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1 What is Harmonic in Harmonic Analysis: the
Poisson extension

The problem we want to start our course with is the following: what is a
function f : R — R>?

The literal meaning of assignment of a value in the codomain to every point
in the domain presents some problems:

1. the set of functions is too large. Already if the target set were {0, 1}
then the set of functions would be given by characteristic functions of
subsets of R, obtaining a cardinality strictly greater than the one of
the domain;

2. there is no reasonable integration theory of such functions.

Mathematicians in different areas give different solutions: some Topologists
restrict their attention to continuous functions (solving the firs problem,
being enough to define values for a dense subset of the domain), some Dif-
ferential Topologists to co-differentiable functions, etc.

We start with the following definition.

Definition 1.1 (B). Let B be the set of bounded Lipschitz functions f :
R — R>, i.e. satisfying the following conditions:

e IC <o VzeR f(x)<C; (boundedness)
e AL <ooVz,yeR |f(z)— f(y)| < Llx —y|. (Lipschitz condition)

Note that the Lipschitz condition implies continuity in every point, so
that B is a subset of the set of continuous functions. Moreover the elements
of B are Riemann integrable in every compact interval [a, b]: given a partition
a=xp,...,ty = b we consider

N

Z(mn —ap-1) sup  f(x)
n=1 e[xn—lyﬁn}

N

Z(mn —xp—1) inf  f(x),
o— TE[Tn—1,Tn]

respectively the upper Riemann sum and the lower Riemann sum associated
to the partition. Notice that they are both bounded by C'(b—a), hence finite.
In particular their difference is bounded by

N
z:l(zn —2,1)2L < (b—a)L lg%xN(xn — Tp_1)
n—=
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which goes to 0 as the biggest interval in the partition goes to 0. This allows

us to define ,
| s

as the limit of both of these sums in the previous sense.! Moreover we define
00 b
/ f(z)dx = sup/ f(x)dzx.
—o0 a<b Ja

where the supremum may be oco. Finally we denote with B; the subset of B
of all functions f such that [*°  f(z)dz < co.

Ezample 1.2.

1 © 1
1—|—Jj’2 681,/_00 1+x2d.ﬁlf:’ﬂ'.
This example is particularly useful in view of our starting problem. If we
define the Poisson kernel Pi(y) : R — R>q by

1 ¢

Pi(y) = ;m,

then for every fixed ¢ > 0 the function P;(y) € By, namely

/_Zpt(y)dy 1.

We "embed" a general f € B into the upper half plane by defining for
(z,t) € R x Ry the function

Fa,t) = / T - )Py = /_ T H )P — y)dy,

which we call the Poisson extension of f. We claim that F still contains the
information of f but it is the "right" way to look at it.
Computing some derivatives of P;(y) we obtain

OPU) = 1
857315(1/) = im
o) =+
P =

1One should show that this definition depends only on the property that the biggest
interval in the partition goes to 0 and not on the choice of the points of the partition.
This is straight-forward once observed that taking a refinement of a partition the lower
Riemann sum associated increases and the upper one decreases. Therefore we have that for
any two partitions the lower Riemann sum associated to the first one is less or equal to the
upper Riemann sum associated to the second one (by passing to a common refinement).



so that
APi(y) = (05 + 87)Pi(y) = 0.

Therefore by good properties of integrability of partial derivatives of Py(y)
we have

0o F (1) = / 7 F@ - )0, Puly)dy
etc.

In particular
AF =0

and being F' a solution of the Laplace equation Au = 0 we call it harmonic.
Now we want to prove what we stated above, that we can recover f from F'.
We claim that

Claim 1.3. The pointwise limit of F' to R x {0} is the function given by
(2,0) = f(z).

Proof. 1t is enough to show it at (0,0) so that the result follows by a simple
translation argument.
For 0 < e < 1 set |z|,t < &2

|F'(x,t) — f(O)] < | y (f(z —y) = f(0)Pe(y)dy|+
y|<e
+ | y (f(z —y) = f(0)Pe(y)dy| <
y|=e
<2Le+2C Pi(y)dy < 2Le + 4Ce
ly|>e

where the last inequality is due to our restriction on ¢ that gives

[\

€

Pt(y) S R

<

which is an integrable function on the domain {|y| > ¢} with integral 2. [

Remark 1.4. In the proof the Lipschitz condition on f is not necessary,
continuity of f is enough and the argument would be slightly more technical.

Summarizing the properties of F’ we have:

e F'is harmonic in R x R+, has a continuous extension to R x R>q and
coincides with the function (z,0) — f(z) on R x {0};

e [ is nonnegative and bounded by the same constant of f.



Claim 1.5. F is the unique function with these properties.

Remark 1.6. The idea is that we get a bijection of B with the set of functions
with the properties stated above. Then we can forget about the starting
definition of functions we used for f and consider this one as our definition.
The extension of the idea of function will be given by not asking for the
condition on F' to have a continuous extension to R x R>q.

Proof. We are going to use Complex Analysis machinery. Moreover we are
not going to use the nonnegativity condition of f nor asking for the same
property of F.

First of all we observe that it is enough to consider the case f = 0. In fact if
f # 0 had two such extensions to the upper half plane F} # F5 then the func-
tion f = 0 would have two too, the function constantly 0 and Fy — F5 # 0.
Suppose F'is an extension of f = 0 satisfying the wanted properties.
Through Schwarz reflection principle we extend F' to a continuous and har-
monic function? in R? by setting for ¢t < 0

F(z,t) = —F(x,—t).
Then there exists a holomorphic function h on R? = C such that
F = Re(h),

namely the primitive of 9, F — i0:F.
Therefore the function e” is holomorphic and bounded on C because

Re(h) F

e =e =e'.

By Liouville’s Theorem we get that e has to be a constant, thus also A is.
Since Re(h) = f =0 on R x {0} we get that

F =Re(h) =0.

The proof leads us to consider the following set.

Definition 1.7 (M). Let M be the set of all functions F': R x Ryg — Rx>g
satisfying the following properties:

e two times continuously differentiable and AF = 0 on R x Ry, i.e. it
is harmonic;

eVt >0 Ssupepys F(,t) < oo;

ZWhile the continuity of the extension is trivial, the property of being harmonic in the
points of {0} x R is a more delicate issue. We refer to page 65 of the Lecture Notes of the
Complex Analysis course taught by Prof. Thiele in the Sommersemester 2016.



e Vt>0 [T F(zt)dz < occ.

As we are going to prove, there is a bijection with the set of all nonneg-
ative Borel measures on R.
We turn now to the second of the problems with the literal definition of
function we stated in the beginning: what does it mean for a function to be
integrable in R?
For a nonnegative integrable function f we should expect [ fg to be defined
in R>¢ for all g € B and satisfy the linearity condition

/f(A91+92):)\/f91+/f92

for every A € R and g1, 92 € B.
This gives us the motivation to introduce the following:

Definition 1.8 (Integral, B’). An integral is a map A : B — R>( such that

e (linearity)
A(Ag1 + g2) = M\ (g1) + A(g2)
for every A € R and g1, g2 € B;

e (monotone convergence property)

sup A(hy) = A(1)
N>0

where hy is the function defined by

Nyz for —N<2<0

N
hy(x) = NJ;“” for0 <z <N
0 otherwise.
! hy(x)
U T ) x
—-N N

We denote by B’ the set of all these integrals.
The relation between B’ and M is established by the following result:

Theorem 1.9 (Riesz-Herglotz Representation Thm). If A is an integral then
the function defined in R x R<q by

F(z,t) == A(Pi(- — x))

is in M. Moreover this map provides a bijection from B' to M.



Proof. We postpone the proof to the next lecture. O

We conclude this lecture with the following example

Ezxample 1.10. Let H be a Hilbert space, for example one of finite dimension

is CN with norm )
N 2
2
|z]| = <len| )
n=1

N
(@,9) = TnTn-
n=1

However the result we are going to prove holds also in the case of infinite
dimensional Hilbert spaces.

Let T': H — H be a bounded linear operator, i.e. there exists C' € R>q such
that

and inner product

[Tz| < Cll]],

and define the operator norm

| Tz||
|Tzl|,, = sup
P a0 Nl

and linearity means

T(Ag1+ g2) = NT'(g1) + T(g2)

for every A € C and g1, g2 € H.
We also assume T to be self-adjoint, i.e.

(Tz,y) = (z,Ty)

for every z,y € H.
Then we can state the following version of a Spectral Theorem:

Theorem 1.11. For z € C such that Im(z) > 0, T + z is invertible and for
all z € H the function

{Im(z) > 0} 2 2 = Im((z, (T + 2)"'z))
s in M.

Proof. Pick A > 0, A > [T, We claim that 7'+ i is invertible. The idea
is to use variants of the well know series for € < 1

1 = &
1—5225'
k=0

co



In the same fashion to exhibit the inverse we consider the formal series
[e'e] . k
T
i\t = .
(YN ( 5 )
k=0

The operator norm of the argument of the geometric series is strictly smaller
than 1 by definition of A\. Therefore the series converges to an operator

H— H.

Ezercise 1.12. Prove that this formal definition gives the actual inverse, i.e.

[e'e) . k
(T +iN) A (ZAT> T = 7.
k=0
Formally
(T+2) e =(T+ix+ (z —iN) 'z =

[e.e]

= (T+iN) [~(z = iN(T +i)N) "z (%)
k=0

(T + iz ]|* = (T + i)z, (T + id)z) =
= (T —i\N(T +iNzx,z) =
= {((T? + XN)z,z) > (A2 = C?) (z,2)

where C' = ||T'[| ,,,. This implies that 7'+ i\ is invertible and

1
w= o

A sufficient condition to ensure convergence of the sum in (x) is

|z — )| _ \/Re(z)2 + (A —Im(2))?
NoeErss N

which is easily verified, once z with Im(z) > 0 is fixed, by choosing A big
enough. Therefore z — Im((z, (T + z)~'x)) is harmonic because it is the
imaginary part of a holomorphic function (the series expansion around i\ is
clear in (*) and the series expansion around a generic zp can be foreseen).
To prove it is nonnegative consider that for # = (7' + z) "'z we have

Im (<x, (T +2)"" 3:>) =Im(((T+2)z,2)).

1T + i)~

<1,

Then
2 (T4 2)8,8) — (5, (T +2) ) = o {( ~ ) 8,2) =
_ 22_22 (#,%) = Tm(z) (3,3) > 0



Exercise 1.13. Prove the two remaining properties of elements in M, namely:
® Vi>0 Sup,cc im(z)>¢ Im <<x, (T +2)"" ;1;>) < 00;

eVt>0 [ Im <<:L", (T + (s +it)) ™ :L">) ds < oo.

2 Review
2016-10-20

Before beginning, it is useful to recall the definitions of M, B and B’. First,
we say that a function F' : R x Ryo — R>g € M if it satisfies the following
conditions:

e F'is twice continuously differentiable;
o AF(x,t)=0,V(z,t) € R x Rsog;

o V1> 0;supeppsy F(2, 1) < +oo;

o Vi >0; ffooo F(z,t)dz < +o0.

We denote by B the set of bounded Lipschitz functions f : R — R, i.e.
satisfying the following conditions:

e ICVz eR f(z)<C, (boundedness)

e JLVz,ye R |f(z)— f(y)| < Lz —yl. (Lipschitz condition)
Finally, we define the space B’ as the space of A : B — Rx( such that

e VfgeBVA>0ANf+g) =A(f)+ Alg).

e (weak monotone convergence)

sup A(hy) = A(1)
N>0

where hy is the function defined by
Nz for — N <z<0

hy(x) == NJQ“ forO<z <N

0 otherwise.

In this lecture, we will prove in detail the following



Theorem 2.1 (Riesz-Herglotz Representation Theorem). If A is an integral
then the function in R x Rsq by

F(z,t) = AP:(- — x))

s in M. Moreover this map provides a bijection from the set of all integrals
to M.

Let us work a bit more on those definitions, before we start the proof of
the Theorem.

Example 2.2. We give an example of a function on the space M. Let

1 ¢
Pt =Tere

By what was done on the last lecture, we already know this is a twice con-
tinuously differentiable function on the upper half space R x R~q. Moreover,
we also know it is harmonic. To prove it is in the space M, just two more
properties are left:

o Vi > 0; sup,cg y~y F(2,t') < +o0. In fact, for our function we have

that sup,cp y~; F(2,t') < +00. = %

o Vit > 0; ffooo F(x,t)dr < 4o00. In fact, one can show that F(z,t) =
%F (%,1), and therefore all those numbers are equal to 1.

A more careful verification of those assertions will be left to the reader.

We now proceed to explore some of the properties of elements of the
space B'. Given a A € B', we can extend it into the space B — B = {f =

J1— fas f1, f2 € B} by
A(f) == A(f1) — A(f2).

Of course, we must still verify that this extension is well defined. Indeed,
fi—fa=91—92 = fi+92 = g1+ fa. As both are positive functions, we have

A(fi + g2) = Mar + f2) = A(f1) — A(f2) = A(g1) — A(g2). This concludes
the verification.
For this extended A, we have the following continuity property:

Claim 2.3. There is a positive constant C = A(1) > 0 such that, for all
flv f2 S Bv

AL = fo)l < ngﬁ [f1(2) = fo(@)] = Cllf1 = fallo-

Proof. Define the functions g; = max{f1 — f2,0}, g2 = max{fo— f1,0}. g1 is
commonly called the positive part of fi — fo, and go its negative part. Notice

11



that fi — fa = g1 — go.
Now suppose, without loss of generality, that A(g; — g2) > 0. Then

AGH — £2) = Algr — 92) = Algr) — Algo)
< A1)
= A(supg1) — A((supg1) — g1)
z€R z€eR
< A(supg1) = A(1) - sup g1
z€eR z€R
< A1 )sup|f1( ) — fa(=)],

where we used that ga > 0, (supycr 91) — g1 > 0. This proves the claim. [

Remark 2.4. As a corollary, if a sequence f,, — f on the norm || - ||, that
is, if sup,eg | fn(z) — f(x)| = 0 as n — oo, then A(f,) — A(f). The details
are left to the reader.

After having proved this, we will use its weak monotone convergence to
prove the full, usual monotone convergence.

Claim 2.5 (Monotone Convergence Theorem). If f,, f € B are such that
fn A f, that is, fy, are a monotonically non-decreasing sequence, with sup,, f,(x) =

f(z). Then
A(fn) /7 A(S).

Sketch of proof. First of all, we assume, without loss of generality, that
A(1) = 1. Fixing € > 0, we take N > 0 large enough such that A(1—-hy) < e.
We then write

A(f) = A(fhn) + A(f(1 = hn)).

The second summand is controlled by sup,cg f(2)A(1—hn) < esup,er f().
But now fhy has compact support, and, putting together the monotone
convergence of f,, with an uniform continuity argument, we see that f,hy —
fhx uniformly. A formalization of this is left as an exercise to the reader.
From the remark above, we get that, for sufficiently large n, A(f,hn) is
e-close to A(fhy). Putting all together concludes the proof. O

To simplify notation, we will from now on call

1 t
Pily —x) = ;m = Pra(y).

2.1 Proof of the Riesz-Herglotz Representation Theorem

We prove first that F'(z,t) = A(Pp;) is in M. For that, we must prove
several assertions:

12



1. We will prove that F' is continuously differentiable, and the reader
can prove the existence and continuity of further derivatives by an
analogous method. We claim that 0, F(x,t) = A(0yPy). In fact,

P. — P,
_ ‘A( wtht — Lt c%Px,t)‘

— N0y Py y)

h

F(z + h,t) — F(a,t)
| ;

By uniform continuity, it suffices to estimate

1
‘h[Px-l-h,t - Px,t} (y) - axpx,t(y)‘ § sup |hagpx,t(y)| =h sup |6§Px,t(y)|v
zeR zeR

where we used a Taylor expansion to bound the difference above. No-
tice that the supremum ignores the action on y above, which concludes
the proof of the differentiability of F.

2. Since AP, ; =0, and by the first item, we must have that

AF = A(AP, ) = A(0) = 0.

3. If t' > ¢, then we see that F(z,t") = A(Py) < Csupyegp Py (y) <
C c

! = wt*

4. Let a > b € R be arbitrary, and let us evaluate

b b
) b—a
/a F(z,t)dz = /a A(Ppy)dz = lim mz_ A(Pa-kbﬁm,t) M

M b
. b—a
= Jim A (Z_IP e M) =4 </ b dﬂ”) = A

. M b—a
where we used the uniform convergence of ) ., P, Wby M to

f(f P, tdx — which can be accomplished by a thorough calculation — to
pass the limit to inside A. As a > b were arbitrary, we conclude that

/ F(z,t)de < A(1), Vt > 0.

—00

This shows that F'(z,t) € M. Now we are only left with the task of show-
ing that this map is, in fact, a bijection. Fortunately, there is an explicit
expression for the inverse map: given F' € M, we define

t—0

A(f) == lim/Rf(x)F(ac,t)dx.

Of course, first we need to show the existence of the limit. We do so in some
steps:

13



A If f =1, the limit exists, as we have that

/R Fz,t)dz = /R /R Fy, t1)Pos,y 1, (y)dy dz — /R Fly, t2)dy.

Here we have used Fubini’s theorem for the last equality, along with
Poisson’s representation formula for both.

B Assume f(z ng y)dy, for some g € By, and some s € Rx.
In this case, we have

/Rf(:v) :zrtdx_// P, t)dy da
:/Rg(y)F(%tJrs)dy:/R(/Rg(y)nyt(y)dy> F(z,s)dz.

In this calculation, we have used Fubini’s theorem twice, along with
Poisson S representation formula. To conclude, we must only see that
ng y)dy — g(z) uniformly as t — 0, but this was already
proved last tnne. This establishes this case.

C Let f € B be arbitrary. This case should be handled by approximating
uniformly f by [z f(y)Pe(y)dy. The end of the argument — that is,
the € —§ part — is left as an exercise.

As we already know the limit exists, we shall advance into showing that the
maps so defined are mutual inverses.

1. Let A be defined from every given F' as above. Then we know that

A(Pyy) =lim [ Pyy(y)F(y,s)dy = lim F(z,t+s) = F(x,t).
s—

s—0 R

Here we used the continuity of F' on the last equality, and Poisson’s
representation formula on the second to last one.

2. Let F be defined from every given A as above, and let f € B. We write
down

lim /R F@)F (e, t)de = lim Jim_ / fa
. . . 1 2N
= jixg g fm A (M Zl FEN+ Mm>P—N+17mvt)
= lim lim A [ lim —Zf N+—Nm)P oy
t—0 N—oco M—oco M M N+Frmpt
-ty g (/s
~ A ([ f<x>Px,t<y>dm) — A(),

14



where, to justify the exchange of A with the various limits, we used the
uniform continuity property we proved, a Riemann sum decomposition
on the finite integrals on the second equality and the full monotone
convergence on the penultimate inequality.

3 Primitives of martingales and measures

We start recalling the definition of M, namely that we say a function F :
R x Ryog =+ R>o9 € M if it satisfies the following conditions:

e two times continuously differentiable and AF =0 on R x Ry, i.e. it
is harmonic;

eVt >0 supepyst F(w,t) < oo;
e Vt>0 [% F(x,t)ds < oo.
We give the following

Definition 3.1 (PM). Let PM be the set of all functions F' : R x Rs¢ —
R>¢ satisfying the following properties:

e two times continuously differentiable and AF =0 on R x Ry, i.e. it
is harmonic;

e Vt >0 F(x,t) non-decreasing in x;
e it is bounded, i.e. 3C < oo Vz,t F(x,t) < C;
o Vt >0 inf,cr F(z,t) =0.

The P in PM stands for "primitive" and the meaning is explained by
the following

Theorem 3.2. Let F' € PM. Then 0,F € M.

Proof. 1. Since F' is harmonic then it is infinitely differentiable. In par-
ticular 0, F is twice differentiable and A0, F = 9,AF = 0.

8IF(m,t+8)—/ OyPui(y)F (y,s)dy

because, as seen in previous lessons, F' is its own Poisson’s extension
at every level. Boundedness of F' implies the bound

C/ 8y77$,t(y)dy S CCt

15
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b
vt >0 / 8, F(z,t)dx = F(b,t) — Fla,t) < F(b,t) < C.
]

We would like to exhibit an inverse of this map. The trouble with the
naive idea of taking the integral of F' in the first variable is due to the fact
that 1r_,(2), the characteristic function of the set {z < z}, is not in B.
However we can approximate it with functions in B in the way described by
the following

Lemma 3.3. Let FF € M. Then

/;F(z,t)dZZ inf / 9(2)F(z,t)dz

QEB,QZHR<I

= sup /h(z)F(z, t)dz

heBh<lp_,

s a consistent definition, namely both the infimum and the supremum exist,
are finite and equal.

Proof. We first observe that for g,h € B such that h < Ir_, < g then by
nonnegativity of ' we have the trivial inequality, which is then preserved by
taking the infimum over g and the supremum over h.

To prove the non trivial inequality we fix € > 0 and consider the following
functions

1 forz<z-—¢ 1 for z <z
g-(2) =R =% forx—e<z<z, g+(2) = == forx<z<z+e
0 for z >z 0 for z >z +e.
_— Ir.,
9 | ~_ I+ .
Tr—& x xr+ e
Then

<c / (94(2) — g-(2))dy < Cie.

Therefore the infimum over g is bounded by the supremum over A plus Cie.
But € is arbitrary, hence we get the claim. ]

16



Remark 3.4. We could have "overkilled" the problem by using a result on
monotone convergence. However we are trying to build a theory that fits in
backgrounds we don’t want to fix and therefore it is preferable to rely on
naive computations as far as possible.

The obvious consequence is the following

Theorem 3.5. Let FF € M. For (x,t) € R x Ry set

G(z,t) = /x F(z,t)dz.

—0o0
Then G € PM and 0,G = F.
Proof. The proof is left as an exercise. O

Recalling the bijection between M and B’ we are led to ask ourselves
what objects on the real line correspond to elements of PM. We expect
them to be the "primitives" of nonnegative Borel measures. The meaning
will soon be clarified.

We want to understand the limiting object

T

“lim F(z,t)dz".

t—0 | _

o0
We know that for F € M then
o
lim g(2)F(z,t)dy
=0 J_

exists for all g € B. Since 1r_, is not in B, as in previous Lemma we get
around the problem defining the two functions

fr(z) = g%gl% lim [ g(2)F(2,t)dz

filx): = sup lim [ h(z)F(z,t)dz.
heBh<lg_, 70

In general these two functions are not equal, therefore the limiting object
we wanted to study is not uniquely defined and there is no way to choose
one above the other. However f; and f,. are trying to be equal in the way
enlightened by the following

Lemma 3.6.

17



Proof. For the first claim we trivially have that for h < 1r_, < g then

/ h(2)F(z,t)dz < / g(2)F(z,t)dz

and the inequality is preserved when passing to the limit as t goes to 0.
Therefore it holds when taking the supremum over all possible h on the left
and the infimum over all possible g on the right.

For the second claim we observe that for the function

1 for z <z

g(z) =< L2 forx<z<y

T

=
0 for z > y.

we have Ig_, < g < 1g_,,g € B. Therefore

fr(x) <lim [ g(2)F(z2,t)dz < fi(y).

T t—0

fi and f, are easily both monotonic non-decreasing. Moreover

Lemma 3.7. f; is lower semicontinuous (and in this case it coincides with
being left continuous), i.e.

i% filz) = fily).

fr is upper semicontinuous (and in this case it coincides with being right
continuous), i.e.

3131{‘1; fr(x) = f?“(y)‘

Proof. We prove the first claim, the second one being symmetrical.
Fix ¢ > 0. By definition of fi(y) there exists g < 1gr_,, g € B such that

fily) < %21[1) 9(2)F(z,t)dz + .

Since g is Lipschitz (say L-Lipschitz, for L < co) then for
1 for z <y — %

g2(2) = Ly—Lz fory—4<z<y
0 for z >y

we have

fily) < %gl% g2(2)F(z,t)dz + €.
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93 ‘ g2
y—% Y1 v % v
Therefore for
1 forzgy—%

93(2) =< Ly —e — Lz fory—l#<zgy_%
0 for 2 >y — 7,

since sup,cgr|g92(2) — g3(2)| < €, we have

fily) <lim [ g3(2)F(z,t)dz+ Ce+¢

T t—0

where C' = sup, [ F(z,t)dz, which actually doesn’t depend on ¢. By taking

r =y — + and since f; is monotonic non-decreasing we are done. O

We are finally ready to define the set of "primitives" of nonnegative Borel
measures.

Definition 3.8 (PB’). Let PB’ be the set of all pairs of monotonic non-
decreasing functions f, f, : R — R satisfying the following properties:

o Vz  fi(z) < fi();

o Va<y fi(z)< fily);

o infyer fr(z) = 0 = infer fi(2);

e f; is lower semicontinuous, f, is upper semicontinuous.

Theorem 3.9. There is a bijection PM — PB' given by sending F € PM

to
filx)= sup lim [ h(2)0.F(z,t)dz
heB,h<lp__ t—=0
fr(x) = geB,;gfllua@ }g% 9(2)0.F(z,t)dz.
Proof. The proof is left as an exercise. O

The map PB’ — B’ given by

(ot (88390 [ a@an).

where the last one is a Riemann-Stieltjes integral, is a bijection and close
the following commutative diagram
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M+—— B

L

PM —— PB

Before introducing our next tool we would like to comment on what we
learned from extending harmonically functions on the real line to the upper
half plane.

First of all we recall that there is no canonical way of defining a unique
limiting object on R for F' € PM. If one between f, f, (and therefore both)
is continuous in a point then their values are equal and the limiting object
is well defined in that point. The problem arises in points of discontinuity,
where there is no way to assign canonically a value in the interval between
ones of f; and f.. However the set of points of discontinuity for a monotonic
bounded function is countable.

Secondly, for A € B’ we have a way to define it on the characteristic functions
of intervals by setting

A(:H'R<:c) = fl(x)7
ALy p)) = fi(b) = fia).
This explain how we can interpret B’ as the set of nonnegative Borel measure

on R.
Finally, to "embed" f € B in the upper half plane through the harmonic

function F' we used translation and dilation of the function %ﬁ, namely
1 t
T2+ (y — )%’

where the dilation parameter ¢ varies in R-g and the translation one x in
R. However we could have used another function, for example 1), and a
countable set of dilations and translations. The extension will be no more
harmonic but this new way allows us to use better tools to do some Analysis.

