HARMONIC ANALYSIS SUMMER 2020

CHRISTOPH THIELE

1. LECTURE: HARMONIC FUNCTIONS ON THE DISC, I

A classical theme in harmonic analysis concerns harmonic functions on
the open unit disc
D= {(z,y) e R*: 2% + ¢y < 1}.
We may identitfy the plane with the complex plane and write
T+ =z

We write for a function on the disc u(z) = u(z,y), where one argument
stands for a complex number and two arguments for a pair of real
numbers.

A complex valued function f: D — C is called harmonic, if it is twice
continuously differentiable and

Au =0,
where
Au = 0*u + 8§u =40,05u
with

.u = %(&Eu - i0,u)

Ozu = %((‘Lu +i0,u).

For each n, both of the functions

u(z) =2"

u(z) =z"
are harmonic since 052" = 0 and conjugation preserves harmonic func-
tions.
In the unit disc, it is natural to pass to polar coordinates. A continuous
function u on the unit disc becomes a continuous function @ on the half
plane R,5 x R

a(r,0) = u(rcos(2m0),rsin(270))

which is 1 -periodic in # and constant on the line r = 0. If u is twice

continuously differentiable, we have that @ is twice continuously differ-
entiable on r > 0. We have

(1) Au(rcos(2m0),rsin(270))
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= 0%u(r,0) +r 0. u(r,0) + (2rr)207u(r, 0)
and this expression has a continuous extension to r = 0 which is con-
stant on » = 0. We omit the tilde on the w if it is clear form the context
that we use polar coordinates.
Consider the circular averages

a(r) = /Olu(r,ﬁ) de.

Lemma 0 (Mean value principle). If u is harmonic on the open unit
disc, then its circular average a is constant in r and equal to u(0).

Proof. The function a is twice continuously differentiable for » > 0 and
we have

0.(rdra) = (0, +1rd?)a
1
f (8, + r02)u(r,0) b
0

1
= - f (2m)2r t02ru(r,0) do = 0.
0

The last by periodicity of u in 6. Hence

ro.a = cq,

a=clnr+cs.

If u remains bounded in the disc, then necessarily ¢; vanishes and a is
constant. To determine the constant, we let r tend to 0. Since u(r,0)
tends to w(0) as r — 0 uniformly in 6, we have lim,_qa(r) = u(0), and

we have proven the lemma.

g

Lemma 1. If a real valued harmonic function in the open unit disc
attains a mazximum, then it is constant.

Proof. Assume first it attains its maximum at the origin. Fix 0 <r < 1.
We have by pointwise estimation of the integrand

folu(r,ﬁ)desj:u(())de

with equality if and only if we have equality at every point of the
integrand. Here we have used that both integrands are continuous
and for continuous functions the integral is strictly monotone in the
integrand. However, the left hand side is u(0) by the mean value
property and the right hand side is u(0) by direct calculation. So we
have for every 6
u(0) = u(r,0).

Since r was arbitrary, this shows that w is constant. Now assume u
attains a maximum at some point possibly other than the origin. By
a compactness argument there is a point z of minimal absolute value
where the maximum is attained. Assume to get a contradiction that z is
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not zero. We consider a small disc contained in the unit disc centered
at z. By rescaling the small disc to the unit disc and the harmonic
function on the small disc to a harmonic function on the unit disc, we
obtain from the rpevious argument that the function is constant on the
small open disc. The function therefore attains its maximum on a point
with smaller absolute value than z, a contradiction. So the function
attains its maximum at the origin. As we have seen, it is constant. [

Denote the boundary of I, the unit circle, by

T={(z,y) e R*: 2% +¢* = 1}.
In polar coordinates, functions on the circle become 1-periodic func-
tions in the angular variable 8. The Wiener algebra on T is the set of
all functions of the form

(2) £(0) =% cpe®™™

nez

with a sequence of complex numbers
(Cn)nEZ € ll(Z)a

> lenl < oo

nez

The series in is called a Fourier series. Note that an element in
the Wiener algebra is a continuous function by uniform convergence of
this Fourier series. However, it is well known that not every continuous
function can be written in a Fourier series with absolutely summable
coefficients.

The coefficients ¢, are uniquely determined by f. Namely, computing
the so-called Fourier coefficients f(n) of f we obtain

f(n) = / f(e)e—%'rz@ de = Z Cm / 627rzm96—27rm9 do = Con-
0 0

meZ

that is

Here we have commuted integral and summation by uniform conver-
gence of the Fourier series, and we have used that the last integral is
nonzero only if n = m, in which case it is 1. Hence ¢, can be recovered
from f.

The functions

(3) u(r,8) = rinle2mimd

are harmonic, because they coincide with 2" for positive n and with
z™" for negative n.
Given f in the Wiener algebra, consider on Du T

(4) u(r,0) = Z f(n)rln\e%in@.

By uniform convergence, the series is a continuous function on the
closed disc DuT and coincides with f on the boundary T. By uniform
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convergence on compact subdiscs of the series and its second derivative
of D, the function is harmonic in the open unit disc ID. We call u as in
the harmonic extension of f on the unit disc.

We now obtain a different representation of this harmonic extension.
With the definition of the Fourier coefficients we have

u(r,0)= S [ 1) oy e

n 0

1 oy il [
= [ 1@ T e tag = [ f(0)P(r0-0)do
with the Poisson kernel

P(r,0) = Ze%i(e)rl"' =1+) 2"+7"

n>0

1+2 1 1+2 1+%
i IS g
z z Z
~ 1-2z  1-|z?
S (1-2)(1-2) [1-z*
Note that the Poisson kernel is positive in the open unit disc, as evident
from the last expression since |z| < 1. It is moreover continuous in the
closed unit disc without the point z = 1 and vanishes on the boundary
without the point z = 1. For real z = r we have

= Re(1+

=) = Rel )

1-

I-r2  1+r
(1-7)2 1-¢
which tends to oo as r tends to 1.
The Poisson kernel is harmonic in the open unit disc, as the series and

its second derivative converge uniformly on compact subsets. By the
mean value theorem we have

/OlP(r,H)dH - P(0) = 1.

For any positive €, the Poisson kernel is uniformly continuous on D
without the open ball of radius € about the point 1, hence

P(r,0) =

1-¢

lim [ P(r.6)do - f a lim P(r.0) d6 = 0.
In other words, there is an r. < 1 such that for r. <r <1 we have
0< fgl_ﬁp(r,e) do <.
The right hand side of the above formula
) ur0)= [ 1()P(r0-6)do

makes sense for continuous functions. This is used in the following
lemma.
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Lemma 2. Let f be continuous on T. Then there is a continuous
function u on the closed disc which coincides with f on the boundary
of the disc and is harmonic in the open unit disc.

Proof. We define u in the open disc by formula . Since the Poisson
kernel is harmonic in the open disc, so is u, as we can see from pulling
the Laplace operator inside the integral. It remains to show that u
extends continuously to the boundary and coincides with f there. We
have to show that for all 7 and all > 0 there is an € such that for
l-e<r<1and|f-r7|<e we have

u(r,0) = f(7)l <.

Since f is continuous, there is C' such that
(6) [ £lloe = sup f(0)] < C

and there is an € > 0 such that for |¢ — 7| < 2¢ we have

1f(¢) = f(T) < /2

and we have for 1 —e<r <1 and e < |¢| < 1-¢€ that
P(r,¢) <n/(4C).

Then for for 1 —e<r <1 and |f - 7| < € we have

u(r6) = F) =1 [ (F(8) = (PG~ 0) do
-1 [ (0-0) - 1P 6)dl

€ 1-€
< [[Peroyds+ [ (OPG0)
<n/2+2C(n/4C) =n.
This completes the proof. Il

The following is a uniqueness result for the harmonic extension.

Lemma 3. Consider two functions that are continuous on the closed
unit disc, harmonic on the open unit disc, and coincide on the boundary
of the disc. Then they are equal on the entire closed disc.

Proof. Assume we have two harmonic functions v and v on the open
disc with continuous extensions to the closed disc which coincide on the
boundary. Then u — v is harmonic on the open disc and continuous on
the closed disc and vanishes on the unit circle. Its real part therefore
has a maximum on the closed disc, and this maximum is 0 or else it is
larger than zero and attained at an interior point, and by the maximum
principle u—v is constant, a contradiction to its boundary values being
zero. Arguing similarly for v —u and i(u—v) and —i(u—-v) we see that
u— v is zero. U
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1.1. Exercises.
1.1.1. Laplace inpolar coordinates. Prove formula .

