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Exercise 1

Let X be a Banach space and U be a closed subvector space.
Prove that X /U is a vector space,
2] := inf |z —yl|x
yeU

defines a norm on X/U (here 7 is the equivalence class of z) and X /U is a Banach space.

Exercise 2
Let us take the Hermite polynomials

2 d" 2
H, =(—=1)"e* —e " .
(@) = 1yt L

Show that H,, is a polynomial of degree n with leading term 2"z™, and that for m < n

+oo 5
Hy(z)zme ™ dx =0 (1)
and oo
/ (H,(2))2e™ dz = 2"nl\/7. (2)

Deduce that the normalized polynomials
on(x) = (2”71!\/%)7%67%]‘[”(.%), n=0,1,2,---

compose an orthonormal system in the Hilbert space L?(R), that is to show
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Exercise 3
Let L € (I*(N))* be defined by
L((z;)) =Y (1—27)a;.

Jj=1

o0

and let
C = {(x;) € I' : ReL((z;)) > 1}.



Show that C'is closed and convex. Prove that dist(0,C') = 1 and

Cc{(z) €'+ |l(@)lln > 1}.

Exercise 4

Give examples of T' € L(I3(N),?(N)) such that
a) T is injective and has closed range, but it is not surjective.
b) T is surjective but not injective.

Hint: Consider the shift operators:
(@;)jen = (Tjt1)jen
and
(j)jen = (Yj)jen

where y; =0and y; = z;_; for j > 2.