3.1 Discrete upper half plane

We start with some definitions to set our work enviroment.

Definition 3.10 (Dyadic interval, ®). A dyadic interval is an interval of

the form
[2Fn, 2% (n + 1))

with k,n € Z, k is called the scale parameter.
We denote by ® the set of all these dyadic intervals.
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Remark 3.11. Ve e RVk € Z
AneZ:xel2%n,25n+1)).
Remark 3.12. If I € ® then there exist I, I, € © such that
I =nUlI,.
Remark 3.13. If I, J € © then one of the following is true:
INJ=0IcJJcl.

The way to prove is by observing that dyadic intervals are nested. The
formalization of the argument is left as an exercise.

While big tool to do Analysis on the "harmonic upper half plane" was
Complex Analysis machinery, on the "discrete upper half plane" it is Combi-
natorics. The two things go hand in hand, as we will see later on, and being
able to translate between the two languages and reformulate problems may
help in finding solutions. While the former is more elegant, the latter can be
very useful when it comes to deal with actual computations and gets hands
dirty.

Definition 3.14 (Martingale). A function F': ® — Rx¢ is called martingale
if for all 1 € © it satisfies

1
F(I) = S(F(0) + F(1).
Remark 3.15. This property is a discrete version of the mean value property,

therefore a discrete version of harmonicity.

Definition 3.16 (Myp). Let Mg be the set of nonnegative martingales sat-
isfying the following properties:

e VkeZ
> 2P F([2n, 28 (n + 1)) < oo;
nez

o V{I,},cn C D such that I, 11 = (1),

limsup| I, |F (I,,) = 0.

n—o0

This definition matches with the one of M. "Harmonicity" condition is

already required in the definition of martingales. The first condition trans-
lates the condition of integrability of F' for every fixed value of the scale
parameter ¢ < 0, namely [ F(z,t)dz < co. Moreover, together with mar-
tingale property, it implies the condition of boundedness of F' above every
fixed value of the scale parameter ¢ < 0, namely sup,cg y~; F(z,t') < +o0
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(as we will see in the next lecture). The second property is a technical one
and is a consequence of having chosen intervals to be closed on the left and
open on the right, therefore we choose the limiting object of F' € Mg to be
left continuous.

Remark 3.17. Notice that symmetrically we could have considered intervals
open on the left and closed on the right and asked for the same condition with
{Jn}neny € D such that J, 11 = (Jn);; we would have got the limiting object
of F' to be right continuous and obtained a theory completely symmetric.
This double choice is due to the existence of fj, f, and the issue of non
uniqueness of the limiting object.

Therefore we can state a dyadic version of Riesz-Herglotz Thm 1.9.

Theorem 3.18 (Dyadic Riesz-Herglotz Reperesentation Theorem). Given
F € Mgy then there exists a unique A € B’ such that

o ifr <O

Y LIFI) = A((—c0,2));

1€®,x€l,

e ifx >0

S ILIF(n) = A([0,2)):

IE@,IEIT
sup Y |LIF(L) = A((—00,0)).
2<0 e zel,
The map sending F to A provides a bijection between Mgy and B'.
Proof. We postpone the proof to the next lecture. O

Remark 3.19. We distinguish the cases x < 0,2 > 0 because every dyadic
interval with positive extremes is disjoint from every one with negative ex-

tremes.
23
[07 23) [237 2. 23)
22
I
[0, 22) [22,2-22) |[2-22,3-2%)
1 [
20 L 1
1 2 3 45 6 7 8 9 1011 12 13 14 15 16
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4 Review
2016-10-27

Let us recall some definitions from the last time: let ® be the set of dyadic
intervals, i.e., intervals of the form I = [2Fn, 2¥(n 4 1)), where k,n € Z. For
every dyadic interval, we call [; = [28n, 28(n+1)), I, = [2¥(n+3),2%(n+1)),
respectively, its left and right subintervals. Given these definitions, we say a
function F': ® — Rx¢ is a (positive) martingale if, for every interval I, the
following is satisfied:

IF(I) = [L|F (L) + [ [F(1).

Finally, we define the specific space of positive martingales we will be inter-
ested in:

Definition 4.1 (Mg). Let Mg be the set of nonnegative martingales satis-
fying the following properties:

o VkecZ
S 2k F([240, 24 (n + 1)) < oo
neL

o V{I,},cn C D such that I, 11 = (1),

limsup| I, |F' (I,,) = 0.

n—o0

With these in hands, we state our first

Lemma 4.2. 1. 35 ;o [I|F(I) = |[F||1 is independent of k. We will
denote this quantity simply by ||F||;.

2. If T is a collection of pairwise disjoint intervals in ®, then

Y MHIFI) < |||

Iel

3. If, in addition, I C J, VI € Z, then
D UIFI) < [JIF ().
IeT
Sketch of the proof. 1.

i 1
S I|F(r) ML N B P(L) + |1 F(I)}
|T|=2F |T|=2F

= Y [IF().

=2+

This proves the desired independence of the sum on the scales.
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Y MIF() =suwp > [IF(I)

IeT IeT
2= N« 1|<2N
tingal t
AR PP ST IR < |1
[T|=2—~;

3J€T;
2-N<J|<2N 1cJ

3. We skip this proof and leave it as an exercise, as it is an application of

the techniques present in the two prior items.
O

4.1 The dyadic Riesz-Herglotz theorem

We advance to the main point of this lecture: the dyadic Riesz-Herglotz
theorem

Theorem 4.3 (Dyadic Riesz-Herglotz Reperesentation Theorem). Given
F € Mgy then there exists a unique A € B’ such that

o ifx <0

Y LIFI) = A((—00,2));

IGD,IGIT

e ifx >0

Y LIF(L) = A([0,2));

Ie®,x€l,
sup Y |LIF(L) = A((—0,0)).
<0 rem zel,
The map sending F to A provides a bijection between Mg and B'.

Proof. Define the following function:

Y reower, [IIF (), if z <0,
Jil@) == §supyco Do yer, [IIF (D), if 2z =0,
fi(0) + ZIe@,er,,. \L|F(L), ifx>0.

We want to show that it is an element of PB’, so that, from the fact that
PB’ and B’ are in bijection, we indirectly prove the Theorem. Thus, we need
to show:

1. f; is non-decreasing.

2. f1 is lower semicontinuous.
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3. limsup,_, ., fi(x) =0
4. f; is bounded.

To simplify the technicalities, we present only a proof for < 0, and leave to
the reader the task of adapting the arguments here presented to the positive
real numbers. We first prove (4): First, observe that {I;; « € I,} is a pairwise
disjoint collection of intervals. Indeed, suppose not, that is, 3z’ € I ; N Iy.
As Ii, and I, are dyadic intervals, we may suppose that I1, D Io,. It is
easy to see that, for every pair of points x < y < 0, there is one interval
J € ®© of minimal length, and such that x,y € J. It is also not hard to see
that I, is this interval for 2’ and z. As I, C I ,, we conclude that Iy C I,
and, therefore, z’ € I ,. But this is a contradiction to the fact that 2’ € I ;.
Now, we simply apply Lemma 4.2 to the collection {I;; x € I,}, and this
implies directly that
> LFEm) < |IF|h.

IE@J?EIT

Now we prove (1). Let z < y < 0 and select the interval J as above, such
that z,y € J, x € J; and y € J,.. Then

fily) = > LIF(L) > Y |L|F (L) + |1 F ()
yelr z,y€EIl,

Lemma 4.2
> Y LF@W)+ D> [LIF®D).

z,y€lr z€lr,yélr

This ends the proof of (1).

To prove (2), we distinguish our situation in two cases:

Case (a): There are infinitely many k < 0 such that |I| = 2% and y € I,. In
this case, there is a k such that

> ILIF(L) + & > fily).
yel,
|I-|>2F

Pick |J| < 2%, y € J,. If z € J;, then

fite) = Y LIF(L) > fily) — .
yelr
122"

This establishes the desired lower semicontinuity in this case.

Case (b): There are only finitely many k < 0 such that |I| = 2¥ and y € I,.
This means that y € I; for all intervals I with |I| = 2%y € I and k < k.
Then y is the (left) endpoint of some J € ©. In this case, we now use the

property that
2°F(ly — 2%,9)) = 0 as k — —oo,

25



and writing the explicit formula for f;(y) and f;(x), z < y once again will
do. The details are left to the reader.

Finally, we come to prove (3). Notice that, from the martingale property
and the definition of || F1,

> 2FF([2M —28)) < ||F L.
keZ

Pick then kg > 0 large enough so that

(F(=2%) =) > 2"P([-2F, —2%)) <.
k>ko
This proves that f; € PB’, and, therefore, there exists such a A € B’. To con-
struct the inverse, we take, for every given A € B, the function f; naturally
associated to it (see Lecture 3), and define F([a,b)) = W. Verify-
ing that this is the inverse is a simple calculation, and we leave it as an
exercise. ]

4.2 The dyadic maximal function and existence of limits

Now we pass to a topic which is related, yet not that closely, to the last one.
Explicitly, let first F' € Mg, and define, for x € R, k € Z, the interval I,
as the unique dyadic interval such that « € I ;, and |1, ;| = 2k,

Question 4.4. Does the limit

lim F(I;)

k——o0
exist? For which 7?7 For how many z?

The fact that the limit does not always exist can be shown by an explicit

example: define
1 .
F(I) _ m, lf 0 S I,
0, ifoégl1.
Of course, this example does not allow a limit at 0.

As every convergent sequence of real numbers is bounded, we can relax the
convergence assumptions, and go to a yet more general question:

Question 4.5. When is supy, F'(I, ) < +oo ? For which and/or how many x
does it exist?

This leads to the following definition:
Definition 4.6 (Hardy-Littlewood maximal function of F'). Let F' : ©® —

R>¢ be a martingale. Define, then, its Hardy-Littlewood mazimal function
as the real function

Mo F(z) :=sup F (I ).
k
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This definition might seem artificial at first sight, but let us have a look
at a more natural way to build maximal functions.

Ezxample 4.7. Let dx be the Lebesgue measure on R. Define, for some inte-
grable function f : R — Rx,

b
Fua,b) = ;= [ fo

It is easy to check that this definition gives rise to a martingale (although it
is not on the space Mg, but we will not bother this for now). Then, from the
definition above, we can just define the Hardy-Littlewood maximal function
of f — or, more specifically, of F — as

1
sup o / J()dt = Mo Fy(2) (= M (2)).

zele®

Let now F' € Myg. Define, for every N € N, the sets
IN={1€®D;F()> N and AJ;F(J)> N and J D I.}.

From the definition, we have that

N Y U< Y HIFU) < ||F)||L

IeIyn Ieln
[EIF!
= Il < .
S
Ieln

Also, if Mo F(z) = 400, then, for all N, there is I € Zy with = € 1.

Definition 4.8 (Vanishing outer Lebesgue measure). A set £ C R is said
to have vanishing outer Lebesque measure if

inf Il =0,
L ]Ez; 1|
where the infimum is taken over all possible coverings of E with elements in
9, i.e.,
Ec|JrI
Iel

With this definition, we can already define the following Theorem, to be
proved on the next lecture:

Theorem 4.9. If F € Mgy, then the set {x € RyMgpF(x) = +oo} has
vanishing outer Lebesgue measure

The popular way to state this would be: “If F € L', then MpF < +00
almost everywhere in R.”
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5 A dyadic proof of the decomposition theorem for
nonnegative Borel measures

Before starting we would like to comment on the difference between F'(I) and
|I|F(I) hoping this will clarify their meaning and make it easier to under-
stand when we need one or the other. F'(I) can be thought of as an average
of a function over the dyadic interval I. Therefore |I|F(I) corresponds to
the value of the integral of the same function over I.

We recall some definitions:

e D is the set of dyadic intervals [n2¥, (n + 1)2%), where n, k € Z;
e My is the set of functions F': ® — R>¢ such that:

LVIeD  |IF(D) = |LIF(L) + LIF (L)
2. dk € Z such that
> HIF(I) < oo

|I|=2k

The sum is independent on k (once assumed first condition), we
call it total mass of F and denote it by [|F||,;

3. Y{In},eny C D such that I, 11 = (1),

(limsup =) inf|L,|F (I,) = 0;
n

n—oo

e given F' € My we define Zy = Zn  the set of maximal (with respect
to the inclusion) dyadic intervals I such that F'(I) > N.

We want to use the theory and language we developed for the discrete up-
per half plane extension to prove the result on canonical decomposition of
nonnegative Borel measures into absolutely continuous and singular part.
We start observing that

N Y U< Y HIFU) < |FL,

IEIN,F [EIN’F
by the very definition of Zy r.

Definition 5.1 (Absolutely continuous). F' € My is called absolutely con-

tinuous if
inf > FI) =0.
IEIN,F

This condition is not verified by every F' € My.
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Example 5.2. F' € Mg defined by
1 .
0 if0¢lr

is not absolutely continuous. It corresponds to the Dirac delta ¢;

Example 5.3. F' € Mg defined by
1 if1Cjo,1
F(I) — 1 = [07 )
0 if1¢Z10,1)
instead is absolutely continuous. It gives the measure defined by ]1[071)(33).
Definition 5.4 (Singular part). Let F' € Mgp. For J € ® we define
1
— > [IFI) ifJgTIforallleIyp

Gn(J) = | |IeIN,F,IgJ
F(I) if J C I for some I € Iy F,

G(J) = iJI%TfGN(J).
G is called the singular part of F.
Notice that the two definitions of G5 coincide when J € Zy r.
Theorem 5.5. G € My.
Proof. We first claim that Gy € My:

1. if Gn(J),GN(J;), Gy (Jy) all fall in the first case of the definition of

Gn then the martingale property follows by the one of F. Similarly
if they all fall in the second case. Since the definition of G (J) for
J € Iy F coincides we are always in one of the two conditions;

2. & 3. follows from the observation that G (J) < F(J) for all J € ®, which
is easily verified in both cases of the definition of G (J).

We observe that, once fixed J € ®, Gn(J) is nonincreasing in N because
for M > N, for every I € Iy p there exists I’ € Zy r such that I C I
Therefore
G(J)=infGy(J) = lim Gyn(J). (%)
N N—oo

We are ready to prove the statement:

1. for every fixed N the martingale property is satisfied for G (J). There-
fore it is preserved when taking the limit and holds for G(J);

2. & 3. follows from the observation that G(J) < Gn(J) < F(J) forall J € D.
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O

Since G < F there exists H : ® — R>( such that /' = G + H. Again
H € Mgy easily: the martingale property comes from the same one for F,G
and for the other two properties is enough to observe H < F'. Moreover

Theorem 5.6. H is absolutely continuous.

Proof. We have to show that

inf > IH((I) =0.
]GZN,H

We claim that it is enough to show

inf > IH(I) =0.
IEIN,F

This is due to the fact that every I € Iy y has to be contained in a J € Iy
by definition of Zy,. and H < F.
Pick € > 0. Then there exists N large enough such that

VM > N STNFWI) < Y HIF) +e,
I€In,F 1€y,

because the sum over the elements of the set Zn r is decreasing in N. Now

£+ z:]HGU):a+A%% SFI) > Y [IF(D),

IEIN,F IGI]\/LF IEIN’F

where for the first equality we used the very definition of G and for the
second inequality we used the previous estimate. Moreover notice that we
don’t have to worry about interchanging sums and limits since the summands
are positive.

To conclude we observe that by additivity

Yo HlGW)+ Yo HIHI) = Y [IF),

IGINyF IEINyF IEIN’F

which implies

e> Y |[IH(I).

IEIN,F

The claim follows by taking e arbitrarily small. O

Therefore we call H the absolutely continuous part of F'and F' = G+ H
gives the wanted decomposition. It satisfies the following
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Theorem 5.7. If F = G + H where G,H € Mg and H is absolutely con-
tinuous then G > QG.

Proof. Pick J € ©. Then

Yo G+ Yo HHD = Y [HIFD).

Ieln pICT I€ln p,ICJT IeIn,p,ICJ

The first sum is bounded by |.J|G(J) independently on N. The third sum
goes to |J|G(J) as N — oo by the observation (%) and the fact that for
12 J then F(I) < I < oo,

Therefore it is enough to prove that the second sum goes to 0 as N — oo.

For £ > 0, by almost continuity of H, there exists M large enough so that

> HIHI) <«

Iely g

Then pick N large enough so that

MY <.

IEI]\QF

To conclude we observe

> A < Z HHO+ Y AU <

I€In,F I€In p,H(I)>M IeIn p H(I) <M
< D> MA@ +M ) I < 2.
1€y, 7 Iein,r
The claim follows by taking e arbitrarily small. O

Therefore the decomposition F' = G + H is canonical, i.e. uniquely
determined by the property of minimizing G over all decomposition F =
G + H such that H is absolutely continuous. It is also interesting here
to observe that we gave an explicit description of the singular part and
then proved that the difference is absolutely continuous instead of doing the
opposite.

5.1 On convergence of F(I,;) for k — —ooc.
We recall some definitions and results:

o [, is the unique I € © such that |I, ;| = 2% and z € I ks

e for F' € My we define Mg F(x) = supy, F'(Ir);

31



e for F' € My then MgF(z) is finite for almost every z, i.e. for every
€ > 0 there exists Z C ® such that

Y Il <e, MoF(z) <ooforallz¢ | I

Iel 1€

We studied the dyadic Hardy-Littlewood maximal function as an introduc-
tion for the question on convergence of F'(I, ) as k — —oo. The next step
in this direction is the following

Lemma 5.8. Let F € Myp. Fize > 0,n € N5o,6 > 0. Then there exists
T CD such that
<y,

IeT
and for all x ¢ UrezI we have
F(I,r) <e(n+1) for all but finitely many k < 0
or F(I,) > en for all but finitely many k < 0.

Proof. Let Iy be the set of maximal dyadic intervals I such that F(I) >

(n+ 1)e. Then
[E
Z‘ ’ < n + 11
1€y
For m € N let Jn+1 be the set of maximal dyadic intervals I such that I C J
for some J € Z,,, and F(I) < en.

Similarly let Z,,4+1 be the set of maximal dyadic intervals I such that I C J
for some J € JTpmy1 and F(I) > e(n +1).

Trivially
o< Yo
I1€Tm+1 1€y,
We claim
S et S
1€+t 1€Tm+1

from which the Lemma follows using recursively this argument in order to
find m large enough so that ) ;.7 |I| < d; one of the two property can be
proven to hold distinguishing the cases

a:géUI,a:eUI\ U J,xEUJ\UI.
IEIO IEI‘"L JEJWH»I JEJ'm IEI‘"L
To prove the claim we notice

n+1) Y < > P Y F(D|<en Y.

IeZ+1 I€Tm+1 I1€Tm+1 I€Tm+1
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Remark 5.9. The meaning of the Lemma is that for every ¢ > 0,n € Ny the
interval [en, e(n+1)) is not an obstruction to almost everywhere convergence:
for z outside a set of measure arbitrarily small the sequence {F (1, 1)}, is
definitely either above en or below £(n + 1).

The following step in studying the convergence is

Theorem 5.10. Let F' € Mg,e > 0. Then there exist Z C ® and kg € Z

such that
Y Hl<e,
IeT

and for all k, k' < ko,x ¢ Urezl we have
|F(Ipr) — F(Ip )| <e.
Proof. We postpone the proof to the next lecture. O

For every fixed ¢ it establishes a uniform Cauchy property outside a set of
measure smaller or equal to €. Applying it with ¢, 5, ,... and by choosing ¢
arbitrarily small we get pointwise convergence almost everywhere. Actually
the statement describes an almost uniform convergence for the sequence of

functions {F(I. 1) }r<o, which is stronger.

6 The L' — L* pairing in the dyadic setting
2016-11-08

In order to prove last Theorem we stated in the previous lecture we need a
quantitative stronger version of the Lemma we want to use. Its statement

was only qualitative, it means that for x outside a set of measure arbitrarily

small the sequence {F (I, )}, definitely stops "jumping" between values

above and below [a,b). However a priori the value of ko, below which we

are definitely below b or above a may depend on z. Instead, since we are

aiming at an uniform result, we need uniform conditions at every step.

Lemma 6.1. Let F € Myp. Fix 0 < a < b,§d > 0. Then there exists T C D
and ko € Z such that
Y Hl<s,

1€
and for all x ¢ Urezl we have
F(Ipr) <b for all k < kg
or F(Ip ) > a for all k < k.

Proof. Let T be the set of maximal dyadic intervals I such that F'(I) > b.
Then

F
o< Hle < 0.
I€Zy
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For m € N let Jn+1 be the set of maximal dyadic intervals I such that I C J
for some J € Z,,, and F(I) < a.

Similarly let Z,,4+1 be the set of maximal dyadic intervals I such that I C J
for some J € Jy 41 and F(I) > b.

We have a
S S Y sg S,

IeTm+1 1€, I1€lm41 I€eTm+1

the first being trivial, the second following from
b S < Y Foi< Y P <a S 1l
I€Tm4+1 I€Tm4+1 I1€Tm+1 I€eTm+1

By recursion

S (5)" oo,

I€Tm I1€ly

Do Hl<

1€y

and for M large enough

|

Now consider

M M
Jim Yy =), >, <,

m=0I€Z,,UTm m=0I1€Z,,UTm
|7]>2*

where the limit makes sense since the sum is a countable sum of positive
summands. Therefore there exists kg such that

f o<

m=0 IGImUJm
|T]<2k0

NGRS

We define
M

T=TyU | J{T €ZnUTm: |1 <27}

m=0

For x ¢ UrezI we have both less than 2M "jumps" (taken care by the first
collection of dyadic intervals) and all of them are at scale grater or equal to
2ko (taken care by the second one). O

We are ready to prove the following

Theorem 6.2. Let F' € Mg,e > 0. Then there exist Z C D and k € Z such
that

1Y rerll <&
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2. for all k' K" < k,x ¢ UrezI we have

’F(Iz,k’) - F<I:r,k”)‘ < 2e.

Proof. Pick N large enough such that Zy r, the set of maximal dyadic in-
tervals I such that F'(I) > N, satisfies

11
E Il < <
1l < N
IelnF

N ™

For every n > 0 such that ne < N we pick J,,k, defined by applying

previous Lemma to the interval [ne, (n + 1)¢] and § = stveny- | herefore
17 .
2.2 <3
2
TL:() Iejn
and for all z ¢ (Jyc 7 1
F(Iy ) <e(n+1) for all k <k,
or F(Iyy) > en for all k < k,,.
Set
5]
k= min k,I:Z]\LFU Tn.-
SSCWES IS nL:JO !
By construction
dl<e
Iel

Once fixed = ¢ Urezl we pick the minimal n such that F(I ;) < e(n + 1)
for all k < k,. By minimality of n we have also that F(I_;) > e(n — 1) for

z,

all k < ky_1. This ends the proof because of the definition of k. ]
If we apply the Theorem with €, §, §,... we get that outside the union

of exceptional sets we have uniform convergence. However the k£ in the
statement depends on the measure € of the exceptional set and we cannot
get rid of this dependence, i.e. in general the sequence of functions {Fy 1},
doesn’t converge uniformly almost everywhere.

Anyway our interest in studying the convergence of this sequence of functions
was a warm-up for the following topic, dyadic paraproducts. We turn to
products of martingales: for F, G martingales define

H(I) = F(I)G(I),

which may not be a martingale. In the same way in general the product
of harmonic functions is not harmonic: for example if F' is a harmonic real
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valued function that vanishes at (z,y), then F'-F is nonnegative and vanishes
at (x,y), which will be a local minimum.
We could worry about the possibility that this is a limit of the model of
discrete upper half plane. However the underlying question is whether or
when we can multiply Borel nonnegative measures. In general this is not
possible, for example we don’t expect to give meaning to the product of two
copies of Dirac delta. Therefore this means that it isn’t a lack of our model
but instead it portrays a proper situation for measures.
We want to understand when and how it is possible to make sense of

¢ Jim > HIF(DGI).

|T|=2k

It is trying to be the product on the real line but actually we are not after
the product, more after multilinear forms of the type [ fg, [ fifafs.

Theorem 6.3. Let F' € Mg absolutely continuous and let G : D — R>q be
a bounded martingale, 1.e.

1.VvIe®  |[IGU) = |LIGT) + |I|G(L);
2. |Gl = supjep G(I) < oc.

Then
lim IIZ;JHF(f)G(f)

exists.

Remark 6.4. This is the classical result about the pairing [ fg of f € LY(R)
and g € L>®(R) in disguise. However in the language of the discrete upper
half plane there exists no "almost everywhere" and therefore no classes of
equivalence for functions. Moreover we would like to stress the fact that
absolute continuity of F' is an essential condition (it means that the limiting
object will be a proper function and not a general measure), for example
we don’t expect to give meaning to [dg when g is defined only almost
everywhere.

Proof. Without loss of generality we can assume that |G|, = 1. Therefore

Y HIF(HGI) < Y HIFT) = |IF],,

|1|=2% |1|=2*

and the supremum over k € Z of the first sum exists finite.
By dominated convergence theorem for series it suffices to show that for
every Jy € D

i
Jim Y |TIF(DG(D),
|T|=2%
ICJy
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exists, because

DOUFMGUI) = Y > IFNG),
j1=2+ Iz 1=t

and domination is given by the first observation of the proof.
Let Jy and € > 0 be fixed.
Since F' is absolutely continuous we can choose § < € such that whenever

ZC®and Y ;71| <6 then

S HIF(I) <e. (1)

IeZ

We claim that there exists a constant C' and k € Z such that for all &' < k

| > HIF(DGI) = Y IIFDG)| < Ce.
|1|=2+" [I|=2%
I1CJo ICJo

We first use Theorem (6.2) with g to obtain Z, k. Now let Z' be the set of
"parents" (i.e. the dyadic intervals I such that either I; € 7/ or I, € ') of
elements of Z and J be the set of maximal elements in Z'.