1.1.2. Non-integrable Fourier series of continuous function. Compute
the Fourier series of the one-periodic function x, which is 1 on the
interval [0,a) and zero on the interval [a,1) for some 0 < a < 1. Show
that the Fourier coefficients of are not absolutely summable.

Prove upper and lower bounds on the Fourier coefficients for small a
of the continuous function f whose derivative is

f’(l‘) = Xa(x) - Xa(x - 05)
outside the points of discontinuity of the right hand side.
Take a series of multiples of functions as above to show there is a
continuous functions whose Fourier series is not summable.
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2. LECTURE: HARMONIC FUNCTIONS ON THE UNIT DISC, II

For functions in the Wiener algebra, we have two expressions for the
harmonic extension, one by Fourier series and one with the Poisson
integral.

For a continuous function f, we defined the harmonic extension by the
Poisson kernel formula.

u(r6) = [ ()P0~ 0)ds
- fo ' £(6) 3 rirle2min@-6) g

nez
While a continuous function cannot necessarily be written as an ab-
solutely convergemnt Fourier series, the Fourier coefficients are well
defined and one can use them to write the harmonic extension.
For r < 1 we can inter change sum and integration in the previous
display to equate the above with

— %T\me%rin& (Al f(¢)e—27rin¢ d¢)
_ Z 7,|n\€27rin0J’c\(n)

nez

The last sum is absolutely summable for r < 1, but for » = 1 it is
only absolutely summable if the continuous function is in the Wiener
algebra.

The following lemma characterizes those harmonic extensions of con-
tinuous functions, which come form a function in the Wiener algebra.
The Wiener algebra norm of a function f the quantity

[£llar =2 [f ()l
nez

Lemma 4. Let [ be in the Wiener algebra on the circle T and let u be
its harmonic extension to the unit disc. Then we have for every r <1

(7) Julr, Ylar < [ fllar.

Conversely, let u be a harmonic function in the open unit disc. It coin-
cides with the harmonic extension of a function in the Wiener algebra
if there is a constant C' such that for all r <1

[u(r,. )| <C.

Proof. For the first part, consider the harmonic extension u of f and
observe that the Fourier coefficients of u(r,.) are by

riF(n).
Therefore

lu(r, Yar = 3 F) < 3 IF(n)l.

nez nez

This proves ([7)).
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Now consider a harmonic function v in the open disc. Define for 0 <
r < 1 the function

fr(0) = u(r,0)
in the Wiener algebra. Let r < s and note that we have by applying
the previous computation to the scaled disc of radius s

Fo(n) = Fa(n)(r/s)".
Define R
Cp = r"”'fT(n),

which by the previous display is independent of 0 < r < 1. We have
Z e, < C
for all 0 <r < 1. By monotone convergence, as r — 1, we have

> leal < C.

Define the function

f(@) - Z 071627rin67

nez
which by the previous display is in the Wiener algebra. Then the
harmonic extension of f coincides with u in the open unit disc. U

Having solved the Dirichlet problem for continuous boundary data, we
turn to more general boundary data.

Let C(T) be the linear space of continuous complex valued functions
on the circle T. A Radon measure on the circle is a linear map

m:C(T) - C

satisfying
m (NI < Cllf e

for some positive constant C' and where || f|o was defined in (6]). We
define the total mass of m to be

[mla = sup |m(f)].
I£ o<1

Given a continuous function g in T, the map

£ [ F@0)a

is an example of a Radon measure. We have

[ £@)900)dbl < 11l

where
Il = [ lo(@)ldp.

Another example of a Radon measure is the map

f—1(0)
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We have
[FO) <[ f]loo

Let m be a Radon measure on T. Then we can define the Fourier
coeflicients

m(n) — m(e—an.).
As we have |e=27 |, =1, the Fourier series of a measure satsifies the
bound:

[m(n)| < [m]arn.
Theorem 5. Let m be a Radon measure on T. The function
(8) u(r,0) =5 i (n)rinle?mind
nez
is harmonic in the unit disc and satisfies for all v <1

1
[ 1 0)] a0 = Ju(r, Y < fmlan.

We call the function u in this theorem the harmonic extension of m
in the disc. In case the measure is integration against a continuous
function g, this definition coincides with the definition of the harmonic
extension of g.

Proof. As the Fourier coefficients of a measure are bounded, the series
converges together with its second derivative uniformly on compact
subsets in the open unit disc. Since all summands are harmonic, the
series is a harmonic function.

We approximate the signum function of u(r,.) by a continuous function
h that is bounded in absolute value by 1,

()] Ju(r6)] \
") = 0) (|u<n.>||m)

with € > 0 close to 0. It suffices to prove for all ¢,
1
f w(r,0)h(0) d < [ ar:.
0

Approximating the left hand side by Riemann integrals, it suffices to
show

N
lim — 5 w(r k/N)R(EIN) < [m]lan
N—oo ]\fk:1

With the definition of u, the left hand side becomes
1 X : .
lim — Z Z m(6727rzn. )r\n|627rmk/Nh(k/N)
N—oo N (= 57

Using linearity and uniform convergence we can interchange the sum
and evaluation of m

1 X )
= lim m(ﬁ Z Z r'”'ean(k/N“)h(k/N))

N—oo k=1 neZ
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Using uniform convergence of the Riemann sums we can write this as

= m( [0 U5 lle2min =) (6)dB) = m fo " P(r.0 - Yh(6)do)

nez

with the Poisson kernel of the previous section. As

|[01P(r,0—.)h(6)d9|
£[01|P(r,9—.)|d9: 1,

we obtain .
m([o P(r,0 - Yh(0)d8) < [m]an,

which proves the theorem.
O

Theorem 6. Consider a harmonic function u in the open unit disc
such that for all r

1
f lu(r,0)|do < C.
0

Define for 0 <r <1 the measure

m(F) = [ u(r.0)(6) a6
Then for every f e C(T) the limit
m(f) =limm.(f)
exists and defines a Radon measure m on T with |m|yn < C.

We call the measure m the weak limit measure of the harmonic func-
tion.

Proof. Note that m, is indeed a Radon measure since u(r,.) € C/(T).
We have

1
(Il [ luCro)|do < C ]

Letting r vary, the numbers |m,(f)| remain bounded, hence there is a
sequence 7, — 1 such that

my, f
converges to a number ¢. We need to show that m,(f) converges to ¢
not only along this sequence but genuinely for r — 1.
Let v be the harmonic extension of f, since v(r,.) converges uniformly
to f as r — 1, there is an r. such that for r. <r <1 we have

[o(r,) = fle <€

Let r. <r <1 and pick k such that r < ry < 1 such that |m,, (f)—-c|<e.
Then we have

()= [ utr0)50) s
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= [ [ P10 - O)utre, ) £(0) doas
- [ [ an )P -0)1(0) dodo

= [t 6yt o).

And therefore
lc=m, ()| < e+|my, (f) —m,(f)]

Se+lfolu(rk,e)(f(ﬁ)—v(r/rk,ﬁ))d0|
<e+ Cle.

This proves convergence.
Define a function m : C(T) - C by

m(f) = limm, (/)
The function m is linear since all m,. are linear, and we have the bound

Im(f)| < 1ir§51up Im () <C|fle

Hence m is a Radon measure with the desired bound on the total
mass. O

Theorem 7. The maps in theorems [ and[f are inverses of each other,
i.e. the weak limit measure of the harmonic extension of a measure
1s the measure itself, and the harmonic extension of the weak limit
measure is the original harmonic function.

Proof. First assume we are given a Radon measure on T.

Now assume we are given a harmonic function u with the bounds of
theorem [6l Let m be the weak limit measure. The harmonic extension
of m satisfies

m(P(r,0-.) = lirrllms(P(r, 0-.)= lirrllu(rs, 0) =u(r,0).

Now assume we are given a Radon measure m on T and let u be the
harmonic extension. Let We have
u(r,0) = Z m(n)rinle2mind

nez

Z m(€727r'm.)r|n|627rin9 — m( Z ?,,|n\e27rin(97.)).

nez nez
Here have used uniform absolute convergence of the sum in the last
expression to interchange the sum with evaluation of m. Note the
argument of m in the last expression is the Poisson kernel. Hence we
have

me(P)= [ m(P6-0)50) s
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Using for example Riemann sums as in the proof of Theorem [5{ we may
interchange the integral with evaluation of m and obtain, using also
symmetry of the Poisson kernel

m(f)=m( [ P(r..~6)7(6) a0

Now the argument of m on the right hand side converges uniformly to
f as r tends to 1, hence

limm, (f) =m(f)

This completes the proof of the theorem.
O

The following theorem gives a simple criterion, when the previous the-
orem can be applied.

