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[13.10.2017]

1 Introduction

In this lecture we will mainly consider the Cauchy problem for the semilinear
Schrédinger equation

. _ p—1
{ i0u + Au = k|ulP~u, (NLS)

Uly=o = up(x).

Here u = u(t, z) € C denotes the unknown wave function and t € R, = € R,
d = 1 denote the time and space variables respectively. x takes value in {+1}
and we call the nonlinear Schrodinger equation in defocusing if k =
1 (repulsive nonlinearity) and focusing if K = —1 (attractive nonlinearity)
respectively. p > 1 is a real constant which plays an important role in
the mathematical theory and if p = 3 we call the cubic nonlinear
Schrédinger equation.

We will consider the wellposedness issue of this Cauchy problem ,
the asymptotic behaviour of the solutions (scattering, blowup, solitons, etc.)
and the conserved energies for the completely integrable case. We will see
that the results will depend heavily on the space dimension d, the sign of
x and the nonlinearity exponent p. We will also pay much attention to the
functional space where the initial data ug stays in.

1.1 Basic concepts

We first explain (formally) some basic properties of the equation in (NLS).

1.1.1 Dispersion
What does dispersion mean? Is the equation (NLS|) dispersive? Indeed this

dispersion property is related to the linear part of the equation.
We now give some formal explanation. Let d = 1 and let u(z,t) be a
plane-wave solution

u(t, z) = elhe=wt) — gikle=(w/k))

of the linear Schrodinger equation iu; + u,, = 0. Here k denotes the wave
number (waves per unit length) and w = w(k) = k* denotes the (angular)
frequency. Hence u(t,x) is a travelling wave with the phase velocity c(k) =
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w(k)/k = k and the larger k is, the faster the wave travels, that is, high
frequency waves travel much faster than low frequency waves! More generally,
we take the inverse Fourier transform of the initial data

zkx ~

o i

then by superposition the solution of the linear Schrédinger equation reads
(noticing that e*@=¢(®)) is the solution with initial data, e***)

'LL(]SC

u(t, x) k@D 7 (k) dk.

"7k

The fact that various Fourier modes travel at different speeds is considered
to be dispersive phenomenon mathematically.

The well known Korteweg-de Vries (KdV) equation is also a nonlinear
dispersive equation:

O + Ugr + utty = 0, ulj—g = up. (KdV)

The linear part u; + uzee = 0 has the phase velocity c(k) = k2.
There is an obvious example which is not a dispersive equation:

o + cozu =0, |9 = ug, where ¢ = constant.

The solution u(t, z) = ug(z — ct) always travels at constant speed c.

1.1.2 Semilinearity
The nonlinear Schrodinger equation (NLS)) is of the semilinear form:
0w+ Au = f(u), i.e. du =1iAu—if(u), uli=o = uo, (1.1)
where the function f depends nonlinearly only on lower order terms: u (not
on Gy, Vu)!
Recall the ODE theory. Consider the ODE of the form
o = Lo+ f(v), oo = v,

where v : R — R%is the unknown, ¢ € R denotes the time variable, L € My(R)
some linear transform and f : R? — R? some function. We have the Duhamel
formula for the solution

v(t) = ey + /t L f(u(t)) dt’ .
0
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Now we take the Fourier transform in z-variable to the equation ([1.1)

—_

od(t,§) = —ilgl*a(t, €) —if (w)(§), a(0,€) = 1w(s).

View ¢ as a parameter, then we also have (at least formally) the Duhamel
formula for u(-; ¢)

t —
a(t,€) = e Py (€) — i / e R F () (¢, €) dt
0
We calculate the inverse Fourier transform of the tempered distribution
e " (¢ viewed as parameter) now. We consider e ¢ as the limit of

the Schwartz functions e <"~ as ¢ — 0 pointwisely (and hence in the
tempered distribution sense). Then recalling

FH e = el Fl(glag)) = a ' (g) ("),
F (e ™€) is the limit of (2(e + it))_%e_%: (2@‘75)_%6_%. Recalling also
F ' (gh) = (2m) 2g = h,
we derive from the above Duhamel formula that
u(t, ) = K; = ug —i/t Ky s* f(u(s,-))ds, K;:= (47Tit)_gei;17.
0
We rewrite it as

u(t,z) = S(t)ug — i/o S(t—s)f(u(s,-))ds, (Duhamel)

where we denote S(t) as the following unitary group

, o2
S(t)g :=e"g =K, g = / (4rit) e W g(y)dy. (St)
Rd
It is obvious from that
_d
1S () uo| oo ey < 472 [uo] 11 (gay, (1.2)

which implies that if vy € L'(R?), then the solution S(t)uy of the linear

Schrédinger equation decays of rate |t|2 as |t| — oo. This is exactly the
dispersion phenomenon.
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Let us recall some facts for the unitary group S(t). Let H = L*(R%) be
the Hilbert space and A be the densely defined selfadjoint operator with the
domain D(A) = H*(R?). By Stone’s theorem (see e.g. Prof. Koch’s lecture
notes " V3B2 PDE and Modelling” Chapter 3), there exists a unique strongly
continuous unitary group S(t) := e*» on H with

d

% t=08(t)¢ = lAQb, Vo e D(A) — HQ(Rd)_

Since S(t) is unitary, then
||S(t)u0HL2(Rd) = ||u0”L2(]Rd)' (1.3)
Recall the Riesz-Thorine interpolation theorem:

Theorem 1.1. Let 1 < pg # p1 < 0, 1 < q # ¢ < oo. IfT €
L(LP(RY), L% (RY)) be the linear operator from LP3(R) to L% (RY) with the
operator norm M;, j = 0,1, then for any 0 <0 <1,

1 1— 1 1—
Ter(r®) Lo®y), ~-1=0,0 1 _1-6 0
Do Po P11 Qo do q1

b

with the operator norm My < M3—" MY?.

Hence we derive from (|1.2)-(1.3]) that

Proposition 1.1. Let S(t) be the unitary map defined by (St). Then S(t)
is a linear map from L™ (R?) to L"(R?) for any r € [2,00] (with 1 + 1 =1)
such that

|5 ()uo

_dd
Ly < 4t u o gay,  VE# O (1.4)

1.1.3 Symmetries/Invariances

We list here the main symmetries for the Schrédinger equation in (NLSJ):

e Time/Space translation symmetry: If u(t, x) solves (NLS), then wuy, 4, (¢, ) =
u(t —to, x — x9), to € R, 29 € R? also solves the Schrodinger equation

in (NLS);

e Space rotation symmetry: If u(t,z) solves (NLS), then u(t,Qx), 2 €
SO(d) also solves the Schrodinger equation in (NLS));

e Phase rotation symmetry: If u(t, z) solves (NLS)), then e“u(t, z), w € R
also solves the Schrodinger equation in (NLSJ);
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e Time reversal symmetry: If u(t, z) solves (NLS|), then u(—¢, z) (u means
the complex conjugate of u) also solves the Schrédinger equation in

(NLS);

e Galilean invariance: If u(t, z) solves (NLS)), then ei(””"“"”'%)u(t, x—2ut),
v e R? also solves the Schrédinger equation in (NLI));

e Scaling symmetry: If u(t, z) solves (NLS), then uy (¢, ) = —% u(5z, %),
A

p—1

0 # X € R also solves the Schrodinger equation in (NLS));

e Pseudo-conformal symmetry for the mass critical case p = 1 + %: If
2

|z|? izl
! (1+¢)
u(t, x) solves (NLS), then “——u(—3, %), © :;; u(t, 15), ete. £ >0

1
also solve the Schrédinger equation in (NLS)).

Let us focus on the scaling symmetry for a while: Notice also that
the scaling includes both linear and nonlinear informations in the nonlinear
Schrodinger equation . Recall that the Sobolev space H*(R?), s € R is
defined to be

H*(RY) := {f € S'(RY) || f]

b= [ A RPIFOR € <o), (19

and we also define the homogeneous Sobolev norm as

e = [, IR P (1.6)

Denote the critical exponent

d 2
_a_ 2 1.
e =7 P (1.7)

Let the initial data uo € H*(R?), then the rescaled initial datum wug (r) =

%ﬁluo(f), A > 0 has H*(R%)-norm as follows
=

w0, ‘Hs(md) = AfsﬂCH“OHHs(Rd)-
Heuristically, we then divide the regularity exponent s of the Sobolev space

H?® into three cases:

e s> s, (subcritical case)
As A — 0, |luoa|gswey — 0 and if the solution u exists on the time
interval [0, 7| then the rescaled solution u, exists on the time interval
[0, \2T,] with A>T, — oo. This is the most favourable situation in well-
posedness issue: we can make both the small initial norm and the long
time interval at the same time.
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e 5= s, (critical case) ‘
It is easy to see that the H®:-norm is invariant under the scaling:

[uo Froe () = ||U/0|HSC(Rd)7 and as A — oo the rescaled existing time
interval is still [0, \?T,] with A*T, — oo. This is always a unclear
situation.

e 5 < s. (supercritical case)
In this case as A — 0, |uo|gsgey — % as AT, — oo, that is, the
growing norm corresponds to longer time interval. Blowup may happen
in this situation.

In particular, we are in the L? (mass)-subcritical /critical /supercritical case
if 1
=s>/=/<s,lep</=/>1+-,

d
and we are in the H' (energy)-subcritical /critical /supercritical case if
4
l=s>/=/<s,, i.e.p</:/>1—|—ﬂ.

It seems that we should have well-posedness results in L? or H' framework
when p < 1+ fl orp<1+ ﬁ and we will indeed prove this in Section .

[13.10.2017]
20.10.2017]

1.1.4 Conservation laws

Suppose that u(t, ) is a smooth and fast decaying solution of the Schrédinger
equation in (NLS|). We have the following conservation laws a priori:

e Mass conservation law
M) = [ Ju(t.0) ds = M(w)(0) (1.8)
Rd
Indeed, we test this Schrodinger equation by « to get

i | Owudr + [ Avudr =k [ |ufttdz.
R? R? R?

We take the imaginary part to obtain (noticing that integration by
parts ensures [po Autidr = — [pq|Vul*dz)

/ Re duudr + 0 = 0.
Rd
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Since Re dyuti = 104|u|?, we derive (L.8) from

1d
—— lu|? dz = 0.
2 dt Rd
e Momentum conservation law
P;(u)(t) = Im u0y,udr = Pj(u)(0). (1.9)
Rd

Indeed, we test the Schrodinger equation by 0,4 to get
1 Oruldy,udy +/ Aud,,udr = /{/ |u\p_1u6xjﬂdx.
R4 R4 R4

We take integration by parts to obtain

/ Aud,udr = — Vu - 0,;Vudr = / Op; Vu - Vudx
Rd

R4 R4

Rd

n/ lulP~ud,,ude = —/1/ ulP~' 0, uti dz —K,/ O, [uP~H |ul* da
R¢ R? R¢
~

~

~~
=0

= iH/ Im (JulP~"ud,,u) dz .
Rd

Hence we take the real part to arrive at

0= / Im (Cyud,,u) doe = %Im (Opu0y, U — 04i0,;u) dr
R4 R?
1
= Elm (—04(0z;u) U — O4tid,;u) dx by integration by parts,
Rd
1d
= —5 g i)

which implies ([1.9)).

e Energy conservation law
1
BE(u)(t) = -/ Vul2dz + L/ P de = E(u)(0).  (1.10)
2 R4 p + 1 R4

Similar as above, we can test the Schrodinger equation by Awi—r|u|P~'u
and then take the imaginary part to get (1.10]).
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Indeed in the Hamiltonian formulation, E'(u) is the Hamiltonian of the
Hamiltonian flow . We just formally state here the Hamiltonian
formulation for . Consider the phase space as the vector space
of some suitable functions from R? to C. Let us be rather fluid in the
notion of phase space and e.g. we can take Schwartz function space
as phase space when p is integer. Take the symplectic form w on the
phase space such that at the point u in the phase space, for the two
tangent vectors f, g at u,

w(fig)=Im [ f(z)g(z)de.
R
This implies that ¢(z) : u — Reu(z), p(z) : u — Imu(z) are canoni-
cally conjugate coordinates (indexed by z € R?). Consider the Poisson
bracket associated to w:

©.Pw- [ 5

Rd%

x&

_5F

IE

(x)dx.

u

Then for a real-valued function H : C — R, the associated (Hamilto-
nian) flow is defined by

@tu = VwH(U),
where the vector field (V,,H) is defined by

w(f, VuH) = dH(f),

iG (f):hmG(quef)—G(u):/ 0G

u e—0 £

4 0 (z)Re f(z) + i—G (x)Im f(x)dz.

[ D lu

Hence for any function F' on the phase space, we deduce that

%F(u(t)) — dF|,(0) = dF|(V,H) = {F, H}(u(t)).

Here, we calculate V,E with E defined in (1.10):

w(f,VuoE)=Im [ f(z)V,Edz =Re f(z)(iV,E)dz,
R4 R4

(dE)|.(f) = Re /Rd Vf-Viu+kluf ' fude = Re /Rd f(—Au + /-f|u|P—1u) dz ,

that is iV,FE = —Au + s|u/P"'u. Hence the Schrodinger equation
is exactly the Hamiltonian flow associated to the Hamiltonian
E(u). Furthermore, {M, E}(u(t)) = {P;, E}(u(t)) = {E, E}(u(t)) = 0
and hence M (u), Pj(u), E(u) are conservation laws for (NLS).

11 [FEBRUARY 2, 2018]



We remark that these above conservation laws obviously hold true for smooth
and fast decaying solutions for . Nevertheless they can also hold for
less regular solutions by the approximation argument, e.g. the mass conser-
vation law will hold for L?-subcritical case with L? initial data. These
conservation laws will help us to get global-in-time well-posedness result, see
Subsection 2.2.2] below.

1.1.5 Solitary wave

A solitary wave is a solution that travels at a constant velocity without
changing its shape. Specially, let @ () be a solitary wave of the Schrodinger
equation (NLS|), with Q(z) satisfying the elliptic equation

AQ - Q =klQP'Q, k=-1, Qe H'R?). (1.11)

Then by symmetries in Subsection [1.1.3| we know that the following general
solitary wave solution travels along the line x = x¢ + 2vt:

et ) (o~ 2ut), BeR, zpeRL veRY 0 £ AeR,

with Qx(z) = —5- Q(%). We have taken x = —1 the focusing case, otherwise
APT

in the defocusing case there exists only trivial solution: We test (1.11]) with

k=1Dby Q to get

0= —/ IVQI? dz :/ (1+1QP)|QPdzr =0=Q =0e H'(RY).
RY R4

Let d = 1, then ({1.11]) is an ODE and one has an explicit solution (unique
up to translation and sign change)

Qz) = (]%1 SeCh2(p;1$)>pil e H'(R'), sech(z) = 2

(1.12)
We will see that for any d > 2, in the energy-subcritical case (i.e. 1 < p <
1+ ﬁ), there exists a unique positive radial H' solution (up to translation)
of in Proposition [4.5 Subsection [4.1] This unique solution is called
the ground state and the corresponding solution u(t,r) = €@ of is
the ground state standing wave and is often called soliton. We will show
the orbital stability result of the solitons in the mass-subcritical case (i.e.
1 < p < 1+ 2) in Subsection . There are also other solutions (not
necessarily positive or radial) than the ground state for when d > 2
which are called bound states and we will not discuss them in this lecture.
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It is easy to see that for any r € [1,00], the L"™-norm of the initial datum
Q is preserved by the solution e*Q:

HeitQHLr(Rd) = @ gey, Yt ER.

This phenomenon is totally different from the linear Schrédinger equation
where the estimate shows that [|S(¢)uo| rga), 7 > 2 vanishes as t — 0.
Hence the existence of the solitary waves describes a balance between the
(linear) dispersion and the nonlinearity and they neither decay nor develop
singularities.

1.2 Completely integrable case
In this section we take d = 1 and p = 3 in the equation of (NLS)): the cubic

nonlinear Schrodinger equation (by scaling u +— \%u)

10U + Uy = 26|ul?u,  ul—o = uo. (1.13)

We are going to consider the defocusing case k = 1 and study this cubic
NLS via its Lax-pair formulation. We view u as the potential in the Lax
operator (see below) and hope to solve u by use of the scattering data
defined on the real line associated to this Lax operator. We always assume
sufficiently decay condition on u as || — 0.

Let k = 1. By [Zakharov-Shabat 1973], the cubic nonlinear Schrédinger
equation can be viewed as the compatibility condition of the two sys-
tems

Y, = <__iz .“) )= U, (1.14)

u 1z

by = i —222 — |u* —2izu + u,
PO\ 2z — 1, 227+ |ul?

)1/} =V, (1.15)

where in these two systems z is a parameter, (¢, ) are space and time vari-
ables, u is some known function and ¢ : R x R — C? is the unknown vector.
Here the compatibility condition of the above two systems means that

Vo = (UY)y = Up + Utpy = Upp + UV
and Yy, = (V) = Voo + Vb, = Vb + VU

should be the same, that is,

U, =V, +[V,U] with [V,U] = VU - UV. (1.16)
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We can check that ([1.13]) is exactly the compatibility condition ([1.16)).
We now give the Lax-pair formulation (see (1.19) below) of cubic NLS
(1.13). We rewrite the system ([1.14}) into the form of the spectral problem of

the self-adjoint Lax operator L (with the domain depending on the potential
u, e.g. D(L) = HY(R) ¢ L*(R) if u e L*(R)) as follows

oo - (mz —_Zgi)' (1.17)

1

Then we can replace 2ty by L1 in the system ((1.15)) to get

B o (=1 0\ 0 wu (= ul* u,
M—J%@P—%(O 1)L+Q(UO>L+z(ﬂ% e

(202 —|u]* —ud, — dyu
' \ao, + apu —202 + |uf?

(1.18)

The compatibility condition ([1.16)), i.e. the cubic nonlinear Schrédinger equa-
tion (|1.13]) equals to the following evolutionary equation

L, =[P, L], (1.19)

and the operator pair (L, P) is called Laz pair for (1.13).

The Lax pair (L, P) is the key to solve (1.13)). Formally, thanks to the
evolutionary equation , if In) = 21 then z is independent of the time
since we derive z; = 0 from (L), = (24)s:

(L) = Lyyp + Lypy = [P, L]y + LPy = PL,
(z00)r = 2000 + 2y = 20 + 2PV = zp9p + PLa.