We split the first sum in the following way

S HEmen = Y FEOGDH+ Y [IFDGQ).

|1j=2"" |1j=2" |7]=2""
ICJo I1CJy I1CJy
ICUjegJ I¢UzeqJd

The first one is bounded by € by boundedness of G and (1).
By Theorem (6.2) and boundedness of G the second one is within d|Jy| of

Y HIFIg)G),

I1CJy
I¢U eqsJd

where [ is the dyadic interval of length 2F containing I. Now we would

like to control
> IF(Ig)G),

by €. This would tell us that the previous sum is close to

> PG = Y IIFIG),
|1j=2¥" |7]=2"
ICJo ICJo
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and the equality is due to the martingale property of G, ending the proof.
The job is done in the following way. First of all we use the martingale
property of G to rise the scale of I in the sum to the maximal one staying
inside the exceptional set, obtaining

> HIF(Ig)G(I).
ok <|1]<2¥

ICJy

IeJg

Then we get rid of G(I) by boundedness of G. After that we observe that
since [ is a maximal double of an element L € Z then the twin of L is not
contained completely in UjezJ. Therefore we can apply Theorem (6.2) to go
from F'(Ij;) to F(I) with an error controlled by §|.Jo|. We conclude by using
absolute continuity for the family J, which is made of disjoint intervals and
defines a set of measure less or equal than § by construction. O

However in other situations the study of

Jim I%umz)am,

is more complicated. For many reasons we would prefer to translate the limit
problem into . To obtain it we consider the parallelogram law

I—r\? 1 1 l+r 2
R S .
Vi, r € < 5 > 2l +27" < 5 )

We translate it into the martingale language through the definition

P(I) - F(Ir)>
2 )

AF(I) = (

[IAF(D)? = |L|F(L)? + L] F(1)? = F(I)%.

Then
> OHIFI)? = Y IIF(I)? = Y AF(I)*.

|I|=2k—1 |I|=2k |I|=2k

Assuming the condition on F'
lim |I|F(I)* =0,
k—o00

which is not hard to be satisfied, we translate the problem of existence of a
limit into the absolute summability of a series, namely

lim " IFI)? =Y |IAF(I)?,

k——o0
|I1|=2k Ie®
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by effect of a telescoping sum. The same algebra works for a general G,
leading to

> HIAF(IAG().

1€®

Once we have absolute summability, the following object

> UIE(DAF(DAG(),
1e®

where E(I) € [—1,1] for every I € D, is well defined and we can investigate
instances of it.

7 Dyadic paraproducts

2016-11-10
Following up last lecture, we would like to multiply martingales, in order to

see what happens with the limit

Jim SN E).

[I|=2k =1
In order to do that, we define the auxiliary difference martingale as

AF(T) = 5(F(T) ~ F(I,).

With respect to those functions, we have the following

Lemma 7.1 (Telescoping identity).

> (\Il| 5@ + 1L [ F) - 11 HE‘(D) =
=1 =1 =1

|I|=2k

= > > AR x [[EW0).
AC{1,...,n} |I|=2F icA 1¢A
|A| even
AF#D
Sketch of the proof. Roughly, we do a distributive law. Explicitly, we write

n n

[[E:@=]]E@+arm) = > [[aARO]]FEWO).
i=1 i=1 Ac{l,.,n}i€A iZA
An analogous formula for F;(I,.), on the other hand, implies

n n

[[EO+ARO)+[[(FO-aF@) =2 > [[aEO]]F@).
i=1 i=1 Alcfi{‘l,...,n}ieA iZA
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After summing in I; |I| = 2* and accounting for the fact that the null set
contributes with a factor of |I| ], F;(I) on the sum above, the lemma is
proved. O

Now, if we assume that

1.
Jim > I [[ R =0;

|1|=2F i=1

S IIT[ARMD [ Fi(D)] < 00, VAC{L,...,n};

IeD  i€A igA

and use the previous Lemma, we get that

n
li (1) = ; (I).
Jm E@ = >0 Y i amm [ R
i=1 Ac{l,..,n} I€D €A iZA
|A| even
A0
We call the inner expression in the last sum, that is,
SN[ arM ] FEW),

IeD  i€A igA

is usually called the dyadic paraproduct of type A, and will appear soon again
in our course.

7.1 Holder’s inequality

We start with the following innocent-looking real analysis Lemma:

Lemma 7.2. Let a; >0,i=1,..,n,1 <p; < +oco and Y 1, p%_ =1, then

[la<> "
i=1 i—1 Pi

Proof. Let a; = e'i/Pi. We want them to prove

nti <neti
exp ZE _;pi.

After defining t; =¢; — >, 1%’ it boils down to prove that

1< ~ 1
_Z};e .
=1

It suffices then to show that, if g(t) = > 1", p%et‘{i, then g(t) > 1, Vt > 0.
But this itself follows if we show that:
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1. ¢g(0) = 1, which is obvious from the definition.

2. ¢'(0) = 0, which follows from the fact that ¢’(0) = > " L

=1 p;

=0.

2
3. ¢"(t) > 0, which follows from the fact that ¢"(t) = > ;" , %et'ti.

This finishes the proof. ]

We suppose then that we have a collection of functions f; : Z — R, i =
1,...,n, and we want to estimate

b J BAU!

I€Z 1=1

By using the previous Lemma with each of the terms [[", | fi({)| and chang-
ing the order of summation, we have that that quantity is bounded by

Z;Zwmm.

i=1 1" lez
Our next assumption is then that, for each i = 1, ..., n, it holds that
Yo IL@P =1
leZ
With that, we get then that

n 1/pi
Y Il <1=]] (Z |fi(Z>|Pi> .

l€Z =1 i=1 \Il€Z

But both sides in the last expression above are invariant under scaling, i.e.,
the inequality remains the same if we change f; by A, f;, where \; > 0. By
picking such \; such that Y, ., X[ fi(1)[P" = 1, and using the last inequality
above for \; f;, we conclude that it must always hold that

n n 1/Pi
Y IIrm <11 (Z |fi(l)|pi> ,

l€Z 1=1 1=1 \I€Z

and this is what we call Hélder’s inequality. From that we define the spaces

LP(R) = {F : ® — R martingale such that

IF|I = sup > [IIF(I)P < 400},
€Z =L

At least for such martingales and p; € [1,400), by using Holder’s inequality,

we have that . .
sup > || [ (D) < TTIE .-
FEZ f=r  i=1 i=1
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7.2 Outer measures

In this section, we will devote ourselves to defining an outer structure on
various model sets. Basically, an outer measure is going to be a set function
u, defined on subsets of a set S, that arises from a previously defined set
function o on a smaller class of subsets £ of S. The name ’outer measure’
is simple to understand: once we have our o, our outer measure p is then

defined as
p(A)y = inf > o(E).

/

ACUEE‘;:/E. Ee&’

Why ’outer’? Well, covering a set has encompasses always the notion of
‘containing’ it, and some object that contains another is generally regarded
as being on the outside. A good metaphor is: when you cover yourself with
a blanket, the blanket it outside you.

Now we pass to our examples:

Example 7.3. The set of integers Z. In this set, we take our collection of
subsets £ to be the set of all singletons, i.e.,

E={{n},nelZl},

and define therein the set function o({n}) = 1. For this definition, as every
subset of Z is a disjoint union of elements in &, the outer measure so defined
will be

n(A) = #A4,
or, as it is commonly called, it is going to be then the counting measure on

Z. In order to go on, we need a class of functions B with the property that,
if feB, & Cé&, then JL$\Upep B € B In this case, it will be enough to take

B = { all functions f :Z — R.}

We are also going to need a way to measure the ‘size’ of functions. This
is achieved by a functional S : B x £ — R>q, which satisfies the following
properties:

1. Monotonicity. If f < g, then we must have, for all F € £, Sf(F) <
S9(E).

2. Scaling. If f € B,XA > 0, then S(Af)(E) = ASf(E), for all E € £.

3. Quasi-subadditivity. There is C' > 0 such that, if f,g € B, E € £, then
S(f+9)(E) <C(Sf(E) + S9(E)).

In the case of the integers, it is going to suffice to take Sf({n}) = |f(n)|.
Given those tools, we are ready to define the outer LP spaces. In the right
endpoint case, the definition boils down to the following:

L=(8) = {f € B; || fllze(s) := sup Sf(E) < +oo}.
BeE
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In the present case, we will recover the space of bounded functions on Z,
¢>°(Z). In the other cases, we define it in another way, which at first glance
might seem artificial, but which also whenever we translate into our measur-
able language will make complete sense:

LP(S) ={f € 5;

s = [ ! Y o() | dr< too)

6/
!
I L5\U e BllLoo (5)<A Eee

This frighteningly big expression makes complete sense in our case, though:
let Fy = {n € Z;|f(n)] > A.}. Then for sure flg\p, < A, and obviously
any other subcollection &£’ that fulfills this property must also contain F).
Therefore, in this case we have the explicit expression

inf S o(B) = #{n; |f ()] > A).

!

!
If1s\0 e llLoo(5)<A Eeg

The outer LP norm becomes, then,

/0 pN T {n € Zi | f(n)| > A}dA = /0 pAP! (Z 1{|f|>A}) dA

ne”L

[f(n)]
=X [ = S

nez neL

which is the usual LP norm on Z.

Example 7.4. The real line R. In this setting, we have to be a little more
careful while choosing our subsets and subfamilies. Explicitly, in this case we
will take as our model subset £ = D, the set of dyadic intervals. Moreover,
obviously every interval on the real line is endowed with its measure, and
this defines o by o(I) = |I|. The (outer) measure p we therefore obtain from
this procedure is the so-called outer Lebesque measure.

Now we need to choose our prototypical space B. In this case, our objects
of study will not be precisely functions, but, as we have been seeing lately,
martingales. The space Mg defined previously is going to be our “function
space”’, and we must show that it satisfies the property of elements in B,
namely, if £ is a collection of dyadic intervals, then we define

0, if JcIel,

F1 J) =
R\UEGIE( ) {F(J) _ ZIEI;ICJ F(])7 otherwise.

It is easy then to verify that this gives rise to another element in My. Alter-
natively, we could have used any equivalent class of functions, like the class
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of Borel measures, to define such function space.

The size functional, in this case, is given explicitly by SF(I) = |F|(]). It
is easy from the definition to check that the outer L*°(.S) space in this case
coincides with the space L™ N L!(R), as the definition of elements in Mg
already supposes ' € L'(R). In the same way as it was done to the case of Z,
one can show that the outer L? spaces in this case coincide with LP N L (R).

Example 7.5. The set of dyadic intervals ®. This is perhaps the most im-
portant case, for it gives rise to non-standard spaces that can be used for
the control of paraproducts. Explicitly, our set S = 2, and our collection of
subsets will be

T={T;={le®;ICJ}, JeD}.

Those subsets are often called “trees”, as they are collections of dyadic in-
tervals associated to a common “root”; which is the interval J. Instinctively,
we endow such a tree with a measure of its top, that is, we define our
o(Ty) = |J|. Surprisingly, the arising outer measure is somewhat nonstan-
dard, in the sense that it has not been extensively studied since recently, and
therefore has no standardized name.

We can also here define our space B as the space of “all functions”, that is, all
functions from D to R, and with that define not only one, but rather than a
family of size functionals by

1/r
S.F(T) = (fJ, ) IIHF(I)I’"> .

1cJ

Now there are no “trivial” reductions to be made on the definition of the
outer LP spaces. On the case of p = oo, those elements are a little more
famous than usual: L*°(S,), for when r < +o00, were spaces studied by
Lennart Carleson, and L>(Ss) is just — by definition — the usual L>®(R).
Due to this intrinsic difference, we will denote from now on these outer LP
spaces as LLP(S,).

As promised in this last example, we are going to put together our three
themes of today’s lecture: we wish to use outer measure spaces, along with
Holder inequalities, to bound paraproducts! Explicitly, we hope that there
exists some sort of “outer Holder inequality”, that should give us something
like

ST ARM ] FM| < CTTIAF sy [T I1F i s.0)-

IeD | icA igA icA igA

Next, we hope we can find suitable embedding theorems for outer measure
spaces, in order to bound an outer norm by an usual L? one. More explicitly,
we also hope that an inequality like

[TIAE e (s TT I Eillers sy < C TTIE s TT I1E 5,

icA igA i€cA igA
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could hold. This would help us analyze paraproducts, and, therefore, make
sense of the limits of the products as defined in the previous lecture, as we
desired.

Below, the reader may find a table that summarizes all we have discussed
in terms of outer measures and our examples:

7 R D
T:{TJ:{IG’D,IC
& {{n}, neZ} D J}, J €D,
o o({n}) =1 o(l) = |1 o(Ty) =1|J|.
i Counting mea- | Lebesgue outer Not named yet.
sure measure

Martingales in

B All functions All functions.
My
5 S/np) = | SE() = | ST o
£(0) F(D) (51 s HIF@I)
L>(R), if r = 00,
L>(S) | £>(7) L*>® N LY (R) r — Carleson const. ,r €
(1, 00).
LP(S) | P(Z) LP N LY(R) LP(S,).

8 LP-theory for outer measures

We start recalling some notation: X is a set, £ is a collection of subsets of
X and 0: £ = Rxg.
We want to define an outer measure u on the set of subsets of X, which is
in general too big. The data (X, &, o) specify the values of a pre-measure o
on a small collection of subsets of X. The following step is to define u on
an arbitrary subset by means of covering it with elements in £. Namely for
every A C X we define
p(A) = inf Z o(E),
g'ce

& covers A E€E’
where “&’ covers A” means that A C Ugege/ E.
This construction satisfies the following properties, which sometimes are used
as a definition of outer measures:

Theorem 8.1. 1. if AC A" for A, A’ C X, then pu(A) < u(A);
2. p(0) =0;
3. (Subadditivity) for {A;},cn countable collection of subsets of X, then

M(U 4;) < ZM(Ai)'

€N 1€EN

45

2016-11-15



Proof. 1. It is enough to observe that every cover of A’ is a cover of A.

2. () is a cover of §.

3. Without loss of generality we can assume that p(A4;) < oo for every i € N,
otherwise the inequality is trivial. Once fixed § > 0, let &; covers A; and
satisfies p(A;) +2745 > > pes, 0(E). Then

YA +5=Y Y o(E)> Y o(B) =l A,
i=1 i=1

i=1 Ec&; Ecue &
where the last inequality is due to the fact that U2, &; covers U2, A; ]

Remark 8.2. A C X is called Carathéodory measurable if
VEe€&  uE)=pnENA) +puENA%. (8.3)

Lemma 8.4 (Ex. sheet 4, Pb. 2). For {A;},c countable collection of
patrwise disjoint subsets of X that are Carathéodory measurable, then

w(lJ A =D ().

1€EN i€EN

This lemma allows us to go from a subadditive theory for an outer mea-
sure to an additive theory for the associated measure, provided that we
restrict to Carathéodory measurable sets.

In the case of Lebesgue outer measure (second example from previous lecture)
there are plenty of Carathéodory measurable sets, which are called Lebesgue
measurable sets, and the measure is interesting. However in general the set
of Carathéodory measurable sets can be very poor, even containing only the
two trivial ones (), X (as in the third example from previous lecture, see again
Ex. sheet 4, Pb. 2). Therefore the measure associated to such an outer mea-
sure would be trivial.

In particular we are interested in developing an integration theory for outer
measures. First of all we observe that the “splitting property” (8.3) of mea-
surable sets doesn’t hold for outer measures on a general subset of X. There-
fore there is no hope to obtain additive integral objects. For example if we
give the following meaning to |

u(a) =" [ 1,

then for E € £ we have the subadditivity

/]lE §/1E0A+/1E0Aca

and for a general A C X there exists E for which the inequality is strict.
Therefore in the case of outer measures we consider integral objects which
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are already subadditive in the classical case. The standard example of this

kind of integral objects is
1
(/\f|p>p, 1<p<oco

Before moving on in the construction of this integration theory we need to
request further structure:

e let B be a collection of function on X closed under linear operation,
ie. for f,g € B then \f, f + ¢ € B, and such that 1x € B. Moreover
if feB,&CE, then

FlUpeerm)e € B;

e a size, i.e. amap S: B x £ = Ry satisfying the following properties
for every f,g e B,E € &:

1. (monotone) if |f| < |g|, then Sf(E) < Sg(E);
2. (scaling) for A > 0, S(Af)(E) = ASf(E);

3. (quasi subadditive) S(f + g)(F) < C(Sf(E) + Sg(E)) for some
C < oo independent of f, g, E.

The meaning of S is of an already given integration theory for specific
functions on specific subsets, namely averages on sets in £. Usually we
can get around the unease of having these data by means of the very
way in which elements in B are defined. For example in the case of
martingale the functions are defined morally through their averages on
dyadic intervals.

For example in the case of Lebesgue outer measure B is the set of functions
in LllOC and the size map S given by taking averages of the absolute value of
such a function on dyadic intervals.

We are ready to start the construction of an integration theory for outer
measure spaces.

Definition 8.5 (Outer essential supremum ||-[|zo0(g), £7(5)). For f € B
we define

11l zoe (s = sup Sf(E),
Ec&

and we call it the outer essential supremum of f.
We denote by £7°(S5) the set of functions f € B such that [|f|| e (g) < oc.

This definition conceives the idea that in our theory Sf(E) takes the
moral role of point evaluation in the classical case. The outer essential
supremum satisfies properties analogous to the ones that hold for S. We
use it to define
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Definition 8.6 (Super level measure). For f € B, \ > 0 we define

p(Sf> A= inf o(E),
ERNFLU pegr Byl oo (5) <A Eg/

and we call it the super level measure associated to f, \.

Remark 8.7. We would like to draw attention to the notation and the fact
that it has not to be intended as “the value of the outer measure on the subset
of X where |f]| is larger than A”. In many cases it will be precisely this, but
in general it is not even clear that it corresponds to an outer measure of a
subset of X.

Again, it satisfies properties analogous to the ones that hold for .S, namely
for every f,g e B,E € &:

Lemma 8.8. 1. (monotone) if | f| < |g|, then u(Sf > X) < u(Sg > N);
2. (scaling) for A, N >0, p(S(Af) > AN) =pu(Sf>N);

3. (quasi subadditive) p(S(f + g) > CX) < u(Sf > X))+ u(Sg > N), for
some C < oo independent of f, g.

Proof. The proof is left as an exercise. O

The definition of £P(.S)-spaces follow the ones of LP-spaces in the classical
context, once we have substituted our definitions of outer essential supremum
and super level measure for their classical counterparts.

Definition 8.9 (||| (s, £F(5)). For 0 <p < oo, f € B we define

1Nl zr(sy = </0 PN (S > A)dA)P.

We denote by LP(S) the set of functions f € B such that || f||pg) < oc.
Definition 8.10 ([[-[| zp.c(gy, £7°°(5)). For 0 < p < oo, f € B we define

1
p
11l sy = (sup Nu(Sf > A)) |
A>0

We denote by £P°°(S) the set of functions f € B such that || f|| zp.ec(g) < oc.
For p =0
1 [l zoo0o 5y 7= I1f ll oo 5)-
and therefore £5°(S) = L>(95).
The spaces in this last definition sometimes are referred to also as weak
LP(S) spaces or Lorentz spaces LP>°(S).

The function [|-|| z»(g) satisfies properties analogous to the ones that hold for
super level measure, namely for every f,g € B:
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Lemma 8.11. 1. (monotone) if |f| < |gl, then || fl o5y < 9]l (s
2. (scaling) for A = 0, [ fll zocs) = Allf | 2r(sys

3. (quasi subadditive) ||f + gl zogs) < C (I1f | ngs) + 19l ncs) ) » for some
C < oo independent of f,g.

Proof. The proof is left as an exercise. O

Remark 8.12. The proof of (3.) based on the corresponding property of the
super level measure yields a constant C different from 1. Even in the case
of the outer measure leading to the Lebesgue measure, for which we have

p((f +9)(@)] > 27) < u([f (@) > A) + pllg(x)] > X),

we cannot recover in this way a better quasi subadditivity than

1f + 9l <2011 2o + llgllzo)-

Therefore it is rather “miraculous” that in this case we actually have

1f +glle < Ifllze + Mgl Lo
Lemma 8.13 (Chebysheff’s inequality). || f{|zp.c0(5) < [/l zo(s)

Proof. Assume first that the left hand side is finite and let § > 0. Pick Ag
such that

110,00 5y < 0+ AGu(SF > Xo)-
Then

S Ao
sy = [ 2 (SE > Nix = [ patu(ss > Nax >

Ao
2/ PN TS f > No)dA = NS f > Xo) 2 | f[17pee ) — -
0

By choosing ¢ arbitrarily small we get the claim.

The proof of the inequality if the left hand side is infinite, namely that
also the right hand one is infinite, is already contained in the last chain of
inequalities. ]

In general the converse doesn’t hold. However a "weaker version" is
provided by the following

Lemma 8.14 (Logarithmic convexity). Let 0 < p1 < p < ps < 0o and
ag,az € (0,1) such that

1 « «
ar +ag =1, 7:71_’_72.
p p1 D2
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Then for f € B

HfHﬁP( < Cpl,PQ,PHfHLm 00 S)Hf”LPQ (S
for some Cp, p, , < 00 independent of f.

Proof. If either of the factors on the right hand side of the inequality vanishes
then p(Sf > A) =0 for all A > 0. Therefore also the left hand side is 0 and
the inequality trivially holds.

Thus without loss of generality we can assume || f|| zp;,00 7# 0,4 =1,2.

p2 < 0o: by a scaling argument we may assume

= [1£ 1201005y = 1o 00 (s
If not consider Ao f which produces a relative factor Aj' 2.

Then
p(Sf>A) < Amin{\"P, AP}

[e.e]
sy = [ 23 1lST > Ny <
1 [e’e)
< Ap (/ Ap—m—ldA+/ AP—m—ldA) < CA.
0 1
This yields

a1 ap
11l o) < CAb = C(An An) = ClA N zp1.00 (51 1 22,00 (s
p2 = oo: the proof is left as an exercise. O

Theorem 8.15 (Holder’s inequality). Let S,Si,...,S, be sizes. Assume
that for every B € £ there exist E1, ..., E, € £ such that whenever for a
fized f € B we have f =[] f; with f; € B, then

< ﬁsifi(Ei)‘ (8.16)
=1

Let p,p1,...,pn € (0,00] such that % =3, p%_. Then

HfH[:p(s) < nHHfiHl:pi(Si)'
i=1

Remark 8.17. The hypothesis in (8.16) asks for a Holder inequality for the
sizes S, 51,..., 5.
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Proof. Yi,p; # 0o by a scaling argument we may assume
Vie{l,...,n} HfHﬁpi(Si):l
Fix A > 0,9 > 0 and pick covers &; such that

S 0(E) < u(Sify > M) +6,

EcE;

sup S; (fZ (U )(E)g)\l%
EcE ES

Define £ = |J, &. Let E € & be given, then there exist {F;}7_, such that

§ (Mpeer) (8 <HS (5t 0peer) B < TT 51 (W) () <
=1

(S >N <D0 o(B) <nd+ > ulSifi > An).
i=1

i=1 F€E;
By choosing § arbitrarily small we can forget about the first summand. To
conclude we observe

sy = [ o (s >N < [ ot S uisif > A =

0 i=1

v=\P/Pi L o0 o n
= Z/o pit” " u(Sifi > v)dy = Z||f||gg’(5i) =
=1 =1

=n=n]]Iflcres,:
i=1

max{p;} = oo: the proof is left as an exercise. O

9 The Marcinkiewicz interpolation theorem

We keep extending the basic result of LP-spaces’ theory to LP(S)-spaces
presenting the Marcinkiewicz Interpolation Theorem.

Theorem 9.1 (Marcinkiewicz interpolation theorem). Let X, 0,&,B,S and
X', 0" & B, S be two outer measure structures. Assume then that 0 < p; <
p < pa < 0o, and that there is an operator T : B' — B such that

T(A\f) = \Tf, for A >0,
T(f+9) <C(Tf+Ty), forall f.g € B,
”TfHLpi,oo(S) S Ci"f‘|£pi(sl), fOT’ all f € EP(S/) and 1 = 1,2

o1
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Then it holds that

HTfHLP CP1,P2,P ChCEHfH[,p S7)+

Proof. Pick a function f, || f||zr(s) < +00 and A € (0, +00). Let also £ be a
collection of subsets such that || f1, ., E)llze(s) <A and Y} peg o'(E) <
20/ (S"f > N). Let then f = f1 + fo, where fy = fL(UpeeE)e- Then we have
that

u(S(Tf) > CX) < u(S(Th) > A) +u(S(Tf2) > A),

for some constant C' > 0. This is just a consequence of the quasi-subadditivity
properties of both S and T, and we leave the details to the reader. By using
the boundedness properties of T, we have that

WS(TF) > ON) < AP ) + AR Bnsr

On the other hand, it is easy to see from the definitions of f; and fo that
the right hand side of the inequality above is bounded by

CAx P / P min(p/ (S'f > N), 1/ (S'f > v))dv+
0
A
C)\_pQ/ P2 (S'f > v)dy
0
Therefore, we may bound then
/ N=Lu(S(TF) > N)dA
0
) A
< C’/ / ATPINPTL P (G F s X ) dud
+C / / ATPINPTL P (G F s D) dud A+
0 A
00 A
+ C/ / AP\ Lyp2l (G sy dud .
0 0

Finally, a use of Fubini’s theorem - which is mechanical and therefore must
be ommited here - shows that each of the terms above is controlled by

C/ pp=1 ’(S’f>y)dV<C/Hngp 5

This finishes the proof, except for the case po = 0o, where a simple modifica-
tion of the proof above gives the result. The details are left to the reader. [J
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9.1 Back to the upper half plane

Let, as we defined in a previous lecture,
LP(R) = { set of functions F': ® — R such that

L [E(D) = L F(L) + [ F (1),
2. supy 37y —gr I F(DP(=: [ Flp) < +o00.
3. p=1=limp_, ‘IHF(Ik) =0, Ik:—i—l = (Ik)r-}

Remark 9.2. If 1 < p < oo, then the third condition above is a consequence
of the second one, and the proof of this fact is left as an exercise to the
reader.

Of course, we must also include and exception: if p = oo, we define
the space L>(R) as the set of martingales f : ® — R such that [|F||» :=
sup; |F(I)| < 4+oo0. We are, from this moment on, going to be specified on
the example of outer measure spaces on dyadic intervals. More specifically,
we let X = 9,8 = {Ty,J € ®}, whereT; = {I € ® : [ C J}, and
o(Ty) = |J|. Moreover, our set B will then be the set of all function from
D — R. We are, though, going to consider two different size functionals.
The first is going to be the 2-size

1/2

1
SoF(Ty) = 7] Z [I|F(I)? ;
I1€Ty

while the second is then the co-functional given by

SwP(Ty) = sup |F(I)].
IeTy

Theorem 9.3 (Embedding theorem). If f € LP(R), then, for all 1 < p <
+o00, the following two inequalities hold:

1 ||F| gp(s0) < CIF | Lo (r)s
2. |AF|zr(sy) < CIF | po(w)»
where we remember the definition of AF = 3(F(I;) — F(I,)).