Theorem 8. Let u be a positive harmonic function in the unit disc.
Then u is the harmonic extension of some Radon measure with |m|yn <
u(0).

Proof. We check the criterion of Theorem [6] Since w is positive, we
have by the mean value principle

1 1
f lu(r,0)|d6 = f u(r,0)d6 = u(0)
0 0
The theorem follows. O

Some Radon measures are given be integration against a continuous
function. If g is a continuous funcion of the circle, then

m(f)= [ £©)9(0)do

defines a Radon measure. However, not all Radon measures are of this
form. One example is
m(f)=f(0)

The Fourier series of this measure is constant, m(n) = 1, hence its
harmonic extension is the Posson kernel. The Poisson kernel does not
have a continuous extension to the boundary of the disc, hence m is
not given as integration against a continuous function.
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3. LECTURE: L? FUNCTIONS AND SPECTRAL MEASURES

Let u be harmonic in the unit disc and f,.(0) = u(r, ).
If w is the harmonic extension of a function in the Wiener algebra, we
have uniformly in 0 <r <1

%Iﬁ(nﬂ <C.

If u is the harmonic extension of a Radon measure, we have uniformly
in0<r<l

[n@lassc

In neither situation we have very good information about the quantity
decisive in the other situation. In the first situation we can deduce

sup f-(0)[ < C.
and in the second situation we can deduce

sup|f,.(n)| < C.

but neither of these latter conditions are sufficient to guarantee we are
in the respective situation.

Sometimes it is useful to have necessary and sufficient conditions for
both f, and ﬁ to guarantee that one is in the same space.

One example is provided in the next theorem.

Theorem 9. Let u be a harmonic function in the unit disc and f,. as
above. Then we have

Y R@E = [ 150)F .

If and only if this quantity is bounded uniformly in r, u is the harmonic
extension of a Radon measure m on the boundary with

> Im(n)]? < oo.

nez
Proof. Let r < s and recall that

fr(n) = Fo(n)(r/s)M.
The function f is continuous on T and therfore has bounded Fourier

coefficients, and therefore f, is in the Wiener algebra. Writing f,. as
Fourier series, we obtain

[Hir@ras= [115 Fme s
0 " 0 "

nez
1 = . . , —
[ % F@R)Ee = 5 F )P
n,n'ez nez

Here we have interchanged sum and integral thanks to the uniform
absolute summability of the integrand.
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Now assume that this quantity is bounded by C' uniformly in r. We
have

[ 1@< [ (i@ asic

Hence u is the harmonic extension of a Radon measure m by Theorem
[6l The Fourier coefficients of m satisfy

r"m(n) = fo(n).
Since
> | (n)[?ri" < C
n
uniformly in r, we have by monotone convergence as r - 1

Y lmn)P < C.

Now assume conversely that u is the harmonic extension of a measure
m with the last displayed inequality. then

SIHMP = S rrmn) < 3 mn) < C.

This completes the proof of the theorem.
O

The theory of Lebesgue integration will allow to equate the quantity
> Im(n)?

in the previous theorem with a square integral over T. We will discuss
this later.
The space H of measures with the norm

[mll2 = | /Zzlﬁ”t(n)l2

is a Hilbert space, i.e., a complete normed space with norm coming
from a Hermitian inner product

(m,m') = 3 m(n)m’(n)

nez
in the sense
[ml|3 = (m,m).

Here the attribute “Hermitian” means sesquilinearity
(f+Ag,h)=(f,h)+ g, h)
(f,9+An) =(f,9)+X(f, D)
for elements f,g,h in H and a complex number A, and the relation
(f,9)={g,h).
The norm of a Hilbert space satisfies the parallelogram law
2(gl3 + [2[3) = g + R[* + g - R|1%,
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as one can see by writing the norms in terms of the inner product and
use binomial formulas. Conversely a complete normed space with the
parallelogram law is a Hilbert space with the Hermitian form

1 . o
(9) (9.0} = (g + hl* = llg =kl + ilg + in[* - illg — ih]*)

The proof of this is a bit more involved an left as an exercise.
Equation@ implies the Cauchy-Schwarz inequality

{9, h) < lglllnl

As this inequality is invariant under multiplying ¢ and h by complex
scalars, we may assume the norms of g and h are 1 and the hermitian
product of both on the left hand side is real and positive. Then the
purely imaginary terms on the right hand side of @ cancel and we
obtain

1 1
(9,0} < Zlg+hl* < 2 (lgl + [A])* = 1 = glA]
One other important fact about Hilbert spaces is the following theorem.

Theorem 10. Let H be a Hilbert space and A : H - C a linear map
that is bounded, i.e. there is a constant C' such that

AN
for all f € H. Then there is a g € H such that

A(f) = (f,9)
forall fe H

Proof. If X\ is constant 0, then the conclusion holds with g = 0. Assume
A is not constant zero, then there is a nonempty set

A={feH:\f)=1}.
By the C-bound on A, we have
: -1
inf [f] 2 C7.

Multiplying A and the desired g by a constant if necessary, we may
assume

inf | ] = 1.
Let f,, be a minimzing sequence in A, i.e.,
lim | ol = 1.
We compute for large n,n’
”fn - fn’H2 = 2anH2 + 2an’H2 - an + fn’H2
Note that A(3(fn + fr)) = 1. Hence

an"'fn’H 22
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Hence we have for small € > 0 and sufficiently large n,n':
Ifo=ful?<2(1+€)+2(1+€)—4=4e

This shows that f, is Cauchy in H and by completeness has a limit g.
Then we have

Ag) =1={g,9)
To show
A(f) =(f.9)
it suffices to show this for
f=A(f)g

and hence, modifying f if necessary, it suffices to show this under the
assumption

A(f) =0.
Consider

Mg +af)
for a complex parameter a. Since g+ af € A we have

1< |g+af[? = lgl* +2Re(af, g) + [af]?
We let 0 in a =re?™ so that Re(af, g) = (af,g). Then
L<1+2r(f,g) + 72| f]*

The right hand side must have a minimum at r = 0 and thus

(f,9)=0.
This completes the proof of the theorem. O

Given a bounded linear operator T : H — H, a consequence of the
above is that there is an adjoint operator T* : H — H such that for all

f:9
(Tf.9)=(f.T"g).
(Exercise)
We use a Hilbert space to show a natural occurrence of harmonic ex-
tensions of Radon measures.
A unitary operator U on a Hilbert space is a linear map U : H - H
such that
|Uz] = |U*z| = ||
for all x € H. Equivalently U* = U~!. The adjoint of a unitary operator
is unitary as well.
For |z] < 1, a unitary operator U and a vector x € H the series
T30
n>0
converges in H (here we have set U = x and Uz = U(Umx)),

because
IZ"U"z|| = [=]"||]|
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which tends to zero exponentially fast in n.
Likewise, the series

Y U

n>0
converges, and hence the series

(1+ > 2"U*"+ > Z"U")x
n>1 n>1

converges. In analogy with prior formulae for the Poisson kernel we
write this as

P(zU")x
We claim that for every x € H the function
(10) (P(zU*)x, )

is a nonnegative real harmonic function in the unit disc. That it is
harmonic follows from its representation as Fourier series
(z,2)+ ) (U "z, z) + Y. ZHU" x, x).
n>1 n>1
To see positivity for x # 0, note that the operator
V= Z Z"U"x
n>0
is an inverse to 1 - zU
(1-zU)Wa=V(1-2zU)x=) zU"z- ) z"U"z=2"U'z =z
n>0 n>1

By computations similar to that of the Poisson kernel, we obtain
(P(zU")z,2) = ((1 - [[)V*Va,z),

for example expand the product V*V on the right hand side and collect
terms of each order. Set
y=Vu,
Then the previous display becomes
(L= 1=){y,y) 2 0.

Hence there is a Radon measure m,, such that
(11) (P(2U*)x,2) = my(P(ze ™)
Here we have written with our old convention about radial variables

P(ze7?™%) = P(r,0 - ¢).

