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Abstract

We further develop a previously introduced method of constructing
forcing notions with the help of morasses. There are two new results:
(1) If there is a simplified (w1, 1)-morass, then there exists a ccc forcing
of size wy that adds an ws-Suslin tree. (2) If there is a simplified (w1, 2)-
morass, then there exists a ccc forcing of size wy that adds a 0-dimensional
Hausdorff topology 7 on ws which has spread s(7) = w1. While (2) is the
main result of the paper, (1) is only an improvement of a previous result,
which is based on a simple observation. Both forcings preserve GCH. To
show that the method can be changed to produce models where CH fails,
we give an alternative construction of Koszmider’s model in which there is
a chain (X, | @ < w2) such that Xo C w1, Xg — X, is finite and Xo — X3
has size w; for all § < a < wa.

1 Introduction

In a previous paper [11], we introduced a method of constructing a forcing along
a simplified (x, 1)-morass such that the forcing satisfies a chain condition. The
basic idea is simple: We try to generalize iterated forcing with finite support
(FS). Classical iterated forcing with finite support as introduced by Solovay and
Tennenbaum [21] works with continuous, commutative systems of complete em-
beddings which are indexed along a well-order. The following holds: If every
forcing of the system satisfies a chain condition, then also the direct limit does.
Assume for example that all forcings of the system are countable. Then its
direct limit satisfies ccc. Assume, moreover, that we want to construct a forcing
of size ws. Then taking the direct limit will not work, because in our case the
limit forcing has size < w;. To overcome this difficulty, we do not consider a
linear system which is indexed along a well-order but a two-dimensional system
indexed along a simplified (wy, 1)-morass. As an example for the approach we
constructed a ccc forcing which adds an wo-Suslin tree. The conditions of this
forcing are Tennenbaum’s finite conditions for adding a Suslin tree [24]. How-
ever, this forcing does not satisfy ccc on wy. Therefore, we apply our approch.
That is, our construction uses in every step a countable version of Tennenbaum’s
forcing, and to obtain complete embeddings we have to thin out these forcings.
This results in a thinned out version of Tennenbaum’s forcing which satisfies
cce, but still adds an wy-Suslin tree.

The kind of two-dimensional system defined in [11] is called a FS system along a



simplified (k, 1)-morass. In the present paper, we will generalize the approach to
three-dimensional systems, so-called F'S systems along simplified (k, 2)-morasses.
We will also observe that under a very weak additional assumption the forcing
obtained from a F'S system along a simplified gap-1 or gap-2 morass is forcing
equivalent to a small subforcing. An immediate consequence of this and [11] is:
If there is a simplified (w1, 1)-morass, then there exists a ccc forcing of size wq
that adds an wo-Suslin tree. This improves theorem 7.5.1. in Todorcevic’s book
[28]: There exists consistently a ccc forcing which adds an ws-Suslin tree.

The main result is: If there is a simplified (wy, 2)-morass, then there exists a ccc
forcing of size wy that adds a 0-dimensional Hausdorff topology 7 on w3 which
has spread s(7) = wy. This forcing is obtained by a FS system along a simplified
(w1,2)-morass. Its conditions are finite functions p : x, — 2 with z, C w3 X ws.
By a theorem of Hajnal and Juhasz [7], card(X) < 92" = exp(exp(s(X))
holds for all Hausdorff spaces X. In [13], Juhasz explicitly raises the question if
the second exp is really necessary. By the usual argument used for Cohen forc-
ing, a ccc forcing of size wy preserves GCH. Hence our result shows that it is
consistent that there exists a 0-dimensional Hausdorff space X with s(X) = wy
such that card(X) = 22" So far, the consistency of card(X) = 22" has
only been known for the case s(X) = w. The example is the 0-dimensional,
hereditarily separable, hereditarily normal space constructed from < by Fedor-
cuk [5]. The author would like to thank Professor Juhasz for pointing this out
to him.

While the general method of FS systems can be generalized straightforwardly
to higher dimensions, we cannot expect that the consistency statements can
naively be extended by raising the cardinal parameters. In particular, we can-
not expect to be a able to construct from a (wi,3)-morass a ccc forcing of size
w1 which adds a T, space of size w4 and spread w;. If this was possible, we
could find such a forcing in L. However, by the usual argument used for Cohen
forcing it preserves GC H which contradicts the theorem of Hajnal and Juhasz.
The reason why this generalization does not work is that the gap-3 case yields
a four-dimensional construction. Therefore, the finite conditions of our forcing
have to fit together appropriately in four directions instead of three and that
is impossible. So if and how a statement generalizes to higher-gaps depends
heavily on the concrete conditions.

The author started to develop the method of forcing along morasses, because
he was interested in solving consistency questions like the following for higher
cardinals: Can there exist a superatomic Boolean algebra with width w and
height wy (Baumgartner and Shelah [2], Martinez [16])? Is it possible that there
is a function f : wy X wy — w such that f is not constant on any rectangle with
infinite sides (Todorcevic [26, 28])?7 However, the existence of such a Boolean
algebra as well as the existence of such a function contradicts GCH. So to get
the consistencies we have to destroy GCH. Hence a simple application of FS
systems will not work because of the properties we described above. Therefore,
we will introduce so-called local FS systems along simplified morasses.



Local FS systems along morasses are also a step forward into another direc-
tion: As outlined above, FS systems have obviously a lot in common with finite
support iterations. However, this is not true for all properties of FS iterations.
Most prominently, if P is the limit of a finite support iteration indexed along
a, then we can understand a P-generic extension as being obtained successively
in a-many steps. Moreover, there are names for the forcings used in the single
steps. In the case of F'S systems, it is unclear what a similar analysis looks like,
but if we had it, it would be completely justified to think of our constructions
as higher-dimensional F'S forcing iterations.

The idea of local FS systems is as follows: Assume that (P, | n < %) is a
normal, linear FS iteration given as a set of kT-sequences p € P+ such that
P,={pln|peP+}and Py =P, = Qn (where Qn is a P,-name such that
P, IF (Q, is a forcing)). Then p : k* — V € Py iff P, IF p(n) € Q, for all
n € kT and supp(p) :={n € v | P, I p(n) = 14, } is finite. Now, assume that
every Pa := {p € P+ | supp(p) C A} is obtained through a FS system and
therefore satifies a chain condition. Then P+ also does.

So far, we do not know how to actually do this with names Qn- However, we
will give an easy example where no names are needed. Namely, we construct a
cce forcing which adds a chain (X, | & < wg) such that X, C wi, Xg — X, is
finite and X, — X has size w; for all § < o < wy. Koszmider constructs such
a forcing in [14] using a Todorcevic p-function.

Todorcevic’s method of p-functions and Shelah’s historicized forcing [2, 20] seem
to be closely related to our approach. Todorcevic uses walks on ordinals to con-
struct p-functions. A detailed account on the method is his book [28]. The
exact relationship between the two mentioned methods and FS systems is how-
ever unclear and would definitely be worth studying. To the author’s knowledge,
the only result in this direction is by Morgan [17]. He shows that it is possible
to directly read off a p-function from a simplified gap-1 morass. If we use this
p-function and define a forcing to add a chain (X, | @ < wy) such that X, C wy,
X3 — X, is finite and X, — X3 has size w; for all 3 < a < wo like Koszmider,
then we get exactly the same forcing as with our approach.

Morasses were introduced by Jensen in the early 1970’s to solve the cardinal
transfer problem of model theory in L (see e.g. Devlin [3]). For the proof of
the gap-2 transfer theorem a gap-1 morass is used. For higher-gap transfer the-
orems Jensen has developed so-called higher-gap morasses [12]. In his Ph.D.
thesis, the author generalized these to gaps of arbitrary size [10, 9, 8]. The
theory of morasses is very far developed and very well examined. In particular
it is known how to construct morasses in L [3, 6, 10, 8] and how to force them
[22, 23]. Moreover, Velleman has defined so-called simplified morasses, along
which morass constructions can be carried out very easily compared to classical
morasses [29, 31, 30]. Their existence is equivalent to the existence of usual
morasses [4, 18]. The fact that the theory of morasses is so far developed is an
advantage of the morass approach compared to historic forcing or p-functions.
It allows canonical generalizations to higher cardinals, as shown below.



Finally, we should also mention that besides historicized forcing and p-functions
there is another, quite different method to prove consistencies in two-cardinal
combinatorics. This is the method of forcing with models as side conditions
or with side conditions in morasses. Models as side conditions were introduced
by Todorcevic [25, 27|, which was further developed by Koszmider [15] to side
conditions in morasses. Unlike the other methods, it produces proper forcings
which are usually not ccc. This is sometimes necessary. For example, Koszmider
proved that if CH holds, then there is no ccc forcing that adds a sequence of wo
many functions f : w; — w; which is ordered by strict domination mod finite.
However, he is able to produce a proper forcing which adds such a sequence
[15]. More on the method, including a discussion of its relationship with that
of using p-functions, can be found in Morgan’s paper [19]. In the context of
our approach, this raises the question if it is possible to define something like a
countable support iteration along a morass.

2 Simplified gap-2 morasses

In this section, we will recall the definition of simplified gap-2 morasses and
summarize their properties to the extent necessary for our applications. Except
for theorem 2.3 (a) and lemma 2.6 (7), all results in this section are due to
Velleman [29, 31]. Nevertheless, we will usually quote the author’s paper [11]
on FS systems along gap-1 morasses instead of [29], because we hope that in
this way the connection to FS systems becomes clearer.

A simplified (x, 1)-morass is a structure M = ((f, | @ < k), (Fap | @ < 8 < K))
satisfying the following conditions:

(PO) () 6p=1,0, =rT,Va<r 0<b,<k.

(b) Fap is a set of order-preserving functions f : 8, — 63.

(P1) |Fapl < k for all a < B < k.
(
(

P2) If a < 8 <, then Foy ={fog|f E€Tsy:9 € Tap}

P3) If o < K, then Fo,at1 = {id | b4, ho} where h,, is such that hy [ d =id [ 0
and h,(6) > 6, for some § < 0,

(P4) If a < £ is a limit ordinal, 51, 82 < o and f1 € §p,a, f2 € Fssa, then there
are a B1,02 <7 < @, g € §ya and j1 € §,+, J2 € T,y such that f; = goj;
and fa = g o ja.