Remark 9.4. As a corollary of such a theorem, it is possible to show that
[AF | r(s0) < ClIE || Lo ()-

Proof of theorem 25.2. We will use as a crucial weapon the outer measure
version of Marcinkiewicz interpolation theorem. Explicitly, we will prove
that the assertions above hold if p = 1 and p = oo, and the result for inter-
mediate p is then going to follow for free by this theorem. So let us begin:
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Proof of item (1): p = oo. This is simple, as

[1Fll 2o (s0) = supsup [F(I)] < sup |F(I)] = || F| o (r)-
Ty ICJ I

p=1. Let A > 0, and & be the set of maximal dyadic intervals .J such
that F'(J) > A. Then, from definition, we have that

1f LU pepm)ellnoo(s) < A
Because of that, we have that

11
A

AD IS Y JIF) < || Fll = p(SeF > A) <
Je&’ Je&’

Finally, this implies that
[ groo(s00y < [1E 1

This case is, therefore, finished.

Proof of item (2): p=oco. Let F € L>®(R). By the corollary of the
telescoping identity in Lecture 7, used with n = 2, F} = F5, then we see that

1 1

— IAF(D)? =] lim — I|F(D? | = F(J)?

,J|ZH (1) k;@m|J‘ZII() (J)
IcJ ICJ,
|T|=2%

1
< lim — J[[|FIZ = (|13

This finishes the first part of the second case.

p = 1. Let, as before, £’ be the set of maximal J with F'(J) > A, but now
define also the set £ of maximal parents of elements in £. What does that
mean? For all elements J € £, let J be its parent interval. Then subextract
from this collection of parents a collection of mazimal intervals with respect
to set inclusion. This collection is our £”.

From this collection, we will perform a so called Calderdon-Zygmund decom-
position. Explicitly, let

1) = F(I), ifVJe&"I¢J,
| F(J), f3Jeg&’IcCJ

We let then F' = G + B. It is not difficult to see that G is a martingale, and
moreover, |G|l < A. This already implies that

2[|Flx
< .
PR

Je&r
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Also notice that, as G = F on the complementary of UjcgenJ, then

AFH(UJEE//T])C(I) == AGH(UJES//TI)C (I)

We are a couple of steps from finishing. The last inequality already tells us
that

IAFL, o) lle(sy) = IAGL (W, ont))ell oo (s2)-
But, from the definition,

1/2
1 2
HAG]]'(UJeguTJ)cH[:‘X’(SQ) - JS;E’ (UI;]|I|AG(I) ) .

From the case p = oo in this same item, we know that this last expression
—as G € L™, with ||G|lcc < A —is bounded by ||G||c < A. Therefore, the
collection £” is an allowed collection for the set above, and thus we must
have that

P(S2(AF) >N < Y o(Ty) = > |J] < QHI;H;

Je& Je&r

This is exactly what we wanted to prove, and therefore our result is com-
pleted. ]
10 Atomicity in the dyadic setting

We consider the following simple observation. Let A: ¢1(Z) — R be linear,
possibly defined only on a dense subset of ¢!(Z), for example on functions
supported on finite sets. Define

(m) 1 if n=m,
en(m) = )
" 0 otherwise,

which we call atoms. Assume that we have a uniform bound for A on them,
namely for all n € Z, A € R

|[A(Aen)| < |AJTL.

This implies a bound for A on f € ¢}(Z)

A<D 1@ = [1f -

nez

A version of this criterion for outer measures is given by the following
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Theorem 10.1. Let X, E,0,B,S give the outer measure structure as in pre-
vious lectures and assume £ to be countable.
Let A: B — R be countably subadditive, i.e. for f, € B, A\, € R then

A Akl <D INlIA(f)].

neN neN

Moreover assume that for all f € L°(S) supported on UgpegE and E € £
A(F15)] < S(F1R)(E)(E). (10.2)
Then there exists C € R such that for all f € L(S) supported on UgegE

IAOI< Clifll 21

Remark 10.3. The assumption in (10.2) is inspired by the analogous one for
atoms in /(Z): o(F) plays the role of 1, which is the counting measure of
the set {n};S(f1g)(E) has the role analogous to |A|.

Proof. Let &; C & such that

||f1(uEeng)CH,coo(s) <2k (10.4)
2u(Sf>2) > Y o(B), (105)
Ee&;,

and enumerate & = {Fy1,FEr2,...},€ = {E1, Ea,...}. These collections
can be countably infinite or finite, however we are not going to take care of
this in the following notation. We claim that

f= Z z:f]l(Ek,n\Um<n]5’k,m\Ul>kUmeNEz,m)Jr

k€Z neN

+ Z f]1(Ei\uj<iEj\UkeZUm€NEk,m)'
i€EN

In fact if x ¢ UgegE then both sides are 0 because of the condition on the
support of f.

If € UpegkE then either x € Uy, Eyp, or @ ¢ Ug pEj,. In the first case
since f € L£>°(S) there exists a maximal kg such that « € Ej, ,, for some n
(2k0 ~ || f|| ;o) and there is a minimal ng such that @ € Ey, ,, and

M Eko,no \ Um<n0Ek0,m \ Um LJl>lc El,m~

In the second case there exists a minimal ¢y such that x € EF;, and

T € Ei, \ Uj<ioEj \ Ukez Umen Ekm
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Then

AN < Z Z|A(f]l(Ek,n\um<7LEk,m\Ul>kUm€NEl,m))’+

k€eZ neN
+ Z‘A(f]]‘(Ei\Uj<iEj\UkeZUmeNEk,m))‘ <
€N
S Z Z|A(f]]‘(Ek,n\Um<nEk,m\Ul>kUm€NEl,m)H(Ek,n))|+
k€eZ neN
+ Z‘A(f]l(Ei\UKiEj\UkeZUmeNEk,m)]l(Ei))‘ <
€N
S Z Z S(fl(Ek,n\Um<nEk,m\Ul>kUm€NEl,m))(Ekvn)O(Ekan)+
keZ neN
+ Z S(f]]'(Ei\Uj<iEj\UkermeNEk,m)(Ei)o-(Ei) S
€N
<> M o(Brn) + Y 00(E;) <
k€eZ neN ieN
<SS > ) <8 [T (S > NaA =8Il
kEZ

In the first inequality we used the countably subadditivity of A together
with the claim. In the second we introduced a multiplication for a proper
characteristic function which is always 1 in the support of fl1(g, ..y (or
fL(g,\...))- In the third we used the hypothesis of boundedness on atoms
(10.2). In the fourth we used (10.4) and in the fifth (10.5). In the last
inequality we used the fact that u(SF > X) is nonincreasing in A, therefore
the discrete sum and the integral are related. O

We are interested in using this result in the estimate of Paraproducts.
We start recalling their general form: for A C {1,...,n},|A| > 2,|A| even
and a: ® — R, supsepla(l)] < 1 we consider

P(Fy,....F,) => [Ia) J[ARMD [ FW). (10.6)

1€D i€A i¢A

We want to estimate it in terms of outer measure [|Fj|zp;(g,) and then use
the Embedding Theorem we proved in the last lecture to recover a bound by
means of classical LPi-norms.

Our setting is the following

e X =9,&={Ty|J €D}, where Ty ={I € D|I C J}, o(Ty) = |J|;
e 3 is the set of all functions F': B — R;

o S1F(Ty) = 1 Xrer, LIIF ()]
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The definition
A:BoR,  AF) =) [I|F(I)],
1e®

yields
A(F1r,) =Y H|F()| =|J|S1F(Ty).
IeTy

Applying last Theorem we obtain that for F' € £°°(S) supported on Urenl
A < ClF z1sy)- (%)

Corollary 10.7. Let p1,...,pn € [1,00] such that % =" L Moreover

i=1 p;

let P,a as in (10.6) and Ao C A,|Ao| = 2. If (x) applies then
[P(F1- o Bl < CTTIE N e
1=1

Sketch of the proof. We use in a row boundedness of a, (%) to prove

|P(Fy,. . E)l < CITT A ] Fill 2 sy
€A igA

Since % = % + % + é + ... then (8.16) holds and we can apply Holder

inequality to obtain

ITTAE T Fillcigsy <C T1IAFzoisyy TT 1AFNericsny [T coigsney-
i€A i¢A i€Ag i€A\Ag i¢A

To conclude we apply the Embedding Theorem from last lecture

[TIAFl sy 1T 18Fl s TTIE N erisny < CTTIE -
i€Ap 1€A\Ap igA i=1

Consider the following two transformations:

e for A > 0 the dilation Dy
Dyf(z) = f(A\"a);
e for y € R the translation 7T},

Tyf(x) = f(z —y).
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Then

/iljD,\fz‘(a?)da: = )\/iljfi(x)da:, /ili[lTyfi(x)dx = /Zli[lfz(g:)dgg

All the paraproducts share a similar behaviour under translations and dila-
tions (in the dyadic setting dilations are restricted to A = 2¥).

For F': R x R~y — R harmonic there exists a unique G: R x R~y — R har-
monic with limy_,o, G(z,y) = 0 such that F +iG is holomorphic. We call it
the Hilbert Transform of F and denote it by H(F'). We observe that H(-) is
linear and invariant under dilations and translations, i.e.

H(D\T,F) = DyT,(H(F)).

Therefore the following is a good candidate for a paraproduct

/H(Fl)ngx.

Now assume F' harmonic in R x R+ and continuous in R x R>¢ Under other
suitable conditions on F' which provide that the following integral makes
sense, the Cauchy integral

lim 1,/ F(e)——de = ! /RF(t)ldt,

R—oo 2mi /., E—z T omi t—=z
R
R R R

gives a holomorphic function in z.
For z =z + 1y

1 1 t—x 41y . Y

fe tma—iy (et (ot

and the Cauchy integral becomes
1 Y —1 t—zx
— | F(t) m——————=dt+i— [ F(t)————=dt.
2r Jr ()(t—x)2+y2 sz/R ()(t—a:)2+y2
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The real part is g because F' is harmonic and by properties of Poisson kernel.
H(F)

The imaginary one is —5—. Therefore we consider the kernel of the second
summand

1 t—x 1 ¢
- = _pr|-=-—"
21 (t — x)? + y? yx( 7rt2+1>’
and we call it the conjugate Poisson kernel. We can draw a parallel between

the Poisson kernel and martingale averages on one hand and the conjugate
Poisson kernel and martingale differences on the other.

_1_t
/+\ S
>t

11 Classical operators and paraproducts

In this lecture, we start with a little digression with respect to our previous
theorem. More specifically, we wish to illustate a little how to apply some of
our techniques to bound some classical operators in harmonic analysis. Our
first main operator of the day will then be the Hilbert transform.

Before going on, we start by redefinind a few basic concepts that appeared
on our first lectures. For example, we define the Poisson kernel as the

function
1 1

p(z) = Tlr2
Moreover, we parametrize a family of functions accordingly by ¢i(z) =
%gp (%) . This definition is useful as, as we have already seen, we can ex-
tend a (reasonably well behaved) function on the real line with the help of
this kernel to the upper half plane, in order that the extension is harmonic
on R x Rsq. Explicitly, we define

F(z,y) /f e e /f Yoy (@ — 2)dz = f % py(2).

Closely related to this kernel is the conjugate Poisson kernel, which is defined
by
1 =z

Just like before, we define 9¢(2) and f*v,(z) = G(x,y), as long as the func-
tion f is sufficiently well behaved. The most notesworthy property of this
conjugate function is the fact that, if F, G are defined as above, then F' +iG
is a holomorphic function in R x R+ . There are many ways to see that, one
of them being simply and directly using the Cauchy-Riemann equations. We

60

2016-11-24



omit the details.

The next question we want to pose is: as we know that we can make
sense of lim;_,o f*p(x), and this converges almost everywhere to the original
function f, do we have necessarily a similar phenomenom happening for G?
That is, when does lim;_o f * ¥ (z) exist? One possible first way to start
investigating that is by simply looking at the limit of ¢ (x) as t — 0. If
z#0:

lim () = lim T L 1L
ta0t7r1+(z/t) Tz
We have, however, a singularity problem around the origin. The way to rem-
mediate this problem is by ignoring the pointwise limits for ; and focusing
on the definition of G directly, for a suitable class of functions f. In a clearer
way: let f be a function that belongs to some LP(R), for 1 < p < +o0.
Moreover, assume that f is continuously differentiable around every point
on the real line. We have, then:

. . 1 z
lim £ » () —ggrg)/f<x—z)“2+22dz
1 z

odd function 71g%/ (f(z —2) = f(2)1},<) e
1 p 1d
fEC:ﬂL /(f(x _ z) — f(x)]l|z|<5) ;;
1dz 1dz
. 1dz
:ilg(l) R\[_&E]f(l“_zfi pv/fx_z

Alternatively, one can also show that the expression above also equals

1 dz
Q/R(f(x —2) = fla+2) = = Hf(x).

w4

This last object is what we call the Hilbert transform. We want to use the
techniques and the general philosophy we have so far to prove LP bounds for
this object. With this intent, our main idea is the follwoing:

Idea: [ H f(z)g(xz)dz can be decomposed into paraproducts.
In the end, we wish to establish:
Goal: | [ Hf(z)g(w)dz| < Cllflpllgllp.: 5 + 55 = 1.

Note that this last goal is equivalent to the wished L? bounds for the
Hilbert transform. Omne of the implications is proved by simply setting
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g = Hf|Hf|P~2 and calculating explictly. The other direction is estab-
lished by Holder’s ineqaulity. The first observation we make is that for p = 2
the proof is actually simple, and resorts to complex analysis techniques: as
the function F' + G is analytic on R x R+, we integrate its square over the
following rectangle:

—R+iR R+iR

B

—R+1id

=
+
8;

-\

—-R 0 R

We have then
/ (F +iG)?*dz = 0.
Cs

By taking the real part, employing limg_~, and then taking § — 0, we see
that

_ 2 _ 2\dp — 2 2\ do.
o-/R<F G?)d /R(f (H)?)d

This implies that || f|l2 = ||H f||2. Of course, the details in the proof above
are far from being completed, but the reader is invited to take them as an
exercise.

Remark 11.1. In higher dimensions, there are various ways to define analo-
gous objects to the Hilbert transform. For example, one can then define the
so-called Riesz transforms as
R f=pv.fxc—— = lim T —z)———dz - dzq.
’Lf p f |$’d+1 =50 2> ( )|Z|d+1 1 d
We remark that this is the critical exponent case of a homogeneous func-
tion in dimension d. This means that

)\Zi —d i

]/\z|d+1 - ’Z’d+1'

While this is a triviality, there is more to it: it means essentially that we
have, in this only critical case, bad integration both near the origin and near
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infinity. Of course, we also need, as we are going to see soon, some sort of
cancellation. In this example, as in the case of the Hilbert transform, we
have that the integral of the kernel we are integrating on every annulus of
R? is actually zero. Inspired by that, we can also define the second order
Riesz transforms as the kernels

D fpa fa = 2) Citndz, i #
Rivjf(x) = 22 —c|z|? . .
p'V-fRd f(x—Z)ile_HdZ, 1=17;

where c is taken so that the inner kernel in the formula above has integral
zero on the unit sphere S1.

11.1 A PDE motivation

In the study of partial differential equations — or simply often called ‘PDEs’
—, inequalities involving the original function and its derivatives are crucial
for many of the regularity theorems, as well as for most of the existence and
uniqueness results. Particularly, one important question to be raised was the
following;:

Question 11.2. Suppose we have control on [|Af]|,, for some sufficiently
regular f. Can we say anything about ||0;0; f||p, for arbitrary 4, j? In other
terms: would it be true that

”8iaijp < vanHAf”w

for some constant C,,,7

The question can be rephrased in the following way: can we find, for a
general u € LP, bounds of the type

10:0; A ullp < Chpllullp?

Of course, we need to make sense of what A~! here means. For this, we let
the function N be defined as follows:

cloglz|, d=2.

Here ¢, ¢4 are dimensional constants. The claim is then the following:

Claim 11.3. The function u = f*N satisfies Au = f, whenever f is bounded
and sufficiently fast decaying.

Sketch of proof. We prove this statement in dimensions d > 2, as for d = 2
a separate argument, but in the same spirit as this one, is needed. Define,
then, the function

N.(z) = N(z), if |z > &
alx| +b, if [z <e.
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Moreover, choose a and b such that N, is still of class C!. A simple calculation
then shows that f*xN = lim._,g f*/N., and that the same holds for derivatives.
Finally, a direct computation shows that

0, |z| > ¢
2da(= ce™), |z| <e.

AN, (z) = {

The last line is justified with either a direct calculation or a scaling argument.
Therefore, by Lebesgue’s differentiation theorem,

lim A(f * N.) = lim /| f(@)dz = cf(y).

e—=0¢e™

Multiplying by the constant in the definition of N then gives the result. The
details are left to the reader. O

One particular property that could be derived directly from the definition
of N is that it satisfies

2 1.2
CTT z; — 2|z
0;0;N (z) = \m|;+]2 and 0;0;N (z) = CW

Notice that these are exactly the kernels defining the second order Riesz
transforms. This observation, together with the fact we have proved above,
gives a proof of the following

Theorem 11.4. If [|R;j fllp, < Cpllfllp, Vf € LP(R), then
10;0: fllp < Coll Afllp,

for each f € W2P = {f ¢ ||fllp + IAf]lp < +o0}.

Remark 11.5. Notice that, as a consequence of those formulas, we have that
the Riesz transforms satisfy

R, = GZA_I/Q,

where A™1/2 is defined as A™V/2f = ¢(f * | - ['=%). With respect to this
operator, we have that Afl/Q(Afl/Zf) = A7'f as defined above, and a
proof of this goes roughly as follows: first, one proves that the convolution
|- |*=% |- |'=? is well-defined and radial. Then it can also be shown that it
is homogeneous of degree 2 — d, and therefore we must have that it equals
cl- \Q*d. To find the constant ¢ explicitly, a direct computation will suffice.
The details are then left to the reader.
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12 The S* embedding in the continuous setting
2016-11-29
We get finally to the touching point of our last two topics: singular operators

and outer measure theory. We wish, as promised, to perform a paraproduct
decomposition in our operators, so that we reach, in the end, the promised
LP bounds for such classes of operators.

The goal of this lecture is to establish “continuous versions” of the em-
bedding theorem (25.2) for outer £P-spaces we discussed in the dyadic envi-
ronment.

First of all, we set our outer measure space structure:

e X =R?%x Ryyg;

E={T(z,s) = {(y;t) € R x Rxo: [z —y| < s —t}}.
The elements of this set are called tents;

o o0(T(z,5)) = s%

B is the set of Borel measurable functions in R? x Rxq;

e for F' € B, we define the sizes

SF)(T(X, 5)) = ({l / )|F<y,t>|pdyit>p, 1<p <o,
SUFNT(X9) = swp [F(y0)]

(y,t)eT(x,s)

Remark 12.1. The tents T'(x,s) substitute for the dyadic ones T';, where
J = [n2%, (n 4+ 1)2%): z plays the role of n, s of the scaling parameter k. In
particular for (y,t) € T'(x,s) we have T'(y,t) C T(x,s), as well as for I C J
then T7 C T'y.

For f: R — R measurable, locally integrable and such that

/ PN+ J2l)~0<dz < oo,

the first embedding map is defined by
AF(w 1) =swplt~ [ )67 - )

where the supremum is taken over the set of functions ¢: R¢ — R such that
lo(2)] < (1+]2])~%¢, where € > 0 is a fixed number (in applications we can
usually take € = 1).

Equivalently,

A ) =0 [1AEA+ ¢y - =)0
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Remark 12.2. In the lecture we have written F' = Af.

The adjective “embedding” is explained by the following result, where
|[[,, stands for the classical LP-norm.

Theorem 12.3. For every 1 < p < o0

1Af 2o 500y < Coll F1l,-

Moreover in the endpoint a weak type inequality holds

[Af Nl groe 50y < ClIf -

Proof. By Marcinkiewicz interpolation theorem it is enough to prove the
cases p=1,p = oo.
p = oo. For all y,t we have

Af(,t) < I1fllot ™ / (L4t Yy — =) edz < £l

Therefore

SPAN(T(z,8)) = sup  |[F(y, )] S || fll o
(y,t)eT(x,s)

A4Sl g5y = 3P S™(AN(T (@, 8)) S /]

p = 1. We define the Hardy-Littlewood maximal function by

M (x) = sup /B IRELS

>0T

where B(x,r) == {z : ||z — z|| < r}. To be consistent with the standard
definition one should put also a constant taking care of the d-volume of the
unitary ball, but for our purpose we can forget about it. It is a continuous
version of the dyadic maximal function we defined in the discrete environ-
ment for martingales.

We want to prove a weak type (1,1) bound for it, i.e.

s Mf(@) > 2y < 120
In the discrete case this was done straightforward by considering maximal
dyadic intervals. In the continuous case we have to be more careful.

The first step in order to prove it is a so-called Vitali covering argument. For
i=1,2,... pick B(x;,r;) such that

1
e PN LCLEE
Ty JB(z;,m)
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B(x;,r;) is disjoint from all B(x;,r;),j < ¢ and there is no such ball B(&;, 7;)
with 7; > 2r;. In the continuous setting this condition plays the same role
of restricting to maximal dyadic intervals in the discrete environment.

The condition f € L' ensures that this choice can be made.

Now we claim that

{z: M f(x) >} C UB(xi,Gri).

In fact suppose that for x there exists r such that

1/
— f(z)|dz > A.
G

AZr<U/ 2)ldz < ||l

xzﬂ"z

Since

then there exist finitely many r; > r. By construction of our sequence of
balls there exists ¢ with B(x,r) N B(xz;,7;) # 0 and 2r; > r. Therefore
B(z,r) C B(z;,61;) which proves the claim. Thus

SAATY

o M5(0) > Al < 3 Cutor) < Gy

Now pick the tents T'(x;, 6r;) for (x;,r;) as above, for which we have

Il
> (T (i, 6r;)) < ch.

i
We want to show that

Sup S(Afﬂ(UlT(l‘l,GTz))c)(T(xv 8)) S C)\

We claim

Af(y,t) S inf Mf(x).
z€B(y,t)

Assuming the validity of this claim we can conclude that for (y,t) ¢ |, T'(zs, 6r;)
we have

Af(y,t) S A
since

(y,1) ¢ | JT (@i, 6r:) <= Bly,t) ¢ | B(wi,6r:)

) )

= Jz e B(y,t), s ¢ {Mf >} C UB(xi,ﬁm).
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Now we verify the claim. By scaling and translation we may assume
t=1and y = 0. Note

1

- 2 6k2 dk‘]l " ( )
e S B2 (2
T+ T ~ 2
In fact if ||z]| < 1 then
1 —0oy—dO
T 1120 P02,
and if 28 < ||z]| < 2¥+1 as well
1 deo—cko—dk
W S < 497979 13(0ﬁ2k+1)(2’).
Therefore
1
£(0,1) <Z2—f’“ |f(2)|dz <
k>0 B(0,2%)
< 2= sup — / |f(2)|dz <
ST
1
< sup — |f(2)]dz,
r>1 7% JB(0,r)
and the claim follows. O

Remark 12.4. In the dyadic argument we had no dependence on dimension,
namely no multiplicative constant depending on it. Therefore we should
expect the same to happen also in the continuous setting, meaning that our
argument is not optimal.

12.1 S? embeddings

For f: R — R measurable, locally integrable and such that

/W@M+MWHw<m

the second embedding map is defined by

Df(y,t) = supl|t™ d/f (y — 2))dz|,

peC

where the supremum is taken over the set C of the functions p: R? — R such
that for all z, 2 € R% we have

[e(z)dz =0, (12.5)
o(2)] < (L+ =)~ (12.6)
|6(2) = $(=)] < |z = 2| (L + )74+ 1+ [/ (12.7)

for some fixed € > 0.
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Remark 12.8. The above conditions become more restrictive as e grows.
In most applications it suffices to consider € = 1, in that case (12.7) is a
local form of Lipschitz continuity and follows for instance from a derivative
estimate of the form ||[Vo(2)|| < (1 + |2])~9~2.

However, it seems convenient to use the larger family of wave packets
with small € since it restricts the kind of estimates that can be made and
leads to cleaner proofs.

Remark 12.9. In the lecture we have used the notation Df = AF.

Remark 12.10. The smoothness condition (12.7) prevents us from considering
the Haar functions with integral 0. Namely for J € © the function

1 if x € Jp,
hj(x) =4 -1 itz e Jy,
0 if ¢ J.

Theorem 12.11. For every 1 < p < 00

1D Flgo(s2) < Coll £l

Moreover in the endpoint a weak type inequality holds

IDfll 1052y < ClF -

In the dyadic setting we used a telescoping identity, basically relying on

the orthogonality of the Haar functions.
However this property no longer holds for the functions used in defining
Df, even if it is not completely lost. Therefore the struggle in this case
will be to recover enough information for our purpose from this only quasi
orthogonality.

We linearize the supremum in the definition of D f by choosing for each
pair (y,t) a function ¢ € C for which the supremum is almost attained.
Denote then ¢y, .(2) = t~9¢(t~1(y — 2)). This is an L' normalized wave
packet at scale t. The almost orthogonality of these wave packets is captured
by the following estimate.

Lemma 12.12.

(tt/)€/2
max(t,t') + |y — y/|)d+e

\(wy,t, <Py',t'>| S (
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Proof. Without loss of generality assume ¢t < t’. Using the cancellation
condition (12.5) we split the integral

/ ooy (2)dz = / y(2) @y (2) — oy ())dlz
Rd Rd

= [ eueroer=opeiet | ou@ope@ie [ ooy
= Ilocal + Itail,l - Itail,%
where B = B(y, R) and ¢ < R will be chosen later. For future reference note
oo tE d—1
— €
/Bc |py,(2)|dz g/R WT dr < (t/R)".
Using the Holder continuity condition (12.7) we estimate
[ Tocal| < / |oy(2)ldz - (R/E)° Y
focall = foa 1791 (¢ + dist(y’, B))d+e
< R .
~ (¢ + dist(y, B))dte
Using the decay condition (12.6) we estimate
()¢ /
Lol < z)|dz
| tal72| = (t/+ ‘y — y/|)d+€ Be |Q0y,t( )|
(t't/R)*
Tty =y
In the estimate for Ii,i11 we distinguish the spatially separated case |y —
y'| >t and the non-separated case |y — y/| < t.

