£>2?&�8

q1, . . . , qn ∈ P 7 &�8�2:S�E p ≤ qi
N¬M	L

i < n
Q6SGU�SG$'56+0&�/�2:L0Q

p
2:S�EB+-2?&�+�ª± >¯J q¢×µw¶´-²�¯% ¾É� 0µ�´0£I°yµ�¸w½Zµ^ªK=6U6&

q1, . . . , qn
�±j±$'9?9?S

q1, . . . , qn ∈ P
+-2:&	+�56+-Cp+-2?&�SP$rCD+ºÝB+-LGS�E<Ú'LT� 7 &�5D2:&

P
*,+-SG2�EP.0+-&�Q�SGUp(�+02:�6+0&

q1, . . . , qn
¸±¤,¯Ý�\²	£�¢ ¼  q«��

·" q¢�´��Ù¢¬ q«�¨nm�§±° l!2:+j³�¤m®^ qµI¶Úün²�« ¼ ¤Zµ�¶Zµs½Zµ^ª 2?STEÐ$ 7 NÙ8�+-L�3n+0&�56+

P = Fn(ω, 2, ω) = {f | f : dom(f)→ b ∧ dom(f) < ω}

$'9?9:+0L�+-&	8�9:2?;o(�+0& Ì	}'{���~Äy�ÂOÂ:y�� j 7 &��fEP2?U6&�+0&s=6U6& ω &�$';<( {0, 1} 8�+���&�2?+-LTE-�Z£>2:+!/�2:LT8�SGÜ�ÚrEP+0L�. 7 L�h!ÜqÛÜ�LTU#ß>2?Ct$rEG2?U6& +-2:&	+-L ��Æ��Ä}'Â:y�� j 7 &��fEP2?U6&J=6U6& ω &�$';<( {0, 1} *,+-& 7 EP.�EÇQÙ8��È(��Z. 7 Lxh!Ü�Ü	LGU#ß>2?Ct$�EP2?U6&+02:&�+0LtLG+-+09:9?+-&�ê�$r(�9Ä�
l!2:+0SG+-S��'U6CpCxEt2:&©8�+-Lsl�+0��&�2�EP2?U6&�8	+-Ls@BLG.�/�2:&�5 7 &�56STLG+-9:$rEP2?U6&©. 7 C h 7 S�Û8�L 7 ;<�,kq+-2?&�+Y¡�+-8	2:&�5 7 &�5�2:STE
STE<ÚrLG�'+0L-QF/�+0&�&�SG2?+�+02:&	+�56LT�6�6+0LG+ÐÜ�$'L�EP2?+-9:9?+�j 7 &	�FEG2:U6&p2:STE-�qlº$rS�5'LG�6�'EG+7 &	8 . 7 569:+02:;<(�ST;o(f/RÚ';<(�STEG+�@B9:+0CD+0&FE"=6U6& P 2?STE�8�2?+s9?+-+-LT+�j 7 &��fEP2?U6&��Ùh!9?SGUK8�+0��&�2:+0LG+-&�/�2?L�8	2:+½�U'(�+-&>Ûî¤!$'9?*,U6LG8	& 7 &�5�$'9?S P = (P,⊇, ∅)
��êm/1+-2s¡�+-8�2?&�5 7 &	56+-&s2?& P SG2?&�8��'U6CDÜ�$rEP2?*,+-9ÄQ6/�+-&�&sSG2:+
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$'9?S�j 7 &��fEP2:U'&�+-& �'U6CDÜ�$rEP2?*,+-9`SG2?&�8��^lº$'S�2?STE�8�+0L�j±$'9?9ÄQ,/�+-&�&%2?(�LG+"Ý�+-LT+-2:&	2:5 7 &�5�/�2?+-8�+0L 7 C +02:&�+j 7 &	�FEG2:U6&�2?STEÇ�#�2?L��yß>2?+-LG+0&�*	2:SÐ$ 7 NZ#J+-2?EG+-LT+-SÐ+-2?&�+�j�U'LG;-2?&�5rÛî¤!$'9�*�U6LT8�& 7 &	5 P = (P,≤, 1P ) ∈ M á 8�2?+�j�U6LG;02:&�5�Û¤�$'9:*	U6LG8�& 7 &�5'/�2?LG8�2?C çiL 7 &	8�CDUq8	+-9?9�5'+0/RÚr(�9?E-Q18�$'Cp2?Et8	2:+ ¿�À ³�Û�@B2:5'+-&�ST;o(�$�NOEP+-&¦=6U6& M $ 7 N
P
$'&�5'+0/�+0&�8�+�E�/1+-LT8�+-&��'�6&�&	+-&��Ùl!2:+DSG;<(�+02:&F*�$'L�=6+-LT�'+-(	LTEP+sl!+0��&�2?EG2:U6&J8�+-S�¡�+-5'LG27pmS��úÝB+-LGS�E<Ú'L�Û� 7 &�5���(�Ú'&	5'E1Cp2?E�STÜ�ÚrEG+-LG+0&DEP+-;<(�&�2?SG;<(�+0&�h!SGÜ,+0�fEP+-&�. 7 SG$'CpCD+0&��ql!2?+Ð2?&FEP+0&�8�2?+-L�EP+�ð�U6&�STEGL 7 �fEG2:U6&+0&FEPSTÜ�LG2?;<(FEÐ+-2?&�+-L�S 7 �F.-+0SGSG2?=6+0&�#%$'(�9�=6U6&­¡�+-8�2?&�5 7 &�56+-&�Q�8�2:+iSG2?;<(�=6+-LGS�E<Ú'LT�'+-&�k

1p . . . ≥ p ≥ q ≥ . . . .

h�9:9?56+-Cp+02?&�+-LR9:$'SGST+-&4SG2?;<(48�+-LG$'LTEG2:56+M÷�2?CD+0SGÜ�LTU6.-+0SGSG+�8 7 LG;<(oD ~OÂ ��y�{ $ 7 N P *,+0SG;<(�LG+02:*,+0&�k
�s f¡`µ\¢O£�¢�¤,µ ¨<m�§l¾ £>+02

P = (P,≤, 1P )
+-2?&�+pj�U6LT;-2:&	5rÛt¤�$'9?*	U6LG8�& 7 &�5���@B2:&�+�-Z+02:9?CD+0&�56+ G ⊆ P2?STE�+02:& À ¢×«O£I 0µ�$ 7 N P Q�N�$'9?9?Sa¬2Oe

1P ∈ G áa�2?2Oe
∀q ∈ G∀p ≥ q p ∈ G áa¬2:2?2ée
∀p, q ∈ G∃r ∈ G (p ≥ r ∧ q ≥ r)

�
à�C j±$r9:9B8�+0L�½�U'(�+-&>Ûî¤!$r9:*,U6LT8�& 7 &	5n/RÚ'LT+D/1+-56+0&�8	+-Ljð�U6CpÜ�$rEP2?*�2?9�2�EPÚrEGSG*,+08�2:&�5 7 &�548�2?+pÝB+-LG+02:&�2 Û5 7 &�5�+02:&�+0S�jÙ2:9�EP+0LGSÙ+02:&�+RÜ�$'LTEG2:+09:9?+�j 7 &��fEP2?U6&"=6U6& ω &�$';<( {0, 1} �'#�2?LÙ/�+0LG8�+0&DSTÜ�ÚrEG+-L �qy���y�{�~:Ê Ô z±yjÙ2?9�EP+-L�+-2?&	N¬M�(�LT+-&�Q�*,+02�8�+-&�+0&n8�2:+0SG+�j 7 &��fEP2?U6&sEPU'EP$'9�/�Ú'LG+r�jÙ2lß>2:+0LG+K*�2:S4$ 7 N�#%+02?EG+-LG+0Sn+02:&�+0& jÙ2:9�EG+-L G $ 7 N P ��£>;<(�U6&��T+�EP.�EnSG2:&	8)/�2:L�2?&)8�+-L­÷^$'56+rQ�+-2:&@BLT/1+-2�EP+-L 7 &�56STCDUq8	+-9:9 M [G]

+02:&�+0LtSG;<(F/R$r;o(	+-& 3n+0&�56+-&	9:+-(	LG+K. 7 8�+���&�2:+0LG+0&���ê 7 Ls3nUrEP2?=�$rEP2?U6&8�+0L�ð�U'&�STEGL 7 �fEP2?U6&�STEG+-9?9:+ºCD$'&�ST2:;<(4.�/�+02\@B9:+0Cp+-&FEG+ x, y 8�+0SÐ$'&�56+0STEPLT+-*	EG+-& 3nUq8	+-9:9?S M [G]
=6U'L-�ê 7 L�j�+0STEP9?+-5 7 &�548�+-Sx3nUq8�+-9?9:S�2?STE�+0S��T+08�+-&>N�$'9:9?S�&��rEP2:5	Q�8�2:+Ñó�+-9:$rEP2?U6&��

y ∈ x
�p. 7 +0&FEGSG;<(�+-2?8�+-&��l!2?+-ST+-SBSGU69?9	+0&FEG9é$'&�5º8�+0S
jZ2:9�EP+0LGS

G
+-LTN¬U'9:56+0&�2?&�8�+0Cô£>2?&�&�+rQ'8�$'SGSB+0SB+-2:&	+N¡�+-8�2?&�5 7 &�5 p ∈ G 562?*	EÇQSTUs8�$'SGS

p
+0&FEGSG;<(�+-2?8�+0E-Q�8�$'SGS

y ∈ x
Q�Uq8�+0LºSGUs8�$'SGS

p
+-&fEPST;o(	+-2:8	+0EÇQ�8�$rSGS

y /∈ x
��ê 7 C h!LT*,+-2�EP+-&Cp2?EB8	+-&D&�Uq;<(D&	2:;<(FE�N¬+0STEG56+-9?+-5'EG+-&t3n+-&�5'+-&

x 7 &�8 y *,+-&��rEP2:5'+-&�/�2?L ªi}'vty�� 2?&p+02:&�+0L�56+0+-2?56&�+0EG+-&£>Ü	LP$';<(�+r�'#�2?+R2?CÁj±$'9:9?+
8�+-LKð��'LGÜ,+-LÙSGU69?9:+0&"8	2:+-ST+]5!$'Cp+-&�@B9:+0CD+0&FEG+R8	+-S
çiL 7 &	8�CpU>8	+-9?9:S M SG+02:&��#�2?L���&�8�+0&K$'9:STU ª�}'vty�� ẋ ∈ M 7 &	8 ẏ ∈ M Q,8�+0LG+-& &�Uq;<(�8�+0��&	2:+-LT+-&�8	+�à�&fEP+-LTÜ�LG+�E<$rEG2:U6&	+-&
ẋG7 &	8 ẏG 2:C 3nUq8�+09:9 M [G]

569?+-2:;<(s8�+-&4='U6LG56+09:+05'EP+0&�3n+-&	56+-&nSG2?&�8�k
ẋG = x 7 &	8 ẏG = y.

l!2?+Mà�&fEP+0LGÜ�LG+�E<$rEG2:U'&�=6U6&
ẋ
SGU69?9�8 7 LT;o(48�2:+Mði9é$rSGSG+i8�+-L�ïÙ$'$'LG+

{(ẏ, p)| p
� +-LG.�/�2:&	5'E��

ẏ ∈ ẋ}

*,+0STEP2?CDCxE�SG+-2?&��n5!$';<(t8�+-L
='U6&t8�+-LGòºLG8	2:&�$r9:.Ç$r(�9 Û�-�(�+-U'LG2?+�*,+0��$'&�&fEP+0&43n+�EP(�Uq8�+Ð/�U69?9:+-&�/�2:L�& 7 &2?C #J+-ST+-&fEP9:2?;<(�+-&n+02:&�+i+-2?&	N�$';<(�+Mà�8�+0&FEG2?��.02:+0L 7 &�5�=6U6LG&�+0(�Cp+-&�k
ẋ = {(ẏ, p)| p

��+0LG.0/�2?&�5'E��
ẏ ∈ ẋ}.

l!2?+-S�CpU'EP2�=q2:+0LTER8�2:+ºN¬U'9:56+0&�8�+�à�&FEG+-LGÜ	LG+0EP$rEP2?U6&�S�N 7 &��fEP2?U6&�k



���R�r���P�r�æèwv �r�x9:�K���P�i�����y�Ê�i���¥¤N�%¦È¤N���r���3�r� ���r�%¦¥�r�y�Ê�i�Y�3�i�Y�Y� cC�

�s f¡`µ\¢O£�¢�¤,µ ¨<m�§7m l!+���&�2?+-LG+xLG+0� 7 LGSG2�=�$ 7 N M N¬M�L ẋ ∈ M 8�2?+ G ¶�Ó0µm£I 0µ2�Pµ� f£I²	£�¢¬¤,µ
ẋG
¹,¤mµ

ẋ8 7 LG;<(
ẋG :≡ {ẏG | ∃p ∈ G (ẏ, p) ∈ ẋ}.l!2?+Da¬56+-&	+-LG2?SG;<(�+Ie�@BLT/�+02?EP+0L 7 &	5D2?STE�8�$'&	&48�2:+�çi+-SP$rC"EG(�+-2�E�8�2:+0SG+-LÊà�&fEP+0LGÜ�LG+�E<$�EP2:U'&�+-&�k

�s f¡`µ\¢O£�¢�¤,µ ¨<m�§7 
M [G] :≡ {ẋG | ẋ ∈ M}

(	+-2:�rE�ª± qµ\ 0µ�¢×´-­r®^ }��µ#Á" q¢O£I 0µ8½Zµ^ª ¹,¤,µ
M¶�½�µ�­�®

P
½\µZ¶

G
�

l!2?+dó�+-� 7 LTSG2?U6&42:&4l!+���&�2�EP2:U'&Ab2�>���"+-LTN¬U'9:5'E�M�*,+0LÐ8	2:+iSTEP$'LG�tN 7 &�8�2:+0LTEG+dó�+-9é$�EP2:U'&
ẏ R ẋ :≡ ∃u (ẏ, u) ∈ ẋ.

�>ëR�T� Ï�æ!�ONVR|Î ���^ê<R�����M��������Råq���ORQî$ê>��� �iç��
M [G]

�
® ²	£#¯%¨nm�§é¥

M [G] ~:Ê��
�×{T}'�	Ê�~O��~OÑ�Óã�ßc¹�ß±áOä6��£>+02
u ∈ v ∈ M [G]

�Zlº$'&�&%2:STE
v = ẋG

N¬M�L�+-2?&
ẋ ∈ M

�\h 7 S u ∈ ẋG
N¬U'9:5'E�&�$r;o(l!+���&�2�EP2:U'&D=6U6&

ẋG
8	2:+!@Uß>2:STEG+-&�.º+02:&�+0S

ẏ ∈ dom(ẋ) ⊆M
Cp2?E

u = ẏG
�	j�U69?569?2�;o(D2?STE

u ∈M [G]
�

ãi@�l
® ²	£#¯%¨nm�§76

∀ẋ ∈M rg(ẋG) ≤ rg(ẋ) Óã�ßc¹�ß±áOä6�n#�2?LRN¬M�(�LT+-&4+-2:&	+
R
Ûîà�&�8 7 �fEP2:U'&48 7 LG;<(��

rg
(
ẋG

)
= rg

(
{ẏG | ∃p ∈ G (ẏ, p) ∈ ẋ}

)
= lub{rg(ẏG) | ∃p ∈ G (ẏ, p) ∈ ẋ︸ ︷︷ ︸

⇒ẏRẋ

}

≤ lub{rg(ẏ) | ẏRẋ}
a>à�&�8��ÈÝ�U'L-�úe

< rg(ẋ)
a¬/�+056+-&

ẏRẋ −→ rg(ẏ) < rg(ẋ)
e
.

lº$rCD2�E�2:S�E�8�+-LY£	$rEG.�*,+0/�2?+-ST+-&�� ãi@�l
ØÐC

M ⊆ M [G]
. 7 .-+-2?56+0&�QmC"M�SGST+-& /�2?L�. 7 �T+08�+0C x ∈ M

+-2:&	+-&
M
ÛÅ5!$'Cp+-&

x̌
SGU�. 7 U6LG8�&	+-&�Q8�$r�p8�2?+

G
Û?à�&FEG+-LGÜ	LG+0EP$rEP2?U6&s=6U6&

x̌
56+-LG$'8�+

x
2:STE-�

�s f¡`µ\¢O£�¢�¤,µ ¨<m�§79 l!+���&�2?+-LG+�8 7 LT;o( ∈ ÛîóÐ+0� 7 LGST2:U6&�k x̌ :≡ {(y̌, 1P ) | y ∈ x}
�±jÙM�L

x ∈ M
(�+02:�'E

x̌
¸	²�µ\¤,µ\¢×´Ç­�®^ �µ·�4²�¯% ¾��Z�µ

x
�

® ²	£#¯%¨nm�§�¨n?@D á>{ x ∈M �'~OÂÃ� x̌G = x Óã�ßc¹�ß±áOä6�n#�2?LRN¬M�(�LT+-&4+-2:&	+
∈
Û?à�&�8 7 �fEG2:U6&�M�*,+-L x ∈M 8 7 LT;o(��

x̌G = {ẏG | ∃p ∈ G (ẏ, p) ∈ x} = {ẏG | (ẏ, 1P ) ∈ x} = {y̌G | y ∈ x} = {y | y ∈ x}
a>à�&�8��ÈÝ�U'L-�úe

=x.

lº$rCD2�E�2:S�EÐ$'9:9?+-SR56+0.-+-2?5'EÇ� ãi@�l
h 7 S�bÊ�>�?b�B 7 &�8Ø343p+-LG5'2:*	E�SG2:;<(4STU'N¬U6LTE-k



���R�r���P�r�æèwv �r�x9:�K���P�i�����y�Ê�i���¥¤N�%¦È¤N���r���3�r� ���r�%¦¥�r�y�Ê�i�Y�3�i�Y�Y� cx 

³�¤Zµ�¤m«�«¬²cµn¨nm�§�¨±¨
M ⊆M [G] Ó

M 7 &�8 M [G]
(�$'*,+-&48�2:+0SG+09:*,+�U6LT8�2:&�$'9:+�¤��6(�+rk

³�¤Zµ�¤m«�«¬²cµn¨nm�§�¨q¼
OnM = OnM [G] Ó\[KÓO}fÓ
`nÓOË Â�æ M ∩On = M [G] ∩On Óã�ßc¹�ß±áOä6� @BSÐ5'+-&qM	5'EÇQ�8	2:+i.0/1+-2?EG+Mà�8�+-&fEP2?EPÚrE�. 7 .-+02:56+0&. 7 ⊆ �<��l!2:+0S�N¬U69:5rE�SGU'N¬U'LTEÐ$ 7 S M ⊆M [G]

�
. 7 � ⊇�o�Ó£>+02 α ∈M [G] ∩On

��#)Ú'(�9?+i+-2:&
x ∈M

CD2�E
α = ẋG

�±lº$
rg M
Û
V
Û�$'*	SGU69 7 E�2:STE-Q�SG2?+-(�+3<3�QÙ5'2:9�E

rg(x) = rg(x)M ∈ M ∩ On
�Z#J+056+-&�b2�q�úc�562:9�E

α = rg(α) = rg(ẋG) ∈ rg(x)
�`l!$

M ∩On
$'9?S�£>;<(�&�2?ETE�EGLP$'&	SG2?EG2?=6+0L]-\+-LTCD+iEGLP$'&�ST2?EG2?=t2?STEÇQ	N¬U'9:5'E

α ∈M ∩On
� ã�@�l

ØÐC
G ∈M [G]

. 7 .-+02:56+0&�Q�*,+0&��'EP2?56+-&s/�2:L�+02:&�+0& 5!$'Cp+-&sN¬M�L�8	+-&�jZ2:9�EP+0L G ��#�2?L�SG+�EP.0+-&�k
�s f¡`µ\¢O£�¢�¤,µ ¨<m�§�¨�°

Ġ :≡ {(p̌, p) | p ∈ P}
(�+-2?�'E1¸>²�µ^¤mµ\¢×´-­r®^ 0µý�4²�¯% ·��Z�µ À ¢×«O£I 0µþZ ¼  0µ P �

»� q¯W¯%² ¨nm�§�¨
¾
Ġ ∈M Óã�ßc¹�ß±áOä6� £>+-2

ϕ(p, y) :≡ ∃x (x = p̌ ∧ y = (x, p))
�\lº$48�+0L�-Z+0LGC

p̌
aÅ343Fe 7 &�8%8�2?+pj±U'LGCp+-9

y = (x, p)
aÅ343Fe

M
Û
V
Û�$'*	SGU69 7 EÐST2:&�8�Q±2?STEÐ&�$r;o(o343D8�2:+�j�U6LTCD+09 ϕ(p, y)

+0*,+-&>N�$'9:9?S
M
Û
V
Û�$'*	SGU69 7 EÇ�j�+0LG&�+0L�=6+-LG(�Ú'9?E�SG2?;o(

ϕ(p, y)
� N 7 &��fEG2:U6&�$'9 �<k

∀p, y, y′ ∈M ((ϕ(p, y) ∧ ϕ(p, y′)) −→ y = y′).

