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Exercise 1

Define the domain D(−∆) of the operator −∆ to be

H2(Rd) = {f ∈ L2(Rd) : ∂2
ijf ∈ L2(Rd) for i, j = 1, . . . , d}.

Show that −∆ is closed, symmetric, selfadjoint and positive semidefinite.
Hint: This is easier if you use the Fourier transform.

Exercise 2

Let p be a real polynomial in d variables. Prove that

p(−iD)

defines a selfadjoint operator. Here

p(−iD) =
∑
|α|≤N

aα(−i)|α|∂α,

where aα are the constant coefficients of the polynomial p(x) = ∑
|α|≤N aαxα, x ∈ Rd.

Exercise 3

Let U(t) be the rotation by the angle t in R2. Verify that t→ U(t) is a unitary group and
determine its generator as well as the domain of its generator. Needs material from
Wednesday.

Exercise 4

Find a domain for d
dx

+ x on R so that it is a closed operator.
Hint: The domain is

D(1
i

d

dx
) ∩D(Mx) = {f ∈ L2(R) : xf, f ′ ∈ L2(R)}.

Expand the square of the norm.


