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Question 1 (Kiinneth theorem). (5 points)

Let M = B x F a product of the smooth compact manifolds B and F'. Let
mp and mp the projections of M onto the two factors. The bilinear map

f:QB) x QF)— QM)
(a,8) = mpla) Amp(f)
is a cochain map and induces a homomorphism
f« HB)® H(F)— H(Bx F)=H(M).

Show that f, is an isomorphism, i.e.

P(B x F) @ HY(B) ® H'7(F).

Hint: Use induction with respect to the number of open sets in a good cover-
ing of B. Use the Mayer-Vietoris sequence and the five lemma for the proof
of the induction step.

Question 2 (Connected sum). (6 points)

Let M, My be smooth manifolds of dimension n. Let pq, po points with p; €
M; and a chart W;, whose chart map ¢; maps bijectively onto the open disc
By(0) . We define

MMy = (Mi\o7 (Bi(0)) ) U (Mo\6; " (B
where ~ on W resp. W is defined as 21 ~ ¢, o p1 o ¢o(z2); the map p on
B5(0)\B1(0) is given by (r,a) — (3 — 7, ) in polar coordinates.

1. Show that M;# M, has a unique smooth structure if we require that
the inclusions (Mi\gzﬁi_l (Bl(O))) are smooth embeddings.

2. Prove that H'(M#M,) = H'(M,) & H'(M,) for 0 < i < n, if we as-
sume the following things: The nth cohomology of My, M, and My# M,
is isomorphic to R; if you cut out a closed ball the nth cohomology van-
ishes. (In January we will see that these assumptions are always true
if the manifold is compact and orientable).



3. Show that the # operation enables us to construct infinitely many
manifolds out of a 2-torus which are not diffeomorphic to each other.

Question 3 (Hypersurface). (5 points)

Let M be connected with H*(M) = 0 and let N C M be a closed connected
hypersurface, i.e. dim N = dim M — 1.

1. Prove: M \ N has exactly two path connected components which have
N as their common boundary. You may use that N has a so-called
tube neighbourhood T : T' D N is open and there is a diffeomorphism
7: T — N x (—1,1) with 7(z) = (z,0) for x € N.

2. Give a counterexample which shows that the condition H'(M) = 0 is
necessary.
Question 4 (Some lonely points in R™). (4 points)

Let R™\{x1,..., 2} be the Euclidian space without k points. Compute its
cohomology.