#J+-5'+-&
(Paar)M

N¬U69:5'E
Ġ= {y | ∃p ∈ P y = (p̌, p)} = {y ∈M | ∃p ∈ P y = (p̌, p)} = {y ∈M | ∃p ∈ P ϕ(p, y)}

= {y ∈M | ∃p ∈ P ϕM(p, y)} ∈M
aO/�+-5'+-&

(Ers)M
e
.

l!2?+-S�/�$'L�. 7 .-+02:56+0&�� ãi@�l

® ²	£#¯%¨nm�§�¨<m@$ y�~ H y�~O� D ~OÂÃ��y�{�}'uoÅ P Ó'&�}'�����'~OÂ � ĠH = H Ó�h��	Ê-|�y<ÊIÆ��,�qyo{<yº~:Ê�� H ∈M [H] Óã�ßc¹�ß±áOä6�
ĠH = {ẏH | ∃p ∈ H (ẏ, p) ∈ Ġ} = {ẏH | ∃p ∈ H ((p̌, p) ∈ Ġ ∧ ẏ = p̌)}

= {ẏH | ∃p ∈ H ẏ = p̌} = {p̌H | p ∈ H} = {p | p ∈ H}
a�b2�>��bÊB6e

=H.

l!2?+-S�/�$'L�. 7 .-+02:56+0&�� ãi@�l
® ²	£#¯%¨nm�§�¨< #" Ê��'~OÂÃ� (Ex)M [G] + (Ext)M [G] + (Paar)M [G] + (Inf)M [G] uq�,� (Fund)M [G] Ó
Ý�ýGí×îðïTñ�ï
óIó
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ã�ßc¹�ß±áOä6�1lº$
M [G]

EGLP$'&	SG2?EG2?= 7 &�8�&�2?;<(FETÛ 9:+0+-L�2:STE-Q-56+09?EP+0& (Ex)M [G] Q (Ext)M [G] 7 &�8 (Fund)M [G]&�$r;o( b'b6��A	�Ð#J+-5'+-&
ω ∈ M ⊆ M [G]

562:9�E
(Inf)M [G] �!ØÐC (Paar)M [G] . 7 .0+-2?56+-& �yß>2:+0LG+

a, b ∈ M [G]
�ë£>+-2?+-&

x, y ∈ M
CD2�E

a = ẋG 7 &�8 b = ẏG
�ë£>+0EG.-+

ż :≡ {(ẋ, 1P ), (ẏ, 1P )}
�

lº$r&�&W562?9?E
żG = {ẋG, ẏG} = {a, b}

�\h!9?SGUn2:STE
{a, b} ∈ M [G]

Q\8��ð(��?Q
(Paar)M [G] &�$r;o(�b'b6��A	�

ãi@�l
® ²	£#¯%¨nm�§�¨�¥}" Ê��'~OÂÃ� ² ⋃ ¶ » ôU¸ M [G] Óã�ßc¹�ß±áOä6�Ð£>+02

x ∈M [G]
Q
x = ẋG

��#�2?L�8�+���&�2?+-LG+0&n+-2?&�+-& 5�$'Cp+-&�N¬M	L�8�2?+ºÝ�+-LT+-2:&	2:5 7 &�5�=6U6& x k
ẏ :≡ {(u̇, r)|∃p, q ∈ P∃v̇(r ≤ p ∧ r≤̇q ∧ (u̇, p) ∈ v̇ ∧ (v̇, q) ∈ ẋ}.

l!2?+-Sx2:S�E"+02:&ç5�$'Cp+'Q\8��ð(��Ù+02:&�@B9:+0Cp+-&FE�=6U6&
M
Q\/�+-2?9

M 7 &fEP+-Lx+-2?&	N�$';<(�+-& òºÜ,+-LP$�EP2:U'&�+-&�Q 7 &�82?&�SG*,+0SGU6&�8	+-LG+ 7 &fEP+-L�Ý�+0LG+02:&�2?5 7 &�5'SG*�2?9:8 7 &	5�$'*�56+0SG;<(�9?U6SGST+-&�2?STE-�¡�+�EPLG$';<(FEP+
u ∈

⋃
x
�^#)Ú'(�9?+

v ∈ x
CD2�E

u ∈ v ∈ x = ẋG
�\#)Úr(�9:+

v̇ ∈ M 7 &�8 q ∈ G
CD2�E

(v̇, q) ∈ ẋ 7 &�8 v̇G = v
�	#)Ú'(�9?+

u̇ ∈M 7 &�8 p ∈ G Cp2?E (u̇, p) ∈ v̇ 7 &�8 u̇G = u
�	#)Ú'(	9:+

r ∈ GCp2?E
r ≤ p, q

��lº$'&�&42:S�E
(u̇, r) ∈ ẏ 7 &�848�$ r ∈ G 2:S�E u̇G ∈ ẏG ��h!9?SGU�2:S�E u ∈ ẏG �ØÐCD5'+-�'+-(	LTE�*,+0EPLG$';<(FEG+
u ∈ ẏG

��#)Ú'(�9?+
r ∈ G 7 &�8 u̇ ∈ M CD2�E (u̇, r) ∈ ẏ 7 &�8 u = u̇G

� 5!$r;o(l!+���&�2�EP2:U'&4=6U6&
ẏ
/RÚr(�9:+

p, q ∈ P 7 &�8 v̇ ∈ M CD2�E r ≤ p, q
Q
(u̇, p) ∈ v̇ 7 &�8 (v̇, q) ∈ ẋ

�ml!$'&�&2?STE
p, q ∈ G 7 &�8 u̇G ∈ v̇G Q v̇G ∈ ẋG ��h�9:SGU�2?STE u ∈ v̇G ∈ x 7 &�8 u ∈ ⋃

x
� ãi@�l

3n2�E4Ú'(�&�9?2:;<(�+-& 3n+0EG(�Uq8�+0& 9:2?+-�6+0&�SG2:;<(�/�+-2�EP+0LG+ h�*�SG;<(�9 7 SGST+-2:5'+-&�ST;o(�$rNOEG+-& =6U6& M [G]
.-+02:56+0&�Q/�2?+�8�+-L1h!*�ST;o(�9 7 SGSR5'+-56+0&qM�*,+0LR;-$'LTEG+-SG2?SG;<(�+0&�ïBLTUq8 7 �fEP+0&��	h�9:9:+0LG8�2?&�56S�CD$';<(�+-&�$'&�8�+0LG+rQ	+02:&>N�$';o(	+òºÜ,+-LG$rEP2?U6&�+0&©/�2:+n.'�!¡!�18�+-L`£q;o(�&	2?EGEt.�/�+-2?+-Ls3n+0&�56+-& £q;o(f/�2:+0LG2:5'�'+-2?EG+-&�Q 7 &	8�/�2?LDC"M�SGST+-&¦8	2:+S�E<Ú'LT�'+-LG+0&¾-\+0;o(	&�2:�'+0&�8�+-S�&�Ú';<(�STEG+-&¥ð�$rÜ�2?EG+-9:SR+02:&�ST+0EG.-+-&��

õ^� ¬ øoþ { öfüp>røÑù! 0°Mù� 0­`öqþzûÑô_�Lø�±�ù
l!+0Lþ5!$r;o(f/�+-2?S�8�+0L�/�+02?EP+0LG+0&%h�ß>2:U'CD+�8�+0L"3n+0&�56+0&�9:+0(�LG+D2:&

M [G]
STEG�6�'E�2?&J8	+-Lx$ 7 56+0&q*�9?2:;<�F9:2 Û;<(�+0& h!9?9:5'+-Cp+-2?&	(�+-2�EÐ$ 7 Ni£>;<(f/�2:+-LT2:5'�'+-2?EG+-&���#�2:L�/�U69?9:+0& 7 &�SG+0L�/�+02?EG+-LT+-SÐÝ�U6LG5'+-(�+0& $'&�(�$r&�8�8�+0Sh 7 SGSTU6&�8�+0L 7 &�5'SP$8ß	2?U6CpS-Q�8�+0S�.-+0&FEPLG$'9:+0&�h�ß>2?U6CDS�8�+-LÐê�+0LGCp+-9:U'SG;<(�+-&43n+-&�5'+-&�9?+-(�LT+'Q�CpU'EP2�=q2?+-LG+0&��h�&�56+0&�U6CpCD+0&�Qm/�2?L�/�U69:9?+-& 8�$'Sih 7 SGSTU6&�8�+0L 7 &�5'SP$8ß	2?U6C 2?& M [G]
&�$r;o(f/�+-2?SG+0&��\3�$'&K*,+0EGLP$';<(FEG++02:&

a ∈ M [G] 7 &�8%+-2?&�+ ∈ Û�j�U6LTCD+09 ϕ ��#�2:+p��$r&�&%Ct$'& +-LTLG+-2?;o(	+-&�Q\8�$rSGS�8�2:+ph 7 SGSTU6&�8�+0L 7 &�5'S�ÛCp+-&	56+
{u ∈ a|M [G] |= ϕ(u)} ∈M [G]?5�$';<(�8	+-C Ý�U6LT56+-(�+0&�8�+0S1=6U6LG$'&�56+0(�+0&�8�+-&`ð�$rÜ�2?EG+-9:SB/�Ú'(�9?+�CD$'&D+02:&�+0&·5!$'Cp+-&

ȧ ∈M
Q
ȧG = a7 &	84=6+0LGS 7 ;o(�+�8�2?+M¡�2:9?8 7 &�5�+02:&�+0SV5�$'Cp+-S�='U6C -
èqÜ�k

ḃ = {(u̇, r)|(r ≤ p ∧ (u̇, p) ∈ ȧ ∧ r
+-LT.0/�2:&	5'EÇQ�8�$'SGS

M [G] |= ϕ(u̇G)}.

#�2?L�C"M	SGSG+0&�+0LGLT+-2:;<(�+0&�QB8�$'STS�8�2:+0S�+02:&ø5�$'Cp+'Q`$'9:STUA+02:& @B9?+-Cp+-&fE�8�+-SDçiL 7 &	8�CDUq8	+-9:9?S M 2:STE-Q$'*,+0Lº+02:&�+x�'U6LTLG+-�fEP+�l!+0��&�2?EG2:U6& 2?&
M
8�$'LTN�&�2?;o(fE�¡�+-. 7 54$ 7 N
+02:&K@B9:+0CD+0&FE G &�+0(�Cp+-&�Q�8�$'Sº2:C$'9?9:5'+-Cp+02?&�+-&s�'+02:&n@B9:+0CD+0&FE�=6U6&

M
2?STEÇ�
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#�2?L���9?�6SG+0&q�i8�2?+-SG+0SYïBLGU'*�9:+0C 8�$'8 7 LT;o(�Q�8�$'STS�/�2?L�2:&�8�+0&¥¡�+0. 7 5D$ 7 N G +-2?&	N�$';<(�/1+-569:$'SGST+-&�k
ḃ = {(u̇, r)|(r ≤ p ∧ (u̇, p) ∈ ȧ ∧ r

+0LG.�/�2:&�5'E-Q�8�$rSGS
ϕ(u̇)}.

@B2:&	+�¡1+-8�2?&�5 7 &	5 r SGU69?9
$r9:SGU42?&J8�+0Lj÷^$'56+pSG+02:&�Q\8�2?+\ó�2:;<(FEG2:56�'+02?Ei=6U6&
ϕ(u̇)
2:&J@BLT/�+02?EP+0L 7 &	56+-&. 7 �'U6&fEPLTU69:9?2?+-LT+-&��	l!2?+-S�9éÚrSGSTE�SG2?;o(�2?&sSGU69?;o(	+-L�h�9:9:5'+-Cp+-2�&�(�+-2�E�&�2:;<(FE�+-LTLG+02:;<(�+-&�Q±$'*,+0LR/�2:LR�'�6&�&	+-&+02:&�+iÜ�LGUI=q2:SGU'LG2:ST;o(	+�l!+���&�2?EG2:U6&�CD$';<(�+0&�k

� �s f¡ÙµZ¢O£�¢�¤,µZ�f§ r +0LG.0/�2?&�5'E ϕ(u̇)
5'8	/���N¬M�L }'ÂOÂ:y jZ2:9�EP+-L G ⊆ P

CD2�E
r ∈ G

562:9�EÇk
M [G] |= ϕ(u̇).

-Z$rEGSPÚ';<(�9?2:;<(p9é$'STSG+0&DSG2?;o(�QF$ 7 S
LT+-;<(FE
EGLG2�=>2:$'9?+0&DçiLGM�&	8�+-&�Qf*,+-S�EP2:CpCxEP+Rh 7 STSP$'56+0&t2:&�8�2?+-SG+0C £q2:&�&�+� +-LG.�/�2:&	56+-&q�<kFN�$'9:9?S
(ẋ, p) ∈ ẏ

QqSGU"+0LG.0/�2:&�5'E
p
8	2:+!@B2:56+0&�SG;<(�$rNOE

ẋ ∈ ẏ
�F#J+-56+0&s8�+0L�U6*,+-&�&�$';<(�56+oÛ/�2?+-ST+-&�+0& h�ß>2:U6Cp+�+0LG.0/�2?&�5'E jÇyG�qy ¡1+-8�2?&�5 7 &	5D8�$'SYïÙ$6$'LGCp+-&	56+-&�$8ß>2:U6C4��h!*,+0LÐ/�2:+�ST2:+0(FE�+-S�Cp2?E+02:&�+0C *,+09:2:+0*�2?56+-&

ϕ
/�2?+�2?C h 7 SGSGU'&�8�+-L 7 &�56SG$8ß	2?U6C $ 7 S<Hh�&�56+0&�U6CpCD+0&�Q	/�2:LR=6+0LGS 7 ;o(	+-& 8�+0&¥¡�+�/�+02:SÐ8	+-SÐh 7 SGSGU'&�8�+0L 7 &�56SG$8ß	2?U6CpS-�±@BSÐSG+02

u ∈ {u ∈ a|M [G] |= ϕ(u)}

7 &	8�/�2:LZ/�U69?9:+0&".-+-2?56+-&�Q68�$'SGS u ∈ ḃG �r#�2:LÙ*,+-&	�'EP2?56+-&�8�$r&�&�+02:& r ∈ G 7 &�8�+-2?&�+-&ý5!$rCD+0& u̇ CD2�E
u̇G = u 7 &�8 (u̇, r) ∈ ḃ

�=5�$';<(D8�+-C EG+-&fE<$rEG2?=6+0&Dh!&	SP$rEP.�N¬M	L
ḃ
(�2?+-�6+�8�$'S-Qf8�$'SGS

r
8	2:+Ð@B2?56+-&�ST;o(�$rNOE

ϕ(u̇)
+0LG.0/�2?&�5'E-�flº$'SB*,+-8�+ 7 EP+�EÇQf8�$'SGS�+02:&	+�@B2:56+0&�SG;<(�$rNOE-Q68�2:+R2:& M [G]

562?9?E-Q�='U6&p+02:&�+0Lr¡�+08�2:&�5 7 &�52?C jÙ2?9�EP+-L�+-LT.0/ 7 &�5'+-&n/�2?LG8��à�&�ST*,+-STU6&�8�+-LT+p*�LG$ 7 ;<(�+-&K/�2?L!N¬M	L
�T+-8	+�h 7 SGSP$'5'+ ψ Qm8�$'SGSº+-Si+02:&�+�¡�+-8�2?&�5 7 &	5 p 2:C jÙ2:9�EP+0L�562?*	EÇQSTUW8�$'SGS
p
+0LG.�/�2:&�5rE

ψ
Uq8�+0L

p
+-LT.0/�2:&	5'E

¬ψ
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(
(G
2:S�E

P
Û�5'+-&�+0LG2?SG;<(�+-LÐjÙ2?9?EG+-L�M�*,+-L
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G
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 ϕ(ẋ0, . . . , ẋm−1)
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M [G] |= ϕ(ẋG0 , . . . , ẋ
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$rEPU'Ct$'LT+-&pjÙÚ'9:9?+ p 
 x1 = x2 7 &�8 p 
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xG1 = xG2
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{yG1 |∃s1 ∈ G (y1, s1) ∈ x1} = {yG2 |∃s2 ∈ G (y2, s2) ∈ x2}.
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yG2
LT+-;<(FEGS-Q 7 &�8 7 CD5'+-�'+0(�LTE-Q�562:*>EÇQ	SGU�8�$'SGS yG1 = yG2
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½Zµ,£I �µ

p :≡ ∀q ≤ p∃r ≤ q r ∈
D
�
»� q¯W¯%² ¨n �§76
Ì }�Í p 
 x1 = x2 �f��^
ÓÌ

α Í ∀(y1, s1) ∈ x1

(
s1 ∈ P −→

{q ∈ P | q ≤ s1 → ∃(y2, s2) ∈ x2(s2 ∈ P ∧ q ≤ s2 ∧ q 
 y1 = y2)}︸ ︷︷ ︸
≡:D(α)(y1,s1,x2)

~:Ê��R�'~ Ô zq��~O� P u>����y�{ p) ½\µ\¶
Ì
β Í ∀(y2, s2) ∈ x2

(
s2 ∈ P −→

{q ∈ P | q ≤ s2 → ∃(y1, s1) ∈ x1(s1 ∈ P ∧ q ≤ s1 ∧ q 
 y1 = y2)}︸ ︷︷ ︸
≡:D(β)(x1,y2,s2)
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(q, y1, y2)R(p, x1, x2) :≡ q ∈ P ∧ p ∈ P ∧ y1 ∈ dom(x1) ∧ y2 ∈ dom(x2).
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D :≡
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p′′ ∈ P
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∨ ∃(y1, s1) ∈ x1
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 y1 = y2)}︸ ︷︷ ︸
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 y1 = y2) → ¬ q ≤ s2)
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xG1
2:S�EÐ8�$'&�&

yG1 ∈ x
G
1

Q±$r9:SGU
yG1 ∈ x

G
2 = {yG2 | ∃s2 ∈

G (y2, s2) ∈ x2}
/�+-5'+-&

xG1 = xG2
�	#)Ú'(�9?+i+-2:&

(y2, s2) ∈ x2

CD2�E
a�A���H'e

s2 ∈ G 7 &�8 yG1 = yG2
�

lº$r&�&A562:9�E
(s2, y1, y2)R(s, x1, x2)

Q�SGUs8�$'�
yG1 = yG2

&�$';<(:à�&�8 7 �fEG2:U6&�S�=6U6LP$ 7 SGST+0EP. 7 &�548�2?+�@Uß	2 ÛS�EP+-&	.�+-2:&	+-S
a�A��-�6e

q′ ∈ G2?CDÜ	9:2�.-2?+0LTEÇQ>SGUp8�$'SGS
a�A���Afe

q′ 
 y1 = y2562?9?E-��#)Ú'(�9?+
q ∈ G

Cp2?E
q ≤ p′′, s1, s2, q

′ ��a6¡�+-$';<(FEP+rkÞ5�$';<()a�A���b�eO��aLA���AFe�562?9?E s1, s2, q
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p′′
2?STE
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q ≤ q′ 7 &�8 a�A���Afe�N¬U69?5'E q 
 y1 = y2

Q>STU�8�$'STS�N¬M�L
q
562?9?E

q ≤ p′′ ∧ q ≤ s1 ∧ (y2, s2) ∈ x2 ∧ s2 ∈ P ∧ q 
 y1 = y2 ∧ q ≤ s2.l!2?+-S�/�2?8�+-LTSGÜ�LT2:;<(FExa
¬α
e���h!9?SGU�C 7 �na�AFe�8�Uq;<(nLT2:;<(FEG2:5�SG+02:&�� âF+08^aLAFe
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p ∈ G 7 &�8 x1, x2 ∈ M

Q,8�2:+�8	2:+x@B2:5'+-&�ST;o(�$�NOEP+-&�a
α
e 7 &�8�a β e�+-L�N¬M�9:9?+-&��#�2?Lx*,+0(�$ 7 Ü	EG+-&�Q`8�$'SGS xG1 = xG2

�Zh 7 SÉ£qèqCpCD+�EPLG2?+-56LTM�&�8�+0&W56+-&FM�5'E�+0S-Q
xG1 ⊆ xG2

. 7 .0+-2?56+-&��¤Ð2:+0LG. 7 *,+�EPLP$r;o(fEP+ z ∈ xG1 = {yG1 | ∃s1 ∈ G (y1, s1) ∈ x1}
��#)Ú'(�9?+
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Q�SGUp8�$'�
(y1, s1) ∈ x1 7 &�8 z = yG1

2?STEÇ��5�$';<(n8	+-L�h!&	&�$'(�Cp+Da
α
e�2:S�E

D(α)(y1, s1, x2) = {q ∈ P | q ≤ s1 → ∃(y2, s2) ∈ x2(s2 ∈ P ∧ q ≤ s2 ∧ q 
 y1 = y2)}8�2?;<(FE�2:&
P 7 &FEG+-L p �aI�6e
∃q ∈ D(α)(y1, s1, x2) ∩G q ≤ s1

