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13. s LINKING NUMBERS. ;
3

Let J and X be two disjoint oriented knots in & (or R3) .

This section describes eight methods for defining an integer called

their linking number, all of which turn out to be equivalent, at least

up to sign.  Assume J and K ave polygonai.

(1} Let [J] %be the homology class in H1(83 - K) carried by I .

Since Hl(S3 - X) & Z, we may choose a generator Yy of this group

and write [J] = ny . Define Kkl(J,K) =1 .

. + -
(2) Let M be a PL Seifert surfact for K, with bicollar (¥,N ,N )

. ;
of M as in the previous section. Agsume (zllowing adjustment of J

by a homotopy in 53 - %) that J meets M in a finite number of points,

+

and at each such point J passes localiy (a) from N to N or

w

(b)Y from N+ to N , following its orientation. Weight the inter-

sections of type {a) with + 1 and those of type (b) with - 1 . The

sum of these numbers we denote by ﬂkz(J,K) . [Note that this seems to

depend on M].
{3} Cconsider a regular projection of JWUK . &4t each point at which J

crosses under K, couat
J
+ 1 for === m%and—lforM@J
K K

The sum of these, over all crossings of J under K, is

called £k3(J,K)

() J dis a loop in S3 - ¥, hence represents an element of ﬂl(53 - ¥

with suitable basepoint. This fundamental group abelianizes to %z, and

the loop J is thereby carried to an integer, called ﬂkh(J,K) .
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{5) f{J] ané [X] are l-gycles in 83 . GChoose a 2-chein ¢ € CZ(SB;Z)
such that [K] = 3C . Then the intersection C+[J] is a O-cycle, well-
defined up to homology. Since HO(SB) £ Z, C+[J] corresponds to an
integer which we call ﬂks(J,K)

{6} Regard J, K : Sl >3 2S5 MapSs.

In vector notation, define a map f : Sl x Sl - S2 by the

KW - J(v
£ = R =T |
I 1

If we orient S x § and 82 then £ has a well-defined degfee. Let

formula

Eké(J,K) = deg(f).

f7} (Gauss Integral) Define £k7(J,K) to be the integer

1_J’ J (z'-x)(dydz"-dzdy') + (y'-y)(dzdx'-dxdz') + (z'-z) (dxdy'-dvdx')
%
1% 2,3/2

iy
[(X'—X)2 + (y'-y)z + (z'-z)

where (x,y,z) ranges over J and (x',y',2') over K .

53 - K and

(8) Let p : X+ X be the infinite cyclic cover of X
let 1 generate Aut(X) . Consider J as a loop in X based at, say,

x¢ ImJ . Lift J to apath § in £, starting at any iﬁ e p—l(x)

and call its terminal point % € p—l

such that Tm(fco) = % . Define £k (J,K) = m .

(x) . There is a unique integer m

EXERCISE. Identify the choice in each of the above definitions

which affects the sign of the linking number.

THEOREM, Eki=i£kj; i, 5=1, vv., 8 .
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BOUNDARY LINKING, Recall that a link i c R™™? is & bouadary iink

if its components bound disjoint Seifert surfaces. To establish that a
link is a boundary link merely requires a construction; to show one is
not, may require more cunning. This section discusses some methods,

by example, and establishes that both boundary and non-boundary links

n__ . nt2 . . . .
L'CR exist for all a > 1 . First some crude criteria,

PROPOSITION : If any two components of LlC: 83 or R3 have nonzero

linking number, L is not a boundary link.
PROOF : Use definition (2) of linking number,
PROPOSITION : If L'c §™2 o §™2 45 ooliteable, then 1 is a
boundfry link. (Assuming 1 is P or Cm)

PRﬁbF ¢ Assume the cowmponents Ll,...,Lr lie interior to disjoint

balls Brl_l.z,...,Bﬂ_!"2 - Then (EXERCISE)} one may construct homeomorphisms
1 T
42 N + . ,
hi : R int Bz 2 which are fixed on Li + By theorem Bl , each
. +1
Li bounds a Seifert surface M? - Then the surfaces hi(Mi) are

again Seifert surfaces for the Li » and they are disjoint, as required.

EXAMPLE : VWhitehead's link is not a
boundary link. For if MJ and MK are

Seifert surfaces for J and K , respec-

tively, one may construct the universal 3 K

abelian (= universal) cover

T oof x=82-7 by cutting along M, . If M N M = 6, then
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lifts to disjoint (why?) Seifert surfaces ... M_l s MO ) Ml +vs for the

Iiftings ... ﬁ—l 5 KO s Kl ... of K in X . This is impossible,

- . - v aten P P TR ety e e M .y
e e e Tetezaltela ety e eTaTe RTe? P L FE P LT L T et b Bl S S LR S P
. M L P P D O M P D L P - »lalelete e e atat e tetatiTutaza +%a

since any two consecutive liftings of K have linking number I .
That boundary linking is a fairly subtle property is exhibited

by the following variations on the Borromean link.

ﬂﬁ EXERCISE : 1In the above picture, the two links on the right are

boundary links. Those on the left are not.