(P5) For all a > 0, 8, = U{fl0s] | B < o, f € Fga}-

Our simplified (k, 1)-morasses are what are called neat simplified (k, 1)-morasses
in [29]. Velleman shows there that if there is one of his simplified (x, 1)-morasses
there is a neat one. Note, moreover, that it is equivalent to replace “hq(8) > 0,
for some § < 6,” in (P3) with “h (5 +n) = 0, + 1 for some ¢ < 6, and all n
such that 0 +n < 6,”. This is easily seen using (P5) and (P2).



Lemma 2.1
Let o < B < Kk, 71,72 < 04, f1,f2 € Fap and f1(11) = f2(72). Then 7 = 7 and
fi M'l:fz [ Ta.

Proof: See [11], lemma 3.1. O

A simplified morass defines a tree (T, <).

Let T = {{a, V) | a < k,v < 0,}.

For t = (a,v) € T set a(t) = o and v(t) = v.

Let (a,v) < (8, 7) iff @ < @ and f(v) = 7 for some f € Fop.

If s < t, then f | (v(s) + 1) does not depend on f by lemma 2.1. So we may
define 75 := f [ (v(s) + 1).

Lemma 2.2

The following hold:

(a) < is a tree, htp(t) = a(t).

(b) If tg < t1 < ta, then T e, = Te gy © Tty -

(¢) Let s <t and m = 7ms. U (V') =7, 8 = (a(s), V) and ¢’ = (a(t), '), then
s <t'and e =7 [ (V' 4+ 1).

(d) Let v < k, v € Lim. Let t € T,. Then v(t) +1 = J{rng(rs) | s < t}.
Proof: See [11], lemma 3.2. O

A fake gap-1 morass is a structure ({(¢; | ¢ < 6), (B¢ | ¢ < € < 0)) which
satisfies the definition of simplified gap-1 morass, except that 6 need not be
a cardinal and there is no restriction on the cardinalities of ¢ and &¢¢. Let
&¢.c41 = {id,b}. Then the critical point of b is denoted by . and called the
split (or splitting) point of &, 41 = {id, b}.

Suppose that ((¢¢ | ¢ < 0), (B¢e | ¢ <E<0)) and (¢} [ ( <0), (& [ (<€ <
0")) are fake gap-1 morasses. An embedding from the first one to the second
will be a function f with domain

O+ 1) U{(Cm) [¢<b,7<pU{(GE0) [ <E<0,be G}

satisfying certain requirements. We will write f¢(7) for f((¢, 7)) and fee(b) for
FUCE,D)).

The properties are the following ones:

(1) f 1 (04 1) is an order preserving function from 6 + 1 to 6’ + 1 such that
f(o)=¢".

(2) For all { <0, f¢ is an order preserving function from ¢, to SOIf(C)'

(3) For all { <& <0, fce maps &¢¢ to 6}(()]‘(5)'

(4) If ¢ < 0, then fc(d¢) = 0%

(5) If ( <€ <0, b € B and ¢ € By, then fe,(cob) = fey(e) o fee(b).



(6) If(<é<Bandbe @'Cﬁ? then ff ob= fcg(b) o fC'

Assume in the following that 0 < ¢, goC = ¢ for ¢ < 0 and (’5 ce = G for
¢ <& <0. And let for the moment being f [ § = id, fc = id for all { < 0 and
fee =id for all ( <& < 0. Let fy € &),. Then we can define an embedding as
follows: If ¢ < 6 and b € B¢, then feg(b) = fg o b. We call such an embedding
f a left-branching embedding. There are many left-branching embeddings, one
for every choice of fy.

An embedding f is right-branching if for some 7 < 0,

(1) fIn=id

(2) fn+¢) =0+Cifn+¢<0

(3) fe=ddfor { <n

(4) fee=tdfor (<& <n

(5) fn € Gy

(6) fo[QjC&] = ®/f(g)f(5) fn<(<E<o.

An amalgamation is a family of embeddings that contains all possible left-
branching embeddings, exactly one right-branching embedding and nothing else.

The right-branching embedding corresponds to the maps h, from (P3) in the
gap-1 case. Therefore, we will usually denote it by h.

Let k > w be regular and ({(¢¢ | ¢ < K1), (B¢e | ¢ < & < k™)) a simplified
(k*,1)-morass such that p, < k for all ¢ < k. Let (6, | @ < k) be a sequence
such that 0 < 6, < k and 0, = kT. Let (Fap | @ < B < k) be such that
Sap is a family of embeddings from ({¢¢ | ¢ < 6a), (B | ¢ < € < 64)) to

({ec 1€ <), (Bee | ¢ <& <))
This is a simplified (k,2)-morass if it has the following properties:
(1) [Bapl < k for all o < 8 < k.

(2)Ifa < B <, then oy = {fog | f € Fsy,9 € Fap}. Here fog is the
composition of the embeddings f and g, which are defined in the obvious way:

(fog)e= fgeyogc for ( <0y and (fog)ce = foieygee) © gee for ¢ <& < b,
(3) If & < K, then Fo a1 is an amalgamation.

(4) If o < k is a limit ordinal, 51,82 < a and f1 € §g,a, f2 € Fs,q, then there
are a 31,82 < v < @, g € Fya and j1 € §,~, J2 € §s,4 such that f1 = goj
and fo = g o jo.

(5) For all o < k, a € Lim:

(a) b =U{fl0s] | B <o f €Tpal

(b) For all ¢ < fa, oc = U{feleel | 38 < a (f € Fpa and £(C) =)}

(C()_)FOF %;1}1 ( <€ < ba, e = U{fel®e] | 36 < a (f € Fpa, f(C) = ¢ and
f(&) =91t

Theorem 2.3
(a) If V = L, then there is a simplified (x, 2)-morass for all regular x > w.
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(b) If kK > w is regular, then there is a forcing P which preserves cardinals and
cofinalities such P I (there is a simplified (k, 2)-morass).

Proof: (a) The existence of a gap-2 morass was first proved by Jensen. The
proof is very similiar to the existence proof for gap-1 morasses. See Devlin [3],
VIII 2. A sketch of the proof can be found in Friedman [6], 1.3. That a simpli-
fied gap-2 morass can be obtained from an ordinary one was shown by Morgan
in [18].

(b) See Velleman [31]. O

Since ({(¢¢ | ¢ < KT), (G | ¢ < & < k7)) is a simplified (k, 1)-morass, there
is a tree (T, <) with levels T, for n < % as in lemma 1.2. And there are
maps 7y for s < t. Moreover, if we set §,5 = {f | 0o | [ € Sap}, then
(0o | @ < k), (§,p5 | @ < B < kK)) is a simplified (k, 1)-morass. So there is also a
tree (T, <') with levels T} for < k as in lemma 2.2 on this morass. Improving
lemma 2.1, the following holds:

Lemma 2.4

Suppose o < 3 < K, fi,f2 € Sap, €1, < 0o and fi1(¢1) = f2(¢2). Then
G =0C, fil o= folC, (fi)e = (fo)e for all § < (1, and (f1)ey = (f2)ey for
all £ <n < (.

Proof: See Velleman [31], lemma 2.2. O

Now, let s = (a,v) € T}, t = (B,7) € Tj and s <’ t. Then there is some
f € §,,5 such that f(v) = 7. By lemma 2.4

ST+ DU{GT [ C<vr <o U{(GE0) [ (<& <wbe Beel)

does not depend on f. So we may call it 7’,.

Finally, we can prove something very natural:

Lemma 2.5

(a) If ¢ <& < kT, then id | p¢ € Gce.

(b) If & < B < K, then there is a g € Fopg such that g [ 0, = id [ 0,.
Proof: (a) See [11], lemma 3.3.

(b) See Velleman [31], lemma 2.4. O

In addition to the maps f € F.3, we need maps f that are associated to f.
For a set of ordinals X, let ssup(X) be the least o such that X C a. And let

F(¢) = ssup(f[¢]) < £(Q)
Lemma 2.6

For every a < 8 <k, f € §ap and ( < 0, there are unique functions J?C L —
©rc)s fec 1 Bee = Gpie o for all £ < ¢, and 7)€ & f¢)f(c) such that:

(1) fe=f#(¢) o fe



(2) VE < ¢ Wb € Bec fec(b) = f7(C) © fec (D)
Furthermore, these functions have the following properties:
(3) If £ < F(¢) and b € B f (¢, then In < ¢ Fe € G,¢ Id € By

b= fac(c)od.

(4) VE < (Vb e Bg feob= fec(b)o fe.
(5) Ifn < €< (¢, b€ B and ¢ € B¢, then foc(boc) = fec(b) o frelc).
(6) fa<B<y<K, fE€Fpy, g€ Tap and ¢ < 0, then
(fog)e= fac) ©9¢
(f 2 9)*(C) = far9(0) (97 (€)) o f#(3(C)) and
(fog)ec = fo@a() © ge¢ for all € < C.
Proof: See Velleman [31], lemma 2.1. O

From the previous lemma, we get of course also maps (n,); for s <’ ¢ and

0

3 FS systems along morasses

In this section, we recall the definition of F'S systems along gap-1 morasses given
in [11] and generalize it to the gap-2 case, which is straightforward.

Let P and Q be partial orders. A map o : P — Q is called a complete embedding
if

(1) Vp,p' €P (p <p— o) <o(p))

(2) Vp,p’ € P (p and p’ are incompatible < o(p) and o(p’) are incompatible)
B)VgeQIpePVp eP (p) <p— (c(p) and ¢ are compatible in Q)).

In (3), we call p a reduction of ¢ to P with respect to o.

If only (1) and (2) hold, we say that o is an embedding. If P C Q such that the
identity is an embedding, then we write P C;, Q.

We say that P C Q is completely contained in Q if id [ P : P — Q is a complete
embedding.

Let ((oc | ¢ < kM), (&ce | ¢ < € < k1)) be a simplified (k1,1)-morass. We
want to "iterate” along it. This leads to the following definition.

We say that (P, | n < &7F), (05 | s < t),(ea | @ < k")) is a FS system along
{{pe | ¢ < K1), (Bee | ¢ <& < kT)) if the following conditions hold:

(FS1) (P, | n < x*T) is a sequence of partial orders such that P,, C| P, ifn < v
and Py = J{P, | n < A} for X\ € Lim.