�
ã�ßc¹�ß±áOä6�:£>+02

r ∈ G
Cp2?E

r ≤ p, s1
�±lº$

D(α)(y1, s1, x2)
8	2:;<(FE 7 &FEP+0L p 2:S�EÇQ�2:S�E D(α)(y1, s1, x2)$ 7 ;o(n8�2:;<(fE 7 &fEP+0L r �,l!$D&�$';o(o343 D(α)(y1, s1, x2) ∈ M
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q ∈ D(α)(y1, s1, x2) ∩G
Cp2?E

q ≤ r
�	#J+-56+0&

r ≤ s1
2:STE

q
/�2?+�*,+0&��'EP2?5'EÇ� âF+-8�aJ�fe

£>+02Z& 7 & q /�2:+�2?&�aI�6e���#%+056+-& q ∈ D(α)(y1, s1, x2) 7 &	8 q ≤ s1

+ ß>2?STEP2?+-L�E!&�$';<(Kl!+���&�2?EG2:U6&4=6U6&
D(α)(y1, s1, x2)

+-2?&
(y2, s2) ∈ x2

Cp2?E
s2 ∈ P

Q
q ≤ s2 7 &�8 q 
 y1 = y2

�s5�$';<(­à�&�8 7 �fEP2:U'&�ST=6U6L�Û$ 7 SGSG+�EP. 7 &�5t562?9?E yG1 = yG2
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q ≤ s2 7 &	8 q ∈ G 2:S�E s2 ∈ G
��h 7 S (y2, s2) ∈ x2

N¬U69:5rE�$'9:STU
yG2 ∈ x

G
2

&�$';<( l!+���&�2?EG2:U6&�=6U6&
xG2
�sà�&	SG56+0SP$'CxE�+0LG562?*	EºSG2?;o(

z = yG1 ∈ x
G
2 7 &	8A8�2:+0SG+-Sº/R$rLºN¬M�La�$fe�. 7 .-+02:56+0&��a¬*±e�h 7 S�a�$fe
N¬U69:5'E�SGU'N¬U6L�EÇQ	8�$'STS�CD$'&s8�2?+iLT+-� 7 LGST2?=6+�l!+���&�2�EP2:U'&�=6U6& p 
 v1 = v2

$ 7 NZ8�$rS.-\LT2:Ü,+-9
p, x1, x2

$ 7 S�/�+-2�EP+0&n��$'&	&�Q 7 &�8n8�$'SGS�8�2:+0SG+�2:C ç�L 7 &�8�CpUq8�+09:9 M $ 7 SG56+�/�+0LTEP+�E�/1+-LG8	+-&���$'&�&��a¬;Ie1h�&�56+0&�U6CpCD+0&�Q
xG1 = xG2
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p′′ ∈ G

(�+-LT56+-9?+-2�EP+0E-Q,8�$'STSº8�2?+"@B2?56+-&�ST;o(�$rNOEP+0& a
α
e 7 &�8�a β e�+-L�N¬M�9:9�E"a�ST2:+0(�+saLAFeTe��5�$';<(Wa�$fe�562:9�ER8�$'&�&

p′′ 
 x1 = x2

� ãi@�l
l!2?+d¡1+-(�$'&	8�9 7 &	5p8�+-LÐj�U6LTCD+09 v1 ∈ v2

2:STE�/�2?+-8�+0L�+-2?&	N�$';<(�+-L0k
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»� q¯W¯%² ¨n �§79
Ì }�Í p 
 x1 ∈ x2 �f��^
Ó D :≡ {q ∈ P | ∃(y, s) ∈ x2 (s ∈ P ∧ q ≤ s ∧ q 
 x1 = y)}~:Ê����'~ Ô zq�
~O� P uq����y�{ pÌ |�Í Forcv1∈v2 ~:Ê��1~O� M v�~O���!~OÂ ÅÇyx�qy�{ D Æ�{�vty�Â�}'ufÊ Ì }�ÍD�qy�À���~Äy�{-|<}'{0ÓÌTÔ Í `�y���� xG1 ∈ xG2 +`ÊIÆx�'~�|-��y<Ê"y�~O��y�%ºyG�'~O�q�'u>�q� p ∈ G v�~O� p 
 x1 ∈ x2 Óã�ßc¹�ß±áOä6� a�$feºh!&	56+-&	U6CDCp+-&

p 
 x1 ∈ x2
�^ØÐC 8	2:+pl�2:;<(FEP(	+-2�E�=6U6&

D
. 7 .-+02:56+0&�Q�*,+0EPLG$';<(FEG++02:&�+\¡�+-8	2:&�5 7 &�5 p′ ≤ p

�Zl!$'&�&%562:9�E
p′ 
 x1 ∈ x2

�^#)Úr(�9:+p+-2?&�+0&WjÙ2:9�EP+0L
G
Q^8�+-L

P
Û�56+0&�+-LT2:SG;<(M�*,+0L

M
2?STE 7 &�8ASTUs8�$'SGS p′ ∈ G ��lº$r&�&A2?STE xG1 ∈ xG2 ��5�$';<( l!+���&�2?EG2:U6&�=6U6& xG2 +'ß	2?STEG2:+-L�Ei+02:&

(y, s) ∈ x2

Cp2?E
s ∈ G 7 &�8 xG1 = yG

�\5!$r;o(Ý-\+-2?9!a¬;Iei8�+-S�9:+�EP.0EG+-& ÷�+0CDCD$'S��'�6&�&�+0&%/�2:L�+02:&
r ∈ G

/RÚ'(	9:+0&4CD2�E
r 
 x1 = y

��#)Ú'(	9:+
q ∈ P

Cp2?E
q ≤ r, s, p′

��lº$'&�&42:S�E
q ∈ D 7 &�8 q ≤ p′

�ØÐCD5'+-�'+-(	LTEiSG+02`8�2:+�3n+0&�56+
D
8�2:;<(FEº2:&

P 7 &fEP+0L p �w¡�+�EPLP$r;o(fEP+�+02:&�+0& P Û�56+0&�+0LG2:ST;o(	+-& jÙ2?9?EG+-L GM�*,+0L
M
Cp2?E

p ∈ G
�'lº$

D
8�2?;o(fE`2:&

P 7 &fEP+-L p ∈ G 2:STE-Qr�'�'&�&�+-&�/�2?LÙ+02:&�+G¡�+-8	2:&�5 7 &�5 q ∈ D∩G/�Ú'(�9:+0&��s5�$';<(�l�+0��&�2�EP2?U6&�8�+0L!3n+0&�56+
D
/RÚr(�9:+

(y, s) ∈ x2

Q�STUD8�$'SGS
s ∈ P ∧ q ≤ s ∧ q 
 x1 = y.

lº$r&�&n2?STE
s ∈ G 7 &�8 yG ∈ xG2 �	#J+-2�EP+-L�2:S�E xG1 = yG

��h!9?SGU�2:S�E
xG1 ∈ x

G
2

Q�/�2?+�56+�/�M�&�ST;o(fEÇ�a¬*±e�N¬U69?5'E�STU'N¬U6L�E�$ 7 S�a×$feo�a¬;IeBh�&�56+0&�U6CpCD+0&
xG1 ∈ x

G
2

�=5!$';<(tl!+0��&�2?EG2:U6&�=6U'&
xG2
+ ß>2?STEP2?+-L�E1+02:&

(y, s) ∈ x2

Cp2?E
s ∈ G 7 &	8

xG1 = yG
�45�$';o(·-Z+02:9`a¬;Ie
8�+-SR9?+0EP.�EP+0&[÷�+0CDCD$'S1�'�6&�&	+-&s/�2?L�+02:&

r ∈ G
/RÚ'(�9?+-&�Cp2?E

r 
 x1 = y
�#)Úr(�9:+

p ∈ G
CD2�E

p ≤ r, s
�=5!$';<(nb# 	����5'2:9�E

p 
 x1 = y 7 &�8 p 
 y ∈ x2
�qê 7 SP$rCDCp+-&�562:9�E�8�$'&�&

p 
 x1 ∈ x2

� ãi@�l
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® ²	£#¯%¨n �§�¨n? $ y�~Äy�� ϕ(v0, . . . , vm−1) y�~O��y ∈ � D Æ�{ovty�ÂÃ�,Ó�&�}'���s�'~OÂÃ� ËÌ }�Í(&�~Äy å y�Â�}'��~ÄÆ�� Forcϕ ~:Ê��
~Ov ÿR{ouq�,�'vtÆ-�qy�ÂOÂ M �qy�À���~Äy�{0|<}'{0ÓÌ |�Í D áq{D}'ÂOÂ:y�ªi}'vty�� ẋ0, . . . , ẋm−1 ∈ M �'~OÂÃ�ÄË M [G] |= ϕ(ẋG0 , . . . , ẋ

G
m−1) �f��^
Ó�y<Êsy�~O��yy%ºy���'~O�q�'uq�q� p ∈ G �'~�|-�
v�~O� p 
 ϕ(ẋ0, . . . , ẋm−1) Ó

�'í��L� M����
���Yå>���VRQî$ê	���XN����¢Ï�çB��������� " ã©����RDê	�tç��


�

® ²	£#¯%¨n �§�¨,¨�$ y�~ M y�~O�@ÿR{�uq�,�'vtÆ-�qy�ÂOÂÐu>�,� (P,≤, 1P ) y�~O��y D Æ�{ Ô ~O�q�����i}'Â�|�Æ�{T�'��u>�q�DÅ�á>{ M ÓD y�{o��y�{!ÊIy�~ ϕ y�~O��y ∈ � D Æ�{ovty�Â�u>�,� ẋ0, . . . , ẋn−1 ∈M Ó'&�}'�����'~OÂÃ�ÄËÌ }�Í(&�~ÄyBÅÇÆ�ÂÈ�qy��±�>y���É!ufÊ<Ê-}I�qy���Ê�~O�,�·)fÏ-uq~OÑ�}'Â:y����ÄËÌ ~úÍ p 
 ϕ(ẋ0, . . . , ẋn−1) àÌ ~O~úÍ ∀q ≤ p q 
 ϕ(ẋ0, . . . , ẋn−1) àÌ ~O~O~úÍ {q ∈ P | q 
 ϕ(ẋ0, . . . , ẋn−1)} ~:Ê��R�'~ Ô zq�
~O� P u>����y�{ p ÓÌ |�Í {p ∈ P | p 
 ϕ(ẋ0, . . . , ẋn−1) ∨ p 
 ¬ϕ(ẋ0, . . . , ẋn−1)} ~:Ê��`�'~ Ô zq�\~O� P uq�,� " Â:y�vty����ZÑ'Æ��
M Ó
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a�2:e1. 7 .0+-2?56+-&���h!&�5'+-&�U6CpCp+-&�Q

D :≡ {q ∈ P | q 
 ϕ(ẋ0, . . . , ẋn−1)}
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p ∈ G
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q ∈ D ∩ G
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q 
 ϕ(ẋ0, . . . , ẋn−1)
Q�2:STE

M [G] |=
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 ϕ(ẋ0, . . . , ẋn−1)
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 ¬ϕ(ẋ0, . . . , ẋm−1) �f��^
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 ϕ(ẋ0, . . . , ẋm−1) ÓÌ |�Í p 
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 ∃v0 ϕ(v, ẋ1, . . . , ẋm−1)
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G
1 , . . . , ẋ

G
m−1)
�I#)Ú'(�9:+
+02:&

s ∈ G
Cp2�E

s 
 ϕ(ẋ0, ẋ1, . . . , ẋm−1)
�I#)Ú'(�9?+1+02:&

q ≤ r, s
��lº$r&�&45'2:9?E

q 
 ϕ(ẋ0, ẋ1, . . . , ẋm−1)
��lº$'Cp2?ER2?STE�8�2?+i5'+0/�M�&	SG;<(FEP+�l!2?;o(fEP(�+02?E�*,+0/�2?+-ST+-&��ØÐCD5'+-�'+-(	LTE�SG+02�8�2:+ 3n+0&�56+

D :≡ {q ∈ P | ∃ẋ0 ∈ M q 
 ϕ(ẋ0, . . . , ẋm−1)}
8�2:;<(FEt2?&

P7 &fEP+0L p �s¡�+�EPLP$r;o(fEP+"+02:&�+0& P Û�5'+-&�+0LG2:ST;o(	+-&AjÙ2?9?EG+-L G M�*,+0L M Cp2?E p ∈ G ��lº$ G 56+-&	+-LG2?SG;<(K2?STEÇQ��$'&�&KCD$'&
q ∈ G ∩D

Q
q ≤ p

/RÚ'(	9:+0&��,#)Ú'(�9?+
ẋ0 ∈ M

CD2�E
q 
 ϕ(ẋ0, . . . , ẋm−1)

��lº$r&�&K562?9?E
M [G] |= ϕ(ẋG0 , . . . , ẋ

G
m−1) 7 &�8 M [G] |= ∃v0 ϕ(v0, ẋ

G
1 , . . . , ẋ

G
m−1)
�aON<e�h�&�56+0&�U6CpCD+0&�Q

p 
 ∀v0 (v0 ∈ ẋ → ϕ(v, ẋ1, . . . , ẋm−1))
�D¡�+�EPLG$';o(fEP+

(ẋ0, s) ∈ ẋ
�K£>+�EP.-+

D :≡ {q ∈ P |q ≤ s → q 
 ϕ(ẋ0, ẋ1, . . . , ẋm−1))}
�ZØÐC 8�2:+Dl!2?;<(FEP(	+-2?E�=6U'&

D 7 &FEG+-L p . 7.0+-2?56+-&�QI*,+0EGLP$';<(FEG+
/�+02?EG+-L
r ≤ p
�Ç#J+-&	&

¬r ≤ s
Q�STU�2:S�E\*,+-LT+-2?EGS

r ∈ D
��@BS\SG+-2q$'9?SGUÐ$'&�56+0&�U6CpCD+0&�Q
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M [G]

� ëfd

8�$rSGS
r ≤ s
�±#)Ú'(�9?+�+-2?&�+-&

P
Û�56+0&�+0LG2:ST;o(	+-&KjÙ2:9�EP+0L

G
M	*m+0L

P
Cp2?E

r ∈ G
��lº$r&�& 2:STE

p ∈ G 7 &�8
M [G] |= ∀v0 (v0 ∈ ẋG → ϕ(v, ẋG1 , . . . , ẋ

G
m−1))
�1#J+-2�EP+0L�2:S�E

s ∈ G 7 &�8 ẋG0 ∈ ẋG
��h!9?SGU

M [G] |= ϕ(ẋG0 , ẋ
G
1 , . . . , ẋ

G
m−1))
��#)Úr(�9:+

t ∈ G
CD2�E

t 
 ϕ(ẋ0, ẋ1, . . . , ẋm−1))
��#)Ú'(�9?+

q ≤ r, t
�lº$r&�&n2?STE

q 
 ϕ(ẋ0, ẋ1, . . . , ẋm−1)) 7 &	8 q ∈ D �ØÐCD5'+-�'+-(	LTE�SG+02
∀(ẋ0, s) ∈ ẋ {q ∈ P |q ≤ s → q 
 ϕ(ẋ0, ẋ1, . . . , ẋm−1))}

8�2:;<(fE�2?&
P 7 &fEP+0L

p
�i¡�+�EPLP$r;o(fEP+n+02:&�+0&

P
Û�5'+-&�+0LG2:ST;<(�+-&�jÙ2?9�EP+-L

G
M�*,+0L

M
Cp2?E

p ∈ G
�i¡�+�EPLG$';o(fEP+4+-2:&

z ∈ ẋG
�

5�$';<(Wl!+0��&�2?EG2:U6& 8�+-Ldà�&FEG+-LGÜ	LG+0EP$rEP2?U6&�S�N 7 &��fEP2?U6&J562?*	E�+-S (ẋ0, s) ∈ ẋ
CD2�E

s ∈ G 7 &�8 ẋG0 = z
�

£>+�EP.0+
D :≡ {q ∈ P |q ≤ s → q 
 ϕ(ẋ0, ẋ1, . . . , ẋm−1))}

��#)Ú'(�9?+�+-2:&
t ∈ G

Cp2?E
t ≤ s, p

�
5�$';<(nÝ�U6LG$ 7 STSG+0EG. 7 &	5�2:S�E D 8�2:;<(FEÐ2:& P 7 &fEP+0L p 7 &	8�8�$'(�+0LÐ8�2:;<(FEÐ2:& P 7 &fEP+-L t ∈ G �m342?EÐ8�+0Lçi+-&�+0LG2?.-2�E<ÚrE�=6U6&

G
/RÚ'(�9?+

q ∈ G ∩D
Q
q ≤ t
��lº$'&	&42:S�E

q ≤ s 7 &�8�&�$';<(nl!+���&�2�EP2:U'&�=6U6& D 2:S�E
q 
 ϕ(ẋ0, ẋ1, . . . , ẋm−1))

�
M [G] |= ϕ(ẋG0 , ẋ

G
1 , . . . , ẋ

G
m−1)) 7 &�8 M [G] |= ϕ(z, ẋG1 , . . . , ẋ

G
m−1))
�lº$

z
*,+09:2?+-*�2?56+-SD@�9?+-Cp+-&fED=6U6&

ẋG
/R$'L-Q
562:9�E

M [G] |= ∀v0 ∈ ẋϕ(v0, ẋ
G
1 , . . . , ẋ

G
m−1))
�1h!9?SGU

p 
 ∀v0 (v0 ∈ ẋ → ϕ(v, ẋ1, . . . , ẋm−1))
�a¬5Fe1h�&�56+0&�U6CpCD+0&

p 
 ∃v0 (v0 ∈ ẋ ∧ ϕ(v, ẋ1, . . . , ẋm−1))
�c¡�+0EGLP$';<(FEG+

r ≤ p
�>#)Ú'(�9?+º+-2?&�+-&

P
Û56+0&�+0LG2:ST;o(	+-&�jÙ2:9�EP+0L

G
M�*,+0L

M
Cp2?E

r ∈ G
�Ilº$'&	&�562?9?E

M [G] |= ∃v0 (v0 ∈ ẋ
G ∧ϕ(v, ẋG1 , . . . , ẋ

G
m−1))
�#)Úr(�9:+�+02:&

y ∈ ẋG
Cp2�E

M [G] |= ϕ(y, ẋG1 , . . . , ẋ
G
m−1)
�Þ5!$';<( l!+0��&�2?EG2:U6&�8	+-L à�&fEP+-LTÜ�LG+�E<$rEG2:U6&

ẋG
=6U'&

ẋ
�'�6&�&	+-&�/�2?L

(ẋ0, s) ∈ ẋ
/RÚ'(	9:+-&©Cp2?E

s ∈ G 7 &�8 ẋG0 = y
�1lº$r&�&�2:S�E

M [G] |=
ϕ(ẋG0 , ẋ

G
1 , . . . , ẋ

G
m−1)
��#)Ú'(�9?+

t ∈ G
Cp2?E

t 
 ϕ(ẋ0, ẋ1, . . . , ẋm−1)
��#)Ú'(�9:+

q ≤ r, s, t
�Zl!$'&�&.0+-2?5'E

q
8�2:+i56+�/�M�&�SG;<(fEP+xl!2:;<(FEG(�+-2�EÇ�ØÐCD5'+-�'+-(	LTE!SG+02Z8�2?+"34+-&�56+

D :≡ {q ∈ P | ∃(ẋ0, s) ∈ ẋ (q ≤ s ∧ q 
 ϕ(ẋ0, ẋ1, . . . , ẋm−1))}8�2?;<(FE�2:&
P 7 &FEG+-L p �D¡�+0EGLP$';<(FEG+�+02:&�+0&

P
Û�56+0&�+-LT2:SG;<(�+0&�jZ2:9�EP+0L

G
M	*,+-L

M
CD2�E

p ∈ G
�`lº$

G56+0&�+0LG2:ST;o(J2:S�EÇQ���$'&�&JCD$'&
q ∈ G ∩ D

Q
q ≤ p

/RÚ'(�9?+-&���#)Ú'(	9:+
(ẋ0, s) ∈ ẋ

Cp2?E
q ≤ s ∧ q 


ϕ(ẋ0, ẋ1, . . . , ẋm−1))
�^l!$'&�&J562?9?E

ẋG0 ∈ ẋ
G
��#J+02?EP+0L�562?9?E

M [G] |= ϕ(ẋG0 , ẋ
G
1 , . . . , ẋ

G
m−1)
��h!9?SGU

M [G] |= ∃v0 (v0 ∈ ẋ
G ∧ ϕ(v0, ẋ

G
1 , . . . , ẋ

G
m−1)
� ãi@�l

·" q¯% 0µ�¸I½\µ\ª©¨< �§�¨�° l!2:+ 7 CDS�E<Ú'&	8�9:2?;o(	+-&�j�U6LGCp+-9?&!N¬M�L�8�$'S^@BLG.�/�2:&�56+0&�8�+0L\$rEGU6Ct$rLG+-&ij�U6LGCp+-9?&
x0 = x1

*�.0/��
x0 ∈ x1

9:$'SGSG+0&�ST2:;<(�8 7 LG;<(�8�2:+�j`Ú'9?9?+xaON<e 7 &�8Ka�5FeB8�+-S�56+0LP$'8�+�*,+0/�2?+-ST+-&�+0&­£	$�EP.-+0S+0LG�F9éÚrLG+-&�k�*,+-$';<(FEG+'Q�8�$'STS
x0 = x1 ↔ ∀y0 ∈ x0∃y1 ∈ x1 y0 = y1 ∧ ∀y1 ∈ x1∃y0 ∈ x0 y0 = y1*�.�/��

x0 ∈ x1 ↔ ∃y1 ∈ x1x0 = y1

�

õ;� �o¹ c øÑù
M [G]

ÿ
l 7 LG;<(�8�2:+!2:C çiL 7 &�8	CDUq8�+09:9 M 8�+0��&	2:+-LT*�$'LT+�j�U'LG;-2?&�5rÛîóÐ+09:$rEG2?U'&t(�$'*,+0&s/�2?L 7 &�S�& 7 &s8�2:+i3n�'5rÛ9?2:;<(��'+-2�En=6+-LGST;o(�$êpmE-QS5�$'Cp+-& N¬M	L 8�2:+�3n+-&	56+-&	+ ß>2:STEG+-&�.-+-&Á2:& 8�+0& �'U6CDÜ	9:2?.-2?+-L�EP+0LG+-& ê�+0LGCp+-9?UrÛj�LG$'+-&��'+09:ST;o(	+-&nh�ß>2:U6Cp+-&�. 7 �'U'&�STEGL 7 2?+-LG+0&��
® ²	£#¯%¨	¥m§�¨ " Ê!�'~OÂÃ� (Aus)M [G] Óã�ßc¹�ß±áOä6� £>+02

ϕ(v, ~w)
+-2?&�+

∈
Û�j�U6LGCp+-9 7 &	8¦SG+-2?+-& y, ~z ∈ M [G]

�k5!$';<(�b6b6��AW(�$'*,+-&�/�2?Lt. 7.0+-2?56+-&�k
a�b�e

{v ∈ y | ϕ(v, ~z)M [G]} ∈M [G]
�
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M [G]

� ë6c

ã�ßc¹�ß±áOä6�n#)Ú'(	9:+S5!$'Cp+0&
ẏ, ~̇z ∈M

Cp2?E
y = ẏG 7 &�8 ~z = ~̇zG 7 &�84SG+�EP.-+

t :≡ {(ẋ, p) | ẋ ∈ dom(ẏ) ∧ p ∈ P ∧ p 
 (ẋ ∈ ẏ ∧ ϕ(ẋ, ~̇z))}.