This fact is non trivial since L depends on u(¢,x) and hence its spectrum
should depend on ¢ generally! More precisely we will indeed consider z €
R (the continuous spectrum of the self-adjoint operator L) and define the
transmission coefficient T(z) and the reflection coefficient R(z) associated
to the Lax operator L. We will see that T'(z) does not depend on time and
hence gives infinite many conservation laws for the cubic NLS . On
the other side, the Lax pair gives a simple evolutionary equation for
the scattering data R(t, z) associated to u(t,z): o;R(t,z) = 4iz*R(t,z). We
will use the direct transform to get the initial scattering data Ry(z) from the
initial data ug(z) and then use the inverse scattering transform to get the
solution u(¢, ) from the evolved scattering data R(t,z). The direct/inverse
scattering transforms give an algorithmic way to solve . This idea
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can be compared with the resolution of the linear Schrodinger equation via
Fourier and inverse Fourier transform:

ié’tu + Ugy = O, u‘t:O = Uy,
= i0a(€) — E2a(€) = 0, dli—o = Go(€), (1.20)
= At &) = e (€) = ult,x) = F, N (a).

x

The direct and inverse scattering transform play the same role of Fourier
and inverse Fourier transform here, with the scattering data R(t,z) viewed
as the nonlinear Fourier transform of u(¢, z). However the direct and inverse
scattering transform are nonlinear and much involved since it is related to

the nonlinear Schrodinger equation.

20.10.2017]
27.10.2017]

1.2.1 The direct transform

Let z € R. In the direct transform step, given the function u = wu(z) €
L'(R; C), we consider the ODE system ([1.14)):

—1iz U
Yy = ( 4 m) Y, (1.21)

where € R is the space variable and 1 : R — C? is the unknown vector.

We propose reasonable boundary condition for the system . As the
known function u(z) decays sufficiently as |z| — oo, ¥(z) can be approxi-
mated by the solution of when v = 0 at infinity:

b(z) = & (e_(;Z:C) Y (eox) +o(l), |z| — o, (1.22)

where ¢, ¢y are arbitrary constants. Since z € R, these solutions oscillate at
infinity. This is what defines R as the continuous spectrum for (|1.21)).

Jost solutions
We look for solutions of the initial value problem (|1.21))-(1.22)) such that

—1izx

Fotwr= (707 o

and

j s 2) = (egx) +o0(1) as © — —o0.
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Indeed, the renormalised solution ! (z;2) = €*%j7!(x;2) satisfies the fol-
lowing integral equation

I (2;2) = <é> +/x (emu—g)a(:ﬁ) u%“)) (215 2)dz,. (1.23)

—00

By iteration we deduce that
- 1
) = D 5= ()
n=0
_ * 0 u(x _
ln—’&-ll(l’; Z) = / <€2iz(mxl) (01)> ln’l(l'l;z) dx 1)

—0 ﬂ($1)

that is,
a1 (1 0 JE u(xs) [T e m)y(zy) da g da o
l ($, Z) - (0) + (fi”oo e?iz(w—ml),a(xl) dz 1 + 0

0
+ (fﬂﬁoo €2iz(x—x3)a<x3) ff; u(x2) ff; e2iz(x2—:c1)a(x1) dzdz o dz 3>

(o) o ) [t [ S A dradradr)

We just have to show that the above series converges if u € L'(R;C): Let

m=/ wmw,m=/|wmw,

then dm = |u(zy)|dzy and |17 (z; )| with z, z € R can be controlled by

L+ [ 7 dmydmo + [ [0 5 0 dmydmodmsdmy + - -

Jodmy + [ [ [0 dmydmodms + -

and hence by
0 ka
Zk:O (2K)!
0 m2k+l
Dik—0 (2k+1)!

which converges since m < |u|z1. The uniqueness result follows similarly
by iteration: Let [ be the difference between two solutions satisfying the
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above integral equation (1.23) with the boundary condition (0,0)%, then

we substitute this integral equation into itself k times such that [I(x;2)| <

k
12 o0 Hu,!fl which vanishes as k — oo.

These two solutions are linearly independent and form a 2 x 2 fundamental
solution matrix (i.e. the matrix whose columns are independent solution
vectors):

J (@ 2) = 57N (w;2), 52 (a5 2)].

with normalization condition
: — 12X 1 0
IE@@J (x;2)e™™ =1, 03 = (0 _1> :
Indeed, we have det(J ™ (z;2)) = 1 # 0 for all x € R since

d
%det(J_(x; z)) =0 by and det(J (z;2)) > 1 as ¢ — —o0.

Similarly we can define Jost solutions j™!(x;2), j7%(z; 2) that are nor-

malized in the limit © — 400 and the associated normalized fundamental
solution matrix

J(x;2) = [ (2 2), 72 (; 2)], with lirE JH(x; 2)e™™ 7 =1L
Tr—+00
Scattering matrix
The two fundamental solution matrices J*(z;2) both satisfy the 2 x 2

system (|1.21]):
+ . —1z U +
= (1)

The columns of both matrices span the complete solution space and hence
41,552 can be expressed as the linear combination of j7, 572 and vice

versa. That is, there exists a matrix S = S(z) such that

JH(x;2) = J (x;2)5(2), det(S(2)) =1, z€eR,
ie. jT(z;2) = s11(2)5 N @ 2) + s91(2)7 2 (25 2),

and j7%(z;2) = s12(2)7 7 (@5 2) + s22(2)5 72 (25 2).

This matrix S(z) is the so-called scattering matrix.

Transmission/Reflection coefficients
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Notice the symmetry in the system (1.21): If ¢ = (gl) solves ((1.21)),
2

then L
()

N - 0 1
¢:: - :Ulwa 0_1:( )7
o Lo

(with f denoting the complex conjugate of f) is also a solution of (T.21)).
Hence the jost solution j—!(z;z) also solves ([1.21)) with the asymptotic

<eg‘”> as r — —oo. By the unique solvability of the initial value problem

—~—

(T21)-(T.22) we know j~—2(x;2) = j—!(z;2) = 01j1(x; 2). Therefore
JE(z;2) = [j51,552] = o1 [, 55 = o J T (25 2)00, z€R.
Hence the scattering matrix S(z) = J~(z;2) ' J " (x;2) also satisfies
S(z) = 019(2)o1, zeR.

This, together with det(S(z)) = 1 ensures that there exist two complex-
valued functions a(z), b(z) such that

zZ) = @ —b(Z) CZZQ— 22: S
5= (42 W) @ - -1 seR. 2)

a(z) M)
b(z) a(z))’

The quantity 7'(z) = 1/a(z) is called the transmission coefficient and the
quantity R(z) = b(z)/a(z) is called the reflection coefficient. Here is some
explanation: We know from J~(z;z) = J"(r;2)S(2)"" that j7(z;2) =
a(z)j ™ (z;2) + b(2)j7?(x; 2) and hence the solution a(z)~'j7!(x; 2) has the
following asymptotics

The inverse scattering matrix S(z)™! = <

—1izx

T(2) <e 0 ) as xr — —o0,
efizx 0
( 0 )—I—R(z) (e”x) as r — 4+, z€eR.

If we take e~*** as the incoming wave from the right to the left, then after
the disturbance modelled by the potential u(x) there is a reflected wave of
complex amplitude R(z) and a transmitted wave of complex amplitude 7'(z).

It is obvious to see that if uw = 0 then J (z;2) = J(z;2) = e %73 and

hence S(z) =1, a(z) =1,b(2) =0, T(z) =1, R(z) = 0.
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The direct transform
The direct transform for the defocusing NLS is a nonlinear mapping

(ue L*(R;C)) — (R:R — C).

The reflection coefficient R(z) can be viewed as a nonlinear analogue of the
Fourier transform of u(x). Beals-Coifman (1984’) showed that if u € S(R)
(the Schwartz space), then also R € S(R) and sup ,er|R(2)| < 1. It is also
interesting to calculate that if u = e1j_p 1, then R(z) = u(z) + O(g?) as
e — 0 if we define 4(z) = [, e7***u(x)dz = esin(2zL)/z.

1.2.2 Inverse scattering transform

Take the time t into account and view z € R as parameter. Let u = u(t, x)
in the system satisfy the defocusing cubic NLS and |u(t, )|
decays to zero sufficiently fast for all ¢ € R. Then the reflection coefficient
R(z) = R(t,z) also depends on ¢t and we will see that R(z;t) evolves in
time (almost) in the same way as does the evolutionary u(t, §) for the linear
Schrodigner equation ([1.20)).

Time evolution of the fundamental solution matrix

We observe that the matrices

are simultaneous fundamental solutions of the compatible linear systems
(L.14)-(1.15) of the Lax pair. Indeed, let W (t,z;2) be the simultaneous
fundamental solution matrix of the compatible systems —. Since
any solution matrix of is a linear combination of j+1, 752, there exists
time-dependent (and space-independent) matrix C(¢; z) such that W (¢, x; z) =
J*(t,z;2)C(t; z). By the system (L.15]), we calculate the time derivative of
C(t; 2)

iC’(t'z) = i(fr(t x;2) YW (t, x5 2))

at dt T o

= JNt,2;2) oW (t, w5 2) — TH(t, 25 2) L0 T T (8, s 2) T (@ 2) Wt @5 2)
= J(t,2;2) 'V (t, 2 2) T (4,25 2)C(t 2) — Tty 2) 10, T (t, 2 2)C(t; 2).

Since for all the time ¢,

JT(t,z;2) — (6 0 eg“> . V(t,z;2) » —2iz03 as 1 — 40,
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and C(t; z) does not depend on z-variable, we deduce that
d .9
%C’(t; z) = —2iz°03C(t; 2),

and hence a particular solution can be C(t; z) = e 2#"9 and W*(t,x; 2) =
JE(t, x; 2)6*2”2’”3 is the fundamental solution of the compatible systems
10D

Time evolution of the transmission/reflection coefficients

Since W*(t,z;2) = JJ—r(t,:10;2)6*21‘22’5"'3 solve (|1.15]), we deduce

O JF(t, 2 2) = V(¢t, x; z)Ji(t,x; z) + QiZQJi(t,iL'; 2)os3.
Therefore
0(S(t;2)) = a(J™ (8,5 2) "1 T * (8,23 2))
= —J (t,z;2) 0T (t,2;2)S(t; 2) + T (t, 15 2) 10T (¢, 15 2)
= Qizz[S(t; 2); 03],

that is,

<—at0@) _af;@) - (—Qb?t;z) %(é—z))

We finally arrive at the time evolution of the transmission and reflection
coefficients

a(t; 2) = a(0;2), b(t; 2) = €"1H(0; 2),
i.e.T(t;z) = T(0; z) independent of the time, (1.25)
and R(t;z) = ¢“**R(0; z) evolves similarly as (T.20).
Inverse scattering transform
We give the following theorem without proof, which offers a way to recover

the solution of the Cauchy problem (NLS|) with x = 1 from the associated
Riemann-Hilbert problem:

Theorem 1.2. Let uy € L'(R;C) with Ry : R — C as the initial reflection
coefficient. Then the solution of the Cauchy problem for the cubic nonlinear

Schradinger equation (1.13)) with k =1 is

u(t,z) = 2i im zMis(2;t, x),

2—00

where the matriz M(z;t,x) is the solution of the following Riemann-Hilbert
problem: Find a 2 x 2 matriz M (z;t,z) such that
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e Analyticity - M (z;t,x) is analytic of z for z € C\R;

e Jump Condition - The continuous boundary values My (z;t,x) (from
up and below respectively) on the real line z € R are related by

_ 2 = 2izx—4iz%t D (.
Me(aitia) = Mt (a8 ).

€2izx+4iz2tR0(Z) 1
e Normalization - lim,_,, M(z;t,z) = 1.

Therefore we can solve the Cauchy problem ({1.13)) in the defocusing com-
pletely integrable case in the following way:

up(z) -------- u(t, x)
direct transforml |inverse scattering transform
R R(t,
0(2) —oe— R(t2)

However, the inverse scattering transform step is rather involved and it is
hard to say that this machinery can work easier than other methods. Never-
theless it offers an algorithm to solve and we can derive much informa-
tion from the formulation itself, e.g. asymptotic behaviors of the solutions.

Invariant transmission coefficient
We can extend the jost solution j7(z; 2) to the closed upper half plane,
with the asymptotics

—izx —1_ —izx
(e 0 ) +o(1)e™** as x — —o0, (T (6] ) + 0(1)e™** as 1 — 0.

We will focus on the invariant “transmission coefficient” T!(z) which is a
well-defined holomorphic function on the closed upper half plane if u(z) € S.
In the defocusing case, it also provides a holomorphic extension of T'(z) with
IT| < 1, since there are no zeros of T-1(z) (corresponding to eigenvalues of
the self-adjoint Lax operator) and |T| <1 on R, T'— 1 at infinity.

If u(z) € S, then we can expand InT7(2) as z — oo:

T 1(2) =iM(22)"" —iP(22) % +iE(22)7° +i i Hy(22)7F

where M = M(u), P = P(u), E = E(u) are the conserved mass, momentum,

energy defined in ([1.8))-(1.9)-(L.10|) respectively. By the conservation of T'(z),
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all the coefficients Hy, in the above expansion are conserved by the cubic NLS
flow and hence we derived infinite many conservation laws from the invariant
transmission coefficient T'(z).

Roughly speaking, M (u), E(u) correspond to the L? H'! regularity of the
solution w, then whether or not the (2n + 1)-th coefficient Hs, 1 correspond
to its H" regularity? We have no idea about it. Nevertheless Koch-Tataru
(2016”) (see also Killip-Visan-Zhang (2017")) succeed in reformulating the
new conserved energies F,(u) from In T~!(z), which correspond to H*-norms
of the solution of the one dimensional cubic nonlinear focusing/defocusing
Schrodinger equation, for any s > —%! We point out that the invariant
“transmission coefficient” T~!(z) is a well-defined holomorphic function on
the open upper half plane (not necessarily on the real axis) if u € H*(R),
s> —1.

[27.10.2017]
[03.11.2017]

2 Wellposedness

Definition 2.1 (LWP & GWP). The Cauchy problem (NLS))
10 + Au = k|ulP~ u,
uli=o = uo(w),

is said to be locally well-posed LWP in H*(RY) if for any initial data ug €
HS(Rd), there exists a positive time T > 0 and a unique solution u €
C([~T,T]; H*(RY) of (NLS) such that there exists a neighbourhood U of
ug in H*(RY) and the flow map
.U H(RY), up— ult,)

is continuous for any t € (=T,T).

We say that (NLS) is globally well-posedness GWP in H*(R?) if the
above holds on any time interval [T, T], T > 0.

Recall the famous Hadamard’s example of the ill-posed Cauchy problem
for the Laplace equation:

Vit + Vg = 07
U|t:0 = 0, Ut|t:0 = f(flf)

Let we take the initial data sequence

(0, 0¢)|i=0 = (0, f) = (0, V™nsin(nz)) — 0 as n — o0, in any CF(R), ke N.
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Then there exists a unique solution sequence
Un(t, ) = e V" sin(nx) sh(nt),
such that for any positive time ¢, > 0, the solution sequence evaluated at g
Un(to, ©) = e VP sin(nz) sh(nty) — oo as n — oo, in any CF(R).

Hence the flow map (v,v;)(0,-) — v(t,-) is not continuous in CF(R) for any
t > 0. The above Cauchy problem for the Laplace equation is ill-posed in
CF(R) for any k € N.

We will show the well-posedness results in the subcritical cases for
in this section. Recalling the Duhamel formula , we would like to
apply the fixed point theorem to show the unique existence of the solution u €
Xp c C([-T,T); H*(R%)). The choice of the functional space X7 is crucial
and we have to make sure that the linear map ug — S(t)ug is from H*(R?) to
Xr while the (nonlinear) map u — fot St—t)(f(u)#))dt", f(u) = klulP~ u
is from Xp to Xp. Finally we can choose the time T small enough such
that these maps are contraction mappings and hence the fixed point theorem
works. The mass/energy conservation laws then imply GWP in the L?/H*!
framework respectively.

2.1 Strichartz estimates

Recall Proposition that the Schrodinger group S(t) maps L (R?) to
L"(R%), r > 2 with the operator norm |4xt|~(2=%). It is also obvious from
the definition of S(t): 5/(7%(6) — e EPG(€) and the definition of H*-norm
that

HS(t)g‘HS(Rd) = Hg\Hs(Rd), VseR.

We remark that S(¢) is NOT a map
e from L*(R?) to L"(R?) or from L"(R%) to L*(R?) for r # 2, since oth-
erwise for g € L?,g ¢ L", gl = [S()(S(=t)g)|- < CIS(—t)glz2 =
C|g|z> and this is a contradiction to g ¢ L", or for g € L",g ¢ L?
lgllzz = |S(t)gllr2 < Cllg|z- and this is also a contradiction;

e from L'(R%) to L'(RY) for r # 2, since otherwise for r > 2, for
ge L, g¢ L, if S(t) maps from L"(R%) to L"(R?) then |g| =
ISO(S(=t)g)|r < CIS(=t)gr < Clgl,» and if S(t) maps from
L"(RY) to L™ (R?) then
lglzr = sup uy_,<1Kg, hyr2| = supypy ,—1[<S(t)g, S(t)h)r2]
< sup a1, | SO SO < Coup =i lgle Il =l
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This means that there is no LP-boundedness property (p # 2) for uni-
tary Schrodinger group S(t) = €2 as for heat semigroup e® (¢ > 0):

SAf = Ay w f, Ay = (dnt)"ze M/ e LH(RY)
such that [|e"® f|z- < |Adp|flor < C|fllzr, V¥re[l, 0], ¥t > 0.

e from L"(R%) to L™ (R?) for any r > 2: Generally if g+ @[z < C|g|L-
for all g € L" and ¢ # 0, then 71 > r and on the other side, if S(t) is
from L" to some L™ with r; # r/, then by interpolation S(t¢) is from
L? to L™ with 79 # 2 which can not hold;

o from H*(R?%) to H¥ (R?) for s > s, since otherwise for g € H*, g ¢ H*
lgl o = [S@t)gl ¢ < C|g|ms. This means that there is no smoothing
effect for S(t) = €® in Sobolev spaces as the heat semigroup e'*:

9]

e = / (1+ [¢[%)e 1P 3()[ de
Rd
ol R o M (R o M G

kS

~r -

uniformly bounded in ¢ if >0
< C(t)]g]

2
Hs*

We will show more estimates for S(¢) in this subsection, namely the fa-
mous Strichartz estimates.

Theorem 2.1. [Strichartz estimates for Schrodinger| Let (q,7) be admissible
exponent pair, i.e.