(FS2) (ost | s < t) is a commutative system of injective embeddings oy :
Py (s)+1 — Py(t)41 such that if ¢ is a limit point in <, then

Py = (Host[Poisya] | s <t}



(FS3) eq : Py, — P

(FS4) Let s < tand 7 = 7. If () =7/, 8" = (a(s),V') and t' = (a(t),7'),
then oy : Pyis)41 — P41 extends ogyy : Py — Proyg.

Hence for f € &,3, we may define oy = J{os | s = (o, v), t = (B, f(v)) }.
(FS5) If mgy = id [ v(s) + 1, then oy = id [ Py g)41.

Pa-

(FS6)(a) If & < k™, then P, is completely contained in PP
that eq(p) is a reduction of p € P

oyl iDL SUCh & way

Pat+1"
(b) If &« < kT, then 04 := oy, : Py, — P
that e, (p) is a reduction of p € P

vas1 18 @ complete embedding such

Pait1*
(FST)(a) If @ < kT and p € Py, then ey (p) = p.
(b) If o« < kT and p € rng(os), then eq(p) = o, (p).

The definition of an FS system along a simplified (x, 1)-morass, of course, makes
sense for arbitrary regular x > w. We gave it here for successor cardinals
because if a simplified (k,2)-morass is given then the associated gap-1 morass
(e | ¢ < K1), (Bee | ¢ <& < kT)) is a simplified (x1,1)-morass.

To simplify notation, set P := P, ++.

As in the case of (linear) FS iterations it is sometimes more convenient to
represent P as a set of functions p* : k™ — V such that p*(a) € P, for all
a<kT.

To define such a function p* from p € P set recursively

bo=Pp

n(p) = min{n | pn € Pyi1}

tn(p) = (K, vn(p))

P () = 0, (pn) if s € Ty 5 <t :=t,(p) and p,, € rng(oy).

Note that, by lemma 2.2 (a), s is uniquely determined by « and ¢,,(p). Hence
we really define a function. Set

Tn(p) = min(dom(p™)).

By (FS2), v,(p) is a successor ordinal or 0. Hence, if v,(p) # 0, we may
define

Pt = €, () -1 (0™ (7(P))).
If v, (p) = 0, we let p,+1 be undefined.

Finally, set p* = J{p™ | [va(p), Yn-1(p)[ | n € w} where v_1(p) = 7.

Note: If n > 0 and @ € [y,(p), Ya—1(p)[, then p*(a) = o;'(p,) where ¢ =

(1m-1(p) = L,va(p)) because p*(a) = p™ (@) = o' (pn) = (o7 © 047) " (pn) =
osi(pn) where t = t,(p) = (k,vn(p)). The first two equalities are just the
definitions of p* and p("™). For the third equality note that ¢ < ¢ by lemma 2.5
(a). So the equality follows from the commutativity of (o | s < t). The last



equality holds by (FS5).

It follows from the previous observation that (v,(p) | n € w) is decreasing. So
the recursive definition above breaks down at some point, i.e. v,(p) = 0 for
some n € w. Hence

supp(p) = {(p) | n € w}

is finite.

Lemma 3.1

If p* () and ¢* () are compatible for o = max(supp(p) N supp(q)), then p and
q are compatible.

Proof: See [11], lemma 4.1. O

Theorem 3.2

Let p, k > w be cardinals, k regular. Let (P, | n < k™), {0g | s <t),(ea | @ <
k)) be a FS system along a (x,1)-morass 9. Assume that all P, with n < &
satisfy the py-cc. Then P+ also does.

Proof: See [11], lemma 4.2. O

Now, let 90t be a simplified (k, 2)-morass.
We say that

((Py [0 < 677) (0ue [ 5 <), (0 | s <" 1), (ea [ @ <KT), (€ [ @ < k))

is a F'S system along 91 if the following conditions hold:

(FSal) (P, | n < 611),(o0g | s < t),{ea | @ < k7)) is a FS system along
({pc ¢ <mT), (Bee [ ¢ <E< KT,

Let Q = {p* I supp(p) | p € P+ }.
Define a partial order < on Q by setting p < ¢ iff dom(q) C dom(p) and
p(a) < g(a) for all a € dom(q).

Set Qy :={p € Q| dom(p) € 7}

(FS22) (o, | s <’ t) is a commutative system of injective embeddings o/, :
Qu(s)+1 = Qu ()41 such that if £ is a limit point in <, then Q)41 = {04 [Qu(s)41] |
s <"t}

(FS23) e, : Qg,,., — Qq,-
(FSo4) Let s <" t and m = ml,. If w(v') =7/, &' = (a(s),v') and ¢ = («a(t), 1),
then ol : Qu(s)41 — Quy41 extends o7, : Qg1 — Qprgr.
Hence for f € §ap, we may define oy = J{ost | s = (o, v),t = (B, f(v))}.
(FS25) If 7y [ v(s) + 1 =1id [ v(s) + 1, then o, = id | Qy(5)41-

)

(FS26)(a) If o < k, then Qg, is completely contained in Qg,_, in such a way
that e/ (p) is a reduction of p € Qg

a+1°
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(b) If o < &, then oy, := 0}, : Qp, — Qg,, (where h, is the unique right-
branching f € §u,a+1) is a complete embedding such that e (p) is a reduction
of peQy,,,-

(FS27)(a) If @ < k and p € Qg then e, (p) = p.

(b) If @ < k and p € rng(o’,), then e, (p) = (¢/);(p).

This definition deserves some explanation. An FS system along a gap-1 morass
is obtained by thinning out a forcing P by recursion along the morass, which
yields a forcing P. An example of such a construction is given in [11]. Similarly,
an FS system along a gap-2 morass is obtained by thinning out a forcing P
twice. In the first step, it is thinned out along the gap-1 morass ((¢¢ | ¢ <
kT), (Bee | ¢ <& < k™)), which yields a forcing P’ and an FS system along the
gap-1 morass. So it makes sense to consider Q' = {p* | supp(p) | p € P’}. Then,
in the second step, P’ is thinned out to P. This is actually done by thinning
out @' to the Q of the definition. This explains why the auxiliary structure is
necessary.

Theorem 3.3

Let k,v > w be cardinals, s regular. Let ((P, | n < kTT),(og | s < ), (07, |
s <"t),{eq | @ < KT),(eq | @ < K)) be a FS system along a (k,2)-morass.

(a) If (Q, <) satisfies the p-cc, then P also does.
(b) If all Q,, with 1 < & satisfy the p-cc, then P also does.
Proof: (a) follows directly from theorem 3.2.

(b) By properties (FSa1) - (FS37), we obtain as in theorem 3.2, that Q satisfies
the p-cc. Hence the claim follows by (a). O

If we define i : P — Q,p — p* | supp(p) and assume that
(1) Vp,g ePVYa€r: p<qg— ealp) <ealq)
(2)Vp<qePVs=<t: perng(os) — q € rng(os),

then ¢ : P — Q is a dense embedding, i.e. P and Q are forcing equivalent. Hence
in this case, (a) is trivial. As we will see, this is also the reason why the method
can hardly be used to construct forcings which destroy GCH.

4 Cohen forcing and a topological space

To understand how FS systems along morasses work, we will discuss the simplest
example, Cohen forcing. That is, we consider the forcing

P={p:z, — 2|z, Cws X ws finite}.

As usual, we set p < ¢ iff ¢ C p.

"Tterating” Cohen forcing along a gap-2 morass as in the definion of FS system,
will yield a ccc forcing of size wy that adds a 0-dimensional 75 topology on ws
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with spread wi. The construction has two important precursors. Those are,
firstly, the construction of a ccc forcing that adds an ws-Suslin tree in [11] and,
secondly, Velleman’s proof [31] that the model theoretic gap-3 theorem holds in
L. In the following, we will refer to [11] and [31] from time to time to point
out similarities between the constructions. We hope that this makes the whole
proof more comprehensible.

Let 7 : 8 — 6 be an order-preserving map. Then 7 : 6 — 6 induces maps
T:0xXws— 0 xXwsand m: (0 Xws) X2— (6 Xws) x 2 in the obvious way:

TiOXwy— 0 Xwy, (7,6)— (m(7),6)

T (0 Xwy) x2— (0 xws) x2, (x,€) — (m(x),€).
Basically, we will define the maps o of the FS system by setting o(p) = 7[p].
Now, we start our construction of P. In the first step, we define partial orders

P(7) for 7 < ws and Q(7) for 7 < wy. In the second step, we thin out P(7) and
Q(7) to the P, and Q, which form the FS system along the gap-2 morass.

Assume that a simplified (w;,2)-morass as in the previous section is given. We
define P(7) by induction on the levels of ({¢¢ | ¢ < wa), (Gee | ¢ < € < wa))
which we enumerate by 8 < ws.

Base Case: =0

Then we only need to define P(1).

Let P(1):={pe P|zp C1xw}

Successor Case: B =a+ 1

We first define P(pg). Let it be the set of all p € P such that
(1) zp C o xwp

(2) p [ (pa x wa), htlp T (95 x wa)] € P(pa)

(3) p | (pa x wa) and hyt[p | (¢ X wa)] are compatible in P

where h,, is as in (P3) in the definition of a simplified gap-1 morass.
For all v < ¢, P(v) is already defined. For ¢, < v < g set
P(v) ={p € P(pp) | xp C v xwp}.

Set
ost : P(v(s)+1) = P(v(t) + 1), p — mst[p]-

It remains to define e,. If p € rng(o,), then set ey (p) = o, (p). If p € P(pa),
then set e (p) = p. And if p ¢ rng(c.) U P(ps), then set

ea(p) =p I (pa X wa) Uk [p | (95 x wa)].

Limit Case: 8 € Lim

12



For t € Tg set P(v(t) + 1) = U{os[P(v(s) +1)] | s < t} and P(\) = U{P(n) |
n < A} for A € Lim where o4 : P(v(s) + 1) — P(v(t) + 1), p — ma[p].

Lemma 4.1

((PM) | n < ws),(0st | s <t),(eq | @ < wa)) is a FS system along ({¢¢ | ¢ <
w), (Bee | ¢ <& <wa)).