The measure m, is called the spectral measure of U at x.
It is natural to try to define for an arbitrary continuous function f on
the circle

(12) (f(U)z,x) = ma(f)

More precisely, one defines with polarization a form

(f(U)z,y) =
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= My () = My () + 1013y () = i3y (f)
that is sesquilinear by the above exercise because the form satisfies
the analogue of the parallelogram law. This sesquilinear form, using
Theorem [10] defines a bounded linear operator f(U).
For two continuous functions f and g on T we have for every x

ma(f +g) = ma(f) +me(9)

and hence for every x,y

(f+9)(U)z,y) = (f(U)z,y) + (g(U)z,y)
and therfore
(f+9)(U) = f(U)+g(U).
We claim that also
(13) (fo)(U) = f(U)g(U),
where o denotes composition of operators. To see this we first compute

f(U) for f(z) =z". We have that m,(f) = m(-n) by definition of the
Fourier coefficients. Expanding the Poisson kernel in gives

(z, )+ Z (U x, x) + Z ZMU"x, x)

n>1 n>1
=M, (0) + Y 2", (n) + Y Z"M,(-n)
n>1 n>1

Comparing coefficients we have

my(f) =(U"z, x)

Hence,

(f(U)I,x)=<UmI,$>
and by polarization

(f(U)z,y) = (U"z,y)
and thus f(U) = U™. Similarly, if f(z) =2z", we obtain f(U) = (U*)".
If both f and g are monomials in Z or z, then we obtain by
explicit calculation from the above representation. If both f and g are
Laurent polynomials, that is linear combinations of monomials in z and
monomials in Z, then follows by linearity of both sides. Finally,
the Stone-Weierstrafl theorem tells us that every continuous function
can be approximated in uniform (L) norm by Laurent polynomials, so
follows by such approximation for arbitrary continuous functions
fand g.
Similarly as the product pormula one proves

FU) = ().
If there is an orthonormal basis of eigenvectors of U (for example if H
is finite dimensional), then one can concude from the sum and product
formula as well as approximation by Stone and Weierstrass that the
basis vectors are also eigenvectors of f(U) and if one eigenvector of U
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has the eigenvalue A, then necessarily |\| = 1 because U is unitary, and
f(U) has the eigenvalue f(\).

In general, that is in infinte dimensional Hilbert spaces, a unitary op-
erator may not have an orthonormal basis of eigenfunctions. Then one
does not have such an explicit description of f(U) and has to resort to
the represnetation by the spectral measures.

3.1. Exercises. Consider a real complete normed space, that is a real
vector space V with norm |.| : V' - R, that is for all z,y € V and A € R
we have

lz+yl < ] + ]yl

[Az] = Al
and the metrix d(z,y) = |z - y| is complete. Show that if the parallel-
ogram law holds, that is for all z,y € V we have

202+ 1y1?) =z + y[* + |z -y,

then |

(@, y) = 5w +yl* = |z - yl*)
defines a symmetric scalar product, in particular

(r+ Ay, 2) = (x,2) + My, 2)

for all x,y,z¢e¢V and A eR
Hint: First show

(x+y,2)+(x—-y,2)=2(z,2)
then show

(z,2) +(y,2) = (x+y,2)
and finally
(Az,y) = Mz, y)

first for integers A\ and then for general .
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4. LECTURE: THE DYADIC MODEL OF HARMONIC FUNCTIONS

A Radon measure on the circle corresponds to a harmonic function in
the disc with certain estimates.

Each point in the disc comes with a particular Poisson kernel, which
is some weighted average of the measure, with a weight which favors
points on the circle with approximately the same angular variable as
the point of the disc, and approximity measured roughly in terms of
the distance of the point in the disc to the boundary.

We now introduce a discrete version of this harmonic function. We
identify the circle with the interval [0,1) as fundamental domain of
R/Z via the angular variable, functions on the circle become 1-periodic
functions on the real line. In the discrete world, we take averages over
socalled dyadic intervals in [0, 1).

A dyadic interval is an interval of the form

[2fn,2%(n + 1))

with integers k£ and n. The interval is inside the unit interval [0, 1)
provided £ < 0 and 0 < k < 275, We denote by D the set of dyadic
intervals contained in [0,1). We denote by || the length of the dyadic
interval I, that is the number 2* in the above notation. We denote by
Dy, the dyadic intervals in D of length 2. We denote by ¢(1) the center
of the interval, 2¥(n + 1/2).

Lemma 11. For all x € [0,1) and all integers k < 0 there is a unique
I eD, withxel.

Proof. Fix 0 <z <1 and k a non-positive integer so that
0<2Fg<2*

with integral bounds on both sides. There is a unique integer n satis-

fying

(14) 0<n<2Fr<n+1<27%

namely the integer part of 27%*z. However, for an integer n is
equivalent to I = [2%n, 2%(n+1)) € Dy and x € I, proving the lemma. O

We write I, for the interval in this lemma. If / € D and
I=[2"n,28(n+1)),
we write
I =[251(2n), 2" (2n + 1)),
I, = [281(2n + 1), 21 (2n + 2)).

The right endpoint of I; is the left endpoint of I, so they are disjoint
and their union is the interval between the left endpoint of I; and the
right endpoint of I, which is /. In particular, I is the disjoint union
of I; and I,.
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Lemma 12. IfI,JeD and InJ +# @, then [ c J or Jc 1.

Proof. By symmetry between I and J we may assume |I| < |J|. The
number log, (|J]/|I]) is a natural number n. We prove by induction on n
that InJ # @ implies I c J. If n =0, then both intervals have the same
length, say 2%, and we use Lemma to conclude that they are the
same if they have a point  in common. Now assume we have proven
the statement for some n and let log,(|J|/|I]) =n + 1. Consider J; and
J., we have log,(|J;|/|I]) = n and logy(|.J;|/|I]) = n and in particular
|| < |J| and |I]| < |J,|- Let = be a point in the intersection of I and
J. Since J is the union of .J; and J,, I has a point in common with .J,
or J,.. By induction hypothesis, I is contained in J; or J,.. But J; and
J, are both subsets of J, hence I is a subset of J. This completes the
induction step. Il

Definition 13. A martingale on D is a function F : D — C satisfying

A martingale is a discrete version of a harmonic function. The following
is a discrete version of the mean value property.

Lemma 14. Let [ € D and let 2% <|I|. Let F be a martingale. Then
(15) > IFQ)=|F(I).

JeDy:Jcl

Proof. We have 2F = 27"|| with some nonnegative integer h. We do
induction on h. If h =0, the sum on the left hand side of consist
of a single summand J = [ and the identity is tautological. Assume
we have proven the lemma for some h and consider 2% = 2-"-1|]|. By

Lemma ([12), each J on the left hand side of is either contained in
I; or in I,.. By induction hypothesis we have

> OUIEW) = Y FEWD) Y UIF)

JeDy:Jcl JeDy,:Jcl; JeDy:Jcl,
= [LIF (L) + L F (1) = TF(D),
the last identity by the martingale property. U

The next theorem will describe a discrete version of harmonic exten-
sion. Given a Radon measure m on [0,1), we would like to define a
martingale, where F'(I) is an average of m over I. We have in mind

111" m(1r)

with 1; the characteristic function I, here we identify the function 1; on
[0,1) with a 1-periodic function on R. Only if = [0, 1) is this periodic
extension a continuous function, otherwise the last display is not yet
defined. We will therefore approximate the characteristic function by
continuous functions.
Assume [ € D, say

I =[2%n,2"(n+1))
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with k& < 0. We consider the continuous 1-periodic function x;;, map-
ping R - [0,1] and equal to 1 on the interval [2Fn — 2k=h=2 2F(n + 1) -
2k=h=1) and its periodic copies and supported on the interval [2Fn —
2k=h=1 9F(n + 1) — 2k-7=2) and its periodic copies. We further assume
Z X[2kn,2k(n+1)),h = L.
0<n<2~k

Such a function can for example be constructed as a piecewise linear
spline.

Theorem 15. Let m be a Radon measure on T. Then the limit

(16) F(I) =11 llfglo m(Xr,)

exists and defines a martingale with

(17) Y H||F(I)| < C < oo.
IEDk

uniformly in k. Moreover, for any I € D and € > 0 there is J € D with
Jcl and J ¢ 1 such that for all k <0

(18) >, IKIF(K)<e

KeDy:KcJ

The bound is a discrete version of the condition
f lu(r,0)|df < C < oo

satisfied by harmonic extensions of a measure. The property is a
technical condition casued by our choice to modify in the charac-
tristic functions on the left side of the boundary points. This choice is
in sync with the choice that dyadic intervals are closed on the left and
open on the right.

