Exercises for Algebraic Topology II
Prof. Dr. C.-F. Bodigheimer

Summer Term 2018

Blatt 4 due by: 14.05.2018

George Whitehead (1918 — 2004)

Exercise 4.1 (Whitehead product I)

Let X be a path-connected space with basepoint xg. For p,q > 0 various we want to define a product
Tp+1(X, 20) X Tg41 (X, o) — Tpig41 (X, wo) ,

inspired by the commutator product in the fundamental group, i.e., the case p = ¢ = 0 below. For o = [a] € m,11(X)
and = [b] € mg41(X) we define
[, B :=[(a V b) o Wy q],

where W), ,: SPT¢H1 — SPTL v/ ST is a specific map, often called Whitehead map, namely: regard a: (DPT! SP) —
(X,z0) and b: (DIt S9) — (X, x9) as maps of pairs, consider SP*9t1 as the boundary of a cube, ODPTI+2 =
O(DPH x DIt = (SP x DI U (D9 x S?) and W, , is on the first part SP? x D¢t — DIl — Detl /S = §a+ —
SP+1 v S9*1 the composition of the projection, the quotient map and inclusion into the second wedge summand,
and likewise on the second part, but with inclusion into the first wedge summand. And a V b is the map given by a
on the first and by b on the secand wedge summand.

Note that W, , is the attaching map of the top (p + ¢ + 2)-cell in the product SPT! x S7T! to the lower cells
SPF1 v et

e Make a drawing.



e Show that the Whitehead product is well-defined.

e For p = g = 0 the Whitehead product is the commutator product in 7 (X, zo): [o, 8] = a Ba~1 7L

This explains the notation of the Whitehead product as a commutator, although for p,q > 1 the groups involved
are abelian.

e For p = 0 < ¢ the Whitehead product is related to the action 7, : my4+1(X, zo) — mg41(X, zo) of the funda-
mental group: [o, 8] = 74(8) — .

Exercise 4.2 (Whitehead product II)

Prove some or all of the following formulae:
(1) Naturality:  fu(fo B]) = [f(@), f-(B)]  for a based map [ (X, 20) = (¥, o).

(2) Bilinearity:  [oq + ag, B] = [, 5] + (a2, B8] and [a, f1 + B1] = [e, f1] + [, B2]  for p,q > 1.

(3) Graded Commutativity:  [B,a] = (—=1)P+D@tD o 5] forp+1=|al,q+1=|3|

(4)

4) Jacobi-Identity:  (—1)P+tD+D[[q, ], 4] + (=1)@HDEHD[[B 4] a] + (=1)T+HDEHD[[y, o], ] = 0

foerrl:|a|,q+1:|ﬂ|,r+1:|’y|.

Exercise 0.3 (Whitehead product III)

Conclude from Exercise 3.4 form last week that the suspension of a Whitehead product is always trivial:
Yo, 8] = 0 in mpqq12(X, zo) for a € mp41(X, 20) and 8 € mgp1(X, zo).

Exercise 4.4* (EHP - sequence)
Let n > 1 and consider the first the case X = S™ and its reduced product space J(S™).

o (J(S™,S") is (2n—1)-connected.
e Thus m;(J(S™),S™) = m;(J(S™)/S™) for i < 3n — 2.
e The latter group is isomorphic to m;(S?"), since the (3n—1)-skeleton of the quotient J(S™)/S™ is a S?".

e Conclude that a (finite) portion of the relative homotopy sequence of the pair (J(S™),S™) can be written as:

7'('371,2(5”) i) 773,1,1(8”4_1) i) 7T3n,2(82n) L 7'('3”,3(8”) i) 7T3n,2(8n+1) — ...

This is called the EHP-sequence, since the first map E is the suspension (German Einhdngung), the second
map H is a kind of higher Hopf invariant, and the third map P is related to the Whitehead product.

e Study the sequence for n = 2, using the Hopf fibration S* — §* -1 §2.

e Generalize the above to an arbitrary (n — 1)-connected space X, using Jx(X) = X to investigate the
3n — 1-skeleton.

A short biography of George Whitehead by Haynes Miller can be found here:

http://www.nasonline.org/publications/biographical-memoirs/memoir-pdfs/whitehead-george.pdf