@BSt562?9?E
t ∈ M

Q
8�$J8�2?+nj±U'LG;02:&�5rÛîóÐ+09:$rEG2?U'& 2:&
M
8�+���&�2?+-LG*�$'LD2:S�E 7 &�8 M 2?&�SG*,+0SGU6&�8	+-LG+�8�$'Sh 7 SGSTU6&�8�+0L 7 &�5'SGSG;o(�+-Ct$p+0LTN¬M�9?9?E-��a�bIe�N¬U'9:5'ER& 7 &4SGU'N¬U'LTEÐ$ 7 S

a�b6�?bIe
tG = {v ∈ ẏG | ϕ(v, ~̇zG)M [G]}

�
ã�ßc¹�ß±áOä6�x. 7 � ⊆�o�
£>+-2 v ∈ tG �=5�$';<(tl�+0��&�2�EP2?U6&�=6U6& M [G]

562:9�E`8�$'&�&
v = ẋG

Q'/�U6*,+02
(ẋ, p) ∈ tN¬M�L�+02:&

p ∈ G
�^h 7 S (ẋ, p) ∈ t

N¬U'9:5'E
p 
 (ẋ ∈ ẏ ∧ ϕ(ẋ, ~̇z))

Q�/R$rS�/�+-56+0&
p ∈ G

&�$';<(%8�+0C
j�U6LT;-2?&�5rÛÅ-R(�+-U6LT+-C $ 7 N (ẋG ∈ ẏG ∧ ϕ(ẋG, ~̇zG))M [G] QÙ$'9?SGU ẋG ∈ ẏG ∧ ϕ(ẋG, ~̇zG)M [G] N¬M�(	LTEÇ�#J+-5'+-&

v = ẋG
*,+-8	+ 7 EG+0E!8�2?+-S�56+0LP$'8	+'Q�8�$'� v @B9:+-Cp+0&FEÐ8	+-L!34+-&�56+�$ 7 N`8	+-L�LG+-;<(FEG+-&Ð£q+-2�EP+i=6U6&a�b6�?bIe�2:S�EÇ�

. 7 � ⊇�o��@BS�56+09?EP+ v ∈ ẏG ∧ ϕ(v, ~̇zG)M [G] �m#J+-56+0& v ∈ ẏG + ß>2?STEP2?+-L�E�&�$';o( l!+0��&�2?EG2:U6& =6U'& ẏG+02:&
(ẋ, q) ∈ ẏ

CD2�E
q ∈ G

Q�STUp8�$'�
v = ẋG

2:STE-��5!$r;o( b# 	���"562?9?E
a
∗
e

q 
 ẋ ∈ ẏ
�

#J+-5'+-&
ϕ(ẋG ~̇zG)M [G] + ß>2:S�EP2:+0LTE�&�$';<(48�+-C j�U6LT;-2:&	5rÛÅ-�(	+-U6LT+-C +02:& r ∈ G Cp2?Ea

∗∗
e

r 
 ϕ(ẋ, ~̇z)
�

£>+02
p ∈ G

+-2?&�+�56+-Cp+-2?&�SP$'Cp+ºÝ�+-LTSTE<ÚrLG� 7 &�5D=6U'& q, r �±lº$'&�&n56+-9�EP+0&Wa ∗ e 7 &�8Wa ∗∗ e�Q�/�+0&�&�Ct$r& q*�.�/��
r
8 7 LG;<( p +0LGST+0EP.�EÇQ±STUp8�$'� (ẋ, p) ∈ t

2?STEÇ�>#%+056+-&
p ∈ G

2:STE�8�$'&�&
v = ẋG ∈ tG

�ÓâF+-8�a�b6��b�e
lº$rCD2�E�2:S�E�a�b�e�*,+0/�2:+-ST+-&�� âF+-8�a�b�e
h 7 Sxa�b�e�+-LT562:*	E�SG2?;o( (Aus)M [G] � ãi@�l

® ²	£#¯%¨	¥m§?¼#" Ê!�'~OÂÃ� (Pot)M [G] Óã�ßc¹�ß±áOä6�~£>+-2
a ∈ M [G]

Q±+0E�/R$
a = ȧG

Cp2?E
ȧ ∈ M

�s5!$';<(%b'b6��Ap2?STE
P(a) ∩M [G] ∈ M [G]

. 7.0+-2?56+-&��Z£>+0EG.-+
s :≡ {ẏ ∈M | ẏ ⊆ dom(ȧ)× P}.#J+-5'+-&

(Pot)M 7 &	8 dom(ȧ)×P ∈M
2?STE

s ∈M
�
s
2?STE�8�2:+º3n+0&�56+!=6U6&���$'&�U'&�2:ST;o(�+0&�5!$'Cp+-&N¬M�LO-\+-2:9?CD+0&�56+0&�=6U6&

a
�m#�2?L!SG+�EP.0+-&

t :≡ {(ẏ, 1P ) | ẏ ∈ s}
�,#%+056+0&

s ∈ M 7 &�8 (Ers)M
2:S�E

t ∈M
k
t = {z ∈M | ∃ẏ ∈ s (z = (ẏ, 1P ))M}

�
a�b�e

P(a) ∩M [G] ⊆ tG
�

ã�ßc¹�ß±áOä6�¥£>+02
z ⊆ a
Q
z ∈M [G]

�Ó£>+02
ż ∈M

Cp2?E
żG = z

�>#�2:LR8	+0��&	2:+-LT+-&4+02:&�+0&�����$'&�U6&�2?SG;<(�+0&
5�$'Cp+-&q�iN¬M�L

z
8 7 LT;o( ẏ :≡ {(ẋ, p) ∈ dom(ȧ)× P | p 
 (ẋ ∈ ż)}

��#%+056+-&
dom(ȧ)× P ∈ M7 &	8 (Aus)M

2:S�E
ẏ ∈M

�±j�U'9:569?2�;o(s2?STE
ẏ ∈ s 7 &�84SGU6Cp2?E (ẏ, 1P ) ∈ t

Q	/R$'S
a�b6�?bIe

ẏG ∈ tG
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M [G]

� ë6ë

2?CDÜ	9:2�.-2?+0LTEÇ�	@BS�=6+0LG*�9?+-2?*	E�. 7 .-+-2?56+0&�Q�8�$'� ẏ E<$rEGSPÚ';<(�9?2:;<(�+-2?& 5�$'Cp+ºN¬M�L z 2:STE-Q�8�$'�p$'9?SGU�562?9?Ea�b6��H'e
żG = ẏG

�
ã�ßc¹�ß±áOäi=6U6& a�b6��H6e��D. 7 � ⊆ �<�y£>+-2 x ∈ żG �q#J+-56+0& żG ⊆ a = ȧG

2?STER8�$'&�&�$ 7 ;o( x ∈ ȧG Q>STU�8�$'�&�$r;o(�l!+0��&	2?EP2?U6&�=6U6&
ȧG
+02:&¥ïÙ$'$'L

(ẋ, q) ∈ dom(ȧ)× P
Cp2?E

q ∈ G
+ ß>2:S�EP2:+0LTE-Q±STUt8�$'�

x = ẋG562?9?E-�q#�2:L�(�$r*,+-&n8�$r&�&
ẋG ∈ żG

Q�/R$rS�$ 7 N (ẋG ∈ żG)M [G] N¬M�(�L�EÇ��5!$';<(n8	+-C j�U6LG;02:&�5�ÛÅ-�(�+0U6LG+0C+'ß	2?STEG2:+0LTE�+02:&
p ∈ G

CD2�E
p 
 (ẋ ∈ ż)

�Blº$'&�& 2?STE
(ẋ, p) ∈ ẏ

�Ù#J+-56+0&
p ∈ G

N¬U69?5'E"(�2:+0LP$ 7 S
ẋG ∈ ẏG

Q	/R$'S
x ∈ ẏG

*,+-8�+ 7 EP+�EÇ�,l!2?+-S�/R$'L�. 7 .-+-2?56+0&��. 7 � ⊇ �<�Ê£>+-2
x ∈ ẏG

��lº$'&�& + ß>2?STEP2?+-L�E4&�$';<( l!+0��&�2?EG2:U6&¦=6U6&
ẏG 7 &�8 ẏ +02:&´ïÙ$6$rL

(ẋ, p) ∈
dom(ȧ) × P

Cp2?E
p 
 (ẋ ∈ ż) 7 &�8 p ∈ G

QBSGU 8�$'�
x = ẋG

2:S�EÇ�`h 7 S p 
 (ẋ ∈ ż)
N¬U'9:5'E

(ẋG ∈ żG)M [G] &�$';<( 8�+0C j�U6LG;02:&�5�ÛÅ-�(�+0U6LG+0Cn�N÷�+�EP.0EG+-LT+-Sn2:STE4Cp2?E
ẋG ∈ żG

QÐ$r9:STU
x ∈ żG569?+-2?;o(f/�+0LTEP2?5���l!2?+-S�/�$'L�. 7 .-+02:56+0&�� âF+-8�a�b6��Hfe

h 7 Sxa�b6��b�e 7 &�8%a�b6��H6e1N¬U69?5'E�STU'N¬U6L�E z ∈ tG á 8�2:+0S�/R$rL�. 7 .-+02:56+0&�� âF+-8�a�b�e
lº$

z ⊆ a
+-2?&�+

Σ0

Û�j�U6LGCp+-9�2:STE-Q±N¬U69?5'E!$ 7 S�a�b�e�k P(a) ∩M [G] = {z ∈ tG | z ⊆ a} = {z ∈ tG |

(z ⊆ a)M [G]}
�Ù#J+056+-&

(Aus)M [G] 2?STE�8�2?+�LG+-;<(FEGS�STEG+-(�+0&�8�+­ði9é$rSGSG+�+-2?& @B9?+-Cp+-&fE�=6U'&
M [G]
�l!2?+-S�/�$'L�. 7 .-+02:56+0&�� ãi@�l

® ²	£#¯%¨	¥m§±°#" Ê!�'~OÂÃ� (Ers)M [G] Óã�ßc¹�ß±áOä6�Ð£>+02
ϕ(u, v, ~w)

+02:&�+
∈
Û�j�U6LTCD+09×�c£>+-2?+-&

a, ~z ∈M [G]
Q�STUp8�$'�

a
∗
e

∀x, y, y′ ∈M [G] ((ϕ(x, y, ~z)M [G] ∧ ϕ(x, y′, ~z)M [G]) −→ y = y′)562?9?E-��@BS�2?STE�. 7 .-+02:56+0&�Q�8�$'� s :≡ {y ∈ M [G] | ∃x ∈ a ϕ(x, y, ~z)M [G]} ∈ M [G]
2?STEÇ��#J+056+-&

(Aus)M [G] 56+-&FM�5'EÐ+0S-Q±+02:& t ∈M . 7 ��&�8�+0&�Q±SGUp8�$'� s ⊆ tG
562:9�EÇ�c£>+-2

a = ȧG
Q
~z = ~̇zG

��#)Ú'(	9:+Cp2?EN¤�2?9?N¬+º8�+0S�@BLGST+0EP. 7 &�56SG$8ß	2?U6CpSÐ2?& M +02:& S ∈M Q�STUp8�$'��N¬M�LÐ$r9:9:+ ẋ ∈ dom(ȧ)
562?9?E

a�b�e
∀p ∈ P

(
(∃ẏ ∈M p 
 ϕ(ẋ, ẏ, ~̇z)) −→ ∃ẏ ∈ S p 
 ϕ(ẋ, ẏ, ~̇z)

) �
£>+02�& 7 & t :≡ {(r, 1) | r ∈ S}

�`3n2?Ex8�+-&�M�*�9:2?;<(�+-&Wh!LT5 7 Cp+-&fEP+-&WN¬U'9:5'E t ∈ M
�Z#¦2:Lx.0+-2?56+-&

s ⊆ tG
�Ó¤�2?+-LT. 7 ST+-2 y ∈ s ��lº$'&�&4+ ß>2:S�EP2:+0LTE�+-2?& x ∈ a CD2�EaIH6e
ϕ(x, y, ~z)M [G] �

#J+-5'+-&
x ∈ a = ȧG

+'ß>2:STEG2:+0LTE�+02:&¥ïÙ$6$'L
(ẋ, q) ∈ ȧ

Cp2?E
q ∈ G

Q±SGUt8�$r�
x = ẋG

2?STEÇ�p£>+-2
ẏ ∈ MCp2?E

y = ẏG
�\aJH'e�*m+08�+ 7 EP+�E!8�$r&�&a>�fe

ϕ(ẋG, ẏG, ~̇zG)M [G] �
5�$';<( 8�+-C j�U'LG;-2?&�5rÛ�-�(�+-U'LG+-C + ß>2?STEP2?+-L�E!+-2?&

p ∈ G
Cp2?E

p 
 ϕ(ẋ, ẏ, ~̇z)
�e5!$';<(�a�bIe�+ ß>2:S�EP2?+-LTE�+-2?&

ẏ′ ∈ S
Cp2?E

p 
 ϕ(ẋ, ẏ′, ~̇z)
��#J+056+-&

p ∈ G
2?CDÜ	9:2�.-2?+0LTER8�$'SÐj�U6LT;-2:&	5rÛÅ-�(�+0U6LT+-C

ϕ(ẋG, ẏG, ~̇zG)M [G] ∧ ϕ(ẋG, ẏ′G, ~̇zG)M [G],/�$'S�&�$';<(Ka
∗
e
ẏG = ẏ′G

2?CDÜ�9?2�.-2?+0LTEÇ�flº$x$ 7 S ẏ′ ∈ S N¬U69?5'E ẏ′G ∈ tG QF(�$'*,+-&t/�2?L y = ẏG = ẏ′G ∈
tG
&�$';<(�5'+0/�2:+0SG+0&��ml�2:+-S�/�$'L�. 7 .-+02:5'+-&�� ãi@�l



���R�r���P�r�æè<� ¿BÀ ³ �t�
M [G]

� bÊB~B

® ²	£#¯%¨	¥m§l¾ " Ê!�'~OÂÃ� ZFM [G] Ó
® ²	£#¯%¨	¥m§7m@$ y�~ N y�~O�s�×{T}'�	Ê�~O��~OÑ'y<Ê ZF ����|�y�{ovtÆ-�qy�ÂOÂ�Ñ'Æ�� M +`�f}�Ê G }'ÂúÊ " Â:y�vty�����y����Oz4)'ÂÃ� à �fÓ�z	Ó,+
N ~:Ê���y�~O� �×{T}'�	Ê�~O��~OÑ'y�{*d,y�{ov v�~O� ZFN + M ⊆ N uq�,� G ∈ N Ó\&�}'���s�'~OÂÃ�Ì }�Í (ẋG)N = ẋG ∈ N Å�áq{x}'ÂOÂ:y ẋ ∈M ÓÌ |�Í(&"y�À���~Äy�{o��vp}'� intG:M → V �'uq{ Ô z intG(ẏ) :≡ ẏG +mÊIÆº~:Ê�� intG � x ∈ N Å�áq{�}'ÂOÂ:y x ∈M Óã�ßc¹�ß±áOä6��. 7 a×$6e��m#�2:Lº.-+02:56+0&A8�2:+0S�8 7 LG;<( +-2?&�+ à�&�8 7 �fEG2:U6&AM�*,+-Li8�2:+ óÐ+09é$�EP2:U'& R $ 7 S 3<3��3£q+-2
ẋ ∈M 7 &	84N¬M�L�$'9:9?+ ẏRẋ SG+-2 (ẏG)N = ẏG ∈ N

56+0.-+02:5'E-��lº$'&�&4562:9�E
ẋG = {z | ∃p ∈ G∃ẏ ((ẏ, p) ∈ ẋ ∧ z = ẏG)}

=
⋃{
{z | ∃p ∈ G∃ẏ ((ẏ, p) = w ∧ z = ẏG)}

∣∣∣ w ∈ ẋ
}

=
⋃{
{z ∈ N | ∃p ∈ G∃ẏ ∈ N ((ẏ, p) = w ∧ z = (ẏG)N)}

∣∣∣ w ∈ ẋ
} a¬&�$';<(­à�&	8��ÈÝBU6L-�úe

=
⋃{
{z ∈ N | ∃p ∈ G (∃ẏ ((ẏ, p) = w ∧ z = ẏG))N}︸ ︷︷ ︸

∈N wegen (Ers)N und G∈N

∣∣∣ w ∈ ẋ
}

=
⋃{

v ∈ N
∣∣∣ ∃w ∈ ẋ v = {z ∈ N | ∃p ∈ G (∃ẏ ((ẏ, p) = w ∧ z = ẏG))N}

}

=
⋃ {

v ∈ N
∣∣∣ ∃w ∈ ẋ (v = {z | ∃p ∈ G∃ẏ ((ẏ, p) = w ∧ z = ẏG)})N

}

︸ ︷︷ ︸
∈Nwegen (Ers)N

∈N
Q¾/1+-56+0& ² ⋃ ¶ » ôU¸ N .

