Summer term 2020 University of Bonn
Real and harmonic analysis Prof. Dr. Christoph Thiele
Exercise sheet 4 Dr. Olli Saari

Due on Friday 15 May. Hand in in groups of two or three.

Problem 1. Let I; ; = [377i,377(i + 1)] and define the standard Cantor set through

B (37-1)/2 co (39-1)/2
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j=1 =0 j=1 =0

Define fi : [0,1] — [0, 1] as a continuous function with

fk(o) =0, fllc(x) = (3/2)k1Ck($>7 T ¢ 8Ck

a) Show that C' is closed and has Lebesgue measure zero.

(
(b) Show that f; converge uniformly to a continuous and increasing function f with f(0) =0 and f(1) = 1.

(
(d

)
)
c¢) Show that f is almost everywhere differentiable and f/(x) = 0 holds for almost every z € [0, 1].
) Show that f; converge weakly* to a positive Radon measure p but f; do not converge in L' norm.
)

(e) Show that for all 0 < a < b <1 it holds
b
£0) - £@) = [ dn.

Problem 2. Let D be the collection of dyadic intervals on the real line. Define

T x+t b
thwﬁ“%ﬂMWAumzwl fldy. @) = sw i)l

rep |1 >0 28 Jy_y —so<a<z<b<oo O —

(a) Let Z be any finite collection of open intervals (not necessarily dyadic). Show that there exists two
subfamilies 71,7, C Z such that

2
Ur=J U1 > u@<1, zeRi=12

IeT i=11€Z; I€T;

(b) Let f € L*(R). Show that
1

{z € R: Myf(z) >>\}|§X/ £ (y)] dy.
{x€R:Myf(z)>A}
(¢) Show that
2
|{xeR:Mf(x)>/\}|§X/ 1f(y)| dy.
{z€R:M f(z)>\}

(d) What kind of inequality would you expect for M.? What do you get by same arguments as in the cases
above?