Proof: Most things are clear. We only prove (FS6). Let p € P(pg) and
B=a+1. Let ¢:=p | (pa X @)Uh ' [p ] (pg x @)]. We have to prove that ¢ is
a reduction of p with respect to o, and id | P(¢,). To do so, let r < g. We have
to find an s < p, o4(r),r such that s € P(pg). Define s as s :=pUrUhq[r]. It
is easily seen that s is as wanted. O

By the previous lemma every p € P(ws3) has finite support and we may define
p* for p € P(ws) as in section 3

Q= {p" I supp(p) | p € P(ws)}

Q) ={p e Q| dom(p) C}.

Lemma 4.2

If p < ¢ in P(ws), then p* [ supp(p) < ¢ [ supp(q) in Q.

Proof: Let vy(q) < vo(p) and ~vo(p) be as in the definition of the support of
a condition. Let s < t := to(p), s € Tyy(p) and 8" <t := to(q), 5" € Tyy(p)-
Then vy(q) € rng(mst) and myy = me(v(s' + 1) by lemma 2.2 (¢). Hence
P ((p)) < ¢*((p)) and a ¢ supp(q) for all y(p) < a < w2 = y-1(p).
From p*(70(p)) < ¢*(70(p)) it follows that p*(yo(p) — 1) < ¢*(v0(p) — 1) by the
definition of (e, | & € wa). Now we can repeat this argumentation finitely many
times which yields that supp(q) C supp(p) and that p*(v,(p)) < ¢*(vn(p)) for
all n € w where it is defined. Hence p* [ supp(p) < ¢* | supp(q) as wanted. O

So far, the development is as in [11]. Following the definitions of section 3, we
have to do the same for (). We will, however, not use the maps f € §3 but f

to map p € Q(0.) to Q(8g).

For f € Fap and p € Q(0,) we may define f[p] with dom(f[p]) = f[dom(p)] by
setting
Fl(f()) = fy @ flp(n)] for all 5 € dom(p)

where f, fn are as in lemma 2.6 and

Fo ® F 2 on xwn — @iy xwfn), (v,wd+n) = (f(7),wf(8)+n)

foralln € w
Fn® F i (pn xwn) X2 = (@5, xwfn) x 2, (2,6) = (f © f(x),€).

In the same way we may define 7/, [p].
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The reason why we use f instead of f € F,ps is that f does not map the support
of a condition correctly. For an example, consider the case 0 = a+1 and let f €
Fap be right-branching. Let ¢ be the splitting point of f, i.e. f(J) = 0,. Assume
that p € Q(0,), § € dom(p) and dom(p(d)) C ws x wd. Let f[p] be defined by

dom(f[p]) = fldom(p)] and f[p|(f(n)) := f»@flp(n)] for all n € dom(p). We will
show that f[p] ¢ Q(0s). To do so, notice first that fs = f#(8) o fs by lemma

2.6 (1). However, fs = id | ¢s, because f is right-branching with splitting
point . So fs = f#(5). Hence f[p](6a) = f5s @ f[p(6)] = f#(5)[p(d)] because
dom(p(0)) C s X wd and f | § =id | 6. However, this contradicts the fact that
all ¢ € Q(0p) are of the form ¢ = r* [ supp(r) for some r € P(ws) because in
this case ¢(6a) # g[q] for all g € &9, , ¢ € P(p,) and v < 0, by the definition
of the support of a condition.

This problem does obviously not occur, if we consider f[p].

Lemma 4.3
(8) If f € Fup and p € Q(8.), then flp] € Q(65).
(b) If s <" t and p € Q(v(s) + 1), then 7., [p] € Q(v(t) +1).

Proof: Set ¢ := f[p]. Let dom(p) = {1 < ... < o} and dom(q) = {A1 <
. < Bnt = A{f(n) < ... < f(apn)}. By the definition of the support of a

condition, all a; are successor ordinals. And f(a; — 1) = f(a;) — 1 by the
definition of f. Set q(8; —1) = eg,—1(q(B;)). Then it suffices to prove that there
are functions g; € g, 3,,, -1 such that

(1) ¢(Bix1 — 1) = gila(B:)]
(2) q(8i) ¢ rng(op,—1), 9(Bi) & P(pp,—1):

Since p is a condition, there are functions j; € &4, a,,, -1 such that

plait1 — 1) = ji[p(a;)].

So we can set
gi - fai,a,H,l*l(ji) o f#(al)'
We need to check (1). We first prove that

fai—1® fleag, —1(p(aiv1))] = eg i —1(a(Bit1))-
To see this, we use lemma 2.6 (4) which says
VE<CVhE B feob= fec(b)o fe.
Applying it for § = ;41 — 1, ( = ;11 and b =id | @q,,,—1, We get
4(Bis1) 1 (g1 -1 X@(Bit1=1)) = farp @ FP(@ir1)] T (9,411 Xw(Bi1-1)) =

= fai+1_1 ® f[p(ai-‘rl) I (soai+1_1 X w(ai+1 - 1))}
where the first equality holds by the definition of ¢ = f[p].
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Applying it for { = a1 — 1, ( = 41 and the splitting map b of &q,,; —1,0:41
we obtain

Fec®)Ma(Bir1) 1 (g ¥ w(Bir1 —1))] =
= fec(0)  forps © flp(@is)] 1 (@pisy X W(Bix1 —1))] =
(fec®) 7" 0 fars) @ flp(@is1) 1 (Paiyy X wl@ips —1))] =
= (feob™") @ flp(it1) | (Passy X Wiy — 1)) =
= (fe @ N7 p(@it1) | (asyy X wl@ip = 1D)]).

However, by definition

€8i11-1(0(Bit1)) =

4(Bi+1) T (g1 xw(Bir1—1)) U fec(®) T a(Bivr) I (9,40 X w(Big1—1))]
and

ai—1(P(@it1)) =

P@is1) I (Paiy—1 X wl@ipr =1)) U 07 plaisn) T (g X w(@ipn — 1))

This proves that

fai+1*1 ® f[eai+1*1(p(ai+1))} = eﬁi+1*1(Q(ﬂi+1))'
Hence
q(ﬂi-‘,—l - 1) = 631‘,+1—1(Q(/Bi+1)) = fOti+1—1 02y f[eai+1_1(p(ai+1))] =
= fai+1*1 ® f[jl(p<al))] = (fai+1*1 Oji) ® f[p(al)] =

= (fai,aq‘,+1—1(ji) © fOli) ® f[p(al)]
by (6) in the definition of embeddings. However, f., = f#(a;) o fa, by lemma
2.6. So

(fOéi’a'H»l*l(ji) © fOéi) ® pr(al)} =

= (fozi,aprl—l(ji) © f#(ai) © foéi) ® f[p(al)] =
= fonaii—103i) o [ () [fo, @ flp(aa)]] =
= fosa—10) o f# (i) a(8)]

and we are done.

To see (2), notice that by the definition of the support of a condition p(«;) ¢
ng(0a;—1) and p(a;) ¢ P(pa,;—1). Now, we can use lemma 2.6 (4) to obtain
that ¢(8;) ¢ rng(os,—1) and ¢(a;) ¢ P(pp,—1). The argument is very similar to
the one we used to prove

faz‘+1*1 ® f[eai+1*1(p(ai+1)>] = eﬁi+1*1<q(ﬁi+1))' O
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In the following we thin out Q(y) to Q. to obtain a F'S system along our gap-2
morass.

We define Q, by induction on the levels of (0 | @ < w1), (§i5 [ @ < B <wi)).

Base Case: =0

Then we only need to define Q;.

Let Q1 = Q(1).

Successor Case: B =a+ 1

We first define Qg,. To do so, let Py, be the set of all p € P(pg,) such that
(1) (ho, @ h)~'[p] € Py,

(2) g7 p I (po, x 0a)] and (hg, ® h)~'[p] are compatible for all g € Bg,_g,
where h is the unique right-branching embedding of §.3.

Set
Qo = {p" I (supp(p) N bs) | p € Py, }.

Fort € Tjset Qu()+1 = {p € Qo, | dom(p) C v(t)+1} and Qx = U{Q, | n < A}
for A € Lim.

Set _
ot Qus)+1 — Quity+1: P mylp]-

It remains to define e/,. If p € rng(cl,), then set e/, (p) = o/ (p). If p € Qq,,,
then set e/, (p) = p. And if p ¢ rng(o),) UQp,, then choose a r € Py, with
p=r* | supp(r) and set

g:=Jo7 I 1 (9o, X 0a)] | 9 € Bo,0,} U (ho, @ h) 7 [r]

=1*(0a) U (hg, @ h)"1[r].
Set e, (p) = ¢ I (supp(q) N ba).
Limit Case: 3 € Lim
For t € Ty set Qu1)11 = U{0[Qu(sy41] | s -<’7t} and Q\ = U{Q, | n < A} for
A € Lim where 0, : Q)41 — Quy41, P — T[]

Finally, set P, = {p € P(n) | p* | supp(p) € Qu,} and P :=P,,,.

We think that some explanations are appropriate. Let us first compare our
definition to Velleman’s construction in [31]. His proof of the gap-3 theorem is
theorem 5.3 of [31]. He has to construct a structure 2. Assume that his x* = w;.
Then he constructs A by constructing for every o < wy a structure 2, and taking
a direct limit. However, the system of elementary embeddings he uses to take
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the direct limit is not a linear commutative system. That is, we do not have
for every a < wj a single elementary embedding f : 2, — 2 but an elementary
embedding f* : A, — A for every f € §aw,.- Moreover, he has to require that
his structures A, "mirror” the structure of ((¢¢ | ¢ < Oq, (Gee | ¢ < € < 04)).
Similarly, we obtain P as the direct limit of the Py, , which is shown in the
next lemma. Moreover, we proceed in such a way that Py, C P(pg,). Hence
also our Py, ”mirror” the structure of ((p¢ | ¢ < 0, (Gee | ( <& < 0a)). As
in the case of Velleman’s construction, this is necessary to define P, ., in the
successor step (cf. lemma 5.2 of [31]). Let us make some further remarks.

Remark 1:

We postpone the proof that this definies indeed an FS system along our gap-2
morass M. However, we check the crucial condition (FS36) already here. To do
so, let p€ Qg, and B =a+1. Let r € ]PWB be such that p = r* | supp(r) and

q:=71"(0a) U (ho, @ h)~'[r]

where h is the right-branching embedding of §.3. We have to prove that s :=
q* | (supp(p) N 6,) € Qp,, is a reduction of p with respect to o/, and id | Qp,, .
To do so, let ¢t € Qp, with t < s. We have to find an u € Qp, such that
u < p, ol (t),t. Notice first that

s <" | (supp(r) N ba)

and - -
s < (ho, @ h) " [r]* | supp((he, © h)~'[r]).
Hence
t <" [ (supp(r) N0,)
and

t < (ho, ® h) "' [r]* I supp((he, @ h)~[r]).

