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1 Introduction

In this lecture we will mainly consider the Cauchy problem for the semilinear
Schrödinger equation

"

iBtu`∆u “ κ|u|p´1u,
u|t“0 “ u0pxq.

(NLS)

Here u “ upt, xq P C denotes the unknown wave function and t P R, x P Rd,
d ě 1 denote the time and space variables respectively. κ takes value in t˘1u
and we call the nonlinear Schrödinger equation in (NLS) defocusing if κ “
1 (repulsive nonlinearity) and focusing if κ “ ´1 (attractive nonlinearity)
respectively. p ą 1 is a real constant which plays an important role in
the mathematical theory and if p “ 3 we call (NLS) the cubic nonlinear
Schrödinger equation.

We will consider the wellposedness issue of this Cauchy problem (NLS),
the asymptotic behaviour of the solutions (scattering, blowup, solitons, etc.)
and the conserved energies for the completely integrable case. We will see
that the results will depend heavily on the space dimension d, the sign of
κ and the nonlinearity exponent p. We will also pay much attention to the
functional space where the initial data u0 stays in.

1.1 Basic concepts

We first explain (formally) some basic properties of the equation in (NLS).

1.1.1 Dispersion

What does dispersion mean? Is the equation (NLS) dispersive? Indeed this
dispersion property is related to the linear part of the equation.

We now give some formal explanation. Let d “ 1 and let upx, tq be a
plane-wave solution

upt, xq “ eipkx´ωtq “ eikpx´pω{kqtq

of the linear Schrödinger equation iut ` uxx “ 0. Here k denotes the wave
number (waves per unit length) and ω “ ωpkq “ k2 denotes the (angular)
frequency. Hence upt, xq is a travelling wave with the phase velocity cpkq “
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ωpkq{k “ k and the larger k is, the faster the wave travels, that is, high
frequency waves travel much faster than low frequency waves! More generally,
we take the inverse Fourier transform of the initial data

u0pxq “
1
?

2π

ˆ
R
eikx pu0pkqdk,

then by superposition the solution of the linear Schrödinger equation reads
(noticing that eikpx´cpkqtq is the solution with initial data eikx)

upt, xq “
1
?

2π

ˆ
R
eikpx´cpkqtq pu0pkqdk.

The fact that various Fourier modes travel at different speeds is considered
to be dispersive phenomenon mathematically.

The well known Korteweg-de Vries (KdV) equation is also a nonlinear
dispersive equation:

Btu` uxxx ` uux “ 0, u|t“0 “ u0. (KdV)

The linear part ut ` uxxx “ 0 has the phase velocity cpkq “ k2.
There is an obvious example which is not a dispersive equation:

Btu` cBxu “ 0, u|t“0 “ u0, where c “ constant.

The solution upt, xq “ u0px´ ctq always travels at constant speed c.

1.1.2 Semilinearity

The nonlinear Schrödinger equation (NLS) is of the semilinear form:

iBtu`∆u “ fpuq, i.e. Btu “ i∆u´ ifpuq, u|t“0 “ u0, (1.1)

where the function f depends nonlinearly only on lower order terms: u (not
on Btu,∇2u)!

Recall the ODE theory. Consider the ODE of the form

v1 “ Lv ` fpvq, v|t“0 “ v0,

where v : R ÞÑ Rd is the unknown, t P R denotes the time variable, L PMdpRq
some linear transform and f : Rd

ÞÑ Rd some function. We have the Duhamel
formula for the solution

vptq “ etLv0 `

ˆ t

0

ept´t
1qLfpvpt1qq dt1 .
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Now we take the Fourier transform in x-variable to the equation (1.1)

Btpupt, ξq “ ´i|ξ|
2
pupt, ξq ´ izfpuqpξq, pup0, ξq “ pu0pξq.

View ξ as a parameter, then we also have (at least formally) the Duhamel
formula for pup¨; ξq

pupt, ξq “ e´it|ξ|
2

pu0pξq ´ i

ˆ t

0

e´ipt´t
1q|ξ|2

zfpuqpt1, ξq dt1 .

We calculate the inverse Fourier transform of the tempered distribution
e´it|ξ|

2
(t viewed as parameter) now. We consider e´it|ξ|

2
as the limit of

the Schwartz functions e´ε|ξ|
2´it|ξ|2 as ε Ñ 0 pointwisely (and hence in the

tempered distribution sense). Then recalling

F´1
pe´

1
2
|ξ|2
q “ e´

1
2
|x|2 , F´1

pgpaξqq “ a´dF´1
pgqpa´1xq,

F´1pe´it|ξ|
2
q is the limit of p2pε` itqq´

d
2 e´

|x|2

4pε`itq : p2itq´
d
2 e´

|x|2

4it . Recalling also

F´1
ppgphq “ p2πq´

d
2 g ˚ h,

we derive from the above Duhamel formula that

upt, xq “ Kt ˚ u0 ´ i

ˆ t

0

Kt´s ˚ fpups, ¨qqds, Kt :“ p4πitq´
d
2 ei

|¨|2

4t .

We rewrite it as

upt, xq “ Sptqu0 ´ i

ˆ t

0

Spt´ sqfpups, ¨qqds, (Duhamel)

where we denote Sptq as the following unitary group

Sptqg :“ eit∆g “ Kt ˚ g “

ˆ
Rd
p4πitq´

d
2 ei

|x´y|2

4t gpyqdy. (St)

It is obvious from (St) that

}Sptqu0}L8pRdq ď |4πt|
´ d

2 }u0}L1pRdq, (1.2)

which implies that if u0 P L1pRd
q, then the solution Sptqu0 of the linear

Schrödinger equation decays of rate |t|´
d
2 as |t| Ñ 8. This is exactly the

dispersion phenomenon.
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Let us recall some facts for the unitary group Sptq. Let H “ L2pRd
q be

the Hilbert space and ∆ be the densely defined selfadjoint operator with the
domain Dp∆q “ H2pRd

q. By Stone’s theorem (see e.g. Prof. Koch’s lecture
notes ”V3B2 PDE and Modelling” Chapter 3), there exists a unique strongly
continuous unitary group Sptq :“ eit∆ on H with

d

dt

ˇ

ˇ

ˇ

t“0
Sptqφ “ i∆φ, @φ P Dp∆q “ H2

pRd
q.

Since Sptq is unitary, then

}Sptqu0}L2pRdq “ }u0}L2pRdq. (1.3)

Recall the Riesz-Thorine interpolation theorem:

Theorem 1.1. Let 1 ď p0 ‰ p1 ď 8, 1 ď q0 ‰ q1 ď 8. If T P

LpLpjpRd
q, LqjpRd

qq be the linear operator from LpjpRd
q to LqjpRd

q with the
operator norm Mj, j “ 0, 1, then for any 0 ď θ ď 1,

T P LpLpθpRd
q, LqθpRd

qq,
1

pθ
“

1´ θ

p0

`
θ

p1

,
1

qθ
“

1´ θ

q0

`
θ

q1

,

with the operator norm Mθ ďM1´θ
0 M θ

1 .

Hence we derive from (1.2)-(1.3) that

Proposition 1.1. Let Sptq be the unitary map defined by (St). Then Sptq
is a linear map from Lr

1

pRd
q to LrpRd

q for any r P r2,8s (with 1
r
` 1

r1
“ 1)

such that
}Sptqu0}LrpRdq ď |4πt|

´ d
2
` d
r }u0}Lr1 pRdq, @t ‰ 0. (1.4)

1.1.3 Symmetries/Invariances

We list here the main symmetries for the Schrödinger equation in (NLS):

• Time/Space translation symmetry: If upt, xq solves (NLS), then ut0,x0pt, xq “
upt ´ t0, x ´ x0q, t0 P R, x0 P Rd also solves the Schrödinger equation
in (NLS);

• Space rotation symmetry: If upt, xq solves (NLS), then upt,Ωxq, Ω P

SOpdq also solves the Schrödinger equation in (NLS);

• Phase rotation symmetry: If upt, xq solves (NLS), then eiωupt, xq, ω P R
also solves the Schrödinger equation in (NLS);
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• Time reversal symmetry: If upt, xq solves (NLS), then ūp´t, xq (ūmeans
the complex conjugate of u) also solves the Schrödinger equation in
(NLS);

• Galilean invariance: If upt, xq solves (NLS), then eipx¨v´|v|
2tqupt, x´2vtq,

v P Rd also solves the Schrödinger equation in (NLS);

• Scaling symmetry: If upt, xq solves (NLS), then uλpt, xq “
1

λ
2
p´1

up t
λ2
, x
λ
q,

0 ‰ λ P R also solves the Schrödinger equation in (NLS);

• Pseudo-conformal symmetry for the mass critical case p “ 1 ` 4
d
: If

upt, xq solves (NLS), then ei
|x|2

4t

t
d
2
up´1

t
, x
t
q, e

i
|x|2

4p1`tq

p1`tq
d
2
up t

1`t
, x

1`t
q, etc. t ą 0

also solve the Schrödinger equation in (NLS).

Let us focus on the scaling symmetry for a while: Notice also that
the scaling includes both linear and nonlinear informations in the nonlinear
Schrödinger equation (NLS). Recall that the Sobolev space HspRd

q, s P R is
defined to be

Hs
pRd
q :“ tf P S 1pRd

q | }f}2
HspRdq :“

ˆ
Rd
p1` |ξ|2qs|f̂pξq|2 dξ ă 8u, (1.5)

and we also define the homogeneous Sobolev norm as

}f}29HspRdq :“

ˆ
Rd
|ξ|2s| pfpξq|2dξ. (1.6)

Denote the critical exponent

sc “
d

2
´

2

p´ 1
. (1.7)

Let the initial data u0 P H
spRd

q, then the rescaled initial datum u0,λpxq “
1

λ
2
p´1

u0p
x
λ
q, λ ą 0 has 9HspRd

q-norm as follows

}u0,λ} 9HspRdq “ λ´s`sc}u0} 9HspRdq.

Heuristically, we then divide the regularity exponent s of the Sobolev space
Hs into three cases:

• s ą sc (subcritical case)
As λ Ñ 8, }u0,λ} 9HspRdq Ñ 0 and if the solution u exists on the time
interval r0, T˚s then the rescaled solution uλ exists on the time interval
r0, λ2T˚s with λ2T˚ Ñ 8. This is the most favourable situation in well-
posedness issue: we can make both the small initial norm and the long
time interval at the same time.
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• s “ sc (critical case)
It is easy to see that the 9Hsc-norm is invariant under the scaling:
}u0,λ} 9Hsc pRdq “ }u0} 9Hsc pRdq, and as λ Ñ 8 the rescaled existing time

interval is still r0, λ2T˚s with λ2T˚ Ñ 8. This is always a unclear
situation.

• s ă sc (supercritical case)
In this case as λ Ñ 8, }u0,λ} 9HspRdq Ñ 8 as λ2T˚ Ñ 8, that is, the
growing norm corresponds to longer time interval. Blowup may happen
in this situation.

In particular, we are in the L2 (mass)-subcritical/critical/supercritical case
if

0 “ s ą { “ { ă sc, i.e. p ă { “ { ą 1`
4

d
,

and we are in the H1 (energy)-subcritical/critical/supercritical case if

1 “ s ą { “ { ă sc, i.e. p ă { “ { ą 1`
4

d´ 2
.

It seems that we should have well-posedness results in L2 or H1 framework
when p ă 1` 4

d
or p ă 1` 4

d´2
and we will indeed prove this in Section 2.

[13.10.2017]
[20.10.2017]

1.1.4 Conservation laws

Suppose that upt, xq is a smooth and fast decaying solution of the Schrödinger
equation in (NLS). We have the following conservation laws a priori:

• Mass conservation law

Mpuqptq “

ˆ
Rd
|upt, xq|2 dx “Mpuqp0q. (1.8)

Indeed, we test this Schrödinger equation by ū to get

i

ˆ
Rd
Btuū dx `

ˆ
Rd

∆uū dx “ κ

ˆ
Rd
|u|p`1 dx .

We take the imaginary part to obtain (noticing that integration by
parts ensures

´
Rd ∆uū dx “ ´

´
Rd |∇u|

2 dx )
ˆ
Rd

Re Btuū dx ` 0 “ 0.
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Since Re Btuū “
1
2
Bt|u|

2, we derive (1.8) from

1

2

d

dt

ˆ
Rd
|u|2 dx “ 0.

• Momentum conservation law

Pjpuqptq “ Im

ˆ
Rd
ūBxju dx “ Pjpuqp0q. (1.9)

Indeed, we test the Schrödinger equation by Bxj ū to get

i

ˆ
Rd
BtuBxj ū dx `

ˆ
Rd

∆uBxj ū dx “ κ

ˆ
Rd
|u|p´1uBxj ū dx .

We take integration by parts to obtainˆ
Rd

∆uBxj ū dx “ ´

ˆ
Rd
∇u ¨ Bxj∇ū dx “

ˆ
Rd
Bxj∇u ¨∇ū dx

“ ´i

ˆ
Rd

Im p∇u ¨ Bxj∇ūq dx ,

κ

ˆ
Rd
|u|p´1uBxj ū dx “ ´κ

ˆ
Rd
|u|p´1

Bxjuū dx ´ κ

ˆ
Rd
Bxj |u|

p´1
|u|2 dx

l jh n

“0

“ i κ

ˆ
Rd

Im p|u|p´1uBxj ūq dx .

Hence we take the real part to arrive at

0 “

ˆ
Rd

Im pBtuBxj ūq dx “
1

2
Im

ˆ
Rd
pBtuBxj ū´ BtūBxjuq dx

“
1

2
Im

ˆ
Rd
p´BtpBxjuq ū´ BtūBxjuq dx by integration by parts,

“ ´
1

2

d

dt
Pjpuptqq

which implies (1.9).

• Energy conservation law

Epuqptq “
1

2

ˆ
Rd
|∇u|2 dx `

κ

p` 1

ˆ
Rd
|u|p`1 dx “ Epuqp0q. (1.10)

Similar as above, we can test the Schrödinger equation by ∆ū´κ|u|p´1ū
and then take the imaginary part to get (1.10).
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Indeed in the Hamiltonian formulation, Epuq is the Hamiltonian of the
Hamiltonian flow (NLS). We just formally state here the Hamiltonian
formulation for (NLS). Consider the phase space as the vector space
of some suitable functions from Rd to C. Let us be rather fluid in the
notion of phase space and e.g. we can take Schwartz function space
as phase space when p is integer. Take the symplectic form ω on the
phase space such that at the point u in the phase space, for the two
tangent vectors f, g at u,

ωpf, gq “ Im

ˆ
Rd
fpxqgpxq dx .

This implies that qpxq : u ÞÑ Reupxq, ppxq : u ÞÑ Imupxq are canoni-
cally conjugate coordinates (indexed by x P Rd). Consider the Poisson
bracket associated to ω:

tG,F upuq “

ˆ
Rd

δF

δp

ˇ

ˇ

ˇ

u
pxq

δG

δq

ˇ

ˇ

ˇ

u
pxq ´

δF

δq

ˇ

ˇ

ˇ

u
pxq

δG

δp

ˇ

ˇ

ˇ

u
pxq dx .

Then for a real-valued function H : C ÞÑ R, the associated (Hamilto-
nian) flow is defined by

Btu “ ∇ωHpuq,

where the vector field p∇ωHq is defined by

ωpf,∇ωHq “ dHpfq,

dG
ˇ

ˇ

ˇ

u
pfq “ lim

εÑ0

Gpu` εfq ´Gpuq

ε
“

ˆ
Rd

δG

δq

ˇ

ˇ

ˇ

u
pxqRe fpxq `

δG

δp

ˇ

ˇ

ˇ

u
pxqIm fpxq dx .

Hence for any function F on the phase space, we deduce that

d

dt
F puptqq “ dF |upBtuq “ dF |up∇ωHq “ tF,Hupuptqq.

Here, we calculate ∇ωE with E defined in (1.10):

ωpf,∇ωEq “ Im

ˆ
Rd
fpxq∇ωE dx “ Re

ˆ
Rd
fpxqpi∇ωEq dx ,

pdEq|upfq “ Re

ˆ
Rd
∇f ¨∇ū` κ|u|p´1fū dx “ Re

ˆ
Rd
f
`

´∆u` κ|u|p´1u
˘

dx ,

that is i∇ωE “ ´∆u ` κ|u|p´1u. Hence the Schrödinger equation
(NLS) is exactly the Hamiltonian flow associated to the Hamiltonian
Epuq. Furthermore, tM,Eupuptqq “ tPj, Eupuptqq “ tE,Eupuptqq “ 0
and hence Mpuq, Pjpuq, Epuq are conservation laws for (NLS).
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We remark that these above conservation laws obviously hold true for smooth
and fast decaying solutions for (NLS). Nevertheless they can also hold for
less regular solutions by the approximation argument, e.g. the mass conser-
vation law (1.8) will hold for L2-subcritical case with L2 initial data. These
conservation laws will help us to get global-in-time well-posedness result, see
Subsection 2.2.2 below.

1.1.5 Solitary wave

A solitary wave is a solution that travels at a constant velocity without
changing its shape. Specially, let eitQpxq be a solitary wave of the Schrödinger
equation (NLS), with Qpxq satisfying the elliptic equation

∆Q´Q “ κ|Q|p´1Q, κ “ ´1, Q P H1
pRd
q. (1.11)

Then by symmetries in Subsection 1.1.3 we know that the following general
solitary wave solution travels along the line x “ x0 ` 2vt:

eiλ
´2t`ix¨v´i|v|2t`iθQλpx´ x0 ´ 2vtq, θ P R, x0 P Rd, v P Rd, 0 ‰ λ P R,

with Qλpxq “
1

λ
2
p´1

Qpx
λ
q. We have taken κ “ ´1 the focusing case, otherwise

in the defocusing case there exists only trivial solution: We test (1.11) with
κ “ 1 by Q̄ to get

0 ě ´

ˆ
Rd
|∇Q|2 dx “

ˆ
Rd
p1` |Q|2q|Q|2 dx ě 0 ñ Q “ 0 P H1

pRd
q.

Let d “ 1, then (1.11) is an ODE and one has an explicit solution (unique
up to translation and sign change)

Qpxq “
´p` 1

2
sech 2

`p´ 1

2
x
˘

¯
1
p´1
P H1

pR1
q, sech pxq “

2

ex ` e´x
.

(1.12)
We will see that for any d ě 2, in the energy-subcritical case (i.e. 1 ă p ă
1` 4

d´2
), there exists a unique positive radial H1 solution (up to translation)

of (1.11) in Proposition 4.5, Subsection 4.1. This unique solution is called
the ground state and the corresponding solution upt, xq “ eitQ of (NLS) is
the ground state standing wave and is often called soliton. We will show
the orbital stability result of the solitons in the mass-subcritical case (i.e.
1 ă p ă 1 ` 4

d
) in Subsection 4.3. There are also other solutions (not

necessarily positive or radial) than the ground state for (1.11) when d ě 2
which are called bound states and we will not discuss them in this lecture.
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It is easy to see that for any r P r1,8s, the Lr-norm of the initial datum
Q is preserved by the solution eitQ:

}eitQ}LrpRdq “ }Q}LrpRdq, @t P R .

This phenomenon is totally different from the linear Schrödinger equation
where the estimate (1.4) shows that }Sptqu0}LrpRdq, r ą 2 vanishes as tÑ 8.
Hence the existence of the solitary waves describes a balance between the
(linear) dispersion and the nonlinearity and they neither decay nor develop
singularities.

1.2 Completely integrable case

In this section we take d “ 1 and p “ 3 in the equation of (NLS): the cubic
nonlinear Schrödinger equation (by scaling u ÞÑ 1?

2
u)

iBtu` uxx “ 2κ|u|2u, u|t“0 “ u0. (1.13)

We are going to consider the defocusing case κ “ 1 and study this cubic
NLS via its Lax-pair formulation. We view u as the potential in the Lax
operator (see (1.21) below) and hope to solve u by use of the scattering data
defined on the real line associated to this Lax operator. We always assume
sufficiently decay condition on u as |x| Ñ 8.

Let κ “ 1. By [Zakharov-Shabat 1973], the cubic nonlinear Schrödinger
equation (1.13) can be viewed as the compatibility condition of the two sys-
tems

ψx “

ˆ

´iz u
ū iz

˙

ψ :“ Uψ, (1.14)

ψt “ i

ˆ

´2z2 ´ |u|2 ´2izu` ux
´2izū´ ūx 2z2 ` |u|2

˙

ψ :“ V ψ, (1.15)

where in these two systems z is a parameter, pt, xq are space and time vari-
ables, u is some known function and ψ : RˆRÑ C2 is the unknown vector.
Here the compatibility condition of the above two systems means that

ψxt “ pUψqt “ Utψ ` Uψt “ Utψ ` UV ψ

and ψtx “ pV ψqx “ Vxψ ` V ψx “ Vxψ ` V Uψ

should be the same, that is,

Ut “ Vx ` rV, U s with rV, U s “ V U ´ UV. (1.16)
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We can check that (1.13) is exactly the compatibility condition (1.16).
We now give the Lax-pair formulation (see (1.19) below) of cubic NLS

(1.13). We rewrite the system (1.14) into the form of the spectral problem of
the self-adjoint Lax operator L (with the domain depending on the potential
u, e.g. DpLq “ H1pRq Ă L2pRq if u P L8pRq) as follows

Lψ “ zψ, L “

ˆ

iBx ´iu
iū ´iBx

˙

. (1.17)

Then we can replace zψ by Lψ in the system (1.15) to get

ψt “ Pψ, P “ 2i

ˆ

´1 0
0 1

˙

L2
` 2

ˆ

0 u
ū 0

˙

L` i

ˆ

´|u|2 ux
´ūx |u|2

˙

“ i

ˆ

2B2
x ´ |u|

2 ´uBx ´ Bxu
ūBx ` Bxū ´2B2

x ` |u|
2

˙

.

(1.18)

The compatibility condition (1.16), i.e. the cubic nonlinear Schrödinger equa-
tion (1.13) equals to the following evolutionary equation

Lt “ rP,Ls, (1.19)

and the operator pair pL, P q is called Lax pair for (1.13).
The Lax pair pL, P q is the key to solve (1.13). Formally, thanks to the

evolutionary equation (1.19), if Lψ “ zψ then z is independent of the time
since we derive zt “ 0 from pLψqt “ pzψqt:

pLψqt “ Ltψ ` Lψt “ rP,Lsψ ` LPψ “ PLψ,

pzψqt “ ztψ ` zψt “ ztψ ` zPψ “ ztψ ` PLψ.

This fact is non trivial since L depends on upt, xq and hence its spectrum
should depend on t generally! More precisely we will indeed consider z P
R (the continuous spectrum of the self-adjoint operator L) and define the
transmission coefficient T pzq and the reflection coefficient Rpzq associated
to the Lax operator L. We will see that T pzq does not depend on time and
hence gives infinite many conservation laws for the cubic NLS (1.13). On
the other side, the Lax pair (1.19) gives a simple evolutionary equation for
the scattering data Rpt, zq associated to upt, xq: BtRpt, zq “ 4iz2Rpt, zq. We
will use the direct transform to get the initial scattering data R0pzq from the
initial data u0pxq and then use the inverse scattering transform to get the
solution upt, xq from the evolved scattering data Rpt, zq. The direct/inverse
scattering transforms give an algorithmic way to solve (NLS). This idea
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can be compared with the resolution of the linear Schrödinger equation via
Fourier and inverse Fourier transform:

iBtu` uxx “ 0, u|t“0 “ u0,

ñ iBtûpξq ´ ξ
2ûpξq “ 0, û|t“0 “ pu0pξq,

ñ ûpt, ξq “ e´iξ
2t
pu0pξq ñ upt, xq “ F´1

x pûq.

(1.20)

The direct and inverse scattering transform play the same role of Fourier
and inverse Fourier transform here, with the scattering data Rpt, zq viewed
as the nonlinear Fourier transform of upt, xq. However the direct and inverse
scattering transform are nonlinear and much involved since it is related to
the nonlinear Schrödinger equation.

[20.10.2017]
[27.10.2017]

1.2.1 The direct transform

Let z P R. In the direct transform step, given the function u “ upxq P
L1pR;Cq, we consider the ODE system (1.14):

ψx “

ˆ

´iz u
ū iz

˙

ψ, (1.21)

where x P R is the space variable and ψ : R ÞÑ C2 is the unknown vector.
We propose reasonable boundary condition for the system (1.21). As the

known function upxq decays sufficiently as |x| Ñ 8, ψpxq can be approxi-
mated by the solution of (1.21) when u ” 0 at infinity:

ψpxq “ c1

ˆ

e´izx

0

˙

` c2

ˆ

0
eizx

˙

` op1q, |x| Ñ 8, (1.22)

where c1, c2 are arbitrary constants. Since z P R, these solutions oscillate at
infinity. This is what defines R as the continuous spectrum for (1.21).

