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Exercise 10.1 (Reduction Lemma.)
Let A• be a subcomplex of a chain complex B• and assume the following two hypotheses:
(R1) Each cycle b ∈ B• is homologous (in B•) to a cycle in A•.
(R2) If two cycles a, a′ in A• are homologous in B•, then they are homologous in A•.
Prove that the inclusion ι• : A• → B• induces an isomorphism ι∗ : Hn(A•)→ Hn(B•).

In addition show that (R1) and (R2) follow from:
(R3) Each chain in B• is homologous (in B•) to a chain in A•.

Exercise 10.2 (Transformators.)
A transformator is a natural self-transformation τ• of the functor S• with τ0 = id. Spelled out in detail this is, for
each space X and each n ≥ 0, a homomorphism τXn : Sn(X)→ Sn(X) such that

(1) τX0 = idS0(X),

(2) ∂ ◦ τXn = τXn−1 ◦ ∂,

(3) Sn(f) ◦ τXn = τYn ◦ Sn(f) for any map f : X → Y .

Examples:
(i) τXn = idSn(X) is a trivial example.
(ii) The composition of two transformators is a transformator.
(iii) The barycentric subdivision τ = B (as defined in the lectures) is the fundamental example.
(iv) If ωn : ∆n → ∆n is the affine homeomorphism permuting the vertices e0, e1, . . . , en of ∆n like ωn(ei) = en−i,
then τXn (a) := ε(n).a◦ωn for a simplex a : ∆n → X, where the sign ε(n) is −1 when n ≡ 1, 2 mod 4 and is +1 when
n ≡ 0, 3 mod 4, defines a transformator.

Prove the following:
(a) If τ• is a transformator, then its image Sτ• (X) := im(τX• : S•(X) → S•(X)) defines a subcomplex of S•(X),
which satisfies the two hypotheses (R1) and (R2) of the Reduction Lemma (Exercise 10.1).
(b) τX• induces the identity in homology, since there is a natural chain homotopy between τX• and the identity.
(c)* (A generalisation of part (a).) If Λn : Bn(X) → N is a family of functions from the basis Bn(X) of Sn(X),
denote by SΛ

n (X) the subgroup of Sn(X) generated by the elements τk(a) for all a ∈ Bn(X) and all k ≥ Λn(a).
Assume that the functions satisfy the following property: whenever a ∈ Bn(X) and b is a basis element in ∂(a), we
have Λn(a) ≥ Λn−1(b). Then SΛ

• (X) is a subcomplex of S•(X) satisfying (R1) and (R2) of the Reduction Lemma.
(Cf. the preparation for the Excision Theorem.)

Exercise 10.3 (Local homology.)
For a space X and a point x ∈ X, the local homology groups of X at x are by definition the relative homology
groups Hn(X,X − {x}), in other words, the homology groups of the quotient chain complex S•(X)/S•(X − {x}).
The name local comes from the following property of these groups:
(1) Let U be an open neighbourhood of x in X. Assume that the one-point subspace {x} is closed in X (for example,
this is always true if X is Hausdorff). Using the Excision Theorem, show that there are isomorphisms

Hn(X,X − {x}) ∼= Hn(U,U − {x}).

Thus the local homology of a space X at a point depends only on its topology arbitrarily close to that point.
(2) If F is a surface, show that for any point x ∈ F the relative homology Hn(F, F − {x}) is trivial for n 6= 2 and
isomorphic to Z for n = 2. There are three steps:
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From: A. Fomenko, D. Fuchs, Homotopical Topology.

(i) Hn(F, F − {x}) ∼= Hn(D2,D2 − {0})
(ii) Hn(D2,D2 − {0}) ∼= Hn(D2, ∂D2)
(iii) Hn(D2, ∂D2) is isomorphic to Hn−1(S1) for n ≥ 2 and is zero for n = 0, 1. (cf. Exercise 9.3)
(You may assume the fact that the homology Hn(S1) of S1 is isomorphic to Z for n = 0, 1 and is trivial for n ≥ 2.)
(3)* If F is a surface with boundary and x is a point on the boundary ∂F , show that the relative homology groups
Hn(F, F − {x}) are all trivial, including for n = 2.

Exercise 10.4 (Quotient Theorem : Relative homology and collapsing a subspace to a point.)
Let X be a space and let C ⊆ U ⊆ X be subspaces, where C is closed in X and U is open in X.
(1) Using inclusions and (restrictions of) the quotient map X → X/C that collapses C to a point, construct a
commutative diagram of pairs of spaces as follows:

(X − C,U − C) (X,U)

(X/C − C/C,U/C − C/C) (X/C,U/C)

α

β

γ δ (�)

(2) Show that, for any subspace A ⊆ X−C, the restriction to A of the quotient map X → X/C is a homeomorphism
onto its image.
(3) The quotient map X → X/C induces a map of long exact sequences from the long exact sequence associated to
the pair (X − C,U − C) to the long exact sequence associated to the pair (X/C − C/C,U/C − C/C).
(4) Using the five-lemma (cf. Exercise 8.1), show that the map γ in (�) induces isomorphisms on homology.
(5) Applying excision to the maps α and β, show that H∗(X,U) is isomorphic to H∗(X/C,U/C) via δ∗.
(6)* Now assume that U deformation retracts onto C. Show that U/C deformation retracts onto the point C/C.
(7)* Under the same assumption, use the long exact sequences associated to the pairs (X,U) and (X/C,U/C) to
show that

H∗(X/C,C/C) ∼= H∗(X/C,U/C) ∼= H∗(X,U) ∼= H∗(X,C).

