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Problem 1. Let Φ ∈ Ck[a, b] with k ≥ 2. Assume that |Φ(k)| ≥ 1 everywhere on the interval [a, b]. Show that

∣∣∣
∫ b

a

eiλΦ(x)dx
∣∣∣ ≤ ckλ

−1/k

with a constant ck that does not depend on a, b,Φ.

Problem 2. Consider the polynomial curve γ(t) = (t, tk), k ≥ 2, and a smooth function with compact support
ψ ∈ D(R). Define a measure µ by ∫

R2

fdµ =

∫

R

f(γ(t))ψ(t)dt.

(a) Show that |µ̂(ξ)| = O(|ξ|−1/k).

(b) Suppose that ψ(0) = 0 and k ≥ 3. Show that

|µ̂(0, ξ2)| = O(|ξ2|
−1/(k−1)).

(c) Suppose that ψ(0) = 0 and k = 2. Show that

|µ̂(0, ξ2)| = O(|ξ2|
−1 log |ξ2|) for large ξ2.

(d) Show that the decay rate in part (a) is optimal when ψ(0) 6= 0 in the sense that |µ̂(0, ξ2)| > c|ξ2|
−1/k for

some c > 0 and sufficiently large ξ2.

Problem 3 (oral). Let P be a real polynomial on R
d and k a homogeneous function of degree −d that satisfies

the cancellation condition
∫
Sd−1 k = 0.

(a) Show that the limit

K(φ) := lim
ǫ→0

∫

|x|>ǫ

eiP (x)k(x)φ(x)dx

exists for every Schwartz function φ ∈ S(Rd) and defines a tempered distribution (the principal value of
eiP k).

(b) For d = 1 show that the Fourier transform K̂ is a bounded function.