(ẋG)N = ẋG
*,+�/�+-2?STE�CD$'&�& 7 &n5'+-&�$ 7 /�2?+ (ẋG)M [G] = ẋG

2:C ¡�+�/�+-2?S�=6U6&Ø343��
. 7 a¬*±e��Z£>+-2 x ∈M �
intG � x= {u ∈ N | ∃ẏ ∈ x∃z ∈ N (z = ẏG ∧ u = (y, z))}

a¬/1+-56+0&
ẏG ∈ N 7 &	8 (Paar)N

e
= {u ∈ N | ∃ẏ ∈ x (∃z (z = ẏG ∧ u = (y, z)))N}

aO/�+056+-&Wa×$6eGe
∈N
Q¾/�+056+0&

(Ers)N .

lº$rCD2�E�2:S�E�8�+-LY£	$rEG.i=6U69?9:STEPÚ'&�8�2?5"*,+0/�2?+-SG+0&�� ãi@�l
h�9:S 7 &�Cp2?ETEP+09:*�$'LT+ij�U69?56+-L 7 &�5�+-LT(�$'9�EP+-&s/�2:L0k
³�¤Zµ�¤m«�«¬²cµn¨	¥�§7 

M [G] ~:Ê����f}�Ê ⊆ �Äw�Â:y�~O�	Ê���yD�×{T}'�	Ê�~O��~OÑ'yr[ Æ-�qy�ÂOÂ N Ñ'Æ�� ZF v�~O� M ⊆ N u>�,�
G ∈ N Óã�ßc¹�ß±áOä6�ì5�$';<(Ý-\+-2:9Ða×$feº8�+-S�£	$rEG.-+0Sx2?STE�N¬M�LR�T+-8	+-S�SGU69?;o(�+

N ẋG ∈ N
N¬M�L�$r9:9:+

ẋ ∈ M
Q\$'9?SGU

M [G] ⊆ N
��#%+056+-&

ZFM [G] 2:S�Ex$'9:STU M [G]
8�$rS
⊆
Û��F9:+02:&�S�EP+�EGLP$'&�ST2?EG2?=6+

ZF
Û�3nUq8�+-9?9ÄQ�8�$'S

M+0LT/�+02?EG+-LTE 7 &�8 G $'9?S�@B9:+-Cp+0&FE�+-&fEP(�Úr9?EÇ� ãi@�l
3n2�E�¤�2?9?N¬+!=6U'&JbId>���".0+-2?56+-&�/�2?L�$ 7 �6+0LG8�+0CnQ�8�$'��8�$'S�h 7 ST/�$'(�9é$�ß	2?U6C 2?& M [G]

562:9�EÇ�



���R�r���P�r�æèT� �K�t�#¦È¤N���r�3�ç£������R�t�û�:¤Ê� ���t���;��¦v§��6�B�D��¤j�P�Y�¥§y� b�B	b

»� q¯W¯%² ¨	¥�§é¥}" Ê!�'~OÂÃ� (AC)M [G] Óã�ßc¹�ß±áOä6��lº$�*,+0LG+02?EPS
ZFM [G] &�$';<(�56+�/�2:+0SG+-&A2:S�EÇQm56+0&qM�5rEi+-S0Q�+02:&�+ 7 &FEG+-L ¿�À . 7 ² » ³É¸�Ú*â 7 2�Û=�$'9:+0&FEP+ih 7 STSP$'56+�. 7 *m+�/�+02:SG+0&��p¤�2?+-LG. 7 .-+02:56+0&�/�2:L�. 7 &�Ú';<(�S�Ea�b�e

ZF ` (AC)←→ ∀x∃x′ ∃β ∈ On ∃f (x′ ⊇ x ∧ f : β
surj.
−→ x′)

�
ã�ßc¹�ß±áOä6�v5�$';o(­ 	��b�562:9�EÇk
a
∗
e

ZF ` (AC)←→ ∀x∃β ∈ On ∃f f : β
bij.
−→ x
�

¤Ð2:+0LP$ 7 SRN¬U69:5rE�SGUrN¬U6LTER� ⇒ �<�. 7 � ⇐�o�/£>+02 x′ ⊇ x 7 &�8 f : β
surj.
−→x′

�*£>+0EG.-+
u :≡ {min f−1[{y}] | y ∈ x}

�rlº$'&�&"2?STE
u ⊆ β 7 &�8

g :≡ f � u
2:S�E�+-2?&�+Ñ¡�2ô�T+0�fEP2:U'&

g:u
bij.
−→x
��£>+-2

γ
8�+-L�/%]ÙäI[^]I¹�ä21`á�Ûîð�U69?9é$'Ü�S!=6U6&

(u,<) 7 &�8
π: γ

bij.
−→ u

8	2:+Nà�&f=6+-LTSG+�8	+-S�/%]`äI[^]I¹sä_1Ùá�Ûîà�SGU'CDU'LGÜ�(�2?SGC 7 Si�'=6U6& (u,<)
�flº$'&�&p2:S�E

g◦π: γ
bij.
−→ x
�h�9:SGU�2?STE�8�2?+iLG+-;<(FEG+j£>+02?EP+º=6U6&%a

∗
eR+0LTN¬M�9?9?EÇ� âF+08^a�b�e

(AC)M [G] 2?STEÐ$'9?SGU�5'+-.0+-2:5rEÇQ	/�+0&�&4/�2:LR=6+-LT2?��.02:+0LG+0&�k
aIH6e

(∀x∃x′ ∃β ∈ On ∃f (x′ ⊇ x ∧ f : β
surj.
−→x′))M [G] �

ã�ßc¹�ß±áOä6� l!2:+�. 7 .0+-2?56+-&�8	+�¡�+-(�$ 7 Ü	E 7 &�5D2:S�E�/�+-56+0& OnM [G] = OnM = On∩M
a�SG2?+-(	+pbÊ�>�?bÊH6e

7 &	8n8�+0L M [G]
Û
V
Û�h!*	SGU69 7 EP(�+02?ER=6U6& x ⊆ x′ 7 &	8 f : β

surj.
−→ x′

a�SG2?+-(�+ 3<3qe�569?+-2:;<(f/�+-L�EP2:5�Cp2?E
∀x ∈M [G] ∃x′ ∈M [G] ∃β ∈ On∩M ∃f ∈M [G] (x′ ⊇ x ∧ f : β

surj.
−→ x′).

£>+02!$'9?SGU
x ∈ M [G]

�G£q+-2
ẋ ∈ M

Cp2�E
x = ẋG

�1lº$
ZFCM 562?9?E-Q`N¬U69:5rEt$ 7 SKa ∗ e�k (∃g ∃β ∈

On g: β
bij.
−→ dom(ẋ))M

�Ù#J+056+-&
(g: β

bij.
−→ dom(ẋ))M ⇐⇒ g: β

bij.
−→ dom(ẋ)

*,+-8	+ 7 EG+0ED8�2?+-S
∃g ∈M ∃β ∈ On∩M g: β

bij.
−→ dom(ẋ)

��£>+02f$'9:STU
β ∈ On∩M 7 &	8 g ∈M Cp2?E g: β bij.

−→ dom(ẋ)
�

5�$';<(nb�d>���i2:S�E
h :≡ intG � dom(ẋ) ∈M [G]

�fh!9?SGU�2?STE
x′ :≡ ran(h) ∈M [G] á &�$';o(tl�+0��&�2�EP2?U6&=6U'&

ẋG
2:S�E

ẋG ⊆ x′
�ë£>+-2

f :≡ h ◦ g
�1@BSt2?STE

ran(f) = ran(h) = x′
�1@BSp=6+-LG*	9:+02:*	Et$'9?SGU�Q

f ∈M [G]
. 7 .-+02:56+0&��Z¤Ð2:+0LG. 7 k

h ◦ g= {z ∈ dom(g)× ran(h) | ∃u, v, w ((u, v) ∈ g ∧ (v, w) ∈ h ∧ z = (u,w))}

= {z ∈ dom(g)× ran(h) | ∃u, v, w ∈M [G] ((u, v) ∈ g ∧ (v, w) ∈ h ∧ z = (u,w))}a¬/�+056+-&
g, h ∈M [G]

e
= {z ∈ dom(g)× ran(h) | (∃u, v, w ((u, v) ∈ g ∧ (v, w) ∈ h ∧ z = (u,w)))M [G]} ∈M [G]a¬/�+056+-&

(Aus)M [G] eo�
x′
Q
β 7 &�8 f SG2?&�8n$r9:SGU"/�2:+i*,+-&��'EG2:5'E-� âF+08^aJHfe

lº$rCD2�E�2:S�E�8�$'S�÷�+-CpCt$"*,+�/�2:+-ST+-&�� ãi@�l
h 7 S�bId>�-  7 &	8Jb�dq� dxN¬U69?5'E�STU'N¬U6LTE-k
® ²	£#¯%¨	¥m§76

M [G] ~:Ê��!y�~O�%}f|<ÒÊ)�zqÂ�|<}'{Py<Ê
+1�×{T}'�	Ê�~O��~OÑ'y<Ê0[ Æ-�qy�ÂOÂ\Ñ'Æ��A¿BÀ ³ Ó " Ê"~:Ê����f}�Ê ⊆ �Äw�Â:y�~O�>Ê���y��{T}'�	Ê�~O�×~OÑ'y ZFC ����|�y�{ovtÆÇ�qy�ÂéÂ�Ñ'Æ�� M +1�f}rÊ G }'ÂúÊ " Â:y�vty�����y����Oz4)'ÂÃ� Ó



���R�r���P�r�æèT� �K�t�#¦È¤N���r�3�ç£������R�t�û�:¤Ê� ���t���;��¦v§��6�B�D��¤j�P�Y�¥§y� b�BCH
õ.« { øúù ÷ ±¸÷!þzûoû������ ÷!øúþ�� ±�ù��Løúù:°�°8º ­G�Y®��Û¼Ø±_� ýMþ.­xþ
ê 7 ¡�+-562?&�&�8	+-L�@B&FE�/�2:;<�F9 7 &�5K8�+0L�3n+-&�5'+-&�9?+-(�LT+s.-+-2?5'EP+sç�+0U6LG5o½R$'&fEPU6L0QÙ8�$rSGS�8�2?+�34+-&�56+s8	+-LLT+-+-9?9:+0&�ê�$'(	9:+-&pM�*,+0LP$'*�.-Ú'(�9?*�$'L
2:S�EºaF£>$rEP.�b6��b�e��
à�(�LG+Yð�$rLG8�2?&�$'9?2�EPÚrE�9:Ú'SGS�E1SG2?;o(D��$'LT8�2:&�$'9:.-$'(�9:$'LT2�EG(>ÛCp+0EG2:SG;<(4$ 7 ST8�LGM�;<�'+-& $'9?S

R = 2ℵ0 .½R$r&FEPU'LÙ=6+-LGC 7 EP+0EG+'Q68�$'SGSB8�2?+Nð�$'LT8�2:&�$'9:2 E<Ú�EZ8�+-L�3n+-&�5'+�8�+-L`LG+-+09:9?+-&�ê�$'(�9?+-&"8�2:+��F9:+02:&�S�EP+RM�*,+0LP$'*qÛ.-Ú'(�9?*�$'LG+Mð�$rLG8�2?&�$'9?.Ç$'(�9�2?STEÇQ�8��È(��±8�$rSGS
R = ℵ1

��#¦2:LR/�U69?9:+-&�2?&48�2?+-SG+0C ð�$'Ü�2�EP+09�8 7 LG;<(�j±U'LG;-2?&�5+02:&�3nUq8�+09:9m8�+-L�3n+0&�56+0&�9:+0(�LG+i�'U'&�STEGL 7 2?+-LG+0&�Q	2:&�8�+0C 8�2:+0SG+�ð�U6&FEG2:& 7�7 CpSG(fè>Ü,UrEP(�+0SG+'Q�$'*�56+0�FM�LG.�E³þün5'2:9�E-�h�9:S4j�U6LG;02:&�5�Ût¤�$'9?*,U6LT8�& 7 &�5�/�2:LT8 8	2:+J3n+-&	56+%$'9?9:+0L�$'*�.-Ú'(�9?*�$'LT+-& h�Ü�Ü�LGU�ß>2:CD$rEP2?U'&�+-&)$'& +02:&�+£ 7 L¬�T+-�fEG2:U6&�=6U6& ℵ1

$ 7 N P(ω)
='+-LT/1+-&�8�+0E-�<à�&D8�+0L
56+-&�+0LG2?SG;<(�+-&�@BLT/�+02?EG+-L 7 &�5�+ ß>2:S�EP2:+0LTE
8�$r&�&D+-2?&�+STU69:;<(�+ë£ 7 L¬�T+0�FEG2:U6&i=6U6&�8�+-LZê�$'(	9 ℵ1 �qy<ÊVÿR{ouq�,�'v�Æ-�qy�ÂOÂúÊ $ 7 N	8	2:+
3n+-&	56+ P(ω) �qy<ÊVÿR{ouq�,�'v�Æ-�qy�ÂOÂúÊ �@BSÙ*�9:+02:*	EZ. 7 .0+-2:5'+-&�Q�8�$'STS`2:&�8�+-LÙ*,+�EPLP$r;o(fEP+0EG+-&Ñ£>2?E 7 $rEG2:U6& ℵ1 7 &�8 P(ω)

.0/�2?SG;<(�+-&pç�L 7 &�8�CpUq8�+09:97 &	8�@BLT/1+-2?EG+-L 7 &�5D$'*�SGU'9 7 E�ST2:&�8��#�2?L��yß>2?+-LG+0&A+02:&AçiL 7 &�8�CpUq8�+09:9 M ��l!+���&�2?+-LG+"+-2?&�+�j�U'LG;-2?&�5rÛî¤!$'9?*,U'LG8�& 7 &�5 P = (P,≤, 1P )
2?&

M
k@BS�ST+-2

P :≡ Fn(ℵ1,P(ω),ℵ1)
M = {p ∈ M | p: dom(p) → P(ω) ∧ p

M
< ℵ1}

8	2:+p3n+-&	56+$'9?9:+0LD$'*	.ÇÚ'(	9:*�$'LT+-&©Ü�$'LTEG2:+09:9?+0&�j 7 &��fEP2:U'&�+-&�=6U6& ℵ1

2?&
P(ω)
Q156+0*�2?9:8�+�Et2?C çiL 7 &�8	CDUq8�+09:9 M �l!+���&�2?+-LG+�8�2:+M¤�$'9:*,U'LG8�& 7 &�5p$ 7 N P 8 7 LT;o(�k p ≤ q :≡ p ⊇ q
Q 7 &�8 1P :≡ ∅

�
£>+02

G
+-2?&

P
Û�5'+-&�+0LG2:ST;<(�+-L�jÙ2?9?EG+-L�M�*,+0L

M
Cp2?Ex. 7 5'+-(��6LT2:56+0L"56+-&	+-LG2?SG;<(�+-L�@BLT/�+02?EG+-L 7 &�5 M [G]

�#�2?LR/�2:STSG+0&n*,+-LG+02?EGS-Q�8�$'STS
M [G] |= ZFC

Q 7 &	84/�2?LR/�U69?9:+-&s.-+02:56+0&�Q�8�$rSGS M [G] |= CH
�

»� q¯W¯%² ¨n6�§�¨
∃f ∈M [G] f :ℵM1

surj.
−→P(ω)M Ó

ã�ßc¹�ß±áOä6�Ð£>+02
f :≡

⋃
G
��@BSÐ2?STE

f ∈M [G]
/�+-5'+-& ² ⋃ ¶ » ôU¸ M [G] �

a�b�e
f :ℵM1 → P(ω)M

�
ã�ßc¹�ß±áOä6�1lº$�8�2?+B@�9?+-Cp+-&fEP+Ù=6U6&

G
Ü�$6$'LT/1+-2:ST+B�'U6CpÜ�$rEG2:*�9?+ÙÜ�$rLTEP2?+-9?9?+`j 7 &��fEG2:U6&�+0& p:ℵM1 ⊃→P(ω)MST2:&�8�Q±N¬U'9:5'E

f :ℵM1 ⊃→P(ω)M
�mØÐC

dom(f) = ℵM1
. 7 =6+-LT2?��.02:+0LG+0&�Qm*,+0EGLP$';<(FEG+ α < ℵM1 á +-S!2:S�E

α ∈ dom(f)
. 7 .-+02:56+0&��p£>+�EP.0+�(�2:+0LG. 7

D :≡ {p ∈ P | α ∈ dom(p)}.

#J+-5'+-&
D = {p ∈ P | (α ∈ dom(p))M}

2:S�E
D ∈M

&�$';<(
(Aus)M

�
D
2:S�EB8�2:;<(fE�2?&

P
�6Ø�C 8�2:+0S. 7 ST+-(�+0&�Q±�<ß	2?+-LT+ p ∈ P �Óà�S�E α ∈ dom(p)

Q�SGUp2?STE
p ∈ D 7 &�8�/�2:L�SG2?&�8�N¬+0LTEP2?5��yà�STE α /∈ dom(p)

QSTUDST+0EP.0+
q :≡ p ∪ {(α, g)}

Q�/�U6*,+02
g ∈ (ω2)M

*,+-9?2:+-*	2:5�2:S�EÇQ�+0E�/R$�8�2:+S5 7 9?9?N 7 &��fEP2:U'&�k g(n) = 0N¬M�L!$r9:9:+
n < ω

�wòOpm+-&F*�$'L�2:STE
q ∈ P 7 &	8 q ≤ p á N¬+0LG&�+0L!562:9�E q ∈ D �,h!9?SGUt2?STE D @B9?+-Cp+-&fE�=6U6&

M 7 &	8�8�2:;<(FEÐ2:& P �,lº$ G 56+0&�+-LT2:ST;o(�M�*,+0L M 2:S�EÇQ�+ ß>2:S�EP2?+-LTE p ∈ G ∩D �,lº$r&�&�2:S�E p ⊆ f 7 &�8+0SÐ562?9?E
α ∈ dom(p) ⊆ dom(f)

�±l!2?+-S�/R$rL�. 7 .-+02:56+0&�� âF+-8�a�b�e
aIH6e

ran(f) = P(ω)M
�



���R�r���P�r�æèT� �K�t�#¦È¤N���r�3�ç£������R�t�û�:¤Ê� ���t���;��¦v§��6�B�D��¤j�P�Y�¥§y� b�Bx�

ã�ßc¹�ß±áOä6�Ð£>+02
z ∈ P(ω)M = P(ω) ∩M

�±@BS�2:STE
z ∈ ran(f)

. 7 .-+-2?56+0&��±l!2?+�3n+0&�56+
D :≡ {p ∈ P | z ∈ ran(p)}

2?STE�+-2?&�@B9?+-Cp+-&fE�=6U'&
M
�BØ�C . 7 ST+-(�+0&�Q�8�$'� D 8�2?;o(fEp2?& P 2:S�EÇQ`*,+�EPLP$r;o(fEP+ p ∈ P

�`#J+056+-&
p
M
< ℵM1

��$'&�&
p
&	2:;<(FE1�T+-8�+0C

α < ℵM1
+02:&�+0&K#%+0LTE�. 7 /�+02:ST+-&���h!9?SGUs+'ß	2?STEG2:+-L�E α < ℵM1

Cp2?E
α /∈ dom(p)

�D£>+02
q :≡ p ∪ {(α, z)}

�`l!$'&�&�562?9?E
q:ℵM1 ⊃→P(ω)M

Q
q
M
< ℵM1 7 &�8 q ≤ p

�j�+0LG&�+0L�2:STE
q ∈ D

��h�9:STU42?STE
D
2:&A8�+0LS-Ù$�E�8�2:;<(FE�2:&

P
�^lº$

G
+-2?&

P
Û�56+0&�+-LT2:ST;o(�+0L�jÙ2:9�EP+0LºM�*,+0L

M
2:S�EÇQ±+'ß>2:S�EP2:+0LTE

p ∈ G ∩D
�,lº$'&	& 2?STE

p ⊆ f 7 &�8�+-S�562?9?E z ∈ ran(p) ⊆ ran(f)
�ml�2:+-S�/R$'LÐ. 7.0+-2?56+-&�� âF+-8�aJHfe

jÙM	L�8�+-&sh!*�STU69 7 EP(�+02?EPST*,+0/1+-2:S�=6U6& ℵ1 7 &�8 P(ω)
.0/�2?SG;<(�+-&

M 7 &�8 M [G]
*�LG$ 7 ;<(�+-&s/�2?L�+-2?&�2:5'+Ý�U'LG*,+-LT+-2�E 7 &�5'+-&�k

�s f¡`µ\¢O£�¢�¤,µ ¨<6�§?¼Ø£>+02
(P,≤, 1P )

+02:&�+�j�U6LG;02:&�5�Ût¤!$r9?*�U6LT8�& 7 &�5�� P 2:S�E ℵ1

¶G² ¼ ª± q´Ç­�®Z«¬¤,´Ç´- qµ Uq8�+0L
² ¼ ¯f°�®\« ¼ ²cµA² ¼ ª± q´Ç­�®Z«¬¤,´Ç´- qµ

:≡ ∀λ < ℵ1 ∀p ∈
λP ∃q ∈ P

(
∀i, j ∈ λ (i < j → p(j) ≤

p(i)) −→ ∀i < λ q ≤ p(i)
) �

·" q¯% 0µ�¸I½\µ\ª©¨<6�§±°
P
2?STE1$'9?SGU�56+0&�$ 7 8�$'&�&t$'*�.-Ú'(�9?*�$'L
$'*	56+-ST;o(�9?U6SGST+-&�QF/�+0&�&��T+-8�+�$'*�.ÇÚr(�9:*�$'LG+$'*	STEP+02:5'+-&�8�+

≤
Ûîð�+�EGEG+�2?&

P
+-2?&�+ 7 &FEP+0LG+j£q;o(	LP$'&��'+�2:&

P
(�$rE-�

l!2?+RU6*,+-&�8	+0��&	2:+-L�EP+�j�U6LT;-2?&�5rÛî¤!$'9�*�U6LG8	& 7 &�5 (P,≤, 1P )
2?STE-Q'2?C ç�L 7 &�8�CpUq8�+-9?9 M Q6$'*�.-Ú'(�9:*�$'L`$'*>Û56+0SG;<(�9?U6SGST+-&�Q�8�+0&�&�8�2?+�Ý�+0LG+-2?&�2:5 7 &�5"+02:&	+-LR$'*�.ÇÚr(�9:*�$'LG+0&43n+0&�56+ºÜ�$6$'L�/�+-2?SG+º�'U'CDÜ�$�EP2:*	9:+0L�j 7 &	�fÛEG2:U6&�+0& $ 7 S P 2?STE"/�2:+08�+-L�+02:& @B9?+-Cp+-&FE"=6U6& P 7 &�8 +02:&�+�56+-Cp+-2?&�SP$'Cp+ 7 &FEP+0LG+­£q;o(�LG$'&��'+�8�+-L3n+0&�56+r�@BSÐ5'2:9�E�& 7 &48�+-L�N¬U69?56+-&	8�+º/�2:;<(FEG2:56+i@�LT(�$'9�E 7 &�5'SGSP$�EP.'k