Proof. We first show that the limit in exists. We write for [ > 1

l
m(xr1) =m(xro) + Z m(Xr = X1,-1)-
h=1

To see that this is Cauchy in [, it suffices to show

Z Im(x1n) = X1p-1)| < C < o0
1<h<H

with constant C' independent of H. Choose |A,| =1 such that

m(An(X1h = X1,0-1)) = [m(X10) = X1h-1)|
We obtain for the left hand side of the previous display

m( Y MO —xra-1) < [mlan] D) A(xrn = xrp-1) e
1<h<H 1<h<H

However, the summand

(19) Ah(XI,h - XI,hfl)
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is non-zero on
(2kn _ 2k+h, an _ 2k+h72) U (Zk(n + 1) _ 2k+h’ 2k(n + 1) _ 2k+h72)

and the periodic copies of these sets. Note the first interval is to the left
of 2kn and the second interval is to the right of 2*n. For two different
values h,h' these supports are disjoint if h and h’ are more than one
apart. Hence on every point x there are at most two of the functions
that are not zero. Since both functions are bounded in absolute
value by 1, we have that

> Anlxn) = Xrn-1) oo €2

1<h<H

Hence the limit in exists.
To prove the martingale property, note that

X1,k T XI,h = XI,h+1

Applying m and taking a limit as A — oo proves the martingale prop-
erty.
To see , we estimate

>, MIFMDI<2 > |m(xn)l

TeD:|T|=2* TeD:|1|=2*
for suitably large h. We find suitable numbers A; such that the last
display equals

=2 > mxzn)=2m( >, Arxin)

I1eD:|I]=2F IeD:|I|=2F
<2mianl X0 Arxan e
IeD:|I)=2%
At every point z at most two of the functions in the sum are nonzero,
and each of the functions is bounded by 1, so we estimate the last
display by
<Alm|an
This proves .
To see , we assume to get a contradiction that there is I € D, and
¢ > 0 such that for each J c I, J ¢ I there is k with
>, IKIF(K)|>e

KeDyg,KcJ
Pick such I and € and J; = I. Pick k; such that

>, |K|F(E)| > e

KeDy,, KcJy

Pick hy large enough so that

Z Im(xK.n )| > €

KeDy, KcJy
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Pick J, so that J, has a parent to the right of the support of all xx p, -
Pick ky and hy so that

Z |m(XK,h2)| > €

KEDkQ ,KCJQ

Now iterate this procedure, and note that all functions x_. in the sum

Z Z Im(Xxrn, )| > Je

j:1 KGij ,KCJ]'

are disjointly supported. Pick suitable A; so that

J
m(z Z )\jXK,hj)|>J€

j=1 KDy, KcJj
Since the argument of m is bounded by 2 in co-norm, we have
[m]an 2 Je
this is a contradiction for large enough J.
O

The next theorem is the dyadic version of Theorem [6]

Theorem 16. Consider a martingale F' such that there is a constant
C < oo such that for all k <0 we have . Define

mi(f) = Y, HIF(1)f(c(1))
IeDy,
Then the limit
m(f):= lim my(f)
exists and defines a Radon measure.

Proof. We have
()< 0 HIEDIf oo < CIF]

IEDk

by . We claim that for every f the limit limy_,_., my(f) exists. Let
e > 0. As f is uniformly continuous, we may choose k£ small enough
that for all intervals I of length at most 2¥ and all z,y € I we have

[f () = f(y)l <e
Then for k' < k, we have using that every I’ € D; is contained in a
unique [ € /Ddj, by Lemmas [11| and

imy(f) = (f)] <
| > (P f(e(D)) = >, [FUI) f(e(I)])

€Dy, €Dy, I'cl
The difference between f(c(I')) and f(c(I)) for every pair I’ c I is at
most e. Using the discrete mean value property [14] we estimate this by

<Y Y dUIEI) = Y dIFI)| < eC

1Dy, I'eDy:I'cl I'eéDys
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This shows that the limit limy_ o, mg(f) exists. The function m is
linear and bounded using linearity and the uniform bound on the my.
O
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5. LECTURE: MARTINGALES AND SPECTRAL RESOLUTION

Theorem [15| produced for each Radon measure on T a martingale

(20) F(I) =1 %gglo m(X1,n)

which satisfies for each k

(21) >, HIIF(D)|<C
]EDk

for some C' independent of k and the technical condition that for all
I €D and al € >0 there is a J € D with J c [ and J ¢ I such that for
all k
(22) Y. IK|F(K) <€

KeDy:KcJ

Conversely, Theorem produced for every martingale satisfying a
uniform bound for all £ a Radon measure
(23) m(f) = lim > f(c(D)IIF(T)

IGDk

The next theorem show that the maps of the two theorems are inverse
of each other.

Theorem 17. If m is a Radon measure on T and F the martingale
extension , then m and F satisfy . If F is a martingale satis-

fying and and m 1s its weak limait , then m and F satisfy
(0.
Proof. Let m be a Radon measure on T and F' the martingale extension

(20). Fix f and let € > 0. It suffices to show that there is a constant C'
such that for sufficiently small & we have

m(f) = > fle(I)UIF(I)

IGDk

Let k be sufficiently small so that |f(z) - f(y)| < € for |z —y| < 2k+2.
Then for sufficiently large h,

‘mm— 5 f(C(I))II|F(I)‘

IEDk

<e+m(f) = 3, fle)))mOan)l=e+m(f= > fle(I)xrn)l

IeD;, 1eDy,

< Ce

But we have

If - Z f(C(I))XI,h”oo < 2¢

I€Dk
because for fixed x

[f(@) = 2 fle))xin(@)|

IEDk

< 3 xin(@)|f (@) - f(e(I))] < 3¢

IG'Dk
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The last inequality between the two lines following from the fact that
x1.n(2) is boudned by 1 and non-zero only if I is equal to or neighboring
to I, ;. We obtain the desired

m(f) = >, fle(NUIF(I)| < 3e[m|an

IEDk
Now let F' be a martingale satisfying and . Let m be the weak
limit in (23)).
We compute for large h and small £
HIF (1) =m(xin)l < e+ FI) = 3 |KIF(E)xin(e(K))]

KEDk

Replacing x; 5 (c(K)) by the indicator 1x.;, we have by the martingale

property
(IF(I) = Y |K[F(K)lker =0.

KG'Dk

For most K, we have that x;,(c(K)) is 1xc;. Possible exceptions are
those K that are contained in Ju J’ with

J=[e(D) - 127" = 1127 e(D) - [1127)
J'=Te(D) + |[I)27 = 1127 (1) + |[1]271).

here we assumed that & si small enough so that 2F < 2-h-1.
We thus obtain

HIF(D) -m(xn)l se+2 > [KIF(K)[+2 ), |K|F(K)

KeDy:KcJ KeDy:KcJ'
By property , the last display is bounded by 3e for sufficiently large
h. In the limit, we obtain the desired O

Consider a unitary operator U and recall the spectral measures m,
defined by
mg(P(ze™*™) = (P(zU*)z, 1)
and the operator f(U) for continuous function f on T defined by
1 _ .
(24)  (f(U)z,y) = Z(mwy(f) = Mgy (f) + iMariy (f) = imaiy (f))-

Putting f = xr,, and taking the linit as h — oo, which exists by Theorem
for the right-hand-side, we obtain the limit

Jim O (U), )

this is a sesquilinear form since each (x;,(U)x,y) is sesquilinear, so we
obtain an operator 1;(U) : H - H defined by

<1I(U)$a y) = %L%(XIJL(U)’I? y)

Since the operators xr,(U) are self adjoint and bounded, so are the
operators 1;(U).
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Let I and J be two disjoint dyadic intervals. Since 1;1; =0, we expect
1;(U) o 1;(U) =0. However, we have proven the product formula only
for contiunuosu functions, hence we argue carefully. We have

(1L1(U) 0 1,(U)z,y) = (L,(U)z,1,(U)y)
Assume without loss of generality that J is to the left of I. Fix € >0
and let h be large enough so that

(X0 (U)z, 11 (U)y) = (1,(U)z, 11(UV)y)| < e.
Pick [ large enough so that xj is supported to the left to x;; and

|(xan (U)z, 11 (U)y) = (xan(U)z, xr(U)y)] < €
Since

X (U), xra(U)y) = ((xraxan)(U)z,y) = 0,
we have

(L/(U)z, 11 (U)y)| < 2e.