Jost solutions
We look for solutions of the initial value problem (1.21)-(1.22) such that

j´,1px; zq “

ˆ

e´izx

0

˙

` op1q as xÑ ´8,

and

j´,2px; zq “

ˆ

0
eizx

˙

` op1q as xÑ ´8.
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Indeed, the renormalised solution l´,1px; zq “ eizxj´,1px; zq satisfies the fol-
lowing integral equation

l´,1px; zq “

ˆ

1
0

˙

`

ˆ x

´8

ˆ

0 upx1q

e2izpx´x1qūpx1q 0

˙

l´,1px1; zq dx 1. (1.23)

By iteration we deduce that

l´,1px; zq “
8
ÿ

n“0

l´,1n px; zq, l´,10 “

ˆ

1
0

˙

,

l´,1n`1px; zq “

ˆ x

´8

ˆ

0 upx1q

e2izpx´x1qūpx1q 0

˙

l´,1n px1; zq dx 1,

that is,

l´,1px; zq “

ˆ

1
0

˙

`

ˆ

0´ x
´8

e2izpx´x1qūpx1q dx 1

˙

`

ˆ´ x
´8

upx2q
´ x2
´8

e2izpx2´x1qūpx1q dx 1 dx 2

0

˙

`

ˆ

0´ x
´8

e2izpx´x3qūpx3q
´ x3
´8

upx2q
´ x2
´8

e2izpx2´x1qūpx1q dx 1 dx 2 dx 3

˙

`

ˆ´ x
´8

upx4q
´ x4
´8

e2izpx4´x3qūpx3q
´ x3
´8

upx2q
´ x2
´8

e2izpx2´x1qūpx1q dx 1 dx 2 dx 3 dx 4

0

˙

` ¨ ¨ ¨

We just have to show that the above series converges if u P L1pR;Cq: Let

mk “

ˆ xk

´8

|upyq| dy , m “

ˆ x

´8

|upyq| dy ,

then dm k “ |upxkq| dx k and |l´,1px; zq| with x, z P R can be controlled by
¨

˝

1`
´ m

0

´ m2

0
dm 1 dm 2 `

´ m
0

´ m4

0

´ m3

0

´ m2

0
dm 1 dm 2 dm 3 dm 4 ` ¨ ¨ ¨

´ m
0

dm 1 `
´ m

0

´ m3

0

´ m2

0
dm 1 dm 2 dm 3 ` ¨ ¨ ¨

˛

‚

and hence by
¨

˚

˝

ř8

k“0
m2k

p2kq!

ř8

k“0
m2k`1

p2k`1q!

˛

‹

‚

which converges since m ď }u}L1 . The uniqueness result follows similarly
by iteration: Let l be the difference between two solutions satisfying the
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above integral equation (1.23) with the boundary condition p0, 0qT , then
we substitute this integral equation into itself k times such that |lpx; zq| ď

}l}L8
}u}k

L1

k!
which vanishes as k Ñ 8.

These two solutions are linearly independent and form a 2ˆ2 fundamental
solution matrix (i.e. the matrix whose columns are independent solution
vectors):

J´px; zq “ rj´,1px; zq, j´,2px; zqs.

with normalization condition

lim
xÑ´8

J´px; zqeizxσ3 “ I, σ3 “

ˆ

1 0
0 ´1

˙

.

Indeed, we have detpJ´px; zqq “ 1 ‰ 0 for all x P R since

d

dx
detpJ´px; zqq “ 0 by (1.21) and detpJ´px; zqq Ñ 1 as xÑ ´8.

Similarly we can define Jost solutions j`,1px; zq, j`,2px; zq that are nor-
malized in the limit x Ñ `8 and the associated normalized fundamental
solution matrix

J`px; zq “ rj`,1px; zq, j`,2px; zqs, with lim
xÑ`8

J`px; zqeizxσ3 “ I.

Scattering matrix
The two fundamental solution matrices J˘px; zq both satisfy the 2 ˆ 2

system (1.21):

pJ˘qx “

ˆ

´iz u
ū iz

˙

J˘.

The columns of both matrices span the complete solution space and hence
j`,1, j`,2 can be expressed as the linear combination of j´,1, j´,2 and vice
versa. That is, there exists a matrix S “ Spzq such that

J`px; zq “ J´px; zqSpzq, detpSpzqq “ 1, z P R,
i.e. j`,1px; zq “ s11pzqj

´,1
px; zq ` s21pzqj

´,2
px; zq,

and j`,2px; zq “ s12pzqj
´,1
px; zq ` s22pzqj

´,2
px; zq.

This matrix Spzq is the so-called scattering matrix.

Transmission/Reflection coefficients
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Notice the symmetry in the system (1.21): If ψ “

ˆ

ψ1

ψ2

˙

solves (1.21),

then

rψ :“

¨

˝

ψ2

ψ1

˛

‚“ σ1ψ, σ1 “

ˆ

0 1
1 0

˙

,

(with f̄ denoting the complex conjugate of f) is also a solution of (1.21).

Hence the jost solution Ąj´,1px; zq also solves (1.21) with the asymptotic
ˆ

0
eizx

˙

as x Ñ ´8. By the unique solvability of the initial value problem

(1.21)-(1.22) we know j´,2px; zq “ Ąj´,1px; zq “ σ1j´,1px; zq. Therefore

J˘px; zq “ rj˘,1, j˘,2s “ σ1rj
˘,2, j˘,1s “ σ1J

˘
px; zqσ1, z P R .

Hence the scattering matrix Spzq “ J´px; zq´1J`px; zq also satisfies

Spzq “ σ1Spzqσ1, z P R .

This, together with detpSpzqq “ 1 ensures that there exist two complex-
valued functions apzq, bpzq such that

Spzq “

ˆ

apzq ´bpzq
´bpzq apzq

˙

, |apzq|2 ´ |bpzq|2 “ 1, z P R . (1.24)

The inverse scattering matrix Spzq´1 “

ˆ

apzq bpzq

bpzq apzq

˙

.

The quantity T pzq “ 1{apzq is called the transmission coefficient and the
quantity Rpzq “ bpzq{apzq is called the reflection coefficient. Here is some
explanation: We know from J´px; zq “ J`px; zqSpzq´1 that j´,1px; zq “
apzqj`,1px; zq ` bpzqj`,2px; zq and hence the solution apzq´1j´,1px; zq has the
following asymptotics

T pzq

ˆ

e´izx

0

˙

as xÑ ´8,

ˆ

e´izx

0

˙

`Rpzq

ˆ

0
eizx

˙

as xÑ `8, z P R .

If we take e´izx as the incoming wave from the right to the left, then after
the disturbance modelled by the potential upxq there is a reflected wave of
complex amplitude Rpzq and a transmitted wave of complex amplitude T pzq.

It is obvious to see that if u ” 0 then J´px; zq “ J`px; zq “ e´izxσ3 and
hence Spzq “ I, apzq “ 1, bpzq “ 0, T pzq “ 1, Rpzq “ 0.
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The direct transform
The direct transform for the defocusing NLS is a nonlinear mapping

pu P L1
pR;Cqq ÞÑ pR : R ÞÑ Cq.

The reflection coefficient Rpzq can be viewed as a nonlinear analogue of the
Fourier transform of upxq. Beals-Coifman (1984’) showed that if u P SpRq
(the Schwartz space), then also R P SpRq and sup zPR|Rpzq| ď 1. It is also
interesting to calculate that if u “ ε1r´L,Ls, then Rpzq “ ûpzq ` Opε2q as
εÑ 0 if we define ûpzq “

´
R e

´2izxupxqdx “ ε sinp2zLq{z.

1.2.2 Inverse scattering transform

Take the time t into account and view z P R as parameter. Let u “ upt, xq
in the system (1.21) satisfy the defocusing cubic NLS (1.13) and |upt, ¨q|
decays to zero sufficiently fast for all t P R. Then the reflection coefficient
Rpzq “ Rpt, zq also depends on t and we will see that Rpz; tq evolves in
time (almost) in the same way as does the evolutionary ûpt, ξq for the linear
Schrödigner equation (1.20).
Time evolution of the fundamental solution matrix

We observe that the matrices

W˘
pt, x; zq “ J˘pt, x; zqe´2iz2tσ3 , σ3 “

ˆ

1 0
0 ´1

˙

are simultaneous fundamental solutions of the compatible linear systems
(1.14)-(1.15) of the Lax pair. Indeed, let W pt, x; zq be the simultaneous
fundamental solution matrix of the compatible systems (1.14)-(1.15). Since
any solution matrix of (1.14) is a linear combination of j`,1, j`,2, there exists
time-dependent (and space-independent) matrix Cpt; zq such thatW pt, x; zq “
J`pt, x; zqCpt; zq. By the system (1.15), we calculate the time derivative of
Cpt; zq

d

dt
Cpt; zq “

d

dt
pJ`pt, x; zq´1W pt, x; zqq

“ J`pt, x; zq´1
BtW pt, x; zq ´ J`pt, x; zq´1

BtJ
`
pt, x; zqJ`pt, x; zq´1W pt, x; zq

“ J`pt, x; zq´1V pt, x; zqJ`pt, x; zqCpt; zq ´ J`pt, x; zq´1
BtJ

`
pt, x; zqCpt; zq.

Since for all the time t,

J`pt, x; zq Ñ

ˆ

e´izx 0
0 eizx

˙

, V pt, x; zq Ñ ´2iz2σ3 as xÑ `8,
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and Cpt; zq does not depend on x-variable, we deduce that

d

dt
Cpt; zq “ ´2iz2σ3Cpt; zq,

and hence a particular solution can be Cpt; zq “ e´2iz2tσ3 and W`pt, x; zq “
J`pt, x; zqe´2iz2tσ3 is the fundamental solution of the compatible systems
(1.14)-(1.15).

Time evolution of the transmission/reflection coefficients

Since W˘pt, x; zq “ J˘pt, x; zqe´2iz2tσ3 solve (1.15), we deduce

BtJ
˘
pt, x; zq “ V pt, x; zqJ˘pt, x; zq ` 2iz2J˘pt, x; zqσ3.

Therefore

BtpSpt; zqq “ BtpJ
´
pt, x; zq´1J`pt, x; zqq

“ ´J´pt, x; zq´1
BtJ

´
pt, x; zqSpt; zq ` J´pt, x; zq´1

BtJ
`
pt, x; zq

“ 2iz2
rSpt; zq;σ3s,

that is,
ˆ

Btapt; zq ´Btbpt; zq
´Btbpt; zq Btapt; zq

˙

“ 2iz2

ˆ

0 2bpt; zq
´2bpt; zq 0

˙

.

We finally arrive at the time evolution of the transmission and reflection
coefficients

apt; zq “ ap0; zq, bpt; zq “ e4iz2tbp0; zq,

i.e.T pt; zq “ T p0; zq independent of the time,

and Rpt; zq “ e4iz2tRp0; zq evolves similarly as (1.20).

(1.25)

Inverse scattering transform
We give the following theorem without proof, which offers a way to recover

the solution of the Cauchy problem (NLS) with κ “ 1 from the associated
Riemann-Hilbert problem:

Theorem 1.2. Let u0 P L
1pR;Cq with R0 : R ÞÑ C as the initial reflection

coefficient. Then the solution of the Cauchy problem for the cubic nonlinear
Schrödinger equation (1.13) with κ “ 1 is

upt, xq “ 2i lim
zÑ8

zM12pz; t, xq,

where the matrix Mpz; t, xq is the solution of the following Riemann-Hilbert
problem: Find a 2ˆ 2 matrix Mpz; t, xq such that
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• Analyticity - Mpz; t, xq is analytic of z for z P C zR;

• Jump Condition - The continuous boundary values M˘pz; t, xq (from
up and below respectively) on the real line z P R are related by

M`pz; t, xq “M´pz; t, xq

ˆ

1´ |R0pzq|
2 ´e´2izx´4iz2tR0pzq

e2izx`4iz2tR0pzq 1

˙

;

• Normalization - limzÑ8Mpz; t, xq “ I.

Therefore we can solve the Cauchy problem (1.13) in the defocusing com-
pletely integrable case in the following way:

u0pxq upt, xq

R0pzq Rpt, zq

direct transform

ODE

inverse scattering transform

However, the inverse scattering transform step is rather involved and it is
hard to say that this machinery can work easier than other methods. Never-
theless it offers an algorithm to solve (NLS) and we can derive much informa-
tion from the formulation itself, e.g. asymptotic behaviors of the solutions.

Invariant transmission coefficient
We can extend the jost solution j´,1px; zq to the closed upper half plane,

with the asymptotics
ˆ

e´izx

0

˙

` op1qeIm zx as xÑ ´8,

ˆ

T´1e´izx

0

˙

` op1qeIm zx as xÑ 8.

We will focus on the invariant “transmission coefficient” T´1pzq which is a
well-defined holomorphic function on the closed upper half plane if upxq P S.
In the defocusing case, it also provides a holomorphic extension of T pzq with
|T | ď 1, since there are no zeros of T´1pzq (corresponding to eigenvalues of
the self-adjoint Lax operator) and |T | ď 1 on R, T Ñ 1 at infinity.

If upxq P S, then we can expand lnT´1pzq as z Ñ 8:

lnT´1
pzq “ iMp2zq´1

´ iP p2zq´2
` iEp2zq´3

` i
8
ÿ

k“4

Hkp2zq
´k

where M “Mpuq, P “ P puq, E “ Epuq are the conserved mass, momentum,
energy defined in (1.8)-(1.9)-(1.10) respectively. By the conservation of T pzq,
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all the coefficients Hk in the above expansion are conserved by the cubic NLS
flow and hence we derived infinite many conservation laws from the invariant
transmission coefficient T pzq.

Roughly speaking, Mpuq, Epuq correspond to the L2, H1 regularity of the
solution u, then whether or not the p2n` 1q-th coefficient H2n`1 correspond
to its Hn regularity? We have no idea about it. Nevertheless Koch-Tataru
(2016’) (see also Killip-Visan-Zhang (2017’)) succeed in reformulating the
new conserved energies Espuq from lnT´1pzq, which correspond to Hs-norms
of the solution of the one dimensional cubic nonlinear focusing/defocusing
Schrödinger equation, for any s ą ´1

2
! We point out that the invariant

“transmission coefficient” T´1pzq is a well-defined holomorphic function on
the open upper half plane (not necessarily on the real axis) if u P HspRq,
s ą ´1

2
.

[27.10.2017]
[03.11.2017]

2 Wellposedness

Definition 2.1 (LWP & GWP). The Cauchy problem (NLS)
"

iBtu`∆u “ κ|u|p´1u,
u|t“0 “ u0pxq,

is said to be locally well-posed LWP in HspRd
q if for any initial data u0 P

HspRd
q, there exists a positive time T ą 0 and a unique solution u P

Cpr´T, T s;HspRd
qq of (NLS) such that there exists a neighbourhood U of

u0 in HspRd
q and the flow map

Φ : U ÞÑ Hs
pRd
q, u0 ÞÑ upt, ¨q

is continuous for any t P p´T, T q.
We say that (NLS) is globally well-posedness GWP in HspRd

q if the
above holds on any time interval r´T, T s, T ą 0.

Recall the famous Hadamard’s example of the ill-posed Cauchy problem
for the Laplace equation:

"

vtt ` vxx “ 0,
v|t“0 “ 0, vt|t“0 “ fpxq.

Let we take the initial data sequence

pv, vtq|t“0 “ p0, fnq “ p0, e
´
?
nn sinpnxqq Ñ 0 as nÑ 8, in any Ck

b pRq, k P N .
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Then there exists a unique solution sequence

vnpt, xq “ e´
?
n sinpnxq shpntq,

such that for any positive time t0 ą 0, the solution sequence evaluated at t0

vnpt0, xq “ e´
?
n sinpnxq shpnt0q Ñ 8 as nÑ 8, in any Ck

b pRq.

Hence the flow map pv, vtqp0, ¨q ÞÑ vpt, ¨q is not continuous in Ck
b pRq for any

t ą 0. The above Cauchy problem for the Laplace equation is ill-posed in
Ck
b pRq for any k P N.

We will show the well-posedness results in the subcritical cases for (NLS)
in this section. Recalling the Duhamel formula (Duhamel), we would like to
apply the fixed point theorem to show the unique existence of the solution u P
XT Ă Cpr´T, T s;HspRd

qq. The choice of the functional space XT is crucial
and we have to make sure that the linear map u0 ÞÑ Sptqu0 is from HspRd

q to
XT while the (nonlinear) map u ÞÑ

´ t
0
Spt´ t1qpfpuqpt1qq dt1 , fpuq “ κ|u|p´1u

is from XT to XT . Finally we can choose the time T small enough such
that these maps are contraction mappings and hence the fixed point theorem
works. The mass/energy conservation laws then imply GWP in the L2/H1

framework respectively.

2.1 Strichartz estimates

Recall Proposition 1.1 that the Schrödinger group Sptq maps Lr
1

pRd
q to

LrpRd
q, r ě 2 with the operator norm |4πt|´p

d
2
´ d
r
q. It is also obvious from

the definition of Sptq: zSptqgpξq “ e´it|ξ|
2
pgpξq and the definition of Hs-norm

(1.5) that
}Sptqg}HspRdq “ }g}HspRdq, @s P R .

We remark that Sptq is NOT a map

• from L2pRd
q to LrpRd

q or from LrpRd
q to L2pRd

q for r ‰ 2, since oth-
erwise for g P L2, g R Lr, }g}Lr “ }SptqpSp´tqgq}Lr ď C}Sp´tqg}L2 “

C}g}L2 and this is a contradiction to g R Lr, or for g P Lr, g R L2,
}g}L2 “ }Sptqg}L2 ď C}g}Lr and this is also a contradiction;

• from LrpRd
q to LrpRd

q for r ‰ 2, since otherwise for r ą 2, for
g P Lr

1

, g R Lr, if Sptq maps from LrpRd
q to LrpRd

q then }g}Lr “
}SptqpSp´tqgq}Lr ď C}Sp´tqg}Lr ď C}g}Lr1 and if Sptq maps from
Lr

1

pRd
q to Lr

1

pRd
q then

}g}Lr “ sup }h}
Lr
1“1|xg, hyL2 | “ sup }h}

Lr
1“1|xSptqg, SptqhyL2 |

ď sup }h}
Lr
1“1}Sptqg}Lr}Sptqh}Lr1 ď Csup }h}

Lr
1“1}g}Lr1 }h}Lr1 “ C}g}Lr1 ;
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This means that there is no Lp-boundedness property (p ‰ 2) for uni-
tary Schrödinger group Sptq “ eit∆ as for heat semigroup et∆ (t ą 0):

et∆f “ At ˚ f, At “ p4πtq
´ d

2 e´|¨|
2{4t

P L1
pRd
q

such that }et∆f}Lr ď }At}L1}f}Lr ď C}f}Lr , @r P r1,8s, @t ą 0.

• from LrpRd
q to Lr1pRd

q for any r ą 2: Generally if }g ˚ϕ}Lr1 ď C}g}Lr
for all g P Lr and ϕ ‰ 0, then r1 ě r and on the other side, if Sptq is
from Lr to some Lr1 with r1 ‰ r1, then by interpolation Sptq is from
L2 to Lr2 with r2 ‰ 2 which can not hold;

• from HspRd
q to Hs1pRd

q for s1 ą s, since otherwise for g P Hs, g R Hs1 ,
}g}Hs1 “ }Sptqg}Hs1 ď C}g}Hs . This means that there is no smoothing
effect for Sptq “ eit∆ in Sobolev spaces as the heat semigroup et∆:

}et∆g}2
Hs1 “

ˆ
Rd
p1` |ξ|2qs

1

e´2t|ξ|2
|ĝpξq|2 dξ

“

ˆ
Rd
p1` |ξ|2qs

`

p1` |ξ|2qs
1´se´2t|ξ|2

˘

l jh n

uniformly bounded in ξ if tą0

|ĝpξq|2 dξ

ď Cptq}g}2Hs .

We will show more estimates for Sptq in this subsection, namely the fa-
mous Strichartz estimates.

Theorem 2.1. [Strichartz estimates for Schrödinger] Let pq, rq be admissible
exponent pair, i.e.

2

q
`
d

r
“
d

2
, 2 ď q, r ď 8, pq, r, dq ‰ p2,8, 2q. (2.26)

Then for any admissible exponent pairs pq, rq, prq, rrq, we have the following
homogeneous Strichartz estimate (for the solution Sptqu0 of the homogeneous
problem iBtu`∆u “ 0, u|t“0 “ u0)

}Sptqu0}LqtLrxpRˆRdq ď Cpq, r, dq}u0}L2
xpRdq, (2.27)

and the inhomogeneous Strichartz estimate (for the solution
´ t

0
Spt´t1qfpt1q dt1

of the inhomogeneous problem iBtu`∆u “ f, u|t“0 “ 0)

›

›

›

ˆ t

0

Spt´ t1qfpt1q dt1
›

›

›

LqtL
r
xpRˆRdq

ď Cpq, r, rq, rr, dq}f}
Lrq1

t L
rr1
x pRˆRdq, (2.28)
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where 1
q
` 1

q1
“ 1 and the space-time norm } ¨ }LqtLrxpRˆRdq is defined to be

}g}LqtLrxpRˆRdq “

›

›

›
}gpt, ¨q}LrxpRdq

›

›

›

Lqt pRq
.

In the above the time definition domain R can be replaced by any time interval
r´T, T s, T ą 0.

Remark 2.1. • By virtue of (2.27), if u0 P L
2, then Sptqu0 P L

r with

2 ď r ď 8 if d “ 1, 2 ď r ă 8 if d “ 2, 2 ď r ď
2d

d´ 2
if d ě 3,

for almost all t P R and the norm }Sptqu0}Lr , r ą 2 decays faster

than |t|´
1
q for almost all the time. This indicates the smooth and decay

effects of Sptq. On the other side we know that there exists u0 P L
2 and

t P R such that Sptqu0 R L
r since the operator Sptq is not a map from

L2 to Lr.

• There are infinite many admissible exponent pairs and we can always
have the trivial case pq, rq “ p8, 2q and the particular case q “ r “
2pd` 2q{d. If d “ 1, then q ě 4 and

}Sptqu0}L4
tL
8
x pRˆRq ` }Sptqu0}L6

t,xpRˆRq ď C}u0}L2pRq.

• The equality for the admissible exponent paris can be seen as follows:
Let u be a solution of the homogeneous linear Schrödinger equation,
then the rescaled solution uλpt, xq “ upλ2t, λxq with rescaled initial data
u0,λ “ upλxq, λ ą 0 such that

}uλ}LqtLrxpRˆRdq “ λ´p
2
q
` d
r
q
}u}LqtLrxpRˆRdq, }u0,λ}L2

xpRdq “ λ´
d
2 }u0}L2

xpRdq,

also solves the linear Schrödinger equation. If (2.27) holds for u, then
it also holds for uλ for any λ ą 0 and the only possibility is 2

q
` d

r
“ d

2
.

Proof. Step 1 From Lq
1

t L
r1

x to LqtL
r
x for 2 ă q ă 8

By use of the estimate (1.4), we know for any ´8 ď t1 ă t2 ď 8

›

›

›

ˆ t2

t1

Spt´ t1qfpt1q dt1
›

›

›

LqtL
r
xpRˆRdq

ď

›

›

›

ˆ t2

t1

p4π|t´ t1|q´p
d
2
´ d
r
q
}fpt1q}Lr1x pRdq dt1

›

›

›

Lqt pRq

ď

›

›

›

ˆ
R
p4π|t´ t1|q´

2
q }fpt1q}Lr1x pRdq dt1

›

›

›

Lqt pRq
.
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By the Hardy-Littlewood-Sobolev inequality

}g ˚ | ¨ |´α}LqpRnq ď Cpp, q, α, nq}g}LmpRnq,

1`
1

q
“

1

m
`
α

n
, 0 ă α ă n, 1 ă m ă q ă 8,

with

n “ 1, α “
d

2
´
d

r
“

2

q
, m “ q1, p2 ă q ă 8q,

we derive from the above inequality that for any ´8 ď t1 ă t2 ď 8 (t1 ă t2
may be any two functions of t)

›

›

›

ˆ t2

t1

Spt´ t1qfpt1q dt1
›

›

›

LqtL
r
xpRˆRdq

ď Cpq, r, dq}f}
Lq
1

t L
r1
x pRˆRdq.

