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Spin-Structures on Riemannian Manifolds
and the Spinorbundle

Spin structures of a principle SO(n)-bundle

Let X be a connected CW complex, e.g. a connected Riemannian manifold, and let a principle
SO(n)-bundle be denoted with (Q,m, X;SO(n)).

Definition 1 A Spin-structure of Q is a pair (P,\) where
e P is a principle Spin(n)-bundle and

o A is a 2-sheeted covering that preserves the group action i.e. the following diagram
commutes
PxzSpin(n) — P

QzSO(n) —Q
Let X be the covering of SO(n)by Spin(n).

Recall that the fiber F of the bundle Q is isomorphic to SO(n) = F , thus for n > 3
I1;(F) = Zs since SO(n) has two connected components. For a given Spin-structure (P, A)
of @ regard the subgroup H(P,A) := A (II;(P)) C II;(Q) generated by the image of the
2-sheeted covering. Therefore H (P, A) is of index 2.

Theorem 1 Let ap = 14(a) € II1(Q) where « is the nontrivial element in 111 (F') = Zy and

Ly the induced map of the embedding v : F — @, then:

Definition 2 Two Spin-structures (P1,A1) and (P, A2) are called equivalent if a Spin -
equivariant map exists such that Ay = Ayo f: Pp — P, — Q.

Example 1 Two Spin-structures of ) don’t have to be equivalent even if the the corresponding
principle Spin(n)-bundles are.
compare page 45 Friedrich

Theorem 2 There is a bijective map from the set of equivalence-classes of Spin-structures
for Q and the subgroups H C 111(Q) of index 2 such that ap ¢ H(P,A).

Corollary 1 The Spin-structures of Q (principle SO(n) bundle over a connected CW complex
X) are in one to one correspondence to all homomorphisms f : I111(Q) — I (F') with foiy =

idﬂl(F) .

We get another Cor. regarding the exact sequence

- Mp(X) = T (F) > (@) —~ I (X)

f
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Corollary 2 If a principle SO(n)bundle over a connected mfid X has a Spin-structure then
(since f o1y = idm, (r))

e I,(Q) =111 (F) ® I (X)

e IIx(Q) = x(X)
And with the given corollaries we can see

Theorem 3 Let X be a simply connected CW complex. A principle SO(n)bundle has a Spin-
structure if and only if 111(Q) = Zs

Theorem 4 Let 1 € Zo = H'(F,Z3) be the nontrivial element, then denote by §(1) €
H?(X,7s), where § is the coboundary map, the 2nd Stiefel- Whitney Class of the principle
SO(n)bundle. 6(1) =: wa(Q).

Then does the principle SO(n)-bundle have a Spin-structure if and only if wa(Q) = 0. The
set of all Spin-structures is classified by H'(X;Zs).

For the proof of this more general Thm (if X is a riemannian mfld) one has to remark, that
we can describe the principle SO(n)bundle Q in terms of locally trivial fibrations with typical
fiber SO(n) (which is a Liegroup) and transition functions satisfying the cocycle conditions.
9aB98y = Yoy and gag = € where go5 : Uy NUg — G = SO(n) and U, is a fibre bundle atlas.

Definition 3 A Spin-structure of Q is a lift of the transition functions to Spin(n) pre-
serving the cocycle conditions, i.e. let g’ denote the lifted functions then )\(g;ﬁ) = GaB;
g;ﬁg’mg’w = e and g/, = e where Uy, is a cover of X such that Q is a trivial fibre bundle over

o

If we denote with 5, the local oriented orthonormal frames over U,, the Jgap help to
— — —
express the s'g (orthonormal frames over Ug): s'o = gag S g

Definition 4 e A Cech j-cochain is a totally symmetric function flawo,...,a5) € Z
defined for indices oo, ...,a; such that Us, N ... NUs,; # 0 de f(o(ao),...,0(q;)) =
f(ao, ..., ) for all permutations o.

e Denote with C7((X,Zs) the multiplicative group of all Cech j-cochains.
And let §; : CV(X,Zy) — CITY(X, Zs) be the coboundary defined by

Jj+1

(5f)(040, ceey Oéj+1> = H f(O[(), ceey 022', ceey Oéj+1)
=0

e Denote by H'(X,Zs) := ker(5;)/im(0;41) the j-th Cech Cohomology group.

Remark 1 The multiplicative 1 is the 1-fct and 6°f =1 can easily be computed.
The j-th Cech Cohomology group is independent of the choice of the covering.

Example 2 Regard the complex projective space CP™. It is known that SO(n)operates nat-

urally on C"' and with this on CP™ where we have to regard the group under which a point
0 0

of CP™ is invariant, i.e. A€ SO(n+1): A| 0 | = 0 |, A\#0. With this we have the
1 A
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0
isotropygroup given by A = 4 " | where a =1/det(A) and A € SO(n).
0 . . a
Now let us regard a representation of this group o : S(U(n)xU(1)) - U(n) C SO(2n),
~——
C Aut(C")

o0(A=Ax1/det(A) € U(n).
Let R = SU(n+ 1) x, SO(2n) be the frame bundle. R is a principle SO(n)bundle.