Since € and = and y were arbitrary, 1;(U)o1,(U) =0. Taking adjoints,
we conclude 1;(U) o 1,(U) = 0.
Now let I c J with [ strictly smaller than J. As 1;1; = 1;, we expect
17/(U)o1,(U) =1;(U) and provide an argument similar to the above.
By standard properties of dyadic intervals we have I c J; or [ c J,. In
the first case let h be large enough such that

[(Xsn (U)2, 10(U)y) = (1,(U)z, 1, (U)y)| < €.
and let [ be large enough such that x;; is supported on the set where
X 1s equal to one and

[xan (U)z, 11 (U)y) = (xan(U)z, xr(U)y)] < €
Since
(X (U)z, (x1(U)y) = (Xapxr(U)z,y) = (x1(U), y)

and € and x,y were arbitrary we obtain

1J(U) o 1](U) = 1[(U)
If I c J., we may similarly first choose the approximation of 1; and
then the approximation of 1; to make sure that xj,xr; = x7; and we
obtain again 1;(U) o 1,(U) = 1,(U).
Using the martingale property we obtain

1,(U) =1,(U) +1.,.(U)
composing with 1, (U) gives

1,(U) 0 1,(U) = 1;,(U) 0 1,(U) + 11, (U) © 1,,.(U)

and by the previous observations

]'IZ(U) = 111(U) °© 111(U)

Similarly 17, (U) = 1;,(U)o1;,.(U). Since every interval other than [0, 1)
is left or right half of some other interval, we obtain that every 1;(U)
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with [0,1) # I is idempotent and self adjoint, and hence a projection
operator.
In particular, we note for such projection operators

11:(U)]* = (L(U)x, 1L(U)z) = (11 (U)z, ) < [1,(U)z] |z
We conclude
[1:(U)z] < 2],
this is clear if | 1;(U)z| is zero, otherwise we divide the previous display
by [[1,(U)z].

For I =[0,1) we observe that 1; constant eqaul to 1 and hence
(Li(U)z, 2) = my(1) = m,(P(0)) = (P(0)x,2) = (z,2)

Hence 1p¢ 1) is the identity operator and in particular also a projection.
Using Theorem [16| to associate with m, a martingale F,, and Theorem
[7, we conclude for each k

(f(U)z,2) =ma(f) = Nim >0 [|F(D)f(e(1))

IEDk
= lim > (1;(U)z,z)f(c(I)) = lim (> f(c(I)1,(U)z,z)
2= 1Dy k== 1D,
Indeed, this convergence is in operator norm.

1T op = sup | T

Theorem 18 (Spectral resolution). For a unitary operator, we have
F(U) = lim 3 F(e(D)LD)
* IeDy,

In the sense
Jim [£(U) = > f(e(D)1(U) [op-
IGDk
Proof. Let x be of norm one, then we have for k' < k by the martingale
property

[CY fleNL(U) = > fleN1r(U))x]?

IEDk IIEDkI
=1, > (flelD) = f(eI)N1(U))z|?
IEDk I'EDkl:I/CI
By orthogonality of the projections, expaning the inner product, and
by unioform contonity of f,

= 2 I e) = fleN1 (V)]

1Dy, I'eD,:I'cl

<e ), 2 )«

1€Dy I'eDyrid’cl

=el >, > LU)x)?

1Dy, I'eDyr:l'cl

=elz]* =€
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Hence the sequence Y rep, f(c(1))1;(U) is Cauchy in the operator norm.
That it converges to f(U) follows form the weak calculations in ahead
of stating the theorem.

U
In particular, since for f(6) = > we have f(U) =U
U= klim e e (U)

We make the following observation in finite dimensional Hilbert spaces.

Theorem 19. Let U be a unitary operator on a finite dimensional
Hilbert space H. Then there exists a basis of H consisting of eigenvec-
tors of H.

Proof. For each interval I € D, pick z; =0 if 1;(U) = 0 and otherwise
pick z; in the range of 1;(U), that is x = 1;(U)x.
The collection

A= {xI:[eDk,a:I iO}

consists of pairwise orthogonal vectors since for I, I’ disjoint we have
(xr,zp)y ={(1,(0)xr, 1p(U)xp) =0
Therefore, these vectors are linearly independent,from
Z Axr+0

TeAy
we conclude by pairing with z; that A; = 0. Hence there are at most
as many vectors in Ay as the dimension of H.
The cardinality of Aj is weakly increasing as k — —oo as for each
1;(U) # 0 we have by the martingale property that 1,(U) # 0 or
15, (U) # 0. Since the cardinality of Aj is bounded, it stabilizes at
a certain kg, so the cardinality is constant for each k > ky Thus we have
for each |I| < 2% with 1,(U) # 0 that precisely one of 1;,(U) # 0 or
17.(U) # 0 holds. More precisely, we have by the martingale property
1](U) = 111(U) or 1I(U) = 1[T(U)
Enumerate the intervals in Ay, as .Ji, ..., J,. For each n and each k < k
there is a unique interval Jj , € A; such that

1, (U) = 1,,,.(U)

. For fixed n, the sequence of closed intervals J , has unique intersec-
tion point 6,,.
Let f(0) = > We have

U= lim 3 FeD)L)

= lim > f(e(Jkn))11, (U)
=2, (01, (U) + Tim 3 (f(c(Jin)) = £ (0n))11,(U)
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The limit in the last display tends to zero as for sufficiently large k by
continuity of f, similarly to thre proof of the last theorem.

Hence
f@)x =3 f(0u)1,(U)z

Thus on the range of each 1;,(U), U acts as a multiplication by the
constant (eigenvalue) f(6,). The projections 1; are pairwise orthogo-
nal, and the sum is the identity, therefore the sum of ranges spans all
of H. Picking an orthonormal basis for each range, the union of these
bases is an orthonormal basis of eigenvectors of U.

O
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6. LECTURE: DECOMPOSITION THEOREMS

Consider the space S(T) of finite linear combinations of characteristic
functions of dyadic intervals in D. Decomposing all dyadic intervals in
such a linear combination into small intervals of equal length, we may
assume that such as function is of the form

f=> fili

IEDk

for some k& and some coefficients f;. Write S for the set of functions
of this form. The largest k& such that f e S is called the scale of
f. By the martingale property, for f € S5 and any martingale F, the
sequence

T S 7P(1) f(e(1)

~® JeD,
stabilizes once [ < k. In particular, the sequence converges. We write
m( f) for the limit if F' is the martingale extension of a Radon measure
m. The functional m(f) is linear in f.

Lemma 20. For every Radon measure m on T with martingale exten-
sion F we have

Im|ae = sup  m(f).
FeSA(T)| o<

Proof. Let € >0 be given. Pick g € C(T) with |g|lec = 1 such that
[mfan <€+ [m(g)l.

Pick further k£ small enough so that
m(g)l <e+| > HIF(Ig(e(D)]-
IGDk

Then define f € Sf such that f; := g(¢(I)) on intervals I € Dy, and note
[ Flloo < llglee =1,

[m]ar <26+ [m(f)].

Since € was arbitrary,

Imlayn < sup  |m(f)].
FeSA (T o<

To see the reverse inequality, let again € > 0 be given. and let f € SA(T)
be given with | f|. < 1. Observe that for sufficiently large k£ and h

m(Al =1 3 HFU) e <e+] > mlxrn) f(e(D))]

IEDk IEDk

<e+|mlan| D xraf(cI))]oo

IEDk

et Imlanlfloell 2 Xenlleo = €+ [mlar.
IEDk

Since f and e were arbitrary, this shows the reverse inequality. U
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We have the following consequence of the previous lemma.

Lemma 21. Two Radon measures my, mq are equal, if for every f e

SA(T) we have mi(f) =ma(f).

Proof. Consider the Radon measure m = my —my. Then m(f) =0 for
all f e SA(T). By the previous lemma, |[m|y» =0 and hence m =0
and my = ms. O

In what follows, we pass to the real setting. A Radon measure m
is called real if for all real valued f € S*(T) we have that m(f) is
real. For a Radon measure m, define for real functions f the real part
m1(f) = Re(m(f)) and the imaginary part mo(f) := Im(m(f)) and
extend m; and msy to complex valued functions by linearity. Then m;
and my are real and we have m = mq(f)+ima(f). The measures m; and
my are the unique real Radon measures such that m = my(f)+ima(f).
Our next goal is to decompose a real Radon measure into positive and
negative part.

A Radon measure m is positive if for all nonnegative real f € S*(T)
we have m(f) > 0. Note that for a positive Radon measure we have for
all [ fllee <1

()l =1 lim > [[F(I)f(c(I)) < lim > [TIJF(I)]=m(1)
k—>=co 1D, k—>=co 1D,
and thus m(1) = |m]pn. Recall that a characteristic function is a
function that only takes values 0 and 1.