»� q¯W¯%² ¨n6�§l¾ D áq{ a, b ∈M v�~O� aM < ℵM1 uq�,� h ∈M [G] v�~O� h: a→ b ~:Ê�� h ∈M Óã�ßc¹�ß±áOä6��@BS�56+0&qM�5rEÇQ^8�+0& £>Ü,+0.-2:$'9?N�$'9?9
a = ω

. 7 *,+0EGLP$';<(FEG+-&��^#)Úr(�9:+�+-2?&�+-&Ý5�$'Cp+-& ḣ ∈ MCp2?E
ḣG = h

�
M [G] |= ḣG : ω̌G → b = b̌G

�	#)Ú'(�9?+i+-2?&�+M¡�+-8	2:&�5 7 &�5 p ∈ G Cp2?E p 
 ḣ : ω̌ → b̌
�#�2?L�$'LT*,+-2?EG+-&�CD2�E�+02:&�+0C l!2?;o(fEP(�+02?EPSG$'LG5 7 CD+0&FE-k

a�b�e l!2?+�3n+0&�56+
D :≡ {q | ∃f ∈M q 
 ḣ = f̌}

2:STE�8	2:;<(FE�2:&
P 7 &FEG+-L p �

ã�ßc¹�ß±áOä6�Ð¡1+0EPLG$';<(FEP+
r ≤ p
��h�LG*,+02?EP+�2?&

M 7 &�8n8�+���&�2:+0LG+�+-2:&	+�j 7 &��fEP2?U6& f : ω → b 7 &�8n+-2?&�+j�U69?56+
(ri| i < ω)

=6U6&¥¡�+08�2:&	5 7 &�56+0&n8 7 LG;<(n+-2?&�+�56+-Cp+02:&�SG$'CD+�óÐ+0� 7 LGSG2?U6&�k±jÙM	LÐ$'9?9:+ n < ω
562:9�E

r 
 ∃z ∈ b̌ ḣ(ň) = z
�x5!$r;o(K8�+0C £	$rEP.xM�*,+-Lº8�$rSi@�LT.0/�2?&�56+-& =6U6&K*,+-ST;o(	LPÚ'&��fEMâ 7 $'&FEG2?��.02:+0LG+-&j�U6LTCD+09:&t�'�6&�&	+-&�/�2?LR+-2?&

r0 ≤ r 7 &�8�+02:& f(0) ∈ b
/RÚ'(	9:+0&�Cp2?E

r0 
 ḣ(0̌) = (f(0))̌
�cóÐ+0� 7 LGSG2�=/�Ú'(�9:+�+0&FEPSTÜ�LG+0;o(	+-&�8

rn+1 ≤ rn 7 &�8 f(n+1) ∈ b
Cp2?E

rn+1 
 ḣ((n+1)̌) = (f(n+1))̌
��l!$'&�&�2:STE

(rn|n < ω)
+02:&�+�$r*�STEP+02:5'+-&�8�+

ω
Û�j�U69?56+º2?&

P
Q 7 &�84/�+056+0&�8�+0L�$'*	.ÇÚ'(�9?*�$'LT+-&4h�*�56+-ST;o(	9:U6STSG+0&�(�+-2?E=6U'&

P
5'2:*	Eº+-Si+-2?&

q ∈ P
Cp2?E
∀n q ≤ rn

�
q 
 ḣ : ω̌ → b̌ 7 &�8AN¬M	L�$'9?9:+ n < ω

Q
q 
 ḣ(ň) =

(f(n))̌ = f̌(ň)
�
q 
 ∀m ∈ ω̌ ḣ(m̌) = f̌(m) 7 &�8 q 
 ḣ = f̌

� âF+-8�a�b�e
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bÊB�A

lº$
G
56+0&�+-LT2:SG;<(�2?STE 7 &	8 p ∈ G Q>562:*>ER+0S�+-2?& q ∈ G∩D �>#)Úr(�9:+ f ∈M Cp2?E q 
 ḣ = f̌

�	lº$'&�&2?STE
h = ḣG = f̌G = f ∈M

� ãi@�l

»� q¯W¯%² ¨n6�§7m
ℵM1 = ℵ

M [G]
1 Óã�ßc¹�ß±áOä6��#�2:L�.-+-2?56+0&�Q±8�$'SGS
ℵM1
+02:&�+dð�$'LG8�2?&�$'9?.Ç$r(�9�2?&

M [G]
2:STE-�±j±$'9?9?S�&�2?;o(fEÇQ�STUD562:*>E�+-SÐ+-2:&	+

òºLG8	2:&�$r9:.Ç$r(�9
α < ℵM1 7 &�8�+-2?&�+N¡�2 �T+-�fEP2?U6&

h : α↔ ℵM1
Q
h ∈M [G]

�~5�$';o(�8�+-CÁ=6U6LG$'&�56+0(�+-&	8�+-&
÷�+0CDCD$�2:S�E

h ∈ M
Q 7 &	8n/�2:LÐ(�$'*,+-&�k M |= h : α ↔ ℵM1

�,lº$rLP$ 7 SÐ/�M	LG8�+�N¬U69?56+-& M |= ℵM1 2:S�E�'+02:&�+dð�$'LT8�2:&�$r9:.-$'(�9×Qq#�2:8	+-LGSTÜ�L 7 ;o(�� ãi@�l

»� q¯W¯%² ¨n6�§7 
P(ω)M = P(ω)M [G] Óã�ßc¹�ß±áOä6�Y¡1+0EPLG$';<(FEP+

x ⊆ ω
Q
x ∈M [G]

��@BSÙ5'+-&qM	5'EÙ. 7 .0+-2?56+-&�Q�8�$'STS x ∈M �/£>+-2 h : ω → {0, 1}8�2?+�;o(�$'LP$'�fEG+-LG2?STEG2:SG;<(�+pj 7 &��fEP2?U6&K=6U6& x k h(n) = 1
5'8	/��

n ∈ x
��#J+056+-&J8�+0L�h!*�STU69 7 EP(�+02?E�8�+0Ll!+���&�2�EP2:U'&t2?STE

h ∈M [G]
�<5!$r;o(�8�+0C U6*�2?56+-&�÷^+0CDCD$�2?STE

h ∈M
�>lº$'&	&�$r*,+-L�2?STE

x = h−1[1] ∈
M
� ãi@�l
ê 7 SG$'CpCD+0&�+-LT(�$'9�EP+-&s/�2:L0k f :ℵM1

surj.
−→P(ω)M

� ãi@�l
lº$rS�÷�+-CpCt$R*,+0SP$'5rEZ$'*,+0L^56+0LP$'8	+'QÇ8�$'SGS^2?&

M [G]
8�2:+Q½R$'&FEGU6LGST;o(	+ëð�U6&fEP2?& 7�7 CpSG(fèqÜ,U'EP(�+0SG+�+-L�N¬M�9:9�E2?STEÇ�#�2?L�(�$'*,+-&D56+0.-+02:5'E-Qf8�$'STS1CD$'&p$ 7 S��T+-8�+0C ç�L 7 &�8�CpUq8�+-9?9�+02:&t3nUq8	+-9:9	=6U6& ¿�À ³y��³þü �'U6&	STEPL 7 Û2?+-LG+0&4��$'&�&�k

® ²	£#¯%¨n6�§é¥ ²nms³�¶^ >«?¸ `�y����n¿BÀ ³ wfÆ��	Ê�~:Ê���y����B~:Ê���+`ÊIÆ�~:Ê���}'u Ô z4�f}�Ê $ Á�Ê���y�v ZFC + CH wfÆ����Ê�~:Ê���y����#�2?L�C"M�SGST+-&��T+�EP.�E�&	Uq;o(4+-2?&�+�h�&�$'9�è>ST+�8�+-L�Ý�+0LT/�+0&�8 7 &	5D=6U6&�ç�L 7 &�8�CpUq8�+-9?9?+-&�$'&�ST;o(	9:2:+0�6+0&��

õ.¸ { øúù ÷ ±¸÷!þzûoû������
¬CH

à�&x8�2:+0SG+0C ð�$'Ü�2�EP+09F8�+���&�2:+0LG+0&"/�2?L\56+-&	+-LG2?SG;<(�+R@BLT/�+02?EP+0L 7 &	56+-&�Q'2?&�8�+-&�+0&�8	2:+k½R$'&FEGU6LGST;o(�+Gð�U6&fEP2�Û& 7�7 CpSG(fè>Ü,UrEP(�+0SG+�=6+-LT9:+�EP.0E
2:STE-�Fl 7 LT;o(D+-2:&	+Ð56+0+-2?56&�+�EP+�j�U'LG;-2?&�5rÛî¤!$'9?*,U'LG8�& 7 &�5i/1+-LG8	+-&t. 7 +-2?&�+-CçiL 7 &	8�CDUq8	+-9:9	=q2?+-9?+�LG+-+09:9?+�ê�$'(�9?+-&D$r8�� 7 &�562?+-L�EÇQfU'(�&�+Ð8�2:+�ð�$'LT8�2:&�$'9:.-$'(�9?S�EPL 7 �FE 7 LB8�+-SRçiL 7 &	8�CDU�Û8�+09:9?S�. 7 =6+-LGÚ'&�8�+0LG&��,ØÐ&FEG+-L�+-2?&�+-L�LG+0+-9:9?+-&nê�$'(	9�=6+-LGS�EP+0(�+-&n/�2:L�(�2?+-L�+02:&�+�j 7 &��fEP2?U6& c:ω → 2
�

£>+02F$'9?SGU
M
+-2?&�ç�L 7 &�8�CpUq8�+-9?9 7 &�8 κ ∈ CardM

�Il!+���&�2:+0LG+�8�2:+�j�U6LT;-2?&�5rÛî¤!$'9�*mU'LG8�& 7 &�5 (P,≤, 1P )8 7 LG;<(�k
P = Fn(κ× ω, 2,ℵ0) = {p | p: dom(p)→ 2, dom(p) ⊆ κ× ω, p < ℵ0};

#�2?+i. 7 =6U6L�8�+���&�2:+0LG+�8�2:+M¤�$'9:*,U6LT8�& 7 &�5p$ 7 N P 8 7 LT;o(�k p ≤ q :≡ p ⊇ q
Q 7 &�8 1P :≡ ∅

�
£>+02

G
+-2?&

P
Û�5'+-&�+0LG2:ST;<(�+-L�jÙ2?9?EG+-L�M�*,+0L

M
Cp2?Ex. 7 5'+-(��6LT2:56+0L"56+-&	+-LG2?SG;<(�+-L�@BLT/�+02?EG+-L 7 &�5 M [G]

�#�2?L�/�2:STSG+-& *,+0LG+-2�EPS0Q,8�$'SGS
M [G] |= ZFC

Q 7 &	8�/�2:L�/1U69:9?+-&n.0+-2?56+-&�Q±8�$'SGS M [G] |= ¬CH
�±#�2?L
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.0+-2?56+-&n. 7 &�Ú';<(�STEÇQ,8�$'STS�+-S�2?& 3Ý�ðçU� κ Ü�$6$'L�/�+-2?SG+�=6+-LTSG;<(�2:+08�+-&�+xLG+0+-9:9?+�ê�$'(�9?+-&4562?*	EÇ��h�LG*,+02?EP+0&�2?&
M [G]
�Z£>+02

f :≡
⋃
G
�

a�b�e
f :κ× ω → 2

�
ã�ßc¹�ß±áOä6�il!$º8�2?+R@B9?+-Cp+-&fEP+1=6U6&

G
Ü�$6$rLT/�+02:ST+R�'U6CpÜ�$rEG2:*�9?+
Ü�$rLTEP2?+-9?9?+1j 7 &��fEP2?U6&�+0& p:κ×ω⊃→ 2ST2:&�8�QIN¬U69:5rE

f :κ×ω⊃→ 2
�rØÐC

dom(f) = κ×ω
. 7 =6+-LT2?��.02:+0LG+-&�Q��yß>2?+-LG+ (α, n) ∈ κ×ω

*,+-9?2:+0*�2:5��#�2?L�$'LT*,+-2?EG+-&�2:&
V
Q 7 C (α, n) ∈ dom(f)

. 7 *,+�/�+-2?SG+0&��,l!2:+�3n+-&�5'+
D :≡ {p ∈ P | (α, n) ∈ dom(p)}

2?STE!/1+-56+0&
(α, n) ∈ dom(p) ⇐⇒ ((α, n) ∈ dom(p))M

&�$r;o(
(Aus)M

+02:&K@B9?+-Cp+-&FE�=6U6&
M
�

D
2?STEº8�2:;<(fEi2:&

P
��Ø�C 8�2?+-Sº. 7 ST+-(�+0&�Q�ST+-2 p ∈ P *,+-9?2:+-*	2:5��Zà�STE (α, n) ∈ dom(p)

Q�SGUsSG2?&�8 /�2:LN¬+0LTEP2?5��pà�STE
(α, n) /∈ dom(p)

Q�STU�SG+�EP.�EP+
q :≡ p ∪ {((α, n), 0)}

��lº$'&�&K562:9�E
q ∈ P 7 &�8 q ≤ p

�j�+0LG&�+0L"2:STE
q ∈ D

�Zh!9?SGU 2:S�E
D
8�2:;<(FE"2?&

P
�D£>+-2

p ∈ G ∩ D
�Ùlº$'&�&�2:STE

p ⊆ f 7 &�8�+-S"NOU69:5'E
(α, n) ∈ dom(p) ⊆ dom(f)

�B#J+056+-&©8	+-Lph!*	SGU69 7 EP(�+02?Ep8	+-LDj�U6LGCp+09 (α, n) ∈ dom(f)
N¬U69?5'E

((α, n) ∈ dom(f))M [G] á 8�2:+0S�/R$'L�. 7 .0+-2?56+-&�� âF+-8�a�b�e
jÙM	L

α < κ
8�+0��&	2:+-LT+

cα :≡ (f(α, n) | n < ω).5�$';<(Wa�b�e�2:STE
cα ∈

ω2
�±l�2:+-ST+�V!]D©\ß±Y�Û�ê�$'(�9?+-&sST2:&�8�Ü�$6$'L�/�+-2?SG+i=6+0LGSG;<(�2?+-8�+0&�k

aIH6e
∀α < β < κ ∃n < ω cα(n) 6= cβ(n)

�
ã�ßc¹�ß±áOä6�J@BS!2?STE�8�2?+�@Uß	2?STEP+0&�.x+02:&�+0S

n < ω
. 7 .0+-2?56+-&�Q,SGUt8�$r� f(α, n) 6= f(β, n)

2:STE-�p¤�2?+-LT. 7$'LT*,+-2�EP+-&s/�2:L�2?&
V
�p£>+02

D :≡
{
p ∈ P

∣∣∣ ∃n < ω ((α, n) ∈ dom(p) ∧ (β, n) ∈ dom(p) ∧ p(α, n) 6= p(β, n))
}
.

3�$r&KSG2:+0(FEº9:+02:;<(FE-Q,8�$'��8�2:+x8	+0��&�2?+-LT+-&�8�+�j�U'LGCp+-9^=6U6&
D
U6(�&�+xÝB+-LPÚr&�8�+-L 7 &�5�8	+-Lºh 7 SGSP$r56+�$ 7 N

M
LG+-9:$rEP2�=q2:+0LTE�/�+-LT8�+-&n��$'&	& á .r�-¡��±5'2:9�E�2?C j±$r9:9 (α, n)

Q
(β, n) ∈ dom(p)

k

(p(α, n) 6= p(β, n))M
343
⇐⇒ (p(α, n))M 6= (p(β, n))M

343
⇐⇒ pM(α, n) 6= pM(β, n)

⇐⇒ p(α, n) 6= p(β, n).

5�$';<(
(Aus)M

5'2:9�E
$'9?SGU
D ∈M

�
D
2?STE
8�2?;o(fE12?&

P
�qØ�C 8�2?+-S
. 7 SG+0(�+-&�Qq�yß>2:+0LG+ p ∈ P *,+09:2:+0*�2?5��#J+-5'+-&

(p < ℵ0)
M 7 &�8 (κ× ω = κ · ℵ0 ≥ ℵ0)

M +'ß	2?STEG2:+-L�Eº+-2?& n < ω
Cp2?E

(α, n) /∈ dom(p)7 &	8 (β, n) /∈ dom(p)
�p£q+-2

q :≡ p ∪ {((α, n), 0), ((β, n), 1)}.

lº$r&�&�2?STE
q
+02:&�+�Ü�$'LTEG2:+09:9?+�j 7 &	�FEG2:U6&�=6U6& κ× ω &�$';<( 2

Q�N¬+-LG&	+-L
q ∈ M 7 &�8 qM < ℵ0

�,@BS�562?9?E
q ≤ p 7 &�8 q ∈ D �±h�9:STUD2?STE D 2:&48�+0L�-Z$rE�8�2?;o(fE�2?& P �p£>+-2^& 7 & p ∈ G ∩D �,lº$r&�&�562?9?E p ⊆ f

�#)Úr(�9:+
n < ω

CD2�E
(α, n), (β, n) ∈ dom(p) 7 &�8 p(α, n) 6= p(β, n)

�±lº$r&�&n562?9?E
f(α, n) = p(α, n) 6= p(β, n) = f(β, n).
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bÊBx 

¤Ð2:+0LP$ 7 SRN¬U69:5rE (f(α, n) 6= f(β, n))M [G] á 8	2:+0S�/R$'L�. 7 .0+-2?56+-&�� âF+-8�aJHfe
à�C 3nUq8�+-9?9\3Ë�úçU�^5'2:9�E�8�$r(�+-L0k

2ℵ0 = ω2 ≥ {cα | α < κ}
(2)
= κ

(∗)
= κ.

à�C j±$r9:9
κ = ℵM2

2?STEp8�$rCD2�Ep$'*,+0LD&	Uq;o(�&�2:;<(FEp8�2?+ 5Ð+-5f$�EP2:U'& 8�+-L\ð�U6&fEP2?& 7�7 CpSG(fèqÜ,U'EP(	+-SG+n2?&3Ý�ðçU��56+-.0+-2?5'EÇQ`8�$A+-Sp8	+-&��F*�$'L�/RÚrLG+'QB8�$'STSp8�2:+[ð�$'LG8�2?&�$'9?.Ç$r(�9
ℵ2

8�+0S�çiL 7 &�8�CpUq8�+-9?9:S"�F9:+02:&�+0L$'9?S�8�2?+�ð�$'LG8�2?&�$'9?.Ç$'(	9
ℵ2

8�+0LD5'+-&�+0LG2?SG;<(�+-&�@BLT/�+02?EG+-L 7 &�5%2?STE-��-Z$rEPSGÚ';o(	9:2?;o(�$'*,+0LpSG2?&�8�*,+-2�8	+-L=6U'LG56+0STEP+09:9�EP+-&`ð�U'&�STEGL 7 �fEP2?U6&`ð�$'LG8	2:&�$'9?.Ç$r(�9?+-&t$'*�SGU'9 7 E�.0/�2?SG;<(�+-& M 7 &�843Ý�ðç;�×�y¤�2:+0LTN¬M�L1.-+02:56+0&/�2?L-Q>8�$'STS�8	2:+!*m+0& 7 EP.0EG+�j�U6LG;02:&	5rÛt¤�$'9?*,U6LT8�& 7 &�5"+02:&�+º*,+0STEP2?CpC"EG+!�'U6C"*�2?&�$rEGU6LG2?ST;o(	+i@B2:5'+-&�ST;o(�$rNOE(�$�EÇQ�8�2:+i8�2?+ih!*�STU69 7 EG(�+-2�E�8�+0LYð�$rLG8�2?&�$'9?.Ç$'(�9�+-&s2:CpÜ�9?2?.02?+-L�EÇ�
� Â �T� �ûç|Î��º���VRDêyçB���tåq���!�ÜM��������Yå>���VR|î$ê>��� �rç��

Pl!2?+Êð�$rLG8�2?&�$'9?.Ç$'(�9�STEPL 7 �fE 7 L`+02:&�+0S13nUq8�+-9?9:SÙ/�2:LG8�8 7 LG;<(D8�2?+Êði9é$'STSG+�8�+-L�h�*�*�2?9:8 7 &	56+-& f : α→ β*,+0STEP2?CDCxE-�1h!&	56+-&	U6CDCp+-&�Q
ḟG : α → β 7 &�8 1P 
 ḟ : γ̌ → δ̌

��j±$'9?9?S
p 
 ḟ(α̌) = β0

Q
q 
 ḟ(α̌) = β1

Q 7 &�8 β0 6= β1

Q>SGU�ST2:&�8�8�2?+�¡�+-8�2?&�5 7 &	56+-& p 7 &�8 q 2:&	�'U6CDÜ�$rEP2?*,+-9×Q p ⊥ q
�q#%+0&�&/�2?L 7 &fEP+0LÐ+-2?&�+0C Ì�Æ���y�����~Äy�ÂOÂ:y��i`py�{o� ='U6& ḟ(α̌)

