
Prof. Dr. Herbert Koch
Dr. Xian Liao
Winter Term 2016/2017

Functional Analysis and Partial Differential Equations

Sheet Nr.4 Due: 18.11.2016

Exercise 1

Let (X,A, µ) be a measure space. Let 1 ≤ p < r < q ≤ ∞.

a) Suppose that f ∈ Lp(µ) ∩ Lq(µ). Show that f ∈ Lr(µ).

b) Suppose that g ∈ Lr(µ). Construct g1 ∈ Lp(µ) and g2 ∈ Lq(µ) such that

‖g1‖Lp + ‖g2‖Lq ≤ 2‖g‖Lr

and g = g1 + g2.

c) Suppose that µ(X) <∞. Prove that there exists a constant C > 0 so that

‖f‖Lp ≤ C‖f‖Lq for all f ∈ Lq.

d) Prove that
‖(xj)‖lq ≤ ‖(xj)‖lp for all (xj) ∈ lp.

Exercise 2

(Tschebyscheff inequality). Let (X,A, µ) be a measure space and let f ∈ Lp(µ), 1 ≤ p < ∞. Show
that for any positive number t > 0,

µ
({
x ∈ X : |f(x)| ≥ t

})
≤ 1
tp

∫
X

|f |p dµ.

Exercise 3

Let (X,A, µ) and (Y,B, ν) be σ finite measure spaces. Let 1 < p, q < ∞ with 1
p + 1

q = 1. Let k(x, y) be
µ× ν measurable such that

K :=
∥∥∥‖k(x, y)‖Lq(ν)

∥∥∥
Lp(µ)

=
[ ∫

X

(∫
Y

|k(x, y)|qdν(y)
)p/q

dµ(x)
]1/p

<∞.

Show that the linear map

Tf(x) :=
∫
Y

k(x, y)f(y) dν(y)

is welldefined for f ∈ Lp(ν) and it satisfies

T : Lp(ν) 7→ Lp(µ) and ‖T‖Lp(ν)7→Lp(µ) ≤ K.



Exercise 4

Let us take p = q = 2 in Exercise 3. Then the operators of the last exercise are called Hilbert-Schmidt
operator. We define

‖T‖HS = ‖k‖L2(µ×ν).

Prove that

a) ‖T‖HS defines a norm;

b) Let (X̃, Ã, µ̃) be a third σ finite measure space. Let S : L2(µ) 7→ L2(µ̃) be another Hilbert-Schmidt
operator defined by

Sf(x̃) =
∫
X

s(x̃, x)f(x)dµ(x), s(x̃, x) ∈ L2(µ̃× µ).

Prove that
‖ST‖HS ≤ ‖S‖HS‖T‖HS ;

c) Let H1 = Cd1 and H2 = Cd2 be the Hilbert space with the inner products 〈x, y〉 =
∑dl

j=1 xjyj , and
let {ej}d1

j=1 be an orthonormal basis of H1. Let T : H1 7→ H2. Prove that

‖T‖HS =
( d1∑
j=1
‖Tej‖2

) 1
2 =

( d1∑
n=1

λ2
n

) 1
2
,

where λn ≥ 0 and {λ2
n}dn=1 are the eigenvalues (with multiplicity) of T ∗T . The numbers (λn) diffe-

rent from 0 are called the singular values.