Step 2 From Lq
1

t L
r1

x to L8t L
2
x for 2 ă q ă 8

We calculate for any t P R, ´8 ď t1 ă t2 ď 8

›

›

›

ˆ t2

t1

Spt´ t1qfpt1q dt1
›

›

›

2

L2
xpRdq

“

A

ˆ t2

t1

Spt´ t1qfpt1q dt1 ,

ˆ t2

t1

Spt´ t2qfpt2q dt2
E

L2
xpRdq

“

ˆ t2

t1

ˆ t2

t1

xSpt´ t1qfpt1q, Spt´ t2qfpt2qyL2
xpRdq dt

1 dt2

“

ˆ t2

t1

ˆ t2

t1

xfpt1q, Spt1 ´ t2qfpt2qyL2
xpRdq dt

1 dt2

“

ˆ t2

t1

A

fpt1q,

ˆ t2

t1

Spt1 ´ t2qfpt2q dt2
E

L2
xpRdq

dt1

ď

ˆ
R
}fpt1q}Lr1x pRdq

ˆ
R
|4πpt1 ´ t2q|´

2
q }fpt2q}Lr1x pRdqdt

2 dt1 by (1.4)

ď C}f}2
Lq
1

t L
r1
x pRˆRdq

by Hardy-Littlewood-Sobolev inequality.

Step 3 Proof of (2.27) and from L1
tL

2
x to LqtL

r
x by duality

By duality, we derive (2.27) by Step 2

}Sptqu0}LqtLrxpRˆRdq “ sup }g}
L
q1

t L
r1
x pRˆRdq

ď1

ˇ

ˇ

ˇ

ˆ
R
xSptqu0, gptqyL2

xpRdqdt
ˇ

ˇ

ˇ

“ sup }g}
L
q1

t L
r1
x pRˆRdq

ď1

ˇ

ˇ

ˇ

ˆ
R
xu0, Sp´tqgptqyL2

xpRdqdt
ˇ

ˇ

ˇ

ď sup }g}
L
q1

t L
r1
x pRˆRdq

ď1}u0}L2
xpRdq

›

›

›

ˆ
R
Sp0´ t1qgpt1qdt1

›

›

›

L2

ď C}u0}L2
xpRdq by Step 2.
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Similarly, we can show for any ´8 ď t1 ă t2 ď 8,

›

›

›

ˆ t2

t1

Spt´ t1qfpt1q dt1
›

›

›

LqtL
r
xpRˆRdq

“ sup }g}
L
q1

t L
r1
x pRˆRdq

ď1

ˇ

ˇ

ˇ

ˆ
R

A

ˆ t2

t1

Spt´ t1qfpt1q dt1 , gptq
E

L2
xpRdq

dt
ˇ

ˇ

ˇ

“ sup }g}
L
q1

t L
r1
x pRˆRdq

ď1

ˇ

ˇ

ˇ

ˆ t2

t1

A

fpt1q,

ˆ
R
Spt1 ´ tqgptqdt

E

L2
xpRdq

dt1
ˇ

ˇ

ˇ

ď C}f}L1
tL

2
xpRˆRdq by Step 2.

If pt1, t2q “ p0, tq, then we just take the integral intervals p0,8q and pt1,8q
for the variables t1 and t respectivly.
Step 4 Proof of (2.28) by interpolation

We have shown in Step 1 and Step 2 that the linear operator

f ÞÑ

ˆ t

0

Spt´ t1qfpt1qdt1

is bounded from Lq̃
1

t L
r̃1

x to Lq̃tL
r̃
x and from Lq̃

1

t L
r̃1

x to L8t L
2
x. By the log-

convexity of Lp-norms,

}g}Lpθ ď }g}
1´θ
Lp0 }g}

θ
Lp1 , with

1

pθ
“

1´ θ

p0

`
θ

p1

,

the above operator is bounded from Lq̃
1

t L
r̃1

x to LqtL
r
x if q̃ ď q ď 8.

Similarly we have shown in Step 1 and Step 3 that the above linear
operator is bounded from Lq

1

t L
r1

x to LqtL
r
x and from L1

tL
2
x to LqtL

r
x and hence

from Lq̃
1

t L
r̃1

x to LqtL
r
x if 1 ď q̃1 ď q1.

These two cases complete the estimate (2.28) for 2 ă q ď 8.
Step 5 Endpoint case q “ 2, r “ 2d

d´2
for d ě 3: See [Keel-Tao 1998].

2.2 L2 theory

2.2.1 Local well-posedness in L2

Theorem 2.2. [LWP in L2] Let p be an L2-subcritical exponent, i.e. 1 ă
p ă 1` 4

d
. Let κ “ ˘1. Let u0 P L

2pRd
q.

Then the Cauchy problem (NLS) is locally well-posed LWP in L2pRd
q

in the following sense: There exist a positive time T ą 0 depending on
}u0}L2pRdq, p, d, and a unique solution u “ upt, xq defined on the time interval
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r´T, T s such that

u P XT :“
!

u P Cpr´T, T s;L2
pRd
qq

ˇ

ˇ

ˇ
u P Lqpr´T, T s;Lp`1

pRd
qq

)

with admissible exponent pair pq, p` 1q i.e.
2

q
`

d

p` 1
“
d

2
, 2 ď q ď 8,

and there exists a neighborhood U of u0 in L2pRd
q such that

Φ : U ÞÑ XT 1 , u0 ÞÑ u is Lipschitz continuous for any T 1 ă T.

[03.11.2017]
[10.11.2017]

Proof. We solve the integral equation (Duhamel) by searching for the fixed
point of the mapping

Ψ : u ÞÑ Ψpuq “ Sptqu0 ´ iκ

ˆ t

0

Spt´ t1q
`

|upt1q|p´1upt1q
˘

dt1 (2.29)

in the ball of the functional space XT as

XT pRq :“
!

u P XT

ˇ

ˇ

ˇ
}u}r´T,T s :“ }u}L8pr´T,T s;L2pRdqq ` }u}Lqpr´T,T s;Lp`1pRdqq ď R

)

with R, T to be determined later. We will use the Banach fixed-point theo-
rem (contraction mapping theorem) in the complete metric space pXT pRq, } ¨
}r´T,T sq, and we shall prove that

• Ψ is a well-defined map in XT pRq with appropriately chosen R, T ;

• Ψ is a contraction map in XT pRq for some small enough T .

Finally we conclude that there is a unique fixed point of Ψ and the flow map
Ψ : u0 ÞÑ u is Lipschitzian continuous from a neighborhood U Ă L2pRd

q of
u0 to XT pRq.

In the following C will denote some constant depending on p, d which
may vary from line to line.
Step 1 Well-definedness of the map Ψ in XT pRq

By Strichartz estimates in Theorem 2.1, we deduce that

}Sptqu0}r´T,T s ď Cpp, dq}u0}L2
x
,
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and

}Ψpuq ´ Sptqu0}r´T,T s ď Cpp, dq
›

›|u|p´1u
›

›

Lq1 pr´T,T s;Lpp`1q1 pRdqq

ď C
´

ˆ T

´T

›

›|u|p´1u
›

›

q1

L
p`1
p pRdq

dt
¯

1
q1

“ C
´

ˆ T

´T

›

›u
›

›

pq1

Lp`1pRdq dt
¯

1
q1

.

Since 1 ă p ă 1` 4
d
, we use Hölder’s inequality }fg}L1 ď }f}

L
q
pq1
}g}

L
p1´

pq1
q q
´1

to deduce

}Ψpuq ´ Sptqu0}r´T,T s ď C
´

ˆ T

´T

›

›u
›

›

q

Lp`1pRdq dt
¯
p
q
T θ ď C}u}p

r´T,T sT
θ,

with θ “
1

q1
p1´

pq1

q
q “

1

q1
´
p

q
“
d

4
p1`

4

d
´ pq ą 0.

We choose R “ 4C}u0}L2
x

and T ď T1 sufficiently small such that

CRp
pT1q

θ
“

1

4
R i.e. T1 “

`R1´p

4C

˘
1
θ “ p4Cq´

p
θ }u0}

β
L2
x

with β “
4p1´ pq

dp1` 4
d
´ pq

ă 0,

and hence

}Ψpuq}r´T,T s ď
1

4
R `

1

4
R ď R if }u}r´T,T s ď R,

and Sptqu0,Ψpuq ´ Sptqu0 are continuous in L2pRd
q.

Step 2 Contraction map Ψ
Let u, v P XT pRq and we calculate by Strichartz estimate

}Ψpuq ´Ψpvq}r´T,T s “
›

›

›

ˆ t

0

Spt´ t1q
´

|upt1q|p´1upt1q ´ |vpt1q|p´1vpt1q
¯

dt1
›

›

›

r´T,T s

ď C
›

›

›
|u|p´1u´ |v|p´1v

›

›

›

Lq1 pr´T,T s;Lpp`1q1 pRdqq
.

Since ||u|p´1u´ |v|p´1v| ď Cp|u|p´1 ` |v|p´1q|u´ v|, we proceed as in Step 1
to obtain

}Ψpuq ´Ψpvq}r´T,T s ď C
´

ˆ T

´T

`

}u}
pp´1qq1

Lp`1
x

` }v}
pp´1qq1

Lp`1
x

˘

}u´ v}q
1

Lp`1
x
dt
¯

1
q1

ď C
`

}u}p´1

Lqpr´T,T s;Lp`1
x q

` }v}p´1

Lqpr´T,T s;Lp`1
x q

˘

}u´ v}Lqpr´T,T s;Lp`1
x q

T θ

ď CRp´1T θ}u´ v}r´T,T s.
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Hence we choose T ď T2 sufficiently small such that (with a possibly larger
C2 as above)

C2R
p´1
pT2q

θ
“

1

4
i.e. T2 “ p4C2q

´ 1
θ p4Cq´

p´1
θ }u0}

β
L2
x
,

and the map Ψ is a contraction map on XT pRq if T ď T1, T2.
Step 3 Conclusion

By Banach fixed point theorem, there exists a unique fixed point u P
XT pRq of the map Ψ and hence u P XT pRq solves uniquely (NLS) with
R “ C}u0}L2

x
, T “ C´1}u0}

β
L2
x

for some large enough constant C.

It rests to show the Lipschitz continuity of the flow map Φ : U ÞÑ XT 1pRq
via u0 ÞÑ u, for some neighborhood U “ tv0 P L2pRd

q|}u0 ´ v0}L2pRdq ă

}u0}L2pRdqu and for all T 1 ă T . Let u0, v0 P L
2pRd

q and we calculate

Φpu0q ´ Φpv0q “ Sptqpu0 ´ v0q

´ iκ

ˆ t

0

Spt´ t1q
´

|Φpu0qpt
1
q|
p´1Φpu0qpt

1
q ´ |Φpv0qpt

1
q|
p´1Φpv0qpt

1
q

¯

dt1.

As in Step 2, we derive that

}Φpu0q ´ Φpv0q}r0,T s ď C}u0 ´ v0}L2
x

` C
`

}Φpu0q}
p´1
r0,T s ` }Φpv0q}

p´1
r0,T s

˘

}Φpu0q ´ Φpv0q}r0,T sT
θ

ď C}u0 ´ v0}L2
x
` C

`

}u0}
p´1
L2
x
` }v0}

p´1
L2
x

˘

}Φpu0q ´ Φpv0q}r0,T sT
θ.

If u0, v0 P U , then }v0}L2
x
ă 2}u0}L2

x
. Hence if we take T “ C´1}u0}

β
L2
x

for a
possibly larger C then

}Φpu0q ´ Φpv0q}r0,T s ď C}u0 ´ v0}L2
x
.

Remark 2.2. The nonlinear Schrödinger equation (NLS) holds in the dis-
tribution sense: Recalling the Duhamel formulation (Duhamel), it suffices to
show the well-definedness of the nonlinearity when u P XT

|u|p´1u P L
q
p pr´T, T s;L

p`1
p pRd

qq,
q

p
ą q1 if p ă 1`

4

d
.

Furthermore, |u|p´1u P L
q
p pr´T ;T s;H´1pRd

qq, by Sobolev embedding H1pRd
q ãÑ

Lp`1pRd
q “

`

L
p`1
p pRd

q
˘1

, 1 ě d
2
´ d

p`1
“ 2

q
. Hence the equation (NLS) makes

sense in Lq
1

pr´T, T s;H´2pRd
qq.
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2.2.2 Global well-posedness in L2

Theorem 2.3. [GWP in L2] Let 1 ă p ă 1 ` 4
d
. The solution obtained in

Theorem 2.2 exists globally in time such that

u P CpR;L2
xq X L

q
loc pR;Lpxq and }upt, ¨q}L2

x
“ }u0}L2

x
, @t P R . (2.30)

Proof. We show the conservation of the L2
x-norm, i.e. the mass conservation

law (1.8), rigorously for u P XT satisfying (NLS).
Step 1 Regularization

Take ϕ P C80 pR
d
q with ϕ ě 0,

´
Rd ϕpxq dx “ 1. Denote ϕnpxq “ ndϕpnxq.

Similarly we take ψ P C80 pr´T, T sq, ψ ě 0,
´
R ψptqdt “ 1 and denote ψmptq “

mψpmtq. Since u P Cpr´T, T s;L2
xq X Lqpr´T, T s;Lp`1

x q, we have (by use of
the strong continuity of the translation operator in Lr, 1 ď r ă 8 and in
Cpr´T, T sq)

ψm ˚ ϕn ˚ uÑ u in Cpr´T, T s;L2
xq X L

q
pr´T, T s;Lp`1

x q as m,nÑ 8

ψm ˚ ϕn ˚ p|u|
p´1uq Ñ p|u|p´1uq in Lq

1

pr´T, T s;L
p`1
p

x q as m,nÑ 8.

We take the convolution of (NLS) with ϕn and then with ψm to arrive at

iBtum,n `∆um,n “ κψm ˚ ϕn ˚ p|u|
p´1uq, um,n “ ψm ˚ ϕn ˚ u. (2.31)

We test the above equation for um,n by um,n P SpRtˆRd
xq and then take the

imaginary part. Similarly as the derivation of (1.8), we derive

1

2

d

dt

ˆ
Rd
|um,n|

2 dx “ κIm

ˆ
Rd

`

ψm ˚ ϕn ˚ p|u|
p´1uq

˘

um,n dx .

Step 2 Pass to the limit
For any T 1 ď T , we derive from the above equality that

1

2
p}um,npT

1
q}L2

x
´ }um,np0q}L2

x
q “ κIm

ˆ
r0,T 1sˆRd

`

ψm ˚ ϕn ˚ p|u|
p´1uq

˘

um,n dx dt

Ñ κIm

ˆ
r0,T 1sˆRd

p|u|p´1uqu dx dt “ 0,

and hence

}upT 1q}L2
x
“ lim

m,nÑ8
}um,npT

1
q}L2

x
“ lim

m,nÑ8
}um,np0q}L2

x
“ }u0}L2

x
.

Recall that the existence time T depends only on p, d, }u0}L2
x
, the solution

obtained in Theorem 2.2 can be extended to all the time by uniqueness
continuation.
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2.2.3 L2 critical case

Theorem 2.4 (LWP & GWP for L2 critical case). Let p “ 1 ` 4
d

be the

L2pRd
q critical exponent. Then

• (NLS) is locally well-posed in L2pRd
q such that for any u0 P L

2pRd
q,

there exists a unique solution

u P XT “ tu P Cpr´T, T s;L
2
pRd
qq |u P Lp`1

t,x pr´T, T s ˆ Rd
qu,

where T ą 0 depending on u0, d and there exists a neighborhood U of
u0 such that the flow map Φ : L2 ÞÑ XT via Φ : u0 ÞÑ u is Lipschitz
continuous;

• (NLS) is globally well-posed in L2pRd
q if }u0}L2

x
ď ε0 with ε0 some fixed

small constant depending on d.

Sketchy proof. Step 1 Smallness of }Sptqu0}Lp`1pr´T0,T0sˆRdq for small T0

For any ε ą 0, for any u0 P L
2, there exists a neighborhood U of u0 and

T0 ą 0 such that

}Sptqv0}Lp`1
t,x pr´T0,T0sˆR

dq
ď ε, @v0 P U.

Indeed, the mapping Sptq : L2pRd
q ÞÑ XT is locally Lipschitz. By the density

argument we can assume without loss of generality that u0 P H
spRd

q with
s ą d

2
´ d

p`1
such that the Sobolev embedding HspRd

q ãÑ Lp`1pRd
q holds,

then }Sptqu0}Lp`1
t,x pr´T0,T0sˆR

dq
ď CT

1{pp`1q
0 }u0}Hs ă ε{4 for small enough T0.

Step 2 LWP in L2

We prove the local well-posedness result by searching for the fixed point for
the mapping Ψ defined in (2.29) in

tu P XT0 | }u}r´T0,T0s ď 2C}u0}L2
x
, }u}Lp`1

t,x pr´T0,T0sˆR
dq
ď 2εu,

for some sufficiently small ε depending on }u0}L2
x
, d. The Banach fixed-point

theorem works since by Step 1 and Strichartz estimates

}Ψpuq}Lp`1
t,x pr´T,T sˆR

dq
ď ε` C}u}p

Lp`1pr´T,T sˆRdq, T ď T0,

}Ψpuq}r´T,T s ď C}u0}L2
x
` C}u}p

Lp`1pr´T,T sˆRdq, (2.32)

}Ψpuq ´Ψpvq}r´T,T s ď C
`

}u}p´1

Lp`1pr´T,T sˆRdq ` }v}
p´1

Lp`1pr´T,T sˆRdq

˘

}u´ v}r´T,T s.

Step 3 Small initial data case
If }u0}L2

x
ď ε0, then the inequalities in (2.32) hold on any time interval

r´T, T s with ε replaced by Cε0 and the mapping Ψ is a contraction mapping
in XT p2Cε0q for any T ą 0 if ε0 is small enough.
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Remark 2.3. • We notice that in Theorem 2.4 there are well-posedness
results in L2pRd

q for the L2-critical case if there are smallness con-
ditions, either on the existing time or on the size of the initial data.
Nevertheless here, since the existing time depends on u0 itself and not
only on its norm }u0}L2

x
, we can not use the mass conservation law to

extend the local well-posed result to any time interval.

• In the defocusing L2 critical case, there are some global well-posedness
results without smallness assumption on the initial data, but
- under an additional decay assumption |x|mu0 P L

2pRd
q, m ą 3{5, see

[Bourgain 1998 JAM];
- under an additional regularity assumption u0 P H

spRd
q, s ą 4{7, see

[Colliander-Keel-Staffilani-Takaoka-Tao 2008 DCDS-A];
- in the radial case, see [Tao-Visan-Zhang 2007 DMJ], [Killip-Tao-
Visan 2009 JEMS] for higher and two dimensional cases respectively.

• In the focusing L2 critical case, there is global well-posedness result if
u0 is radial and }u0}L2 ă }Q}L2 where Q is the solution of the elliptic
equation (1.11). There is much study of the blowup phenomena for
}u0}L2 ě }Q}L2 analyzed by Merle-Raphaël, etc.

• In the supercritical case p ą 1 ` 4
d
, there are ill-posedness results for

(NLS), see [Christ-Colliander-Tao 2003 arXiv]: If sc “
d
2
´ 2

p´1
ą 0,

then for any s ă sc, for any 0 ă δ, ε ă 1 and any t ą 0, there exist
solutions u1, u2 of (NLS) with smooth initial data u1p0q, u2p0q P S such
that

}u1p0q}Hs ` }u2p0q}Hs ď Cε, }u1p0q ´ u2p0q}Hs ď Cδ,

}u1ptq ´ u2ptq}Hs ě cε.

In the focusing case, the blowup phenominon in finite time from smooth
data can be proved simply via the virial identity and we can construct
the blowup example by applying scaling and Galilean transformation to
the soliton solutions.

[10.11.2017]
[17.11.2017]
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2.3 Sobolev spaces

2.3.1 Sobolev spaces HspRd
q

Recall the definition (1.5) of the Sobolev space HspRd
q, s P R as follows

Hs
pRd
q :“ tf P S 1pRd

q | }f}2
HspRdq :“

ˆ
Rd
p1` |ξ|2qs|f̂pξq|2 dξ ă 8u. (2.33)

If s P N, then

Hs
pRd
q “ tf P L2

pRd
q | B

αf P L2
pRd
q, @α with |α| ď su.

It is easy to derive from the definition of }¨}Hs-norm that Hs1pRd
q Ă Hs0pRd

q

if s0 ď s1 and the following interpolation inequality by Hölder’s inequality:

}f}Hsθ ď C}f}θHs0 }f}
1´θ
Hs1 , with sθ “ θs0 ` p1´ θqs1. (2.34)

The Sobolev space HspRd
q is a Hilbert space with the inner product

pu, vqHspRdq “

ˆ
Rd
p1` |ξ|2qsûpξqv̂pξq dξ .

and it is isometrically anti-isomorphic to its dual space pHspRd
qq1. It is also

very useful to identify H´spRd
q as the set of the continuous linear functionals

on HspRd
q via L2pRd

q-inner product: Let f P S 1pRd
q and f̂ P L2

loc pR
d
q, then

f P H´s
pRd
q ô sup gPS,}g}Hsď1|xf, gyS1,S | ă 8,

and we will denote xf, gyH´s,Hs “ xp1` |ξ|2q´s{2f̂, p1` |ξ|2qs{2ĝyL2 .

Theorem 2.5. [Sobolev embedding for HspRd
q] The following Sobolev em-

bedding results hold true:

• If 0 ď s ă d
2
, then HspRd

q ãÑ LppRd
q for any p P r2, pcs with d

2
´ s “ d

pc
continuously and there exists a constant C depending on d, s such that

}f}Lpc pRdq ď C}f} 9HspRdq, @f P DpRd
q, (2.35)

where the homogeneous Sobolev norm is defined in (1.6): }f}29HspRdq “´
Rd |ξ|

2s|f̂pξq|2 dξ .

• If s “ d
2
, then HspRd

q ãÑ LppRd
q, for all 2 ď p ă 8 continuously;

• If s ą d
2
, then HspRd

q ãÑ C0pRd
q continuously;
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• If 0 ď s ă d
2
, then Lp

1

pRd
q ãÑ H´spRd

q, p P r2, pcs i.e. p1 P rp1
2
` s
d
q´1, 2s

continuously.

Proof. Step 1 Proof of (2.35)
The case s “ 0 is obvious and we consider the case s ą 0, pc ą 2. We

decompose f into low- and high- frequency part

f “ fl ` fh, f̂l “ 1ďAf̂, f̂h “ 1ąAf̂,

with A to be determined later on. Then we can control fl by

}fl}L8 ď p2πq
´ d

2 }f̂l}L1 “ p2πq´
d
2

ˆ
|ξ|ďA

|f̂pξq||ξ|s|ξ|´s dξ

ď p2πq´
d
2

›

›|f̂pξq||ξ|s
›

›

L2

´

ˆ
|ξ|ďA

|ξ|´2s dξ
¯

1
2
ď C

›

›f
›

›

9HsA
d
2
´s
“ C

›

›f
›

›

9HsA
d
pc .

We write

}f}pLp “ p

ˆ 8

0

λp´1
|t|f | ě λu|dλ,

and for each λ P p0,8q, we take Aλ “ pC´1}f}´1
9Hs
λq

pc
d for C some large

enough constant such that

}f}pcLpc ď pc

ˆ 8

0

λpc´1
|t|fh| ě λ{2u|dλ ď 4pc

ˆ 8

0

λpc´3
}fh}

2
L2dλ

“ 4pc

ˆ 8

0

λpc´3

ˆ
|ξ|ąpC´1}f}´1

9Hs
λq
pc
d

|f̂ |2 dξ dλ

ď
4pc
pc ´ 2

ˆ
Rd
pC}f} 9Hs |ξ|

d
pc q

ppc´2q
|f̂pξq|2 dξ ď C}f}pc9Hs

.

Step 2 Case 0 ď s ă d
2

By interpolation of Lebesgue spaces and }f}Hs „ }f}L2 ` }f} 9Hs , we have
the Sobolev embedding Hs ãÑ Lp, @p P r2, pcs.
Step 3 Case s “ d

2

For any p P r2,8q, there exists s0 “
d
2
´ d

p
P r0, d

2
q such that H

d
2 ãÑ

Hs0 ãÑ Lp.
Step 4 Case s ą d

2

Since

}f̂}L1pRdq “

ˆ
Rd
p1` |ξ|2qs{2|f̂pξq|p1` |ξ|2q´s{2 dξ

ď }f}Hs

›

›p1` |ξ|2q´s{2
›

›

L2pRdq ď C}f}Hs , if s ą
d

2
,
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the function f as the inverse Fourier transform of a L1-function is bounded,
continuous and tends to 0 at infinity by Riemann-Lebesgue Lemma.
Step 5 Case ´s P p´d

2
, 0s

By density, it suffices to show }f}H´s ď C}f}Lp1 , 0 ď d
p1
´ d

2
ď s for f P S.