+02:&
β
=6+0LGSTEG+-(�+0&�Q,N¬M	L�8�$'S�+-SÐ+-2?&�+d¡�+08�2:&�5 7 &�5 pCp2?E

p 
 ḟ(α̌) = β
5'2:*	E-Q'SGUiN¬M�(�L�E�+-2?&�+�56LTU6�6+�3n+-&	56+�=6U6&pÜ,UrEP+-&fEP2?+-9:9?+-&x#J+-LTEG+-&p. 7 +-2?&�+-LB+0*,+-&�STU56LTU6�6+0& É����×~:wfy�����y 2?& P Qm8��ð(��m. 7 +-2?&�+0Li3n+-&	56+x=6U6& Ü�$6$'L�/�+-2?SG+ 7 &f=6+-LTEGLPÚ'5'9:2:;<(�+0&Ð¡�+08�2:&�5 7 &�56+0&��h 7 NÙ8�2:+0SG+i#J+-2?SG+�9éÚ'STSTE�SG2?;o(48	+-L�#J+-LTEG+-*,+0LG+-2?;<(n=6U'& ḟ SG;<(�U6&n2?C çiL 7 &	8�CDUq8	+-9:9m*m+0SG;<(�LGÚ'&��'+-&��

�s f¡`µ\¢O£�¢�¤,µ ¨<9�§�¨�£>+02
(P,≤, 1P )

+02:&�+nj�U6LG;02:&�5�Ût¤!$r9?*�U6LT8�& 7 &�5 7 &�8 κ ∈ Card
��#�2?Lp8�+���&�2:+oÛLT+-&�k

a�$fe
A
2?STE�+02:&�+ » µm£�¢¬¸± F£-£I p2:&

P :≡ A ⊆ P ∧ ∀p, q ∈ A (p 6= q −→ p ⊥ q)
�

a¬*±e
A
2:S�EÐ¯%²4ô^¢�¯%²�«¬  » µm£I¢�¸± f£Ç£I p2?&

P
:≡ A

2?STE�h!&fEP2?�'+0EGEG+�2:&
P ∧ ∀A′(A′ ⊇ A ∧ A′

2:S�E�h!&FEG2:�'+�EGEP+�2?&
P −→ A′ = A)

�
a�;Çe

(P,≤, 1P )
(�$rE48�2?+

κ
¶ » µ,£�¢�¸± f£Ç£I qµw¶Ú�º¢¬ª, qµ\´Ç­�®\²4�Ä£

:≡ ∀A (A
2?STE�h�&FEP2?�'+0ETEP+�2:&

P −→

A < κ)
�

a¬8±e
(P,≤, 1P )

(�$rE�8�2?+p² ¼ ¯f°�®\« ¼ ²cµ�  » µ,£�¢�¸± f£Ç£Ç >µw¶��i¢¬ª± qµZ´Ç­�®^²Y�Ä£
:≡ (P,≤, 1P )

(�$rE�8�2?+
ℵ1

Ûh�&FEP2?�'+0ETEP+-&qÛ�@B2:5'+-&�ST;o(�$�NOEÇ�
® ²	£#¯%¨n9�§?¼#D áq{1}'ÂOÂ:y�[ y��q�qy�� X |�y<Ê�~O�:Ò-���'~ÄyY��}'Â�|�Æ�{T�'��u>�q� Fn(X, 2,ℵ0) �'~Äy1}f|<ÒÊ)�zqÂ�|<}'{Py\É!����~:wfy��×��y����" ~��qy��	Ê Ô z	}TÅo�ÄÓã�ßc¹�ß±áOä6� h�&�56+0&�U6CpCD+0&�Q

A
ST+-2i+-2?&�+AM�*,+0LP$'*�.-Ú'(�9?*�$'LT+Ah!&fEP2:�'+�EGEG+A2:&

Fn(X, 2,ℵ0)
��lº$�8	2:+Ý�+0LG+02:&�2?5 7 &�5%=6U6&�$'*�.-Ú'(�9:*�$'LD=q2:+-9?+-&¦(	�q;o(	STEP+0&�S4$'*�.ÇÚr(�9:*�$'LG+0&)3n+-&�5'+-&)(	�q;o(�S�EP+0&�Sn$r*�.ÇÚr(�9:*�$rL2?STEÇQ�562:*>E�+0Sx+-2?&

n < ω 7 &�8W+02:&JM�*,+0LP$'*�.-Ú'(�9?*�$'LG+0S A′ ⊆ A
Q\SGU�8�$'SGS

∀p ∈ A′ p = n
�^#)Úr(�9:++02:&J*,+-.0M�569?2:;<(J8�+-L�à�&��F9 7 SG2?U6&JCt$�ß	2?CD$'9�+-S r ∈ Fn(X, 2,ℵ0)

Q^SGU�8�$'SGS�+-S�+-2?&JM�*,+-LG$'*�.ÇÚr(�9:*�$rLG+0S
A′′ ⊆ A′

562?*	EºCp2?E
∀p ∈ A′′ r ⊆ p

�m#)Úr(�9:+x+02:& *,+-9:2?+-*�2?56+0S
p0 ∈ A

′′ �m#J+-56+0&A8�+0L�3�$8ß>2:CD$'9?2�E<Ú�E=6U'&
r
�'�'&�&�+0&A/�2?L�N¬M�L��T+-8	+-S

x ∈ dom(p0 \ r)
+-2?& (��q;<(�STEP+0&�S�$r*�.ÇÚ'(	9:*�$rLG+-S

Bx ⊆ A′′
/RÚ'(�9?+-&�QSTU�8�$rSGS

∀p ∈ A′′ \ Bx x /∈ dom(p)
��£>+0EG.-+

B =
⋃
x∈dom(p0\r)

Bx

�\jÙM�L�$r9:9?+
p ∈ A′′ \ B

562?9?E
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bÊBfd

8�$r&�&
dom(p) ∩ com(p0) = dom(r) 7 &�8 p ∪ p0

2?STE�+-2?&�+\¡�+08�2?&�5 7 &�542:& Fn(X, 2,ℵ0)
�\lº$'&	&$'*,+0LÐSG2?&�8

p 7 &	8 p0

=6+-LTSG;<(�2:+08�+-& 7 &�8n�'U6CpÜ�$rEG2:*,+-9×Q�U'*F/�U'(�9 A +-2?&�+�h�&FEP2?�'+0ETEP+�2:& Fn(X, 2,ℵ0)2?STEÇ�>#�2:8�+0LGSGÜ	L 7 ;<(�� ãi@�l
#�2?L��'�6&�&	+-&K& 7 & +-2:&	+���ùÐ*,+-LT8�+-;<� 7 &�56SG+-2?56+0&�SG;o(�$�NOE��xN¬M	Lºj 7 &��fEG2:U6&�+0& .-+02:56+0&�Qm8�2?+x*,+0SP$'5rEÇQm8�$'STS/�2?L!j 7 &	�FEG2:U6&	+-&�8�+-L�56+-&	+-LG2?SG;<(�+0&A@BLT/�+02?EG+-L 7 &�5�2:C çiL 7 &�8�CpUq8�+-9?9^*�2?S!$ 7 N�$'*	.ÇÚ'(	9:*�$'LT+�h�*F/�+02�Û;<( 7 &�56+-&�$'Ü	Ü�LGU�ß	2?CD2?+0LG+-&s�'�6&�&	+-&��
® ²	£#¯%¨n9�§±°@$ y�~Äy�� a, b ∈ M u>�,� f ∈M [G] + f : a→ b Ó\&�}'�����'~�|-��y<Ê"y�~O��y D uq�	w���~ÄÆ�� F ∈M +
F : a→ P(b) +BÊIÆD�f}�Ê<ÊÌ }�Í ∀x ∈ a f(x) ∈ F (x) àÌ |�Í ∀x ∈ a F (x) ≤ ℵ0 Óã�ßc¹�ß±áOä6� #)Úr(�9:+D+02:&�+0&ç5!$'Cp+-&

ḟ ∈ M
Cp2?E

ḟG = f
�^#)Ú'(�9?+D+-2:&

p ∈ G
CD2�E

p 
 ḟ : ǎ →
b̌
�Rl!+���&�2:+0LG+

F : a → P(b)
8 7 LG;<( F (x) = {y ∈ b | ∃q ≤ p q 
 ḟ(x) = y̌}

�1#J+-56+0&�8�+0Ll!+���&�2?+-LG*�$'LG�'+02?EÐ8�+0LÐj�U6LG;02:&�5rÛîóÐ+09:$rEG2?U'&s2?&
M
2:S�E

F ∈M
�a�$feG¡�+�EPLP$';<(fEP+

x ∈ a
�p£>+02

f(x) = y
��lº$'&	&n562?*	E�+-S�+-2?&

q ∈ G
Q
q ≤ p

CD2�E
q 
 ḟ(x) = y̌

�s5�$';<(l!+���&�2�EP2:U'&s=6U6&
F
2:S�E�8�$'&�&

f(x) ∈ F (x)
�a¬*±e^¡1+0EPLG$';<(FEG+

x ∈ a
�	j�U6L�$'9:9

y ∈ F (x)
/�Ú'(�9:+!+02:&�+�¡�+-8	2:&�5 7 &�5 py ≤ p

CD2�E
py 
 ḟ(x) = y̌

�
a�b�e jÙM	L

y, z ∈ F (x)
Q
y 6= z

2:S�E
py ⊥ pz

�
ã�ßc¹�ß±áOä6� h�&�56+-&	U6CpCD+0&�QB+-S�/RÚ'LT+

q ≤ py, pz
��lº$'&�&

q 
 ḟ(x) = y̌
Q
q 
 ḟ(x) = ž 7 &�8

q 
 ḟ : ǎ→ b̌
��h!9?SGU

q 
 y̌ = ž 7 &�8 y = z
Q	#�2:8�+0LGSTÜ�L 7 ;<(�� âF+-8^a�b�e

lº$rCD2�EÐ2?STEÐ8�2:+�h!*�*	2:9:8 7 &�5 y 7→ py
+-2?&�+dà�&��T+-�fEP2?U6&4=6U6&

F (x)
2:&48�2:+�h!&fEP2:�'+�EGEG+

{py | y ∈ F (x)
�

5�$';<(%8	+-C¾=6U6LP$r&�56+0(�+-&�8	+-& £	$�EP.p2?STE
{py | y ∈ F (x)

(��q;<(�STEG+-&�Sx$'*�.ÇÚr(�9:*�$rL-Q^$r9:STU
F (x) ≤ ℵ0

�
ãi@�l

® ²	£#¯%¨n9�§l¾ É!�q�qy���Æ�v�vty��4+i�'~Äy D Æ�{ Ô ~O�q�����i}'Â�|�Æ�{G�'��uq�q� P |�y<Ê�~O�:Ò-���'~Äy4}f|<ÒÊ)�zqÂ�|<}'{<y�É!����~:wfy�����y����" ~��qy��	Ê Ô z	}TÅo�ÄÓ4&�}'���p~:Ê��\�'~Äy D Æ�{�vty�ÂP� β ~:Ê��Ùy�~O��y¥�x}'{T�'~O�,}'ÂÈÒI}�zqÂ��`}f|�ÊIÆ�ÂÃuq�,Ò�^B~:Ê Ô z�y�� M uq�,� M [G] Óã�ßc¹�ß±áOä6� #J+-&�&
M [G] |=

�
β
2:STE�+02:&�+`ð�$rLG8�2?&�$'9?.Ç$'(�9 �PQZSTU 2?STE�$ 7 ;o( M |=

�
β
2?STE�+-2?&�+[ð�$'LT8�2�Û&�$r9:.-$'(�9¡�PQ�8�$n8	2:+D3n+-&�5'+D8�+-L�h!*�*	2:9:8 7 &�56+0& =6U6& β &�$';<( β 2?& M 8	+-L�2?& M [G]
=6U'LG(�$'&	8�+-&	+-&h�*�*�2?9:8 7 &	56+-&�2:S�EÇ�¡�+�EPLG$';<(FEP+�& 7 &A8�+-& j,$r9:9×Q,8�$'SGS M [G] |=

�
β
2?STEi¸± q¢×µ^ ¥ð�$'LG8�2?&�$'9?.Ç$'(	9¢�P�±#)Ú'(�9:+"+-2?&

α < β 7 &�8+02:&�+f£ 7 L¬�T+0�fEP2:U'& f :α → β
�Ùlº$'&	&�2?STE

α > ω
�>5!$';<(W8�+-C =6U6LG$'&�56+0(�+-&	8�+-& £>$rEP.t�'�6&	&�+-&W/�2?L+02:&�+�j 7 &��fEP2?U6& F ∈M /RÚr(�9:+0&4CD2�E F :α→ P(β) 7 &�8a�$fe

∀x ∈ α f(x) ∈ F (x) áa¬*±e
∀x ∈ α F (x)

M

≤ ℵ0

�
lº$

f
S 7 L¬�T+-�fEG2?=p2:STE-Qq5'2:9�EÇk β ⊆ ⋃

x∈α F (x) 7 &�8 βM ≤∑
x∈α ℵ0 ≤ α

M
ℵ0 ≤ alpha

M

≤ α
�qh!9?SGU

M |=
�
β
2:S�E�¸, q¢�µ\ �ð�$rLG8�2?&�$'9?.Ç$'(�9 �P� ãi@�l
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¬ (AC)

� bÊB6c

#J+-&	&A/�2:Lº& 7 & 8�2?+�U'*�2:56+"j�U6LG;02:&�5�Ût¤!$r9?*,U6LT8�& 7 &	5 Fn(κ × ω, 2,ℵ0)
Cp2�E

κ = ℵM2
=6U6LG&�+0(�Cp+-&�QSTUp562:9�E�N¬M�L�+02:&�+i56+-&	+-LG2?SG;<(�+�@BLT/1+-2?EG+-L 7 &�5t3Ý�úçU�×k

(2ℵ0)M [G] ≥ κ = ℵM2 = ℵ
M [G]
2 .

lº$rCD2�E�2?STED3Ý�ðçU��+02:&�3nUq8�+09:9R8	+-L:5�+05f$rEG2:U6&�8�+0LÑð�U6&FEG2:& 7�7 CpS�Ût¤�èqÜ,U'EP(�+0SG+r�`#�2:L"+-LT(�$'9�EP+-& $'9?SLT+-9é$�EP2�=6+-SÊð�U6&	SG2:S�EP+-&	.-LG+0S 7 9�E<$�EÇk
® ²	£#¯%¨n9�§7mû²�³x¤,®^ qµK¸ `�y�����¿�À ³ wfÆ��	Ê�~:Ê���y�����~:Ê���+�ÊIÆJ~:Ê���}'u Ô z��f}�Ê $ ÁIÊ���y�v ZFC + ¬CHwfÆ��	Ê�~:Ê���y����
:;ö ¬ øoþ`�qþzûi£_�Lø��Æþ¤� ±Øù�­Lø�­8�Lþàù!ü`�þ±�ù

¬ (AC)
ÿ

ØÐC
Kon(ZFC) −→ Kon(ZF + ¬ (AC))

. 7 *,+�/�+-2?SG+0&�Q\(�$'*,+0& /�2:Li&�$';<( 3<3 ¿�À ³ 7 &�8J8�2?+@Uß>2:S�EP+-&	.�+-2?&�+-S�çiL 7 &�8�CpUq8�+-9?9:S M =6U'LP$ 7 SG. 7 SG+0EG.-+-& 7 &�8©8�2?+n@Uß	2?STEG+-&�.�+02:&�+0Sr-\+-LTCD+0S
M ′ . 7=6+0LG2���.-2?+-LG+0&�Q`STUA8�$'�

(ZF + ¬ (AC))M
′ 562?9?E-�U¡12:SG(	+-Lx/R$'L�S�EP+�EPS

M ′ +-2:&	+s56+�/�2:STSG+�5'+-&�+0LG2:ST;<(�+@BLT/1+-2�EP+-L 7 &�5�=6U'& M ��l!2?+-SR2:S�E�2?&s8�+0C & 7 &�. 7 *,+-(�$r&�8�+-9?&�8�+0&nj±$'9:9,&	2:;<(FE�Cp�6569?2?;<(�Qq8�$"2?&��T+08�+-L56+0&�+0LG2:ST;o(	+-&D@BLT/�+02?EP+0L 7 &	5�=6U6& M 8�$'SBh 7 S�/R$'(�9:$8ß>2:U'C 562:9�EÇ��#�2?LÙ/RÚ'(	9:+-&�N¬M	L M ′ +-2:&	+�56+0+-2:5'&�+0EG+-\+-2?9:�F9:$'SGSG+i+02:&�+0L�56+0+-2?56&�+�EP+-&456+0&�+-LT2:ST;o(�+0&�@�L�/�+-2�EP+0L 7 &�5�=6U6& M �¡�+02:CÔ5�$';<(F/�+02:S18	+-L
LG+09é$rEG2?=6+-&Ñð�U6&�SG2?STEG+-&�.�=6U6&
(AC)

(�$'*,+0&D/�2:L�8�$rS12?&�&�+0LG+!3nUq8�+09:9
HOD

8�+0L+0LG*�9?2:;<(pU6LG8�2?&�$'9?.Ç$'(�9�8�+0��&	2:+-LT*�$'LT+-&t3n+0&�56+0&�*,+0EGLP$';<(FEG+0E-QqSG2:+0(�+�b��	���>�f#�2?LB=6+-LG$'9:9?56+-Cp+-2?&�+0LG&�8�2:+0SG+
ð�U'&�STEPL 7 �fEP2?U6&�/�2:+iN¬U'9:5'E-�Ó£>+02 A +-2?&8-\+-LTC CD2�E A ∈ V �Z£>+-2

OD(A) :≡
{
x

∣∣∣ ∃ θ ∈ On ∃χ ∈ Fml4(∈̇)∃α < θ ∃z ∈ < ωA

( x ∈ Vθ ∧ z ∈ Vθ ∧ A ∈ Vθ ∧ ∀y ∈ Vθ (y = x↔ (Vθ,∈) |= χ[y, α, z, A]))
}

8�2?+Mú�«¬²�´Ç´-  ¶^ 0µ·Z ¼  0µ
A
¤Zµ�¶Z¢�µ\²�«E¯f²�®\«×¶^ f¡`µ\¢� 0µ ¼ ²cµ� >µ©·� qµ\ª± qµ 7 &�8
HOD(A) :≡ {x | TC({x}) ∈ OD(A)}

8�2?+­ú�«¬²�´Ç´-  ¶^ 0µ¢Z ¼  �µ
A
 0µ ¼ «�¢×­�®w¶P¤Zµ�¶Z¢�µ^²�«E¯f²�®\«�¶\ f¡ÙµZ¢¬ 0µ ¼ ²cµ� qµ ·� qµ\ª± qµ
��@B&fEPSGÜ	LG+-;<(�+-&�8b#�>� d".0+-2:5rE�Ct$r&�Q�8�$r�

HOD(A)
+-2:&�2:&	&�+-LT+-S�3nUq8�+09:9�8�+-L�3n+0&�56+0&�9:+0(�LG+�2?STEÇQ	8��ð(��?Q�/�2:L�(�$'*,+-&

® ²	£#¯ ¼�?�§�¨ " Êi�'~OÂÃ� ZFC ` (HOD(A) ~:Ê��1��{T}'�	Ê�~O�×~OÑ ) Ó'h<Ê��,ÅÇy�{���y�{ ϕ y�~O� ZF ��ÉÐÖ6~ÄÆ�v¾Æ-�qy�{�y�~O��y
ho�	Ê�� }'�qÒ�y�~O��y<Ê ZF � $ Ô z�y�vp}�Ê
+ZÊIÆx�'~OÂÃ� ZFC ` ϕHOD(A) Óh 7 �6+0LG8�+0C N¬U69?5'E
»� q¯W¯%²J¼�?^§?¼

A ∈ HOD(A) Óã�ßc¹�ß±áOä6� #J+-56+0&
A ∈ V

+ ß>2:S�EP2?+-LTE�+-2?&
θ ∈ On

Cp2�E
TC({A}) ∈ Vθ

�Ù#�2:L"�'�'&�&�+0&
θ ≥ ω$'&	&�+-(	CD+0&��p£>+-2

χ(y, u, v, w) :≡ p∀x (x ∈ y ←→ x ∈ TC({w}))q.
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� bÊB6ë

lº$r&�&n5'2:9?E-Q>CD2�E
z :≡ ∅

Q
α :≡ 1

Q
TC({A}) ∈ Vθ ∧ z ∈ Vθ ∧ A ∈ Vθ ∧ ∀y ∈ Vθ (y = TC({A})←→ (Vθ,∈) |= χ[y, α, z, A]),

$'9?SGU
TC({A}) ∈ OD(A)

��l!2:+0S�*m+08�+ 7 EP+�E A ∈ HOD(A)
� ãi@�l

£>+02�& 7 & M +02:&4ç�L 7 &�8�CpUq8�+09:9 7 &	8 P :≡ Fn(ω × ω, 2,ℵ0)
M
�Z£>+02

G
+02:&

P
Û 56+-&	+-LG2?SG;<(�+0LÐjZ2:9�EP+0LM�*,+0L

M
��#�2:+12:C 9?+0EP.�EP+0&Éð�$'Ü	2?EP+09q56+0SG+-(	+-&�Qf$r8�� 7 &�5'2:+-L�E P ℵ0

ÛÄ=q2:+-9?+ÐV!]D©\ß±Y�ÛîóÐ+-$'9:S
(ci|i < ω)

. 7
M
(	2:&�. 7wá +0S�2?STE ci = f(i, .)

