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Let (Ω,F , µ) be a probability space.

• A filtration is sequence of sigma-algebras (Fn)n≥0 with Fk ⊂ Fk+1 ⊂ F holding for all k ≥ 0.

• A stochastic process adapted to a filtration (Fk) is a sequence of random variables (Xn) so that Xn is Fn

measurable and E|Xn| <∞.

• Conditional expectation w.r.t. the sigma algebra Fk of a random variable X ∈ L1(Ω,F , µ) is another
random variable Y = E(X|Fk) that satisfies E(Y Z) = E(XZ) for all bounded Fk measurable random
variables.

• A martingale is a stochastic process (Xn) such that E(Xn|Fm) = Xm whenever m ≤ n.

• Stopping time (relative to a filtration) is a random variable T : Ω→ N ∪ {∞} such that {T ≤ m} ∈ Fm.

Problem 1. Consider a non-negative Radon measure on [0, 1) so that its martingale extension satisfies L1`1F <
∞.

(a) Show that the martingales as defined in the lectures are an instance of the definition of martingale as
written above, that is, identify a filtration, a stochastic process and a conditional expectation so that the
martingale property from the lecture notes is equivalent with the process you defined being a martingale.

(b) Let λ > 0 and A =
⋃
{I : F (I) > λ}. Show that

1A(x) =

∞∑
k=0

∑
I∈D−k

1I(x)1T (x)=k(x)

where T is a stopping time (referring to the setting from part a).

Problem 2 (Doob’s first martingale inequality). Let (Ω,F , µ) be a probability space and (Xn) a martingale.

(a) Let T be a bounded stopping time. Show that EXT = EX0.

(b) Let (Xn) be a non-negative martingale and λ > 0. Prove that

λµ

(
max

0≤n≤N
Xn > λ

)
≤ EXN .
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