-+ - = a0 2<QJT<OO7 (Q7T7d> # (2’0072) (226)

Then for any admissible exponent pairs (q,r), (q,7), we have the following
homogeneous Strichartz estimate (for the solution S(t)ug of the homogeneous
problem idyu + Au = 0, u|;—¢g = ug)

1S (t)uo HLgL;(R xRY) S C(q,r,d) HUOHLg(Rd)a (2.27)

and the inhomogeneous Strichartz estimate (for the solution fg St—t")f(t)dt’
of the inhomogeneous problem idyu + Au = f,ul—o = 0)

< Cl(q,r,q,7,d)

LIL7 (R x RY) ”fHL‘Z’Lg’(R x R4)? (2.28)

H /0 St — ) f(E) ar
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where % + i = 1 and the space-time norm | - | a1, & « gy 15 defined to be

HQHLgL;(Rde) = HH9<t’ '>“L;(Rd) LI®)

In the above the time definition domain R can be replaced by any time interval
[-7,T], T > 0.
Remark 2.1. e By virtue of (2.27), if ug € L?, then S(t)ug € L" with

2d

2<r<wifd=1, 2<r<owifd=2, 2<r<d 5

ifd> 3,

for almost all t € R and the norm |S(t)ug|rr, 7 > 2 decays faster
than |t|_% for almost all the time. This indicates the smooth and decay
effects of S(t). On the other side we know that there exists ug € L* and
t € R such that S(t)ug ¢ L" since the operator S(t) is not a map from
L* to L.

e There are infinite many admissible exponent pairs and we can always

have the trivial case (q,r) = (00,2) and the particular case ¢ = r =
2(d+2)/d. Ifd =1, then ¢ = 4 and

1S @)uoll arem < r) + [S(E)uollze, @ xry < Clluolr2(w)-

o The equality for the admissible exponent paris can be seen as follows:
Let u be a solution of the homogeneous linear Schrodinger equation,
then the rescaled solution uy(t,x) = u(A\*, A\x) with rescaled initial data
upx = u(Ax), A > 0 such that

(244 _d
HU/\HLgL;(Rde) = A (q+'")HUHL§L;(Rde)> HUO,,\”Lg(Rd) = A ZHUOHLg(Rd)a

also solves the linear Schrodinger equation. If (2.27)) holds for u, then

it also holds for uy for any A > 0 and the only possibility is % + % = g.
Proof. Step 1 From LY L to LIL" for 2 < ¢ < «
By use of the estimate (|1.4]), we know for any —oo < t; <ty < 0
" / INET, 2 m—(2-4) / ’
S(t—t t)dt < At —t')) ‘27 r )| dt
[se-npwar], <] [ o) @l ar ],

si”j£(4ﬁﬁ-—tﬂ)qf(ﬂ)léde)dy

LIR)
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By the Hardy-Littlewood-Sobolev inequality

lg = |- ca@my < C(p, q, 2, 1) g|LmEn),

1 1 «
l+—-=—+—, O<a<n, l<m<qg<own,
qg m n
with i d 2
n=1 a==-——-== m=¢,(2<qg<w),
2 r q

we derive from the above inequality that for any —oo < t; <ty < 00 (¢ <ty
may be any two functions of t)

/t2 S(t—t)f()dt

t1

< C(Qa r, d) HfHLg/L;’(R x R%)*

LILE(R x RY)

Step 2 From Lq/L’“/ to LPL2 for 2 < g < oo
We calculate for any t € R, —o0 <) <ty <

/1 St =) |, _</ S(t—t)f dt’/ S(t t”)f(t”)dt”>L2(Rd)
- jﬁ /Q (S(E— E) (). S~ 1) () . "

= [ [ )5 = 50 sy

_ /:< £(1), /: St — ") f(£") dt" o dt’

_2
< / gy [ B = OO et vy @

by Hardy-Littlewood-Sobolev inequality.

Hf”Lq Lr R Rd)

Step 3 Proof of (2.27) and from L!L? to L}L" by duality
By duality, we derive (2.27)) by Step 2

/<S Ug, g >L2 (RY dt‘
o, S(-1)g(0)) 130

AS@—%M@)
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HS(UUOHL;ZL;(R x Rd) = Sup HgHLq Lt (B x md)

= Supg|

Lq Ly (R x ]Rd)

S Sup jgf

o 1 & x <1HU0HL§(Rd)

< Clluoll 2 ray by Step 2.



Similarly, we can show for any —o0 < t; <ty < 00,

/ " S(— ) ()

t1

LILT (R x RY)

to

St —t)f(t)dt, t> dt‘
/R ([ se-nrwrarom),

/:< f(t, /R S(t’—t)g(t)dt>L%(Rd)dt’

< O\ fllzyr2m x rey by Step 2.

= Su <1
p Hg”Lg,L;/ ® x ]Rd)

= sup <1
Hg”Lgngl (® x RY)

If (t1,t2) = (0,t), then we just take the integral intervals (0, c0) and (t', o0)
for the variables ¢ and t respectivly.
Step 4 Proof of by interpolation

We have shown in Step 1 and Step 2 that the linear operator

t
£ / S(t— ) f(t)dt
0
is bounded from LYLY to LIL" and from LY LY to L¥L2. By the log-

convexity of LP-norms,

1 1-6 ¢
< lgli=dlglse, with — = +—,
lglon < L9l lgGm with - = ==+ -~

the above operator is bounded from L?L: to L{L! if ¢ < ¢ < .

Similarly we have shown in Step 1 and Step 3 that the above linear
operator is bounded from LY L” to LIL" and from L!L2 to LIL" and hence
from LI L7 to LILT if 1 < § < ¢.

These two cases complete the estimate for 2 < ¢ < 0.

Step 5 Endpoint case ¢ = 2,17 = dQTdZ for d > 3: See [Keel-Tao 1998]. O

2.2 L? theory

2.2.1 Local well-posedness in L2

Theorem 2.2. [LWP in L?] Let p be an L*-subcritical exponent, i.e. 1 <
p<1+3. Letk=+1. Let ug e L*(R?).

Then the Cauchy problem is locally well-posed LWP in L*(R%)
in the following sense: There exist a positive time T > 0 depending on
luoll 2 (gay, P, d, and a unique solution u = u(t, ) defined on the time interval
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[=T,T] such that

we Xy = {u e C([-T,T); L*(RY) |u e LY([~T, T); Lp“(Rd))}

d d
with admissible exponent pair (q¢,p+ 1) i.e. —+ —— = =, 2< ¢ < o,
g p+1 2

and there exists a neighborhood U of ug in L*(RY) such that
®:U— X, g u is Lipschitz continuous for any T' < T.

03.11.2017]

[10.11.2017]

Proof. We solve the integral equation (Duhamel) by searching for the fixed
point of the mapping

Uu— U(u) = S(t)ug — i/f/o St —t) (Ju®)|P u(t))dt’ (2.29)

in the ball of the functional space X1 as

N

|
with R, T to be determined later. We will use the Banach fixed-point theo-

rem (contraction mapping theorem) in the complete metric space (Xr(R), | -
li=7,17), and we shall prove that

Xr(R) = {U € Xr ‘ luli-77y == ”uHLOO([fT,T];L?(]Rd)) + HUHLQ([fT,T];LP“(Rd))

e U is a well-defined map in Xy (R) with appropriately chosen R, T
e U is a contraction map in X7 (R) for some small enough 7.

Finally we conclude that there is a unique fixed point of ¥ and the flow map
U : ug — u is Lipschitzian continuous from a neighborhood U < L*(R%) of
uy to Xr(R).

In the following C' will denote some constant depending on p,d which
may vary from line to line.
Step 1 Well-definedness of the map ¥ in X (R)

By Strichartz estimates in Theorem 2.1 we deduce that

1S () uol-rm < C(p, d)|uol L2,
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and

W (u) — S(t>u0”[—T,T] < Cl(p, d>H|u|p_1uHLq’([—T,T];L(pH)’(Rd))

T , 1
— q q
<of / il tal o, )
i/
=0 [ ol )

Since 1 < p < 1+ 3, we use Holder’s inequality || fg[: < HfH 9] Lo

to deduce

() — Sl 7y < C /‘HHMHRddO < Clulf_pn T,
1 4
with 0 = 1——=——— 1+-—p)>0.
q( . ) 7 g 4( 7P
We choose R = 4C|ug| 2 and T' < T sufficiently small such that
R
i)

D=

1
CRp(Tl)e = Z_lR i.e. T1 = (

4(1 —p)
d(1+3—-p)

= (40)" o] 7
with g = <0,
and hence
1 1 _
Wl r < (R + gR < Rif Julirn < R
and S(t)ug, ¥(u) — S(t)ug are continuous in L*(R%).

Step 2 Contraction map ¥
Let u,v € Xp(R) and we calculate by Strichartz estimate

() - ¥W)lrn - | [ 80— )l ult) ~ o) o(t))

< C’”\u]p_lu — vt

[7T7T]

L ([~T,T]; L+ (R))

Since [|u|P™ u — |v[P7to| < O(lulP~! + |v[P~1)|u — v|, we proceed as in Step 1
to obtain

T
\@(u)—w<v>[_T,T]<c(/ (2 + ol 5 = ol )
-T

1
P

0
< CRP™ 1T9HU — U”[fT,T]-
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Hence we choose T' < Ty sufficiently small such that (with a possibly larger
Cy as above)

1. —L o -B
CR (D) = e Ty = (4C5) 5 (10)™ [u},

and the map ¥ is a contraction map on Xp(R) if T < T3, Ts.
Step 3 Conclusion

By Banach fixed point theorem, there exists a unique fixed point u €
Xr(R) of the map ¥ and hence u € Xr(R) solves uniquely with
R =Clug|p2, T = C_1||uo|\§2 for some large enough constant C.

It rests to show the Lipscalcqitz continuity of the flow map ® : U — X1 (R)
via g — wu, for some neighborhood U = {vy € LA(R?)[|lug — vo f2(gey <
|uoll 2 gy} and for all 7" < T Let ug, vo € L*(R%) and we calculate

P (ug) — (vg) = S(t)(uo — vo)

—in / S(t = #) (19 (o) ()P~ @(uo) (#) — [@(00) ()~ @ (o) (¥) )’
As in Step 2, we derive that

| (o) — P(vo) [0, < Cluo — vol 2
+ C(H‘D(Uo)\fﬂ] + H‘I)(Uo)’f&%])\\q’(uo) — ®(vo) o, T°
< Clug — ol 2 + C(HUoHEl + ||Uo|\’£§l) |®(uo) — ®(vo) o, T7-

If ug,vo € U, then |vg|r2 < 2|uo|r2. Hence if we take T = C’_l\\uo\\§2 for a

possibly larger C' then
1@ (uo) — @(vo)llo,r) < Cllug — vollzz-
O

Remark 2.2. The nonlinear Schrédinger equation (NLS) holds in the dis-
tribution sense: Recalling the Duhamel formulation (Duhamel)), it suffices to

show the well-definedness of the nonlinearity when u € Xy

aq D 4
ufue LT, TELS (RY), 1>q ifp<i+-.
p
Furthermore, [ulP~ u e L» ([—T;T]; H-Y(R%)), by Sobolev embedding H'(R?) —
LPHY(RY) = (L%(Rd))/, 1>4-— ﬁ = %. Hence the equation (NLS) makes
sense in LY ([T, T]; H2(R%)).
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2.2.2 Global well-posedness in L?

Theorem 2.3. [GWP in L?] Let 1 < p < 1+ 5. The solution obtained in
Theorem [2.9 exists globally in time such that

ue CO(R; L2) n L]

loc

(R; L) and |u(t, )12 = |uolsz, VE€R.  (2.30)

Proof. We show the conservation of the L2-norm, i.e. the mass conservation

law ([1.8)), rigorously for u € Xr satisfying (NLS)).
Step 1 Regularization

Take ¢ € C°(R?) with ¢ > 0, [pa ¢(z)dz = 1. Denote ¢, (z) = n%p(nz).
Similarly we take ¢ € C°([=T,T1]), ¥ = 0, [ (t)dt = 1 and denote v, (t) =
mi(mt). Since uw € C([-T,T]; L?) n LY([-T,T]; LP*1), we have (by use of
the strong continuity of the translation operator in L", 1 < r < oo and in

C([-1,17))
Y * o *u — uw in O([=T,T); L2) n LY([-T, T]; LP*") as m,n — o
U * O * (JulP7ru) = (JulP~ ) in LY ([-T, T); L?l) as m,n — oo.
We take the convolution of with ¢, and then with v, to arrive at
1Ot + Aty = K * 0n * ([UP7M0), Uy = Y * O * . (2.31)

We test the above equation for wy, , by Um., € S(R; x ]Rﬁ) and then take the
imaginary part. Similarly as the derivation of (|1.8), we derive

1d
5% Rd |um,n|2 dr = kIm /Rd (wm * (O * (|u|p_1u))—um7n dr .

Step 2 Pass to the limit
For any T" < T, we derive from the above equality that

1 _ _
5 (ltma (T2 = [tm,n(0)]22) = wIm (Y * n = ([P~ ) )y da dt
[0,77]xR?
— kIm (|ufP~ u)udz dt = 0,
[0,77]xR?
and hence
[(T)ez = lmfum (T2 = Tim i, (0)] 2z = Juofzz-

Recall that the existence time 7" depends only on p, d, |ug|| 2, the solution
obtained in Theorem can be extended to all the time by uniqueness
continuation. OJ
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2.2.3 L2 critical case

Theorem 2.4 (LWP & GWP for L? critical case). Let p = 1+ 5 be the
L*(RY) critical exponent. Then

o (NLS) is locally well-posed in L*(R?) such that for any uy € L*(R?),
there exists a unique solution

ue Xp = {ue C([-T,T); L*RY) [ue LN ([-T,T] x RY)},

where T > 0 depending on ug, d and there exists a neighborhood U of
ug such that the flow map ® : L? — Xp via ® : ug — wu is Lipschitz
continuous;

e (NLS)) is globally well-posed in L*(R?) if |uo|r2 < e with o some fized
small constant depending on d.

Sketchy proof. Step 1 Smallness of [S(¢)uo| po+1 (7, 7]xre) for small Tp
For any € > 0, for any ug € L?, there exists a neighborhood U of 1y and
Ty > 0 such that

HS(t)UOHL?;l([_TO,TO]XRd) < 5, VUO e U

Indeed, the mapping S(t) : L*(R?) — Xy is locally Lipschitz. By the density
argument We can assume without loss of generality that uy € H*(R?) with

s> 4 ﬁ such that the Sobolev embedding H*(R?) < LP*'(R?) holds,

then [S(t)uo| pp+1 (g, 7y xmay < < CTY "™ ||| g« < £/4 for small enough Tp.

Step 2 LWP in L2
We prove the local well-posedness result by searching for the fixed point for

the mapping ¥ defined in (2.29)) in
fu e X, |l < 2C uolzz. Tl g 1) < 251,

for some sufficiently small ¢ depending on |ug| 2, d. The Banach fixed-point
theorem works since by Step 1 and Strichartz estimates

H\I/(U)HLffl([fTT]de) €+ OHuHLpH( T]xR%)? T < Ty,
()l iy < Cltoliz + Clallyes gy (2.32)
H\I/(U) - ( )H[*T,T = (HuHLp-H [ T,T]XRd) + ”UHLp+1 T,T]XRd)) HU’ - UH[*T7T]'

Step 3 Small initial data case

If Jup|r2 < €o, then the inequalities in hold on any time interval
[—T,T] with e replaced by Ceg and the mapping ¥ is a contraction mapping
in X7(2Ce) for any T' > 0 if ¢ is small enough. O
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Remark 2.3. e We notice that in Theorem[2.]] there are well-posedness
results in L*>(R?) for the L?-critical case if there are smallness con-
ditions, either on the existing time or on the size of the initial data.
Nevertheless here, since the existing time depends on ug itself and not
only on its norm |[ug| 12, we can not use the mass conservation law to
extend the local well-posed result to any time interval.

o In the defocusing L? critical case, there are some global well-posedness
results without smallness assumption on the initial data, but
- under an additional decay assumption |z|™ug € L*(R), m > 3/5, see
[Bourgain 1998 JAM];
- under an additional reqularity assumption ug € H*(R?), s > 4/7, see
[Colliander-Keel-Staffilani- Takaoka-Tao 2008 DCDS-A]J;
- in the radial case, see [Tao-Visan-Zhang 2007 DMJ], [Killip-Tao-
Visan 2009 JEMS] for higher and two dimensional cases respectively.

e In the focusing L? critical case, there is global well-posedness result if
ug is radial and |ug|rz < ||Q| L2 where Q is the solution of the elliptic
equation . There is much study of the blowup phenomena for
|wol|zz = ||Q||z2 analyzed by Merle-Raphaél, etc.

e In the supercritical case p > 1 + %, there are ill-posedness results for
(NLS), see [Christ-Colliander-Tao 2003 arXiv]: If s, =  — 2= > 0,

p—1
then for any s < s., for any 0 < §,¢ < 1 and any t > 0, there exist

solutions uy, uy of (NLS|) with smooth initial data uy(0),u2(0) € S such
that

w1 (0) [ zrs + [u2(0)|ms < Ce, [ui(0) — uz(0)||ms < C6,
lur (t) — ua ()]

Hs = CE.

In the focusing case, the blowup phenominon in finite time from smooth
data can be proved simply via the virial identity and we can construct
the blowup example by applying scaling and Galilean transformation to
the soliton solutions.

[10.11.2017]
[17.11.2017]
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2.3 Sobolev spaces
2.3.1 Sobolev spaces H*(R?)
Recall the definition (I.5)) of the Sobolev space H*(R%), s € R as follows

H*(RY) := {f € S'(RY) || f|

2 ) = / (L IEPYIA©P g <o) (238)
If s e N, then
H*(RY = {f e L*R?) | 0°f € L*(R?), Ya with |a| < s}.

It is easy to derive from the definition of | -||zzs-norm that H*!(R%) = H*(R%)
if s < s and the following interpolation inequality by Holder’s inequality:

| f] fl

The Sobolev space H*(R?) is a Hilbert space with the inner product

10 with sg = 0sg + (1 — 0)s;. (2.34)

0
Hso

o < C||f]

(s 0)qany = [ 1+ PV AT de

and it is isometrically anti-isomorphic to its dual space (H*(R%))". It is also
very useful to identify H—*(R?) as the set of the continuous linear functionals
on H*(R?) via L*(R%)-inner product: Let f € S'(R?) and f € L2 (R?), then

loc

fe H*(RY) < sup ges jg|e <1, sr.s| < o0,

and we will denote (f, ¢)g—s s = (1 + €12)7/2F, (1 + |€]2)72) 2.

Theorem 2.5. [Sobolev embedding for H*(R%)] The following Sobolev em-
bedding results hold true:

o If0<s < then H*(R?) — LP(RY) for any p € [2,p.] with ¢ —s = pic
continuously and there ezists a constant C' depending on d, s such that

Hf”ch(Rd) < C'||f|

where the homogeneous Sobolev norm is defined in (1.6]): | f]
Jra [EPLF ()1 g

o Ifs=4 then H*(R?) — LP(R?), for all 2 < p < o0 continuously;

Hs(R%)> Vfe D(Rd)7 (235)

2 _
Hs(RY)

o Ifs> 2, then H*(R?) — Co(R?) continuously;
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o [f0<s < then IV (RY) — H-(RY, pe [2,p] ice. p'e [(1+2)7,2]
continuously.