Case |y —¢/'| >t Using the decay condition (12.6) we obtain

tf
Htail,1| < /
! BenB(y',ly—y'|/2) (t+ ‘y—y/’/Q

)d+€ |S0y/,t’(z) |dZ

()"
+f oye(2) i
BenBly -yl | ly =y /2) T
tf (t/)ﬁ /
N + d
~ (t + |y _ y/|)d+e (t' + |y _ y’|/2)d+€ Bc‘@y,t(z)’ z
< e (t't/R)¢
Tty -y Dt (@ ly —yl/2)

Case |y —¢/| <t This case is easier because we do not have to exploit
spatial separation between y and y':

L < () /B Vbl S 01/ [RY /(1

In both cases we obtain the claim upon choosing R = (tt')"/2. O

70



We use the almost orthogonality statement in Lemma 12.12 to deduce a
warm up claim for p = 2.

Lemma 12.13.

dt
DS (y. 1) Pdy— <1115
RdXR>0

Proof. We intend to prove it by a Hilbert space argument.

Denoting by
— [ fG)eta)a:

we recall that for every (y, t) there exists ¢, ; such that |D f(y,t)| < 2(f, ©yt),
then

([ wrwora$) < fu soy,t><soy,t7f>dydt>
RixR<q

<(LOL, v soy,moy,t(z)dyo“) o)

H <f Py,t )‘Pyt H HfHQ

RIxR >0

dt dt’
— / (F 20 oy oy Vo Py Sy SR

<20 [I(fnadPay 113
In the last inequality we used

2 2
‘<fa‘/7y,t><90y’,t’af>‘ < ’<fa§0y,t>‘ +‘<f7()0y’,t'>‘ )
together with the definition of the constant

dt’
—sup/\ Dy.ts Py, t’>|d?/ .

Since the integral over (y,t) in the last estimate is bounded by the left-hand
side of the conclusion, it remains to show C' < oco. By Lemma 12.12 we have

,dt’ (tt")e/? ,dt/
@yt oy ) |dy' — N/ / dy 7+
/ whry t/ <t Jrd t’+Hy ey
tt/ 6/2 dt/
L e
s Jra (E+[ly =) t

2 q¢ £\ /2 ar’
<G L) T
tSt/ t t t>t/ t t

<1
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13 The S? embedding in the continuous setting

2016-12-01
Proof of Theorem 12.11 with p = co. We need to show that

SHDF(T(z,5)) S 1flle

But this is equivalent to

1/2
1/ L. dt
— Df(y,t)|"dy— S fllso
<sd T(m)! (y,1)] t) £l

Split then f = f1p(;36) + f1B(2,35)c- By subadditivity of D we can consider
these summands separately. For the first summand we use Lemma 12.13
together with the estimate

1L sslla S s”I1f o

For the second summand we linearize the supremum in the definition of D
and estimate

o0 tE t€
DS ata)0:0) S U Ui )| S 1Pl | Grpgmer ™ S 1

This implies

1
1P s 0P

swt [ [, G )zed 0

<112 /0 2l
2
<171

dt

O]

Proof of Theorem 12.11 with p = 1. The proof relies on a smart and classical
trick in harmonic analysis. Explicitly, we want to truncate f in such a way
that the truncation is going to be a good function, in the sense that it is
bounded by a fixed parameter we will choose. On the other hand, there is still
going to be a reminiscent term, which we will call our “bad function”, which
could possibly cause us trouble. Luckily, this “bad function” is not as bad as
it sounds, as the measure of it supporting set is finite — and well bounded in
terms of our fixed parameter —, and it possesses some (extremely) important
cancellation properties, that will allow us to perform the desired bounds. A
such decomposition is generally called a Calderdn-Zygmund decomposition,
and can be described as follows:

First, fix a f € L'. Recall we have a sequence of balls B(z;,7;) such that
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de (i) 2)|dz > .

2. B(z;,7;) is disjoint from all the other balls in the collection;
3. There is no B(Z;,7;) satisfying the two conditions above and 27; > 7;.

In the last lecture we have included the set

{r eRY: Mf(z) >\ C UB(xi,Gri).

Define then

c C

Qz—B 35“67“1 UQ] N UB(xPTj)

1<t 7>

Those cubes here are playing the role of dyadic intervals, as they contain the
ball B(x;,r;), are contained in B(z;,6r;) and are pairwise disjoint. Define
then b; be function such that

e suppb; C Q;;
° f b dZ = 0
e f —b;is constant on @; (and equal to @ fQi f

Those are the main ingredients to our desired decomposition. In fact, we
call b = ). b;, and this is supposed to be our “bad part”. On the other hand,
if we write f = g + b, then g is supposed to be the good part. We are going
to work more thoroughly on this decomposition on the next lectures.

Our aim is to show that

u(S*(Df) > CX) S UM F > A}

for some sufficiently large C. Since the good part in the CZ decomposition
satisfies ||g||,, < A and by the p = oo case of the theorem we may replace f
by the bad part b in the claim.

From the proof of the L1:°°(5°°) embedding we know that

||Db]1(UiT(:Ei,67’i))CHL°° SOO) ~ >\

By logarithmic convexity of the S? sizes it therefore suffices to show

HDb]l(UiT(xi,lori))C HLoo(Sq) S A.

By scaling we may assume A = 1.
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We are going to estimate Db; for each fixed i. For notational simplicity
assume x; = 0 and let b = b;, r = r;. Let (z,t) € T(0,10r). Consider first
the case t < 3r, so that |z| > 7r. Then

Db(a t) <t /B R

<t / bl()le/t) <Ay < ()t
B(0,3r)

Consider now the case t > 3r. Then for every z € R? we have

Db(z, t) < supt| / b(y)(6(( — y)/t) — dlx/t))dy]

¢eC
< (/)" suwp [g((x —y)/t) — d(z/t)|
PEC,|y|<3r
< (r/t)e \Sfil;’ (] —yl/t)~ "+ (1 + 2| /)~")

< (r/) (1 + |l /)™

Next we estimate the integral of Db over the vertical line {z} x (0,s) \
T(0,10r). For |z| < 7r we have

S

dt e dt
Db, S [ (/e fal /e <1

3r 3r

for every s > 0. For |z| > 7r we distinguish several cases in the estimate for
s dt
/ Db(x,t)—.
0 t
Case s < 3r

s dt s —d—cdt d—e [T ,cdt —d—
| pve S s [t oS vl [ S aal s
0 t 0 t o t
Case 3r < s < |x| We split the integral at ¢ = 3r. For the first part we
obtain the estimate < 7’d+€\x|_d_E by the previous case. The second part we
estimate by

5 S /ey | S (/e Do (30)

3r

Db(.%',t)% S /S(r/t)d+€(1+‘$’/t>_d_€dtt

3r 3r

Case |z| < s We split the integral at ¢ = |z|. For the first part we obtain
the estimate (r/|x|)4T¢(1 +log s/(3r)) by the previous case. The last part is
estimated by

Db, S [ (/o rlal e S [Tt S e

la| ¢ z|

s

||
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Overall the integral of Db restricted to 7'(0, 107)¢ over the vertical line {x} x
(0,s)\ T(0,10r) is bounded by

0, |x| < 7r,s < 3r,
1 |z| < Tr,s > 3r
Vir,s,o) =4 " 4. ’ ’
r¢s€|z] .zl > Trs <3,

rdte || 74 || > Tr, s > 3,

where 0 < € < € is arbitrary.
We claim that for an arbitrary family of disjoint balls B(x;,1;), every
c € R? and every 0 < s < 0o we have

sd/ Z V(ri,s,x —¢;)dr S 1.
B(c,s)

%

By scaling and translation we may assume s = 1 and ¢ = 0.

Observe first that for 3r < 1 we have [p, V(r,1,2)dz < r?, so the contri-
butions of the small balls inside B(0,10) can be summed up using disjoint-
ness. The contributions of the small balls outside of B(0,9) and of the large
balls decay exponentially with scale and distance from the origin. This ends
the proof of the claim.

Applying the claim to the bad cubes in the CZ decomposition we obtain
the required S! estimate. O

14 Supplement: tent spaces, square functions, shear-

ings

This lecture actually continued the proof of the L1'*°(5?) embedding from
the previous lecture. Here the proof is presented in one section for improved
readability. This section contains solutions to several homework problems
and Lemma 14.4 that is important in the sequel.

The outer LP spaces can be embedded into the “tent spaces” introduced
in [CMS85|.

Definition 14.1. The cone in the upper half-space with vertex z € R? is
the set I'(z) := {(y,t) € R? x (0,00),|z — y| < t}. For a function G :
RY x (0,00) — R we define

dtdy 1/a
— q —
AG(z) = ( /F (x)!G(y,t)l th) » AsG(z) : (y;gl;(x)\G(y,t)!,

where the supremum is taken in the almost everywhere sense. The tent
spaces Ty are the spaces of functions on the upper half-space R? x (0, 00)
defined by the norms
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L. |A,Gl|p if 1 < p,q < o0,

2. same for 1 < p < ¢ = oo, but with an additional continuity assumption
on the functions,

3. |Gl oo (say if p =00 and ¢ =2
Lemma 14.2. For every 1 < p,q < co we have
144Gllo S 1G] Lagsiy

and
[AgGll proe S IG p100(50y-

Proof. We begin with the case p = q. The estimate
144G e S NGl Lags,): 0 <gq<oo.

follows easily from the case ¢ = 1, and in that case we note

dtdy
| A1G ;1 = / / td+1d
) |de—— / / d ,
/]Rd/ /|ac y|<t y ’ d+1 Y

and this is bounded by [|G|| 1 g1y by atomicity.
Next we will prove the weak type (1,1) estimate. Let A > 0 and let &’
be a collection of tents such that

Y o(1) S2u(S9G > N), G|l peo(say < A
Tee

where G’ = G1(ygrye. Then

0o A
16150y = LAqMW1M9G>XMX§AqQW1M9G>XMX

A
_ q _
<Clregon | O = LGl ey
It follows that
{AG" > M S XA 70 SAUNC 0509 S ATHIGH e (s50)-

For a tent T = T(z,r) let B(T) = B(z,r). Note that A,G = A;G’' on
RY\ Urecg' B(T). Therefore

[{A,G > A} < {AG" > M} + ) IB(T)
Teg’
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and the conclusion follows. By interpolation we obtain the cases 1 < p < gq.
It remains to consider p > ¢. In this case we have

H@mm=uAﬁwmm=/ﬂ%®q

for some f e LP/9" with 1/l p/qy = 1- The right-hand side can be written

/f(a:)/ |G (y %i?dx—/ / /|a: y<tf(x)dwt§1ildy
// D14 () Ly < 1694

S HGqIILp/q(sl)IIAtfHL(p/q) 50y S NGl Lo (saylfl Loray S NG To (50,

as required. O

In particular, the S? embeddings allow us to recover standard estimates
for the Littlewood—Paley square function, and in fact also for the “intrinsic”
square function |Wil07].

Corollary 14.3. For every 1 < p < oo we have
[A2(D )l orey S 11 Lo may-

Moreover,

[A2(D )l proomay S Nl L1 may-
Proof. Use Theorem 12.11 and Lemma 14.2. O

We will need certain uniform estimates on sheared and rescaled functions
in the upper half-space.

Lemma 14.4. Let a € B(0,1) and 0 < B < 1. For a function F : R? x
(0,00) = R define Fy, g(z,t) := F(x + ot, ft). Then

(S Fap > X) S B u(S*F > 279))

1/2
HFa,BHLQ,oo(Sq S, / / .1? t d.’If*) .
Rd

Recall from Lemma 14.2 that

& dt
2 2
| [ Faira 1P,

Therefore, by interpolation we obtain

and

HFaﬂHLP(S?) S deapHFHLp(sz),
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where

2/p—1, 1<p<2,
ap = § any number >0, p=2,
0, 2 <p<oo.

Proof. We begin with the estimate for the superlevel measure. Note that

dt dt
/ Fop(y,t)° dy7 / F(y + at, Bt)? dy*
T(x,r) |le—y|+t<r

dt dt
§/ F(z,Bt)? dz / F(z,t)%dz—, (14.5)
|x—z|+t<2r |x—z|+t<2r t

so that [[Fogllpee(s2) < 2d||F||Loo(52). Let £ be a collection of tents such
that || F1(ueye|l foo(s2) < 277A. Then Faﬂl(uTes%T)c < (Fl(UpeeT)e)ays, and
the superlevel measure estimate follows.

It remains to prove the L?>°(S?) estimate. Let £ be the collection of all
tents T such that S?F, g(T) > A. If the right-hand of the claimed estimate
is finite, then the radii of the tents in £ are bounded from above.

By Vitali’s covering lemma applied to the space R% x [0,00) with the
metric d((z,t), (2/,t')) = |z — 2'| + |t — | we can cover & by Upeg/ 10T,
where £ C € is a collection of tents T such that the expanded tents 2T are
pairwise disjoint. It follows from (14.5) that

S o(10T) S A2 Y o(T)S3(Fup)(T)

TeE TeE

</\22/F2:ct — <\ //Fthdx
Rd

TeE!

On the other hand, the restriction of F' to (Upeg/107T)¢ vanishes identically
on every tent from &, so it certainly has L°(S?) norm bounded by A\. [

15 Paraproduct decomposition for classical opera-
tors

Aiming to use the tools we have developped so far, we define a prototype of
a function ¢ that we have been used before. Explicitly, take ¢ a function
such that

° fRd o(z)dz = 1;
o lp(2)| < (M +]2)~Y

=)

® pyu(z) = ,%d%p(
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Notice that the famly ¢, ; has always the same L'—norm, and therefore we
call it L'-normalized.

To exemplify our method, let f; be continuous, compactly supported real
functions. Then we have that

i (f, ¢y.0) = fi(y)-

t—0

As all functions are compactly supported, we can even state a uniform con-
vergence for the equality above. This translates into the fact that

}%Ad};{(ﬂ#y,t)dy = /}Rdgfi(y)dy

On the other hand, by the fact that each of the f; are compactly supported,

for n > 2 we have
n
lim /Rd il;!<fia@y,t>dy = 0.

Let us calculate then:

2 (/dﬁ%,@y,t)dy) = Rdi[l fis pyt)d
s (fae w(zzy>dz>ﬂ<fmt>dy~

i=1 k=1 i#]

(15.1)

Assume that ¢ is even in all arguments. This implies immediately that both
zrp and Jgp are odd in z. Therefore, by a partial integration we have that
the expression in 15.1 is equal to

—nd
— / H fir ya)dy+

) dZ) [T eun)dy

i

n 1] 1:1%/ (15.2)

(/ff st (50 o [ (5) )
(fmoy,)y

il

It is though easy to see that the two summands above are in fact the same.
Now we also take two extra assumptions, namely, that |Oxp(z)] < (1 +
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|2])~*2) and |Vop(2)| < (1 + |2|)~@+2). This makes automatically the
functions ¢y ¢, Yrpy,t, Oxpy,t are all allowed for our embedding theorem. We
call then

Yyt = YpPy,t and @k,y,t = Oppy.t-

With these definitions, the calculations above and an use of the fundamental
theorem of calculus, we see that

/ Hfl dy_ZZZ/ / f]7wk,yt flawkyt>H<fa@yt>dy@
=1 k=1 l#j5 15,0
amngmy I fis Vkyt) (Frs Pkt H (fisuidlcrsn
i£lj

i Yk | os (s2y o Vg | ongszy [T 1CFor euad llzrigsee)
emb. theorems

i#j,l
H | fillp -

Remark 15.3. We emphasize that, if we take our model function p(z) =
Ce*ZQ, then our functions 1,1 above can be taken such that ¢ = /4.

outer Holder

15.1 Classical operators and paraproduct decomposition

We want to do the same kind of procedure as above to more general, classical
operators in harmonic analysis. Explicitly, if we take n = 2 above, then our

/ £1 @) foly)dy
Rd

We want to transform and adapt some of our techniques, so that we can
estimate also the following more general operators

/ FW)K (4, 2)9(=)dy dz,
Rd JRrd

where we demand that our operator K (y, z) has some special properties. Of
course, by taking such an operator to be K(y,z) = dy—,, we recover our
toy case above. Let us assume then that we have a more general operator
K(z,s,y,t) such that

toy example was

in(t
K (2,5,9,0)] < — inlf:s)

max(t, s, [ly — )"

Then we can state the following:
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Theorem 15.4. If 5 14 % =1 and dmax(ayp, ayy) < €, then

min(¢, s)¢|F(x, s)G(y, t)] ds dt
dedy — — S ||F G .
/ / /Rd rd  max(t,s, ||y — x|[)dte | HLp 5 161z 5%

Proof. We set first r = max(t, s, ||y — z||).
Domain 1: r # ||z — yl||. Assume, without loss of generality — as the symme-
tries of K allow us to do so — that ¢t < s. First we notice that our kernel can,
in this domain, be bounded by

tﬁ

Letting y = ¢ 4+ as,t = Bs and computing the change of variables explicitly,

we see that - s i d
/ / // IF- K- G\dy—dx—s
0 R4 JO JB(z,s)
is bounded by

00 1
/ / / / F(z,s)G(z + as, 3s) dacf—?dx@
o JriJo JBo1) pt=c s

atomicity + Holder c /1 / T 1Gasl J dp
< 2) - a, / Qe
o s Lr(S52) Bllcr' (52) Bl—¢

Lernn? 14.4 c 1 I G e ltes da ' devd
< 1E N o gs2) 1G o s - B adB
0 JB(0,1)

§ HFHLP(S2)HGHLp’(52)-

This shows us that this term is suitably controlled.
Domain 2: r = ||x — y||. We assume one more time that s > ¢, as the other
case is entirely analogous. In this case, we wish to estimate

llz—yl dt ds
F(x,s)———G(y,t) — dxdy
LLL ) 0

But, by a change of variables, we have that

1 ro
Ch f variabl
ange of varia es/ / / / F(aj,OéHCU_yH)
0o Jo JrdJRd

1 df da
——G(y, Bllx —y||) dz dy —
=gl (y, B ] 5

1 a 00
olar coordinates d d d
polar coordinat /// / F(w,ar)G(w—l—ur,ﬁr)dw—rdu lﬂ c
§d—1 Rd Bl «
atomlclty+Holder dﬂ da
[ [ 1l Gusllor s n iz %

Lemma 14.4 —dew o—dors d,@ do
el P[Py TeT/J /O |t S22

Bl € o
5 HFHLP(S2)HGHLP’(52)

81



This clearly finishes the proof of the theorem. O

15.2 Example: the Hilbert transform

From the calculations above, we see that, for two sufficiently regular functions
f, g, we have that

d 2 e i d
Lowsar=335 [ [ (ot i S

k=1 j=1

Now we may use the fact that, if two function f; and fo satisfy that, for all
g smooth and compactly supported,

/fng/fw,

then f; = fo. This implies promptly that

d 2 e i
f = Z Z/O /Rd <f7 wk,y,t,j>¢k,y,t,j dy %7

k=1 j=1

at least formally. Therefore, we can try to apply the same sort of “formal”
reasoning, so that, for a bilinear form A, we have that

Af,9) = zd: 22: /Ooo/Rd/Ooo/RdU,W,y,t,ﬂ

k,k'=1j,5'=1

- ~ dt dt’
XAkt Vo t.i) (9 ko ot,5) AY " dy’ T

Therefore, we can wonder whether we can use a similar method to deal with,
for example, the Hilbert transform. This is, nevertheless, the aim of the next
lecture.

16 T(1) theorem

Definition 16.1. We start by defining a Calderon-Zygmund kernel K as a
function
K:RYx R\ {(z,2): 2 € R} = R

such that:
1. Vz,x0,y: 2|z — 20| < ||y — zo]|, then
|z — 2ol

\K(m,y)—K(mo,y)lg 3
ly — ol
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2. vxayayO: 2Hy_y0|| < ||'1" —?JOHa then

K (ay) — K(z,0)] < 2=l
Iz — ol

3. Ve>0 3N: |z -yl > N then |K(z,y)| <e.

The first two properties provide local conditions on K, while the third
requests a qualitative decay away from the diagonal. For example, it prevents
from considering the constant functions.

Observe that these three properties imply a bound for K, namely

o0

K (2, y)| =Y K(z,z+nly —2) = K@,z + (n+1)(y - 2))| <

3
—_

o0

ly — || _ 1

< =C—07,
(4 Dlly —=zDH ly — 2|

n

where we can telescope because of the third property.

Ezxample 16.2. While Definition 16.1 might seem a little bit abstract, we
emphasize that those conditions naturally appear on classical operators in
Harmonic Analysis. For example, if d = 1, then taking
1
r—y

K(xay) =

returns us the classical example of the Hilbert transform, and if d > 1, by
taking
(z,y) = —k " Yz _
b - d+1 )
[z =yl

gives us the k—Riesz transform.

Definition 16.3. The space of Schwartz functions or the Schwartz class is

SMRY) :={f: R 5 R: VN, sup [2°0°f||, < +oo}.
lo],|Bl<N

Definition 16.4 (A associated to CZ kernel). A bilinear form A: S(R?) x
S(R?) — R is associated with the CZ kernel K if for every ¢, € S(R?) such
that supp(¢) Nsupp(v)) = 0, then

Moo = [ [ ola) K@ p)ot)dady. (16.5)
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Ezxample 16.6. The identity operator

Moo= [ [ etaoty) dedy

is agsociated to K = 0. In fact, any multiple of the identity has such property.
In particular, there is no claim about uniqueness of a form associated to a
CZ kernel.

We can finally state our main theorem:

Theorem 16.7 (T(1) Theorem). Let A: S(R?) x S(RY) — R be associated
with the CZ kernel K. Assume that there exists N such that

Alpyes ) <72,
AW, pye) S5,
for all o, € S(RY), where o satisfies
e supp(p) C B(0,1);

b Supa<NH8a¢Hoo < 1;

o 0yu(2) = 7o (5FY).
Then
A(p, ) < Cllpllyllll,-

In this lecture, we will focus our work on the first part of the proof, which
will consist of adding an additional assumption to the theorem and proving
it.

Example 16.8. The Hilbert kernel. Let us prove that the Hilbert kernel
satisfies the properties required in the T'(1) theorem. We start by noticing
that

dz
pv./ Pyl —2)— =
R yA

1 dz
[ usta=2) = pala+ )% <
2 R z
1 dz
5| lewala =) = e+ DI
{lz|<2t} 2|
dz
‘Soy,t(x —z) = ‘Pyﬂf(x +2)|—
{I21>2t} ]
=1 + I.
On I, we use the hypotheses on ¢ in the T'(1) theorem, and it is easy to
see that it is bounded by % On I, on the other hand, we use the

fundamental theorem of calculus to bound

I < Ctlloy tllo-
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Finally, the conditions on ¢ show one more time that this part is also con-
trolled by m, and thus we have that

1

- - . %Dz'
e,

Aoy + AW, gye)| < ' H

o ?/\H < = d/Q This proves the desired,

and therefore the Hilbert kernel is 1ncluded in our class of Calderén-Zygmund
kernels.

By scalling, it is easy to see thatH

Proof of the T(1) theorem. Part (a): Let p € S(R?) be a smooth, compactly
supported, and positive function with

p=1on B(0,1); p=0on B(0,2)".
Define p,(z) = p (%) . Assume that for all ¢ € S(R?) such that
1. ¢ has compact support;
2. Jrap(z)dz =0;

we have lim, 1 oo A(@, pr) = limy 100 A(pr, ) = 0.
Remark 16.9. We can see the assumption as, formally,

lim A(p, pr)="A(p, 1)“="(p, T(1)).

r—-+00

That is the condition which gives its name to the theorem. Notice also that
all cases which we have seen so far satisfy this assumption.

Under this assumption, we will prove that

min(t, s)'=¢
max(t, s, ||« — y|[)4+1—=

A(py,t,es) <C

and then the L2-boundedness will follow from Theorem 15.4. We assume
the same hypotheses on ¢ as on (.

First domain: ||z — y|| > 4max(t, s). Without loss of generality, we also
suppose that t < s. In this case we want to get an upper bound of the form
tl—a

lz =y 17
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The hypotheses on x,y,t,s imply that the supports of ¢,; and 1, , are
actually disjoint. This gives us directly that

A(pr,tad}m,s) = /]Rd /]Rd pr,t(u)K(u’v)¢x,s(U) du dv
fﬁf{éﬂ/‘¢W@Quﬂum)—JQym»¢LAMdUMJ

assumptlons t dud
u av
u@éw oy e

assumptions

B Hx—yW“’

in which case we get something actually better than promised.

Second domain: ||z — y|| < 4max(t,s). We again assume ¢t < s. In this
case, we write

) additional assumption (

A goy,t, ’QZJ;p,s - ¢m,s(y))
= A(Soy,ta (qu,s - ¢x,s(y))py:t) (: Il)
A(Soy,ta (d}z,s - ¢x,s(y))(1 - Py,t)) (: IQ)

Of course, we understand I above as a limit. We begin then: I} can be
estimated, by assumption, by

A(Spy,ta ¢x,s

t t

L <72 (00— Yus(®))pyalle < O V2P g = Oy

By assumption, this case is clear. We split now

122/ / +/ / =11+ I23.
R4 J B(y,3s) R4 J B(y,3s)¢

But the functions involved in I» have disjoint supports, and then we have
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Iy =

)

[log($)]+C

L./ Pt (10) W 0) = s ()1 = py(0)) dc
R? J B(y,2Ft)\B(y,2k—1t)

[log(3)]+C

L
Z Rd J B(y,2kt)\B(y,2k—1t)

@y,t(u)(K(% v) = K(y,0)) (¥a,s(v) = ¥z s(y)) (1 = pyt(v)) dudv

assumptions onyand K Llog(?)]—l—c’ t th fnd Llog(%)J—Q—C
< c B AT
(2F¢)dH1 gd+1 gd+1
k=1 k=1
< 1 t 1" tl_a
<C og( ) S| <C s

Finally, the estimate for the last part should be easier: as s > ¢, then
1 — py+ = 1. Moreover, by the fact that [ ¢ = 0, we have that

Iy < / / Pyt ()1 (s 0) — K (5, 0) [th0.5 (0) — s ()] dv du
R4 J B(y,3s)¢

hypothes1s om/}/ / | 1 dvd
Py (W) g - g dvdu
R B(y,Ss || yH s

integrating

S Sd Sd+1

This proves part (a) of the T'(1) theorem. O

17 Conclusion of the proof of 7'(1) theorem

2016-12-15
Proof of Theorem 16.7, continued. We have already proved half of the The-

orem.
Pick p € S(R?) such that PlBo,1) =1, plB(0,2)e = 0 and define

z
pr(2) =p (;) :
We claimed that
lim A(e, pr)

exists for all ¢ € S(RY) compactly supported and such that [ ¢(2)dz = 0.
Notice that the limit of p, is the constant function 1 (it eventually coincides
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with this function in the compact support of ¢, and this explains the notation
T(1)). Fix rg so that supp(y) C B(0, 7). We want to show that

Jim Alp, pr = pro)

exists. The supports of ¢ and p, — pr, are disjoint, so we can use (16.5),
namely

/Rd /IRd @(QT)(K(CE’ y) B K(O’ y))(pr (y) — Pro (y))dl'dy,

where we also used the property [ ¢(x)dz = 0. By the Lebesgue Dominated
Convergence Theorem we can conclude that the limit exists and is 0, upon
proving that the integral is bounded independently on 7. In fact

’/Rd /Rd e(@)(K(z,y) — K(0,9))(pr(y) — pro(y))dady| <

/ ®) / ||>To o) |K(z,y) = K(0,y)||or(y) — pro(y)| dady < C,
supp(y) /[ly

=) <2pllo

where we used the fact that for ||y[| < % then p.(y) — pr,(y) = 0, while for
lyll > % > 2||z|| we can apply the first property of K.