Indeed, since d
2
´ d

p
ď s, we derive from the embedding HspRd

q ãÑ LppRd
q

that

}f}H´s “ sup gPS,}g}Hsď1

ˇ

ˇ

ˇ

ˆ
Rd
fḡ dx

ˇ

ˇ

ˇ
ď }f}Lp1 sup gPS,}g}Hsď1}g}Lp ď C}f}Lp1 .

Remark 2.4. Let s “ 1, then

H1
pRq ãÑ C0pRq, H1

pR2
q ãÑ LppR2

q, @p P r2,8q,

H1
pR3
q ãÑ LppR3

q, Lp
1

pR3
q ãÑ H´1

pR3
q, @p P r2, 6s.

Corollary 2.1 (Gagliardo-Nirenberg’s inequality). For any p P r2, 2˚q with

2˚ “

"

8 if d “ 1, 2
2d
d´2

if d ě 3
, there exists a constant C depending on p, d such that

the following interpolation inequality holds true

}f}LppRdq ď C}f}1´θ
L2pRdq}∇f}

θ
L2pRdq, @f P H1

pRd
q, θ “

d

2
´
d

p
.

Proof. It follows from the Sobolev embedding }f}LppRdq ď C}f} 9HθpRdq with

θ “ d
2
´ d

p
P r0, 1q, p P r2, 2˚q and the Sobolev interpolation

}f}29Hθ “

ˆ
Rd
|f̂ |2p1´θqp|ξ|2|f̂ |2qθ dξ ď }f}1´θL2 }f}

θ
9H1 .

Theorem 2.6. Let s ą 0 and let pc “ dpd
2
´ sq´1 if s ă d

2
and pc “ 8 if

s ě d
2
. Then the embedding HspRd

q ãÑ Lploc pR
d
q, 1 ď p ă pc is compact in

the following sense: For any bounded sequence pfnqn in HspRd
q, there exists a

subsequence pfψpnqqn and f P HspRd
q such that for any compact set K ĂĂ Rd

fψpnq Ñ f in LppKq.

Sketchy proof. Take the smooth mollifier function: ϕ P C80 pR
d
q, ϕ ě 0,´

Rd ϕ dx “ 1 and its rescaled functions ϕεpxq “ ε´dϕpε´1xq. Then for any
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g P SpRd
q,

}ϕε ˚ g ´ g}
2
L2 ď

ˆ
Rd
|ϕ̂pεξq ´ 1|2|ĝpξq|2 dξ ď }g}2

HspRdqsup ξPRd
|ϕ̂pεξq ´ 1|2

p1` |ξ|2qs
,

}ϕε ˚ g ´ g}
2
L8 ď

ˆ
Rd
|ϕ̂pεξq ´ 1||ĝpξq| dξ ď }g}HspRdq

´

ˆ
Rd

|ϕ̂pεξq ´ 1|2

p1` |ξ|2qs
dξ

¯
1
2
.

Hence

sup }g}Hsď1}ϕε ˚ g ´ g}L2pRdq Ñ 0 as εÑ 0, if s ą 0,

sup }g}Hsď1}ϕε ˚ g ´ g}L8pRdq Ñ 0 as εÑ 0, if s ą
d

2
.

Since for any fixed ε ą 0, for any fixed R ą 0, the map ϕε˚ : L2pRd
q ÞÑ

L8pB̄Rq, B̄R “ tx P Rd
||x| ď Ru is compact (by Young’s inequality and

Arzela-Ascoli’s theorem), the identity map Id : HspRd
qpĂ L2pRd

qq ÞÑ L2pB̄RqpĂ

L8pB̄Rqq, s ą 0 as the uniform limit of ϕε˚ is compact. Since HspRd
q ãÑ

LpcpRd
q if s ă d

2
, then by interpolation (or Hölder’s inequality) HspRd

q ãÑãÑ

LppB̄Rq for p P r1, pcq and Cantor’s diagonal argument ensures the compact
embedding HspRd

q ãÑãÑ Lploc pR
d
q. Similar result holds for s ě d

2
.

Remark 2.5. The compact embedding Theorem 2.6 is optimal in the sense
that the embeddings HspRd

q ãÑ LppRd
q, 1 ď p ă pc and HspRd

q ãÑ Lpcloc pR
d
q

are not compact. Indeed, the canonical counter examples should be the se-
quences fnpxq “ fpx ´ nq and fεpxq “ εs´

d
2 fpε´1xq for some compactly

supported smooth function f .

2.3.2 Sobolev spaces W k,ppRd
q

Recall the definition of the Sobolev space W k,ppRd
q, k ě 0 integers as follows

W k,p
pRd
q “ tf P LppRd

q|B
αf P LppRd

q, 0 ď |α| ď ku. (2.36)

The Sobolev space W k,ppRd
q, k P N, 1 ď p ď 8 is a Banach space equipped

with the norm

}f}Wk,ppRdq “

$

&

%

´

ř

|α|ďk }B
αf}p

LppRdq

¯
1
p

if 1 ď p ă 8,

max |α|ďk}B
αf}L8pRdq if p “ 8.

For 1 ď p ă 8, the test function space DpRd
q is dense in W k,ppRd

q. If p “ 2,
then W k,2pRd

q “ HkpRd
q as defined in (2.33) and obviously W k1,ppRd

q Ă

W k0,ppRd
q if k0 ď k1. We can also define the general Sobolev space W s,ppΩq,
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W s,p
0 pΩq, s P R, Ω Ă Rd some open set, which we don’t discuss in this

lecture. We just keep in mind that in bounded domains Ω, one has always
to pay attention to the boundary.

Recall the definition of the Hölder spaces Cm,σpΩq, m P N, σ P p0, 1q,
Ω Ă Rd some open set, as follows

Cm,σ
pΩq “ tf P Cm

pΩq | Bαf P Cσ
pΩq, @|α| “ mu, (2.37)

C0,σ
pΩq :“ Cσ

pΩq “ tf P CpΩq | }f}CσpKq ă 8, @K Ă Ω compact u,

where

}f}CσpKq “ }f}L8pKq ` sup x,yPK,x‰y
|fpxq ´ fpyq|

|x´ y|σ
.

Similarly we can define

Cm,σ
pΩq “ tf P Cm

pΩq | Bαf P Cσ
pΩq, @|α| “ mu,

C0,σ
pΩq :“ Cσ

pΩq “ tf P CpΩq | }f}CσpΩ̄q ă 8u.

We also have the following Sobolev embedding theorem for W k,ppRd
q

which we don’t prove in this lecture:

Theorem 2.7. Let k P N˚, 1 ď p ă 8. Then the following Sobolev embed-
ding results hold true:

• If 1 ď p ă d
k
, then W k,ppRd

q ãÑ LqpRd
q for any q P rp, pcs with d

p
´ k “

d
pc

continuously and there exists a constant C depending on d, k, p such
that

}f}Lpc pRdq ď C
ÿ

|α|“k

}B
αf}LppRdq;

• If p “ d
k
, then W k, d

k pRd
q ãÑ LqpRd

q for any q P rp,8q continuously;

• If max p1, d
k
q ă p ă 8, then W k,ppRd

q ãÑ Cm,σpRd
q X C0pRd

q, m “

rk ´ d
p
s, σ “ k ´m.

Furthermore, the embeddings are compact in the local sense as in Theorem

2.6: For example, let k “ 1, p˚ “

"

dp
d´p

if p ă d

8 otherwise
, then the embedding

W 1,ppRd
q ãÑãÑ Lqloc pR

d
q is compact for q P r1, p˚q.

[17.11.2017]
[24.11.2017]
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2.4 H1 theory

2.4.1 Local well-posedness in H1

Theorem 2.8 (LWP in H1). Let 1 ă p ă 8 if d “ 1, 2 and 1 ă p ă 1` 4
d´2

if d ě 3 be a H1 subcritical exponent. Let κ “ ˘1. Let u0 P H
1pRd

q.
Then (NLS) is locally well-posed in H1pRd

q: There exists a positive time
T ą 0 depending on }u0}H1 , p, d, a unique solution

u P YT “ tu P Cpr´T, T s;H
1
pRd
qq |u P Lqpr´T, T s;W 1,ρ

pRd
qqu

with admissible exponent pair pq, ρq “
` 4pp` 1q

pd´ 2qpp´ 1q
,
dpp` 1q

d` p´ 1

˘

if d ě 3

and admissible exponent pair pq, ρq, ρ P r2,8q, d “ 2 and ρ P r2,8s, d “ 1,

and there exists a neighborhood V of u0 in H1 such that the flow map

Φ : V ÞÑ YT via u0 ÞÑ u

is Lipschitzian continuous.

Sketchy proof. We take the norm

}u}T “ }u}L8T H1 ` }u}LqTLρ ` }∇u}LqTLρ where }u}LqTY :“
›

›}upt, ¨q}Y
›

›

Lqpr´T,T sq
,

and we are going to show that the nonlinear map Ψ : u ÞÑ Ψpuq given
by (2.29) is a well-defined contraction map in the complete metric space
YT pRq :“ tu P YT |}u}T ď Ru with appropriately chosen T,R.

For d ě 3, by Strichartz estimates,

}Ψpuq}L8T L2XLqTL
ρ ď C}u0}L2 ` C}|u|p´1u}

Lq
1

T L
ρ1 .

Similarly,

}∇Ψpuq}L8T L2XLqTL
ρ ď C}∇u0}L2 ` C}∇p|u|p´1uq}

Lq
1

T L
ρ1

ď C}∇u0}L2 ` C
›

›

›
}u}p´1

Lr }∇u}Lρ
›

›

›

Lq
1

T

,
p´ 1

r
`

1

ρ
“

1

ρ1
.

If 1
r
“ 1

ρ
´ 1
d
P p0, 1

ρ
q such that the Sobolev embedding }u}LrpRdq ď C}u}W 1,ρpRdq

holds, then we have

}∇Ψpuq}L8T L2XLqTL
ρ ď C}∇u0}L2 ` CT

1
q1
´
p
q }u}pT ,
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if

2

q
`
d

ρ
“
d

2
,

p´ 1

r
`

1

ρ
“

1

ρ1
,

1

r
“

1

ρ
´

1

d
,

such that
1

q1
´
p

q
“
d´ 2

4

`

1`
4

d´ 2
´ p

˘

ą 0 if p ă 1`
4

d´ 2
.

Therefore for pq, ρq defined as in the hypothesis when d ě 3, we arrive at

}Ψpuq}T “ }Ψpuq}L8T L2XLqTL
ρ ` }∇Ψpuq}L8T L2XLqTL

ρ ď C}u0}H1 ` CT
1
q1
´
p
q }u}pT ,

and we can choose

R “ C}u0}H1 , T “ C´1
}u0}

´ 4
d´2

p´1

1` 4
d´2

´p

H1 ,

for some large enough constant C such that Ψ is a contractive mapping in
YT pRq.

For d “ 1, 2, for any 1 ă p ă 8, there exists an admissible exponent
pair pq0, ρ0q with q0 ą p ě ρ0{2 ą 1 such that the map Ψ is contractive in
tu P Cpr´T, T s;H1q|}u}T ď Ru for appropriately chosen R, T since

}Ψpuq}T ď C}u0}H1 ` C}|u|p´1u}L1
TL

2 ` C}|u|p´1∇u}L1
TL

2

ď C}u0}H1 ` CT
1´ p

q0 }u}p´1

L
q0
T L

r}u}T ,
p´ 1

r
`

1

ρ0

“
1

2
,

ď C}u0}H1 ` CT
1´ p

q0 }u}pT , r P rρ0,8q.

Remark 2.6. Since |u|p´1u P Lq
1

TL
ρ1 with pq, ρq some admissible pair, the so-

lution obtained above indeed belongs to Lq1pr´T, T s;W 1,ρ1q for any admissible
exponent pair pq1, ρ1q by Strichartz estimates.

2.4.2 Global well-posedness in H1

Theorem 2.9 (GWP in H1). Assume the hypotheses in Theorem 2.8. Then
the solution obtained in Theorem 2.8 can be extended globally in time if

• in the defocusing case κ “ 1;

• in the focusing case κ “ ´1 and 1 ă p ă 1` 4
d
;

• in the focusing case κ “ ´1, p “ 1 ` 4
d

and }u0}L2 ă c0 with c0 some
fixed constant;

40 [February 2, 2018]



• in the focusing case κ “ ´1, 1 ` 4
d
ă p and }u0}H1 ď ε0 with ε0 some

sufficiently small constant,

such that

u P CpR;H1
xq X L

q
loc pR;W 1,ρ

pRd
qq with admissible exponent pair pq, ρq,

(2.38)

Mpuptqq “Mpu0q, Epuptqq “ Epu0q, @t P R .

Proof. We first follow the procedure in the proof of Theorem 2.3 to show the
conservation of the energy defined in (1.10). Indeed, for d ě 3, we have from
the proof of Theorem 2.8, the Sobolev embedding results in Theorem 2.7 and
the interpolation results in Lebesgue spaces (i.e. log-convexity of Lp norms)
}f}Lpθ ď }f}

1´θ
Lp0 }f}

θ
Lp1 if 1

pθ
“ 1´θ

p0
` θ

p1
that

u P
`

L8T H
1
X LqTW

1,ρ
˘

Ă
`

L8T L
p 1
2
´ 1
d
q´1

X LqTL
p 1
ρ
´ 1
d
q´1˘

Ă LpαT L
pp 1
ρ
` 1
d
q´1

,

|u|p´1u P Lq
1

TW
1,ρ1
Ă Lq

1

TL
p 1
ρ1
´ 1
d
q´1

, |u|p´1u P LαTL
p 1
ρ
` 1
d
q´1

,

for some

α “
q

p

1
2
´ 1

ρ

p1
2
´ 1

d
q ´ 1

p
p1
ρ
` 1

d
q
ą q since 1 ă p ă 1`

4

d´ 2
.

Hence we can assume

um,n Ñ u in LqTW
1,ρ,

|um,n|
p´1um,n, p|u|

p´1uqm,n Ñ |u|p´1u in Lq
1

TW
1,ρ1
X LαTL

p 1
ρ
` 1
d
q´1

,

such that

´ κ

ˆ T

´T

ˆ
Rd

∆um,n|um,n|
p´1um,n dx dtÑ κ

ˆ T

´T

ˆ
Rd
∇u ¨∇p|u|p´1uq dx dt,

κ

ˆ T

´T

ˆ
Rd
ψm ˚ ϕn ˚ p|u|

p´1uq∆um,n dx dtÑ ´κ

ˆ T

´T

ˆ
Rd
∇u ¨∇p|u|p´1uq dx dt,

ˆ T

´T

ˆ
Rd

`

ψm ˚ ϕn ˚ p|u|
p´1uq ´ |um,n|

p´1um,n
˘

|um,n|
p´1um,n dx dtÑ 0.

Thus we test the regularized equation (2.31) by ∆um,n ´ κ|um,n|
p´1um,n,

take the imaginary part and then pass to the limit, to obtain the energy
conservation law (1.10) for the solution u obtained in Theorem 2.8 on the
time r´T, T s.
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If κ “ 1, then recalling the mass and energy conservation laws (the
mass conservation law holds on the time interval r´T, T s whenever u P

Cpr´T, T s;L2q X Lqpr´T, T s;Lp`1q), we have the uniform bound }uptq}2H1
x
ď

Mpu0q ` 2Epu0q on the time interval r´T, T s. Since the existence time T
only depends on p, d, }u0}H1 , the solution obtained in Theorem 2.8 can be
extended uniquely to all the times.

[24.11.2017]
[01.12.2017]

If κ “ ´1, then by the Gagliardo-Nirenberg’s inequality in Corollary 2.1
for p` 1 ă 2˚, i.e. p ă 1` 4

d´2
the H1 subcritical exponent,

}u}Lp`1pRdq ď C0}u}
1´γ

L2pRdq}∇u}
γ

L2pRdq, γ “
d

2
´

d

p` 1
P p0, 1q, (2.39)

we obtain from the energy conservation law that

1

2
}∇uptq}2

L2
xpRdq

ď Epu0q `
1

p` 1
}uptq}p`1

Lp`1
x pRdq

ď Epu0q ` C}uptq}
pp`1qp1´γq

L2
xpRdq

}∇uptq}pp`1qγ

L2
xpRdq

ď Epu0q ` C}uptq}
pp`1qp1´γqp1´ pp`1qγ

2
q´1

L2
xpRdq

`
1

4
}∇uptq}2

L2
xpRdq

,

if

pp` 1qγ “
d

2
pp` 1q ´ d ă 2 i.e. 1 ă p ă 1`

4

d
.

By the mass conservation law, we obtain the uniform bound on }uptq}H1
x

on
the existence time interval and hence the global well-posedness holds true in
the mass subcritical case.

If κ “ ´1 and p “ 1` 4
d
, then the above inequality is replaced by

1

2
}∇uptq}2

L2
xpRdq

ď Epu0q `
1

2` 4
d

}uptq}p`1

Lp`1
x pRdq

ď Epu0q `
1

2` 4
d

C
2` 4

d
0 }uptq}

4
d

L2
xpRdq

}∇uptq}2
L2
xpRdq

.

Thus if }u0}L2
x
ă c0 some fixed constant then the solution still extends glob-

ally in time.
If κ “ ´1 and p ą 1 ` 4

d
energy subcritical, then pp ` 1qγ ą 2 and we

can assume the smallness condition }u0}H1
x
ď ε0 such that }uptq}H1

x
ď 2ε0

globally in time for sufficiently small ε0.
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Remark 2.7. It was proved in [Weinstein ’1983 CMP] that if p “ 1 ` 4
d
,

then

inf
fPH1

}f}
4
d

L2pRdq}∇f}
2
L2pRdq

}f}
2` 4

d

L2` 4
d pRdq

“
}Q}

4
d

L2pRdq

1` 2
d

,

i.e.
1

2` 4
d

}f}
2` 4

d

L2` 4
d pRdq

ď
1

2

}f}
4
d

L2

}Q}
4
d

L2

}∇f}2L2 ,

(2.40)

where Q is the unique positive radial solution of (1.11). It follows from
(2.40) that if }u0}L2pRdq ă }Q}L2pRdq “ c0 then the focusing (NLS) in the
mass critical case is globally well-posed.

Remark 2.8. We can prove the local-in-time well-posedness results in H2pRd
q

for the case

"

1 ă p ă d
d´4

if d ě 5

1 ă p ă 8 if d ď 4
, such that the solution stays in Cpr´T, T s;H2pRd

qqX

Lqpr´T, T s;W 2,ppRd
qq with pq, pq admissible exponent pair.

We can also consider the general Sobolev space HspRd
q, 0 ă s ă mint1, d

2
u

with 1 ă p ă 1` 4
d´2s

and so on.

Remark 2.9. We can also show the existence result by compactness method
(instead of Banach fixed point theorem here):

• Step 1: Construct a sequence of approximate smooth solutions uε (by
regularising (NLS));

• Step 2: Show a priori uniform estimates for the sequence uε (e.g.
}uε}LpT pXq ď C ă 8);

• Step 3: Pass to the limit by some compactness argument which comes
usually from the uniform bound for the time derivatives Btuε, e.g. by
Aubin-Lions’ Lemma, if X ãÑãÑ Y ãÑ Z, }uε}LpT pXq` }Btuε}L

q
T pZq

ď C,
then uε Ñ u in LpT pY q if p ă 8 or uε Ñ u in Cpr0, T s;Y q if p “ 8
and q ą 1, such that the strong limit u solves (NLS).

The above procedure is a quite standard way to show the existence result,
nevertheless the uniqueness/continuity results are not ensured a priori and
their proofs need other arguments.

Here, we may follow the above procedure to show the well-posedness result
for (NLS) and we have used the idea to show the mass/energy conservation
laws.
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The solutions obtained by contraction argument are usually called strong
solutions which are unique, continuously depending on the initial data, while
the solutions obtained by the above compactness method are usually called
weak solutions which could exist all the times but are possibly not unique.
Sometimes the strong solutions and the weak solutions coincide.

2.4.3 The virial space case

Let us define the virial space

Σ “ tu P H1
pRd
q |xu P L2

pRd
qu, (2.41)

consisting of H1-functions which decay faster than |x|´1´d{2 at infinity. We
also define the associated norm as

}u}Σ “ }u}H1
x
` }xu}L2

x
.

Define the partial differential operator P as

P “ x` 2it∇, Pj “ xj ` 2itBxj , j “ 1, ¨ ¨ ¨ , d.

It is easy to see that P : SpRˆRd
q ÞÑ SpRˆRd

q and by duality P is a map
S 1pRˆRd

q ÞÑ S 1pRˆRd
q. An easy calculation shows that P and iBt ` ∆

commutes:

rP ; iBt `∆s “ px` 2it∇qpiBt `∆q ´ piBt `∆qpx` 2it∇q
“ ´iBtp2itq∇´ 2∇ “ 0,

and

P ptqw “ 2itei
|x|2

4t ∇pe´i
|x|2

4t wq, w P S 1pRˆRd
q, t ‰ 0. (2.42)

If G “ Sptqg, g P Σ solves the free Schrödinger equation iBtG`∆G “ 0,
G|t“0 “ g, then P ptqG satisfies also the free Schrödinger equation with the
initial data xg which itself has a unique solution Sptqpxgq. Therefore we have

P ptqSptqg “ px` 2it∇qSptqg “ Sptqxg, (2.43)

for g P Σ. If g P Σ, then Sptqg P Σ for any t P R:

xSptqg “ ´2it∇Sptqg ` Sptqpxgq P L2
pRd
q, @g P Σ,

and P ptqSptqg “ Sptqpxgq P Lqt pL
rq for pq, rq admissible exponent pair by

Strichartz estimate.
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We can also show Sptq : SpRd
q ÞÑ SpRd

q by use of (2.43). Indeed, Sptq :
H8pRd

q ÞÑ H8pRd
q, H8pRd

q “ Xkě0H
kpRd

q and hence by (2.43), for any
t P R,

xSptqg “ pP ´ 2it∇qSptqg “ Sptqpxgq ´ 2it∇Sptqg P H8
pRd
q,

xjxkSptqg “ xj
`

Sptqpxkgq ´ 2itBxkSptqg
˘

“ Sptqpxjxkgq ´ 2itBxjSptqpxkgq ´ 2itxjBxkSptqg P H
8
pRd
q, ¨ ¨ ¨

Therefore (2.43) holds for all g P S 1pRd
q.

Theorem 2.10. Let p P p1, 2˚ ´ 1q be H1 subcritial exponent. Let κ “ ˘1.
Let u0 P Σ. Then the Cauchy problem (NLS) is locally well-posed in Σ, such
that there exists a positive time T depending only on }u0}H1 , p, d, a unique
solution u P Cpr´T, T s; Σq X Lqpr´T, T s;W 1,ρq, Pu P Lqpr´T, T s;Lρq with
admissible exponent pair pq, ρq and a neibourhood of u0 in Σ such that the flow
map is Lipschitz continuous on it. Furthermore, the global well-posedness
result holds true under the four assumptions in Theorem 2.9.

Sketchy proof. We apply Sp´tq on both the left and right sides of (2.43):
P ptqSptq “ Sptqx such that Sp´tqP ptq “ xSp´tq and hence

P ptqSpt´ t1q “ P ptqSptqSp´t1q “ SptqxSp´t1q

“ SptqSp´t1qP pt1q “ Spt´ t1qP pt1q on S 1pRd
q.

Recalling the nonlinear mapping Ψ given in (2.29), if

u P ZT pR,R1q “ tu P Cpr´T, T s; Σq | }u}LqTW 1,ρ ď R, }Pu}LqTLρ ď R1u,

for some admissible exponent pair pq, ρq given in Theorem 2.8, then we derive
that

P ptqΨu “ P ptqSptqu0 ´ iκ

ˆ t

0

P ptqSpt´ t1qp|u|p´1uqpt1qdt1

“ Sptqpxu0q ´ iκ

ˆ t

0

Spt´ t1qP pt1qp|u|p´1uqpt1qdt1.