Definition 22. Two Radon measures are called mutually singular,
my L me, if for every € > 0 there exist two characteristic functions
X1 and xo in S® with x1 + X2 = 1 such that for every f € S we have

ma(fx)l < € fle
[ (fx2)l < €] fo-

Lemma 23. Let my,my be mutually singular and m = my + my. Let
€ >0 be given. Pick x1 and X2 as in the definition of mutual singularity.
Then we have for j =1,2 and every f € S,

Im(fx;) =m;(fx)] < el flloo
[m; (fx;) =mi(F)l < el flloo

Moreover, we have

[mlar = ma = ma|an

Proof. Assume without loss of generality 7 = 1. The first inequality
follows from

m(fx1) -mi(fx1) =ma(fxi),

while the second inequality follows from

ma(fxi) —mi(f) =mi(fxz).
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To see the last inequality, pick € > 0. Let f with | f| =1 such that
[mlar <|m()]+e=|m(fx2) +m(fx2)l +€
<ma(fxa) +Ima(fx2)| +3e < [(m1 —m2)(fx1 = fx2)| + be.

As x1 and x» have disjoint support, we have

[Fx0+ Fxalloo = [ Fx0 = Fxzlloe = 1

As € was arbitrary, we conclude
[mfan < [ma =mafan

The reverse inequality follows by the same argument applied to —msy
in place of my. This completes the proof of the lemma. O

We have the following decomposition theorem.

Theorem 24. Any real Radon measure m can be decomposed as
m=m,—m_

with two unique mutually singular positive measures m, and m._.

Proof. Let F' be the martingale extension of m. Define for positive
feSA:
m(f)=lim Y |IF(D) (D)
* IeDy:F(I)20
m-(f) == lim > [F(D)f(c(1))
T7% [eDy:F(I1)<0
To see existence of the limits of these positive sequences, we establish
that the sequences are eventually monotone increasing and bounded.
Monotonicity follows by the martingale property

F(I)1pyso = F(L)1pmyso + F (1) 1pmyso

< F(I)1payso + F(1)1p,)s0-

Hence, once k is smaller than the scale of f, both sequences in these
limits are monotone increasing. Both sequences are bounded by

> HIEDIf oo < Imfar | oo

1eDy,
hence the limits exists and are bounded by the right-hand-side of the
last display. By linearity, the limits defining m, and m_ continue to
exist for f € S& that is not necessarily positive, and thus we obtain
positive Radon measures m, and m_ with m = m, —m_. To see that
the measures m, and m_ are mutually singular, let ¢ > 0 be given. Pick
h small enough so that

[mlan —e< > [IF)]

1e€Dy,:F ()20
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Let x,; be the characteristic function of the union of those I € D, with
F(I)>0 and let x, + x_ =1. Then
Imlan —e< X7 HIF(D)x-(e(I) = X HIF(I)x-(e(D).
IeDy, IeDy

Note that for k < h the right hand side is by the martingale identity
equal to

> [J|F(T) + > |J|F(J)

JcI:F(J)>0,F(I)>0 JcI:F(J)<0,F(I)>0
- > |JIF'(J) - > |JIF(J),
JeI:F(J)<0,F(I)<0 JeI:F(J)>0,F(I)<0

where in each sum it is understood that J € Dy, I € D;,. By collecting
positive and negative terms, we see that this is equal to

2 IF(T)] -2 2 T[] -2 2 [TIIE (D)
J JecI:F(J)<0,F(1)>0 JecI:F(J)>0,F(1)<0
As the first term is bounded by |m||;1, we have
2 [ JIIE )]+ 2 [IIF())] < e
JcI:F(J)<0,F(1)>0 JcI:F(J)>0,F(I)<0
Hence for f € §& with ||f|e < 1 and k smaller than h and smaller than
the scale of f

m(hO< Y WIFGD)<2e
JcI:F(J)>0,F(I)<I

and similarly

m_(fx+) < 2e.
This proves that m, and m; are mutually singular.

To prove uniqueness, let m,,m_ be a different mutually singular pair
of positive measures with m = m, —m_. It suffices to show that for
every € >0 we have |m, —m,|yr < Ce.
Let € > 0 be given and define y, and y_ as above so that

[mfan —e<m(x:e —x-)
Observe by positivity the following two inequalities:

My (s = x-) Sma(Xy),

=M (x+ = X-) <m-(x-).
Adding the last two and inserting into the previous gives

[mfan —e<m.(xe) —m-(x-) < Il an + [m-fan = |m[an
All inequalities must be sharp within €, so that
e (X+) 2 || —€

Testing x4 + Afx_ for |A\| = 1 and any ||f| < 1 and using the first
inequality gives
Iy (fx-)l <e
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and similar
[(m =) fx] = [m-(fxs) <€
The measure m, satisfies the same estimates, we see that
|[(me =) L < |(my = s ) (Fxa )]+ [(me = me ) (fx-)| < e
This proves uniqueness.

U

Define a partial order on real measures by m < m if for all nonnegative
functions my(f) < ma(f). In particular, for positive and negative part
of m,

m_ <m<my,

and for any positive measure m we have 0 < m.
Lemma 25. If m <m, then m, <m, and m_>m_.

Proof. By additivity, it suffices to prove the first inequality. Recall
me(f) = > HIF(I)f(e(]))
€D} F (1)20
from the proof of the previous lemma. It suffices to prove (my), <
(). for every k. But m < m implies F'(I) < F(I), from which the
desired estimates follows. 0

Lemma 26. Consider two positive measures my, and msy. Then the
limat

]\l]lilio(ml - Nm2)+
exists and is a positive measure.

The limit measure is called the singular part of m; relative to ms.

Proof. The sequence is monotone decreasing seqeunce of positive mea-
sures. Hence for each nonnegative f € S2 the sequence

(m1 = Nmgz),(f)

is a decreasing sequence of nonnegative numbers and thus converges.
The limit defines a positive measure . U

A frequent example concerns ms the Lebesgue measure, when the limit
of the theorem is called genuinely the singular part of m;.

ma(f) = [ 1(0)a0

If m, is integration against a real continuous function, then for suffi-
ciently large NV the measure m;—Nm—2 is integration against a negative
continuous function, which is the negative of a positive measure and
thus has vanishing positive part. Hence the singular part of m; is zero.
However the singular part of m; the Dirac delta is m; itself:

(m1 = Nma).(f) = lim 2°F([0,2%)) f(2*)
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= lim (1- N25) f(2°) = £(0).
The measure
mq — ]\lflm (ml - Nm2)+

is called the absolutely continuous part of m; relative to ms.

37
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7. LECTURE: MARTINGALE AVERAGE CONVERGENCE

We consider the singular and absolutely continuous part of a positive
Radon measure on [0,1) with respect to Lebesgue measure

1(h)= [ 1)) dr

We call a positive measure singular or absolutely continuous respec-
tively if it is its own singular or absolutely continuous part. In this
section, we study possible limits limy_,_o F'(I, ;) and will establish a
connection between such limits and the absolutely continuous part of
a measure.

For a Radon measure m and « € [0, 1) define the dyadic Hardy-Littlewood
maximal function

Mm(zx) = skuloa |F(Lp k)|

If m is positive, we can omit the absolute value signs. The value M'm(x)
may be infinite for some .

We will in this section denote by F F} etc. the martingale extensions
of m,m; etc.

Theorem 27. Let m be a positive Radon measure on [0,1) . Let N >0
and let T be the collection of mazximal (with respect to set inclusion)
dyadic intervals such that F(I)> N. Then

{o: Mm(z) > N} e U,

IeT N
Proof. If Mm(x) > N, then there is an interval I, , with F'(I,5) > N.
There is a maximal such interval, wich will be in Z. This proves the

first claim. To see the second claim, it suffices to show for every finite
subcollection Z" of Z that

s o

IeT’
Let f be the sum of characteristic functions of intervals in Z’, then
f €S2 . Moreover, f is a characteristic function, because the intervals
in Z, none of which can be contained in another by maximality, are all
disjoint. We obtain

Imlan >m(f) = 3, m(1r) = X, HIF(I) > ), [I|IN.

IeT! IeT’ IeT’
This proves the theorem. Il
Definition 28. We say a property holds for almost every x € [0, 1),

if for every € > 0 there exists a collection of dyadic intervals T with
Yz|I| < € such that the property holds for all x not in the set UZ.
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Theorem 29. Let m be a positive Radon measure on [0,1). Then for
almost every x € [0,1) we have Mm(x) < oo.