So the relative homology of the pair (X,C) is isomorphic to the homology of the quotient space X/C relative to a
point.

Exercise 10.5 (Homology of mapping tori.)
Given a continuous map f : X → X, the mapping torus T (f) of f is defined to be the quotient space X × [0, 1]/∼,
where ∼ is the equivalence relation generated by the relations (x, 0) ∼ (f(x), 1) for all x ∈ X.
(a) Using Exercise 8.3, explain why f ' f ′ implies that T (f) ' T (f ′).
In Exercise 10.6* you will (optionally) construct the associated long exact sequence, which is of the form

· · ·Hi+1(T (f))→ Hi(X)→ Hi(X)→ Hi(T (f))→ Hi−1(X)→ · · · , (?)

where the map Hi(X) → Hi(X) is defined by Hi(f) − id. Explain why this is the zero map for i = 0 when X is
path-connected.
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(b) Now take X = S1 and let f be a self-map of degree d 6= 1. Using the long exact sequence (?) and the techniques
from Exercise 9.5, together with the fact (which you may assume) that Hi(S1) ∼= Z for i = 0, 1 and Hi(S1) = 0 for
i 6= 0, 1, compute the homology of the mapping torus T (f).
Also show that T (f) is homotopy equivalent to the Klein bottle when d = −1 and to S1 when d = 0. (In fact, for
any space X, if f is nullhomotopic, then T (f) is homotopy equivalent to S1.)
(c) Now let X be any space and take f to be the identity X → X. Show that the homology of T (f) is related to
that of X via short exact sequences 0→ Hi(X)→ Hi(T (f))→ Hi−1(X)→ 0. Therefore, if the homology of X is
free abelian in each degree, we have isomorphisms Hi(T (f)) ∼= Hi(X)⊕Hi−1(X). As a special case, we obtain the
homology of the torus S1 × S1.
(d)* (The homology of some 3-manifolds.) If X is a (smooth) surface and f : X → X is a homeomorphism (resp.
diffeomorphism) then T (f) is a (smooth) 3-manifold. In this part we take X to be the genus-2 surface F2.
(i) First suppose that f is a Dehn twist. Recall (cf. Exercise 6.2) that, if one chooses the generators of H1(F2) ∼= Z4

in an appropriate way, the induced homomorphism H1(f) is the elementary matrix
1 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .

You may assume the following facts: H2(F2) ∼= Z and Hi(F2) = 0 for i > 3. Moreover, any self-homeomorphism
of F2 which is the identity on some open subset induces the identity homomorphism on H2(F2). Compute the
homology of the mapping torus T (f).
(ii) Now suppose that F2 is embedded into R3 in such a way that it is symmetric with respect to reflection in a
plane P that cuts it into two punctured tori, and let f : F2 → F2 be the self-homeomorphism induced by reflection
in P . Show (by a picture) that one may choose generators for H1(F2) in such a way that H1(f) is given by the
permutation matrix 

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


with respect to these generators. Calculate the homology of T (f) in this case. (You may use the fact that, in this
case, f acts on H2(F2) by multiplication by −1.)

Exercise 10.6* (The long exact sequence associated to a mapping torus.)
Recall the definition of the mapping torus T (f) of a map f : X → X from Exercise 10.5, and let q : X× [0, 1]→ T (f)
denote the quotient map.
(1) Show that the image of X × {0, 1} under q is a subspace of T (f) homeomorphic to X. Moreover, if we identify
X × {0, 1} with X tX and q(X × {0, 1}) with X, then the restriction of q to X × {0, 1} is f t id.
(2) We therefore have a map of pairs of topological spaces of the form (X × [0, 1], X × {0, 1}) → (T (f), X). Each
pair of spaces has an associated long exact sequence of homology groups; draw a diagram of the map of long exact
sequences induced by the map of pairs.
(3) The desired long exact sequence (?) is very similar to the long exact sequence associated to the pair (T (f), X).
To derive (?) from this sequence, you just need to explain why the terms Hi(T (f), X) = Hi(C•(T (f))/C•(X))
that appear in the long exact sequence for the pair (T (f), X) can be replaced by Hi−1(X), and why the map
Hi(X)→ Hi(X) after doing this replacement is given by Hi(f)− id. Do this using the following steps:
(a) The map Hi(X × {0, 1})→ Hi(X × [0, 1]) in your diagram is surjective (for every i).
(b) The map Hi+1(X × [0, 1], X ×{0, 1})→ Hi(X ×{0, 1}) is an isomorphism onto a subgroup which is isomorphic
to Hi(X).
(c) The map Hi(X × [0, 1], X × {0, 1}) → Hi(T (f), X) is an isomorphism. (Hint: each pair of spaces has the
property that the subspace has a neighbourhood in the larger space that deformation retracts onto it.)
(d) Thus there is an isomorphism Hi(X) ∼= Hi+1(T (f), X). Using commutativity of your diagram, and part (1), it
follows that the map Hi(X) ∼= Hi+1(T (f), X)→ Hi(X) is given by Hi(f)−Hi(idX) = Hi(f)− idHi(X).
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For those who missed Christmas completely: an origami from FAZ 21.12.2016.
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