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Week 5 — Euler Characteristic again and cohomology due by: 24.5.2017

Exercise 5.1 (Euler characteristic II)
For any space X such that H∗(X;Q) is finite dimensional in each degree and non-trivial only in finitely many
degrees, let χ(X) denote its Euler charakterstic.

1. If A and B are two subcomplexes of a finite CW complex X (or of a polyhedron), such that X = A∪B, then

χ(X) = χ(A) + χ(B)− χ(A ∩B).

2. If A is a subcomplex of a finite CW complex X (or of a polyhedron), then

χ(A)− χ(X) + χ(X/A) = 1.

Note: In case if a polyhedral pair A ⊂ X the quotient space X/A does not have an obvious simplicial structure;
but one can regard it as a CW complex.

3. Are there similar formulae for the Poincaré polynomial ?

Exercise 5.2 (Euler Characteristic III)
Let Ψ be a function, which associates to any finite CW complex X an interger Ψ(X) satisfying the following axioms:

(a) For any two homeomorphic complexes X and Y we have Ψ(X) = Ψ(Y ).

(b) For a pair A ⊂ X we have Ψ(A) + Ψ(X/A) = Ψ(X) + 1.

(c) Ψ(S0) = 2, where S0 = {±1} ⊂ R1 is the sphere of dimension zero.

1. Show that Ψ(X) = χ(X) for all CW complexs X.

Hint: first show that Ψ(Bk) = 1 for a k-dimensional closed disk Bk, by subdividing the disk in two disks and
using the second axiom; then prove the equality for spheres, and eventually for a general X.

2. Is there a similar axiomatic description of the Poincaré polynomial?

Observe that in axiom (a), instead of requiring that Ψ is invariant under homeomorphic maps we could require that
Ψ is a homotopy invariant.
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Exercise 5.3 (Cochain complexes)
Consider cochain complexes A• and B• over the ring K. If φ : A• → B• is a cochain map, let φ∗ : H∗(A•)→ H∗(B•)
denote the induced map in cohomology.

1. Show that (idA•)
∗ = idH∗(A•) and (ψ ◦ φ)∗ = ψ∗ ◦ φ∗.

2. If φ = 0 is the zero map, then φ∗ = 0.

3. If φ ∼= ψ, then φ∗ = ψ∗.

4. For the direct sum of cochain complexes and cochain maps we have

H∗(A• ⊕B•) ∼= H∗(A•)⊕H∗(B•)

and
(α⊕ β)∗ = α∗ ⊕ β∗ .

From Hurwitz: Über algebraische Gebilde mit eindeutigen Transformationen in sich, page 2. Hurwitz theorem —
relating the Euler characteristc of a surface with the ramification indices of a branched covering — has been
generalized to the Riemann–Hurwitz formula.

Exercise 5.4 (Classification of cochain maps)
Let (A•, ∂

A) and (B•, ∂
B) be chain complexes over a ring K. We define a new chain complex H• = H(A,B)• by

setting

Hn = H(A,B)n :=
∏
i∈Z

HomK(Ai, Bi+n) .

So an element f ∈ Hn is a collection (fi)i∈Z, where fi : Ai → Bi+n.

The differential d : Hn → Hn−1 is given by

d ((fi)i∈Z) =
(
∂B ◦ fi − (−1)nfi−1 ◦ ∂A

)
i∈Z .

1. Show that d ◦ d = 0.

2. Let (A′•, ∂
A′) and (B′•, ∂

B′) be two other chain complexes over K, and let α : A′• → A• and β : B• → B′• be
chain maps (of degree 0). Define a map φ = H(α, β) : H(A,B)→ H(A′, B′) by setting

φn = H(α, β)n =
∏
i∈Z

Hom(αi, βi+n) : H(A,B)n → H(A′, B′)n,
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where Hom(αi, βi+n) maps fi : Ai → Bi+n to βi+n ◦ fi ◦ αi : A′i → B′i+n.

Show that φ is a chain map.

3. Show that f = (fi)i∈Z ∈ H(A,B)n is a cycle if and only if f : A• → B• is a chain map of degree n.

4. Show that a cycle h = (hi)i∈Z ∈ H(A,B)n is a boundary if and only if h : A• → B• is chain homotopic, as a
chain map, to the zero map.
In particular H0(H•) can be identified with the group of homotopy classes of (degree 0) chain maps A• → B•,
where the group structure is given by (degreewise) sum of chain maps.

5. Show that an element [f ] = [(fi)i∈Z] ∈ H0(H•) induces a homomorphism of graded vector spaces θ([f ]) : H∗(A•)→
H∗(B•). Show that θ itself is a group homomorphism

θ : H0(H(A,B)•)→ Hom(H∗(A•), H∗(B•)).

From Mac Lane: Homology, pages 38 and 39.

Exercise 5.5* (De Rham cohomology of a manifold)
Let M denote a smooth m-dimensional manifold, τ : T (M) → M its tangent bundle and τ∗ : T ∗(M) → M its
cotangent bundle (the dual of τ). We denote by Λk(T ∗(M))→M the k-th exterior power of the cotangent bundle
with fibers the k-th exterior powers of T ∗x (M), the tangent space at x ∈ M ; so Λ0(T ∗(M)) is the 1-dimensional
trivial bundle, Λ1(T ∗(M)) is the cotangent bundle itself, and Λm(T ∗ (M)) is a 1-dimensional bundle (and trivial if
and only if M is orientable). A k-form on M is a section of Λk(T ∗(M)); thus it is a function for k = 0, a covector
field for k = 1, and for orientable M a volume form for k = m. We denote the real vector space of k-forms by
Ωk(M). The exterior derivative of forms gives a linear map

d : Ωk(M)→ Ωk+1(M).

1. Give the differential d in local coordinates.
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2. Show that d is a differential, i.e., d ◦ d = 0.

3. Show that a smooth map f : M → N induces a map of cochain complexes Ω(f) : Ω∗(N) → Ω∗(M) with
Ω(g ◦ f) = Ω(f) ◦ Ω(g) and Ω(idM ) = idΩ∗(M).

This cochain complex is called the de Rham complex and its cohomology is called the de Rham cohomology H∗dR(M)
of the manifold M ; later we will see that it is isomorphic to the singular cohomology H∗(M ;R) with real coefficients.
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