Proof. For N > |m| /e consider the collection Z of maximal (with
respect to set inclusion) dyadic intervals such that |F'(1)| > N. By the
previous theorem,

D < mlan/N <e

IeT
Now assume Mm(x) = oo, then there exists an « with x € I such that
F(I)> N and hence x is contained in the union of Z. This proves the
theorem. O

Theorem 30. A positive Radon measure m on [0,1) is absolutely con-
tinuous if and only if for all 6 > 0 there exists € > 0 such that whenever
T is a collection of intervals with

Y|l<e

1T
then

D MIF(D)]| <6

1T

Proof. First assume m is absolutely continuous. Let d be given. By
approximating the nonnegative sum

> IF (D)

IeT

by finite subsums, it suffices to prove the statement of the theorem for
finite sets Z. Let 2% be the smallest length of an interval in the finite
set Z. As m is absolutely continuous, its singular part vanishes. Hence

lim lim > [[||F(I)-N|=0
N=ook==00 17 | F(T)|-N>0
Pick N large enough so that
lim > |IIF(I)-N|<d/4
k== re T F(D)>N
Pick k < kg small enough so that
>, MIF)-N[<o/2
IeZy:|F(I)|>N
Pick e <0/(2N). Then
Y MM > HIFQ)
IeT 1Dy, IcUT
< > |IIN+ > [I||F(I) - N| < Ne+d/2<9
1D, IcUT, €Dy, IcUZ,F(I)>N
This proves the only if part theorem.
To see the if part, assume the d-e condition of the theorem is satisfied.

Let 0 > 0 and pick € > 0 as in the condition of the theorem. Let N large
enough so that for the collection Z of maximal dyadic intervals with
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F(I) > N satisfies Y7 |I| < e. Then we have for N’ > N and k small
enough

[mfsg <|(m=N) [ <o+ > [IF(I)-N|<é+) [I[F(I)<20.
A

IeT| F(I)|-N>0

As 0 was arbitrary, we conclude mg, = 0. This completes the proof of
the theorem. [l

Theorem 31. Let m be a positive Radon measure and F' its martingale
extension. Fix 0 <a<b and € >0. Then there exists T c D and ko <0

such that
Y ll<e,

IeZ

and for all x ¢ UZ we have F(I,x) < b for all k < ky or we have
F(I,;)>b for all k< k.

Proof. Let Zy be the set of maximal dyadic intervals I such that F'(I) >
b. Then by the argument of the previous theorem

o P

I EI()

Now assume we have defined Z; for some j > 0. Let Jj,1 be the set
of maximal dyadic intervals J such that J c I for some I € Z,, and
F(J) <a.

Similarly let Z;,; be the set of maximal dyadic intervals I such that
I c J for some J € J;41 and F'(I) > b. By disjointness of the intervals

n &7j+1
> < 3
J€‘7j+1 IGIj

Further, we have by the bounds on the martingale values F'(I) and
F(J) and by the martingale identity

b Y |Il< > F(DI< >, F(DJ|<a > |

IEIj.,,l IEI]'+1 JE%.,_l JEJ]'+1
Hence
b
> Ml<= > 1l
IEI]'+1 J€%+1

[terating this inequality gives

> <Y 2

IeZ; Iy

For j large enough. We obtain

€
Z|]|s§.

IEZj
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The finitely many collections Z; and J; for ¢ < j may be infinite, albeit
their sums of length of intervals is finite. Pick therefore respective finite
subcollections I; and J; such that

ST Y Y sl

=0 [eT;\Z; =1 JegiNJ;

Pick ko such that 2% is smaller than the length of any interval on the
collections I; or all J; with 7 < j.
Assume

J - J
i=0 i=1

where we call the collection of all intervals on the right hand side Z
and note Y7 |I]| <e.

Then by the nesting of our collections of sets, one of the following three
possibilities attains: First, we may have

z ¢ JZy

In this case F7,, <0 for all £ < 0. Second, we may have for some
0<i<y
HARS UIz N\ U T

xT € Ui,b AN U $+1
In this case, there is a ko < k; so that the interval I, 4, is in I~Z and we
have Fy , <b for all k < k.
In the third case, we have for some 1 <7< j

.’IL'EUZ\UIl

and hence

and hence

relJINUT
In this case there is a ko < ky such that the interval I, 4, is in J; and
we have Fy , >a for all k < k;. In all three cases we have proven the

theorem.
O

Theorem 32. Let m be Radon on [0,1) and F its martingale exten-
sion. Let € >0. Then there exist T c D with Y7 || <€ and k <0 such
that for all k', k" <k and all x ¢ UZ we have

|F (L) = F(L)| < 2€.

Proof. Pick N large enough such that I, the set of maximal dyadic
intervals I such that F(I)> N, satisfies

|m||M1 €
Zie et
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For every integre 0 < n < N/e, we pick Z,, and k, so that

YoIj<en?

IeT,

and for all x ¢ UZ, we have F(I,x) < (n+ 1)e for all k < k,, or we
have F(I, ) > ne for all k <k,. Let T =Z U UcnenseZn- By adding a
geometric series we have

Y|l<e

IeZ
Define further

k= min k,.
0<n<N/e

Let z ¢ UZ. As z is not in Z, we have for every k <0 that
0<F(I,x)<N
Let n be the maximal integer such that
ne< F(1 )

for all &’ < k. By the previous display, n < N/e. As x is not in Z,,,1, we
have

F(I,p)<(n+2)e
for all k¥’ < k. Given two k', k" < k, we conclude
’F([:p,k’) - F(Ix7k”)‘ < 2e.
This proves the theorem. Il

Theorem 33. Let m be positive Radon measure with martingale ex-
tenston F'. Then the limit
lim F(I,x)

k——o00

exists almost everywhere.

Proof. Let € > 0 be given. We apply Theorem to m consecutively
with parameters €277 to obtain exceptional sets Z;. Setting I = U, Z;,
we obtain by summing a geometric series sumgz|I|{e.Moreover, we have
convergence of the limits limy_, o F'(1, ) for every = ¢ UZ;. This
proves the theorem. Il

Theorem 34. Let m; and mo be absolutely continuous and assume
for all € > 0 there exists a collection I of dyadic intervals such that
Yzl <€ and x ¢ UZ

kl:l—glo |F1(Iz,k) - F2(Ix,k| =0

Then mq = ma.
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Proof. By considering mgy — m; if necessary, we may assume m; = 0.
Let € > 0. Pick ¢ small and a collection Z and a k such that ;.7 || <0
and for all &',k <k and all x ¢ UZ we have

[Fy(Lepr) = Fo(Lopr| < €.
As Fy(I, ) converges to 0 as k" - —oo, we have for all x ¢ UI
Fy(Ip ) <e
Now let for small k&’

Imallan <e+ 3 HIRMDI< Y [HIRMI+ Y [IFI)]
1Dy 1Dy 1¢T €D, IcT
The first summand on the right-hand-side is bounded by € because w
ecan bound F'(I) by e. The second summand is bounded by €, provided
0 is small enough since my is absolutely continuous. As € was arbitrary,
we conclude |ma|an =0 and hence mgy = 0.

0

Absolutely continuous measures are represented by their "always ev-
erywhere” boundary values. This leads to the theory of Lebesgue inte-
grable (L') functions.

Theorem 35. Let m be a singular positive Radon measure on [0,1).
Then for almost every = in [0,1) we have

lim F(I,) =0

Proof. Let € > 0 be given and pick /V sufficiently large so that for the set
7, of maximal dyadic intervals such that F'(I) > N so that Y7, |I| <e.
As m is absolutely continuous, m = (m - N), for all N and we have

lm Y F(D|= [mlas
IeDy:F(I)>N
Jim S F(D)|I]=0
IeDy,:F(I)<N
Pick ky small enough so that for all £ < kg
Z F(I)|I| < é
IeDy:F(I)<N

Pick Z, be the maximal collection of dyadic intervals of length at most
2k0 such that F(I) > e We claim

YlI|<e

I
It suffices to prove the claim for a finite sub-collection Z} of Z,, Let 2k
be the smallest scale of this finest sub-collection. By the martingale
identity we have

e;|]|§;|]|F(I)= > {HIF(I)<é€

1Dy, U}
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This proves the claim. It follows that for Z = Z; uZ, we have Y/ |I| < 2e.
For x ¢ UZ, we have for all k < kg

F(l.,k)<e.

Repeat this argument with €277 fro all 7 > 0. The union of exceptional
sets is smaller than 4e , while outside the exceptional set we have

lim F(I,) =0

This proves the theorem.

g

7.1. Exercise. Let m,m’ be Radon and F', GG their martingale exten-
sion. Assume m absolutely continuous and let G' be bounded martin-
gale, i.e.
|Gllee = sup|G(I)] < oo.
1D

Then
Jim 3 1IF(DG()
[I|=2k
exists.
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