Let v = max(dom(t)). Then t(v) and q are compatible. Set v = qUt(v) € Py,
and w = rUv U (hg, ® h)[v]. Then w < r,t(v), (hy, @ h)[t(v)]. Hence u :=
w* | supp(w) < p because w < r. Moreover, u < ¢,0.,(t). This is proved from
w < t(v), (he, ® h)[t(v)] as in the proof of

peEQy, AN [f€Tap = flp] €Qq,.

Remark 2:

Suppose p € P is given. Let G be any generic filter with p € G. Let F = J{p |
p € G}. Then by (2) in the successor step of the construction, F' is not only
already determined on dom(p), but a lot more of F' is already determined. Set

D={necw|34,v (y,wd+n) € dom(p)}.
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Then it will turn out that F' is at least not yet determined on
wy X {wd+n|new—D,8 €ws}.

This will be used in lemma 4.6, which is the crucial step for proving that P adds
a Hausdorff space.

Remark 3:

Assume that 8 = o+ 1 and that h is the right-branching embedding of Fag.
Let p1, p2 € Py, be compatible and g € g,_g,. Then also g[p1] and he, ® hps]
are compatible, i.e. g[p1] and hy, ® h[pa] agree on the common part of their
domains. To prove this, let

(v,n) € dom(g[p1]) N dom(h, @ hlp2])

g((v,m) = (v.m)  he, @ h({v2,m2)) = (v, m).

Since h is right-branching, }_lga = hg,,. Let § be the critical point of f | §,. Then
7 < wd and therefore n = 71 = 79. By (6) in the definition of right-branching,
there exists a b € B5p,, such that fse, (b) = ¢g. Hence, by (6) in the definition of
embedding,

hg, ob=gohs.

So there exists (J,7n) € ps X wd such that
ho,, o b((Y,m) = g o hs((¥,m) = (v.m)

hs((Y,m) = (vi,m) b((F,m) = (2. m)-

By (5) in the definition of right-branching embedding, hs € ®gsp,. Hence

pi(v1,m) = pi(0)(7,m). Moreover, pa(v2,1) = p5(6)(7,7) because b € Bso,
However, p; and py are compatible. Therefore, also pj(§) and p3(d) are com-

patible. So p3(d)(7,1) = p3(6)(7,n). This in turn implies p1(y1,7) = p2(72,71)-
Hence g[p1](7v,n) = hg, ® h[p2](,n). That’s what we wanted to show.

The same argument shows for all p € P, and all g € &4, that g[p] € Poo, s
hg,, @ hip] € Py,, and glp) U (ha, @ h)[p] € Pog,-

For arbitrary a < f < w; and f € §ap define

Joo ® f 100, x wla — g, xwlg,  (y,wd +n)— (fo,(7),wf(d) +n)
for all n € w and

foo @ F i (po, X wha) X 2= (po,; X wp) x 2, (x,€) = (fo, @ f(z),€).

If 3 = a+1, then §,p is an amalgamation by (3) in the definition of a simplified
gap-2 morass. Hence f € §ap is either left-branching or right-branching. Let
p € Py, and assume that f is right-branching. Then fo, @ f[p] = fo, @ f[p]
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because fy, = fo,. If f is left-branching, then f,_ € G0, and f [ O =id | 0.
Hence fp, ® f[p] = fo.[p]- So in both cases

fo. ® Flp) € Py, .

By induction, this is also true if 3 = a4+ n for some n € w. What does happen
at limit levels?

Lemma 4.4

For all 8 € Lim, P«% = U{f#(oa) © (.]?HQ ® f)[Ptpea] | fe Sas,a < B}
Proof: We first prove 2. Let a < 3, p € Py, and f € Fap. We have
to prove that r := fy, ® flp] € Pg,,. That is, we have to show that r* |

supp(r) € Qp,. But by the argument of lemma 4.3, 7* [ supp(r) = flq] where
q :=p* [ supp(p) € Qy,,. Hence flq] = r* | supp(r) by the definition of Qy,.

For the converse, let p € IF’WB. Hence r := p [ supp(p) € Qp, by the definition
of Py, . Set v := max(dom(r)) and t := (3, v). Moreover, let g € &,4, be such
that g[r(v)] = p. Let, by the definition of Q,1, s <’ t be such that r = oZ,(7)

for some 7 in Q,(5)41. Hence r = f[7] for some f € Fap such that s := (a,7)
and f(7) = v. In particular, also f(7) = v. That is, if we set v = £ + 1, then
¢ € rng(f). Hence f, = f5 and r(v) = f; ® f[r(¥)]. Moreover, by (5)(c) in
the definition of a simplified gap-2 morass, we may assume that g = fzg_(3)
for some g € &pg,. But then p = fp, ® f[p] where p = g[F(¥)] by (6) in the
definition of embedding. O

Lemma 4.5
(P [0 < KTF) (ost | s <), (04 | s <" 1), (ea | @ <KT), (e, | < K))

is a F'S system along 9. Hence P,,, is ccc.

Proof: (FS32), (FS23), (FS24), (FS25) and (FS27) are clear from the construc-
tion. (FS26) was proved in remark 1. So we are only left with (FS;1). That is,
we have to prove that

(P [n < KT (ot | s <t), (ea | @ < k™))
is a F'S system along ((¢¢ | ¢ < wa), (B¢e | ¢ <& < wa)). We know that
(P() [ n < ws), (o5t | 5 <1),(ea | @ < w2))

is a F'S system along ({(¢¢ | ¢ < wa), (G¢e | ¢ < € < wa)). From this it follows
immediately that (FS4), (FS5) and (FS7) also hold for

((By [ n < w7F), (o5t | s < 1), (ea | @ < KT)).
Moreover, (FS1) holds, because

(x) P,={peP|pecP(n)}
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and for P(n) we know (FS1) already. By (%), one has to prove for (FS2), (FS3)
and (FS6) that certain conditions are elements of P. In the case of (FS2), for
example, one has to show that o4 (p) € P,(4)41 for all p € P54 In all three
cases that’s not difficult. O

The next two lemmas correspond to lemma 5.2 and lemma 5.3 of [11]. Lemma
4.6 will ensure that the generic topological space is Hausdorff. Lemma 4.7 will
guarantee that the space has spread ws.

Lemma 4.6

Let p € P and v # 6 € ws. Then there is ¢ < p in P and p € ws such that
q(v, 1) # (6, ).

Proof: We prove by induction over the levels of the gap-2 morass, which we
enumerate by 8 < wq, the following

Claim: Let p € IP’(P% and vy # 0 € ¢g,. Then there is ¢ < p in ]P’Wﬁ and p € wlg
such that q(v, u) # q(6, ).

Base Case: =0

Trivial.
Successor Case: =a+1
Let h be the right-branching embedding of §,3. We consider four cases.

Case 1: 7,0 € rng(hy,)

Let p € Py, be given, hq, (%) = v and hg_(8) = 6. Set p = (hg, @ h)"*[p] U
p*(0,). By the induction hypothesis, there existsaq € Py, andap=wr+ne€
why (n € w) such that ¢ < p and (¥, ) # 4(9, i1). Set

q=pU(hg, @ h)lq]
and p = wh(T) +n. Then g € Py, by remark 3, ¢ < p and q(v, 1) = 4y, g) #
a(0, 1) = q(d, ).

Case 2: 7,0 ¢ rng(hg,)

We consider two subcases. Assume first that 63 ¢ Lim. Then choose some
p € [w(ls — 1), wbg[ such that u ¢ {r2 | Ir1 (71, 72) € dom(p)}. Set

g=pU {((’y,,u),()}, <<5, ,LL>3 1>}

By the choice of 11, ¢ € P(ps,). According to the case which we are in, ¢*(6,) =
p*(0s) and (hg, ® h)"1[q] = (he, ® h)~'[p]. Hence ¢* and (hy, @ h)~![q] are
compatible because ¢* and (hg, ® h)~![g] are compatible. So q € IE”W[3 and it is
obviously as wanted.

Now, suppose that 83 € Lim. Assume w.lLo.g. that v < 4. Set t = (03,9).
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Let s < t be minimal such that v € rng(ms). Let s € T,,. Pick p € [w -
maxz(0y,1n),wls[ such that p ¢ {ro | I (11, 72) € dom(p)}. Set

g=pU {<<7’M>7O>’ <<57 :u>’ 1>}

As in the first subcase, ¢ € P(pg,) by the choice of p. Also as in the first
subcase, we can see that ¢ € IPWE. Hence ¢ is as wanted.

Case 3: v €rng(hg,), d ¢ rng(he,)
Again, we consider two subcases. Assume first that 63 ¢ Lim. Then choose
p € [w(lp — 1), whg[ such that pu & {7z | 371 (71, 72) € dom(p)}. Let ho, (7) =
and h(i) = p where h(wt +n) = wh(7) +n.
Let
p=p"(0a) U (ho, @ 1)~ [p].

Then there exists by the previous lemma in Py, a ¢ < p such that (¥, /) €
dom(g). Set

r=pU (hg, ® h)[q]
and

q=rU{{{0,m),e}
where hg_, ® h[q|(y,n) # € € 2.
By the choice of u, ¢ € P(pg,). By remark 3, r € Py, Hence 7*(0,) and

(he., @ h)~1[r] are compatible. According to the case which we are in, ¢*(0y) =
r*(0) and (hg, ® h)t[q] = (he, ® h)~[r]. So also q € Py, It is also as
wanted.

Now, suppose that 83 € Lim. Assume w.lLo.g. that v < d. Set t = (03,9).
Let s < t be minimal such that v € rng(ms). Let s € T,,. Pick p € [w-
maxz(0q,1n),wds[ such that p ¢ {m | In (11, 72) € dom(p)}. Let ho, (7) =~
and h(f) = p where h(wT +n) = wh(r) +n for all n € w. Let

P =1"(0a) U (he, @ h)1[p).

From now on, proceed exactly as in the first subcase.