Last time we proved the Theorem assuming that for every ¢ € S(R%) com-
pactly supported such that [ (z)dz = 0 then

rli{goA(w7pr) - rli{goA(pr’w) = 0.

To complete the proof we sketched, we need to find another bilinear form
II: S(RY) x S(RY) — R associated to a (possibly different) CZ kernel that
satisfies:

o (e, )| < Collell, 1],

e for all ¢ as above

Jim TI(4, pr) = Tim A4, pr), (17.1)
lim TI(pr, ¥)) = 0. (17.2)

The proof will be completed by considering A — IT — ﬁ, where II is the
symmetric of II.

For j € J a finite set, pick 17, ¢/ supported in B(0,1) ), [¢I = fw] =0
such that for every g, h € L*(R%)

Z/Rd/ g, ~y'tah> dtdy7

JjeJ
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which gives the paraproduct decomposition.
Now pick ¢ € S(R?) supported in B(0, 1) ), [ o =1 and define

> j dt
h)=)_ /R /O (9:05,) lim A p0) e h) Ty (17.3)
JjeJ

We observe that:

. <g,¢i7t> € LP(5?%), by S? embedding theorem, since fl/};t =0

o (pyt,h) € LF'(8%), by S embedding theorem, since [y =1.
We would like to apply Hélder’s inequality, upon proving the following
Claim 17.4. [|sup, 1| AW 4 pr)l ] oo (52) < C

Proof. We need to show that for every tent T'(z, s)

~ dt
/ Sup |A(w§,t>pr)‘27dy < s
T(z,s) r>|lyll+t

Pick p such that plp2) =1, plp(4) = 0 and define p; s as before. Since

A(g, pz,s) < CHgH2s% for all g € S(R?), then there exists f € L?(R?) such
that

A(g, pe,s) = (9, f) for all g,
d
[ flly < Cs2.

Therefore

dt
/T( A ) dy<// 1o P Say <ol < os

where the second inequality is given by the S? embedding theorem.

The restriction r > ||y|| + ¢ ensures that the functions &;t(u) and p,(v) —
pa.,s(v) have disjoint supports, so that we can use the kernel representation of
the bilinear form A. Using the fact that z%t(u) has integral zero to subtract
K (y,v) below, we are left to estimate

/ sup | / /RR yal (uw)—K(y,v))(pr(v)—px,s@))dudvf%dyg

T(z,s) r>|ly||+¢

t

()| ————
ly—zll<s lu—v]|>s Ui ||u—v||d+1

o [ e

2
dudv‘ %dy <
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Now we claim that

lim sup|A(¥ ,, pr)| < C,

T—00

and it can be proved very similarly to the previous claim.
The following step is to construct the CZ kernel associated to II.

o , - dt
Kuo) =3 [ [ whatw) Jim A pr)ou0) G
jeJ

We want to prove it is a CZ kernel. The first property is verified in this way:
assuming u, ug, v: 2||u — ug|| < ||u — v||, then

0o , iy d
K (u, 0) — K (0, 0)] = (; L] =) Jim A o)) G| <
J

First of all, we may restrict the domain of integration to t > ”“;v”, since

B(y,t) needs to contain u, v, obtaining

& ; dt
< oo [ 196l = wol gl <
jes? T B(u,3t)

[lu — uo
d+1°

<C

[ =]

The other properties can be checked, so that II is associated with a multiple
of a CZ kernel.

Claim 17.5. If ¢ € S(RY) compactly supported and such that [ ¢ =0 then

(o)) € £1(5). (17.6)

Moreover
(0, pyt) € LY(S™).

Remark 17.7. A priori we only have <g0,1/}i7t> € L1>°(S?).
Proof. The proofs are left as an exercise. O

The claim is needed in order to use Holder’s inequality in (17.3) with
p=1p =00

% - by dt
. _ . ] . j _ _
lim Ti(p, pr) = Tim EEJ /Rd/O <<p,wy,t>flggo Ay, r) (Pys pr) T dy =
J

oo : . dt
_ J : J )1
= jEEJ /Rd/o <<p,¢y,t>f1ggo Ay 45 pr)1 4y,
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where we moved the limit in r inside the integrals using the Dominated
Convergence Theorem and used the fact that

rhalgo <90y,t7 p7"> = <80y,t7 1> =1

The application of the dominated convergence theorem is justified by (17.6),
Claim 17.4, and the fact that

supl(py,¢, pr)| € L7(5%).

These three facts together with outer Hélder inequality and atomicity allow
us to conclude that the integral converges absolutely with lim, replaced by
sup, and moved inside the integral.

By the monotone convergence theorem we have

to dt
Tligloﬂ 907/)7" Z/Rd/ 90’ yt hm A(¢yt’pr) dy+0to—>00( )

We concentrate on the first term on the right-hand side. If 0 < tg < oo is so
large that supp¢ C B(0,ty) and t < g, then <<p,¢;7t> #0 = |ly|| < 2tp.
Let Ty :=T(0,tg). We claim

107, sup AW, 1, pro — o)l oo (s2) S to/T0

T>rQ

for r¢ > 100t.

Proof of the claim. It suffices to consider tents T'(x,s) C 20Tp. For such
tents we have

2dt
/ sup // y, K(u,v) — K(y,v))(pr(v) = pry (v))dudv‘ 7dy <
7’>T‘0 RdXRd
ly—z||<s

<c/ / < > Ly < Ost2/p2.
ly—=li<s o

Using the claim and outer Holder inequality we obtain

t

()| —————dudv 2ﬁd <
y,t H’UJ*’UHd+1 t y=

[[lu—v||>ro/2

; dt
rli{gon QO:p’I‘ Z/Rd/ ' wyt wy,tapté+e)7dy+0to—>oo(1)

91



for any € > 0. By the restricted boundedness property of A there exist
functions fr € L?(R%) with || fz[|, < ||p7]| < C#% such that A, pr) = (-, f7)-
Then by the Calderén reproducing formula

to
i )= 3 / [ (e wyt,ft1+e> Py + o)
t
iy

+ <307 ft(1)+€> + Ot()*)oo(l)'

The second term on the right-hand side equals A(yp, ptéﬂ), so it remains to
show that the first term is 0s,—00(1). To this end we use Holder’s inequality

© N\ - dt
J J -
L
dt 1/2 dt 1/2
2 2
/Rd/ dy / / ’(pytaftH_F ey )
<( / / (ot )Py el
to Jlyll<2t
(/ / 2d+1) g dt>1/2 ({1+9d/2
to y||<2t
deN1/2
d—2 ((Fe)d/2
~ ( /t F ) fo

0
—d/2—-1 ,(14€)d/2
St 1y
—1+ed/2.

This finishes the proof of (17.1). To prove (17.2) we observe

. dt
TIEI;OH Pr, P —TIL%Z/ / Pry Y yt hm A(%t,ﬂr) (Py,ts > —dy

where we used the same argument as before to take the limit inside the
integrals, and we observed

i () = (1) =0
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18 Coifman, Jones, Semmes: complex analysis proof

In the next two lectures we are going to present the paper "Two Elementary
Proofs of the L? Boundedness of Cauchy Integrals on Lipschitz Curves” by
Coifman, Jones on Semmes. First, we will exhibit the proof in the complex
setting.

For a function v: R — C,v(z) = = + iA(z), where ||A’|| . < 0o, we have
the Lipschitz curve T’

I'={y(z): z € R}.
It will play the role of a horizontal axis. We denote with )4 the half planes
in which C is divided

Q= {z +iA(z) +iy,y > 0},
Q- ={z+iA(x) +iy,y < 0}.

In order to make the proof easier, we assume that A is compactly sup-
ported and smooth and that g is compactly supported and smooth in T
Our estimates depend only on ||A’||, so the general case descends from an
approximation argument.

In the case A = 0, when I' is the x-axis, the relation between the Cauchy
integral and the Hilbert Transform is well known. Therefore the former is a
proper way to extend the latter in the general case of a Lipschitz curve. For
z € O, we define the Cauchy integral

g(x +iA(z))(1 + A'(z))
Co(z) = /Fz_ g/ s HZA()) dz. (18.1)

We extend the definition to Q4 setting, for z € T',

Cy(z) = lim Cg(z +iy),

and the limit exists in the assumptions on A, g.
We want to recover a L2-boundedness of this operator, in the same fashion
of the one for the Hilbert transform, with respect to the norm

lgllZ2(ry = /R 9 +iA(2)*V/1+ (A (0))Pda = / lg(s)[ds,

and the last one is the arc length integral.
Theorem 18.2. [ Cyll 12y < el 4'llo0)llgll2(ry

Remark 18.3. The L?-boundedness problem with this definition of the L2
norm is equivalent to the same result for

lglZ, = / g+ iA() Pda.
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In fact
g/l 2y = llgll 2
since, due to [|A]|,, < oo,
1< V14 (A@)2<C

The proof of the Theorem relies on two Lemmata. To state them, we fix
the notation d(z) = dist(z,I") for z € C and H4

Hy ={f: Q4+ — C measurable},
H_ ={f: Q- — C measurable}.

For f € Hy we define the norm

I, = (], 16 dxdy)%,

and for g € H_, in an analogous way, ||g|l,, -

Lemma 18 4. Let F be holomorphic in Q, smooth on Q, |F(z)] < &

z|’

|F'(2)| < P |2, where F' is the complex derivative. Then

IF 12 ry < eUlA T I gy, -
Lemma 18.5. Let f € Hy be compactly supported in Q, and for ( € T

define
/ f z)dxdy.
Qp %~

TSl 20y < el Ao 1S 1, -

The proof of the Theorem is stralght forward once these two results are
settled.

Then

Proof of Thm.

t Lemm

first Le a
1Cqll ey < ellANIC) I3, =
dualit
=" (| 4']|) w_ [((Cq)' fhyy | =

1l <
f cmpct. supp.

s [ (= [ Lt ) FEeIaaay] -

i c<|rA’Hoo>s1}p\ JRGLGILISE

Cauchy-Schwarz ; _
< ([ A ) lgll 22 ry Sl}pHT(f)HL2(F) =<

second Lemma

(1Al 22 (ry-
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O

Before proving the first Lemma, we investigate its statement in the trivial
case of A =0, when 0, = R x Ryg. Recalling our conditions we consider
H holomorphic in R x Ry, smooth on R x R>g, |H(2)| < |H’( )| <

We can prove a stronger equality result, namely

/ |H (2)[2de = 4 / H'(2)Pydady,
R RxRs0

by a partial integration argument. We use the Green’s Theorem, i.e. for a
compact set  with piecewise smooth boundary 0f2, and for f, g smooth in
a neighbourhood of €2, then

|Z|’

/Q (Afg— fAg)drdy = / (Vf-T)g— f(Vg-T)ds,  (186)

o0N

where 77 is the outward pointing normal vector with respect to 9.
In particular, we apply this result with f = HH, g =y, = R x R203.
Since A = 49,05, then it becomes

4/9(H’H’y — 0)dzdy = /89(0 — HH)ds. (18.7)

If in addition we have D holomorphic in R x Ry, smooth on R x R>,
|D(z)| <1, |D'(2)] < then

|Z|’

[ mewermeys [p@re oy

In fact, upon observing

[ i@ > [ |H@D@a = [ DG HE)D ) Pydady,

we have

// 2)[Pydady < C’/|H )| d:c+// |H'(2)D(z)|*ydady.
RXR>0 RXxR>o

To conclude we notice that for the second summand

JI . imepetwy < [[ @Ry < [ )R,
RXR>0 RXR>0

because of (18.7).

3Even if in this case © is not compact, we can recover the result through Green’s
Theorem on sets getting bigger and the good decay properties of H.
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Proof of first Lemma. The example provides enough preparation to tackle
the case of a general A Lipschitz function.

Because of the definition of I', there exists a Riemann map ®: RxR>q — Q4
bijective, holomorphic in R x Ry, smooth on R x R>g, mapping R x {0}
to I' and such that ®(z) = z+ o0 (). The Kébe’s 1 Theorem yields a useful
estimate.

Theorem 18.9 (Kébe’s ; Theorem). If f: B(0,1) — C is holomorphic and
injective then

5 (0. 3£0)) € B0.1)

In particular translating and dilating f, one obtains f(0) =0, f'(0) =1, so
that the claim becomes B(0,3) C f(B(0,1)).

The application of this result to our case implies

| (2)y] < d(®(2)).

The other direction > is given by considering the inverse map ®~!.
We want to prove

A= /]G(:U)QI@'(x)\d:v < where F o® =G,
R

< C// G/ (2)]?|® (2) |ydady.
RXR>O

B

To obtain A < C'B, we will show the equivalent statement A < C(B+VAB).
Since the curve is Lipschitz, there exists € < 1 such that

jarg(®)] < Ze.
In other words, |®'| < C'Re(®’). Thus
A= /|G(:1:)|2|<I>’(:U)|dx < c\/ C)G() (2)da] =
R i
= C‘// A(G@@’)(z)ydxdy‘ =
RXR>0
= 40’// @%(Gé@')(z)ydxdy’ <
RXR>0

<c (\ I P ey +| /I . G(z)@(z)@”(zwdxdy\) |

To bound the first summand we have the trivial estimate by CB. To bound
the second one we use Cauchy-Schwarz. Since @ is defined on a simply
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connected domain and does not vanish in it, we can write it as an exponential,
namely ®' = e”, thus ®” = v'e” = v'®’. Recalling that Im(v) < T, we get

18" < ez 4 [v/eVd| = e2|D'D/|, where D = ™.

Therefore Cauchy Schwarz apphed to the integral above with the splitting
GG'o" = Gv’|<1>’| y2 G’]<I>’| y? yields

[ s o] < ([[ i@ ems dy);'
<//RXR>O 21z )!ydxdy>é.

The first factor is B2. To estimate the second we recall D = e’ then
D' = iv'e™ and

// G2 21 ydady = // G2 D' 2|/ |ydady.
RXR>0 RXR>0

To conclude we use (18.8) with H = G]<I>’|%

// ()2ID 2% (= >|ydxdy<c/\c 2@/ (2)|de = CA.
RXR>O

O

In the following proof we denote by L4 the space of functions on

satisfying
e, = [[ IPdsty <o,
Q4

and in an analogous way we define £_.

Proof of second Lemma. We extend T f to 2_. By the first Lemma we have

1T f 2y < TS Ml

Now for w € Q_

o< [[ T aeany

so we want to estimate the operator H. — H_ given by
[ <Q_ Sw // “f(z)gd(z)da:dy> .
P
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It is enough to show that S: £y — L£_ is bounded, where

//Q+ \zf_(j’?)(d(z))%dxdy,

By means of the so-called Schur’s Lemma, it is enough to prove that for

every w € Q_
1
// ————d(z)dzdy < C.
2 [z —w|

N

Sf(w) =d(w)

[N

d(w)

The analogous statement

N|=

1
d(z) // ——d(w)dz'dy’ < C,
o_ |z —w|

for a fixed z € 24 is completely symmetric.
The wanted bound is trivially given by the estimate

1 1
d(w)% // ———d(z)dady < d(w)% // ———=dady <
Q|7 —wl lr—w|>d(w) |2 — w|*
1
<ol ¢
d(w)2
where we used the fact that if z € Q4 then |z —w| > d(w),d(2). O

19 Coifman, Jones, Semmes: alternative proof

As we already did in our last lecture, we are going to present the paper "Two
Elementary Proofs of the L?> Boundedness of Cauchy Integrals on Lipschitz
Curves”, by Coifman, Jones and Semmes. Today we will, however, present
the second proof.

Let therefore (z =)' : R — C be a curve that satisfies the following
properties:
1. Rectifiability, that is, |T'(t1) — T'(t2)| < Clt1 — ta.
2. Chord-are, that is, |I'(t;) — I'(t2)| > c|t1 — ta.
3. Jordan curve (through o), that is, it is non self-intersecting.
Notice that:
1. Condition 1 implies we can define a function
n
S(t) = sup > 0(tk) = T(tk-)l;
n;0=to<-<tn=t ;

if t > 0, and analogously if ¢ < 0. By reparametrizing I' by s, we
obtain the so-called arc-length parametrization of I'. If T" is arc-length
parametrized, then it satisfies that |IV(¢)| = 1, V¢.
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2. Condition 3 is directly implied by condition 2, as it already forbids two
different values of t1,to to have same values of T'.

Ezxample 19.1 (Graph of a Lipschitz curve). I'(x) = x + iA(x), where A is a
Lipschitz function with ||A'||« < C clearly satisfies all conditions above.

Remark 19.2. It is easy to see that graphs are not the general type of such
curves.

Define then, for f a linear combination of characteristic functions of
dyadic intervals, the operator

Tf(x)= lim h i)

8, | 2) — (@) + 07 (@) ()dy.

Let f = 1(4). Suppose also that min(|z — al, |z — b]) > ¢. Then one is able
to prove that (if (a,b) = I)

‘/_C: = 2 () f(y) dy‘ < Clog <uy> | 193

— z(x) — 02 (x) &

We will use this fact to prove the following

Theorem 19.4.
ITfll2 < Clfll2,

where C' is a constant that depends only on the chord-arc constant in 2.

In order to prove this theorem, we still need to do some work. First,
define the pseudo-inner product

<f,g>r=/Rf(:v)g(x)z’(a:)d:n.

In particular, by the Lipschitz condition, if I' is arc-length parametrized,
then |(f, F)r| < |f]3. Let next

1 ! *iz — z(a
m() = 1 /Iz<x>d:c— (2(8) — 2(a)),

1]
where I = (a,b). By using both Lipschitz and chord-arc conditions, we
conclude that 1 > |m(I)] > ¢ for all intervals I C R. This leads us to
our last definition, namely, the one of the adapted Haar functions to (-,-).
Explicitly, those are

1) = iz (P ) ) L = (1) )

We notice that this function is defined up to a sign, whose choice is going to
be irrelevant for us.
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Claim 19.5.
0, ifI+#J;

(Br,Bs)r = {1’ 1=

Proof. From the definition, if J NI = (), we have nothing to show, as
suppfBr C I. As both I,J are dyadic intervals, we can suppose, without
loss of generality, that I C J.

1. If I # J, then we have to show that
[, = (1) 1) @) = o
R

by a simple of the fundamental theorem of calculus.

2. If I = J, then

owoie =" ([ Gt * g ) 71%)

m(Im(L) (m@)E] | m)|L|

= T im(1) (man? HriAE )

_ (L) + | jm(z,)
T (T)

=1.

Lemma 19.6. If f € L?(R), then
F=Y_(fB0rBr,

1€

where the convergence of the sum on the left-hand side is taken in the L?>—sense,
and

1
G5 <> [fBr < CIIfIE.

Ie®

Proof. Let ®, be the set of dyadic intervals of length 27%. Define then an
modified martingale operator as

Eyf(x) = m(I) "1} /I f(2) (x)da.

Observe that this dyadic martingale operator is bounded by C - Mf(z),
where M f(x) is the Hardy-Littlewood maximal function. Also observe that

o limj o By f(z) =0, as

11 Lo fll2
m(D) 1] | ftara < (@) |2
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o limy , o Exf(z) = f(x), as it is true if f is, for example, constant on
a sufficiently small dyadic scale, and for general f by approximation
and by the Hardy-Littlewood maximal theorem.

We now define the difference operators

Apf(z) = Eppr f(z) — B f(2).

The last expression is, however, equal to > IeD, (f, Br)rPr. Indeed, this holds
by a simple calculation for f = @, therefore it does also hold for linear
combinations of those, and, thus, for all f € L?(R), by approximation. Then
we obtain that

k
(Bif(2) = Egf(2) = Jim > > (f. BB

f— lim
k—o0
L2 —sense
=N (FL BB
I1e®

This proves the first part.

For the second one, we are going to resort to the usual martingale and
difference operators. Let then P, be this martingale operator, and Q, =
P11 — Py be the respective difference operator, with respect to the standard
inner product on the real line.

Claim 19.7.

CQlZ)  Q(®) y
Brf = Py(2) Pk(?>Pk+l(?)Pk( )

Idea of the proof of the claim 19.7. It is enough to prove, multiplying out,
that

Piy1(2)Pe(2) Arf = Qr(2' f)Pe(2) + Qr(2) Pr(2'f).

The left hand side is equal to an expression of the form

> elfBor(ly —11,).

1€®y

Proving the claim amounts then to decomposing 6 = Arhy + Brlj, identi-
fying Aj, By, plugging into the right hand side and verifying that they match
the ones on the left hand side. The details are left. O

We will use claim 19.7 to finish the proof of the lemma. Indeed, we check

directly that 1 > |Pg(2’)| > ¢ for all k. We must therefore only show that:

/ S 1Qu( )Pz < CIFI,
k
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which is due directly to the standard Haar orthogonality, and

Paraproduct

/ S QPRGN e o1

Emb. theorem

12112112113 < CIf13,

which proves the first inequality in the statement of the lemma. By the
paraproduct estimate, we have that

> LB < ClIf3.

1€Dy,

Suppose, without loss of generality, that ||f||2 = 1, and let g = 2/f. Then:

1=IfI5 = (f.9)r = Z(f, Br)r(g, Br)r

Ie®

1/2 1/2
< (Z |<f751>r|2) <Z| b1 F|2>

Ie® Ie®
1/2
<Cllgl3 (Z I/, 61>rl2> :
Ie®

This ends the proof of the lemma. O

Finally, to achieve another proof of our theorem, we do the following
estimate:

(Tf.9)r < > 1{f,B00{TBr, Bs)rg, B.)r

1,JeD

<Y If Bl (Z |<T61,m>r|>

= JeD
+> g, Br)rl <Z |<T5175J>r|> :
e JeD

On the other hand, we can estimate this last expression from the following

Lemma 19.8.
sup > [(TBr, B)r| < C.

Jeo

The details of the proof are going to be ommitted, and we mention only
the main ideas. Namely, we can rewrite

1501 =| [ (27 ~ =) ]
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From this expression, by a careful analysis we can get that

claz — e(I)|2|I%/2, if x € 21;
c[I|=1/21o0g ( 107} ) , otherwise.

min(|z—al,Jz—bl,[z—c(I)[)

TB1(z)] < {

The second case already follows from inequality 19.3, and the first one by the
analysis mentioned. Putting all those estimates together gives us the result.

20 Wolft’s proof of the Corona Theorem

In this lecture we are going to present Wolft’s proof (1980) of the Corona
Theorem, a statement conjectured by Kakutani in 1941 and first proved by
Carleson in 1962. The interest in this proof is motivated by the application of
the outer measures and paraproducts theory in the proof in a non naive way.
This context, far from being the most useful application of it, historically
represents one of its starting point.

Before stating the Theorem we study two significant examples.

Ezample 20.1. For D = B(0,1) C C the open unitary ball in C, let B =
H® (D) be the set of bounded analytic functions on D. It is a commutative
Banach algebra, i.e.

e it has a structure of normed vector space with the norm || f|, . More-
over it is complete with respect to this norm;

e it has a structure of commutative algebra with the pointwise product,
that satisfies the Banach inequality

1fglloe < 17 llcollgll o3

e it has a unit, the constant function 1.

The homomorphisms from B to C are the linear, multiplicative, bounded
functionals. We denote by S, the spectrum of B, the set of these homomor-
phisms. For example, for z € D, the definition

M) = f(2), for f € B,

gives an element of S. However, they are not all of the form of evaluation in
a point.

For an arbitrary Banach algebra B, we let B* be the set of bounded linear
functionals (without any condition on the product) equipped with the weak-
* topology. Therefore we say that X\, — X if for every f € B we have
An(f) = A(f). The topology is generated by the sets

{Ne B*: |A(f) —c| < 6}, force C,0 >0, f € B,
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in the sense that an arbitrary open set is given by the union of finite inter-
section of those. On B* we also have the operatorial norm

Al =sup [A(S)]
Ifll5<1

A well known result is the following

Theorem 20.2 (Banach-Alaoglu Theorem). The unit ball in B* is weak-*
compact.

If X\ is multiplicative and nonzero, B is unital, then for every f € B

A(f) = ALF) = AA(S).

Thus, by existence of f such that A(f) # 0, we obtain A\(1) = 1, which
implies ||[A|] > 1. Now suppose ||A|| > 1, hence there exists f such that
A(f) > 1,|f]l <1. Then

A>T = A= AT = oo,

giving a contradiction. Therefore ||[A|| = 1, and S is a subset of the unit ball
in B*.

Moreover, S is closed, thus weak-* compact. Upon identifying z € D with
the point evaluation homomorphism, D“ C ” B* is not weak-* compact (the
proof requires the Axiom of Choice), hence D*“ ¢ 7 S.

Example 20.3. In this second example let B = (*°(N) the unital commu-
tative Banach algebra of bounded sequence. Once again, for every n € N,
M (f) = f(n) defines an element of S, but not all the elements of S are
point evaluation homomorphisms.

In particular for A C N,

Ta)A(14e),
1

0= A0) = A4~ Tae) = A(
A(14) + (T 4¢).