R Wirkg.
lw

G = SO(2n)

CcpP™

The Spin-structures of R are classified by the fundamental group. Since CP™ is simple con-
nected and I11(R) is a surjective image of Pi1(SO(n)) = Zy the group II1(R) has at most 2
elements. The representation map o induces a homomorphism oy : I (S(U(n)xU(1)) = Z —
II,(SO(2n)) = Zg, ox(1) = (n + 1)mod2. One now can compute II;(R) = Z12 " :EZZ 1

such that only in the odd case a Spin-structure is given.

Associated Spinorbundle

Definition 5 Let(P, 7, X; G) be a principle G bundle . Regard the homeomorphisms Homeo(F)
together with the compact open topology, F a topological space ¥Yp : G — Homeo(F') con-
struct a fiber bundle over X with fiber F with a left action of G on P x F > (p,f) i.e.

¢g(p, f) = (097", p(9)f);g € G and P x, F := P x F/ ~ where (p, f) ~ (¢,h) if 3g € Spin(n)
with ¢g(p, f) = (¢, h). Then one derives a mapping P x F' — P — X by projection. Therefore
we have m, : P x, F' — X. This construction is called the associated bundle to P by p.

Now we regard a principle SO(n)bundle Q, the associated real n-dimensional bundle T' =
Q Xso(n) R" and a Spin-structure (P, A).

Definition 6 The representation k : Spin(n) — U(Ay), Oy = C?" forn =2k +1,n = 2k
allows us to regard: S := P x,; ANy = P X Ny ~, (p,6) ~ (p/,d) if g € Spin(n) with
(p,g7 1, k(g)d) = (p,9") called the Spinorbundle od P.

Lemma 1 If n =2k then /\, splits: N, = N @A

Lemma 2 The Clifford multiplication p : R" @r Ny — Ay, (10 AR™) Qr A, — Ay) is a ho-
momorphism of the Spin-representation, i.e. r(g)(u(z,v) = u(A(g)z, k(g)), (k(g)(u(WF,¥)) =
p(A(9)w, Kk(9)y)), x € R™,w¥ € A(R™),9 € A.

These Lemmata give us a morphism of the associated bundles: 7' x S — §.

Theorem 5 Let X be a CW complex such that H*(X,Z) has no 2-torsion. Then Spinorbun-
dles associated to given different Spin-structures of a principle SO(n)bundle, are isomorphic.
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Connections in Spinorbundles

Let (M™,g) be an oriented, connected riemannian manifold, (Q,II, M™;SO(n)) a principle
bundle of oriented orthonormal frames (Reperbundle).

There is a unique torsion free connection for M, as a covariant derivative of vector fields, the
Levi- Civita- connection 57. Regarded as a connection in the bundle we have a so(n) -1-form
Z :TQ — so(n) = Liealgebra of SO(n).

Definition 7 A SpinC-structure is a pair (P, \) such that
e P is a principle SpinCbundle over X and

e A isamap P— Q i.e. the following diagram commutes

PzSpin® — P
iAx/\ A
QuSO(n) — Q

where X is the S* fibration of Spin®over SO(n). And let Spin® := Spin(n)xS*/{+1, -1} =
Spin(n) xz St.

Fix a connection A in the principle U(1) = S' = SO(2) bundle Py : A: TP, — u(1) = iR
=Liealgebra of U(1).
The two connections A, Z give a connection

Z x A:T(QxP) — so(n) ®iR

this connection lifts to a connection

Z x A:T(P) — Spin®(n)

since 7 : P — QX Py and p : Spin®(n) — SO(n) x S' are 2-sheeted coverings.

T(P) —Z"% SpinC(n)

dm lp*

T(Q)x Py 2y so(n) @ iR!

The local form for the connection can be described as follows.

A connection is characterized (local) by a section s : U € M — @ by regarding Z° = Z ods :
TU — Liealg(G). Let e : U € M™ — @ be a local section in the frame bundle Q. Then
e = (e, ..., ep) is a orthonormal n base of vectorfields defined on the open set U. With this the
local connection is given by Z¢ = Zode = 3, wijE;j : TU — so(n) where w;; = g(Vei, e;)
defining the Levi- Civita- connection and E;; the standard base in so(n).

Analog defining a section s : U — P; follows that e x s is a local section in the principle U(1)
bundle Q x P; that can be lifted in the 2-sheeted covering 7 : P — Qx P;. With this we have
for the local form of the connection in the Spinorbundle

1 1
Zx A= (5 Zwijeiej, §A o ds)

1<j
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