(2.44)

By virtue of (2.42), we derive for t ‰ 0,

|P p|u|p´1uq| “ 2|t||∇pe´i
|x|2

4t |u|p´1uq| “ 2|t|
ˇ

ˇ

ˇ
∇
´

|e´i
|x|2

4t u|p´1
pe´i

|x|2

4t uq
¯
ˇ

ˇ

ˇ
,

and hence

}P p|u|p´1uq}
Lq
1

T L
ρ1 ď

›

›

›
2p|t||u|p´1

|∇pe´i
|x|2

4t uq|
›

›

›

Lq
1

T L
ρ1
,
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which is, by virtue of (2.42) again, bounded by
›

›

›
p|u|p´1

|Pu|
›

›

›

Lq
1

T L
ρ1
.

As in the proof of Theorem 2.8, for d ě 3 we have

}P p|u|p´1uq}
Lq
1

T L
ρ1 ď p}|u|p´1Pu}

Lq
1

T L
ρ1 ď CT

1
q1
´
p
q }u}p´1

LqT pW
1,ρq
}Pu}LqTLρ ,

and hence we can choose R “ C}u0}H1
x
, R1 “ C}xu0}L2

x
, T “ C´1}u0}

´θ
H1
x

for

C sufficiently large such that Ψ is a contraction mapping in ZT pR,R1q.

Remark 2.10. Noticing (2.42), we can proceed by a recurrence argument to
arrive at

Pα “ px` 2itDqα “ p2itq|α|ei|x|
2{4tDα

pe´i|x|
2{4t
q, rPα; iBt `∆s “ 0.

Based on the property of the operator Pα, e.g. d “ 1, p “ 3,

}Pmp|u|
2uq}L2

x
ď Cm}u}

2
L8x
}Pmu}L2

x
, }u}L8x ď t´

1
2 }Pu}

1
2

L2
x
}u}

1
2

L2
x
,

[Hayashi-Nakamitsu-Tsutsumi 1986-1988] proved that if p is an odd integer,
u0 P H

mpRd
qXL2p|x|k dx q, m ě k, then the regularity and the decay property

are both preserved on the existence time interval. In particular, if u0 P SpRd
q,

then the solution of (NLS) upt, ¨q P SpRd
q on the existence time interval.

3 Large time behaviour

3.1 Virial and Morawetz identities

3.1.1 Pohozaev’s identity

We first introduce the Pohozaev’s Identity

Re

ˆ
Rd

∆ū
`

x ¨∇u
˘

dx “ p
d

2
´ 1q

ˆ
Rd
|∇u|2 dx , @u P SpRd

q,

or equivalently, Re

ˆ
Rd

∆ū
`d

2
u` x ¨∇u

˘

dx “ ´

ˆ
Rd
|∇u|2 dx ,

(3.1)

where |∇u|2 “
řd
j“1ppBxjReuq2 ` pBxj Imuq2q. Indeed, noticing

Bxjpx ¨∇uq “ Bxj
d
ÿ

k“1

pxk ¨ Bxkuq “ Bxju` x ¨∇pBxjuq,

i.e. ∇px ¨∇uq “ ∇u` x ¨∇p∇uq,
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we apply integration by parts to arrive at

Re

ˆ
Rd

∆ū
`

x ¨∇u
˘

dx “ ´Re

ˆ
Rd
∇ū ¨∇px ¨∇uq

“ ´

ˆ
Rd

`

|∇u|2 ` Re
d
ÿ

j“1

Bxj ū px ¨∇qpBxjuq
˘

dx

“ ´

ˆ
Rd
|∇u|2 dx ´

1

2

ˆ
Rd
px ¨∇q|∇u|2 dx ,

which together with integration by parts again implies (3.1).
[01.12.2017]
[08.12.2017]

3.1.2 The Virial and Morawetz identities

We define the virial potential

V puq “

ˆ
Rd
|x|2|u|2 dx , (3.2)

which averages the mass density (with the mass defined in (1.8)) against the
weight function |x|2. We define the associated Morawetz action

W puq “ Im
d
ÿ

j“1

ˆ
Rd
xjpūBxjuq dx ” Im

ˆ
Rd
rpūBruq dx , r “ |x|, (3.3)

which averages the momentum densities (with the momentum defined in
(1.9)) against the weights pxjq.

Then we have the following Virial and Morawetz identities

Proposition 3.1. Let upt, xq be a Schwartz solution of the Cauchy problem
(NLS). Then

1

4

d

dt
V puptqq “ W puptqq, (3.4)

and

1

2

d

dt
W puptqq “

ˆ
Rd
|∇u|2 dx ` κ

`d

2
´

d

p` 1

˘

ˆ
Rd
|u|p`1 dx . (3.5)

Proof. We recall the nonlinear Schrödinger equation in (NLS):

iBtu`∆u “ κ|u|p´1u.
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We test the equation by |x|2ū and take the imaginary part to get

1

2

d

dt

ˆ
Rd
|x|2|u|2 dx ` Im

ˆ
Rd
|x|2div p∇uūq dx “ 0.

Integration by parts ensures

ˆ
Rd
|x|2div p∇uūq dx “ ´2

d
ÿ

j“1

ˆ
Rd
xjpBxjuūq dx .

Hence (3.4) follows.
We test the nonlinear Schrödinger equation in (NLS) by rBrū to get:ˆ

Rd
irBtuBrū dx `

ˆ
Rd
r∆uBrū dx “ κ

ˆ
Rd
r|u|p´1uBrū dx .

We calculate the real parts of the integrals in the above identity one by one:

Re

ˆ
Rd
irBtuBrū dx “

1

2

d
ÿ

j“1

ˆ
Rd
ixjpBtuBxj ū´ BtūBxjuq dx

“
1

2

ˆ
Rd
ip´dqBtuū dx ´

1

2

d
ÿ

j“1

ˆ
Rd
ixjpBtBxjuū` BtūBxjuq dx

“
1

2

ˆ
Rd
p´dqp´∆u` κ|u|p´1uqū dx ´

1

2

d

dt

d
ÿ

j“1

ˆ
Rd
ixjBxjuū dx

“ ´
1

2

d

dt

ˆ
Rd
irBruū dx ´

d

2

ˆ
Rd
p|∇u|2 ` κ|u|p`1

q dx

“
1

2

d

dt
W puptqq ´

d

2

ˆ
Rd
p|∇u|2 ` κ|u|p`1

q dx ,

Re

ˆ
Rd
r∆uBrū dx “ p

d

2
´ 1q

ˆ
Rd
|∇u|2 dx , by (3.1),

κRe

ˆ
Rd
r|u|p´1uBrū dx “ κ

1

2

d
ÿ

j“1

ˆ
Rd
xj|u|

p´1
puBxj ū` ūBxjuq dx

“ κ
1

2

d
ÿ

j“1

ˆ
Rd
xj|u|

p´1
Bxjp|u|

2
q dx “ κ

1

p` 1

d
ÿ

j“1

ˆ
Rd
xjBxjp|u|

p`1
q dx

“ ´κ
d

p` 1

ˆ
Rd
|u|p`1 dx .

Thus (3.5) follows.
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Remark 3.1. We can define instead the Virial potential and Morawetz ac-
tion, with the weights |x|2, pxjq in (3.2) and (3.3) replaced by the new weights
|x|, p

xj
|x|
q respectively:

Vpuq “
ˆ
Rd
|x||u|2 dx ,

Wpuq “ Im
d
ÿ

j“1

ˆ
Rd

xj
|x|
pūBxjuq dx .

Then we have the following identities (Lin-Strauss’ Morawetz Identities) for
the Schwartz solution u of the Cauchy problem (NLS):

1

2

d

dt
Vpuptqq “Wpuptqq,

d

dt
Wpuptqq “

ˆ
Rd

| {∇u|2

|x|
dx ` κ

2pd´ 1qpp´ 1q

p` 1

ˆ
Rd

|u|p`1

|x|
dx ´

1

4

ˆ
Rd
p∆2

|x|q|u|2 dx ,

where {∇ :“ ∇´ x
|x|
p x
|x|
¨∇q denotes the angular gradient.

Corollary 3.1. Let p P p1, 2˚´ 1q be energy subcritical exponent. Let u0 P Σ
and let u P Cpr´T, T s;H1q, T ă 8 be the solution of (NLS). Then u P
Cpr´T, T s; Σq X Lqpr´T, T s;W 1,ρq, Pu P Lqpr´T, T s;Lρq for any admissible
exponent pair pq, ρq, and the mass and energy conservation laws as well as
the virial and Morawetz identities (3.4)-(3.5) hold for u on the existence time
interval r´T, T s: For any t P r´T, T s,

Mpuptqq “Mpu0q, Epuptqq “ Epu0q,

1

4
V puptqq ´

1

4
V pu0q “

ˆ t

0

W pupt1qqdt1,

1

2
W puptqq ´

1

2
W pu0q “

ˆ t

0

ˆ
Rd
|∇u|2 dx dt` κp

d

2
´

d

p` 1
q

ˆ t

0

ˆ
Rd
|u|p`1 dx dt.

Sketchy proof. Recalling the proof of Theorem 2.10, there exists T0 ą 0
depending only on }u}L8T pH1q such that there exists a unique solution ũ P
Cprt0´T0, t0`T0s; ΣqXLqprt0´T0, t0`T0s;W

1,ρq, Pũ P Lqprt0´T0, t0`T0s;L
ρq

for any t0 P r´T, T s, and hence by uniqueness u “ ũ on r´T, T s.
We do a regularisation argument and repeat the proof of Proposition 3.1

to arrive at the identities (3.4)-(3.5) for u on r´T, T s. We test the regularised
equation

iBtum,n `∆um,n “ κp|u|p´1uqm,n,
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by |x|2ūm,n, take the imaginary part to arrive at

1

2

d

dt

ˆ
Rd
|x|2|um,n|

2 dx ´ 2Im

ˆ
Rd
ūm,nx ¨∇um,n dx

“ Im

ˆ
Rd
κp|u|p´1uqm,n|x|

2ūm,n dx ,

and pass to the limit to arrive at (3.4) for u. Similarly, we test the regularised
equation by rBrū, take the real part to arrive at

1

2

d

dt
Im

ˆ
Rd
ūm,npx ¨∇qum,n dx ´

d

2

ˆ
Rd
|∇um,n|2 ` κp|u|p´1uqm,nūm,n dx

` p
d

2
´ 1q

ˆ
Rd
|∇um,n|2 dx “ Re

ˆ
Rd
px ¨∇qūm,nκp|u|p´1uqm,n dx ,

and pass to the limit to arrive at (3.5) for u.

3.2 Blowup and scattering

3.2.1 Blowup

Theorem 3.1 (Blowup for the focusing case). Let sc P r0, 1q, i.e. 1 ` 4
d
ď

p ă 2˚ ´ 1. Let κ “ ´1. Let u0 P Σ with the initial energy Epu0q ă 0.
Then the unique solution upt, xq obtained in Theorem 2.10 blows up in

finite time, and more precisely there exists T ˚ ă `8 such that

lim
tÒT˚

}∇uptq}L2pRdq “ `8.

Proof. We consider positive time in the following and the negative time can
be treated similarly.

If the solution u P Cppa, bq;H1pRd
qq on some time interval pa, bq, then by

the virial and Morawetz identities (3.4)-(3.5), we derive that

1

16

d2

dt2
V puq “

1

2

ˆ
Rd
|∇u|2 dx ´

1

2
p
d

2
´

d

p` 1
q

ˆ
Rd
|u|p`1 dx

“ Epuq ´
1

2
p
d

2
´
d` 2

p` 1
q

ˆ
Rd
|u|p`1 dx ď Epu0q ă 0,

(3.6)

since d
2
´ d`2

p`1
“ pd ` 2qp 1

2` 4
d

´ 1
p`1
q ě 0 if p ě 1 ` 4

d
is mass supercritical.

Hence if u P Cpr0,8q;H1pRd
qq, then the time-dependent quantity V puptqq “´

Rd |x|
2|u|2 dx is below a parabola which is negative in finite positive time

which is not possible. Thus u blows up at some finite positive time.
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More precisely, if p ą 1` 4
d
, we can calculate on the existence time interval

1

16

d2

dt2
V puq “

1

4

d

dt
W puptqq

“

”1

2
´
d

4
p
p` 1

2
´ 1q

ı

ˆ
Rd
|∇u|2 dx `

d

2
p
p` 1

2
´ 1qEpuq

ă ´α

ˆ
Rd
|∇u|2 dx ,

where α “ ´1
2
` d

4
p
p`1

2
´ 1q “ d

8
pp´ 1´ 4

d
q ą 0.

If initially W pu0q ă 0, then W puptqq ă 0. Thus d
dt
V puq ă 0 and V puqptq ď

V pu0q. Since

|W puqptq| “ ´W puqptq ď }ru}L2pRdq}∇u}L2pRdq ď pV pu0qq
1
2 }∇u}L2pRdq,

we derive that

1

4

d

dt
p´W puqq ą αpV pu0qq

´1
p´W puqq2,

and hence

pV pu0qq
1
2 }∇u}L2pRdq ě ´W puq ě

V pu0qp´W pu0qq

V pu0q ` 4αW pu0qt

from which we derive that limtÒT˚ }∇uptq}L2pRdq “ 8 with T ˚ “ p´4αW pu0qq
´1V pu0q.

If initially W pu0q ě 0, then by virtue of (3.6), there exists a positive time
t0 such that W puqpt0q ă 0 and we are in the previous case again.

If p “ 1` 4
d
, then (3.6) gives

1

16

d2

dt2
V puq “

1

4

d

dt
W puq “ Epu0q ă 0.

Thus

W puqptq “ W pu0q ` 4Epu0qt, V puqptq “ V pu0q ` 4W pu0qt` 8Epu0qt
2,

and hence there exists a positive time T ˚ ą 0 such that V puqpT ˚q “ 0. By
the equality }f}2

L2pRdq “ ´
1
d

řd
j“1

´
Rd xjBxjp|f |

2q dx for f P SpRd
q, we derive

the Heisenberg’s inequality

}f}2
L2pRdq ď

2

d

d
ÿ

j“1

}xjf}L2pRdq}Bxjf}L2pRdq, @f P Σ.

Therefore

0 ă }u0}
2
L2pRdq “ }uptq}

2
L2pRdq ď

2

d
pV puqq

1
2 }∇u}L2pRdq,

which together with V puqpT ˚q “ 0 implies limtÑT˚ }∇u}L2pRdq “ 8.
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Remark 3.2. The time T ˚ gives indeed an upper bound for the life span and
the solution may blow up before T ˚. We can also make use of the norm }u}Lq
for q ě p` 1 instead of }∇u}L2 in the estimate of the lifespan.

Remark 3.3. In the mass critical case p “ 1` 4
d
, we can assume the following

assumptions instead of Epu0q ă 0:

• Epu0q ď 0 and W pu0q ă 0;

• Epu0q ą 0 and W pu0q ă ´
a

Epu0qV0pu0q.

Corollary 3.2. Let d ě 3, 1` 4
d
ď p ă 1` 4

d´2
and u0 P H

1pRd
q. Let upt, xq be

the solution of the Cauchy problem (NLS) satisfying limtÒT˚ }∇uptq}L2pRdq “

`8, then

}∇uptq}L2pRdq ě C0pT
˚
´ tq´p

1
p´1

´ d´2
4
q, @t P r0, T ˚q.

Proof. Recall the proof of Theorem 2.8. For any time t0 ă T ˚ with }upt0q}H1pRdq ă

8, the solution u with }u}L8prt0,t0`T s;H1pRdqq ď R :“ C}upt0q}H1pRdq exists at
least on the time interval rt0, t0 ` T s, T ą 0 with

T “ C´1
}upt0q}

´ 4
d´2

p´1

1` 4
d´2

´p

H1pRdq “ C´1
}upt0q}

´ 1
1
p´1´

d´2
4

H1pRdq .

Hence

T ˚ ´ t0 ą T i.e. }upt0q}H1pRdq ě CpT ˚ ´ t0q
´p 1

p´1
´ d´2

4
q.

Remark 3.4 (Blow up rates for the case p “ 1` 4
d
, κ “ ´1).

Pseudo-conformal blow up rate
Recall the pseudoconformal invariance in the mass critical case that if

u “ upt, xq is a solution of the nonlinear Schrödinger equation (NLS), then

so is vpt, xq “ ei|x|
2{4t

|t|
d
2
upx

t
, 1
t
q. If u0 P Σ, then for any t ‰ 0, vpt, ¨q P Σ.

Let upt, xq “ eitQpxq be the solitary solution of the focusing (NLS), then

vpt, xq “ eip|x|
2`4q{4t

|t|
d
2

Qpx
t
q is also a solution in Σ for any t ‰ 0, while blows up

at t “ 0: }∇vptq}L2pRdq “ Op1{tq as tÑ 0.
Indeed [Merle 1993] showed that the above is the unique minimal mass

blow up solution: Let p “ 1` 4
d
, κ “ ´1 and u be the solution of (NLS) with

the initial data u0 P H
1pRd

q and }u0}L2pRdq “ }Q}L2pRdq. If limtÒT }∇uptq}L2 “

8, then up to the symmetries in Subsection 1.1.3

upt, xq “
eip|x|

2`4q{4pT´tq

pT ´ tq
d
2

Qp
x

T ´ t
q.
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Let d “ 1, 2, p “ 1` 4
d
, κ “ ´1, w0 P H

1pRd
q such that }w0}L2 “ }Q}L2`ε

and limtÒT }∇wptq}L2 “ 8. [Bourgain-Wang 1997] showed that w “ u ` ϕ,
where u is as above and ϕ remains smooth after the blow up time.

[Merle 1990 CMP] also proved that for any given T ą 0, any set of
fixed points tx1, ¨ ¨ ¨ , xku in Rd, there exists an initial data u0 such that the
corresponding solution of the focusing mass critical (NLS) blows up exactly
at time T with the total mass concentrating at the points tx1, ¨ ¨ ¨ , xku.
log-log blow up rate

Corollary 3.2 implies that the blow up rate is at least }∇uptq}L2pRdq ě

CpT ˚ ´ tq´
1
2 in the mass critical case. Indeed, the numerical simulation

suggests the existence of solutions with log-log blow up rate
`

ln | ln |T˚´t||
T˚´t

˘
1
2 .

And when d “ 1, [Perelman 2001] established the existence of a solution with
log-log blow up rate.

[Raphaël 2005] proved that there is a universal gap between the above
two blowup rates: Let }u0}L2 P p}Q}L2 , }Q}L2 ` εq for ε ! 1. Let u be the
corresponding blowup solution, then either u blows up at log-log rate, or u
blows up faster than pseudo-conformal rate, i.e. }∇uptq}L2pRdq ě CpT ˚´tq´1.
However, the existence of blowup solutions with blowup rate different from
these two cases is still open.

[08.12.2017]
[15.12.2017]

3.2.2 Scattering

Theorem 3.2. Let 1` 4
d
ď p ă 2˚´1 and κ “ 1. Let u0 P Σ and u P CpR; Σq

be the global-in-time solution of (NLS) given in Theorem 2.10. Then

u P CpR; Σq X LqpR;W 1,ρ
pRd
qq, with pq, ρq admissible exponent pair,

and u scatters at large time in the sense that there exist two functions u˘ P Σ
such that

lim
tÑ˘8

}upt, ¨q ´ eit∆u˘}Σ “ 0.

Proof. We just show the case tÑ `8 and the case tÑ ´8 follows similarly.
Step 1 Pointwise decay
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Consider the time-dependent function

F ptq “

ˆ
Rd
|xu` 2it∇u|2 dx `

8t2

p` 1

ˆ
Rd
|u|p`1 dx

“

ˆ
Rd
|x|2|u|2 dx ´ 4tIm

ˆ
Rd
x ¨∇uū dx ` 8t2Epuq

“ V puq ´ 4tW puq ` 8t2Epu0q,

where V puq,W puq, Epuq are the Virial potential, Morawetz action and the
energy defined in (3.2), (3.3) and (1.10) respectively. By view of the virial
and Morawetz identities (3.4)-(3.5), we have

d

dt
F ptq “

4dt

p` 1
r1`

4

d
´ ps

ˆ
Rd
|u|p`1 dx ď 0, if p ě 1`

4

d
.

Let vpt, xq “ e´i|x|
2{4tupt, xq, then

Pu “ px` 2it∇qu “ 2itei
|x|2

4t ∇v,

and we have

8t2Epvq “ 4t2
ˆ
Rd
|∇v|2 dx `

8t2

p` 1

ˆ
Rd
|v|p`1 dx “ F ptq

ď F p0q “ V pu0q.

Hence we have the following pointwise in time decay rate

}∇vptq}L2pRdq ď p2tq
´1
pV pu0qq

1
2 .

By Gagliardo-Nirenberg’s inequality in Corollary 2.1 and the mass conserva-
tion law

}vptq}L2
x
“ }uptq}L2

x
“ }u0}L2

x
“ }v0}L2

x
,

we have the following pointwise decay rate for }u}LrxpRdq, r P r2, 2
˚q (in com-

parison with (1.4) for the linear Schrödinger group Sptq)

}uptq}LrpRdq “ }vptq}LrpRdq ď C}vptq}
1´p d

2
´ d
r
q

L2pRdq }∇vptq}
d
2
´ d
r

L2pRdq

ď C|t|´p
d
2
´ d
r
q
}u0}

1´p d
2
´ d
r
q

L2pRdq pV pu0qq
1
2
p d
2
´ d
r
q, @r P r2, 2˚q.

(3.7)

Step 2 Scattering in L2pRd
q

Recall the Duhamel’s formula (Duhamel) for the globally defined solution
upt, xq of (NLS). Then wpt, ¨q “ Sp´tqupt, ¨q P H1

xpR
d
q satisfies

wptq “ u0 ´ i

ˆ t

0

Sp´t2qp|u|p´1uqpt2qdt2.
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Then for any 0 ă t1 ă t,

wptq ´ wpt1q “ ´i

ˆ t

t1
Sp´t2qp|u|p´1uqpt2qdt2, (3.8)

such that by Strichartz estimate (2.28)

}wptq ´ wpt1q}L2pRdq ď C}|u|p´1u}Lq1 prt1,ts;Lr1 q “ C
›

›

›
}u}p

Lpr1 pRdq

›

›

›

Lq1 prt1,tsq

where pq, rq could be any admissible exponent pair. By use of the pointwise
decay (3.7) in Step 1, we choose r “ p` 1 ă 2˚, 2

q
“ d

2
´ d

p`1
to arrive at

}wptq ´ wpt1q}L2pRdq ď C0

›

›

›
pt2q´p

d
2
´ d
p`1

qp
›

›

›

Lq1 prt1,tsq
“ C0

´

ˆ t

t1
pt2q´

2pq1

q dt2
¯

1
q1

,

where C0 is some constant depending on the initial data }u0}Σ. If p ě
1 ` 4

d
then q ď 2 ` 4

d
such that 2p

q
ą 1. Hence }wptq ´ wpt1q}L2pRdq Ñ 0

whenever t1, t Ñ 8. Therefore there exists u` P L
2pRd

q such that }uptq ´
Sptqu`}L2pRdq “ }wptq ´ u`}L2pRdq Ñ 0 as tÑ `8.

Step 3 Scattering in H1pRd
q

We first claim that u P Lqpr0,8q;W 1,p`1q. Indeed, we have already shown
u P Lqloc pR;W 1,p`1q in Theorem 2.9 such that }u}Lqpr0,T s;W 1,p`1q ď CpT q ă 8
for any finite time T ą 0. For any t ě T ą 0, by applying Strichartz estimates
on the Duhamel’s formula (Duhamel) (and also on the spatial derivative of
(Duhamel)), we have

}u}Lqpr0,ts;W 1,p`1q ď C}u0}H1
x
` C}|u|p´1u}

Lq1 pr0,T s;W
1,
p`1
p q
` C}|u|p´1u}

Lq1 prT ;ts;W
1,
p`1
p q

ď C}u0}H1
x
` CT

1
q1
´
p
q }u}pLqpr0,T s;W 1,p`1q

` C}}u}p´1

Lp`1
x
}u}W 1,p`1

x
}Lq1 prT,tsq

ď C}u0}H1
x
` CT 1´ p`1

q }u}pLqpr0,T s;W 1,p`1q

` C0

›

›

›
pt2q´

2
q
pp´1q

›

›

›

L
p 1
q1
´ 1
q q
´1

prT,tsq
}u}LqprT,ts;W 1,p`1

x q
,

where we used the pointwise decay estimate (3.7) for the last inequality and
we now calculate

›

›

›
pt2q´

2
q
pp´1q

›

›

›

L
p 1
q1
´ 1
q q
´1

prT,tsq
“ CpT´θ ´ t´θq ď CT´θ

with θ “
2

q
pp´ 1q ´ p

1

q1
´

1

q
q “

2

q
p´ 1 ą 0 when p ě 1`

4

d
.