=A
1=XM1)=XN14+ 1ge) =
This yields
A(14) € {0,1}.

Therefore every element of S produces a so called wltrafilter. We distinguish
two cases:

o JA: |A| < oo, A(14) =1.
Then there exists n € N such that A(1y,)) = 1, and X is given by the
evaluation in n;

o VA, |A| < o0: A(14) = 0.

104



As above, Banach-Alaoglu Theorem implies that this second case happens.
A Heine-Borel argument implies that given f € ¢*°(N), A € S, then Vo >
0 3A C N, ¢s such that A(14) =1and Vne A

[f(n) —cs] < 6.

For 6 — 0 we have ¢s — ¢. We claim A(f) = ¢. In particular knowing the
ultrafilter one can reconstruct the homomorphism, so that S is in bijection
with the set of ultrafilters.

Remark 20.4. One might think that S is given by the compactification of
N obtained by N U {oco} with a proper topology, so that one has only to
make sense of the homomorphism associated to {oco}. Actually the right
compactification to consider is the Stone- Cech compactification. In the same
way, for the first example, S is not given by S? or D, a richer compactification
is needed.

After this introduction we can state the following
Theorem 20.5 (Corona Theorem). D is dense in the spectrum of H* (D).

Remark 20.6. The name comes from the solar corona, the aura of plasma
that surrounds the sun that is most easily seen during a total solar eclipse.
Let S be the sun and D° be the moon. The theorem asserts that the corona
is empty.

Proof. 1t is enough to show that for all n € N,§ > 0, f1,..., fn € H*®(D)
with || fj]|,, < 1 and such that Vz € D 3Ji: |fi(2)] > §, then there exist
g1,--.,9n € HOO(D) with Z?:l figi = 1.

Why? Assume A € S to be not in the closure of D. Then there exists
an open neighbourhood of A not intersecting D. Equivalently, there exist
fiyeooy fn € H*®(D),6 > 0 such that for all z € D 3i € {1,...,n} so that
IA(fi) — A2(f:)] > d. Subtracting a constant from f; we have A(f;) = 0, so
the last condition becomes |f;(z)| = |A.(fi)| > ¢, implying f; # 0, and for
all g1,...,9n

MO figi) =D Af)Agi) = 0 # A1),
=1 =1

so that Y fig; # 1 (this is the contrapositive of the claim).

We will actually show the claim with [|g;|| ., < C(n,¢). It allows us to assume
by approximation that the functions f; extend to holomorphic functions on
some B(0,1+ ¢). We start with f; and define f;,, (2) = fi(rgz), rr 7 1.
Now suppose we find g;,, that do the job. Since ||gi,, |l < C(n,d), then
there exists a subsequence g;,, — g; as k — oo, with g; holomorphic and
l9ill oo < C(n,0d). Moreover,

n n
z; figi = klgroloz; Jire iy, = 1.
1= 1=
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The first try is to define ~
i
= 5
25111l
Then ||hi]|, < C(6),> 1 fihi = 1, but the functions h; are not analytic in

general (this first guess controlled the algebra part of the problem but not
the analysis one). The second ansatz is

i

gi =hi+>  Aijfj.

j=1
If A;; is antisymmetric, then
n n
SO Ayt fi=0,
i=1 j=1
and hence, to keep the good algebraic property of the first guess, we have
n
gi = hi + Y (wij — wji) fi.
j=1

If O;w;j = h;O0zhj, then g; is analytic, namely

0z9; = Ozh; + Z(azwij — Ozwj) fj =

j=1
= 0zhi + Y hiOzhif; — > Ozhihjf; =0,
j=1 j=1

since the second summand is 0z(>  h; f;) = 0z1 = 0, the third one is 0zh;.
To complete the proof it suffices to find w such that d;w = u,u = h;0zh;,
satisfying also ||wl||, < C(n,d). The function

B u(z)
wo(C) = ¢ / /B e

where ¢ is a universal constant, defines a solution. In fact, 9zwo(¢) = u(Q)
on the domain of integration, so that every solution is given by adding a
holomorphic function to wy.

We sketch the proof: for a fixed (p, consider a bump function ¢¢, in the
neighbourhood of ¢y contained in the disc B((p,&’). Use it to split u(z) =

u(2)pg (2) + u(2)(1 = wg(2))-

Il w1 = ea () g
B(0,1+¢) z—=C
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is analytic in ¢ near (p. If in addition u({y) = 0 (we can assume it by adding
a proper constant function), then

lim / /B “(Z)O ¢, (2)dady = 0.

e'—0 (0,14_5) z — C

It remains to show the claim for the case of u constant, but this is done
through explicit computations.

Now a priori we don’t have a bound of the form ||wol|, < C(n,0).
However we observe that for w € L (0D), it defines a linear functional Ay
on LY(4D) with norm ||w|| .. The space

2w
HY(D) := {f analytic in D: Vr < 1 / |f(re)]df < C < oo}
0

is a closed subspace of L'(dD).

The linear functional A restricted to H'(D) has norm [|As|| < |lw|,. By
Hahn-Banach, Ag extends to Az on L'(0D) with ||As| = ||Az||. Therefore,
by Riesz representation Theorem, there is w3z € L*°(9D) realizing Ag, and
|lws|l, = [|As]|. By construction,

21
/ (w—ws)fdd =0,  forall f e H(D),
0

where we have to make sense of the integral, since a priori f is not defined
on dD (as stated above, one observes H(D) C L'(9D)). In particular

2
/ (w — ws) ¥ 49 = 0, Vn > 0,
0 7

Zn

and the Fourier series of w — w3 has only positive frequencies. Hence
w—ws € H*(D), 0z(w — w3) = 0.

Therefore if w = wy then ws solves the equation dswsz = u. To estimate
|ws]| , it is enough to find an upper bound on [Jwg [1(p)lls, i-6. We need
a bound of the form

oo

2T ) )
sup / wo (> F(e29)dh < C(n, 6).
FeH (D) /o

£, <1

Using the fact that without loss of generality wg(0) = 0, applying the Green’s
formula we obtain

// A(woF) log ida:dy.
D —— 2|

40,0z (wo F)=4(u0. F+F0.u)
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To estimate this integral we want use the theory of paraproducts.
We have that log ﬁ = |I| plays the role of the measure of the dyadic interval,

and

F e LY(58%), log B ‘a . F e L'(5?).
For u = hjaghk

fi 0= fx fi10: 11

= Jr
S|l Sl fonl? Z\fm2 Z (XClfml?)?’
and
fi € L2(5™), D | fml? 52bg|8ﬁ€L“@%

so that

1
log TuE L>®(5?).

In the same way, since

Ou=0fu...0.fm-..,
we have

2
<log P ’> Oyu € L=(S*).

21 An introduction to the Carleson’s Theorem
2017-01-12

The purpose of this lecture is to given an introduction to another theme of
Lennart Carleson, namely, Carleson’s theorem on almost everywhere conver-
gence of Fourier series. Let then f : L2[0,1] — C and define for it the partial
sums

SNf Z fn 27rznx

where we define .
ﬁ:%f@amww

These are generally called partial Fourier sums of the function f. We may
prove the following properties about these partial sums:

Cauchy as N — oo : In L2[0, 1], this is due directly to orthogonality of e2™i*
and Hilbert space theory: We have that

N N
HSNfH% _ Z fmfn<e27rmx762mma:> _ Z |fN|2-
n=—N

mn=—N
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In particular, we have, if 1 < N < M,

ISnf=Sufli= > |fulf*<e

N<|n|<M

whenever |fnl? < +oc.
Ezistence of the limit: This follows from the fact that L2[0,1] is complete,

which in turn follows from its definitions via the completion of the space
(under L? norm) spanned by Haar functions and Lio,11-

Equality of the limit with f:We must only prove that the Fourier basis {e?™"*}, <7

is complete in L?[0,1]. For it, it suffices to prove that every indicator func-
tion 1,y is on the span of this basis. In order to do so, we notice that, as
periodic functions, it holds that

]l[a,b) + l[b’a+l) =1. (211)

Let us then analyse f = 1|,4). If © & [a,b], then we write

Snfly) = ﬁ: ( / f(x)e%mdw) e2miny

oo $

27m(N+ )z 727r1(N+%)a:
/f —x) . . dx

z 3
e 2mis _ 271'12

= /f(y—x)DN(:U)dx.
By analyzing Dy carefully, we get that
S ()] < min(C, 1) 50,

as N — oo. If, on the other hand, x € [a, b], we use equation (21.1) and the
same argument as before. This proves the last of our claims, which amounts
to the following

Theorem 21.2 (Plancherel-Parseval). Let f € L%[0,1]. Then

L?, as N—oo
%

Snf I

Therefore, a natural question that arises from this analysis is: When do
we have actually a pointwise convergence? More specifically, if we fix z € R,
then can we establish that

Snf(x) = f(x)?
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This question is surprisingly more difficult than it seems, but we can at least
give a first attempt at it: iff is twice continuously differentiable, we may
write

ﬁ:/f(x)e%imdx

partial integration / 1 —2minT
= r)——ce dx
/ A )27rin
partial integration 17 1 —2mine
= Xr)———=¢€ d:I:
/ I )(2772'71)2 ’
which implies that
~ C
< —.
Fal <

This makes the partial sums Sy f absolutely convergent, and, of course, that
Snf — f for all x € [0,1]. Nevertheless, Lennart Carleson (1966) was able
to prove much, much more:

Theorem 21.3 (Carleson). Let f be continuous and periodic on R, with
period one. Alternatively, let f € L2[0,1]. Then

Snf(z) — f(z) for almost every x € [0, 1].

We will not prove this theorem today. However, we may still make some
enlightening comments about it: first, define the Carleson mazimal operator
as

Cf(x) = ]Svu>Ii|SNf(93)|'

Although Lennart Carleson has not defined himself this operator, it has been
hidden in his proof, and was definitively unveiled in the clarified proof given
by Fefferman in 1973. About this operator, we can state the following:

Theorem 21.4 (Carleson-Hunt). With the same conditions as in Theorem
21.3, we have that there exists a constant C > 0 such that, for all f € L?[0,1],

IC fll2 < Cllfll2-
One may see trivially that, by an application of Theorem 21.4, we must

have o )
oz Of(@) > 3y < Al

We are going to prove now that Theorem 21.4 implies Theorem 21.3. Indeed,
let Ny be a positive integer such that for all N > Ny, we have that

ISnf = fllz < €.

110



Then we have that, as Snf — f = Sn(f — Snof) = (f — SN f),

assumption onNg

H;fg\SNf—fl>€ﬁ¢SlﬂXf—SNf%Hf—SNf|>€ﬁ¢ < Ce?.

Apply this with € = £027%, k > 1, let E. = {supy~n, |Svf — f| > €2}, and
define
E= UkZOEE()Q_k'

This implies that |E| < Ceg. If then x € E, then for every § > 0, there is N’
such that if N > N’, then

[Snnf(z) = f(2)] <e.

We have thus proved that the set where the Fourier series of f converges has
measure > 1— Cey. As gy was arbitrary, we conclude it has actually measure
1, as desired.

We will now move to a related question, that is going to help us in
the task of proving Theorem 21.4. As we did for the periodic setting, fix
f € L*(R)N L'(R) and We define then the partial Fourier integral of f as

~ N o~ .
SNf(y) = / Foem,

where f(&) = [ f(z)e~ @8 dxy is the Fourier transform on the real line. As
we calculated before, we can show that

—2miNz

—e sin(2rNz)

do = /Rf(y —z)————du,

™

627riN:v
Snf(y) = /R fy— )

2mix

where SRETNZ) o LP(R), 1 < p < +4o0. Finally, we define also the (conti-

T
nous) Carleson mazimal operator as

Cf(x) = sup |Sn f (). (21.5)
For this operator, we will want an inequality of the form

ICfllz < Cllfllz2m)- (21.6)

We can prove then:

Theorem 21.7. Let C'f be the Fourier series mazimal operator, and Cf be
the continuous version of it defined in 21.5. Then, if (21.6) holds, automat-
ically also Theorem 21.4 holds.
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Proof. Let F be a 1—periodic function in L2[0,1], and define f = F - ¢,
where ¢ is bounded from above and below on [0,1] and @ is smooth, non-
negative, compactly supported in [—1/2,1/2] and symmetric function. The
existence of such a function is simple to prove: take first a function 1
that has all the desired properties, with the additional one that it is sup-
ported on [—1/10,1/10]. Define then ¢; to be its Fourier transform, and
let o = (p1)2. It is easy to show that, from the properties we have set,
1 is analytic. Therefore, @9 is a nonnegative, analytic function. Finally,
let o = o * . As then @ = (3)?, then ¢ is also analytic. By the fact
that ¢ is analytic, we see that ¢(z) > 0, Vo € R. This is our desired function.

Now we estimate:
| Sup ISNF ||| 20,y S |l Sljlvp(SNF)wllLZ’(R)

S S]pr SN(F<P)HL2(R)

(21.6)
S ”F‘<PHL2(R)

S F 20,1
This ends the proof. O

On the next week, we are going to analyze a little bit more the embedding
and invariation properties of the Carleson maximal operator, in order to
establish inequality (21.6).

22 The Walsh model

2017-01-17
Consider the symmetry group given by:

e translations, for y € R
Typ(z) = ¢z —y);
e modulations, for n € R
Myp(z) = p(x)e”™,

e (L'-norm preserving) dilations, for t € Ry

Dyp(x) = %90 <1> ;

e (multiplication by a scalar of modulus one).
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The theory of paraproducts is invariant under these symmetries.
We observe

(My(Typ))(z) = (Ty@)(x)e%im = ¢(x — y)e*™,
(Ty(Myp))(x) = (Myp)(z —y) = Mn(TySO)(x)eizmn%
For the Fourier transform @(¢) = [ ¢(z)e 2"*¢dx, we have
(Typ)~(§) = [ w(a — y)e ™" dx = G()e > = M_(2)(8),
(M)~ (€) = T5(2)(E)-

The old picture of the dyadic model of the upper half plane encoded trans-
lations and dilations.

| | | |
S I e e e e e e [N
7

We want to add also modulations. We restrict to the (z,§) space/frequency
plane and we represent translations in space as horizontal translations and
modulations, which are translations in frequency as seen, as vertical trans-
lations.

8
——
&

v
8

\> \> ~
8

v

Remark 22.1. The intervals defining the sides of the rectangle should be
thought as the region in which the relevant part of ¢ (resp. @) is localized
rather than the proper support of the function. In fact there cannot be a
function such that both it and its Fourier transform have compact support.
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A similar picture can be drawn for modulations.
What is instead the effect of dilations?

Diale) = [ 1o (7) e = pi6t) =17 D)

We observe that the area of the rectangle with blue and red sides is preserved.
This effect encodes the so called “Heisenberg uncertainty principle”.

§ 3
D
y T —ty y T
S T ] —_

\
(4

Now assume ¢ has compact support. Therefore M, has integral zero for n
large enough. Adding translations and dilations of the rectangle associated
to M, e we obtain

\
4

This is the same old picture where ¢ — % We recall that the effect of
modulation gives vertical translations of this structure.
The dyadic model in this case is also called the Walsh model. We work with

the conditions (z,§) € Ry x Ry, t € Ry.

£

1

of 1 2 4
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We use the L2-normalized functions

1 1 1 1
Xlzf]llzi 71[] +7]1Ln )
1 V2 <\/|m CVIL] >

1 1 1
hy = — 1, — 17 |.
V2 (\/|Il| " VL )

For these functions it holds

()6 )

hy v\l -1/ \xi./~

Let p be the set of dyadic rectangles I x w such that |I]|w| = 1.

Claim 22.2. There is a unique map w: p — L?>(Ry) such that
o w(l x [0,[1]7Y) = xu;

o if |I||w| =2, then

<w(I X wl)> _ b <1 1 ) <w(Il X w)) (22.3)
w(l x wy) V2 \l —1) \w(l, xw)) " '
Proof. To prove both uniqueness and existence we consider the following
argument. For k > 0 we restrict to the square [0,2") x [0,2%) and we divide
it into vertical tiles I x [0,2%) with |I| = 27%, I C [0,2¥). By the first
property of w we know the image of these elements of p. Using (22.3) we
determine uniquely the images under w of the elements of p of the form
I' x [0,2F=1) 1" x [2K=1 2F) with |I'] = 27FF1. By recursion w is uniquely
determined on all the elements of p contained in [0, 2¥) x [0, 2¥). To conclude
existence (and uniqueness) it is enough to observe that for x; we have

1
XI = E(XI; +x1.),

i.e. the relation in (22.3) is verified for w(I x [0,]1]™") = x7. All instances
of the property (22.3) appear in the construction of w we described.

§ £ §

A A A

2—k 2—\1;—1—1 2—k+2
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Observe that for every n € N there is a unique n’ € N such that w([0,1) x
[n',n' + 1)) has n “zero crossing”, just like cos(2wnz) and sin(27nz). The
functions we described above are really the counterpart of these two func-
tions. In fact they are the characters of (Z/27)>, and there is an algebraic
way of defining them, as the main ingredients of a “Fourier Transform” for
functions defined on this group, which we are not going to treat here. A
fundamental property of w is stated by the following

Lemma 22.4 (Orthogonality). Let p,p’ € p, pNp' = 0. Then
L fw(p)ll = L;
2. w(p) L w(p').

Proof. 1. The claim is clear for p = I x [0,|I|™"). The statement for an
arbitrary p follows by recursive use of (22.3).

2. Since pNp’ = 0, either wNw = 0 or INI" = (. Without loss of
generality we can restrict to the first.
Let w” be the smallest dyadic interval containing w,w’, and I” be
defined in the same way for I, I’. We can assume w C w},w’ C wy’, and
we subdivide I” x w)’ and I" X w;. vertically into elements of p. Because
of the property (22.3), it is enough to prove the orthogonality of the
image through w of these rectangles. They are of the form I x w;’ and
I' x !, where I,I' C I". If I # I the orthogonality is clear, since the
functions w(I x wl"),w(f’ x w!) have disjoint supports. If I = I’ the
orthogonality follows from (22.3).
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Even if historically the dyadic model was studied after, a posteriori it is
interesting to start from it rather than attack directly the problem in the
continuous case. In particular, the dyadic model provides a simpler setting
where to study the analogous problem of pointwise convergence almost every-
where of the Fourier series, and develop the necessary techniques. However
it doesn’t mean that the passage from the proof in the dyadic case to that
in the continuous one is always naive.

22.1 Walsh-Fourier series for f € L*([0,1))

Define
N-1
Snf(z) = Z (fyw([0,1) x [n,n+ 1)) w([0,1) X [n,n + 1))(x).
n=0

It is a Cauchy sequence in L?([0, 1)), therefore it converges to f in L?([0,1)).
In fact, Sorf are given by the dyadic martingale averages Eg f, which are
known to converge to f in L?([0,1)).

We can consider the problem of pointwise convergence almost everywhere in
this case. The Carleson’s Theorem in this setting is the following

Theorem 22.5 (Billard-Carleson-Hunt Theorem for Walsh-Fourier series).
Isup Sn £l < Cpll fllp,  for 1 <p<oo.
Remark 22.6. We fairly trivially have

HSL;I) So fll, < Cpll £l

by boundedness of the Hardy-Littlewood maximal operator, since Sox f is
given by a martingale average. The boundedness result is trivial also in the
continuous setting.
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Lemma 22.7. Let py, ..., p, pairwise disjoint in p and contained in [0,2F) x
[0, 2’“). Then we can find pp41, ..., Ppok Such that p1,...,pox s an orthonor-
mal basis of H = span{Xy[gor): I C [0,2%)}.

Proof. Without loss of generality we can assume that for every p; with ¢ €
{1,...,n}, its vertical sibling is not in pi,...,p,. Otherwise suppose it to
be pj. Then replace, through (22.3), p;, p; with p}, p;, the horizontal siblings
giving the same union.

The claim follows by induction on max;|I;|. If max;|I;| = 2% it is clear, it
means we have to add enough tiles of the form I x [0,2¥). In general for i
such that |I;| = max;|I;| > 27% we can add the vertical sibling of p; to the
collection. Then apply (22.3) to change the generators from w(I x w;), w(I x
wr) to w(l; X w),w(I, x w). Repeating these steps we can recollect to the
case max;|[;| = 27

h P2

P4

ps3

O

Remark 22.8. We are basically using Hilbert space techniques, namely or-
thogonality is the tool we apply with (22.3). That is another reason why the
L?-normalization for the functions is the right one to choose.

Corollary 22.9. If p1,...,py are pairwise disjoint in p and p1,...,DPn are
pairwise disjoint in p such that

n n
U Di = U Di-
i=1 i=1

Then both are orthonormal bases of some subspace of L?(R,).

Proof. Complete both by the same vectors to a basis of H as before. O
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22.2 Walsh-Fourier integral for f € L*(R,)
For N € Ry define

Snf = > (f,w(p)) w(p).

\
4

,,,,,,,,,,,,,,,

We observe that

e the elements of py are pairwise disjoint: suppose (x,€) € p,p’ € pn,
ie. p=Ixuw,p =I'xw,and p# p'. Since x € I NI’ then without
loss of generality I C I’, hence |w;| > |wj|. But § € w;Nw; # 0, that
yields w, Nw!. = 0, giving a contradiction with N € w, Nw.;

e the elements of py cover Ry x [0, N).

If N e Nand z € [0,1), then partial Walsh-Fourier series and partial Walsh-
Fourier integral coincide.

Now pick N: Ry — R measurable (you should think of N(x) picking a N
for which |Sy f(z)| “almost” attains the supremum) and define

SN(z)f = Z <f7w(I X WI)> w(I X wl)]lN(a:)Ewr'
[T|w|=2

Then
<SN()fag> = Z <f7w(I X wl)> <w(I X wl)]lN(x)Ewrvg> .

[|w|=2

22.3 Quartile operator

We introduce the quartile operator, which plays the role of paraproducts in
this context

QU fas f3) = ) Ui, w(I x wn)) (fasw(I x wip)) (3, w(I X wr)) -

[T]w|=4
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Theorem 22.10. The quartile operator is bounded, i.e. there exists C' € R
independent on f1, fo, f3 such that

Q(f1, f, f3) < Cllfally, [1F21lp, 115l g

where 2 < p1,p2,p3 < 0 andi%-p%-i-p%:l-

23 Quartile operator

2017-01-19
Recall that we define a tile to be a rectangle I x w C Ry x Ry such that I, w

are both dyadic and |I||w| = 1. We define also the functions wr,, satisfying
the following properties:

1. If w=10,|w]|), then
1

—1;.
1|

Wxw =

2. If |I||w| = 2, then the functions wrxw,, Wrxw,, Wi, xw and wr, x., satisfy

wIle — 1 1 1 wll Xw

wr Xwy 2 1 -1 w[r Xw
As we have seen in the previous lecture, this determines uniquely these func-
tions. Moreover, it is also easy to verify that all those functions satisfy

[Wrxw| = Wrk[o,|w))-

Therefore, we define a quartile to be a rectangle P = I X w such that |I||jw| =
4, where both I, w are dyadic intervals. From this definition, we let then

wo = (W), w1 = (Wi)r, wo = (W), w3 = (wr)p

From this definition, we define then the quartile form as

3
Affnf) = S U wie). (23.1)

IxXw quartile =1

Our main aim of this lecture will be to prove the following
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Theorem 23.2. For 2 < p1,p2,p2 < 00, such that p% + p% + p% =1, there
exists a C' > 0 such that

3
IA(f1, fa £3)I < CTT N illp-
i=1
The analysis to prove this theorem will be based, of course, on the outer
measure spaces we have been studying throughout the course. Indeed, let
X = P be the space of all quartiles, and define the set of generating sets —

or tents — as
E =T = set of all trees in P,

where a set T is a tree if there exists It € ® and & € R, such that, for
all I x w € T, then I C It and {7 € wy; Uwse Uws. We also define our set
function o : T — Ry as o(T') = |I7|.
Therefore, we only need to make sense of the sizes: we define first the S*
size as

SHF)(T) = 2 > HIFUI xw),

IxweT

where F': P — R and T € T. With this definition, we have the following:

Lemma 23.3 (atomicity).

> IFI x w)| < dllFllzisny.
IxweP

For the proof of this lemma, we need to use that the left hand side is
additive, and that, for ' € £°°(S1), by considering F = F1y,.,p, then
IA(F17)| < Si1(F1r)|I7|. Verifying these conditions and putting them to-
gether to prove the lemma is left as an exercise.

From that, we must yet define further sizes (or “energies”), as follows: for
1=0,1,2,3, then

1/2
Si(F)(T)= sup [FIxw)+). |IlT > HIFP)P

PeTErewi it | IxweT Ercw;
Note that, from this definition, we must have that
Sl(Fl X FQ X Fg)(T) < CS1(F1)SQ(F2)S3(F3).

The justification of this fact follows from the definition of a tree and a
Cauchy-Schwarz inequality:

3
1
SUF x Fy x F)(T) = ] > |I||FLFyF3(I x w)|
i=0 " TV IxweT érew

£° x 2 x 0% Holder
< CSi(F)(T).
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This implies, by Hélder’s inequality, that

3

HF1F2F3H£1(51) < CH HFZ'Hﬁ’i(Si)'
=1

Therefore, to prove the theorem we have to show the following Embedding
theorem:

Theorem 23.4. There exists C' > 0 depending on 2 < p < oo such that

1(fs wrsw:) |l zr sy < Cllfll e @w)-

Proof. By interpolation, it suffices to show for p = co and p = 2.
Case p = oo: In this case, we need to show that, for all T' € T,

Si({f; wrxw))(T) < Cllflloo-

For the first summand in the definition of S;, we estimate

sup  [(fs wrxw;)| < sup [lwpl[1] flleo = [ f]oos
IXweT {rcw; PecP

where we used the fact that |wry,| = Wrx[o,jw|)- FOr the other part, we use
that, for j # i,

Yoo M wrwna)P = D0 I L wrker,)

waET,ﬁTij IXUJGT,ETEOJ]'

Ixw;p.w. disjoint ]
- 7|

where the pairwise disjointness of those intervals can be justified as follows:
let P, P’ € Tbe P =Ixwand P’ = I'xw’, and suppose that I xw;NI'xw] #
(). Then, without loss of generality, we might suppose that I C I’, and this
implies automatically that w; C w;. But we also have that w} Nw; # 0.
Therefore, we must also have that w’ C w;. If 4[I| < [I’|, then we reach to
a contradiction automatically. If not, then a case analysis will do it. The
details of this last part are left as an exercise.