Proof. Step 1 Proof of (2.35)
The case s = 0 is obvious and we consider the case s > 0, p. > 2. We
decompose f into low- and high- frequency part

f=f+fn fi=lcaf, fo=1-4f,
with A to be determined later on. Then we can control f; by

d

Ifloe < 2m) Hlil = @n) 4 [ (f@leriel ag
l§l<A

—2s 2 .

AF@Ner],s(f _ leae)” < sl

We write
o0
112, = p / N U{f] = A,

and for each A\ € (0,0), we take Ay = (C7Y|f| 1)\) ¢ for C' some large
enough constant such that

0 0
e < pe [ 0L = VBN < p, [ 00l
0 0

o0
:4pc/ )\“3/ fPdean
1> (Cfl 75N &

4p. _
< | (Ul 1P e <

Step2Case0<s<5
By interpolation of Lebesgue spaces and | f|
the Sobolev embedding H® — LP, Vp € 2, p.].

Step 3 Case s = g

we ~ [ fle2 + /]

fr=» We have

[ClisH

For any p € [2,00), there exists so =
Hso — [P,
Step 4 Case s > g

Since

Wl = [0+ 162710+ 167 ag

—;‘—J’ e [0,2) such that H: <

< [ f e (1 + [€%) 72

< C|f|

d
Hs HL2 (RY) He, i s> bR
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the function f as the inverse Fourier transform of a L!-function is bounded,
continuous and tends to 0 at infinity by Riemann-Lebesgue Lemma.
Step 5 Case —s € (—£,0]

By density, it suffices to show || f| g—s < C|f| ., 0 < §—§ < sfor feS.
Indeed, since ¢ — % < s, we derive from the embedding H*(R?) «— LP(R%)
that

s =500 s staees]| [ | 79040 | < 1710 s atuecilsler < 1l
R

O

Remark 2.4. Let s = 1, then

H'(R) — Co(R), H'(R?) — LF(R?), ¥p e [2,0),
HY(R®) — LP(R®), LF(R®) — HY(R?), ¥pe[2,6].

Corollary 2.1 (Gagliardo-Nirenberg’s inequality). For any p € [2,2*) with

2*:{00 ifd=1,2

24 ifd=3

the following interpolation inequality holds true

, there exists a constant C' depending on p,d such that

DO |

£ty < CLAI S0 |V Flaqgey. VS € HY(RY), 6=

SHES

Proof. 1t follows from the Sobolev embedding | f|,ge) < C|f oy With
0 = g — % €[0,1), p € [2,2*) and the Sobolev interpolation

110 = /Rd PO Ag < 1£15°1 15

[]

Theorem 2.6. Let s > 0 and let p. = d(% — s)™" if s < £ and p. = © if

5 = g. Then the embedding H*(R?) — Li. (RY), 1 < p < p,. is compact in

the following sense: For any bounded sequence (f,), in H*(R?), there exists a
subsequence (fym))n and f € H*(RY) such that for any compact set K cc R?
f¢(n) - f m LP(K).

Sketchy proof. Take the smooth mollifier function: ¢ € Cgo(]Rd), e = 0,
Jgiwdz =1 and its rescaled functions ¢.(z) = e"%p(¢7'z). Then for any
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g€ SRY),

~ _1|2
v g—gl? < A “1126(6)12 de < 2 [p(e€)
e+ g — g Agwa> IO A€ < 9l P gt + e

. ) 2(e§) — 117 .\ 3
lpe g — 9|20 < /Rd [¢(e€) = 119(€)| € < gl s ray (/Rd (H—de) :

Hence
SUP g o<t Pe * 9 — Gl 2ray = 0 as € — 0, if s > 0,

SUD g o<t [P * 9 — Gl pogay = 0 as e > 0, if s > 3"

Since for any fixed ¢ > 0, for any fixed R > 0, the map ¢.+ : L?*(R?%) —
L*(Bgr), Br = {x € R?||z| < R} is compact (by Young’s inequality and
Arzela-Ascoli’s theorem), the identity map Id : H*(R%)(c L*(R%)) — L?*(Bg)(c
L®(Bg)), s > 0 as the uniform limit of ¢.* is compact. Since H*(R?) —
LP<(R%) if s < 4, then by interpolation (or Holder’s inequality) H*(R?) <
LP(Bg) for p € [1,p.) and Cantor’s diagonal argument ensures the compact
embedding H*(R?) << LP (R?). Similar result holds for s > 4. O

Remark 2.5. The compact embedding Theorem is optimal in the sense
that the embeddings H*(R?) < LP(RY), 1 < p < p. and H*(R?) — LP (RY)

loc
are not compact. Indeed, the canonical counter examples should be the se-

quences fo(z) = f(z —n) and f-(z) = 2 f(e 'z) for some compactly
supported smooth function f.

2.3.2 Sobolev spaces W ?(R%)
Recall the definition of the Sobolev space W#?(R%), k > 0 integers as follows

WEP(RY) = {f e LP(RY)|0“f € LP(R), 0 < |a| < k}. (2.36)

The Sobolev space W (Rd) ke N, 1< p< wisa Banach space equipped
with the norm

1
(St 021 )" i1 <p <0

HfHW’W(Rd) = )
maX|a|<kH§ fHLoo(Rd) lfp = 0.

For 1 < p < o, the test function space D(R?) is dense in W#?(R). If p = 2,
then W*2(R?) = H*(R?) as defined in (2.33) and obviously W*»(R?) <
Wko(RY) if ko < ky. We can also define the general Sobolev space W*P(€2),
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WeP(Q), s € R, Q@ < R? some open set, which we don’t discuss in this
lecture. We just keep in mind that in bounded domains {2, one has always
to pay attention to the boundary.

Recall the definition of the Hélder spaces C™7(Q2), m € N, o € (0,1),
Q2 < R? some open set, as follows

Cmo(Q) = {f e C"(Q) [ 7 f € C7(Q), V]a| = m}, (2.37)
C™7(Q) :==C(Q) = {f € C) || f] coz) < 0, VK = Q compact },

where

|f(x) = f(W)l
[ fleo @y = [ lor) + SUP o yer, ary z—yle

Similarly we can define

C™7(Q) = {f e C™(Q) |0°f € C7(Q), ¥]a| = m},
C*(Q) := C7(Q) = {f € C || flcr@) < 0}

We also have the following Sobolev embedding theorem for W#?(R%)
which we don’t prove in this lecture:

Theorem 2.7. Let k € N*, 1 < p < o0. Then the following Sobolev embed-
ding results hold true:

o If1<p<$, then WrP(R?) — LIU(R?) for any q € [p, p.] with % —k=
pi continuously and there exists a constant C depending on d, k,p such

that

| flpewey < C Z 10 fll 1o (may3

|| =k

o Ifp=2, then Wk’%(Rd) < LI(RY) for any q € [p, ) continuously;

o [fmax(L§) <p < oo, then WEP(RY) — C™(RY) n Co(R?), m =
[k—%], oc=k—m.

Furthermore, the embeddings are compact in the local sense as in Theorem
dp .
e <d
2.0: For example, let k = 1, p* = { P iy .
o otherwise

WP(RY) «ses LL (RY) is compact for q € [1, p*).

, then the embedding

[17.11.2017]
[24.11.2017]
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2.4 H' theory
2.4.1 Local well-posedness in H*'

Theorem 2.8 (LWP in H!). Let 1 <p <o ifd = 1,2 and1<p<1+ﬁ

ifd =3 be a H' subcritical exponent. Let k = +1. Let ug € H'(R?).
Then (NLS) is locally well-posed in H(R?): There exists a positive time
T > 0 depending on ||ugl| g1, p, d, a unique solution

weYr ={ue O([-T,T]; H'(R)) |u e LY([-T,T]; W' (R))}
4p+1) dp+1) .
: d=>3
d—2)p—1)d+p-— 1)
and admissible exponent pair (q,p), p € [2,0),d =2 and p € [2,0],d =1,

with admissible exponent pair (q,p) = (

and there exists a neighborhood V' of ug in H* such that the flow map
DV —Yr via ug— u
18 Lipschitzian continuous.

Sketchy proof. We take the norm

July = lulga + luligzs + [Vl sgzr where [ul gy i= [ty | gy,
and we are going to show that the nonlinear map ¥ : u — W(u) given
by (2.29) is a well-defined contraction map in the complete metric space
Y7r(R) := {u € Yr||u|r < R} with appropriately chosen T\ R.

For d > 3, by Strichartz estimates,

/.

|9 ()| r2nrg e < Clluolze + Clllul ™ ul 1y,

Similarly,

IV () |zrnrgre < ClVuolz + CIV([ul ) 1y 10
p—1 1

< CVuol e+ C|lull | Vule v

|~

19

Ly

Ifl= %—é e (0, %) such that the Sobolev embedding |u| - ge) < Clulyyro e

holds, then we have

i_p
IV () rgr2nrs e < ClVuolz + CTT 4 ul,
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if

2,d_d p-1 1 1 1_1 1
¢ p 20 v p o p
1 p d-2 4 4
hthat - — = —(1+ —— —p) >0ifp< 1+ ——.
suc a i 1 ( +d—2 p) iwp +d—2

Therefore for (g, p) defined as in the hypothesis when d > 3, we arrive at
1_p
[(w)lr = W (u)legrznrsre + V(W) | rzr2nrsre < Cluolm + CT |uly,

and we can choose

4 p—1

d—2 4__
I+ g=5—p
1

R =Cluo|m, T =C Y uoly

I

for some large enough constant C' such that ¥ is a contractive mapping in
Yr(R).

For d = 1,2, for any 1 < p < o0, there exists an admissible exponent
pair (qo, po) with go > p = po/2 > 1 such that the map ¥ is contractive in
{ue C([-T,T); HY)||u|r < R} for appropriately chosen R,T since

[P (w)lr < Clluolm + Clllul~ ul 2 + Ol [P~V 1y 12

- - p—1 1 1
< Cllwoln + CT w0 fulfyy, Julr, ——+— =3

_pr
< Cllug|m + CT" " ulff, v € [po, ).

Remark 2.6. Since [ulP " u e LLLF with (q, p) some admissible pair, the so-
lution obtained above indeed belongs to L ([T, T]; WHrr) for any admissible
exponent pair (qi, p1) by Strichartz estimates.

2.4.2 Global well-posedness in H!

Theorem 2.9 (GWP in H'). Assume the hypotheses in Theorem[2.8. Then
the solution obtained in Theorem [2.§ can be extended globally in time if

e in the defocusing case k = 1;
e in the focusing case Kk = —1 and 1 <p <1+ %;

e in the focusing case k = —1, p =1+ 5 and |ug|r2 < co with ¢y some
fixed constant;
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e in the focusing case k = —1, 1 + 5 < p and ||Jup|m < o with o some
sufficiently small constant,

such that

we C(R; HY) A L

loc

(R; WP (RY)) with admissible exponent pair (q, p),
(2.38)

M(u(t)) = M(up), E(u(t)) = E(uo), ¥t € R.

Proof. We first follow the procedure in the proof of Theorem to show the
conservation of the energy defined in . Indeed, for d > 3, we have from
the proof of Theorem [2.8] the Sobolev embedding results in Theorem and
the interpolation results in Lebesgue spaces (i.e. log-convexity of LP norms)

[ flzea < ANz 1 £1G0n i 5 = 22 + 2 that

ue (LFH' n LEW') < (L;“?L(%—%)’l A LLLGTOT) o preppGra T

lulP~tu e LqT/WI’pI c LqT/L(i_é)ﬂ7 ulP~tu e L%L(%Jﬁ)A,
for some
11
q 275 4
o= - >gsincel <p<l+ ——.
PE-D-LE+D 12

Hence we can assume
1 q 17/)
Uy, — W in L WP,
-1 -1 -1, s 7dy7Le ar(teiyt
(U [P Uy ([P ) g — u|P™ w in LW P A LTL(ﬂ a) ,

such that

T T
—li/ Aumn|um,n]p*1ﬂm,n dxdt—wi/ Vu - V(juP~'%) dz dt,

—-T JRY

T
/ / U+ o+ ([P~ ) ATy i dE — / V- V(|ul ) dz dt,

T JR?

/ / ¢m |u|p 1 ) |U,m7n|p_1um7n) |um,n|p_1ﬂm,n dz dt — 0.

Thus we test the regularized equation (2.31) by ATUpm, — K|tmnlP W,
take the imaginary part and then pass to the limit, to obtain the energy
conservation law (1.10]) for the solution u obtained in Theorem on the
time [T, T.
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If Kk = 1, then recalling the mass and energy conservation laws (the
mass conservation law holds on the time interval [—T,T] whenever u €
C([-T,T); L?) n LY([-T,T]; LP*')), we have the uniform bound Hu(t)Hi,% <
M (ug) + 2E(up) on the time interval [—7,7]. Since the existence time T'
only depends on p,d, ||ug| g1, the solution obtained in Theorem can be
extended uniquely to all the times.

[24.11.2017]
[01.12.2017]

If x = —1, then by the Gagliardo-Nirenberg’s inequality in Corollary
forp+1< 2* i.e. p <1+ 74 the H' subcritical exponent,

d d
ey 179 p+1

[l o1 ety < Collul paga IV} €(0,1), (239

we obtain from the energy conservation law that

1 1
5 IVuO)l z e < E(u o)+p—H u(t) [Ty g

1 1
< E(ug) + Cllu(t)] g;*ﬂ;d V) g

)(1— (p1"/)1

(p+1)(
< B(ug) + Clu(t) | Fyian gHW@)Hig(ww

if

d 4
—(p+1)—d<2ie. 1<p<l+4-.
(

1)y =
(p+ 1)y 5 2

By the mass conservation law, we obtain the uniform bound on |u(t)|x: on
the existence time interval and hence the global well-posedness holds true in
the mass subcritical case.

Ifrk=—-landp=1+ ‘fl, then the above inequality is replaced by

1 1
2 VOl < Blun) + g ulO e

1

2+E

< E(U()) + d” ( )H Rd)Hvu( )”LQ(Rd)

Thus if [Jug[ 12 < ¢y some fixed constant then the solution still extends glob-
ally in time.

Ifk=—-1landp>1+ % energy subcritical, then (p + 1)y > 2 and we
can assume the smallness condition [ug|pg: < g¢ such that |u(f)|m < 2g0
globally in time for sufficiently small . O
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Remark 2.7. It was proved in [Weinstein 1983 CMP] that if p = 1 + 5
then

HfHL2 Rd vaHL2 Rd) ”Q”L2 Rd

fler}fl 2+d 1+ 2
If ” 2+3 re) ‘ (2.40)
1 4 1
i.e. >t ”f”” |\Vf||L2,

m” HL2+%(R‘1) 2 ”

where Q) is the unique positive radial solution of (L.11)). It follows from

(2.40) that if |uolr2ey < [Qlr2raey = co then the focusing (NLS) in the
mass critical case 1s globally well-posed.

Remark 2.8. We can prove the local-in-time well-posedness results in H?(R?)

1 A ifd>
for the case{ <p<ggid=5

l<p<wifd<i4’
LI([~T,T); W>P(RY)) with (q,p) admissible exponent pair.

We can also consider the general Sobolev space H*(R?), 0 < s < min{1, %l
withl <p<1+ and so on.

d23

Remark 2.9. We can also show the existence result by compactness method
(instead of Banach fixed point theorem here):

e Step 1: Construct a sequence of approximate smooth solutions u. (by

reqularising (NLS)) );

e Step 2: Show a priori uniform estimates for the sequence u. (e.g.
HUEHL’}(X) <C <o)

o Step 3: Pass to the limit by some compactness argument which comes
usually from the uniform bound for the time derivatives dyu., e.g. by
Aubin-Lions” Lemma, if X —>—Y — Z, |uc||z x) + [Oruc| L1z < C,
then u. — w in LL(Y) if p < 0 or ue — u in C([0,T];Y) if p =
and q > 1, such that the strong limit u solves (NLSJ).

The above procedure is a quite standard way to show the existence result,
nevertheless the uniqueness/continuity results are not ensured a priori and
their proofs need other arguments.

Here, we may follow the above procedure to show the well-posedness result
for and we have used the idea to show the mass/energy conservation
laws.
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The solutions obtained by contraction argument are usually called strong
solutions which are unique, continuously depending on the initial data, while
the solutions obtained by the above compactness method are usually called
weak solutions which could exist all the times but are possibly not unique.
Sometimes the strong solutions and the weak solutions coincide.

2.4.3 The virial space case

Let us define the virial space
Y = {ue H'(RY) | zue L*(R%)}, (2.41)

consisting of H'-functions which decay faster than |z|~'~%? at infinity. We
also define the associated norm as

Julls = lullay + lzu] L.
Define the partial differential operator P as
P=x+2itV, Pj=ux;+2t0,, j=1,--,d.

It is easy to see that P : S(R x RY) — S(R x R?) and by duality P is a map
S'RxRY) — S(RxR?Y. An easy calculation shows that P and id; + A
commutes:

[P;i0 + A] = (x + 2itV)(id; + A) — (i0y + A)(x + 2itV)
= —i0,(2it)V — 2V = 0,
and
;Lo

.| 2
P(tyw = 2ite" V(e " w), weSRxRY, t+0. (2.42)

If G =S5(t)g, g € X solves the free Schrédinger equation i0;G + AG = 0,
Gli—o = g, then P(t)G satisfies also the free Schrodinger equation with the
initial data xg which itself has a unique solution S(t)(zg). Therefore we have

P(t)S(t)g = (x + 2itV)S(t)g = S(t)xg, (2.43)
for ge X. If g € X2, then S(t)g € X for any t € R:
zS(t)g = —2itVS(t)g + S(t)(zg) € L*(RY), VgeX,

and P(t)S(t)g = S(t)(zg) € L{(L") for (q,r) admissible exponent pair by
Strichartz estimate.
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We can also show S(t) : S(Rd) — S(R?) by use of (2:43). Indeed, S(2) :
H*(RY) — H*(RY), H*(R?) = ny=oH*(R?) and hence by (2:43), for any
teR,
zS(t)g = (P —2itV)S(t)g = S(t)(zg) — 2itVS(t)g € H*(R?),
zjxpS(t)g = x;(S(t)(wrg) — 2itd,, S(t)g)
= S(t)(z;219) — 2itd,, S(t)(xrg) — 2itz;0,,S(t)g € HP(R?), -

Therefore ([2.43) holds for all g € S'(R%).

Theorem 2.10. Let p € (1,2* — 1) be H' subcritial exponent. Let k = £1.
Let ug € ¥. Then the Cauchy problem 18 locally well-posed in 33, such
that there exists a positive time T depending only on |uo| g1, p,d, a unique
solution u € C([-T,T);X) n LY([-T,T]; W**), Pu € LI([-T,T]; L?) with
admissible exponent pair (q, p) and a neibourhood of ug in ¥ such that the flow
map 1S Lipschitz continuous on it. Furthermore, the global well-posedness
result holds true under the four assumptions in Theorem[2.9.