Hence by choosing T large enough such that C0CT
´θ ď 1

2
, we have

}u}Lqpr0,ts;W 1,p`1q ď C}u0}H1
x
` CT 1´ p`1

q }u}pLqpr0,T s;W 1,p`1q
ď CpT q ă 8,
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and as tÑ 8 we derive u P Lqpr0,8q;W 1,p`1q.
We apply spatial derivative and then Strichartz estimate and finally the

decay rate (3.7) to (3.8), to arrive at

}∇pwptq ´ wpt1qq}L2pRdq ď C
›

›

›
}u}p´1

Lp`1pRdq}∇u}Lp`1pRdq

›

›

›

Lq
1
prt1,tsq

ď C0

›

›

›
pt2q´

2
q
pp´1q

›

›

›

L
p 1
q1
´ 1
q q
´1

prt1,tsq
}∇u}Lqprt1,ts;Lp`1pRdqq

which tends to zero whenever t1, t Ñ 8. Therefore u` P H
1pRd

q such that
}uptq ´ Sptqu`}H1pRdq “ }wptq ´ u`}H1pRdq Ñ 0 as tÑ `8.
Step 4 Scattering in Σ

Recall (2.44) when we apply the operator P “ x ` 2it∇ to (Duhamel).
Then the same argument as in Step 3 implies that

}px` 2it∇qu}Lqpr0,8q;Lp`1q ă `8,

and hence by xSp´tq “ Sp´tqP ptq, we arrive at from (3.8) that

}pxwqptq ´ pxwqpt1q}L2pRdq “

›

›

›

ˆ t

t1
Sp´t1q

`

P p|u|p´1uq
˘

pt2qdt2
›

›

›

L2pRdq

ď C
›

›|u|p´1
|Pu|

›

›

Lq1 prt1,ts;Lpp`1q1 q
Ñ 0 as t1, tÑ 8.

Therefore }xwptq ´ xu`}L2
xpRdq Ñ 0 as tÑ 8.

Remark 3.5. For p P p1, 1` 4
d
q, then we also have the pointwise decay

}uptq}LrpRdq ď C|t|´p
d
2
´ d
r
qp1´αprqq, αprq “

#

0 if 2 ď r ď p` 1,
pr´p´1qp4´dpp´1qq
pr´2qp4´pd´2qpp´1qq

if r ą p` 1,

by considering the time-dependent quantity t2
´
Rd |v|

p`1 dx and then the quan-
tity t2

´
Rd |∇v|

2 dx via the equality

d

dt
p8t2Epvqq “

d

dt
F puq “

4dt

p` 1
p1`

4

d
´ pq

ˆ
Rd
|v|p`1 dx .

And if we assume furthermore p ą p2 ` d `
?
d2 ` 12d` 4q{p2dq such that

2p ą q, then the above scattering result also holds true.
Let us give some further remarks concerning the exponent regime of p in

the scattering theory:

• We can relax the restriction on p P p1, 2˚´1q for the scattering results,
nevertheless there are no scattering theory in L2

x if p ď 1` 2
d
;
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• For p P p1 ` 2
d
, 2˚ ´ 1q, κ “ 1, there exist scattering states in L2

x,

nevertheless if p ď 2`d`
?
d2`12d`4
2d

and u0 is large or if p ď 1 ` 4
d`2

we
do not know whether u˘ P Σ;

• There is also scattering theory for the focusing case if p P p1` 4
d`2

, 1` 4
d
q,

nevertheless if p ă 1` 4
d`2

there is no scattering theory in L2;

• We can relax the restriction on the initial data, e.g. u0 P H1pRd
q

such that the scattering theory in the energy space H1pRd
q holds for

p P p1` 4
d
, 2˚ ´ 1q, d ě 3, κ “ 1.

We introduce briefly here the basic notions of scattering theory. Let X
be a Banach space. Let R˘ be the following two subsets in X:

R˘ “ tϕ P X | (NLS) with initial data ϕ has a unique solution

u defined for all t ě 0pt ď 0q such that u˘ “ lim
tÑ˘8

Sp´tquptq exists in Xu,

and we call u˘ the scattering states of ϕ at ˘8. Let U˘ be the following
two operators

U˘ : R˘ ÞÑ X via U˘pϕq “ u˘ “ lim
tÑ˘8

Sp´tquptq.

If the mapping U˘ are injective, we define the wave operators

Ω˘ “ pU˘q
´1 : U˘ ÞÑ R˘, U˘ “ U˘pR˘q via Ω˘pu˘q “ ϕ.

Let O˘ “ U˘pR` XR´q and we define the scattering operator S

S “ U`Ω´ : O´ ÞÑ O` via Su´ “ u`.

Notice that

R´ “ R` :“ tϕ | ϕ̄ P R`u, U´ “ U`, O´ “ O`,

and if κ “ 0 the linear Schrödinger equation, then U˘ “ Ω˘ “ S “ Id .
Let X “ Σ and

1`
4

d
ď p ă 2˚ ´ 1, κ “ `1. (3.9)

Then by Theorem 3.2,

R˘ “ Σ, U˘ : Σ ÞÑ Σ, u˘ “ U˘pu0q “ u0 ´ i

ˆ ˘8

0

Sp´t1qp|u|p´1uqpt1qdt1,

where uptq is the solution of (NLS) with initial data u0 P Σ. Inversely we
have the wave operators Ω˘ : u˘ Ñ u0 as follows
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Theorem 3.3. Assume (3.9), then for any u` P Σ (resp. u´ P Σ), there
exists a unique u0 P Σ such that the Cauchy problem (NLS) with the initial
data u0 has a unique solution u P CpR; Σq with }Sp´tquptq´u`}Σ Ñ 0 (resp.
}Sp´tquptq ´ u´}Σ Ñ 0) as tÑ 8 (resp. tÑ ´8).

Hence we can define the scattering operator S : Σ ÞÑ Σ, Su´ “ U`Ω´u´.
[15.12.2017]
[22.12.2017]

Proof. Let u` P Σ and we follow the proof of Theorems 2.8 and 2.10, to
search for the fixed point of the nonlinear map 1

Ψ` : u ÞÑ Sptqu` ` i

ˆ 8

t

Spt´ t1qp|u|p´1uqpt1qdt1,

in the following complete metric space with pq, ρq admissible exponent pair:

X̃T “ tu P CprT,8q;H
1
pRd
qq |Pu P CprT,8q;L2

pRd
qq,

}u}X̃T :“ }u}LqprT,8q;W 1,ρpRdqq ` }Pu}LqprT,8q;LρpRdqq ` sup těT |t|
2
q }uptq}LρpRdq ď Ru,

for some appropriately chosen R, T . Indeed, if u` P Σ, then by Strichartz
estimates and P ptqSptq “ Sptqx, the solution w` “ Sptqu` P CpR; Σq satisfies

}w`}LqpR;W 1,ρpRdqq ` }Pw`}LqpR;LρpRdqq ď C}u`}Σ.

Since Pw` “ 2itei|x|
2{4t∇pe´i|x|2{4tw`q, we derive

}∇pe´i|x|2{4tw`q}L2pRdq ď p2|t|q
´1
}Pw`}L2

x
“ p2|t|q´1

}xu`}L2
x
,

which, together with }e´i|x|
2{4tw`}L2pRdq “ }w`}L2pRdq “ }u`}L2

x
and Gagliardo-

Nirenberg’s inequality, implies

}w`ptq}Lρx “ }e
´i|x|2{4tw`}Lρx ď C|t|´p

d
2
´ d
ρ
q
p}u`}L2

x
`}xu`}L2

x
q ď C|t|´

2
q }u`}Σ.

Hence Sptqu` P X̃T if R ě C}u`}Σ for some constant C. Now we turn
to consider the nonlinear term in the map Ψ`: Notice that by Strichartz
estimate,

›

›

›

ˆ 8

t

Spt´ t1qp|u|p´1uqpt1qdt1
›

›

›

LqprT,8q;W 1,ρq
ď C}|u|p´1u}Lq1 prT,8q;W 1,ρ1 q

ď C}t´
2
q
pp´1q

}
L
p 1
q1
´ 1
q q
´1

prT,8qq

`

sup těT |t|
2
q }u}Lρx

˘p´1
}u}LqprT,8q;W 1,ρq,

1The formulation of the nonlinear map Ψ` is motivated by taking the difference between

the Duhamel’s formula for uptq “ Sptqu0 ´ i
´ t
0
Spt ´ t1qp|u|p´1uqpt1qdt1 and Sptqu` “

Sptqu0 ´ i
´8
0

Spt´ t1qp|u|p´1uqpt1qdt1.

58 [February 2, 2018]



with }t´
2
q
pp´1q

}
L
p 1
q1
´ 1
q q
´1

prT,8qq
“ CT 1´ 2p

q Ñ 0 as T Ñ 0 if p ě 1 ` 4
d
, and

similarly

›

›

›

ˆ 8

t

P ptqSpt´ t1qp|u|p´1uqpt1qdt1
›

›

›

LqprT,8q;Lρq
ď C}|u|p´1

|Pu|}Lq1 prT,8q;Lρ1 q

ď CT 1´ 2p
q
`

sup těT |t|
2
q }u}Lρx

˘p´1
}Pu}LqprT,8q;Lρq,

and for t ě T ,

›

›

›

ˆ 8

t

Spt´ t1qp|u|p´1uqpt1qdt1
›

›

›

Lρx
ď C

ˆ 8

t

|t´ t1|´p
d
2
´ d
ρ
q
}p|u|p´1uqpt1q}

Lρ
1

x
dt1

ď Ct´
2
pT 1´ 2p

q
`

sup těT |t|
2
q }u}Lρx

˘p
.

Therefore we can choose R “ C}u`}Σ and T “ C}u`}

p´1
2p
q ´1

Σ with C large
enough such that Ψ` is a contraction mapping in X̃T and hence there exists
a unique fixed point u of Ψ` in X̃T . Hence u P CprT,8q; Σq, upT q P Σ and
by the formulation of Ψ`, we have 2

upt` T q “ SptqupT q ´ i

ˆ t

0

Spt´ t1qp|u|p´1uqpT ` t1qdt1,

that is, uT pt, xq :“ upT`t, xq is the solution of defocusing nonlinear Schrödinger
equation (NLS) with the initial data upT q P Σ which hence exists glob-
ally in time uT P CpR; Σq X LqpR;W 1,ρq by Theorem 3.2. In particular,
u0 “ uT p´T q P Σ is well-defined and upt, xq P CpR; Σq X LqpR;W 1,ρq is the
unique solution of (NLS) with the initial data u0 such that, by use of u P X̃T ,
u “ Ψ`puq and Strichartz estimate,

}Sp´tquptq ´ u`}Σ “
›

›

›
i

ˆ 8

t

Sp´t1qp|u|p´1uqpt1qdt1
›

›

›

Σ

ď Ct´p
2p
q
´1q
}u}p

X̃T
Ñ 0 as tÑ 8.

The solution u P CpR; ΣqXLqpR;W 1,ρpRd
qq such that }Sp´tquptq´u`}Σ Ñ 0

as t Ñ 8 is unique: Indeed, if there are two solutions u1, u2 of (NLS) such
that }Sp´tqujptq´u`}Σ Ñ 0 as tÑ 8, then u` “ ujp0q´i

´ 8
0
Sp´t1qp|uj|

p´1ujqpt
1qdt1

which together with the Duhamel’s formula for uj implies that pujqs are the
unique fixed point of the nonlinear map Ψ`.

Similarly we can define the wave operator Ω´ : u´ Ñ u0, Σ ÞÑ Σ.

2We write upt ` T q “ Spt ` T qu` ` i
´8
t

Spt ` T ´ t1qp|u|p´1uqpt1qdt1 and upT q “

SpT qu` ` i
´8
T

SpT ´ t1qp|u|p´1uqpt1qdt1 and take the difference between upt ` T q and
SptqupT q.
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4 Solitary waves

4.1 A minimiser problem

4.1.1 Space H1
r pR

d
q

Let d ě 2. Let H1
r pR

d
q be the set of the radial functions in H1pRd

q:

H1
r pR

d
q “ tf P H1

pRd
q | Df̃ : r0,8q Ñ C s.t. fpxq “ f̃prq, r “ p

d
ÿ

j“1

|xj|
2
q
1
2 u.

It can also be viewed as the completement of the set of the radial functions
in C80 pR

d
q with respect to the H1-norm:

}f}2
H1pRdq “

ˆ
Rd
|∇f |2 ` |f |2 dx “ ωd

ˆ 8

0

p|Brf̃prq|
2
` |f̃prq|2qrd´1dr,

where ωd is the volume of the unit ball in Rd.

Lemma 4.1 (Regularity and vanishing property of H1
r -functions). Let d ě 2

and u P H1
r pR

d
q. Then ũ P C

1
2 pp0,8qq and

}r
d´1
2 u}L8pRdq ď C}u}H1pRdq. (4.10)

Proof. Let ϕpxq “ ϕ̃prq P C80 pR
d
q. Then

ϕ̃2
prq “ ´2

ˆ 8

r

ϕ̃1pρqϕ̃pρqdρ,

and hence

|ϕ̃2
|prq ď

2

rd´1

ˆ 8

r

|ϕ̃1ϕ̃pρq|ρd´1dρ

ď
2

rd´1

`

ˆ 8

r

|ϕ̃1|2ρd´1dρ
˘

1
2
`

ˆ 8

r

|ϕ̃|2ρd´1dρ
˘

1
2 ď

C

rd´1
}∇ϕ}

1
2

L2pRdq}ϕ}
1
2

L2pRdq.

This implies (4.10) by density argument.
Similarly, let 0 ă r1 ă r2 ă 8 and we calculate by Hölder’s inequality

|ϕ̃pr1q ´ ϕ̃pr2q| ď

ˇ

ˇ

ˇ

ˆ r2

r1

ϕ̃1dρ
ˇ

ˇ

ˇ
ď

1

r
d´1
2

1

ˆ r2

r1

|ϕ̃1|ρ
d´1
2 dρ

ď
C

r
d´1
2

1

}∇ϕ}L2pRdq|r2 ´ r1|
1
2 ,

which implies that for any compact set K ĂĂ p0,8q, }ϕ̃}
C

1
2 pKq

“ }ϕ̃}L8pKq`

sup r1‰r2,r1,r2PK
|ϕ̃pr2q´ϕ̃pr1q|

|r2´r1|1{2
ď CpKq}ϕ}H1 and hence by density argument

}ũ}
C

1
2 pKq

ď CpKq}u}H1 which implies ũ P C
1
2 pp0,8qq.
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Proposition 4.1 (Compact Sobolev embedding). Let d ě 2 and 2˚ as de-
fined in Corollary 2.1. Then the Sobolev embedding H1

r pR
d
q ãÑãÑ LppRd

q,
p P p2, 2˚q is compact.

Proof. Let u P H1
r pR

d
q and 2 ă p ă 2˚. Then (4.10) implies

ˆ
|x|ěR

|u|p dx ď
}r

d´1
2 u}p´2

L8

R
pp´2qpd´1q

2

ˆ
Rd
|u|2 dx ď CR´

pp´2qpd´1q
2 }u}p

H1pRdq

Ñ 0 as RÑ 8 uniformly for the H1
r functions with }u}H1 ď 1.

This, combined with the compact embedding H1pRd
q ãÑãÑ LppB̄Rq for any

R P p0,8q in Theorem 2.6, implies the compact embedding H1
r pR

d
q ãÑãÑ

LppRd
q.

Remark 4.1. The endpoint case H1
r pR

d
q ãÑãÑ L2pRd

q is NOT correct by

view of the canonical counter example: unpxq “ n´
d
2upn´1xq with the radial

function u P C80 pR
d
q, then un á 0 in H1pRd

q as n Ñ 8 while }un}L2pRdq “

}u}L2pRdq ‰ 0.

4.1.2 Compact minimisation

Proposition 4.2 (Compact minimisation). Let d ě 2 and p be a energy-

subcritical exponent: 1 ă p ă 2˚ ´ 1 “

"

1` 4
d´2

if d ě 3

8 if d “ 2
.

Then for any M ą 0, the minimisation problem

IM “ inf
uPAM

t}u}2
H1pRdqu,

where AM “

!

u P H1
r pR

d
q |

ˆ
Rd
|u|p`1 dx “M

)

,
(4.11)

has a solution u P AM .

[22.12.2017]
[12.01.2018]

Proof. Since by Sobolev’s embedding H1pRd
q ãÑ Lp`1pRd

q, 2 ă p ` 1 ă
2˚: }u}H1pRdq ě C´1}u}Lp`1pRdq “ C´1M1{pp`1q if u P AM , we can take a
minimising sequence punqn in AM such that

}un}
2
H1pRdq Ñ IM ě C´2M

2
p`1 ą 0.
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Since punqn are bounded in H1
r pR

d
q, by Proposition 4.1 there exists a subse-

quence (still denoted by punqn) and u P H1
r pR

d
q such that

un Ñ u in Lp`1
pRd
q, un á u in H1

pRd
q.

Thereforeˆ
Rd
|u|p`1 dx “ lim

nÑ8

ˆ
Rd
|un|

p`1 dx “M and thus u P AM ,

}u}2
H1pRdq ď lim inf

nÑ8
}un}

2
H1pRdq “ IM ,

and hence u P AM is the minimiser of (4.11).

Lemma 4.2 (Positivity). If u P AM , then |u| P AM , }|u|}H1pRdq ď }u}H1pRdq.
If u P AM is a minimiser of (4.11), then so is |u| such that }|u|}H1pRdq “

}u}H1pRdq, and if furthermore |u| ą 0, then u “ |u|eiγ for some γ P R.

Proof. The lemma follows from the following claim that if u P H1pRd
q, then

ˆ
Rd
|∇u|2 dx ě

ˆ
Rd
|∇|u||2 dx

and if |u| ą 0, then the above equality holds if and only if u “ |u|eiγ for some
γ P R.

Indeed, suppose u “ f ` ig, f, g P H1pRd;Rq. Then

ˆ
Rd
|∇|u||2 dx “

ˆ
Rd

ˇ

ˇ

ˇ

f∇f ` g∇g
a

f 2 ` g2

ˇ

ˇ

ˇ

2

dx

“

ˆ
Rd

f 2|∇f |2 ` 2fg∇f ¨∇g ` g2|∇g|2

f 2 ` g2
dx

“

ˆ
Rd
|∇f |2 ` |∇g|2 dx ´

ˆ
Rd

|f∇g ´ g∇f |2

f 2 ` g2
dx .

Hence the above inequality holds and the equality holds if and only if f∇g “
g∇f almost every where. If g ‰ 0, then for any φ P C80 pR

d
q we derive

ˆ
Rd

f

g
∇φ dx “

ˆ
Rd

´gφ∇f ` fφ∇g
g2

dx “

ˆ
Rd
pf∇g ´ g∇fq φ

g2
dx ,

and hence the equality holds if and only if f{g is a constant, i.e. u “ |u|eiγ

for some γ P R. If |u| ą 0 such that Rd
“ f´1pC zt0uq Y g´1pC zt0uq, f, g

continuous, then we can assume g ‰ 0 without loss of generality.
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4.1.3 Euler-Lagrangian equation

Proposition 4.3. Let u ě 0 be the minimiser of (4.11). Then there exists
λ P R such that

´∆u` u “ λup. (4.12)

The λ in (4.12) is indeed a positive constant independent on u: λ “ IM{M .

Proof. Step 1 Differentiation
Let t P R and h P C80 pR

d;Rq a radial, real-valued function. Then by
view of ||1 ` z|p`1 ´ 1 ´ pp ` 1qz| ď Cp|z|2 ` |z|p`1q for some constant C
independent of z P R, we derive for u ě 0 that

ˇ

ˇ

ˇ

ˆ
Rd

´

|u` th|p`1
´ up`1

´ pp` 1qthup
¯

dx
ˇ

ˇ

ˇ
ď C

ˆ
Rd
t2h2up´1

` tp`1
|h|p`1 dx .

Henceˆ
Rd
|u` th|p`1 dx “

ˆ
Rd
up`1 dx ` pp` 1qt

ˆ
Rd
hup dx ` optq as tÑ 0.

Let h be chosen such that
´
Rd hu

p dx “ 0, then since u P AM , we have

ˆ
Rd
|u` th|p`1 dx “M ` optq.

Let vt “
M

1
p`1

}u`th}Lp`1
pu` thq, then }vt}Lp`1 “M

1
p`1 , vt “ pu` thqp1` optqq and

}vt}
2
H1 “ p1` optqq

´

}u}2H1 ` 2t

ˆ
Rd
puh`∇u ¨∇hq dx ` t2}h}2H1

¯

“ }u}2H1 ` 2t

ˆ
Rd
puh`∇u ¨∇hq dx ` optq as tÑ 0.

Since u ě 0 is the minimiser, }vt}H1 ě }u}H1 for any t P R and hence

ˆ
Rd
puh`∇u ¨∇hq dx “ 0 for h P C80 pR

d
q whenever

ˆ
Rd
hup dx “ 0.

Step 2 Lagrangian multiplier
Let L1, L2 be the two linear forms on the Hilbert space H1

r defined by

L1phq “

ˆ
Rd
hup dx , L2phq “

ˆ
Rd
puh`∇u ¨∇hq dx .
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Then KerL1 Ă KerL2. Let h P H1
r with L1phq ‰ 0. Then any a P H1

r can be
written as

a “
L1paq

L1phq
h` b with b “ a´

L1paq

L1phq
h P KerL1 Ă KerL2.

Hence L2paq “
L1paq
L1phq

L2phq “ p
L2phq
L1phq

qL1paq for any a P H1
r . This implies (4.12).

Step 3 Lagrange multiplicator
We test (4.12) by ū “ u ě 0 to arrive at

IM “

ˆ
Rd
|∇u|2 ` |u|2 dx “ λ

ˆ
Rd
up`1 dx “ λM,

which implies λ “ IM{M ą 0.

4.1.4 Regularity and decay property

We take v “ λ
1
p´1u in (4.12) such that v satisfies the following with 1 ă p ă

2˚ ´ 1
∆v ´ v ` vp “ 0, v ě 0, v P H1

r . (4.13)

Proposition 4.4 (Regularity and decay). Let vpxq “ ṽprq ‰ 0 solves (4.13),
then v P W 3,qpRd

q, @q P r2,8q such that

v P C2
pRd
q, |Dβvpxq| Ñ 0 as |x| Ñ 8, @|β| ď 2,

Dε ą 0 s.t. eε|x|p|v| ` |∇v|q P L8pRd
q,

and ṽ solves the ODE

ṽ2 `
d´ 1

r
ṽ1 “ ṽ ´ ṽp, ṽp0q “ a, ṽ1p0q “ 0, (4.14)

for some a ą 0.

Proof. Step 1 Regularity by iteration
We will use freely the following fact which we admit here without proof:

If v P LqpRd
q, p ă q ă 8, then vp P L

q
p pRd

q and hence by the equation (4.13)

v̂ “
pvp

1` |ξ|2
such that v P W 2, q

p pRd
q.

By view of v P H1
r pR

d
q ãÑ Lq0pRd

q, q0 “ p`1 and the Sobolev embedding

W 2,
qj
p pRd

q ãÑ

$

’

&

’

%

Lqj`1pRd
q if 2´ dp

qj
“ ´ d

qj`1
ă 0

LqpRd
q, @q P r

qj
p
,8q, if 2´ dp

qj
“ 0

L8pRd
q if 2´ dp

qj
ą 0.

we have v P L8pRd
q. Indeed,
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• if 2´ dp
q0
ą 0, then by Sobolev embedding v P W 2,

q0
p pRd

q ãÑ L8pRd
q.

• if 2 ´ dp
q0
ă 0, then by Sobolev embedding v P W 2,

q0
p pRd

q ãÑ Lq1pRd
q

and hence v P W 2,
q1
p pRd

q. If 2 ´ dp
q1
ą 0, then we are done. If not, we

can continue the procedure such that there exists k with 2 ´ dp
qk
ě 0

and 2´ dp
qk´1

ă 0: This is possible since

1

qj`1

“ ´
2

d
`
p

qj
i.e.

1

qj
“ pj

` 1

q0

´
2

dpp´ 1q

˘

`
2

dpp´ 1q

ñ
1

qj`1

´
1

qj
“ pj

`p´ 1

q0

´
2

d

˘

, with
p´ 1

p` 1
´

2

d
ă 0 if p ă 2˚ ´ 1.

• if 2´ dp
qk
“ 0 for some k P N, then v P LqpRd

q for any q P r2,8q and we

choose q " 1 such that 2´ dp
q
ą 0.