Case p = 2: We need, in this case, a weak type bound. Let A > 0. We need
to find a collection of trees 7’ such that

f 2

TeT'

1fL2: 03 < Cllf11%

and
Si(I{f, wIXwi>|:ﬂ-(UT/)c)(T) < CA.
A

To this intent, pick P = I1 x wy a quartile such that [(f, wrxw,)| >
and |I1] is maximal. The maximality of the length of this interval can be
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assured due to the fact that |(f, wrxw,)| < ||f]l2/1]7*/2. Then we iterate this
process: pick P,41 such that |(f, wrxw,)| > %0, with |I,4+1] maximal and
I+1 X (Wn41): disjoint from all the other previously selected I, X (wp,);, for
m=1,..,n.

For each of those n, we pick then a &p, € (wp)i, and let Iy, = I,,. This
defines already a first collection of trees {7}, }, and we see that it satisfies

Z 1] < 1007~ Z | I wlnx(wn))

’2 p.-w. disjoi

nt
< 100A72|| 3.

This is one of the inequalities we want. On the set P\ U,T,, we have also
that [(f, wrxw,)| < %. Indeed, if this were not the case, pick one quartile
P e P\ U,T, with [(f, wr,x(wp),)| > %. Then, as it is in none of the trees
{T,}, it must not intersect I' x (w');, if I' x &’ € U,T,. As each time we
select a new tree T, we go down one scale, then lim, o |I,| = 0. This
is a contradiction, as then P would have to be selected in this procedure,
because, for some k > 0, P is a quartile with all the selection properties above
— because of its disjointness properties— and such that |Ip| > |I,,|, Vn > k.
This contradiction finishes this selection.

On the next class we will do one more selection procedure, which will serve
for us to finish the proof of this theorem. O

24 Embedding Theorem for the Walsh model

Before concluding the proof of the Embedding Theorem we recall the outer
measure setting we are working in:
e X =P = {I xw: I,w dyadic intervals in R>q, |/||w| = 4}. The ele-
ments of X are called quartiles;

e =T = {TCP: dAIp,&r: T = {IXw: I ClIpér €w1Uw2Uw3}}.
The elements of T are called trees;

Wrr = W3

Wrl = W2
w

Wi = W1

Wy = Wo

o o(T) = |Iz];

e for i € {1,2,3} we define the sizes

D=

1
Sea(F)(T) = sup F(Ixw)+ Y (== D [F(UI xw)?]|
ICIT i |7 ICIrérew;
br€wi je{l2,3)
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Theorem 24.1. Let i € {1,2,3}, 2 < p < oo. Define
F(I xw) = (f, wrxw,) -

Then
1Pl ngs, ) < Coll £l

Proof. Case p = oo: last time.
Case p = 2: In this case, we need to prove a weak type bound, namely

1l 22,00 s, ) < ClIf 2

e,

We are going to prove that for all P’ C P, |P’| < oo then
[ELpr | 2,00 (5, < Cll S 25

with C independent on P’. Therefore we can recover the claim of the theorem
by an approximation argument.

Once fixed P’, we denote F=F 1p/. We have to show that for all A > 0
there exists a collection 7/ C T such that

S (1) < W1

2 )
TeT! A

and for every T € T N
Sei(FLu)e)(T) < O

We construct 7. Pick P, = I x w; such that |F(P)| > % and |I;| is
maximal possible (it is possible since P’ is finite).

Now suppose to have defined Py, ..., P,. If it exists, pick P41 = In11 Xwpt1
such that |[F(Pyi1)| > 1y, [Int1] is maximal possible, and I41 X (wn41); i
disjoint from I3 X (wy)4y ..., Ly X (wn)i-

Eventually, because of the condition on finiteness of P’, the process ends.
The rectangles P; are disjoint. For each n we have

n

D 1kl < 100A72 > L[ fs Wi s s )P < T00A72]| 113
k=1 k=1

Define T;, by Ir,, = In, &1y, € (wn)i, hence P, € Tj,. We let P c
P\ U, Ti,n be dyadic rectangle and assume that, by contradiction,

~ ~ A

F(P)> —.
(P) = 10

Then P intersects some P,. Let n be the smallest index such that P =

I xwi NIy x (wp); # 0. Thus |I]| < |I,], otherwise we would have picked P

instead of P,. Hence I C I,,, (wp)i C w;, therefore P € T;,. This gives a
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contradiction with the definition of P.

This argument takes care of the L> part in ¢ in the definition S.;. Now we
want to take care of the L? part in j # 1.

First assume j € {1,2,3}, j <. Pick T} such that

1 ~
Y IEU <) 20
| Tj,l‘ ICITJ_71
€r; 1 €wj
IXUJ%UnTi’n

fTJ L €27 Mz for a fixed M such that 2= < m”sz, and §Tj,1 is maximal

possible (once again the issue of maximality is solved by finiteness of P’).
Why is the condition &7, , € 2=M7 not an issue? Let

Rl — UT’i,n — Rﬁven U R(I)dd,
n

where
R ={I x w € Ry: lgy|I]| is even}.

We claim that I x w; are pairwise disjoint for I x w € R{V". In fact assume
that (I x w;) N (I’ x w}) # 0 for two elements of R{¥*". If |I| = |I’|, then
I x w; = I' x . Therefore without loss of generality we have I C I’, hence
41| < |I'], yielding w; C wj, thus w} C wj, and finally wj Nw; = 0. This
gives a contradiction, since {7, € w; N w;-.

Therefore we observe that

S M wrea) < N1

IxwERSYen

The same argument for R‘fdd yields

Y I wrea) [ < 20113,

IXweER,
hence )
Hsz A
;0] < |wr; 1| > :
’ Nl C|If1I3

Therefore there is no loss of trees by assuming &, , € 2~M7,
Suppose to have defined 7} 1,...,T},. If possible, pick Tj,1 such that

1 = 2
X IRz
1 [CITJ 1
ET]YnJrl Ewj

waéukTi,kUUkSnTj,k
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§Tjmin € 2=M7, and &r;.,41 s maximal possible. Define

ni—UTkuU

k<n

Rn::{lxwe”Rn:iﬂl’xw’eanl'gI}.

Then )\2 \2
1 ~ 1
—_ 1| F(1 LR — < —

waefén

where we used the fact that I xw € R, are pairwise disjoint and |F(I xw)| <
1% because of the choice of T ;.. As a consequence

LS FI s w2 >

%)\2.
’IT],n | ~
I€ER\Rn

100

We claim that if
Ixwe (Rp\Rn),
I'xo e (Rn’ \zﬁ/n/)even’

with n # n/, then
Ixw NI xw, =0.

In fact, suppose not. Since I x w; # I’ x w}, without loss of generality we
can assume |I| < |I'|. Then I C I’, hence w] C w;, yielding 4|w)| < |w;, thus

wj C w;, and finally w’ Nw; = 0. We observe that w; is below w! since j < 4,

hence n’ < n. Therefore there is I” x w” € R, such that I” C C I, hence
&r;,, € wj G Wy, yielding 4|wj| < |wj], thus w; C ¥, implying w; C wy, and
finally {7, , G wj C wji. But we have I” C I C I'. Hence I” x u)” € T}y,
which ylelds a contradlctlon

To conclude we observe that

movz\ I, 1 <30S 1w < 171

n Rn\Rn

f 2
Z|1Tj7n’ < C||)\|2|2

It remains to show the case j > 7. In this case we use an analogous argument,
but we choose {r; , to be minimal in defining 77 ,,.

To conclude we observe that we used the condition on finiteness of P’ only to
assume that the processes of choice of T; ,,, T}, end, but not in defining the
constants. Therefore, by an approximation argument, we recover the weak
type (2,2) embedding for F'. O

therefore

This concludes the proof of the Embedding Theorem and, as a consequence,
of the boundedness of the quartile operator.
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Let, as before, I,w be dyadic intervals in R>p, and N : R>9 — R>¢ a
measurable function. We define then the Walsh-Carleson (bilinear) form as

Z |I|<fawl><wl><ngl><wlﬂwrON> :A(f,g) (251)
] |w|=2

We are going to use quite often a modified version of this operator, namely
a truncation of it, as follows: let P be a finite set of bitiles (i.e., of dyadic
rectangels I X w such that |I||w| = 2.), and let

Ap(f,g): Z |I‘<f’w]><wl><g7ef><uuﬂwrON)'
IxweP

Our goal then will be to establish estimates on Ap that do not depend on
the finite set P, and therefore take a limit in the end to obtain the original
bounds for our operator.

Therefore, let X = P be the set of all bitiles. Define also a tree on this set
to be a collection of bitiles

{I Xw, I ClIp,ér € w}.
Let then 7 be the set of all trees, and |I7| = o(T') is the pre-measure on this
set. Moreover, we define a size on this set as
1/2

Se(F)(T)= sup FIxw)+ |——
ICIr ér€Ew |IT|

Y [FIxw)Pi

ICIT érewr

For this definition, we get that, from our last classe’s theorem, if F/(I x w) =

<f7 w[le>7
1F ] zr(s.) < Cpll fllp,

for 2 < p < 00. A weak inequality must, in addition, hold at the endpoint.
To prove today’s bounds, however, we have to define some other a little more
sophisticated objects. Therefore, let

1/2

S @T) = — 3 GUxe)I+| S G x w)?

|IT‘ ICIp.ér€Ew; |IT’ ICIpér€wr
By bounding directly, we just need to prove an embedding theorem for S, :

Theorem 25.2. Let G(I X w) = (g, Wrxw, Lu, o N). Then, for 1 < p < oo,

Gl 2o (50m) < Collgllp-
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As a corollary, we get the following:

Theorem 25.3 (Boundedness of the Walsh-Carleson form). For2 < p < oo,
we have that

A(f,9) < Goll flpllglly-

Moreover, there holds an analogous weak bound at the endpoint p = 2.

In what follows, our sums are all going to be considered (although not
always explicitly stated) over a finite fixed set IP of bitiles.

Proof of theorem 25.2. We do, as usual, an interpolation argument:
p = oo. In this case, we analyse differently the two summands defining Sy, :

1.

1
Ty > 19 Wi Lu, © N1
ICIy

1
< 3 [la@inn, e N

ICIT

1
= Jl@l | Xt eN |

ICIrér€Ew

wjoverlaps=w;,disjoint

1
2 = / 9(2) L1y (2)dz < [glloo,
| 17|

which finalizes the proof for this part.

2. Let
1/2

1
] ST g wikale, o NP = A
ICIT,{TGUJT

Define a function h implicitly by requiring that h has the following
expansion:

W)= Y [H(I x w)wrxe (z)
ICIT,fTGOJT

= Y [ wie, )ik (2),

ICIy érewr

where H(I X w) = (g,Wrxw Lo, © N). With this definition, we can
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estimate:

1
LD DI R B Rl
ICITagTeUJ'r'

1
< WHQHB(IT) Z (R W, ) Wrsew, Lw, © N

ICIr frewr 9

1
< —lgllz|| D Ik wisw, ) wrxw,

’IT| ICIr €W, 2

As all our sums until the present moment have been over a finite set
of bitiles, all our intervals I must satisfy that |I| < 2¥, for some k € Z.
This automatically shows the existence of a bitile Iy x wgy such that

Z |I|<h’wl><wr>wl><wl -

ICIT grew, )

< Z ’I|<h7wIpr>wI><wlaw]oxw0>w10><w0-

ICItérewr 9

This last expression is, on the other hand, controlled by (a multiple of)
the Hardy-Littlewood maximal function, which, in turn, satisfies that
| M fll2 < C’||f|l2- This finishes the proof of this case.

p = 1. In this case, we want a weak bound of the type [|G||z1.(s,,) < Cllgl|1-
We need, therefore, to contruct for any A > 0 a collection of trees 7' such

that il
Z ‘IT‘ S 17

TeT! A

and, for all T,

Define then an auxiliary function
~ 1
GI xw)= m / lg(x)|1, o N(x)dx.
I

(Compare with the definition of G(I X w) = (g, Wrxw, Lw, © N)) The idea
goes on roughly like on the last lecture: Choose I; X wi bitile such that
G x wy) > % and || maximal possible. We iterate the process, by
choosing Ipy1 X wpy1 such that G(I 1 X wpy1) > %0, |I5+1| maximal and
I 41 X wypy disjoint from I; X wj, j = 1,...,n. For each n > 0, we define also

the tree T), as spanned by the top interval I7, = I,, and fixing any &7, € wy,.
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We notice also that there is a ng > 0 such that, for n > ng, then actually
I, = w, = 0, as our finite set of tiles P has to be exhausted at some point.
By the same classical reasons, we get that

u 10 n
;’Ik’ )\/ng(afﬂ (kzl 17,1, oJV(x)) dx

10 10
< — dr = —
<3 Llat@)idz = Ll

as for all z € R, there is at most one k such that = € I, and N(x) € wg, by
the selection above.

To prove the second part, notice first that if I xw & U,,T,,, then é([xw) < 1—)‘0.
We pick then 7' = {T,,,n > 1}. We need then to estimate the remaining
part, and as for the p = oo case, we divide into two tasks:

IN

1. Let, first of all, J = {J C Ir: J maximal in U,, T,,}. Therefore, we
may write It = UjesJ U E. We therefore estimate

1
m Z ’IH<ng]><wz]1wroN>‘
TV rcIp o I xw@UT,

)
< — lg(z)] 171, 0N | dx
Hr| Ji, 2 ’

ICITfrew, I XwgUTy

:‘;T’ X(Z/J|g(x)| ) 11y, o N | det

JeJ ICIp ér€ew, I xwgUTy,

/E 9@ 3 11, o N | da)

ICIT&r€w;, I xwgUT,

But then the summands accounting for J € J can be bounded each
by

Ny
/ g(@)laz < 22 < e,
J 10

where J stands for the parent dyadic interval of J. For the other
summand, we estimate it by

> 1I|G(I x w) < e E| < eMIr|.
I1CIP\UT Er€cwy, I xwgUTy,

This is enough to complete the first part.

2. As in the p = oo case, we let
1

A2 =
| I7|

Z ‘(nglxwlﬂwr o N>|2|I‘
T€UTVL
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We let h be also defined as in the p = oo case, and J as in the first
part, and then we have

1
Azzﬁ@ > wrxe Lo, © N{h,wrsw,)

T relr,
1

<Y [ lat) S Ll o Nl{howe)| | dot
T JJ ICIp & Com, I Xxw@UT),

1

e /E 9(2) 3 171y, 0 N|(hywrv, )] | de.

ICI7 érEwr, I xwgUTy,

The analysis then goes more or less as in the previous case, mixing
together the ideas already presented. The details are left to the reader.

O]

26 The Bilinear Hilbert Transform

We introduce the bilinear Hilbert transform. For f,g € S(R), we define

B(f.9)(x pv/fx—t Yol —20)

= lim flz—t)g(z — 2t)it

e=0 [757516

—3 [ Gl —tate—20),

where in the last passage we gained integrability of the argument by bound-
edness property of Schwartz functions.
To the transform we associate a trilinear form

A(frg.h) = / B(f, 9)(@)h(x)d =

—pv// flx—1t) (x—2t)%dx.

A related integral is given by

// F@) (- 1) f (@ — 20)dtda.

If f =1F for aset E C R it counts arithmetic progression of length 3 inside
E of width at most 1.
More generally, for 5(31, B2, 83) € R3, we define

Ap(frs for fa) = p'V'/ fi(z = Bit) f2(@ — Bat) f3(x — 5375)%(13:.
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The change of variables z — x — ~t yields

3
Ag(fi, fa, f3) = p.v. //Hfj(:c — ﬁjt)%dx —
j=1

3
d
=p.v. //Jl_[l filx —~t — Bjt)%d:z:.

Thus we may add 7 to 3; and, without loss of generality, assume 31+4382+033 =
0.
The change of variables t — At yields

As(f1, f2, f3) —pV//HfJ dx_

—pv//Hf] B])\t

Thus we may replace 3; by A3; and, without loss of generality, assume
B3+ B2+ B2 =1 (unless By = B2 = B3 =0, but then A = p.v. [ % =0).
Therefore 8 = (1, B2, B3) is a unit vector perpendicular to the vector (1,1, 1).
We are down to a 1-parameter family. Moreover,

A,B(flaf%ffi) = A—B(f17f27f3)7

so the parameter belongs to a projective line.

We can’t get rid of this parameter dependence. In fact, consider the
degenerate cases, i.e. when 8; = ; for some i # j, e.g. 81 = B2. The
changes of variables described above allow us to assume 1 = 82 =0, 83 = 1.
Therefore we get

dt
No,01)(f15 f2, f3) = P-V-/ fi(@) fa(z) f3(x — t)7d93 = /flfQHf&
where H f3 is the Hilbert transform of f3. In particular we have the bound

A(O,O,l)(f17 f27 f3) =< Hf1Hp1 ||f2Hp2Hf3Hp3?

where 1 < p1,p2,p3 < o0, p—l + 5 T —3 1. The same bound in the
non degenerate case can’t be proven through a similar simple argument.
This should tell us that we can’t recover the non degenerate case from the
degenerate one.

We look at the symmetries of the trilinear form:

e Translations. For y € R, T, f(z) = f(x —y). Then

AB(TyflaTyf%Tyf?)) = Aﬁ(fl,f27f3)§
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e Dilations. For A > 0, Dy f(z) = f (£). Then
Ag(Dxf1, Dafa, Dafs) = Mp(f1, f2, f3);
e Modulations. For n € R, M, f(x) = e*™* f(z). Then, for a € R3,
Ap(Maynfr, Masn fo, Magn f3) =
—pav. [[ 7o = 510)ola ~ Gat) e — Bt

62m'a1n(:):fﬁlt)+2m’a2n(xfﬁgt)+27ria3n(:v*[33t) %dx —

=1, ifal (1,1,1), a L p

= Aﬁ(f17f2af3)'

We can define the Hilbert transform of the function f in terms of an integral
of f in the following way

pv. [ £ =05 =c [ Fosetnan

What is the analogous for the Bilinear Hilbert Transform? If ¢: R — R is
an odd Schwartz function such that [ ¢(s)ds = 1, then

/000 p(ts)ds = 1/000 o(u)du = %

By substituting this equality inside the trilinear form we obtain

Aafauh) = | N [ [ 1= 8100960 - pat)he — atyp(st)dias | as

We want to express the integral in terms of an integral of the Fourier trans-
form of

F(y1,y2,y3,y1) = f(y1)9(y2)h(ys3)e(ya),
Let
I' = span{(1,1,1,0), (=1, — B2, — 3, 5) },

where the vectors are orthogonal and have length v/3 and v/1 + s2. We can
continue the chain of equality above

[ oo o= [ s ([ 7959)

In the last equality we used the following result

Claim 26.1. Integrating in F': R" — R over a subspace I' is equivalent to
integrating F: R™ — R over I'*.
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F©) = [ Plae s FO) = [ Flays
Fo) = [ Fleta FO) = [ Fle)ae.
These are already a first instance of the claim with I' = R™ and I' = {0}.

For a general subspace I', we can assume without loss of generality that I is
spanned by z1,..., g, and therefore I'" is spanned by g1,...,2,. Then

/F(azl,...,xk,O,...,O)dxl...dxn = Fk0,...,0) =
:/F\<O7"'707§k+17"'7§Tl>d§k+1"'d£’n7

where FL-F is the Fourier transform only with respect to the first k coor-
dinates. 0

In our case, we have

't = span {(041,042,043,0), (51, B2, B3, i) } ;

where o L 8, a L (1,1,1), ||a|]| = 1. The two vectors are orthogonal to each

other and of length 1 and /1 + S% We can continue the chain of equality

above

1+ 5
- c/ \/78//f (1€ +Bin)g( st + Ban)h(asé +B3n) @ <in> dédnds.
/0 26 (i") ds = Sgn(ﬁ)/o @(SIHI)% =

ds

—sentn) [ 59 = sennjconst.

Therefore we continue the chain of equalities above
— const. [ [ Flaug + Bimlast + famih(aat + Sam)sen(n)déds =
— const. [ Fnam)h(ns)sen(n - B)do.
n1+n2+n3=0

In order to prove the wanted bound for the trilinear form we would like to
use the Carleson embedding theorem we proved last time. We consider the
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embedding map into the upper 3-space defined, for f: R — R, ¢ Schwartz
function, by

Py ) = [ J@X 0 (g = )0

In particular, we pick ¢ such that ¢ has compact support contained in
[-107!,107!] and it is nonnegative, and we consider

@(m)@(n2)@(ns3)-

To recover the sgn(n - 3) we shift the support of the functions @(n;) so that
the centre is in 3. In particular, for n € R3 such that

o(m — B1)P(n2 — B2)@(ns — B3) > 0,

we have sgn(n - ). To make value independent on the vector o we integrate
the product with variables 7; translated by sa;, obtaining

3
/H P(nj — Bj — saj)ds.
j=1

To make value independent on the dilations by factor A we integrate the
product with variables n; dilated by a factor A, obtaining

: dx
/H P(An; = Bj — saj)ds—= = csgn(n - B),
j=1

where ¢ is a constant.
As a consequence we can rewrite

3
As(fi, fa, f3) = // Hfj(nj)sgn(n - B)do =

n1+n2+n3=0 j=1
sgn(n-B8

)
:/OOO/R // ﬁﬁ<m>¢<xnj—ﬁj_sa,.)dad;?:

M+ +n3=07=1
3
(o)
FT trick —2miyn;
= / //[/3Hfj(m)6 ’
o JrJR [R5

. d\
o(Anj — B — saj)dmidnadns dyds—- =

00 3
T /o /R T1 F5 (s ays + B2~ A)dsdydA.
j=1

Therefore we can prove the theorem
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Theorem 26.2. For2 <p; < oo, >, 1% =1, there ewists Cg,, such that

3
Ag(f1, f2, f3) < Cgyp HHfJ‘Hpj'

Jj=1

by means of the Carleson embedding theorem. Note that a priori the
constant depends on [, and the dependence make it blow up in a noninte-
grable way near the degenerate cases. However, the bound is known to holds
also in the degenerate case with a finite constant. This suggests that the
estimate given by the theorem above is not optimal, in particular that an
uniform bound with a constant independent on 8 can be proven. This has
been done with the same conditions of the statement of the theorem.

The problem in the degenerate case is that, as in the proof of the bound-
edness of the Carleson operator, we need the translations of a tile to be
disjoint. In the degenerate case this fails, with two translated copies over-
lapping. By taking a tile smaller inverse proportionally to the distance of
these translations we can recover the necessary disjointness property. How-
ever, in this way the constant blows up morally like the inverse of the distance
between these pieces, thus in a nonintegrable way near the degenerate cases.

We conclude the lecture describing an example of an application for the
BHT bound, which is historically one of the starting point of the study of
the bilinear Hilbert transform.

Consider the Cauchy integral over a Lipschitz curve y — y+iA(y) given
by

1 1
/f(m)y—xw(A(y)—A(x))dx:/f(f”)y—x | AW

Tallorc " 1 A(y) — A(a;) "

This is the so called Calderon commutator [*t%, A] f. By expanding the last
fraction to an integral we obtain

AW ~Alw) [
H—/OA(m—i-(y Ja)dav.

By substituting it in the integral above we get

[ [0t ae+ (- 2)a)aa] da

y—x

where we recognize the bilinear Hilbert transform (in this case we artificially
introduced the parameter o). Therefore the inner integral can be bounded by
Capl fll,- In order to conclude that the Cauchy integral over the Lipschitz
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curve is bounded by a norm of f, we need C, , to be integrable near oo = 0,
which corresponds to the degenerate case for the trilinear form. A uniform
bound for the bilinear Hilbert transform, i.e. if C,, = C}, was independent
of o, would do the work, but even a weaker result is enough.

27 Uniform bounds for the BHT

As anticipated in the previous lecture, there exist uniform bounds for the
bilinear Hilbert transform

[ @ =tgte - 507,

where 3 is the one real parameter degree of freedom. To the BHT we asso-
ciate the trilinear form

[ f@=t9w-pTnwac = [[[ e,

symmetry space

where we used the Fourier transform trick and the wave packets DyM, T,
to rewrite the form as an integral over the symmetry space.
We define

HIwa: Z |I|<f>wl><w’>wl><w’>

Ixw’
[T]lw'|=1
w'Cw

and

Ak(f,g,h) = Z |I‘ <f7 wf><wr> <HI><2kwlg ’ HIXkalh7 h1> )
Hw]=2

where h; is the Haar function in the interval I, and 2¥[a,b) = [2Fa, 2¥b) for
keN.

Remark 27.1. In the definition of II; f we can choose every decomposition of
I X w into dyadic rectangles of area 1.

Consider Ag(f, g, h) in some particular cases:
e k=0, then A, =0;

e k=1, then for wi = wry(2w),, W2 = Wrx(2w)

ir?

HIXkalg = <ng1> wy + <ga w2> w2, HIXkalh = <h7 U}1> w1 + <h7w2> w2.

The only things that “survive” are the crossed product. What we obtain
is similar to the quartile operator;
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e k = oo, then we obtain

> | (f, hr) (ghhr, ghhr)

1

since for
We want to prove the following

Theorem 27.2. For2 < p; < 00, Y. 1% = 1, there exists C, independent of
k such that

Ai(fs9,0) < Cpll i, lgllp, [1All,-

Proof. We use the following outer measure structure:
o X =P = {bitiles};
o T={IxweP:1CIp,ér € w,}, the tree defined by I, &rp;
o £ =T = {trees};

o(T) = |Irl;

for a vector valued function F': P — R"

S(F)(T) = ]S;égllF(PHIz-

We need the following embedding theorem:
Theorem 27.3. Let k € N, f — F. Define
F(I X CL)) = HIXkaf'

Then, for 2 < p < oo,
1 2o (s) < Coll fIl,-

Proof. We interpolate between the cases:

1
p =00 [Mpeargflly < 17 1rlly < 112 flloo

p = 2. We need a weak type 2 bound. Let A > 0 and pick P; = I} X w; such
that

1
IMTr, xonw, flla > AlL[2,
and I is maximal. Now suppose to have defined Py, ..., P,, then pick
P, 11 disjoint from them as above. In particular observe that

2 2
D I, ok, £l5 < 1.
n

This ends the proof of the embedding theorem
O

To conclude the proof of the boundedness of A, we need a modified
version of the Holder’s inequality. O
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