Sketchy proof. We apply S(—t) on both the left and right sides of (2.43)):
P(t)S(t) = S(t)z such that S(—t)P(t) = xS(—t) and hence

P)S(t —t) = P()SH)S(—t) = S(t)zS(~t')
= S(t)S(—t"Pt') = S(t —t')P(t') on S'(RY).

Recalling the nonlinear mapping ¥ given in (2.29)), if
we Ze(R, Ry) = {ue CU-T, T3 5) | lulsgywer < B, | Puligs < Rl

for some admissible exponent pair (g, p) given in Theorem , then we derive
that

P(t)Yu = P(t)S(t)ug — m/ P)S(t — ) (|ulP~ u) (t)dt’
(2.44)
(o —m/ S(t— ) P(E) (Ju~u) (#)dt.

By virtue of (2.42)), we derive for ¢ # 0,

P(ful )| = 20tV (e [uf )] = 20t ¥ (Je5F Sl (e w))

and hence

| P(ulP~ )

. 2
Iy < |20 9 (50 w)

/ Y
q /
LLLr
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which is, by virtue of (2.42)) again, bounded by

Il Pul

e’
As in the proof of Theorem [2.8 for d > 3 we have

1l_p _
|P(ul"~ )]y < Pl Pu < OT ™ tJull 7y (1 [ Pull .1,

! /
||LqT Le L' LL(Whe

and hence we can choose R = Cluo|m1, Ri = Claug|z, T = C~uo|; for
C sufficiently large such that ¥ is a contraction mapping in Zp(R, Ry). O

Remark 2.10. Noticing (2.42)), we can proceed by a recurrence argument to
arrive at

P, = (z + 2itD)* = (2it)lel!=P/ 4 pa(e=i=P/48) [P, - i0, + A] = 0.
Based on the property of the operator P,, e.qg. d =1, p =3,
_1 1 i
|Pa(lulw)lrs < Coullulie |Poullz,  ulee <2 Pulfs|ulz,,

[Hayashi-Nakamitsu- Tsutsumi 1986-1988] proved that if p is an odd integer,
ug € H™ (R L2(|zF da ), m > k, then the regularity and the decay property
are both preserved on the existence time interval. In particular, if ug € S (Rd),
then the solution of u(t,-) € S(RY) on the existence time interval.

3 Large time behaviour

3.1 Virial and Morawetz identities
3.1.1 Pohozaev’s identity

We first introduce the Pohozaev’s Identity

d
Re/ At(z-Vu)de = (5 —1) [ |[Vu[>dz, VYueSR?),
Rd 2 Rd (3 1)
J .
or equivalently, Re / Aﬂ(§u +x- Vu) dr = —/ |Vul?dz,
Rd

Rd

where |Vu|? = Z?Zl((ﬁije u)? + (0y,Imu)?). Indeed, noticing

d
Op; (7 - Vu) = 0y, Z([Bk Ogu) = Op;u+ 2 - V(0p,u),
k=1
ie. V(z-Vu) =Vu+z V(Vu),
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we apply integration by parts to arrive at

Re / At(z - Vu)dz = —Re Viu-V(z-Vu)
Rd

Rd

= — /Rd(|Vu|2 + Re Z axjﬂ (x - V)(aij)) dz

j=1

— [ [VuPde - 1/ (- V)|Vul2de,
Rd

R 2

which together with integration by parts again implies (3.1]).

01.12.2017]
[08.12.2017]
3.1.2 The Virial and Morawetz identities
We define the virial potential
Viw) = [ lafuf*d, (3.2)
]Rd

which averages the mass density (with the mass defined in (1.8])) against the
weight function |z|?. We define the associated Morawetz action

d
W (u) = Im Z /]Rd 2j(U0y;u) dr = Im y r(udu)de, r=lz|, (3.3)
j=1

which averages the momentum densities (with the momentum defined in
(1.9)) against the weights (z;).
Then we have the following Virial and Morawetz identities

Proposition 3.1. Let u(t,x) be a Schwartz solution of the Cauchy problem

(NLS|). Then
1d
L2y ) = wu)). (3.4)
and
1d B 5 d d prl
2dtW(u(t)) = . |Vu|*dz + li(2 " 1) » |ulP™ de . (3.5)

Proof. We recall the nonlinear Schrodinger equation in (NLSJ):

i0u + Au = klulP'u.
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We test the equation by |z|*u and take the imaginary part to get
th / |z|*|ul? dz + Im / |z|2div (Vua) dz = 0.

Integration by parts ensures

d
/ |z2div (Vua) do = —22/ 7;(0,,ut) dw
R4 o /R

Hence (3.4]) follows.

We test the nonlinear Schrodinger equation in (NLS|) by r0,u to get:

/ iropud,ude +/ rAud,udx = /4;/ rlulP ud,uda .
R? R¢ R?

We calculate the real parts of the integrals in the above identity one by one:

. i 14 [ -
Re /]Rd oo, udr = 5 Z /]Rd i7;(0pu0y, U — Oyi0yu) d

2/ i(—d)dyuu dx ——2/ 17;(0y 0, utl + O4i0y,u) d

1 1d
- §/Rd(—al)( Au + glulPu)ad _532/]1@”’36 uudx

1
= —5% y irdyutdr — g/RdﬂVuF + k|u[PT) dz
1d d

- S W) =5 [ (90 + rfup ) de.

Re/ rAud,udr = (g - 1)/ Vul*dz, by (B.1),
R? R?

L&
mRe/ rlulP~ o, a da :H—Z/ zj|ulP ! (uly, u + ud,,u) dx
a 2 A Jpe ’ ’

wa/xmp%ﬂm [ 200l ) da
d
= —Kk——o lulP*t dz .
p+1
Thus (3.5) follows.

[]
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Remark 3.1. We can define instead the Virial potential and Morawetz ac-
tion, with the weights |x|?, (z;) in (3.2) and (3.3) replaced by the new weights
|, (I%JI) respectively:

Then we have the following identities (Lin-Strauss’ Morawetz Identities) for
the Schwartz solution w of the Cauchy problem (NLS)):

1d
§£V( u(t)) = W(u(t)),

%W(U(t)) /Rd |WU| dz + & (d— 1)(]3 - 1) /Rd |u|p+ dr — iéd(A2’x|)|u|2 dI,

] p+1 |

where V := V — \xl(lw\ V) denotes the angular gradient.

Corollary 3.1. Let p € (1,2* —1) be energy subcritical exponent. Let ug € 3
and let w € C([-T,T]; H'), T < w be the solution of (NLS). Then u €
C([-T,T);%) n LY[-T,T); Wt*), Pue LY[-T,T]; L*) for any admissible
exponent pair (q,p), and the mass and energy conservation laws as well as
the virial and Morawetz identities - hold for w on the existence time
interval [=T,T]: For any te [-T,T],

M(U(t))ZM( 0); u(t)) = E(uo),

1

V) —-v (o) /W

%W(u( £) - ;W(w) _/0 Rd|Vu|2dxdt+ﬁ(g—Z%)/ [yt azae

Sketchy proof. Recalling the proof of Theorem there exists Ty > 0
depending only on |ufzx () such that there exists a unique solution @ €
C([tO—TQ, to'f—To], E)ﬁLq([to—TQ, to—FTV()]7 Wl,p)’ Pue Lq([to—T(), t0+T0], Lp)
for any to € [T, T, and hence by uniqueness u = @ on [—1,T1.

We do a regularisation argument and repeat the proof of Proposition
to arrive at the identities (3.4)-(3.5) for u on [T, T']. We test the regularised
equation

10t + Aty = £([ufP ) m,s
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by |2|?Um.n, take the imaginary part to arrive at

2 dt
= / ’{(|u|p_1u>m7n|$| U, d
Rd

dz —QIm/ U@ - Vi, d

and pass to the limit to arrive at (3.4)) for u. Similarly, we test the regularised
equation by rd.u, take the real part to arrive at

(fuf?™ ! )m i dx

1 _ ¢
2dt m/ U (T - V) Uy, d
+ (— — 1)/ |Vum,n\2dx = Re / (x - V)ﬂm,nﬁ(lu|p’1u)myn dz ,
2 ]Rd Rd

and pass to the limit to arrive at (3.5 for w. O

3.2 Blowup and scattering
3.2.1 Blowup

Theorem 3.1 (Blowup for the focusing case). Let s. € [0,1), i.e. 14 5 <
p<2*—1. Let k = —1. Let ug € X with the initial energy E(ug) < 0.

Then the unique solution u(t,z) obtained in Theorem blows up n
finite time, and more precisely there exists T™ < 400 such that

lim [V0(0) ey =+
Proof. We consider positive time in the following and the negative time can
be treated similarly.
If the solution u € C'((a,b); H(R?)) on some time interval (a, b), then by
the virial and Morawetz identities ({3.4))-(3.5]), we derive that

1 d? 1 1
—d—V(u) = —/ (Vul?dz — —(C—i — L)/ lu|Ptt dz
R4 R4

16 di? 2 29 pt1
1.d d+2 i (3:6)
=Fu)—=(z———=) [ |uff""dz < E(up) <0,

since ¢ — 42 — (d + 2)(2+1 0if p> 1+ 2 is mass supercritical.

2 p+1 p+1 )
Hence if u € C([0, 00); H! (Rd)), then the time-dependent quantity V (u(t)) =
Jga |z]*|u? dz is below a parabola which is negative in finite positive time
which is not possible. Thus u blows up at some finite positive time.
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More precisely, if p > 1+ %, we can calculate on the existence time interval

1 d? 1d
Teap” W = 77 W ()
1 dp+1 5 dp+1
=5 ;-1 —(—— -1E
< a/ Vul?dz,
Rd
where @ = —4 + 4(21 1) = p—1-4) > 0.

1
If initially W (ug) < 0, then W (u(t)) < 0. Thus £V (u) < 0and V (u)(t) <
V(up). Since

(W () (@) = =W(u)(#) < lruf e Vele@ey < (V(w))2 [Vl r2ga,

we derive that

and hence
V (uo) (=W (uo))
V(ug) + 4aW (ug)t
from which we derive that limyrs |Vu(t)[ p2(gey = 00 with T* = (—daW (ug)) 'V (uo).
If initially W (ug) = 0, then by virtue of (3.6]), there exists a positive time

to such that W (u)(ty) < 0 and we are in the previous case again.
Ifp=1+73 4 then ([3.6)) gives

1 & 1d
R VTR L B .
ear” W= 3"V = Elu) <0

(V (1)) 2 |Vl 2 gay = —W (u) =

Thus
W (w)(t) = Wiug) +4E(uo)t, V(w)(t) =V (ug) + 4W (uo)t + SE(ug)t?,

and hence there exists a p051tlve time 7% > 0 such that V(u)(T*) = 0. By
the equality | f]?, R = dzj L Jwa 00, (| f?) dz for f e S(R?), we derive

the Heisenberg’s 1nequahty

d
2
Hf”iz(Rd = E Z "rijLz(Rd)HaﬂvijLQ(]Rd)’ ViekX.

Therefore
2 1
0 < Juo gy = 10O 2s oy < 2V )}Vl
which together with V' (u)(T*) = 0 implies lim; 7+ | Vul| ;2 (gae) = 0. O
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Remark 3.2. The time T* gives indeed an upper bound for the life span and
the solution may blow up before T*. We can also make use of the norm |ul|La
for ¢ = p+ 1 instead of |Vul|p2 in the estimate of the lifespan.

Remark 3.3. In the mass critical case p = 1+§, we can assume the following
assumptions instead of FE(ug) < 0:

o F(up) <0 and W(ug) <0;
o E(up) >0 and W(ug) < —+/E(ug)Vo(uo).

Corollary 3.2. Letd > 3, 1+3 < p < 1+ andug € HY(RY). Letu(t,x) be
the solution of the Cauchy problem (NLS) satisfying limyzs [Vu(t)] 12 gaey =
+00, then

V()| 2@y = Co(T* — )" 7175, vte [0,T%).

Proof. Recall the proof of Theorem[2.8 For any time to < T* with [[u(to)] g (gay <
oo, the solution u with [u re o o7 1Ry < B 1= Clu(to)| g1 re) exists at
least on the time interval [to,to + T'], T > 0 with

4 p—1 1

oy L
= O ulto)] T

T = ¢ ulto)],

H1 (Rd
Hence

T* —to > T ie. |ulto)]ygey = C(T* —to) 5175,

Remark 3.4 (Blow up rates for the case p =1 + %, Kk =—1).
Pseudo-conformal blow up rate

Recall the pseudoconformal invariance in the mass critical case that if
u = u(t,x) is a solution of the nonlinear Schrédinger equation , then

so s v(t,r) = eillw;/“u(t’ 3). If ug € 3, then for any t # 0, v(t,-) € X.
t2
Let u(t,x) = e Q(x) be the solitary solution of the focusing (NLS|), then

i(z)? . . . .
v(t,z) = %Q(%) is also a solution in X for any t # 0, while blows up
t|2

att = 0: [Vu(t)|2ge) = O(1/t) as t — 0.

Indeed [Merle 1993] showed that the above is the unique minimal mass
blow up solution: Letp =1+ %, k= —1 and u be the solution of (NLS|) with
the initial data ug € H (R?) and luol p2ray = |Qlr2me)- Iflimpr [Vu(t)|r: =
o0, then up to the symmetries in Subsection

eillz>+4)/4(T—t) T

u(t7x) = (T—t)% Q(T_t)'
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Letd=1,2,p=1+3 r = -1, wg € H'(R?) such that |w|| 12 = |Q|2+¢
and limyy |[Vw(t)||p2 = 0. [Bourgain-Wang 1997] showed that w = u + ¢,
where u is as above and ¢ remains smooth after the blow up time.

[Merle 1990 CMP] also proved that for any given T > 0, any set of
fized points {xy,--- ,x} in R?, there exists an initial data ug such that the
corresponding solution of the focusing mass critical (NLS)) blows up exactly
at time T with the total mass concentrating at the points {xy, - ,xy}.
log-log blow up rate

Corollary implies that the blow up rate is at least [Vu(t)|p2ge >

c(T* — t)’% in the mass critical case. Indeed, the numerical sz’mulatz’on

suggests the existence of solutions with log-log blow up rate (%Ttt”)

And when d = 1, [Perelman 2001] established the existence of a solution with
log-log blow up rate.

[Raphaél 2005] proved that there is a universal gap between the above
two blowup rates: Let ||uo|rz € (|Q||zz, |Qll2 + €) for e « 1. Let u be the
corresponding blowup solution, then either u blows up at log-log rate, or u
blows up faster than pseudo-conformal rate, i.e. [Vu(t)| 2 = C(T*—1)~!
However, the existence of blowup solutions with blowup rate different from
these two cases 1s still open.

[08.12.2017]
[15.12.2017]

3.2.2 Scattering
Theorem 3.2. Let 1+5 <p <2*—1andr = 1. Letup € ¥ andu € C(R; )
be the global-in-time solution of (NLS|) given in Theorem|2.10, Then

uwe C(R; ) n LYR; WP (RY)), with (¢, p) admissible exponent pair,

and u scatters at large time in the sense that there exist two functions uy € X
such that
A _
T [u(t, ) — ¢ ugls = 0
Proof. We just show the case t — 400 and the case t — —o0 follows similarly.
Step 1 Pointwise decay
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Consider the time-dependent function

F(t) = lzu + 2itVul|® P dg

Rd

= / |2 ul*dr —4tlm [ x-Vuuadr + 8t*E(u)
R4 R4

= V(u) — 4W (u) + 8> E(up),

where V' (u), W (u), E(u) are the Virial potential, Morawetz action and the

energy defined in (3.2)), (3.3) and (1.10]) respectively. By view of the virial
and Morawetz identities (3.4)-(3.5]), we have

d I Adt 4

R

ISUI N

Let v(t,z) = e~ ""F/%y(¢, x), then
. x2
Pu = (x +2itV)u = 2ite’ i Vo,
and we have
8t 2
S 4t2/ Vol do + - / WPt de = F(1)

< F(0) = V(up).

Hence we have the following pointwise in time decay rate

IVo(6)] pamey < (26)7H(V (uo))?.

By Gagliardo-Nirenberg’s inequality in Corollary and the mass conserva-
tion law

lo@llez = lu@®)zz = luolzz = vol 2,
we have the following pointwise decay rate for |ul|;, ge), 7 € [2,2%) (in com-
parison with (L.4) for the linear Schrodlnger group S(t))

()] ey = |0 prrey < Clo(t )!!L2 HW( )HL2 Ry a7
_ ,,i :
< O~ D)1 o )(V(uo))%%—%), Vr e [2,2°).

Step 2 Scattering in L?*(R?)
Recall the Duhamel’s formula (Duhamel]) for the globally defined solution
u(t, z) of (NLS). Then w(t,-) = S(—t)u(t,-) € H:(R?) satisfies

w(t) = ug —z'/o S(—t"Y(|u|P~ u) (#")dt".
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Then for any 0 < ' < t,

t

w(t) —w(t') = —i / S(—t")(JulP~ u) (") dt", (3.8)

t/

such that by Strichartz estimate (2.28)

o (®) = (Ol < Ol e gy = el
where (¢, r) could be any admissible exponent pair. By use of the pointwise

decay (3.7) in Step 1, we choose r = p + 1 < 2%, % = g — m to arrive at

/ — CO(/ // _7dt//)
Lo ([t,t])

where Cj is some constant depending on the initial data |ugs. If p
1+ 2 then ¢ < 2+ 3 such that 2;’ > 1. Hence |w(t) — w(t')|;2gey —

Whenever t',t — oo. Therefore there exists u, € L*(R?) such that |u(t) —
St ur|p2gey = [w(t) — uy|p2ge — 0 ast — +oo.
Step 3 Scattering in H'(R?)

