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Problem 1 (Walsh model). Define

w2i =
∑
I∈Di

(1Il − 1Ir ).

For each positive integer j, consider the binary expansion j =
∑∞
i=0 bi2

i where bi ∈ {0, 1}, and let

wj =

∞∏
i=0

wbi2i .

(a) Prove that {wj}j as defined above coincides with the {Wn = w([0, 1)× [n, n+ 1))}n defined in the lecture
notes.

(b) Suppose that I × ω is a tile with ω = 2k[n, n+ 1) (height n). Show that

w(I × ω) = 1Iwn(2k·).

(c) Prove that for each n ∈ N, there is a unique n′ ∈ N such that Wn′ has exactly n zero crossings.

Problem 2 (Fourier series). (a) Verify the formula for the Dirichlet kernel

DN :=

N∑
j=−N

e2πijt =
sin(π(2N + 1)t

sin(πt)
.

(b) Prove the Riemann–Lebesgue lemma: If f ∈ L1(T), then f̂(k)→ 0 when |k| → ∞.

(c) Prove the Riemann localization principle: If f is zero in an open neighborhood of x, then

lim
N→∞

(DN ∗ f)(x) = 0.
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