Case 4: v ¢ rng(he,), § € rng(hg,,)
Like case 4.

Limit Case: f € Lim

By a previous lemma, Py, = U{(fo. @ )Py, ] | @ < B, f € Fap}- By (5) in the
definition of a simplified gap-2 morass, v, = U{fo.[ve.] | @ < B, f € Fap} and
0 = U{flfa] | &« < B, f € Fap}. Hence by (4) in the definition of a simplified
gap-2 morass, we can pick a < 3, f € Fap, P € Py,_, 7 € g, and § € wh, such

that fa, @ f[p] = p, fo, () =~ and f(§) = § where f(wT +n) = wf(7) +n for
all n € w. By the induction hypothesis, there exists ¢ < p such that g(¥, ) #
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q(8,11). Set q := fo, @ f[g). Then q is as wanted. O

Lemma 4.7

Let (p; | i € wy) be a sequence of conditions p; € P such that p; # p; if i # j.
Let (d; | i € we) be a sequence of ordinals §; € ws such that §; € dom(z,,) for all
i € wy. Then there exist ¢ # j and p € P such that p < p;, p;, (&, 1), (65, 1) € xp
and p(6;, ) = p(0;, ) for all p € rng(xy,).

Proof: By first extending the conditions, we may assume that z,, = dom(xzp,) x
rng(zp,) for all i € wy. Hence (0;,u) € xp will hold for all p € rng(xy,)
automatically. Moreover, we can assume by the A-system lemma that all x,,
are isomorphic relative to the order of the ordinals, that p; = p; for all 7, j € wo,
that 7(d;) = &; if m : dom(wy,) = dom(wy,), that {rng(xp,) | i € wa} forms a
A-system with root A, and that 7 [ A =id [ A if w: rng(z,,) = rng(zy,). To
prove the lemma, we consider two cases. ‘

Case 1: rng(z,,) = A for all i € wo

Then we set 7 = max(A). Since there are wp-many p; while P, ., has only w;-
many elements, there exist p; and p; with i # j such that pj (n+1) = pj(n+1).
Hence by the usual arguments p; and p; are compatible. Set p = p; Up;. Then
p is as wanted, because p; = p; and 7(d;) = d; if 7 : dom(w,,) = dom(xp, ).

Case 2: rng(zp,) # A for all i € wy

Then {min(rng(zp,) —A) | i € wa} is unbounded in wy. For every i € wy choose
o; < w1, fi € Foswys 0i € ©0,, and p; € Py, ~such that

pi = (fi)o., ® filps] and & = (fi)o., (5:).

Since there are wy-many ¢; and p; but only w;-many possible §; and p;, we can
assume that a; = o, 0; = Sj and p; = p; for all 4,5 € wa. Set p = P;, a = oy
and 6 = 0;. Let v € ws be such that p; € P, for all i € wy. Let t = (wo, V).
Let s < t such that p; € rng(os) for wi-many ¢ € we. Let s € T;,. Pick p;
such that min(rng(xp,) — A) > wn. Let n; = min(rng(zp,) — A). Then by the
choice of f;, m; € rng(fi | 6a). Let u < t be such that u € T),,. Let f;(7;) = n;.
Since there are wq-many j € we such that p; € rng(oy), there are also wyi-many
J € wy such that p; € rng(cy:). On the other hand, rng((f;)s,) is countable. So
we can pick a j € wy such that 6 ¢ rng((fi)s,), mu(6) = 0; and p; € rng(oy.).
In the following we will show that there exists p < p;, p; such that (6;, 1) € xp

and p(0;, u) = p(d;, ) for all p € rng(xy,).

For a < B < wy, let f; = giﬁ oj? where giﬂ € Fap and jf € §pBw,- Let
g?(nlﬁ) = 7; and ~ be minimal such that § € rng((gg)n?). For v < 8 < wy, let
(97),5(6%) = 6, 9] = (7)o, ® 37 (), 97186 = A and 67 = (j})o, (6). We prove
by induction over v < § < wy the following

Claim 1: If (7, 6%) < (03,8, then there exists p° < p{ such that (&', u) € x

pB
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and p? (67 1) = pP (&', ) for all p € rng(xpf) — Ag.

Base case: B =1

By the definition of v and (5) in the definition of a simplified gap-2 morass,
7 is a successor ordinal. Let v = o' + 1. Moreover, 6., < 7. Hence p] =

ho , ® h[p;’,] where h is the right-branching embedding of §,/,. We first notice,
that 6" ¢ rng(he_,). Assume that this was not the case. Then pick a m € &,y

such that 7(6%) = ¢’. By (6) in the definition of right-branching, there is a
T € 677?/97/ such that hn?/%/ (7) = m. Let hg,(0') = d&'. Let (] ,p) < (0,0").
By (6) in the definition of embedding,

hn-”/ o =mohgy,.
k2

Hence hrﬂ' (p) = 68, which contradicts the definition of . We can define a
condition p” < pf , p” € P by setting

P’ =] UL 1), 9] (67, 1)) | 1 € rrg(a,0) — 0.
This p? is as wanted.

Successor step: B=p+1
We consider two cases:
Case 1: piﬂ = g[pf] for some g € &g g,

In this case n? = 7’ < 6,. Let (n?, 69y < (0,,0") < (0p,0"). Let m € Bg,4, such
that 7(6”) = ¢’. Then by the induction hypothesis, there exists p’ < p? such
that

P&, 1) =p' (0, 1)
for all p € rng(z,r) — A,. Set
p’ ==l ugly].
Then by remark 3, p? € P and
PO ) = p'(8" ) = P60, ) = (8] )
for all € rng(xyr) — Ap =rng(x,s) — Ag. Hence p? is as wanted.
Case 2: piﬁ = he,[p}] where h is the right-branching embedding of F,s3
We consider three subcases.

Subcase 1: &' € rng(he,)
Let hg,(8') = &'. Then by (6) in the definition of embedding, (n,8*) < (6,,6').
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Hence by the induction hypothesis, there exists p” < p? such that (&', ) € e
and p? (67, u) = pP (0’ p) for all p € rng(zpe) — A, Set

p® = he, ® h[p?].
Then p? is as wanted.
Subcase 2: ¢’ ¢ rng(hg,) and 0, < 77?
Exactly like the base case of the induction.

Subcase 3: ¢’ ¢ rng(he,) and niﬁ <0,

This case is a combination of the base case of the induction and of case 1. Let
(n?,6%) < (0,,8") < (83,0"). Let w € B9,9, such that w(0"”) = ¢’. Then by the
induction hypothesis, there exists p? < p! such that (¢, u) € z,r and

PP (07, 1) = pP (6", )

for all p € rng(z,r) — A,. Set
p’ = wp"| U (ha, @ W) [p") U (0", ), 1] (87, 1)) | 1 € rmg (o) — 0, )

By remark 3, p? € P. We claim that p® is as wanted. For u € rng(mpg) -0,

P87 ) = pP (&, )

holds by definition. For p € rng(xp?) N0, =rng(z,r) N6, we have

P20 1) = (8", 1) = (87, 1) = P (67, ).
This finishes the proof of the successor step.
Limit case: 3 € Lim

By lemma 4.4 and by (4) and (5) in the definition of a simplified gap-2 morass,
we can pick a p < # and a f € §,3 such that ¢’ € rng(fy,) and fo, @ f[p] = pf.
Let fg,(0") = ¢’. Then by (6) in the definition of embedding, (n!,57) < (0,,6').
Hence we can pick by the induction hypothesis a p? < pf such that (¢', u) € zp»
and

P67 1) = p" (0, )
for all pu € rng(zyr) — Ap. Set

P’ = fo, ® flp].

Then p? is obviously as wanted. This finishes the proof of claim 1.

Finally, we can prove by induction over a < 8 < wy
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Claim 2: For a < 3 < v, set pf := pf. For v < 3 < wy, let p? be as in claim
1. Then there exists for all « < 3 < w; a p € P such that p < pﬁ,pf.

Base case: =«
Trivial.
Successor case: B =p+1

We consider four cases.

Case 1: p’ = f[p°] and pf = g[p}] for some f,g € Bg,4,

By the induction hypothesis, there exists a p < p",pf. Set
p=flplUglpl Up”.

It is not difficult to see that p € P in all the different cases which occur in the
definition of pP°.

Case 2: p. = hy, ® h[pf] and pf = g[pf] where g € Bg,9, and h is the right-
branching embedding of §,3

By the induction hypothesis, there exists a p < pﬂp?. Set

p=g[p] U (he, ® h)[p] Up”.

It is not difficult to see that p € P in all the different cases which occur in the
definition of pP.

Case 3: pf = hg, ® h[pf] and pf = g[p}] where g € B¢ g, and h is the right-
branching embedding of §,s

Like case 2.

Case 4: p) = hg, ® h[p{] and p? = hg, ® h[pf] where h is the right-branching
embedding of §,s

By the induction hypothesis, there exists a p < pp,pf. Set

p = (he, ® h)[p] Up’.

It is not difficult to see that p € P in all the different cases which occur in the
definition of pP.

Limit case: 3 € Lim

This is proved very similar to the limit step in claim 1.

This finishes claim 2 and proves the lemma, if we set § = w; and §' = §;. O

25



Lemma 4.8

(a) i : Py, — Quy,p— p* | supp(p) is a dense embedding.

(b) There is a ccc-forcing P of size w; such that Q,,, embedds densely into P.
Proof: (a) We have i[P,,] = Q.,. So it is clear, that i[P,,] is dense in Q,,.
It remains to check (1) and (2) of the definition of embedding. It follows from
lemma 4.2, that (1) holds. For (2) assume first that p,p’ € P,,, are compatible.
So thereisr < p,p’ in P,,. Hence i(r) < i(p),i(p’) by lemma 4.2. Soi(p),i(p’) €
Qu, are compatible. Conversely assume that i(p),i(p’) € Q,, are compatible.
Then p,p’ € P, are compatible by lemma 3.1.

(b) Note, that ((Q, | 7 < ws3), (0% | s <" 1),{e, | @ < w1)) is an FS system
along ({0 | @ < wi1),(§,5 | @ < B < wi)). Hence we can define P from Q,,
like we defined Q,, from P,,,. That Q,, embedds densely into PP is proved like
before. O

Before we prove the main theorem, let us recall the definition of the spread of a
topological space. Let (X, 7) be a topological space with topology 7. A subset
D C X is called discrete if for every z € D there exists an U € 7 such that
UND = {z}. The spread s(X) of X is defined as s(X) = w - sup{card(D) | D
is a discrete subset of X}.