Therefore vp P L
p`1
p pRd

q X L8pRd
q and hence v P W 2,qpRd

q for all q P
r2,8q and thus vp P W 1,qpRd

q for all q P r2,8q which implies correspondingly
∇v P W 2,qpRd

q for all q P r2,8q. Thus v P W 3,qpRd
q for all q P r2,8q, which

implies

• v P C2,αpRd
q for any α P p0, 1q, by Sobolev embedding;

• @|β| ď 2, Dβv P H1
r pR

d
q and hence |Dβvpxq| Ñ 0 as |x| Ñ 8.

Hence the equation (4.13) for vpxq implies the equation (4.14) for ṽprq in the
classical sense, and furthermore, ṽ1 “ r

d´1
pṽ ´ ṽp ´ ṽ2q is uniformly bounded

such that ṽ1prq Ñ 0 as r Ñ 0 and thus ṽp0q “ a ą 0 since if a “ 0 then
ṽ “ 0.
Step 2 Decay property

Let θε “ e
|x|

1`ε|x| , ε ą 0 be a bounded, Lipschitz continuous function with
|∇θε|2 ď θ2

ε , a.e. We test the equation (4.13) by θεv to get

ˆ
Rd
´θεp|∇v|2 ` |v|2q dx ´

ˆ
Rd
∇v ¨∇θεv dx `

ˆ
Rd
θεv

p`1 dx “ 0.

Since

ˇ

ˇ

ˇ

ˆ
Rd
∇v ¨∇θεv dx

ˇ

ˇ

ˇ
ď

1

4
}
a

|∇θε|v}2L2 ` }
a

|∇θε|∇v}2L2

ď
1

4
}
a

θεv}
2
L2 ` }

a

θε∇v}2L2 ,
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we derive ˆ
Rd
θεv

2 dx ď 2

ˆ
Rd
θεv

p`1.

Since v Ñ 0 as |x| Ñ 8, we take R ą 0 such that |v|p´1 ď 1{4 when |x| ě R
and hence

2

ˆ
Rd
θεv

p`1
ď 2

ˆ
|x|ďR

e|x|vp`1 dx `
1

2

ˆ
Rd
θεv

2 dx .

Thus ˆ
Rd
θεv

2 dx ď 4

ˆ
|x|ďR

e|x|vp`1 dx ă 8,

which implies
´
Rd e

|x|v2 dx ă 8 as ε Ñ 0. Since v s globally Lipschitz

continuous, e|x|vd`2 is uniformly bounded. Similarly we apply Bxj to the

equation (4.13) and test it by θεBxjv to arrive at
´
Rd e

|x||∇v|2 dx ă 8.

Remark 4.2. It is easy to show the regularity away from the origin by Lemma
4.1. Indeed, let w “ χv, where χ P C80 is a radial function with the compact
support away from zero and v satisfies (4.13). Then w satisfies

∆w ´ w “ f, f “ ´χvp ` 2∇χ ¨∇v ` v∆χ.

Since v P L8 on Suppχ by virtue of (4.10), f P L2pRd
q and hence ŵpξq “

´
f̂

1`|ξ|2
, that is, w P H2

r pR
d
q. Thus Brw̃ P C

1
2 pp0,8qq by Lemma 4.1 and

wpxq “ w̃prq P C1pRd
zt0uq, vpxq P C1pRd

zt0uq. Now consider the equation
for Brw̃:

p∆´ 1qBrw̃ “ Brf P L
2
pRd
q,

and the same argument as before implies vpxq P C2pRd
zt0uq.

4.1.5 Classification of minimisers

We have the following uniqueness result for the nonnegative solution which
decays at infinity of the equation (4.14) proved by [Kwong 1987]:

Proposition 4.5 (Uniqueness). There exists a unique a ą 0 such that the
solution ṽ of the ODE (4.14) satisfying

ṽprq ě 0, @r ě 0 and ṽprq Ñ 0 as r Ñ 8.

Furthermore, ṽprq ą 0 for all r ě 0 and we denote the solution to be Qprq:
the fundamental solution of (4.14).
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We do not give a proof here and interested readers can refer to Appendix
B of Tao’s book.

Let u P AM be a minimiser of (4.11), then |u| P AM is also a minimiser
by Lemma 4.2. Thus by Propositions 4.3 and 4.4, the nonnegative function

v “ λ
1
p´1 |u| P H1

r satisfies (4.13) and the nonnegative function ṽprq “ vpxq
satisfies (4.14) and ṽprq Ñ 0 as r Ñ 8. Hence by Proposition 4.5, vpxq “
ṽprq “ Qprq ą 0 and thus |u| ą 0. Since u, |u| ą 0 are two minimisers such
that }∇|u|}L2pRdq “ }∇u}L2pRdq, there exists γ P R such that

u “ |u|eiγ “ λ´
1
p´1veiγ “ p

IM
M
q
´ 1
p´1Qprqeiγ.

Therefore we have obtained

Theorem 4.1 (Classification of minimisers). Let M ą 0, d ě 2, 1 ă p ă
2˚ ´ 1, then the minimisation problem (4.11)

IM “ inf
uPAM

t}u}2H1u, AM “ tu P H1
r pR

d
q |

ˆ
Rd
|u|p`1 dx “Mu

has a family of minimisers

eiγ
`M

IM

˘
1
p´1Qprq, γ P R,

where Q ą 0 is the unique fundamental state of the equation (4.13).

[12.01.2018]
[19.01.2018]

4.2 Concentration compactness

Lemma 4.3 (Concentration-Compactness). Let punqně1 be a bounded se-
quence in H1pRd

q with }un}
2
L2pRdq “M ą 0. Then there exists a subsequence

punkq such that one the following properties holds:

(i) Compactness: There exists a sequence pykq in Rd such that

@q P r2, 2˚q, unkp¨ ´ ykq Ñ u in LqpRd
q as k Ñ 8;

(ii) Evanescence: @q P p2, 2˚q, unk Ñ 0 in LqpRd
q as k Ñ 8;
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(iii) Dichotomy: There exist two bounded sequences pvkq, pwkq with compact
support in H1pRd

q and α P p0, 1q, such that

Supp vk X Suppwk “ tu, dpSupp vk, Suppwkq Ñ 8 as k Ñ 8,

}vk}
2
L2pRdq Ñ αM, }wk}

2
L2pRdq Ñ p1´ αqM, as k Ñ 8,

@q P r2, 2˚q, }unk}
q
Lq ´ }vk}

q
Lq ´ }wk}

q
Lq Ñ 0, as k Ñ 8,

lim inf
kÑ8

p}∇unk}2L2 ´ }∇vk}2L2 ´ }∇wk}2L2q ě 0.

Proof. Step 1 Concentration functions
Let ρn : r0,8q ÞÑ r0,M s be the concentration function of un:

ρnpRq “ sup yPRd

ˆ
Bpy,Rq

|unpxq|
2 dx ,

with the following properties:

• Monotonicity: @n, ρnpRq increases to M as R increases to 8;

• Concentration point: @R, the map y ÞÑ
´
Bpy,Rq

|u|2 is continuous and

tends to zero as |y| Ñ 8, and hence the concentration point exists:

@R ą 0, @n ě 0, Dyn “ ynpRq P Rd s.t. ρnpRq “

ˆ
Bpyn,Rq

|un|
2 dx ;

• Uniform Hölder continuity: There exist C, β ą 0 (independent on n)
such that

@R1, R2 ą 0, @n ě 0, |ρnpR1q ´ ρnpR2q| ď C|Rd
2 ´R

d
1|
β.

Indeed, suppose without loss of generality R1 ď R2, then

|ρnpR1q ´ ρnpR2q| “

ˆ
Bpy2n,R2q

|un|
2 dx ´

ˆ
Bpy1n,R1q

|un|
2 dx

“

´

ˆ
Bpy2n,R2q

´

ˆ
Bpy2n,R1q

¯

|un|
2 dx `

´

ˆ
Bpy2n,R1q

´

ˆ
Bpy1n,R1q

¯

|un|
2 dx

ď

ˆ
R1ď|x´y2n|ďR2

|un|
2 dx ď C

´

ˆ
R1ď|x´y2n|ďR2

|un|
2˚ dx

¯
2
2˚

pRd
2 ´R

d
1q

1´ 2
2˚

ď C}un}
2
H1pRdqpR

d
2 ´R

d
1q

1´ 2
2˚ if 2˚ ă 8 i.e. d ě 3 s.t. H1

pRd
q ãÑ L2˚

pRd
q.

By Sobolev embedding H1pRd
q ãÑ LppRd

q for all p P r2,8q if d “ 1, 2,
then the above argument also holds with 2˚ replaced by any p ą 2.
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By Arzela-Ascoli’s Theorem, the uniform Hölder continuity of the se-
quence pρnq above implies the existence of a subsequence pρnkq and a Hölder
continuous monotone function ρpRq such that

@R ą 0, lim
kÑ8

ρnkpRq “ ρpRq.

Let m “ limRÑ8 ρpRq ď M . Then there exists a sequence Rk Ñ 8 such
that

m “ lim
kÑ8

ρnkpRkq “ lim
kÑ8

ρnkp
Rk

2
q “ lim

RÑ8
ρpRq.

Indeed, there exist pRkq, Rk Ñ 8 such that limkÑ8 ρnkpRkq “ m and for
any R ą 0, there exists Rk ě 2R such that

ρnkpRq ď ρnkp
Rk

2
q ď ρnkpRkq

ñ ρpRq ď lim inf
kÑ8

ρnkp
Rk

2
q ď lim sup

kÑ8
ρnkp

Rk

2
q ď lim

kÑ8
ρnkpRkq “ m.

Step 2 Case m “ 0: Evanescence
Since ρ : r0,8q ÞÑ r0,ms is an increasing function, then ρ “ 0 if m “ 0.

In particular

lim
kÑ8

ρnkp1q “ ρp1q “ 0 “ lim
kÑ8

sup yPRd

ˆ
Bpy,1q

|unk |
2 dx .

This uniformly local strong convergence in L2pRd
q implies the strong conver-

gence in LqpRd
q, q P p2, 2˚q: unk Ñ 0 in LqpRd

q. Indeed, by use of the unity
partition pQjq (such that each Qj is contained in a ball of radius 1), we have
the following version of Gagliardo-Nirenberg’s inequality:

ˆ
Rd
|u|2`

4
d dx “

ÿ

jě1

}u}
2` 4

d

L2` 4
d pQjq

ď C
ÿ

jě1

}u}
4
d

L2pQjq
}∇u}2L2pQjq

ď Csup jě1}u}
4
d

L2pQjq

ÿ

jě1

}∇u}2L2pQjq
ď C

´

sup jě1}u}
2
L2pQjq

¯
2
d
}∇u}2L2 ,

for d ě 3, and for d “ 1, 2, we can take use of }u}L4 ď C}u}
1
2

L2}u}
1
2

H1 . We arrive

at unk Ñ 0 in L2` 4
d pRd

q or L4pRd
q and the interpolation in the Lebesgue

spaces implies unk Ñ 0 in Lq, q P p2, 2˚q.
Step 3 Case m “M : Compactness
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For any R ą 0, let ykpRq be such that ρnkpRq “
´
BpykpRq,Rq

|unk |
2 dx .

There exist R0, k0 such that

ρnkpR0q “

ˆ
BpykpR0q,R0q

|unk |
2 dx ą

M

2
, @k ě k0,

and for any ε ą 0, then there exist Rε, kε ě k0 such that

ρnkpRεq “

ˆ
BpykpRεq,Rεq

|unk |
2 dx ąM ´ ε, @k ě kε.

Since unk has the total massM , the two ballsBpykpR0q, R0qXBpykpRεq, Rεq ‰

tu and hence there exists R0ε such thatˆ
BpykpR0q,R0εq

|unk |
2 dx ąM ´ ε, @k ě kε.

We may assume that the above holds true for all k by choosing a possibly
larger R0ε and hence vk “ unkp¨ ´ ykpR0qq satisfies

@ε ą 0, DR0ε s.t. @k ě 1,

ˆ
|x|ěR0ε

|vk|
2 dx ă ε.

By virtue of the compact embedding H1pRd
q ãÑãÑ L2pBp0, R0εqq, vk Ñ u in

LqpRd
q, q P r2, 2˚q.

Step 4 Case 0 ă m ăM : Dichotomy
We decompose unk as

unk “ unk1|y´ykp
Rk
2
q|ď

Rk
2

` unk1|y´ykp
Rk
2
q|ěRk

` unk1Rk
2
ă|y´ykp

Rk
2
q|ăRk

:“ vk ` wk ` zk,

then ˆ
Rd
|zk|

2 dx “
´

ˆ
Bpykp

Rk
2
q,Rkq

´

ˆ
Bpykp

Rk
2
q,
Rk
2
q

¯

|unk |
2 dx

ď ρnkpRkq ´ ρnkp
Rk

2
q Ñ 0 as k Ñ 8.

We then replace the characterised functions 1
|y´ykp

Rk
2
q|ď

Rk
2

,1
|y´ykp

Rk
2
q|ěRk

by

regular cutoff functions θk, ϕk with compact supports and sup k}∇θk}L8 , sup k}∇ϕk}L8 ď
4R´1

k such that vk, wk are compactly supported functions with }vk}
2
L2 Ñ m,

}wk}
2
L2 ÑM ´m. Since

|∇unk |2 ´ |∇vk|2 ´ |∇wk|2 “ |∇unk |2p1´ |θk|2 ´ |ϕk|2q
´ |unk |

2
p|∇θk|2 ` |∇ϕk|2q ´ Re punk∇unkq ¨∇pθ2

k ` ϕ
2
kq

ě ´16|unk |
2
pRkq

´2
´ 8|unk ||∇unk |pRkq

´1,
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we have lim infkÑ8
´
Rd |∇unk |

2´ |∇vk|2´ |∇wk|2 dx ě 0. Hence by virtue of

zk Ñ 0 in LqpRd
q, q P r2, 2˚q,ˆ

Rd
||unk |

q
´ |vk|

q
´ |wk|

q
| dx ď C

ˆ
Rd
|unk |

q´1
|zk| dx

ď C}unk}
q´1
Lq }zk}Lq Ñ 0 as k Ñ 8.

Remark 4.3. We can repeat the lemma (established by P.-L. Lions 1983’
and we follow the proof in Cazenave 2004’) to derive the decomposition profile
of a sequence punq in HspRd

q established by P. Gérard 1998’, which describes
the defect of the compactness of Sobolev embeddings up to extraction:
Let punq be a bounded sequence of HspRd

q, 0 ă s ă d
2

and d
2
´ s “ d

p
. Then

there exist a sequence of scales and cores pλ
pjq
n , x

pjq
n qpj,nqPN2 in the sense that

j ‰ k ñ either lim
nÑ8

ˇ

ˇ

ˇ
logp

λ
pjq
n

λ
pkq
n

q

ˇ

ˇ

ˇ
“ 8 or lim

nÑ8

|x
pjq
n ´ x

pkq
n |

λ
pjq
n

“ 8,

a sequence pϕjq in HspRd
q and a sequence pr

pjq
n q of functions such that

@J P N, uφpnqpxq “
J
ÿ

j“0

1

pλ
pjq
n q

d
2
´s
ϕj
`x´ x

pjq
n

λ
pjq
n

˘

` rpJqn pxq,

lim
JÑ8

lim sup
nÑ8

}rpJqn }Lp “ 0,

@J P N, lim
nÑ8

´

}uφpnq}
2
Hs ´

J
ÿ

j“0

}ϕj}
2
Hs ´ }rpJqn }

2
Hs

¯

“ 0.

We also have a version of the critical case, e.g. the case d “ 2, s “ 1,
p P p2, 2˚q, λ

pjq
n “ 1 considered by Hmidi-Keraani 2007.

[19.01.2018]
[26.01.2018]

4.3 Orbital stability

4.3.1 A second minimiser problem

Theorem 4.2 (Variational characterisation of the solitons). Let M ą 0,
1 ă p ă 1 ` 4

d
i.e. sc “

d
2
´ 2

p´1
ă 0 and let Q be the fundamental state in

Theorem 4.1. Then the minimisation problem

JM “ inftEpuq |u P H1
pRd
q, }u}2

L2pRdq “Mu (4.15)
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is achieved by the following family of functions

Qµpx´ x0qe
iγ0 , x0 P Rd, γ0 P R,

where Epuq “ 1
2

´
Rd |∇u|

2 dx ´ 1
p`1

´
Rd |u|

p`1 dx is the energy functional de-

fined in (1.10), Qµ “ µ
2
p´1Qpµxq and µ “ µpMq “ p M

}Q}2
L2
q
´ 1

2sc . Furthermore,

all the minimising sequence is relatively compact in H1pRd
q up to translation

and rotation: For the sequence punq in H1pRd
q such that

}un}
2
L2 ÑM, Epunq Ñ JM ,

there exist pxnq Ă Rd, pγnq Ă R and a subsequence pφpnqq such that

uφpnqp¨ ´ xφpnqqe
iγφpnq Ñ Qµ in H1

pRd
q.

Sketchy proof. Step 1 Calculation of JM , M ą 0
We have the following properties for JM :

• JM has a lower bound: JM ą ´8. Indeed, by Gagliardo-Nirenberg’s in-

equality }u}Lp`1pRdq ď C}u}
1´p d

2
´ d
p`1

q

L2pRdq }∇u}
d
2
´ d
p`1

L2pRdq , we have for }u}2
L2pRdq “

M that

Epuq ě
1

2
}∇u}2

L2pRdq ´ CM
p`1
2
p1´ d

2
` d
p`1

q
}∇u}

dpp´1q
2

L2pRdq,

with
dpp´ 1q

2
ă 2 since p ă 1`

4

d
,

and hence JM ą ´8 (by Young’s inequality) has a lower bound.

• JM has a negative upper bound: JM ă 0. Indeed, fix some u P H1pRd
q

with }u}2
L2pRdq “ M . Then the rescaled function uλpxq “ λ

d
2upλxq,

λ ą 0 satisfies }uλ}2
L2pRdq “ }u}

2
L2pRdq “M and

Epuλq “ λ2
”1

2

ˆ
Rd
|∇u|2 dx ´

1

pp` 1qλpp´1q|sc|

ˆ
Rd
|u|p`1 dx

ı

,

and hence Epuλq ă 0 for λ ą 0 small enough.

• JM is homogeneous: JM “ M
1´sc
|sc| J1. Indeed, for any u P H1pRd

q,

the rescaled function uλpxq “ λ
2
p´1upλxq, λ ą 0 satisfies }uλ}

2
L2pRdq “

λ´2sc}u}2
L2pRdq “ λ´2scM and

Epuλq “ λ2p1´scqEpuq,

and hence Jλ´2scM “ λ2p1´scqJM and we can choose in particular λ “

M
1

2sc .
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Step 2 Existence of the minimiser
Let punq be a minimizing sequence and we are going to show its com-

pactness (up to extraction of subsequence and translation) by Lemma 4.3.
Since

• Evanescence of the sequence punqn is impossible: Suppose by contra-
diction that unk Ñ 0 in Lp`1pRd

q as k Ñ 8, then

JM “ lim
kÑ8

Epunkq “ lim
kÑ8

”1

2

ˆ
Rd
|∇unk |2 dx ´

1

p` 1

ˆ
Rd
|unk |

p`1 dx
ı

“ lim
kÑ8

1

2

ˆ
Rd
|∇unk |2 dx ě 0,

which is in contradiction with JM ă 0.

• Dichotomy of the sequence punqn is impossible: Suppose by contraction
that there exist two sequences vnk , wnk with disadjoint supports such
thatˆ

Rd
|vnk |

2 dx Ñ αM,

ˆ
Rd
|wnk |

2 dx Ñ p1´ αqM, α P p0, 1q,

}unk}
p`1
Lp`1 ´ }vnk}

p`1
Lp`1 ´ }wnk}

p`1
Lp`1 Ñ 0,

lim inf
kÑ8

r}∇unk}2L2 ´ }∇vnk}2L2 ´ }∇wnk}2L2s ě 0,

then

JM “ lim
kÑ8

Epunkq ě lim sup
kÑ8

rEpvnkq ` Epwnkqs ě JαM ` Jp1´αqM ,

and hence by the homogeneity property of JM and J1 ă 0 we have

1 ď α
1´sc
|sc| ` p1´ αq

1´sc
|sc| , with

1´ sc
|sc|

ą 1,

which is an contradiction with the fact that if θ ą 1, then fpαq :“
αθ ` p1´ αqθ ă fp0q “ fp1q “ 1 for all α P p0, 1q.

by Lemma 4.3, there exist pxkq Ă Rd such that unkpx´ xkq Ñ u in L2pRd
q X

Lp`1pRd
q, and hence

JM “ lim
kÑ8

Epunkq “ lim
kÑ8

Epunkpx´ xkqq ě Epuq.

Therefore u P H1pRd
q is a minimiser and limkÑ8Epunkq “ Epuq, unkpx ´

xkq Ñ u in H1pRd
q.

Step 3 Classification of the minimisers
We follow the strategy in Subsection 4.1 to classify the minimisers of the

minimiser problem (4.15):
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– If u is a minimiser of (4.15), then by Lemma 4.2, we know that |u| ě 0
is also a minimiser of (4.15).

– If u ě 0 is a minimiser of (4.15), then we follow the idea in the proof of
Proposition 4.3 to derive the existence of µ̃ “ µ̃pMq P R (independent
of the minimisers) such that

∆u` up “ µ̃u, u ě 0, u P H1
pRd
q. (4.16)

More precisely, since whenever h P C80 pR
d
q such that d

dt

ˇ

ˇ

ˇ

t“0
p}u`th}2L2q “

2
´
Rd uh dx “ 0 then d

dt

ˇ

ˇ

ˇ

t“0
Epu ` thq “

´
Rdp∇u ¨ ∇h ´ uphq dx “ 0,

we have (4.16) for some µ̃ P R. We can calculate µ̃: We test (4.16) by
u ě 0 to arrive at

´

ˆ
Rd
|∇u|2 dx `

ˆ
Rd
|u|p`1 dx “ µ̃

ˆ
Rd
|u|2 dx “ µ̃M,

and on the other side, we test (4.16) by pd
2
`x ¨∇qu and take use of Po-

hozaev’s identity (3.1) to arrive at (comparing the following righthand
side with (3.5)-(3.6))

0 “ µ̃

ˆ
Rd
p
d

2
` x ¨∇quu dx “

ˆ
Rd
p
d

2
` x ¨∇qu p∆u` upq dx

“ ´

ˆ
Rd
|∇u|2 dx `

ˆ
Rd
p
d

2
´

d

p` 1
qup`1 dx .

Therefore ˆ
Rd
|∇u|2 dx “ p

d

2
´

d

p` 1
q

ˆ
Rd
up`1 dx ,

µ̃M “ p1´
d

2
`

d

p` 1
q

ˆ
Rd
up`1 dx ,

JM “ Epuq “ p
d

4
´

d` 2

2pp` 1q
q

ˆ
Rd
up`1 dx ,

and hence when 1 ă p ă 1` 4
d
,

µ̃ “ µ̃pMq “
JM
M

1´ d
2
` d

p`1

d
4
´ d`2

2pp`1q

“ J1M
´ 1
sc

1´ d
2
` d

p`1

d
4
´ d`2

2pp`1q

ą 0.

– If u P H1, u ě 0 satisfies (4.16), then the rescaled solution ũµ´1pxq “
1

µ
2
p´1

upx
µ
q, µ “

?
µ̃ satisfies the equation (4.13)

∆v ` vp “ v, v ě 0, v P H1
pRd
q. (4.17)
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We have the nontrivial symmetry result established by [Gidas, Ni and
Nirenberg, 1979] which we do not prove here:
If v satisfies (4.17), then there exists x0 P Rd such that vpx ´ x0q P

H1
r pR

d
q.

Hence by Propositions 4.4 and 4.5, the solution of (4.17) is indeed
unique:

vpx´ x0q “ ṽp|x´ x0|q “ Qp|x´ x0|q, for some x0 P Rd,

where Q is the fundamental solution in Proposition 4.5.

– Conclusion: If u is a minimiser of the minimiser problem (4.15), then
there exist pγ0, x0q P RˆRd such that

upxq “ Qµpx´ x0qe
iγ0 , with Qµpxq “ µ

2
p´1Qpµxq,

where

µ “ µpMq “
µpMq

µp}Q}2L2q
“ p

µ̃pMq

µ̃p}Q}2L2q
q
1
2 “ p

M

}Q}2L2

q
´ 1

2sc .

4.3.2 Orbital stability

Recall the “natural” stability notion of the solitary waves eitQprq in H1: Let
u0 P H

1, 1 ă p ă 1` 4
d

and u P Cpr0,8q;H1q be the global solution of (NLS)
with the initial data u0. Then for all ε ą 0, there exists δpεq ą 0 such that
for all u0 P H

1:

}u0 ´Q}H1 ă δ implies sup tě0}upt, xq ´ e
itQpxq}H1 ă ε.