We first claim that u € LI([0, 00); WPT!). Indeed, we have already shown
we LE (R; WhHPH) in Theorem [2.9|such that |u]pe(o rp,wre+1) < C(T) < 0

for any finite time 7" > 0. For any ¢t > T > 0, by applying Strichartz estimates
on the Duhamel’s formula (Duhamel)) (and also on the spatial derivative of

(Duhamel)), we have

el aowrony < Clluollay + Cllal el , 00 aess + Cllal o] 1,2t

4 ([o,1);w" P ) ([T W P )

1
P

w(t) — w(t) |2 < Coll (1)~ G700
L2(RY)

o V

1_p
< Cluolmy + CT7 s HUH’” qorpwiosy T Cllul g lulyyros | Lo gy
< Clluglsy + CT""% Jul?,

+ COH (") Kl 1)H 111

([0,T);Wip+1)

e

where we used the pointwise decay estimate (3.7) for the last inequality and
we now calculate

" ‘5(”‘1)“ 11 =0T -t <or?
@) b g = O )
) 1 1. 2 4
With9=—(p—l)—(—/——)z—p—1>0whenp>1+3.
q ¢ q¢ q

Hence by choosing T large enough such that CoCT—? < 5, we have

Jullzago.mwrreny < Cluollmy + CT ™5 [ully o gy < C(T) < 0,
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and as t — oo we derive u € LI([0,00); Whptl),
We apply spatial derivative and then Strichartz estimate and finally the

decay rate (3.7)) to (3.8)), to arrive at

IV ((t) = w(t')] 2qesy cHuuup

// —7p 1)
)

L ([t',1])

\Y% e
1([ ) | UHLq([t AL+ (RY))

which tends to zero whenever #,t — . Therefore u, € H'(R?) such that
[u®) = S)us] grrey = |wt) = us| g ey = 0 as t — +o0.
Step 4 Scattering in X

Recall when we apply the operator P = x + 2itV to (Duhamel)).
Then the same argument as in Step 3 implies that

||($ + 2itV)U||Lq([(),oo);Lp+1) < +00,

and hence by z5(—t) = S(—t)P(t), we arrive at from (3.8) that

) = (o) Oy = | [ S0 (Pa=ta0)
<CWW1WMMH

L2(R%)
JLeiny — 0 as t't — oo.
Therefore |zw(t) — xuy|p2gey — 0 ast — 0. O

Remark 3.5. Forpe (1,1 + 3), then we also have the pointwise decay

0if2<r<p+l,
|lu(®)] - ey < CJE[™ G900 a(r) = { opn)d—dl 1
FED ey >t

by considering the time-dependent quantity t* [oq |[v|P*! dz and then the quan-
tity t* [pa |V|* dz via the equality

d

d Adt 4
F
dt

GOPE@) = SR = L1+ - p) / et

And if we assume furthermore p > (2 + d + v/d? + 12d + 4)/(2d) such that
2p > q, then the above scattering result also holds true.

Let us give some further remarks concerning the exponent regime of p in
the scattering theory:

o We can relax the restriction on p € (1,2* —1) for the scattering results,
nevertheless there are no scattering theory in L2 if p < 1 + (21;
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e Forpe (1+2,2*—1), k = 1, there exist scattering states in L2,
nevertheless if p < 2rdivd +12d+4 VCZJFW

do not know whether uy. € X;

and ug 18 large or if p < 1+ ﬁ we

o There is also scattering theory for the focusing case if p € (14 1—1—%),

d+27
nevertheless if p <1+ ﬁ there is no scattering theory in L*;

o We can relax the restriction on the initial data, e.g. uy € H'(R?)
such that the scattering theory in the energy space H'(R?) holds for
pe(1+3,2—-1),d=>3, k=1.

We introduce briefly here the basic notions of scattering theory. Let X
be a Banach space. Let R4 be the following two subsets in X:

R+ = {v € X |(NLS) with initial data ¢ has a unique solution
u defined for all ¢ > 0(t < 0) such that us = 1tlirgl S(—t)u(t) exists in X},
— 100

and we call uy the scattering states of ¢ at +o0. Let Uy be the following
two operators

Uy : Ry — X via Us(p) = ug = lim S(—t)u(t).
If the mapping U, are injective, we define the wave operators
Q= (Us)™ iU > Re, Us = Us(Ry) via Qu(us) = ¢
Let O1 = U+ (R4 nR-) and we define the scattering operator S
S=U,0_:0_+— O, viaSu_ = u,.
Notice that
R =T i={plpeR), U U, O =0,

and if Kk = 0 the linear Schrodinger equation, then Uy = Q4 =S =1d.
Let X =% and

4 *
L+ o<p<2—1 r=+L (3.9)

Then by Theorem [3.2

+o0

Re=3%, Ur:¥—% usr="Us(u) =uo— Z/ S(—t)(|u["~ u) (t)dt,

0

where u(t) is the solution of (NLS)) with initial data uy € X. Inversely we
have the wave operators €21 : uy — ug as follows
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Theorem 3.3. Assume , then for any uy € ¥ (resp. u_ € X), there
exists a unique ug € X such that the Cauchy problem with the initial
data ug has a unique solution u € C(R; ) with |S(—t)u(t) —uyls — 0 (resp.
[S(=t)u(t) —u_|x = 0) ast — 0 (resp. t —> —0).

Hence we can define the scattering operator S: ¥ +— X, Su_ = U, Q_u_.

[15.12.2017]
[22.12.2017]

Proof. Let u, € ¥ and we follow the proof of Theorems 2.8 and [2.10] to
search for the fixed point of the nonlinear map[|

e0]
U, cu— S(t)uy + z/ S(t — ) (|ulP~ ) (t)at,
t
in the following complete metric space with (g, p) admissible exponent pair:
Xr = {ue C([T,0); H'(RY)) | Pu e O([T, «0); L*(RY)),

2
=[] apr ooy wreeayy T 1Pl paqrooypo@ay) +sup Tt [u)] L@y < R},

for some appropriately chosen R,T. Indeed, if u, € X, then by Strichartz
estimates and P(t)S(t) = S(t)x, the solution w; = S(t)u; € C(R; X) satisfies

1w | a@awro@ey T 1P0s | Lo po@aey < Cllutlls:
Since Pw, = 2ite/*"/4 (e~ 1= /4y ) we derive

IV (e M w0, ) 2y < 1) P oz = 2[) w2,

which, together with e~ /4w_ | 2 pay = |w. | f2ga) = |1 2 and Gagliardo-

Nirenberg’s inequality, implies

d

i _(d_d _2
[wi ()zg = e | g < CHITET0 (Ju |z + [wus22) < CHI s |5

Hence S(t)u, € Xr if R > C|u,|y for some constant C. Now we turn
to consider the nonlinear term in the map W,: Notice that by Strichartz
estimate,

/:O St —t)(JulP~ u)(t)dt

_2 2 —1
<C|ta" 1)H 1 1([T7w))(supt>T|t|qHUHLg)p ]| La(,00)w10),

p—1
(T ey W) o] | 7 o Fp——.

IThe formulation of the nonlinear map ¥, is motivated by taking the difference between
the Duhamel’s formula for u(t) = S(t)ug — zfo (t —t")(|JulP~tu) (¢ )dt' and S(t)uy =
S(tyuo —i fy* St — ) (|ulP~ u)(t')dt'.
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with [t i1 ” LGbr —CT" 7 > 0asT — 0 if p=1+ E’ and
H([70)
similarly

H/too P(t)S(t —t)(|ul"" u)(t)dt

_2p 2 —1
< OT'™ (sup orlt) e [ul o) | Pull pamoo).20),

< Cllul"" 1 Pull b (1,00

La([T,00);Le)

and for t > T,

ee} o0
H / S(t =) (uP ) ()| < C / £ =t ()t dt
t t N

< Ct3T % (sup st HUHLP) -

p—1
2p _1

Therefore we can choose R = Cluylls and T' = Cluy|y  with C large
enough such that W, is a contraction mapping in X7 and hence there exists
a unique fixed point u of ¥, in X;. Hence u € C([T,©); ¥), u(T) € ¥ and
by the formulation of ¥, we haveﬂ

w(t +T) = St)u(T) —i /0 St — #)(|ulP~ ) (T + t')dt',

that is, ur(t, x) := u(T+t, ) is the solution of defocusing nonlinear Schrédinger
equation (NLS) with the initial data w(7") € 3 which hence exists glob-
ally in time up € C(R;X) n LY(R; W*) by Theorem In particular,
ug = up(=T) € 3 is well-defined and u(t,z) € C(R;¥) n LQ(R Whr) is the
unique solution of m with the initial data ug such that, by use of u € Xy,
u = W, (u) and Strichartz estimate,

I5C-0u(0) — el = [ [ Sl

<ot & Jul’, —0ast— 0.
T

The solution u € C(R; X) n LI(R; W (R?)) such that | S(—t)u(t) —uy |z — 0
as t — oo is unique: Indeed, if there are two solutions U1, Us of m such
that | S(—t)u;(t)—uy s — 0ast — oo, then uy = u;(0)—i [° S(—t')(|u; [P~ uy) (¢)dt!
which together with the Duhamel’s formula for u; implies that (u;)s are the
unique fixed point of the nonlinear map W, .

Similarly we can define the wave operator Q_ : u_ — ug, X — X. O

We write u(t + T) = S(t + T)uy + iftoo St + T —t)(|JulP~ u)(#)dt’ and w(T) =
S(Tuy + zf;o S(T — ¢')(|ulP~tu)(¥')dt’ and take the difference between u(t + T) and
S(t)u(T).
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4 Solitary waves

4.1 A minimiser problem
4.1.1 Space H!(R%)
Let d > 2. Let H'(R?) be the set of the radial functions in H'(R%):

HYRE) = (] € Y32 [0.) € st f0) = 0,7 = (S o))

It can also be viewed as the completement of the set of the radial functions
in CX(R%) with respect to the H'-norm:

17121 gy = / VIR P = / (10 () + | F () Pyr="dr,

where wy is the volume of the unit ball in RY.
Lemma 4.1 (Regularity and vanishing property of H!-functions). Let d > 2
and w e H-(RY). Then @ e Cz((0,0)) and
d—1
(e UHLOC(Rd) < CHUHHl(Rd)' (4.10)
Proof. Let o(z) = ¢(r) € CL(R?). Then

o0
Fr) =2 [ Fo)a(e
and hence

] 2 [P e
Pl < s [ 9ol

2 ” ~12 d—1 3 s d—1 % 1
<= ([ @1 dp)* (] 18Pp" dp) —HVsoHLz ry 19172 -

This implies (4.10]) by density argument.
Similarly, let 0 < r; < ry < 00 and we calculate by Holder’s inequality

. 4
|@(r1) — P(r2)] ‘ dp‘ =S '|p 2 dp
T1

< 77 HV@HLQ Rd>|7“2 — 3,
7"12

which implies that for any compact set K << (0, «), H@HC%@) = @] Loy +
SUD ) 7, TQEKW < C(K)|l¢|m and hence by density argument

|3 .1 < C(K)|ul s which implies @ € CZ((0, o). O

ct (K)
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Proposition 4.1 (Compact Sobolev embedding). Let d > 2 and 2* as de-
fined in Corollary 2.1, Then the Sobolev embedding H}(R?) <> LP(R?),
p € (2,2%) is compact.

Proof. Let u e H(R?) and 2 < p < 2*. Then (.10 implies

HT > UH —{p=2)(d-)
/| e < —R@ it [ par <or g
T|=

— 0 as R — oo uniformly for the H, functions with |u]z < 1.

This, combined with the compact embedding H'(R?) << LP(Bg) for any
R € (0,0) in Theorem [2.6, implies the compact embedding H!'(R?) <>
LP(RY). O

Remark 4.1. The endpoint case H'(R?) <> LQ(]Rd) is NOT correct by
view of the canonical counter ezample: u,(x) = n~2u(n~'z) with the radial
function v e CF(R?), then u, — 0 in H'(R?) as n — oo while |tn 2 ey =
HUHL2(Rd) # 0.

4.1.2 Compact minimisation

Proposition 4.2 (Compact minimisation). Let d > 2 and p be a energy-
+ 55 ifd=

oo zf d=2

Then for any M > 0, the minimisation problem

subcritical exponent: 1 <p <2* —1 = {

Iy = inf (e,

(4.11)
where Ay = {u e H'(RY) | / lu[Ptt de = M},
Rd
has a solution w e Ayy.
[22.12.2017]
[12.01.2018|

Proof. Since by Sobolev’s embedding H'(R?) < LP*'(R?Y), 2 < p+1 <
|l ey = C7Hul posr ey = CIMY®+H) if y e Ay, we can take a
minimising sequence (u,), in Ay; such that

Jtun |2 gty = Tar = CT2M7 > 0.
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Since (u,), are bounded in H!(R?), by Proposition 4.1 there exists a subse-
quence (still denoted by (uy),) and v e H'(R?) such that

U, — uwin LPTYRY),  w, — v in HY(RY).
Therefore

jufP*tdz = lim [ |u,[P" dz = M and thus u € Ay,
RY n—0m [pd
Hquql(Rd) < h}}i}oglf Hun”zl(Rd) = [M’

and hence u € Ay, is the minimiser of (4.11)). O

Lemma 4.2 (Positivity). If u € Ay, then [u] € Aw, [|ul] g gaey < luf g1 gey-
If w e Ay is a minimiser of (4.11), then so is |u| such that ||[ul i ge) =
|wl g1 (gay, and if furthermore [u| > 0, then u = |ule” for some v € R.

Proof. The lemma follows from the following claim that if v € H'(R?), then

/ Vuf? da >/ IV [ul[2 dz
R? R?

and if |u| > 0, then the above equality holds if and only if u = |u|e” for some
v e R.

Indeed, suppose u = f +ig, f,g € H'(R%;R). Then
IVf+gVygp
| dx

V|ul|? dz =/
e = [ [
_ [ PIVIE+2f9V]-No+ Ve
R? 2+ g
_ > o 1IVg—gVIP
_/Rdyw\ + Vgl dz /R G

Hence the above inequality holds and the equality holds if and only if fVg =
gV f almost every where. If g # 0, then for any ¢ € C’SO(]Rd) we derive

fo o [ —goVf+foVg N
y EV(bdx = /]Rd 7 dr = /Rd(ng gi)92 dz,

and hence the equality holds if and only if f/g is a constant, i.e. u = |ule?
for some v € R. If [u| > 0 such that R? = f~1(C\{0}) u g~ (C\{0}), f.g

continuous, then we can assume g # 0 without loss of generality. O]
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4.1.3 Euler-Lagrangian equation

Proposition 4.3. Let u > 0 be the minimiser of (4.11)). Then there exists
A e R such that
— Au +u = P, (4.12)

The X in (4.12)) is indeed a positive constant independent on w: A = Ip /M.

Proof. Step 1 Differentiation

Let t € R and h € CP(R%:R) a radial, real-valued function. Then by
view of ||1 + 2™ — 1 — (p + 1)z| < C(|2]* + |2[P™!) for some constant C
independent of z € R, we derive for u > 0 that

‘/d<|u + th|P+1 Y A (p + 1)thup> dx‘ < C/
R

2R P~ 4 P AP de
Rd

Hence

/ lu + th|P™ do = / uPdr + (p + 1)t/ huP dx + o(t) as t — 0.
R? R?

Rd

Let h be chosen such that fRd hu? dz = 0, then since u € A, we have

lu + th|PTr dz = M + o(t).
R4

FEat 1
Let v, = %(u—i—th), then |ve|pper = M#1, vy = (u+th)(1+o(t)) and

ol = (14 o(e) (Jull + 2t

R

(uh+ V- Vh)do + t?Hthl)
= ||ul3n + Qt/d(uh + Vu-Vh)dz + o(t) as t — 0.
R
Since u > 0 is the minimiser, ||vy||g1 = |u| g for any ¢t € R and hence
/Rd(uh + Vu-Vh)dz =0 for h e CF(R?) whenever /]Rd hu? dz = 0.

Step 2 Lagrangian multiplier
Let Ly, Ly be the two linear forms on the Hilbert space H;} defined by

Li(h) = /Rd huP dx, Lo(h) = /Rd(uh%—Vu-Vh) dz.
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Then Ker L; < Ker Ly. Let h € H! with Li(h) # 0. Then any a € H! can be
written as

Ll(a) . Ll(a)
= h+0bwith b=a— h e Ker L; < Ker L.
a Ll(h) + b w1 a Ll(h) € Ker L1 < Ker Loy
Hence Ly(a) = éi—%[q(h) = (éf%ﬂ*l(a) for any a € H!. This implies (4.12)).

Step 3 Lagrange multiplicator
We test (4.12) by @ = u > 0 to arrive at

Iy :/ [Vul? + |u|* dz = )\/ uPttdr = AM,
R4 R¢
which implies A = I;/M > 0. O

4.1.4 Regularity and decay property

We take v = \7Tu in (4.12) such that v satisfies the following with 1 < p <
2* —1
Av—v+1P =0, v=0 veH (4.13)

Proposition 4.4 (Regularity and decay). Let v(z) = 0(r) # 0 solves (4.13]),
then v e W34(R%), Vq € [2,0) such that

ve C*(RY, |Dv(z)] — 0 as|z| — o, V|f] <2,
3e > 0 s.t. ¥l (Ju] + | Vo) € L2(RY),
and v solves the ODE
d—1
r

~I

v+

¥ =0—1, 0)=a, 7'(0) =0, (4.14)

for some a > 0.

Proof. Step 1 Regularity by iteration
We will use freely the following fagt which we admit here without proof:
If ve LY(RY), p < ¢ < o0, then v? € L#»(R?) and hence by the equation ({.13)

~
g

such that v e W?>» (RY).

. vP
) = ——8 —
1+ [¢?

By view of v € H}(R?) < L®(R?), gy = p+1 and the Sobolev embedding

Lo (RY) if 2 — & = — 4 <0
W25 (RY) — { LIRY), Vg e [%,0), if 2~ 2 =0
L*(RY) if 2 —

we have v € L?(R%). Indeed,
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o if 2 — % > 0, then by Sobolev embedding v e W% (RY) < L*(R?).

o if 2 — % < 0, then by Sobolev embedding v € Wz’q?o(Rd) < L@ (RY)
and hence v € WQ’%(Rd). If 2 — Z—f > 0, then we are done. If not, we
can continue the procedure such that there exists & with 2 — % >0

and 2 — qkd—p < 0: This is possible since

1 2 p. 1 1 2 9

— =S4+ S e —=pi(=— +

¢j+1 d g qj (qO d(p—l)) dip—1)
1 1 —1 2 —1 2

- = ) with B S coifp <2t — L
dj+1  Gj q0 d p+1 d

o if 2 — % — 0 for some k € N, then v € LI(R?) for any ¢ € [2,0) and we

choose ¢ » 1 such that 2 — % > 0.

Therefore vP € L%(Rd) N LP(R%) and hence v € W24(R%) for all ¢ €
[2,0) and thus vP € W9(R?) for all ¢ € [2, o0) which implies correspondingly
Vv e W24(R?) for all ¢ € [2,0). Thus v e W34(R?) for all g € [2,0), which
implies

o v e C?*(RY) for any a € (0,1), by Sobolev embedding;
e V|| <2, DPv e H'(R?) and hence |Dv(z)| — 0 as |z| — .