Theorem 4.9

If there is an (wy, 2)-morass, then there is a ccc-forcing P of size w; that adds a
0-dimensional 75 topology on ws which has spread < w;.

Proof: By lemma 4.8, P, embedds densely into P. Hence P,, and P yield
the same generic extensions. So it suffices to prove that P := P,, adds a 0-
dimensional 75 topology on ws which has spread w;. By lemma 4.5, P is ccc.
Therefore, it preserves cardinals. Let G be P-generic. Weset F' = J{p | p € G}.
Then F : w3 X wy — 2 by a simple density argument. Let 7 be the topology on
w3 generated by the sets A° := {a € w3 | F(a,v) = i}. Thus a base for 7 is
formed by the sets B, := ﬂ{A,E,(V) | v € dom(e)} where € : dom(e) — 2 is finite
and dom(e) C wy. Hence 7 is 0-dimensional. We claim that 7 is as wanted.
We first show that it is 75. We have to prove that for v # § there is some p € wo
such that F(v, u) # F(J, ). This is clear by the genericity of G and lemma 4.6.

It remains to prove that 7 has spread < w;. Assume not. Let X, h and B be
names and p € P a condition such that

plF (X C ws, h fwy — X is bijective, B :wy — V, Vi € wy B(i) is a basic open
set, Vi # j € wy h(i) € B(i) A h(j) ¢ B(7)).

For every i € ws let p; < p and §;, &; be such that p; I+ h(i) = 0; A B(z) =
Bs,. By the previous lemma, there are ¢ # j and r € P such that » < p;, p;,
(03, 1), (05, ) € 2y and (04, u) = 7(d5, ) for all p € rng(xy,;). Hence r I h(j) =
5; € B(i) which contradicts the definition of p. O
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By a theorem of Hajnal and Juhasz [7], card(X) < 22" for every Hausdorff
space X where s(X) is its spread. By theorem 2.3, we can assume that GCH
holds in the ground model where we construct our forcing. Since the forcing
satisfies ccc and has size wq, it preserves GCH by the usual argument for Cohen
forcing. So in the generic extension card(X) = 22" holds for the generic
space X. Hence the theorem answers Juhasz’ question [13], if the second exp
is necessary in the case that s(X) = w;. Moreover, the theorem of Hajnal and
Juhasz shows that we cannot expect to be able to construct from an (w, 3)-
morass a ccc forcing of size w; which adds a Ty space of size wy and spread
wy. If this was possible, we could find such a forcing in L. However, by the
usual argument used for Cohen forcing it preserves GCH which contradicts the
theorem of Hajnal and Juhasz. For similar reasons it is not possible to construct
as in [11] along an (wq,2)-morass a ccc forcing that adds an ws-Suslin tree.
There it is easier to see what goes wrong. Namely it is not possible to prove
the necessary versions of lemma 5.2 and lemma 5.3 of [11]. This is prevented by
condition (FS36) of the definition of a FS system along a gap-2 morass, which
requires that an amalgamation of conditions like in remark 1 above is possible.

On the other hand, the observation that i : P,, — Q,,,p — p* | supp(p) is a
dense embedding, also applies to the forcing which we constructed in [11]. This
yields

Theorem 4.10

If there is an (w1, 1)-morass, then there is ccc-forcing of size w; that adds an
wo-Suslin tree. O

5 Local FS systems along morasses

In this section, we explain how the ideas from the previous sections can be used
to construct forcings that can destroy GCH. As an example we reprove a consis-
tency statement of Koszmider’s [14]. The same method can be used to construct
cce forcings that add an (w,ws)-superatomic Boolean algebra or a witness for
wy A (w:2)3.

In the previous section, we observed that every forcing obtained by a F'S system
along a simplified (wq, 1)-morass preserves GCH, if lemma 4.2 holds for it and
every P, with 7 < w; is countable. However, these are exactly the most natural
properties of forcings constructed by FS systems. So all “natural examples” of
FS systems along morasses seem to preserve GCH. So we can for example not
expect to add a family {X, | @ < wz} of uncountable subsets X, C wy such
that X, N Xg is finite for any two a # § € wy because the existence of such a
family implies 2¢ > wo by a result of Baumgartner’s [1].

How can we overcome this difficulty? Can we obtain by a FS system along a
(K, 1)-morass a normal, linear FS iteration P,+? Note, that then we automati-
cally add xT-many new reals.

Assume that (P, | n < k™) is a normal, linear FS iteration given as a set of x-
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sequences p € P+ such that P, = {p [n|p € Py+} and P, =Py % Q,, (where
Qn is a IP,-name such that P, IF (Q77 is a forcing)). Then p: kT — V € P4 iff
P, IF p(n) € Q, for all n € kT and supp(p) := {n € KT | P, If p(n) = 1y, }is
finite.
For finite A C kT and p € P+ define pa € P+ by setting

pa(n) =p(n)ifne A

pa(n) =1q, ifn ¢ A .

where 1, is a IP;-name such that P, I+ 1, = 1Qn'

For A C P+ and finite A C kT define

Ax = {pa | p € A}

If 4 > wy is regular and PA satisfies the p-cc for all finite A C x™, then P,.+
also satisfies the p-cc, as follows by the standard A-system argument.

The idea is now to ensure the p-cc of every Pa by constructing it by a FS
system along a morass. This motivates the following definition: We say that a
FS iteration (P, | n < k™) like above is a local FS system along a (simplified)
(k,1)-morass M iff for every finite A C T there is a FS system <<Q$ | n <
k1), (05 | s <t),(e5 | a < K)) along M such that Pa C, Q%,.

So far, all this is of course only theory. As a simple example let me consider the
forcing to add a chain (X, | & < we) such that X, C w1, X3 — X, is finite and
Xo — Xp has size w; for all § < a < wy. The natural forcing to do this would
be

P:={p:a, xb, —2|a, xb, Cwy X wq finite }

where we set p < ¢q iff ¢ C p and
Va; < ag € Qg Vﬂ c bp — bq p(a1,ﬂ) < p(OZQa/B)-

Obviously, we will set X, = {8 € w1 | p(o,8) = 1 for some p € G} for a
P-generic G.

It is easily seen that (P, | n < ) with P, = {p € P | a, C n} can be
written as FS iteration such that P = {p € P | a, € A}. On the other
hand, it is not simply a product. Unfortunately, it also does not satisfy ccc. To
see this, consider for every 8 < w; the function pg : {0,1} x {#} — 2 where
ps(0,8) =1 and pg(1,5) = 0. Then A = {pg | § € w1} is an antichain of size
w1. Therefore, we need to thin out the forcing in an appropriate way. To do
this, let ({0 | @ < w1), (Fap | @ < 8 < wi)) be a simplified (wy, 1)-morass. We
will define a system ((P,, | n < wa), (05t | s < t)) which satisfies properties (FS1)
- (FS5) in the definition of FS system along a gap-1 morass.

Let 7 : 6 — 6 be a order-preserving map. Then 7 : 6 — 6 induces maps
T:0xw —0xwyand 7: (0 Xwy) X2— (6 xw) X 2 in the obvious way:

T xw —0xwy, (7,6)— (m(v),0)
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T:(@xw)x2— (0xw)x2, (x,€)— (m(x),€).
Basically we will define our maps o by setting o(p) = «[p)].

We define ((IP, | n < wa), (0 | s < t)) by induction on the levels of ({0, | a <
w1), (Fap | & < B < wq)) which we enumerate by 8 < ws.

Base Case: =0

Then we need only to define P;.
Let Py :={pe Plap,xb, C1x1}.
Successor Case: B =a+1

We first define Py,. Let it be the set of all p € P such that:

(1) ap x by, C g x B.

(2) £ p] T (0 x @) €Pg, p | (0o x @) € Py, where hy, is as in (P3) in the
definition of a simplified gap-1 morass.

(3) If @ € by, then p(y,a) < p(d, ) for all v < § € ay, ie.
p | (8 x {a}) is monotone.
For all v < 0,, P, is already defined. For 6, < v < 63 set
P, ={p Py, |a, xb, Cvxp}

Set
Ost - ]P)u(s)—i-l - ]Py(t)+1vp = Wst[]?]~

Limit Case: 3 € Lim
For t € Tﬁ set I[Du(t)Jrl = U{O'st[Pu(s)+l] | s < t} and ]P’)\ = U{]P)»,, | n < )\} for
A € Lim where o : Pyisy41 — Pyt)41,0 — st [p]-

Set P:=P,,.

A ccc forcing that adds a chain (X, | @ < wq) such that X, C wq, X5 — X, is
finite and X, — X3 has size w; for all 8 < o < wy was first defined by Koszmider
[14]. He used Todorcevic’s [28] p-functions for his definition. In [17], Morgan
shows that it is possible to directly read off a p-function from a simplified gap-1
morass. If we use this p-function to define Koszmider’s forcing, then we get
exactly the same forcing as with our approach.

Lemma 5.1
For pe P,p e Piff for all @ <w; and all f € Fat1,0,

F7Hp) T (Bagr x {@}) is monotone.

Proof: We prove by induction on v < w; the following
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Claim: p e Py iff p€ P, ap C0,, b, Cyand for all @ < and all f € Fot1,4

F7Hp) T (Bagr x {a}) is monotone.

Base case: v =0
Then there is nothing to prove.

Successor case: v = [+ 1

Assume first that p € Pg_. Then, by (2) in the successor step of the definition
of Pu,, f~*pl, (id | 63)"'[p] € Pg,. Now assume f € Fot1,4 and o < 3. Then
f = fgof or f = ffor some f’ € Fot1,8 by (P2) and (P3). So by the induction
hypothesis

F7Hp] T (Bayr x {@}) is monotone

for all f € §at1,4 and all o < B. Moreover, if o = 3 then the identity is the
only f € Sa+1,4. In this case

F7Hp] T (Bayr x {@}) is monotone

by (3) in the successor case of the definition of P.