This strong stability property is not suitable for (NLS) by virtue of the
symmetries of the equation (NLS). Indeed the scaling invariance and the
Galilean invariance in Subsection 1.1.3 supply two obvious examples of strong
instability:

• By scaling symmetry, for any λ ą 0, there exists a solution uλpt, xq “

λ
2
p´1Qpλxqeiλ

2t of (NLS) with the initial data pu0qλpxq “ λ
2
p´1Qpλxq.

We have

}pu0qλ ´Q}H1 Ñ 0 as λÑ 1,

while for any λ ‰ 1,

sup tě0}uλpt, xq ´ e
itQpxq}H1 “ sup tě0}λ

2
p´1 eiλ

2tQpλxq ´ eitQpxq}H1 ě }Q}H1 ,

e.g. when t “ 2nπ, λ2t “ p2n` 1qπ, n " 1, }uλpt, xq ´ e
itQpxq}H1 ě }Q}H1 .
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• By Galilean invariance, for any v P Rd, there exists a solution uv “
eipx¨v´|v|

2t`tqQpx´2vtq of (NLS) with the initial data pu0qv “ eiv¨xQpxq.
We have

}pu0qv ´Q}H1 Ñ 0 as |v| Ñ 0,

while due to the decoupling of the two bubbles Qpxq and Qpx´ vtq as
tÑ 8 when v ‰ 0,

@0 ‰ v P Rd, sup tě0}uvpt, xq ´ e
itQpxq}H1 ě }Q}H1 .

By the variational characterisation of the solitary waves in Theorem 4.2, we
have the orbital stability results:

Theorem 4.3 (Orbital stability of the solitary waves). Let 1 ă p ă 1 `
4
d
, κ “ ´1. Then for all ε ą 0, there exists δpεq ą 0 such that for all

}u0´Q}H1pRdq ă δ, there exist pxptq, γptqq P Rd
ˆR so that the corresponding

solution u P Cpr0,8q;H1q of (NLS) satisfying

sup tě0}upt, xq ´Qpx´ xptqqe
iγptq
}H1pRdq ă ε.

Proof. Suppose by contradiction that there exist ε0 ą 0, a sequence of times
tn ě 0 and a sequence of solutions un P CpR;H1q such that

}unp0, xq ´Q}H1 Ñ 0 as nÑ 8,

}unptn, xq ´Qpx´ x0qe
iγ0}H1 ą ε0 ą 0, @x0 P Rd, @γ0 P R .

Then we have

}unp0, ¨q}
2
L2 Ñ }Q}2L2 :“M, Epunp0, xqq Ñ EpQq “ JM .

By the mass and energy conservation laws, we have

}unptn, ¨q}
2
L2 “ }unp0, ¨q}

2
L2 ÑM, Epunptn, xqq “ Epunp0, xqq Ñ JM ,

and hence by Theorem 4.2, there exist pφpnqq Ă N, pxφpnqq Ă Rd, pγφpnqq Ă R
such that

unptn, x´ xφpnqqe
iγφpnq Ñ Q in H1

pRd
q, as nÑ 8,

which is in contradiction to the assumption.
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Remark 4.4. If p ě 1` 4
d
, κ “ ´1 then the solitary wave upt, xq “ eitQpxq

is unstable in the sense that there exists pQnqn Ă H1pRd
q such that Qn Ñ Q

in H1pRd
q while the corresponding solution unpt, xq blows up in finite time.

Indeed, as ∆Q ´ Q ` Qp “ 0, if p “ 1 ` 4
d
, then EpQq “ 0 and EpλQq ă 0

for any λ ą 1, and hence we have the blowup results by Theorem 3.1 for the
solutions with initial data p1 ` 1

n
qQ. Similarly we notice that if p ą 1 ` 4

d
,

then
´
Rd |∇u|

2 dx ´ pd
2
´ d

p`1
q
´
Rd |u|

p`1 dx “ 0 if u “ Q and ă 0 if u “ λQ,
λ ą 1.

[26.01.2018]
[02.02.2018]

5 Conserved energies

In this section we explain briefly the existence of a family of conserved ener-
gies for the one dimensional defocusing cubic nonlinear Schrödinger equation
(NLS) (with d “ 1, p “ 3, κ “ 1) established by [Koch-Tataru 2016] (see also
Killip-Visan-Zhang). Recall that for the initial data u0 P SpRq, there exists a
unique solution u P CpR;SpRqq solving the 1-d cubic nonlinear Schrödinger
equation (NLS) (see Remark 2.10), and the transmission coefficient T “ T pzq
associated to the Lax equation (1.21) is invariant by the cubic Schrödinger
flow (see (1.25)). We make use of this fact to establish the family of con-
served energies Es “ Espuq in terms of T “ T pz;uq which is equivalent to the
Sobolev norm of the solution }u}2Hs , @s ą ´1

2
.

Step 1 Expansions of the “transmission coefficient” T´1pzq and its
logarithm lnT´1pzq on the upper half plane

Recall the direct scattering transform introduced in Subsection 1.2. If
upt, xq P CpR;SpRqq is the solution of the one dimensional defocusing cubic
nonlinear Schrödinger equation (NLS), z “ ξ P R (the continuous spectrum
of the self-adjoint Lax operator), then we have the Jost solution j´,1px; zq of
the Lax equation (1.21)

ψx “

ˆ

´iz u
ū iz

˙

ψ,

with the asymptotic behaviours at infinity:

j´,1px; zq “

ˆ

e´izx

0

˙

` op1q as xÑ ´8,

j´,1px; zq “ T´1
pzq

ˆ

e´izx

0

˙

`Rpt, zqT´1
pzq

ˆ

0
eizx

˙

` op1q as xÑ `8.
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Hence the “transmission coefficient” T´1pzq can be calculated as the first
component of the renormalised Jost solution l´,1px; zq “ eizxj´,1px; zq as
xÑ 8 (recalling the iterative formulation of l´,1 in Subsection 1.2.1):

T´1
pzq “ lim

xÑ8
peizxj´,1px; zqq “ 1` ` ` ` `¨ ¨ ¨ :“ 1`

8
ÿ

j“1

T2jpzq,

(5.18)
where the graphic symbols , , ¨ ¨ ¨ denote the multilinear integrals as

“ T2pzq “

ˆ
xăy

e2izpy´xqupyqūpxq dx dy ,

“ T4pzq “

ˆ
x1ăy1ăx2ăy2

2
ź

n“1

e2izpyn´xnqupynqūpxnq dx dy , ¨ ¨ ¨

For any z P U , U “ tz P C | Im z ą 0u the upper half plane, we can define the
Jost solution j´,1px; zq and this provides a holomorphic extension of T´1pzq
to the closed upper half plane z P U , such that |T | ď 1 on the real line and
T Ñ 1 at infinity. By maximum principle, |T´1| ě 1 on U .

Since ln is analytic near 1 and expands formally as lnp1` aq “ a´ 1
2
a2`

1
3
a3 ` ¨ ¨ ¨ , the formal series for T´1 yields a formal series for lnT´1:

lnT´1
“

´

T2

¯

`

´

T4 ´
1

2
pT2q

2
¯

`

´

T6 ´ T2T4 `
1

3
pT2q

2
¯

` ¨ ¨ ¨ :“
8
ÿ

j“1

T̃2j,

where each T̃2jpzq is homogeneous of degree 2j in terms of tu, ūu and is a
linear combination of multilinear integrals of the form

ˆ
Σ2j

j
ź

n“1

e2izpyn´xnqupynqūpxnq dx dy ,

with Σ2j denoting an ordering obeying the constraint txn ă yn, @1 ď n ď ju.

We can calculate for example that

pT2q
2
“

´

ˆ
x1ăy1

e2izpy1´x1qupy1qūpx1q dx 1 dy 1

¯´

ˆ
x2ăy2

e2izpy2´x2qupy2qūpx2q dx 2 dy 2

¯

“ 4

ˆ
x1ăx2ăy1ăy2

2
ź

n“1

e2izpyn´xxqupynqūpxnq dx dy

` 2

ˆ
x1ăy1ăx2ăy2

2
ź

n“1

e2izpyn´xxqupynqūpxnq dx dy :“ 4 ` 2 ,
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which is homogeneous of degree 4 in tu, ūu, and the first terms in the expan-
sion of lnT´1 read as

lnT´1
pzq “

8
ÿ

j“1

T̃2jpzq “ ` p´2 q ` p12 ` 4 q ` ¨ ¨ ¨ (5.19)

Indeed, we can prove that T̃2j is a linear combination of connected symbols,
that is, Σ2j represents a complete ordering tx1 ă x2 ă ¨ ¨ ¨ ă y1 |xn ă
yn, 1 ď n ď ju where the first and the last arcs are connected. To this end
we introduce a Hopf algebra structure:

• We consider the set H of the words in the alphabet t , u and in-
troduce the shuffle product between two words as the sum of all the
words obtained by shuffling these two words such that H becomes
a ring of formal power series with the words as unknowns, with the
shuffle product defining the commutative, associative and distributive
multiplication;

• We restrict ourselves in the subalgebra H consisting of nonintersecting
words and the length 2j of the nonintersecting words in H introduces a
grading on H such that words with length 2j have degree j and Hm “

H{Im is a finite dimensional algebra where Im is the ideal consisting of
the elements of degree ą m;

• We introduce a coproduct ∆ : H ÞÑ H bH on H as the sum of all the
splittings ∆a “

ř

a1a2“a,a1,a2PH
a1 b a2, @a P H, then the coproduct is

coassociative which also satisfies the compatibility condition ∆pa bq “
∆a ∆b with the shuffle product of the tensor product defined as
pab bq pcb dq “ pa cq b pb dq;

• We call an element g P H group-like if ∆g “ g b g, then the set of
all group-like elements in H endowed with the shuffle product becomes
a group G. On the other side, we call an element p P H primitive
if ∆p “ 1 b p ` p b 1, then the primitive element is formal linear
combinations of connected symbols and all the primitive elements form
a subspace P Ă H. The subgroup G and the subspace P are related
by G “ expP ;

• In conclusion, the element T´1 (5.18) is a group-like element and hence
its logarithm lnT´1 (5.19) is a primitive element such that its homo-
geneous parts T̃2j are linear combinations of connected symbols.

We are now interested in two issues:
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• We would like to show the convergence of the expansions (5.18)-(5.19),
and we are in particular interested in the decay rates of the terms
T2jpzq, T̃2jpzq as z Ñ i8, when upxq P HspRq. This will be done in
Step 3.

Roughly speaking, for u P SpRq, if z “ iτ{2, the bulk of the integrals
in T2jpzq, T̃2jpzq comes from the regions tyn ´ xn À τ´1, 1 ď n ď ju,
and in the case of T2jpzq the volume of the region is comparable to
τ´j while in the case of T̃2jpzq the volume of the region is comparable
to Cpjqτ´2j`1 which is much smaller than τ´j if j ě 2. Hence for
upxq P SpRq we expect to have the expansion of lnT´1 in the powers
of z´1 at infinity:

lnT´1
pzq “ i

8
ÿ

j“1

Ejp2zq´j, as |z| Ñ 8,

where the (invariant) coefficients Ej are called energies and in particular

E1 “

ˆ
R
|u|2 dx ,

E2 “ ´Im

ˆ
R
u1ū dx ,

E3 “

ˆ
R
p|u1|2 ` |u|4q dx ,

are the (rescaled) mass, momentum and energyM,P,E defined in (1.8),
(1.9), (1.10) respectively. We will indeed be interested in the case
u P Hs and study the expansions (5.18), (5.19) by establishing the
decay rates for T2jpzq, T̃2jpzq as |z| Ñ 8 in terms of }u}2Hs .

• We would like to describe }u}2Hs in terms of T´1pzq, which is done in
Step 2.

Step 2 Description of }u}2Hs in terms of the quadratic term T2pzq “
T̃2pzq “

Let z P U and let us calculate the quadratic term and relate it to the
Fourier transform of u: ûpξq “ 1?

2π

´
R e

´iξxupxq dx as

“
1

2π

ˆ
R3

ˆ y

´8

e2izpy´xqeiyηûpηqe´ixξ ¯̂upξq dx dy dξdη,

where integration by parts in x implies

“
1

2π

ˆ
R3

´1

2iz ` iξ
eiyη´ixξûpηq¯̂upξq dy dξdη “

ˆ
R

i

2z ` ξ
ûpξq¯̂upξqdξ,
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and hence

1

π
Re pz{2q “

1

π

ˆ
R

Im z

|z ´ ξ|2
|ûpξq|2 dξ :“

1

π

ˆ
R

Im z

|z ´ ξ|2
dµpξq, (5.20)

which is the harmonic function on the upper half plane with the trace measure
dµ “ |ûpξq|2 dξ . Hence by a change of integral contour we have the following
description of the Hs, ´1

2
ă s ă 0-norm of u:

}u}2Hs “

ˆ
R
p1` ξ2

q
s
|ûpξq|2 dξ

“ ´2 sinpπsq

ˆ 8

1

pτ 2
´ 1qs

1

π
Re piτ{2qdτ.

(5.21)

For general u P Hs with N “ rss ě 0, we have the finite expansion for the
above harmonic function evaluated at z “ iτ with τ Ñ 8:

1

π
Re piτ{2q “

N
ÿ

l“0

p´1qlH2lτ
´2l´1

` p´1qN`1Hą2Npτqτ
´2N´1,

where

H2l “
1

π

ˆ
R
ξ2ldµpξq, Hą2Npτq “

1

π

ˆ
R

ξ2N`2

τ 2 ` ξ2
dµpξq.

Then the description of the Sobolev norm }u}2Hs in terms of reads as

}u}2Hs “ ´2 sinpπsq

ˆ 8

1

pτ 2
´ 1qs

´ 1

π
Re piτ{2q ´

N
ÿ

l“0

p´1qlH2lτ
´2l´1

¯

dτ

` π
N
ÿ

l“0

ˆ

s
l

˙

H2l. (5.22)

Step 3 Well-definedness of the “transmission coefficient” T´1pzq if
u P Hs and the estimates for higher order terms T2jpzq, T̃2jpzq

We introduce the functional spaces U2, V 2 and DU2, as substitutes for
9H

1
2 and 9H´ 1

2 , which are more suitable for the estimates for the integrals in
T2jpzq, T̃2jpzq. We define V 2 as the space of the functions v on R such that
the following norm is finite

}v}V 2 “ sup
´8ăt1ă¨¨¨ătL“`8

´

L´1
ÿ

j“1

|vptj`1q ´ vptjq|
2
¯

1
2
, where we set vp8q “ 0.

We call the step function of form
řL´1
j“1 φj1rtj ,tj`1q with

ř

j |φj|
2 “ 1 a U2

atom and a U2 function u is an `1-sum of U2 atoms such that }u}U2 “

infpλkqt
ř

k |λk| |u “
ř

k λkuk, pλkq P `
1pNq and uk are U2-atomsu ă 8. We

have the following pleasant properties concerning V 2, U2-norms:
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• The V 2-functions v have left and right limits everywhere and vp8q “
0 such that }v}L8 ď }v}V 2 and obviously }uv}V 2 ď }u}V 2}v}L8 `
}u}L8}v}V 2 ;

• The U2-functions u are right continuous and up´8q “ 0 such that
}u}V 2 ď

?
2}u}U2 and we have the embedding estimates }u}

B
1
2
2,8

À

}u}V 2 À }u}U2 À }u}
B

1
2
2,1

;

• There exists a bilinear form Bpv, uq which induces an isometric iso-
morphism from V 2 ÞÑ pU2q˚ and from U2 ÞÑ pV 2

Cq
˚, V 2

C “ tv P

V 2 | v is continuous , vp˘8q “ 0u, such that 3

}v}V 2 “ sup uPU2tBpv, uq | }u}U2 “ 1u,

}u}U2 “ sup vPV 2tBpv, uq | }v}V 2 “ 1u,

where by an abuse of notation Bpv, uq “
´
R vdu.

We introduce DU2 functions as the distributional derivatives of U2 functions:
DU2 “ tu1 |u P U2u and hence DU2 function is distribution function with
the finite norm }f}DU2 “ sup t

´
R fv dx | }v}V 2 ď 1u. Thus we have

}uv}DU2 ď 2}u}DU2}v}V 2 ď 4}u}DU2}v}U2 .

For any z P U , we define the one step operator A as

Apφqptq “

ˆ
xăyăt

e2izpy´xqupyqūpxqφpxq dx dy ,

then the terms in the expansion (5.18): T´1 “ 1`
ř8

j“1 T2j read as

T2 “ lim
tÑ8

Ap1qptq, T4 “ lim
tÑ8

A2
p1qptq, T2j “ lim

tÑ8
Ajp1qptq, ¨ ¨ ¨

and T2j can be bounded by the operator norm }A}V 2 ÞÑU2 as follows:

|T2j| ď 2}Ajp1q}U2 ď 2}A}V 2 ÞÑU2}Aj´1
p1q}V 2 ď ¨ ¨ ¨ ď 2j}A}jV 2 ÞÑU2 . (5.23)

We hence estimate the operator norm }A}V 2 ÞÑU2 as follows:

}Apφq}U2 “

›

›

›

ˆ
xăy

e2izpy´xqupyqūpxqφpxq dx
›

›

›

DU2
y

ď 4}e2iRe zyu}DU2
y
}ϕ ˚ pe´2iRe z¨ūφq}U2

y
, ϕ “ e´2Im zt1tą0

ď 4}e2iRe zyu}DU2 }e´2iRe z¨ūφ}DU2 ď 8}e2iRe zyu}DU2 }e´2iRe z¨ū}DU2}φ}V 2 ,

3 We can restrict the supermum to step functions. If sup tBpv, uq | }u}U2 “ 1u ă 8,
then v P V 2, and if sup tBpv, uq | }v}V 2 “ 1u ă 8 and u is right continuous ruled function
with limtÑ´8 uptq “ 0, then u P U2.
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where we used }ϕ ˚ f}U2 “ }ϕ1 ˚ f}DU2 ď }f}DU2 , and hence

}A}V 2 ÞÑU2 ď 8}e2iRe z¨u}2DU2 .

We have indeed better estimates for Im z “ τ{2 ą 0: We can introduce the
localised version of DU2-norms:

}u}lqτDU2 “
›

›}χ
r k
τ
, k`1
τ
s
u}DU2

›

›

`qk
,

where pχ
r k
τ
, k`1
τ
s
qk form a partition of unity, such that

}A}V 2 ÞÑU2 ď C}e2iRe z¨u}2l2τDU2 ď C
1` Re z ` τ

τ
}u}2l21DU2 , (5.24)

where l21DU
2 can be seen as a substitute of H´ 1

2 such that Hs0 ãÑ l21DU
2

whenever s0 ą ´
1
2
.

Therefore if }u}l21DU2 ! 1, then by virtue of (5.23)-(5.24) the formal series

of T´1 “ 1`
ř

jě1 T2j converges in the region tz P U | Im z ě 1` |Re z|u and

in particular on the half-line ir1,8q. And generally, if u P l21DU
2, then for

any z P U , there exist x0, x1 P R such that

a

p1` Re z ` Im zq{Im z
`

}u|p´8,x0s}l21DU2 ` }u|rx1,8q}l21DU2

˘

ď 1{2C ! 1,

and hence we solve the Lax equation (1.21) first until x0 (the solvability is
ensured by the above argument for the small norm case), and then solve the
Lax equation from x0 to x1 (the solvability on this finite interval rx0, x1s is
ensured by u|rx0,x1s P DU

2 and hence the Lipschitz property of the linear
flow), and finally solve the Lax equation from x1 to 8 (the solvability is
also ensured by the smallness), such that we can still define the holomorphic
function T´1pzq as the first component of the solution at infinity.

In particular if z “ iτ{2, τ ě 1, then we have the following estimates for
T2j, T̃2j, j ě 2 similar as in (5.23)-(5.24):

|T2j| ď pC}u}l2τDU2q
2j, |T̃2j| ď Cpjq}u}2j

l2jτ DU2
. (5.25)

Step 4 Conserved energies
Motivated by the formulations (5.21)-(5.22) of the Hs-norm, we define

the conserved energy via

Espuq “ ´
2 sinpπsq

π

ˆ 8

1

pτ 2
´ 1qsGpiτ{2q dτ , ´

1

2
ă s ă 0, (5.26)
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and for general N “ rss ě 0,

Espuq “ ´
2 sinpπsq

π

ˆ 8

1

pτ 2
´ 1qs

´

Gpiτ{2q ´
N
ÿ

l“0

p´1qlG2lτ
´2l´1

¯

dτ

` π
N
ÿ

l“0

ˆ

s
l

˙

G2l,

(5.27)

where Gpzq “ Re lnT´1pzq is a nonnegative harmonic function (as the real
part of the logarithm of the holomorphic function T´1 with |T´1| ě 1) on
the upper half plane U and G2l are the real coefficients of the expansion of
Gpzq at infinity.

For ´1
2
ă s ă 0, we want to bound the following difference

|Espuq ´ }u}2Hs | “

ˇ

ˇ

ˇ

2 sinpπsq

π

ˆ 8

1

pτ 2
´ 1qsRe

8
ÿ

j“2

T̃2jpiτ{2q dτ
ˇ

ˇ

ˇ
.

Recall the estimate (5.25) and we now want to bound the above difference
in terms of }u}Hs : Let z “ iτ{2, then by use of the Littlewood-Paley de-
composition u “

ř

µ uµ, µ “ 2j, j “ 0, 1, ¨ ¨ ¨ such that }uµ}Hs „ dµ}u}Hs ,
}dµ}`2 “ 1,
ˆ 8

1

pτ 2
´ 1qs|T2piτ{2q| dτ ď

ˆ 8

1

pτ 2
´ 1qs

ÿ

µ,ν

|Ap1; ūµ, uνqpiτ{2q| dτ

À

ˆ 8

1

pτ 2
´ 1qs

ÿ

µ,ν

}uµ}l2τDU2}uν}l2τDU2 dτ

À

ˆ 8

1

pτ 2
´ 1qs

ÿ

µěνěτ

dµµ
´ 1

2
´sdνν

´ 1
2
´s
}u}2Hs dτ `

ÿ

µěτěν

¨ ¨ ¨ `
ÿ

τěµěν

¨ ¨ ¨

À
ÿ

µěνěτ

dµp
τ

µ
q
1
2
`sdνp

τ

ν
q
1
2
`s
}u}2Hs `

ÿ

µěτěν

¨ ¨ ¨ `
ÿ

τěµěν

¨ ¨ ¨ À }u}2Hs ,

and similarly (but more complicatedly) we can bound
ˆ 8

1

pτ 2
´ 1qsp|T2jpiτ{2q| ` |T̃2jpiτ{2q|q dτ ď }u}2HspC}u}l21DU2q

2j´2.

Hence if }u}l21DU2 ! 1, then

|Espuq ´ }u}2Hs | ď C}u}2l21DU2}u}
2
Hs , (5.28)

such that the conserved energy Espuq is equivalent to }u}2Hs . Therefore the
Sobolev norm }u}Hs is “conserved” by the cubic nonlinear Schrödinger flow
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(if the solution exists). Indeed, if initially }u0}
2
l21DU

2 À }u0}
2
Hs ď c0 ! 1 such

that |Espu0q´}u0}
2
Hs | ď

1
2
}u0}

2
Hs and 1

2
}u0}

2
Hs ď Espu0q ď 2}u0}

2
Hs ď 2c0, then

by the conservation law Espuq “ Espu0q (if the solution u exists globally in
time) and a bootstrap argument, we have (5.28) and the smallness condition
}u}2

l21DU
2 À }u}2Hs ď 2Espuq “ 2Espu0q ď 4c0 ! 1 for all the times. For

general initial data with }u0}Hs “ R ă 8, we can do scaling u0,λpxq “
1
λ
u0p

x
λ
q

as in Subsection 1.1.3, such that for λ large enough

}u0,λ}Hs À }u0,λ} 9Hs “ λ´ps`
1
2
qR ď c0 ! 1, if s P p´

1

2
, 0q,

and for s ě 0, we take λ such that λ´2R ď c0. Finally we get the bound for
}u}Hs from the control for }uλ}Hs .

For general s ě 0, we can also derive the difference estimate |Espuq ´
}u}2Hs | ď C}u}2

l21DU
2}u}

2
Hs , nevertheless we have to consider the finite expan-

sions of the terms T̃2j, j ă 2s ` 1 (similar as the finite expansion in the
integrand in (5.22) for T2 “ T̃2 “ ) and we do not go further here.
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