Hence the equation (4.13) for v(x) implies the equation (4.14)) for o(r) in the

classical sense, and furthermore, ¢ = 5% (0 — ©” — 9") is uniformly bounded

such that o'(r) — 0 as r — 0 and thus 9(0) = @ > 0 since if a = 0 then
v =0.
Step 2 Decay property

Ed]

Let 6. = e+, ¢ > 0 be a bounded, Lipschitz continuous function with
|VO.|* < 02, a.e. We test the equation (4.13)) by 6.v to get

/ —0.(|Vu|* + |[v]*) dx —/ Vv -Vo.udr + O.0P ™ dx = 0.
R R4

Rd

Since

1
Vo - VGEvdx‘ < 1 IWIVERl: + IV/IVEIVol2:
1
< VBl + VAol

L.
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we derive

O.0%de <2 [ 6.0t
R4 R¢

Since v — 0 as |z| — o0, we take R > 0 such that |[v|P~' < 1/4 when |z| > R
and hence

1
2 | 6.0 < 2/ eloPtde + = [ 0.0%dx.
R4 |z|<R 2 Jpe

Thus

/ 0.0%dxr < 4/ ellyPt dz < oo,
]Rd

lz|<R

which implies [p.ellv’dz < o0 as e — 0. Since v s globally Lipschitz

continuous, e*lv4*? is uniformly bounded. Similarly we apply O, to the

equation (.13 and test it by 6.0,,v to arrive at [y el*!|Vo[?dz < .
[

Remark 4.2. [t is easy to show the reqularity away from the origin by Lemma
[4.1 Indeed, let w = xv, where x € C° is a radial function with the compact
support away from zero and v satisfies (4.13)). Then w satisfies

Aw—w=f, [f=—xv"+2Vyx-Vv+vAyx.
Since v € L* on Supp x by virtue of @10), f e L*(RY) and hence w(€) =
Lo, that is, w € H2(RY). Thus o, € C2((0,0)) by Lemma and

- IH[E?
w(x) = w(r) € C’l(Rd \{0}), v(z) € Cl(]Rd \{0}). Now consider the equation
for 0,w:

(A —1)0, = 0, f € L*(R%),
and the same argument as before implies v(z) € C*(R4\{0}).

4.1.5 Classification of minimisers

We have the following uniqueness result for the nonnegative solution which
decays at infinity of the equation (4.14) proved by [Kwong 1987]:

Proposition 4.5 (Uniqueness). There exists a unique a > 0 such that the
solution ¥ of the ODE (4.14) satisfying

o(r)=0,Vr =0 and o(r) > 0 as r — 0.

Furthermore, 0(r) > 0 for all v = 0 and we denote the solution to be Q(r):

the fundamental solution of (4.14)).
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We do not give a proof here and interested readers can refer to Appendix
B of Tao’s book.

Let u € Ay be a minimiser of (4.11), then |u| € Ay is also a minimiser
by Lemma [£.2] Thus by Propositions [4.3] and [£.4], the nonnegative function
v = )\ﬁ|u| € H! satisfies and the nonnegative function o(r) = v(x)
satisfies and 0(r) — 0 as r — c0. Hence by Proposition [1.5 v(z) =
o(r) = Q(r) > 0 and thus |u| > 0. Since u, |u| > 0 are two minimisers such
that [|V|ul|;2ge) = [Vu[z2ga), there exists v € R such that

. 1 . I 1 .
u=|ule” = A rTve = (ﬁM)fﬁQ(r)ew.

Therefore we have obtained

Theorem 4.1 (Classification of minimisers). Let M > 0,d > 2,1 <p <
2* — 1, then the minimisation problem (4.11))

Iy = inf {Jul?n}, Ay = {ue H{RY] / WP de = M)
ueAns R?
has a family of minimisers

M 1
e”(m) =1Q(r), ~veR,
where QQ > 0 is the unique fundamental state of the equation (4.13)).

[12.01.2018)
[19.01.2018]

4.2 Concentration compactness

Lemma 4.3 (Concentration-Compactness). Let (u,),>1 be a bounded se-

quence in H'(R?) with ||unHiQ(Rd) = M > 0. Then there exists a subsequence

(un, ) such that one the following properties holds:

(i) Compactness: There exists a sequence (yy) in R such that

Vge[2,2), (- —y) — uin LYR?) as k — oo;

(ii) Evanescence: ¥q € (2,2*), ty,, — 0 in LY(RY) as k — oo;

67 [FEBRUARY 2, 2018]



(#ii) Dichotomy: There ezist two bounded sequences (vy), (wy) with compact
support in H'(RY) and a € (0,1), such that

Supp v, N Suppwy, = {},  d(Supp vy, Supp wy) — 0 as k — o,
Hkaiz(Rd) — alM, HwkHiz(Rd) - (1—a)M, as k — o,

Vae[2,2%),  lunlLe = [oklZe = [wilZe — 0, as k — o0,

lim inf (| Vi, |72 = [Vorlzz = [Vwrlzz) = 0.

Proof. Step 1 Concentration functions
Let p, : [0,00) — [0, M] be the concentration function of w,:

M@ﬂ%m/ () d
B(y,R)

with the following properties:
e Monotonicity: Vn, p,(R) increases to M as R increases to oo;

e Concentration point: VR, the map y — | BW.R) |ul? is continuous and
tends to zero as |y| — oo, and hence the concentration point exists:

VR>0, Vn=0, 3y,=vy.(R)eRst. p,(R) = / |y |* d
B(yn,R)

e Uniform Hélder continuity: There exist C, 5 > 0 (independent on n)
such that

YRy, Ry >0, W¥n=0, |pu(Ri)—pn(Ro)|l < CIRS - R{|".

Indeed, suppose without loss of generality Ry < Ry, then

(R = pulB) = [ wfPde = [ s
B(yngQ) B(y}le)

U Lo oL o
B(y%’RQ) B(yTQNRl) B(yv?le) B(y'rlz:Rl)

2
/ lup|2da < C(/ |ty |** da:) P (RY — ROy aF
Ri<|z—y2Z|<Ro Ri<|z—y2|<Rq

< Ol gay (RS — RH2 if 2* < wie. d > 3 s.t. H'(RY) — L¥(RY).

N

By Sobolev embedding H'(R?) < LP(R?) for all p € [2,0) if d = 1,2,
then the above argument also holds with 2* replaced by any p > 2.
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By Arzela-Ascoli’s Theorem, the uniform Holder continuity of the se-
quence (p,,) above implies the existence of a subsequence (py,, ) and a Holder
continuous monotone function p(R) such that

VR >0, lim p,, (R)= p(R).
k—o0

Let m = limg .o p(R) < M. Then there exists a sequence Ry — o0 such
that

R
m = lim p,, () = lim p,, (=) = lim p(R).
k—o0 k—o0 2

R—0

Indeed, there exist (Ry), Ry — oo such that limy_, p,, (Rx) = m and for
any R > 0, there exists Ry > 2R such that

Ry,
_ p(R) < liminf p, (25) <1 ) < lim py (RY) =
P S llgrij)g Pry, 9 /S lgcn_)sogppnk 9 /= kl_r){.lopnk k) = M.

Step 2 Case m = 0: Evanescence
Since p : [0,00) — [0,m] is an increasing function, then p = 0 if m = 0.
In particular

li 1) =p(1) =0=li *dz.
kl—g)lopnk( ) p( ) 0 kl_I)IOlOSUpyERd /B(y,l) ’unk‘ dz

This uniformly local strong convergence in L?(R?) implies the strong conver-
gence in LY(RY), ¢ € (2,2%): u,, — 0in LY(R?). Indeed, by use of the unity
partition (();) (such that each (); is contained in a ball of radius 1), we have
the following version of Gagliardo-Nirenberg’s inequality:

4 2+2 4
[ tar = Sl <O Il 1Vl

j=1 j=1

!
< Csup lul fa ) 2 IVul3ai0,) < € (5D solulRggy) ) IVl

j=1

for d = 3, and for d = 1, 2, we can take use of ||ul[p+ < C’||u||%2|\u|\§_11 We arrive
at u,, — 0 in L>*2(RY) or L*(R?) and the interpolation in the Lebesgue
spaces implies u,, — 0 in L9, q € (2,2%).

Step 3 Case m = M: Compactness
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For any R > 0, let yx(R) be such that p,, (R) = fB(yk(R)
There exist Ry, kg such that

my [ty [* da.

)

M
P, (Ro) = / U, |2 dz > =, Yk = ko,
B(yx(Ro),Ro) 2

and for any € > 0, then there exist R., k. > kg such that

P, (R:) = / U, |*dz > M —¢e, Vk=k..
B(yk(RE)7R€)

Since u,, has the total mass M, the two balls B(y,(Ro), Ro)nB(yr(R:), R:) #
{} and hence there exists Ry. such that

/ U, |*dz > M —¢, Vk=k..
B(yxk(Ro),Roc)

We may assume that the above holds true for all £ by choosing a possibly
larger Ry. and hence vy = u,, (- — yx(Rp)) satisfies

Ve >0, 3dRy. s.t. Vk =1, / lu|?de < e.
|#|= Roe
By virtue of the compact embedding H'(R?) <>« L?(B(0, Ry.)), vy — u in
LI(RY), q e [2,2%).
Step 4 Case 0 < m < M: Dichotomy
We decompose u,, as

Uy, = Up, 1 R R, + Uy, 1 R + Uy, 1r R
"k kT y—yr (G2 ISR ™k |y —yk (52 )|= Ry Mk~ 2k <y—yp (=) |<Ry,

= U, + Wi + 2k,

/ |zk|2dx = </ —/ )|unk|2dx
R By(%),Ry)  J By, (B, Bk

2 2 T2
Ry,
< Pry (Rk) - pnk(?

We then replace the characterised functions 1

then

) — 0 as k— o0,

(< Ly (o, Y
regular cutoff functions 6y, ¢ with compact supports and sup x| V0| e, sup || Vg | Lo <
4R, such that vy, wy are compactly supported functions with |log|2. — m,
|lwg |32 — M —m. Since
[Van, [* = [Vor* — [V = [V, (1 = 107 — |xl?)
— [t P([VO + [Vipr]?) — Re (g Vun,) - V(05 + ¢7)
= _16|unk|2(Rk)_2 - 8|unk||vunk|<Rk)_lv
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we have lim infy o, [pa [V, [* — V> — [Vwg[? dz = 0. Hence by virtue of
2, — 0in LYRY), g € [2,2%),

/ |7 — Jor]? — w7 dzr < C / 724
R4 R4

< Cltim, | %5 2] e — 0 as k — oo
L]

Remark 4.3. We can repeat the lemma (established by P.-L. Lions 1983’
and we follow the proof in Cazenave 2004°) to derive the decomposition profile
of a sequence (uy,) in H*(R?) established by P. Gérard 1998, which describes
the defect of the compactness of Sobolev embeddings up to extmctz’on'

Let (uy) be a bounded sequence of H*(R?), 0 < s <9 and 4 — s = %. Then

there exist a sequence of scales and cores ()\%]), 55)) en2 in the sense that

(4,n)
( |I£LJ) . a:gk)‘
J # k= either lim’log — ‘—oo or lim ————— = o0,

a sequence (p;) in H*(RY) and a sequence (ry 0) ) of functions such that

@

./E - xn
VJeN, (n) 2 QOJ )\(j) ) + 7“%])(.1'),

OQM%
Q.

hm limsup [ 1 =
-0 p-oo

b

J
. 2 12 _
vIeN,  lim (fugle 25 st = I %) =0,
We also have a version of the critical case, e.g. the case d = 2, s = 1,

€ (2,2%), AY) = 1 considered by Hmidi-Keraani 2007,

[19.01.2018]
[26.01.2018]

4.3 Orbital stability

4.3.1 A second minimiser problem

Theorem 4.2 (Variational characterisation of the solitons). Let M > 0,

l<p<l1l+ § 1.e. S, = g — ]% < 0 and let Q) be the fundamental state in

Theorem [4.1. Then the minimisation problem

Jar = f{B(u) |u e H'(RY), ul?, 0 = M) (4.15)
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is achieved by the following family of functions
Qu(r — a:’o)e”‘) zoeRY 4 eRR,
where E(u) = % [ \Vu|2dx — = Jge |uPtt da s the energy functional de-

fined in (1.10)), @, = uﬁQ(,ux) cmd,u =pu(M) = (W)_ sc. Furthermore,

all the minimising sequence s relatively compact in H 1(]Rd) up to translation
and rotation: For the sequence (uy,) in H'(R?) such that

lunlz = M, E(un) = Jur,
there exist (x,) < RY, (7,) € R and a subsequence (¢(n)) such that
() (= Tom) ) — Q- in H'(RY).

Sketchy proof. Step 1 Calculation of J,;, M > 0
We have the following properties for Jy;:
e Jys has alower bound: Jy; > —o0. Indeed by Gaghardo Nirenberg’s in-

—(%
equality |upp1ge) < CHUHL2 [Rfd 7ir) [Vu ]22(@; , we have for HUHLz (i) =
M that

d(p 1)

L2( Rd

d,
2

1 plq_dy _d)
E(u) >§|\vu\|§2(Rd)—cM > (154559 |y

dip—1 4
%<281n06p<1+a,

and hence Jy; > —o0 (by Young’s inequality) has a lower bound.

with

e J; has a negative upper bound: Jy; < 0. Indeed, fix some u € Hl(Rd)
— M. Then the rescaled function u*(z) = A2u(Az),

= M and

with ]2, o) =

A > 0 satisfies |u?|? = Jul?

L2(R%)

1
E(u") =\ [2 y |Vu|*dx TSGR /Rd [ul dx],

and hence E(u*) < 0 for A > 0 small enough.

L2(RY)

e Jy; is homogeneous: Jy = Mlﬁct]l. Indeed, for any u € Hl(Rd),
2
the rescaled function uy(z) = ArTu(Az), A > 0 satisfies |u,|?
A72% |y |2 = \"2%M and

L2(RY)

L2(R%)
E(uy) = X9 E(u),

and hence Jy—2:.p; = A207%) ], and we can choose in particular A =

1
M 2sc
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Step 2 Existence of the minimiser

Let (u,) be a minimizing sequence and we are going to show its com-
pactness (up to extraction of subsequence and translation) by Lemma
Since

e Evanescence of the sequence (u,), is impossible: Suppose by contra-
diction that u,, — 0 in LP*'(R%) as k — oo, then

JM = kh—g)lo E(unk) = kh—r}c}o / |Vunk|2d:r - —/ |unk|p+1 d:E
= hm \Vun,f dz >0,
k—00

which is in contradiction with Jy; < 0.

e Dichotomy of the sequence (u,), is impossible: Suppose by contraction
that there exist two sequences vy, ,w,, with disadjoint supports such

that
/Rd lon, 2z —> M, /R wn [Pz — (1 — )M, ae(0,1),
Jt 52 = Jom ot = wn, |25 — 0,

limn inf[| Vet |32 — [V, |32 — [, 2] > 0,
then
Iy = klim E(uy,) = limsup[E(vy, ) + E(wy, )] = Jam + Ja—aym
—0 k—0o0
and hence by the homogeneity property of Jy; and J; < 0 we have

losc 1—s.
l<abd +(1—a) \Scl,wmh > 1

8¢ ’

which is an contradiction with the fact that if § > 1, then f(«) =
¥ + (1 —a)? < f(0) = f(1) =1 for all a € (0,1).

by Lemma there exist (z;,) = R? such that u,, (v —23) — u in L*(R%) n
LP+Y(RY), and hence

Jy = lim E(u,,) = lim E(u,, (v — zx)) = E(u).
k—o0 k—o0
Therefore u € H'(R?) is a minimiser and limy ., E(u,,) = E(u), up, (v —
) — u in H'(RY).
Step 3 Classification of the minimisers
We follow the strategy in Subsection to classify the minimisers of the
minimiser problem (4.15)):
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— If w is a minimiser of (£.15)), then by Lemma[1.2] we know that [u| > 0
is also a minimiser of (4.15]).

— If w > 0 is a minimiser of (4.15]), then we follow the idea in the proof of
Proposition [4.3| to derive the existence of i = ji(M) € R (independent
of the minimisers) such that

Au+uP =ju, u=0, ueH'(RY). (4.16)

More precisely, since whenever h € C§°(R?) such that 4

() -
2 [pauhdz = 0 then 4| E(u+ th) = [po(Vu-Vh —uPh)dz = 0,

dt =0

we have (4.16]) for some 1 € R. We can calculate ji: We test (4.16) by

u = 0 to arrive at

—/Rd|Vu|2dx +/Rd u[PT da :[L/Rd lu|? dz = jiM,

and on the other side, we test (4.16)) by (£ + - V)u and take use of Po-
hozaev’s identity (3.1)) to arrive at (comparing the following righthand

side with (3.5)-(3.6))

Oz/]/ (C—Z—i—w-V)uudx:/(g—I—a:-V)u(Au%—up)dx
Rd2 Rd2

d d
_ 2 - p+1
/Rqu| dz +/Rd(2 p+1)u dz .

Therefore

d d

2d _(Z _ = / p+1d
Rd|vu| * <2 p+1) Rdu *
d

d
aM=(1-%+ 2 P+l g
AM = ( 2+p+1>/Rdu .

d d+2

and hence when 1 <p <1+ z—ll,

d d d d
~ ~ JM1_§+p+l 7i1_§+p+1
4 2(p+1) 4 2(p+l1)

— If ue H', u > 0 satisfies (4.16]), then the rescaled solution ,-1(x) =
L u(l%), i = +/fu satisfies the equation (4.13)

pr=T

Av+oP =v, v=0, ve H'(RY). (4.17)
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We have the nontrivial symmetry result established by [Gidas, Ni and
Nirenberg, 1979] which we do not prove here:
If v satisfies (.17)), then there exists zy € R? such that v(z — x¢) €

H(RY).
Hence by Propositions and [4.5, the solution of (4.17) is indeed
unique:

v(x — x0) = 0(]x — 20]) = Q(|x — x0]), for some zy € RY,
where @ is the fundamental solution in Proposition [4.5]

— Conclusion: If u is a minimiser of the minimiser problem (4.15), then
there exist (7o, zo) € R x R? such that

u(z) = Qu(r — x0)e"°, with Q,(x) = ,Leﬁ@(/m:),
where
M 1

(M) -
ar.

p(M) Vo

H= O = ek ~ e

4.3.2 Orbital stability

Recall the “natural” stability notion of the solitary waves e*Q(r) in H': Let
upe H', 1 <p<1+3andue C([0,0); H') be the global solution of
with the initial data ug. Then for all € > 0, there exists d(¢) > 0 such that
for all uy e H':

|uo — Q| < & implies sup zofu(t, ) — e Q)| g < e.