Now suppose that

F7Hp] T (Bayr x {a}) is monotone

for all @ < v and all f € Fay1,,. We have to prove that (2) and (3) in the
successor step of the definition of P hold. (3) obviously holds by the assumption
because the identity is the only function in §,, = §g+1,4. For (2), it suffices by
the induction hypothesis to show that

f_l[hgl[p]] I (Bas1 % {a}) is monotone

and
F7HGEd T 05)  P)]) T (asr x {a}) is monotone

for all f € Fa+1,8. This, however, holds by (P2) and the assumption.

Limit case: v € Lim

Assume first that p € Pgp,. Let a < and f € Fay1,,- We have to prove that

F7Hp) T (Bagr x {a}) is monotone.

By the limit step of the definition of IP, there are 3 < v, g € §gy and p € Py,
such that p = g[p]. By (P4) there are o, < § < 7, ¢’ € Fgs, [/ € Fas and
Jj € §sy such that g = jog and f = jo f'. Let p’ := ¢'[p]. Then, by the
induction hypothesis

()7 P'] T (Bas1 x {a}) is monotone.

However, (f/)7 p'] = (f)"[j 7 p]] = f~! and we are done.
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Now assume that
F7Hp] T (Bayr x {@}) is monotone

for all <y and all f € §oy1,,- We have to prove that p € Py_, i.e. that there
exists t € T, and s < t such that p = 7[p] for some p € P,(4)41. To find such
t, s <t and p, let v < 6, be such that a, C v. Since v = {mg[v(s)] | s < t}
and p : a, x b, — 2 is finite, there exist s <t such that a, x b, C rng(ms). Let
p = 7st[p]. We need to prove that p € Py, where 3 = a(s). By the induction
hypothesis it suffices to prove that

F7HP) T (Bayr x {@}) is monotone

for all @« < B and all f € Fot1,8. So let f € Fat1,8 and g € g4 such that
st = g [ v(s) + 1. Then

SR T (Baga x {a}) = f7Hg 7 P)] T (Basr x {a}) =
= (g0 f)7'[P] I (Bas1 x {a})

which is monotone by our assumption. O

Unlike in the case of wo-Suslin trees which we discussed in [11], we cannot make
((Py | n < wa),(0st | s < t)) into a FS system along ((0a | @ < wi), (Fap | a <
8 < w)) by adding an appropriate (e, | @ < w1).

Instead, we want to define for all finite A C wy FS systems ((Qq | n < wa), (05 |
s < t), (e | @ < w)) along ((By | @ < wi),(Fap | @ < B < wi)) such that
Par:={peP,,|a, CA}C, Qf‘?. In other words, we want to represent every
p € Pa as a function p* : wy — V as in section 3 such that:

(1) p*(a) € QQAQ for all o < wy.

(2) If p,q € Pa and p* (), ¢* (a) are compatible in Qg for a = maz(supp(p) N
supp(q)), then p and ¢ are compatible in Pa.

How can we do this? Fix a finite A C wy. Set

n = max(A)

t = (w1,m)

so =min{s <t | A Crng(ms)}
ap = a(sp)-

Now, let p € PAo. We simply set

p () =74 [p | (wo x )] for ag < a < w;

where s € T,,, s < t. Like before we define

supp(p) = {a+1 | ap < & <wi,p*(a+1) # p*(a),p*(a+1) # ha[p*(a)]} U
{ao}

where h,, is as in (P3) of the definition of a simplified gap-1 morass.
It is not completely obvious but easy to guess from this definition what the FS
system <<Q$ | n <wa), (05 | s <t),(ed | & < wy)) looks like in the part above
level ap. We could now explicitly give the definition of <<(@nA | n < wa), (05 |
s =< t),{e5 | @ < w;)) and infer from it that PA satisfies ccc. But this is very
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technical. Instead we will directly show the following

Lemma 5.2

If p,g € Pa and p*(a),q* () are compatible in Py, for o = maz(supp(p) N
supp(q)), then p and g are compatible in Pa.

Proof: The proof is a simplified version of the proof of lemma 3.1. Suppose p
and ¢ are as in the lemma, but incompatible. Let (supp(p) U supp(q)) — a =
{7y < ... <71}. We prove by induction on 1 < i < n, that p*(v;) and ¢*(y;)
are incompatible for all 1 <4 < n. Since 7, = «, this yields the desired contra-
diction.

Note first, that p*(y1) and ¢*(y1) are incompatible because otherwise p =
st [p*(71)] and ¢ = 7w [¢*(71)] were incompatible (for s € T, s < t). If 1 = @,
we are done. So assume that 77 # . Then either p*(v1) = ms5[p*(71 — 1)] or
q*(71) = mss[¢* (71 — 1)] where 5 < s <t,5€T,,_1 and s € T,,,. We assume in
the following that p*(71) = 7ss[p* (71 — 1)]. Mutatis mutandis, the other case
works the same.

Claim:  p*(m1 — 1) and ¢*(y1 — 1) are incompatible in Py_

Assume not Then there is 7 < p*(71 — 1),q ('yl —1)in IP% _, such that
A = Ape (4, —1) U Qge(y,—1). Let 1" = mg[r]. Then ' < wp*(y1 — 1)] = p*(n)
and " < w[g*(m — 1)) = ¢"(m1) [ (65, X 71). In the following we will construct
an r < p*(71), ¢* (1) which yields the contradiction we were looking for. By (2)
in the definition of Py, d(m,m) < G(d,m) for all n < § € ag where g := g*(71).
Let 6 = maz{d € ag | G(6,71) = 0} if the set is not empty. Otherwise, set § = 0.
Set

r=1r"U{{({8,71),0) | 6 <6,6 € ap} U{((6,71),1) |6 <6,6€an}.

Then r is as wanted. This proves the claim.

It follows from the claim, that p*(y2) and ¢*(72) are incompatible. Hence
we can prove the lemma by repeating this argument inductively finitely many
times. O

Lemma 5.3
P :=P,, satisfies ccc.

Proof: Let A C P be a set of size wy. By the A-lemma, we may assume that
{b, | p € A} forms a A-system with root D. We may moreover assume that for
all o € D, all f € Fat1,,, and all p,ge A

PP T (Bagr x {a}) € F74a] T (Basr x {a})
or
ST (ot x {a}) 2 F7Mg) T (Barr x {a}).

To see this assume that X = {a, | p € A} C wo forms a A-system with root
A;. Fix a € D. By thinning out A, we can ensure that whenever a # b € X,
neEa—brveb—a,n<v,t={(w,v),s=<t s€ Ty, thenn ¢ rng(ms). This
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suffices.

By the A-system lemma, we may assume that {a, | p € A} C wy forms a
A-system with root A;. Consider A" := {p | (A1 X w1) | p € A}. By the
A-system lemma we may also assume that {supp(p) | p € A’} C w; forms a
A-system with root As. Let a = max(As). Since Py, is countable, there are
q1 # g2 € A’ such that ¢f(a) = ¢5(«). Hence ¢1 # q2 € A’ are compatible by a
previous lemma. Assume that g1 = p} [ (A1 Xwq) and g2 = p3 | (A1 X wy) with
p1,p2 € A. We can define p < pq,p2 as follows: a, = ap, Uay,, by = by, Uby,,
p | (ap, X by) = p1, | (ap, X bp,) = pa. We still need to define p on
(ap x by) — ((ap, X bp,) U (ap, X bp,)). We do this as in the previous lemma.
That is, for 8 € b, we set dg = maz{d € Ay | p(6, ) = 0} if this set is not
empty. Otherwise, we set 63 = 0. We set p(7y, 8) = 1 if we still need to define
p(v,8) and v > dg. And we set p(vy,5) = 0 if we still need to define p(y, 5)
and v < d3. Then p < pi,p2. We prove p < p;. The other statement is
showed similarly. Let v < 8 € ap, and § € b, — b,,. We have to show that
p(7,€) < p(B,6). If 4,8 € Ay, then it holds because ¢1 = p | (A1 x by, ) and
g2 = p | (A1 X by,) are compatible. Otherwise, it holds by our definition of p
on (ap x bp) = ((ap, X bp,) U (ap, X by,)).

It remains to prove that p € P. For this, we show that for all @ < w; and all
f S Sa—&-l,wl

F7Hp) T (Bagr x {a}) is monotone,

ie. p| f[(0as1 x {a})] is monotone.

Assume that o € D. Then by our second thinning-out

P11 flOarr x {a)] S pa I fl(Oata x {a})]

P11 fl(Bagr x {a)] 2 po | fl(Bas1 x {a})]
and hence
P I fl(0atr x {a})] = p1 | fl(0at1 x {a})] is monotone

P 1 flBasr x {a)] = p2 [ [[(Bass x {a})] is monotone.
Now, assume that a ¢ D. Then by our first thinning-out

pil fl(0ars x{a)] =0 or po [ fl(Bass x {a})] = 0.

Hence
((ap = ap,) x {a}) N fl(Oar1 x {a})] =
= ((ap — (ap, Uayp,)) x {a}) N f[(0a+1 x {a})]

or

((ap = ap,) x {a}) N f[(Oatr x {a})] =
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= ((ap — (ap, Uap,)) x {a}) N f[(Oat1 x {a})].
To prove that p | f[(fa+1 X {a})] is monotone, we consider the first case first.
Let v <6 € flOa+1]. If 7,0 € ap,, then p(y,a) = p1(7,0) < p1(6,a) = p(6, @)
because p; € P. Otherwise p(vy,a) < p(d, @) by the definition of p. The second
case is proved in the same way where p; is replaced by ps. O

Theorem 5.4

If there is a simplified (w1, 1)-morass, then there is a ccc-forcing P which adds
a chain (X, | @ < wg) such that X, C w1, X3 — X, is finite and X, — X has
size wy for all 0 < a < ws.

Proof: By lemma 5.3, P satisfies ccc. Hence it preserves cardinals. It is easily
seen by induction along the morass, that for every a € ws and every § € w; the
sets Do = {p€P|a€ay}and Dy ={p €P| € b,} are dense in P. So if G is
P-generic, then F' = | J{p | p € G} is a function F': ws X w3 — 2. Set X, = {8 €
w1 | F(a, B) = 1}. By the definition of < on P, X3 — X, is finite for all § < a.
Finally, again by an easy induction along the morass we can prove that for all
N E wy, B <€ ws the set D;yl,a,ﬁ ={peP|Iy>npB,v) =0,pla,y) =1} is
dense in PP. This yields that X, — X3 is uncountable for all 8 < oo < wp. O
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