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Definitions

S∞: the group of bijections N → N (permutations) with operation
composition.

f ∈ S∞ is cofinitary iff f is the identity or has only finitely many
fixed points.

G ≤ S∞ is a cofinitary group iff all g ∈ G are cofinitary.

G ≤ S∞ is a maximal cofinitary group iff G is a cofinitary group
and is not properly contained in another cofinitary group.



Some basic properties

Any cofinitary group is contained in a maximal cofinitary group.

(Adeleke, Truss) A maximal cofinitary group cannot be countable.

(Neumann) There is a cofinitary group of size |R|.

(Zhang) If |N| < κ ≤ |R| then it is consistent that there is a
maximal cofinitary group G with |G | = κ.



Some more results (Kastermans)

No maximal cofinitary group has infinitely many orbits.

MA implies there is a maximal cofinitary group with multiple
infinite orbits.

MA implies there is a locally finite maximal cofinitary group.

The axiom of constructibility implies there exists a coanalytic
maximal cofinitary group.



What is formalization?

Want to construct actual proofs of results like the ones mentioned
above.

Were these results then accepted without proof?

What is a proof?



A proof I

[A ∨ B]2
[A]1

∨R
B ∨ A

[B]1
∨L

B ∨ A
1, ∨E

B ∨ A 2, →I
A ∨ B → B ∨ A



A proof II

[¬p]1
∨Rp ∨ ¬p [¬(p ∨ ¬p)]2

→E⊥ 1, RAAp
∨Lp ∨ ¬p [¬(p ∨ ¬p)]2

→E⊥ 2, RAAp ∨ ¬p



System chosen

Isabelle/HOL

Isabelle is a generic proof assistant.

HOL is for higher order logic.

Chosen because of Isar language.



Proof General















The Simple Example

Let g(k) = k + 1 on the integers. Let Ex1 = �g�. Pick a bijection
from the natural numbers to the integers (say evens map to the
positive integers, and the odds to the negative integers). Then
conjugating Ex11 by that bijection gives a cofinitary group Ex2.
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