This strong stability property is not suitable for by virtue of the
symmetries of the equation (NLS|). Indeed the scaling invariance and the
Galilean invariance in Subsection[1.1.3|supply two obvious examples of strong
instability:

e By scaling symmetry, for any A > 0, there exists a solution uy(t,z) =
2 . 2
A1Q(Ax)e™t of (NLS) with the initial data (ug)a(z) = Ar-1Q(A\z).
We have

l(uo)r — Qmr — 0 as A — 1,
while for any A # 1,

sup ofua(t, #) — € Q(2) | = sup x| AT Q(Ar) — €' Q(x) 1 = Q)
e.g. when t = 2nm, A2t = 2n + D)m, n» 1, |ur(t,2) — Q)| = | Qa1
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e By Galilean invariance, for any v € RY, there exists a solution u, =
eile o= O (2 — 20t) of (NLS) with the initial data (ug), = € *Q(x).
We have

l(u0)w — Qg — 0 as [v| — 0,

while due to the decoupling of the two bubbles Q(x) and Q(x — vt) as
t — oo when v # 0,

V0 £ veRY,  supolu(t,z) — Q@) = Q-

By the variational characterisation of the solitary waves in Theorem [4.2] we
have the orbital stability results:

Theorem 4.3 (Orbital stability of the solitary waves). Let 1 < p < 1 +
2,k = —1. Then for all ¢ > 0, there exists 6(¢) > 0 such that for all

|uo — Q| g (rey < 9, there exist (z(t), (1)) € R? x R so that the corresponding
solution u € C([0,0); H') of (NLS) satisfying

sup ol u(t, r) — Q(z — x(t))em(t)HHl(Rd) <€

Proof. Suppose by contradiction that there exist ¢y > 0, a sequence of times
t, = 0 and a sequence of solutions u,, € C(R; H') such that

|t (tn, ) — Q(z — 20)e™ |1 > 9 > 0, VageRY VypeR.
Then we have
[un(0, )72 = |QI72 := M, E(ua(0,2)) — E(Q) = Jur.
By the mass and energy conservation laws, we have
[n(tn, )72 = |1n(0, )72 = M, E(un(tn, z)) = E(un(0,2)) — Jar,

and hence by Theorem [4.2] there exist (¢(n)) € N, (4(m)) < R%, (74m)) = R
such that

(b, @ = Togy) ) — Q in H(RY), as n — o,

which is in contradiction to the assumption. O
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Remark 4.4. Ifp>1+ 3, k = —1 then the solitary wave u(t,z) = €"Q(x)
is unstable in the sense that there exists (Q), < H'(R?) such that Q, — Q
in H'(RY) while the corresponding solution uy(t, ) blows up in finite time.
Indeed, as AQ —Q+ QP =0, ifp=1+ %, then E(Q) = 0 and E(AQ) < 0
for any A > 1, and hence we have the blowup results by Theorem [3.1] for the
solutions with initial data (1 + %)Q Simalarly we notice that if p > 1 + %,
then [na|Vul>dz — (4 — }%) Jpa lufPttde =0 if u=Q and <0 if u = \Q,
A> 1.

26.01.2018]
02.02.2018]

5 Conserved energies

In this section we explain briefly the existence of a family of conserved ener-
gies for the one dimensional defocusing cubic nonlinear Schrodinger equation
(NLS)) (with d = 1, p = 3, k = 1) established by [Koch-Tataru 2016] (see also
Killip-Visan-Zhang). Recall that for the initial data ug € S(R), there exists a
unique solution u € C'(R; S(R)) solving the 1-d cubic nonlinear Schrodinger
equation (see Remark [2.10]), and the transmission coefficient T’ = T'(z)
associated to the Lax equation is invariant by the cubic Schrédinger
flow (see (L.25))). We make use of this fact to establish the family of con-
served energies & = E;(u) in terms of T' = T'(z;u) which is equivalent to the
Sobolev norm of the solution |u|%., Vs > —3.
Step 1 Expansions of the “transmission coefficient” 77!(z) and its
logarithm In7!(z) on the upper half plane

Recall the direct scattering transform introduced in Subsection [[.2] If
u(t,z) € C(R;S(R)) is the solution of the one dimensional defocusing cubic
nonlinear Schrodinger equation , z = & € R (the continuous spectrum
of the self-adjoint Lax operator), then we have the Jost solution j7!(z; 2) of
the Lax equation ([1.21))

with the asymptotic behaviours at infinity:
g N 2) = ( 0 ) +o(1) as * —> —0,

—1izx

i 2) =T71(z) (6 0 ) + R(t,2)T(2) (egx) +o0(1) as x — +00.

77 [FEBRUARY 2, 2018]



Hence the “transmission coefficient” T71(z) can be calculated as the first
component of the renormalised Jost solution [™'(z;2) = €*%j7!(x;2) as
r — o (recalling the iterative formulation of /™! in Subsection [1.2.1)):

0
T71(2) = lim (**57 (2;2)) = 1+ N+ M+ N+ - - = 1 +Z To;(2),
Tr—00
j=1
(5.18)
where the graphic symbols N, "N\, --- denote the multilinear integrals as

N =T = [yt do dy,
<y
2 .
M=Ty(z) = / H eQ’Z(ynfzn)u(yn)ﬂ(xn) dz dy,
T1<Y1<x2<Y2 pn=1

For any z € U, U = {z € C |Im z > 0} the upper half plane, we can define the
Jost solution j~!'(x;2) and this provides a holomorphic extension of 7 !(z)
to the closed upper half plane z € U, such that |T| < 1 on the real line and
T — 1 at infinity. By maximum principle, |T7!| > 1 on U.

Since In is analytic near 1 and expands formally as In(1 +a) = a — 34 +
$a® + - - - the formal series for 7! yields a formal series for In 7"

1 1 Wi
T = (1) + (T = G(1°) + (T = BTt (1) 4o o= YT,
j=1

where each Th;(2) is homogeneous of degree 2j in terms of {u, @} and is a
linear combination of multilinear integrals of the form

J
/ H =)y (y Vi(x,) do dy,
>

2j n=1

with ¥y; denoting an ordering obeying the constraint {z, < y,, V1 <n < j}.

We can calculate for example that

(T2)2 = (/ eziz(yl_mu(yl)a(%) dz 1 dy 1) (/ €2iz(y2_x2)u(yz)ﬂ($2) do o dy 2)
r1<Y1 T2<Y2
2

=4 / [ e == u(yn)u(z,) da dy
r1<T2<Y1<Y2 n=1

2
+ 2/ 1_[ 2 n =)y (y Vi(x,) da dy = 477\ + 2/,
T1<y1<x2<Y2 =1
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which is homogeneous of degree 4 in {u, u}, and the first terms in the expan-
sion of InT! read as

InT7*(z) = iﬁj(z) =N+ (=2/~A\) + (12/7A\ +4/~~) + -+ (5.19)

Indeed, we can prove that ng is a linear combination of connected symbols,
that is, Xo; represents a complete ordering {z; < 3 < -+ < y1 |z, <
Yn, 1 < n < j} where the first and the last arcs are connected. To this end
we introduce a Hopf algebra structure:

We consider the set H* of the words in the alphabet {/, \} and in-
troduce the shuffle product w between two words as the sum of all the
words obtained by shuffling these two words such that H“ becomes
a ring of formal power series with the words as unknowns, with the
shuffle product defining the commutative, associative and distributive
multiplication;

We restrict ourselves in the subalgebra H consisting of nonintersecting
words and the length 2j of the nonintersecting words in H introduces a
grading on H such that words with length 25 have degree j and H,, =
H/I,, is a finite dimensional algebra where I,, is the ideal consisting of
the elements of degree > m;

We introduce a coproduct A : H — H® H on H as the sum of all the
splittings Aa = ZalathazeH a1 ® ag, Ya € H, then the coproduct is
coassociative which also satisfies the compatibility condition A(awb) =
Aa w Ab with the shuffle product of the tensor product defined as
(a®b)w(c®d) = (awc)® (bwd);

We call an element ¢ € H group-like if Ag = g ® g, then the set of
all group-like elements in H endowed with the shuffle product becomes
a group G. On the other side, we call an element p € H primitive
if Ap = 1®p+ p® 1, then the primitive element is formal linear
combinations of connected symbols and all the primitive elements form
a subspace P < H. The subgroup G and the subspace P are related
by G = exp P;

In conclusion, the element 7! ([5.18)) is a group-like element and hence
its logarithm In 7" (5.19) is a primitive element such that its homo-
geneous parts T; are linear combinations of connected symbols.

We are now interested in two issues:
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e We would like to show the convergence of the expansions —,

and we are in particular interested in the decay rates of the terms
Ty;(2), Toj(2) as z — i, when u(z) € H*(R). This will be done in
Step 3.
Roughly speaking, for u € S(R), if z = i7/2, the bulk of the integrals
in Ty;(2), Ty;(2) comes from the regions {y, — z, < 771, 1 <n < j},
and in the case of Thj(z) the volume of the region is comparable to
77 while in the case of Th;(2) the volume of the region is comparable
to C'(j)7~%*! which is much smaller than 777 if j > 2. Hence for
u(r) € S(R) we expect to have the expansion of In7T~! in the powers
of z71 at infinity:

0
InT !(z) = zZ E;(22)77, as |z] — oo,
=1

where the (invariant) coefficients £; are called energies and in particular

gl = / |U|2d3§'7
R

E = —Im /u'ﬂ dz,
R

Es = /(\u’\z + |ul?) de,
R

are the (rescaled) mass, momentum and energy M, P, E defined in ([1.8)),
(11.9), (L1.10) respectively. We will indeed be interested in the case
u € H*® and study the expansions (5.18), (5.19) by establishing the

decay rates for T;(2), To;(2) as || — oo in terms of |Ju]%..

e We would like to describe |ul
Step 2.

2« in terms of T~!(z), which is done in

Step 2 Description of |u|%. in terms of the quadratic term Ty(z) =

TQ(Z) =N
Let z € U and let us calculate the quadratic term N and relate it to the
Fourier transform of u: 4(§) = o= [ e u(z) dz as

1 v , L
N=— / / =) Wy () e 8 q,(€) da dy dédn,
27T RS —o0
where integration by parts in x implies
1 -1
nN= - Y
21 Jps 2tz + i€

e () (&) dy dédn = /R 2zi+ Q) uE)de.
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and hence
1 Imz

1 I
C | epli@P g = - | T dute), (5.20)

which is the harmonic function on the upper half plane with the trace measure
dp = |a(€)* d¢ . Hence by a change of integral contour we have the following
description of the H?, —% < s < 0-norm of u:

zs—/mgm ()2 de

= —2sin(7s / 1) Re N(iT/2)dr
=

For general u € H® with N = [s] = 0, we have the finite expansion for the
above harmonic function evaluated at z = ¢7 with 7 — oo:

—Re N(z/2) =

Jul
(5.21)

FHen(i/2) = Z 1) Hor ™7 o (— 1) Hoay ()72,

where
2N +2

o= [, Hont) =1 [ S—aue)

™

Then the description of the Sobolev norm |ju|%. in terms of N reads as

|1l

0
2o =—2 sin(ws)/ (72 — 1) ( Re n(it/2) Z lT_Ql_1>d7'
1

=0

+ Wé (‘;) Hy. (5.22)

Step 3 Well-definedness of the “transmission coefficient” 77'(z) if
u € H* and the estimates for higher order terms Tj;(2), Th;(z)

We introduce the functional spaces U?,V? and DU?, as substitutes for
Hz and H _%, which are more suitable for the estimates for the integrals in
Ty;(2), To;(z). We define V2 as the space of the functions v on R such that
the following norm is finite

[v]ye = sup (Z [v(tjs1) —v(t;)] ) , where we set v(0) = 0.
—o<t)1 <<ty =+00

We call the step function of form Zj; Gjljt; 05y With 352 = 1 a U?

atom and a U? function u is an ¢'-sum of U? atoms such that |ullp2 =

inf ) {20 Akl v = 2 A, (M) € €1(N) and wy, are U?-atoms} < co. We

have the following pleasant properties concerning V2, U?-norms:
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e The V2 functions v have left and right limits everywhere and v(o0) =
0 such that |v|pe < |v[y2 and obviously |uv|ye < |ully2|v]re +
[l [llv=;

e The U?-functions u are right continuous and u(—o) = 0 such that
|luly2 < v/2||Ju|y> and we have the embedding estimates HuHB% <

2,00
[ullve < lulo2 < Jull y 5
2,1

e There exists a bilinear form B(v,u) which induces an isometric iso-
morphism from V? — (U?)* and from U? — (V2)*, V2 = {v €
V2| v is continuous , v(400) = 0}, such that [

”UHV2 ::SUI)UEUQ{lg(U7u)‘HuHUQ ::1}7
[ulo2 = supuev2{B(v,u) [ |v]v= =1},
where by an abuse of notation B(v,u) = [ vdu.

We introduce DU? functions as the distributional derivatives of U? functions:
DU? = {u'|u € U?} and hence DU? function is distribution function with
the finite norm | f||py2 = sup { [ fvdz | |v]y2 < 1}. Thus we have

|luv| prz < 2| ul przllv]ve < 4|u|py2 vl

For any z € U, we define the one step operator A as

A(9)(t) = / =Dy () a(x)p(z) dz dy

r<y<t

then the terms in the expansion (5.18): 77" = 1+ 37| Ty; read as
o TS T A
Ty tll)rglo A(D)(t), Ty tlLH%A (1)(t), Ty tllgloA (1)(2),

and T5; can be bounded by the operator norm |Al|y2_p2 as follows:
[ To;] < 2[ A7 (D)2 < 2 Avave [ AT ve < - S V[ AR 2 (5:23)

We hence estimate the operator norm |Aly2_p2 as follows:

[ o) ar|

< 4l pyz [0« (€727 UP) vz, @ = €72 Ly
<

4He2iRezyuHDU2 ”esz‘Rez-ﬂ(bHDUQ < 8He2iRezyuHDU2 Hei%ReZﬂHDUQH(bHVZ’

|A(@) o =

2
DUy

3 We can restrict the supermum to step functions. If sup {B(v,u)||luly= = 1} < oo,
then v € V2, and if sup {B(v,u) | [v|y2 = 1} < 0 and u is right continuous ruled function
with lim;_, o u(t) = 0, then u € U?.
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where we used |[¢ « flv> = |¢"* fpv> < [ f]pv2, and hence
| Al < 8] ulfy.

We have indeed better estimates for Imz = 7/2 > 0: We can introduce the
localised version of DU?-norms:

lulspe = [xqs ssyulouz g

where (X[ E,k+l])  form a partition of unity, such that

T

; 1+ Rez+
[Avage < OB uf pye < C—— T

2
”u”lfDU% (5.24)
where [2DU? can be seen as a substitute of H2 such that H* — [2DU?
whenever sg > —%.

Therefore if |uf2py2 « 1, then by virtue of (5-23)-(5-24) the formal series
of T=1 = 1+3,., Ty; converges in the region {z € U [Tmz > 1+ [Re 2|} and
in particular on the half-line i[1,0). And generally, if u € [2DU?, then for
any z € U, there exist xg, 21 € R such that

V(1 +Rez + Tm 2) /T 2 (|[ul(—op.zo1 12 pv2 + [Ulfa 00 l2pr2) < 1/2C « 1,

and hence we solve the Lax equation first until zo (the solvability is
ensured by the above argument for the small norm case), and then solve the
Lax equation from zy to x; (the solvability on this finite interval [z, z1] is
ensured by |z € DU 2 and hence the Lipschitz property of the linear
flow), and finally solve the Lax equation from z; to oo (the solvability is
also ensured by the smallness), such that we can still define the holomorphic
function T!(z) as the first component of the solution at infinity.

In particular if z = 47/2, 7 > 1, then we have the following estimates for

Ty;,T5;, j = 2 similar as in (5.23)-(5.24]):

To] < (Clulzpu)®, [Tyl < CG)ulf (5.25)

27 .
.,-]DU2

Step 4 Conserved energies
Motivated by the formulations (5.21)-(5.22) of the H*-norm, we define
the conserved energy via

2sin(ms)

£.(u) — /100(72 C1YG(ir/2) dr —% <s<0,  (5.26)

™
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and for general N = [s] = 0,

£.u) = _QSin(WS) /100(72 _ 1)8<G(z’7/2) _ i(—l)leﬂ'Qll) dr

s
=0

ol S
+ 72 <l) GQ[,
1=0

where G(z) = Re InT7!(2) is a nonnegative harmonic function (as the real
part of the logarithm of the holomorphic function 7! with [T7!| > 1) on
the upper half plane U and Gy are the real coefficients of the expansion of
G(z) at infinity.

For —% < s < 0, we want to bound the following difference

(5.27)

2w~ Julfe] = [P [~ 1yRe 3, Tairy2) ar |
j=2

Recall the estimate (5.25) and we now want to bound the above difference
in terms of |ulgs: Let z = i7/2, then by use of the Littlewood-Paley de-
composition u = Zuuu, p=2,35=01,--- such that |u,]

we ~ dylul

Hs»
ldullee =1,
o0 o0
/ (72 — 1)*|To(i7/2)| dT < / (7% — 1)82 |A(L; @y, wy) (07/2)| dT
1 1 o
o0
< [ =1 S lunlaove ol dr
1 o
* 2 1 1 2
< / (12 —1)° Z dyp 2 *dyr™ 2 ul s AT + Z R Z
1 USUST u=T=v TZU=>v
T.1 s T.1 s
< D du(=) A (=) i+ DS e D S e
pUZv=T ® v u=T=v TZU=v
and similarly (but more complicatedly) we can bound
0
/ (7% = 1)*(|To;(i7/2)| + [Ty, (i7/2)]) A7 < JJull7 (Clluf per2)? 2
1
Hence if |u;zpy> « 1, then
1€ () — ulFr| < Cllullfepyelul?s, (5.28)

such that the conserved energy &(u) is equivalent to |u|
Sobolev norm |u

2. Therefore the
ms is “conserved” by the cubic nonlinear Schrédinger flow
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(if the solution exists). Indeed, if initially [uo[? pe < [uols < co « 1 such
1
that |Es(ue) — |uol s | < 2uol?s and 3]uoll7s < Es(uo) < 2|uolf?s < 2co, then
by the conservation law & (u) = E(up) (if the solution u exists globally in
time) and a bootstrap argument, we have (5.28) and the smallness condition
|u|%ppe S Julfs < 28(u) = 2E(up) < 4cp « 1 for all the times.  For
1
general initial data with |lug||z= = R < o0, we can do scaling ug () = Fuo(%)
as in Subsection [1.1.3] such that for A\ large enough

1
HU’O,)\| Hs < ||U07>\HHS = )\_(S+%)R < K ]_, if se (-5,0),
and for s = 0, we take )\ such that A\™2R < ¢y. Finally we get the bound for
|u|| s from the control for |uy gs.
For general s > 0, we can also derive the difference estimate |E(u) —
ul3:] < C’||u||l2%DU2HuH%{S, nevertheless we have to consider the finite expan-

sions of the terms ng, J < 2s+ 1 (similar as the finite expansion in the
integrand in (5.22)) for T, = T5 = N) and we do not go further here.
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