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Week 13 — Cup products, Hopf invariant and acyclic models no due date

Exercise 13.1 (Support of a cohomology class) _
For a cohomology class a € H*(X) with i > 0 we say its support is in a subset A C X if a € ker(r*: HY(X) —
H*(X — A)) for the inclusion of the complement 7: X — A — X.

(1) Show the following: If & has support in A C X and S has support in B C X, and AN B = (), and A, B are
closed, then a U 8 = 0.

(2) Application: If X is an orientable surface of genus g, we do know a symplectic basis a1, ...,a4,b1,...,b4 of
Hy(X;Z) = 7%, given by simply-closed curves a; and b; in X, such that each curve intesects (after a homo-
topy) exactly one other curve exactly once, namely a; and b;. The Universal Coefficient Theorem H!'(X;Z) =
Hom(H,(X;Z),Z) and this basis allows us to associate to these curves a basis aq,...,aq4,51,...,8y of the coho-
mology H'(X;Z) = Z?. Then a; Ua; = 0 and 3; U 8; = 0 for all i and j, and a; U B; = 0 if i # j. Thus the cup
products vanish if the corresponding curves do not intersect.

Exercise 13.2 (Intersections)
But what if they do intersect? Study this situation, using Exerc. 13.1, starting with the torus and using Exerc. 13.3.

Exercise 13.3 (Cohomology ring of a product)
Let F be a field and write H# (X;F) := @,, H'(X;F) for the graded cohomology ring of X. Using the Kiinneth
Formula we have an isomorphism -

H# (X, x Xo;F) = H?(X1;F) ® H?(Xy;F)
of graded vector spaces. Show that this is an isomorphism of graded rings by showing the formula:

(1 X ag) U (B1 X B2) = (a1 Uaz) x (1 U Ba)
for aq, 1 € H#(Xl;IF) and asg, By € H#(XQ;F).

Exercise 13.4 (Hopf Invariant)

For a map f: S*"~! — S" with n > 1 consider the mapping cone Cy := S"U;D?", attaching a 2n-cell to an n-sphere
via f.

a) Compute the cohomology groups of C; using the long exact sequence associated to the Puppe sequence

st Ly Loy 2y v 2 wge

to find H"(Cy) = Z, generated by some u with i*(u) = o, and H*"(C}) = Z, generated by v = p*(02,,), where i
and p are inclusion into the mapping cone resp. the projection from the mapping cone in the sequence above and
o, and 09, are the standard generators of the cohomology of the spheres S™ resp. S2™.

Famous example: The Hopf map n: S* — S2, given for (21,22) € S® € C? by n(z1,22) = [21 : 22] = 21/22 in
homogenous notation in CP! ~ S? and as a ratio in C U {co} = S?. Note that the mapping cone C,, is the complex
projective plane CP2.

The cohomology element u? = u U u lies in H*"(Cy) and is therefore some multiple of v; we define the natural
number h(f) by the equation



and call it the Hopf invariant of f. Prove the following assertions:

b) If f ~ f, the h(f) = h(f").

c¢) If f is null-homotopic, then h(f) = 0.

d) h(po f) = deg(p)? h(f) for any p: S* — S™.

e) h(f o) = deg(y)) h(f) for any 9: S?* — §?n.

f)* Prove that, in the famous example above, h(n) # 0. Deduce that m3(S?) is not trivial (actually, it is isomorphic
to Z generated by the Hopf map 7).

Exercise 13.5* (Acyclic Model Theorem)

Let C be any category and let D = 0Z — MOD™ be the category of augmented chain complexes of abelian groups.
We consider functors F': C — D which are acyclic or free with respect to a given family M of objects in C, meaning
the following.

a) F is called acyclic with respect to M if F(M) is acyclic for all M € M.

b) F is called free in dimension n with respect to M if one has the following:

e an index set J,;
e a family (M, |« € J,) of objects in M;
e an element b, € F(M,), for each o € J,,

such that for each object X in C, a basis of F/(X),, is given by the set of elements /3, for a varying in J,, and ¢
varying in mor¢ (Mg, X); the element S, € F(X),, is defined as the image of b, € F(M,), under the map F(y).
F is called free if it is free in each dimension.

Example: Let C be the category of topological spaces and continuous maps, and let F(X) be the singular chain
complex of a space. This F' is an acyclic functor with respect to any family M of spaces. If we take M to be all sim-
plices A", the index set J,, = {n} a singelton, M,, = A™ and b,, = ida» € S,(A"), then F' is free with respect to M.

Now one can prove the following Acyclic Model Theorem:

Let F,F': C — 0Z — MOD™ two functors and assume that F is free and F” is acyclic with respect to some family
M of objects in C. Then

(i) There is a natural transformation 6: F — F”.

(ii) For any two natural transfomations 6,60": F' — F’ there is a natural chain homotopy between them.

Hint: If such a 6 exists, in particular it gives a map 6(My)n: F(My)n — F'(My)y, for all a € J,,, and in particular
one can define b, := 6,,(M,)(by) € F'(M,)n. Show that, conversely, for any choices of such elements b/, € F'(My)s,
there is a natural transformation 6: F' — F”.

See J.R. Munkres, Elements of Algebraic Topology, pp. 183-185, for help with the proof.
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18.1.1 Properties of the cap product.
(1) For f: (X;A,B) — (X;A',B"), x’ € HP(X',A'; M), and for u €
Hpiq(X, AU B; N) the relation fi(f*x" nu) = x’ n fiu holds.
(2) Let A, B be excisive, jp: (B,AN B) — (X, AU B) the inclusion and
a =
0p: Hyyg(X,AUB) —> Hy\y_1(AU B, A) <— Hyrq_1(B.AN B).
Then forx € HP?(X, A; M),y € Hy4(X,AUB;N),

jEx A dpy = (~1)Pd(x N y) € Hy1(B: M ® N).
(3) Let A, B be excisive, j4: (A4, AN B) — (X, B) the inclusion and

a o~
04 Hp1q(X, AU B) —> Hpyg-1(AU B, B) <— Hpiq-1(A, AN B).
Thenforx € HP(A; M),y € Hy14(X, AU B;N),
Jas(x nd4y) = (=1)P*8x "y € Hy (X, B:M @ N).

@ 1nx=x,1€ H*(X),x € Hy(X, B).
O xuy)ynz=xn(ynz)e€ Hy_p¢(X,C;A) forx € H*(X, A; R),
y e H*(X,B;A),z € H.(X,AUBUC;A).

Figure 1: From Tammo tom Dieck, Algebraic Topology



