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Week 10 — Universal Coefficient Theorems due by: 5.7.2017

Exercise 10.1 (Euler characteristic over different fields)
Let X be of finite type, so that the Euler characteristic χ(X) :=

∑
i≥0(−1)i rk(Hi(X;Z)) is defined. Prove that for

any field F the following equality holds

χ(X) =
∑
i≥0

(−1)i dimF(Hi(X;F)).

From Mac Lane: Homology, Chapter 5.7.

Exercise 10.2 (Moore spaces)
Let Xn := S1∪f e2 be a Moore space for a map f : S1 → S1 of degree n. For example, X2 = RP 2, the real projective
plane. Compute the homology groups H∗(Xn;Z/m) for n = 0, 2, 4 and m = 0, 2, 4.

From Mac Lane: Homology, Chapter 5.7.
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Exercise 10.3 (Homology with coefficients)

1. Let f : X → Y be a continous map and assume that f∗ : Hn(X;Z)
∼=−→ Hn(Y ;Z) is an isomorphism for all

n ≥ 0. Then for all coefficient groups G, we have isomorphisms

f∗ : Hn(X;G)
∼=−→ Hn(Y ;G)

and
f∗ : Hn(Y ;G)

∼=−→ Hn(X;G)

for all n ≥ 0. (What if the assumption holds only in degrees n and n− 1 for a specific n ?)

2. If X is a finite CW complex, then the homology H∗(X;G) and cohomology H∗(X;G) is of finite type for any
finitely generated coefficient module G.

3. If X is a finite-dimensional CW complex, above which dimension does the homology H∗(X;G) and cohomology
H∗(X;G) certainly vanish for any coefficient module G ?

4. If X is a space with homology grops Hn(X;Z) vanishing for n > d, in which dimensions does the homology
Hn(X;G) and cohomology H∗(X;G) certainly vanish for any coefficient group G ? Find — by looking at
other exercises of this sheet — an example with non-vanishing homology or cohomology in degree d+ 1.

5. If X is a space with vanishing homology groups Hn(X;Z) for 0 < n < c, in which dimensions does the
homology Hn(X;G) and cohomology H ∗ (X;G) certainly vanish for any coefficient group G ?

From Mac Lane: Homology, Chapter 5.7.

Exercise 10.4 (Tor and torsion)
For Z-modules A and B (i.e. abelian groups) we have

1. TorZ(A,B) ∼= TorZ(tors(A), tors(B)) using the exact sequence 0 → tors(A) → A → A/ tors(A) → 0 and the
same sequence for B.

2. Use the short exact sequence 0 → Z → Q → Q/Z → 0 to get tors(A) ∼= TorZ(A,Q/Z) and fr(A) ⊗Z Q/Z ∼=
A⊗Q/Z, where fr(A) := A/ tors(A) is the largest torsion-free quotient of A.

3. Deduce the exact sequence

0→ Hn(X,A;Z)⊗Z Q/Z→ Hn(X,A;Q/Z)→ tors(Hn−1(X,A;Z))→ 0

and if (X,A) is of finite type, we have:

0→ fr(Hn(X,A;Z))⊗Z Q/Z→ Hn(X,A;Q/Z)→ tors(Hn−1(X,A;Z))→ 0

Hint: In this exercise you are allowed to use that TorZ(A,B) = 0 if A or B are torsion free. The case, where A and
B are finitely generated, has been studied in Exercise 9.2.
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Saunders Maclane, 4 August 1909 to 14 April 2005

Exercise 10.5* (The splitting of the universal coefficient theorem is not natural.)
Consider the map f : RP 2 → S2, defined by collapsing the 1-skeleton in RP 2 = S1 ∪φ e2 to a point. Note that the
attaching map φ : S1 → S1 of the 2-cell has degree 2 and therefore we may use Exercise 10.2. here.

1. Compute H1 and H2 of RP 2 and of S2 with coefficients Z and Z/2 directly from the cellular chain complex
C•(X) and C•(X)⊗Z Z/2.

2. Show that f∗ : Hi(RP 2;Z)→ Hi(S2;Z) is trivial for i = 1 and i = 2.

3. Show that f∗ : H2(RP 2;Z/2)→ H2(S2;Z/2) is non-trivial.

4. Conclude that the splitting of the sequence in the universal coefficient theorem is not natural, i.e. not even
for the two spaces involved here can one find splittings which commute with the homomorphisms induced by
the map f . In other words: although the homology groups Hn(X;Z/2) are determined by Hn(X;Z/2) and
Hn−1(X;Z/2), the induced homology morphisms Hn(f ;Z/2) are not determined by Hn(f ;Z) and Hn−1(f ;Z).

From Mac Lane: Homology, Chapter 5.7.

3