Cp2?E
f =

⋃
G
��#�2?L�2:&fEP+-LTÜ�LG+�EP2?+-LG+0&

ci ∈
ω2
$'9?S�;o(�$'LP$'�fEG+-LG2?STEG2:SG;<(�+j 7 &	�FEG2:U6&�+02:&�+0L.-\+-2?9:Cp+-&�5'+ ai =6U6& ω á 8��ð(���Q�N¬M�L i < ω

SG+�EP.0+-&n/�2?L
ai :≡ {n < ω | ci(n) = 1}.

3�$r&4SG2:+0(FE�SGU'N¬U6L�E
ai ∈M [G] 7 &�8

A :≡ {ai | i < ω} ∈M [G].

£>+02
M ′ :≡ (HOD(A))M [G] �

® ²	£#¯ ¼�?�§±°
M ′ ~:Ê��
�×{T}'�	Ê�~O��~OÑ�uq�,�4y<Ê��'~OÂÃ� ZFM ′ Óã�ßc¹�ß±áOä6�n#J+-5'+-&

ZFC ` ∀u∀v ((u ∈ v ∧ v ∈ HOD(A)) −→ u ∈ HOD(A))
N¬U69?5'E

(
∀u∀v ((u ∈ v ∧ v ∈ HOD(A)) −→ u ∈ HOD(A))

)M [G]

,

$'9?SGU
∀u ∈M [G] ∀v ∈M [G] ((u ∈ v ∧ v ∈ HOD(A)M [G]) −→ u ∈ HOD(A)M [G]).

lº$
M [G]

EPLG$'&�SG2�EP2�= 7 &�8 HOD(A)M [G] ⊆ M [G]
562?9?E-Q,��$'&	&ACD$'&K(	2:+0Lº8�2?+ ¡�+0SG;<(�LGÚ'&�� 7 &�548�+-L÷^$ 7 NO=r$'LG2:$'*�9?+-&K$ 7 N M [G]

U6(	&�+�ÝB+-LPÚr&�8�+-L 7 &�548�+0L�h 7 SGSG$'56+�+-9?2:Cp2�&�2?+0LG+-&���l!2?+�+-&fEPS�EP+-(	+-&�8�+ ∈ Ûj�U6LTCD+09�*,+-SP$r5'EÐ56+-LG$'8�+'Q�8�$'�
M ′ EPLP$r&�SG2�EP2?=D2:STE-�

£>+02�& 7 & ϕ +-2:& ZF
Û�h�ß>2?U6C U>8	+-Lt+02:&�+­à�&�STEP$'&�. +02:&�+0S

ZF
Ût£>;<(�+-CD$'S-�1@BS�2?STE

ϕM
′ . 7 .0+-2?56+-&��5�$';<(*H�B>�?bÐ562?9?E

ZFC ` ϕHOD(A) �n5�$';o(D8�+0C 3nUq8�+-9?9�Ûî÷�+-CpCD$0343�N¬U69?5'E�(�2?+-LG$ 7 S (ϕHOD(A)
)M [G]

/1+-56+0&
ZFCM [G] ��@BSÐ56+0&qM�5rE�$'9:STU�Q>N¬U69:56+0&�8�+0S�. 7 .-+02:5'+-&�k

a�b�e £>+02
ϕ
+-2?&�+
∈
Û�j�U6LTCD+09×�	lº$'&�&4562:9�EÇk

ϕM
′

←→
(
ϕHOD(A)

)M [G] �
ã�ßc¹�ß±áOä6��#�2?L
CD$';<(�+-&t+02:&	+Yà�&�8 7 �FEG2:U6&DM�*,+-L18�+-&th 7 N¬*�$ 7 8�+0L ∈ Û�j�U6LTCD+09?&��fl!+-L1+-2?&�.02:56+�&�2:;<(FE�ÛEGLG2?=q2:$'9?+ij±$r9:9�2?STE�8�+0L�j±$r9:9

ϕ ≡ ∃xψ(x, ~y)
�Z¤�2?+-LRN¬U69?5'E

ϕM
′

⇐⇒ ∃x
(
x ∈M ′ ∧ ψM

′

(x, ~y)
)

⇐⇒ ∃x
(
x ∈M ′ ∧ (ψ(x, ~y)HOD(A))M [G]

) a¬&�$';<(­à�&	8��ÈÝ�U'L-�úe
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� b6bÊB

⇐⇒ ∃x
(
x ∈ (HOD(A))M [G] ∧ (ψ(x, ~y)HOD(A))M [G]

)

⇐⇒ ∃x ∈M [G]
(
x ∈ (HOD(A))M [G] ∧ (ψ(x, ~y)HOD(A))M [G]

)

(
/1+-56+0&

(HOD(A))M [G] ⊆M [G])

⇐⇒ ∃x ∈M [G]
(
x ∈ HOD(A) ∧ ψ(x, ~y)HOD(A)

)M [G]

⇐⇒
(
∃x (x ∈ HOD(A) ∧ ψ(x, ~y)HOD(A))

)M [G]

⇐⇒
(
ϕHOD(A)

)M [G]

.

l!2?+-S�/�$'L�. 7 .-+02:56+0&�� âF+-8�a�b�e
lº$rCD2�E�2:S�E�8�+-LY£	$rEG.�*,+0/�2?+-ST+-&�� ãi@�l
#�2?L�.-+02:5'+-&4& 7 &
® ²	£#¯ ¼�?�§l¾

A z	}'�Bwfy�~O��y `�ÆIzqÂ:Æ�{T�'��u>�q�D~O� M ′ Ó�h��	Ê-|�y<ÊIÆ��,�qy�{Py��'~OÂÃ�R}'ÂúÊIÆ (¬ (AC))M
′ Ó

ã�ßc¹�ß±áOä6�th�&�56+0&�U6CpCD+0&�Qq8�2?+-S�2?STE�&	2:;<(FE�8�+0L�j±$r9:9×Qf8��È(��?Q>+0SR562?9?E
(A
(�$�EÐ+02:&�+º#%U'(�9:U6LT8�& 7 &�5 )M ′ �lº$s&�$';<(¿ >�?b�8	2:+�@Uß>2:S�EP+0&�.p+02:&�+0Lº#JU6(�9?U6LG8�& 7 &�5s+-2?&�+-L�3n+0&�56+ 7 &fEP+0L ¿�À 569:+02:;<(F/1+-LTEG2:5�2:S�E�. 7 L@Uß>2:S�EP+-&	.�+-2:&	+-LÊ¡12ô�T+0�FEG2:U6&t=6U6&�+-2?&�+-LÊòiLT8�2:&�$'9:.-$'(�9�$ 7 NZ8�2?+-SG+�3n+0&�56+rQ�N¬U69:5rER(�2?+-LP$ 7 S (∃f ∃η (η ∈

On ∧ f : η
bij.
−→A))M

′ ��l 7 LT;o(~¤�2:&	+-2:&	.-2:+0(�+0&K8�+-LMó�+-9:$rEG2?=q2?+-L 7 &�5 7 &	8Ah 7 ST& 7 EG.-+0&J8�+-LºM�*�9?2:;<(�+-&h�*�SGU69 7 EP(	+-2�EPSP$rLG5 7 Cp+-&fEP+�+-LT(�Ú'9?E`CD$'&�$'9?S`Ú*â 7 2?=r$r9:+0&FEP+�h 7 STSP$'5'+�8	2:+R@Dß>2?STEP+0&�.�+-2:&	+-S
f ∈M ′ 7 &�8+02:&�+0S

η ∈ On∩M ′ Cp2?E f : η
bij.
−→A

�
a�b�e @BSR562:*>E�+-2:&	+

∈
Û�j�U6LTCD+09

χ(v0, v1, v2, v3, v4)
Q>+-2:&

α ∈ On∩M [G] 7 &	8s+-2:& z ∈ < ωA
Q>SGU

8�$r�ÐN¬U'9:56+0&�8�+-S^562?9?E-k�à�STE
i < ω
QISTU�+ ß>2:S�EP2?+-LTE\+02:&

β < η
Cp2?E

(ai = ιx. χ(x, α, β, z, A))M [G] �
¤Ð2:+-LT*,+-2�2:STE

ιx. ψ(x, ~y) :≡
{
z

∣∣∣ ∀x ((ψ(x, ~y) ∧ ∀x′ (ψ(x′, ~y)→ x = x′)) −→ z ∈ x)
}

8�$rS¬�T+-&	2:56+�+-2?&�8�+ 7 EP2?54*,+0STEP2?CDCxEG+ x CD2�E ψ(x, ~y)
Q�N�$'9?9:Sº+-2?& SGU69?;o(�+0S�+ ß>2:S�EP2?+-LTEDa 7 &�8 = VSTU6&�STE<e��

ã�ßc¹�ß±áOä6��#�2:Lº$'LG*,+02?EP+0&A2?&
M [G]
�I£>+02

i 7→ ϕi
+02:&�+"8�+0��&�2:+0LG*�$rLG+É¡�2ô�T+0�fEP2?U6& .0/�2?SG;<(�+-&

ω 7 &�8
Fml4(∈̇)

Q�=q5'9Ä�e343��Z£>+-2
ϕ(v, θ, i, γ, v3, v4) :≡ (v ∈ Vθ ∧ v3 ∈ Vθ ∧ v4 ∈ Vθ ∧∀v5 ∈ Vθ (v5 = v ↔ (Vθ,∈) |= ϕi[v5, α, v3, v4])).

#J+-5'+-&
f ∈ HOD(A)

Q\$'9:STU
TC({f}) ⊆ OD(A)

Q 7 &�8 f ∈ TC({f})
2:STE

f ∈ OD(A)
�\h�9:STU+'ß	2?STEG2:+0LG+-&

θ ∈ On
Q
i < ω

Q
γ < θ 7 &�8 z ∈ < ωA

CD2�E
ϕ(f, θ, i, γ, z, A)

�Ù3�$'&%SG2?+-(fEx9:+-2?;<(FEÇQ8�$r�
a�b6�?bIe

∀v (ϕ(v, θ, i, γ, z, A)←→ v = f)
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� b6b6b

562?9?E-�,#�2?LºN�$rSGSG+0&J8�2?+ÉïÙ$'LG$'Cp+0EP+0L
θ, i, γ

. 7 +02:&�+0C òiLT8�2:&�$'9:.-$'(�9?Ü�$rLP$rCp+0EG+-L!. 7 SG$'CpCD+0&��I¤�2?+-LT. 7S�E<$rETEP+-&i/�2?L
On×On×On

Cp2?E�8�+-L�9:+'ß>2:�'U65'LP$'Ü�(	2:SG;<(�+0&i#JU6(�9?U6LG8	& 7 &�5 ≺ $ 7 S-kIjÙM�L (ζ0, ζ1, ζ2), (ξ0, ξ1, ξ2) ∈
On×On×On

2:S�E�56+-ST+0EG.0E
(ζ0, ζ1, ζ2) ≺ (ξ0, ξ1, ξ2) :≡ (ζ0 < ξ0 ∨ (ζ0 = ξ0 ∧ ζ1 < ξ1) ∨ (ζ0 = ξ0 ∧ ζ1 = ξ1 ∧ ζ2 < ξ2)).
£>+02

h
8	+-LU/%]`äI[^]w¹�ä21`á�Ûîà�STU6CDU'LGÜ�(�2?SGC 7 SR=6U6& ≺ á 8�$'&�&42?STE h[On×On×On] = On

�Z£>+-2
ψ(v, v1, v3, v4) :≡ ∃u0, u1, u2 ((u0, u1, u2) = h−1[{v1}] ∧ ϕ(v, u0, u1, u2, v3, v4))

ÂGå
7 &�8 α :≡ h((θ, i, γ))

��lº$'&	&�562:9�E
ϕ(v, θ, i, γ, v3, v4)←→ ψ(v, α, v3, v4)

Q	STU�8�$'��$ 7 S�a�b6�?bIea�b6��H'e
∀v (ψ(v, α, z, A)←→ v = f)N¬U69?5'E-��lº$
f
+-2:&	+d¡�2 �T+-�fEP2?U6&s.0/�2:ST;o(	+-&

η 7 &�8 A 2:S�EÇQ�+ ß>2?STEP2?+-L�E�+-2:& β < η
Cp2?E

ai = f(β)
�Z£>+02

χ(v0, v1, v2, v3, v4) :≡ ∃v (ψ(v, v1, v3, v4) ∧ (v2, v0) ∈ v).h 7 Sxa�b6��H6e 7 &�8 (β, ai) ∈ f
N¬U69?5'E
∀v0 (χ(v0, α, β, z, A)←→ v0 = ai),8��È(���Q

ai = ιx. χ(x, α, β, z, A)
�±l�2:+-S�/�$'L�. 7 .-+02:56+0&�� âq+08^a�b�e

#�2?L��rU6&�STEGL 7 2?+-LT+-& & 7 & STÜ,+-.02:+-9?9:+*5!$rCD+0&�N¬M�L�8�2:+s$'& 7 &�SG+0LG+0&�ØÐ&FEG+-LGS 7 ;<( 7 &�5'+-&©2:&f=6U69�=>2?+-L�EP+-&@B9:+0Cp+-&FEG+i=6U'&
M [G]
�

aIH6e jÙM	L
i < ω

2:STE
ȧi :≡ {(ň, p) | n < ω ∧ p ∈ P ∧ p(i, n) = 1}

+02:&
M
ÛÅ5!$'Cp+�=6U6&

ai
�jÙM	L

i, j < ω
Q
i 6= j
Q�562?9?E

1P 
 ȧi 6= ȧj
�

ã�ßc¹�ß±áOä6� jÙ2lß>2:+-LT+
i < ω
��h 7 S P ∈M N¬U69?5'E�9?+-2?;o(fE ȧi ∈M �±j�+0LG&�+0L�562:9�E

ȧGi = {n < ω | ∃p ∈ G p(i, n) = 1}.
#J+-5'+-&

ci(n) = 1 ⇐⇒ (
⋃
G)(i, n) = 1 ⇐⇒ ∃p ∈ G p(i, n) = 1

N¬U69?5'E
(�2:+0LP$ 7 S 7 &�8s$ 7 S�8�+0Ll!+���&�2�EP2:U'&s=6U6&
ai
Q�8�$'�

ȧGi = ai
2:S�EÇQ	/�2:+i*,+-(�$ 7 Ü	EP+�EÇ�£>+02:+0&A& 7 & i, j < ω

Cp2?E
i 6= j
�w£>+-2

H
+02:&K*,+09:2?+-*�2?56+-L

P
Û�56+0&�+-LT2:SG;<(�+0L�jÙ2?9?EG+-L�M	*m+0L

M
�,#�2:+"2?C

¡�+�/�+02:S�=6U'&o3<3D5'+-SG+0(�+-&�Q,2?STE
D :≡ {p ∈ P | ∃n < ω ((i, n) ∈ dom(p) ∧ (j, n) ∈ dom(p) ∧ p(i, n) 6= p(j, n))}

+02:&p@B9:+0CD+0&FEB='U6&
M 7 &�8p8�2:;<(FEB2:& P �0£>+-2 p ∈ D∩H �'#)Úr(�9:+ n < ω

Cp2?E
p(i, n) 6= p(j, n)

�'#�2:L�'�'&�&�+-& U��ð@��
p(i, n) = 1 7 &�8 p(j, n) = 0

$'&	&�+-(�Cp+-&��^lº$'&	& 2:S�E
(ň, p) ∈ ȧi

Q�SGU�8�$'�
n ∈ ȧHiN¬U69?5'E-�Fh!&�8�+0LG+0LGSG+02?EGS���$'&	&s+-SR�'+-2?&

q ∈ H
56+-*,+0&sCD2�E

(ň, q) ∈ ȧj
�<à�&�8�2:+0SG+0C j±$'9?9±/�Ú'LG+!&�Ú'Cp9:2?;<(

q(j, n) = 1 6= p(j, n)
Q>$r9:S1@B9?+-Cp+-&FEG+�8	+-SRjÙ2?9?EG+-LTS

H
C�M	SGSG+0&

p 7 &	8 q $'*,+0L1�'U6CpÜ�$rEG2:*,+-9�SG+02:&��q@BSN¬U69?5'E
n /∈ ȧHj

Q�SGUp8�$r��/�2:L
ȧHi 6= ȧHj

&�$';<(�56+�/�2:+0SG+-&n(�$'*,+-&��,lº$rCD2�E�2:S�EÐ$'9:9?+-SR56+0.-+-2?5'EÇ� âF+-8�aJHfe
h 7 SxaIH6e 7 &�848�+-LÐl!+���&�2�EP2:U'&s=6U6& A N¬U69?5'E�STU'N¬U6LTE
Ý ü Q�ï��X,Äñ�4×ï�ö�78�'o

h
7Iï��8B�îúï�+61/�'+mî í>4Tö#7fø ñFøðöIï�î-B�ï

∈
nÙ�8= +F9Rï��

µ
ït�Iîúí>4×îúï�+64TöÇí6=^7��'oikl)�+I�'�-�ðï

x
ö
y
A0î!�!4��

y = h(x) ⇐⇒
µ(x, y)

V�g�AX�?ø�7Iîúïrq\ï��8B�î!4×î-= B�7IïGí|¥\�<��
0�*ÍÊ��¦y�!n�u¬í6= 9G= +Ä÷�ñ�î í>9i5�í�§Çî!B�óIórø
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a>�fe
Ȧ :≡ {(ȧi, 1P ) | i < ω}

2:S�EÐ+02:&
M
ÛÅ5!$'Cp+ºN¬M	L

A
�

jÙM	L
i < ω 7 &�8 m < ω

ST+-2
(m, ȧi)

0 :≡
{(
{(m̌, 1P )}, 1P

)
,
(
{(m̌, 1P ), (ȧi, 1P )}, 1P

)}
.

j�+0LG&�+0L�SG+-2
m̄ :≡ |z|

Q 7 &�8 l: m̄→ ω
8	+0��&	2:+-L�EÐ8 7 LT;o( z = (al(m) | m < m̄)

�
a�AFe

ż :≡
{

((m, ȧi)
0, 1P )

∣∣∣ m < m̄ ∧ i < ω ∧ i = l(m)
} 2:STE�+02:&

M
ÛÅ5!$'Cp+ºN¬M�L

z
�

ã�ßc¹�ß±áOä6� @BSx2:S�Ex9:+02:;<(FE�. 7 ST+-(�+0&�QÙ8�$'� (m, ȧi)
0 ∈ M

2:STE�N¬M�L
m, i < ω

�\#J+-5'+-&
m̄ < ω

2:S�E
m̄ ∈ M

��lº$
P
2:&
M ℵ0

Û�$'*�5'+-SG;<(�9?U6SGST+-&A2:S�EpaO=>5'9Ä�'3<3qeoQmN¬U69?5'Eº$ 7 S m̄ ∈ M Q m̄ < ℵ0
Q
ω ∈ M

Q8�$r�
l ∈M [G]

SG;<(�U6&n2?&
M
+'ß	2?STEG2:+-L�EÇ��5 7 &n+0LG562?*	E�ST2:;<(4SGU'N¬U'LTE ż ∈M �±j�+-LT&�+-L�N¬U'9:5'E

żG =
{

((m, ȧi)
0)G

∣∣∣ m < m̄ ∧ i < ω ∧ i = l(m)
}

=
{
{{(m̌, 1P )}G, {(m̌, 1P ), (ȧi, 1P )}G}

∣∣∣ m < m̄ ∧ i < ω ∧ i = l(m)
}

=
{
{{m}, {m, ȧGi }}︸ ︷︷ ︸

=(m,ȧG
i )

∣∣∣ m < m̄ ∧ i < ω ∧ i = l(m)
}

(2)
=

{
(m, al(m))

∣∣∣ m < m̄
}

= z.

l!2?+-S�/�$'L�. 7 .-+02:56+0&�� âF+-8�aLAqe
#�2?Li�yß>2?+-LG+0&J& 7 & i < ω

Cp2?E
ai /∈ ran(z)

�^@B2:& STU69:;<(�+0S
i
+ ß>2:S�EP2?+-LTE-Q�8�$

z
+0&�8�9?2:;<( 7 &�8J8�2?+ aiÜ�$'$'LT/1+-2:ST+�=6+-LGST;o(	2:+-8	+-&�SG2?&�8��Ù#J+056+-&

(ȧGi = ιx. χ(x, α, β, żG, ȦG))M [G] + ß>2:S�EP2?+-LTE�&�$';<( 8	+-Cj�U6LT;-2?&�5rÛÅ-R(�+-U6LT+-C +02:&
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