Prof. Dr. M. Rapoport Seminar (S2A1), WS 2016/17

Halbeinfache Algebren

Ziel des Seminars ist es, halbeinfache Algebren iiber Korpern zu studieren. Beispiele sind Matri-
zenringe oder Schiefkérper wie die Hamiltonschen Quaternionen. Die Klassen von solchen Algebren
bilden die Brauergruppe des Korpers, eine wichtige Invariante des Korpers, die man auch mit Hilfe
der Galoiskohomologie interpretieren kann. Wir werden die Brauergruppe von R, von endlichen
Kérpern und von Q, bestimmen.

Das Seminarprogramm ist abgekupfert von einem #hnlichen Programm von U. Gortz (SS 16,
U. Duisburg-Essen) und einem fritheren Programm von mir (SS 13). Das erkliart auch die Zwei-
sprachigkeit des Programms.

Notes on the references. In the beginning we will mostly follow Milne’s [Mi] Ch. IV (which
starts out completely independently of the earlier chapters). Later we will follow the book [Lo] by
Lorenz (which contains the material of the first talks as well, and in greater generality), and also the
book by I. Kersten [K] (Teile davon sind auch frei im Internet zugénglich, und zwar mit mehr Details,
die bei der Vortragsvorbereitung von Nutzen sein kénnen (http: //webdoc.sub.gwdg.de/univerlag/2007/
brauergruppen.pdf)). The book [GS] by Gille and Szamuely takes a more modern (but also more
advanced) point of view. Bourbaki’s [B] is an encyclopedic reference. Note that Lorenz does not
make the assumption that A be finite-dimensional as a K-vector space, so many parts of his dis-
cussion simplify in our setting. The page numbers for [Lo] given below refer to the English edition
of the book.

Prerequisites. Linear Algebra, Algebra (in particular, the tensor product). To give a talk in
the second half, some knowledge of local fields is needed (as in my course on Algebraic Number

Fields).

Vortrage konnen auf Deutsch oder Englisch gehalten werden. Mit * gekennzeichnete Vortrige
haben einen hoheren Schwierigkeitsgrad.
Hier ein Zitat aus dem Seminarprogramm von U. Gortz:

How to give a successful seminar talk.

e Your first and most important goal should be to thoroughly understand the mathematics
behind your talk. This will typically take quite a lot of time, so start preparing the talk early!
Ask many questions: Be disciplined in asking yourself why (whether) claims made in the
references are true. What can be simplified? When you hit things you do not understand, ask
other participants of the seminar (those who will give the talks before/after your one might
very well have had the same questions, and you might be able to answer them together). If
you need assistance beyond that, feel free to ask.

e After digesting the mathematics, you should consciously (re-)arrange things for your talk.
Especially in [Lo], the theory is cut into very many small portions, something which is (so-
metimes) useful in a text book, but usually not in a seminar talk. Ask yourself in advance,
which are the main points of your talk that every participant must learn, and highlight them
appropriately. You may skip some things if necessary (e.g., technical computations which you



do not find enlightening); but think in advance about your choice what to skip, instead of
letting time pressure force this choice upon you. Do not skip things that you yourself had dif-
ficulties in understanding; others will probably have the same difficulties, so discussing these
things is particularly valuable.

Alle Algebren iiber einem Korper K werden als assoziativ mit Einselement 1, von endlicher
Dimension als K-Vektorraum angenommen.

1. Grundbegriffe iiber halbeinfache Algebren, Zerlegung in einfache Algebren

Give examples of K-algebras:

e The endomorphism algebra of a module. Explain that the endomorphism algebra of A as a
left- A-module is A°P and generalize this to finite free A-modules. Explain that for a division
algebra D and n > 1, the algebra Endp(D") is simple and semi-simple.

e The group algebra of a finite group (we will come back to this in a later talk).
e Quaternion algebras. See e.g. [GS] 1.1; cf. also [Sch] 2.11, 8.11.
e What are examples of algebras which are not semi-simple?

See [Mi] IV.1, [Lo] §28 (note that Lorenz does not make the assumption that A be finite-
dimensional as a K-vector space, so many parts of his discussion simplify in our setting).

2. Decomposition of a semi-simple algebras as a product of simple algebras

Discuss the Jordan-Holder Theorem [Mi] IV.1.2.

Prove the key proposition [Mi] IV.1.4 = [Lo] §28, Lemma (p. 135), and explain its consequences
(e.g. [Mi] IV.1.6). Derive that A is semi-simple if and only if every A-module is semi-simple.

Discuss the decomposition of a semi-simple A into isotypical components (the term isogenous
component used in [Lo| is uncommon and should be avoided), and conclude that if A if semi-simple,
then it is isomorphic to a finite product of simple algebras ([Lo] §29, Theorem 1).

3. Wedderburn’s Theorem (shorter talk)

Define the notion of centralizer and prove the double centralizer theorem, [Mi] IV.1, Thm. 1.13.

Prove Wedderburn’s Theorem. Let A be a semisimple K-algebra. Then A is isomorphic to
a product M, (Dy) X --- My, (D,), where n; > 1 and the D; are division algebras.

Also discuss in which sense the decomposition is unique, and give some consequences. See [Mi]
IV.1 (Theorem 1.15 — Corollary 1.20). See also [Lo] §29.

4*. Representations of finite groups

Discuss the basics of the representation theory of a finite group G over an algebraically closed
field K of characteristic 0: Let A = K[G] be the group algebra. Explain the notion of representation
of G and relate it to the notion of A-module.

Show that A is semisimple (e.g., use that every finite A-module can be equipped with an G-
invariant scalar product and hence can be decomposed as a finite direct sum of simple modules).
Hence by Wedderburn’s Theorem, A = [[!_, M, (K) for some r > 1, n; > 1. Show that r equals
the number of conjugacy classes in G by looking at the center Z(A) of A. (But note that there is
no canonical bijection between the set of simple A-modules and the set of conjugacy classes in G.)



In the language of representation theory, we get that G has precisely r irreducible representa-
tions, of dimensions n1, ...n, (up to isomorphism), and that #G = 3" n?.

Define the character of a representation (or equivalently, of an A-module). Let e; € A denote
the idempotent element given by the unit matrix in M, (K) in the decomposition above, compute
it as an element of the group algebra, and derive the orthogonality relations for characters. Give
some consequences of those, for example:

e Representations V, V'’ are isomorphic if they have the same character.

e If y is the character of a representation, then (x, x) is a positive integer, and (x, x) is = 1 if
and only if the underlying representation is irreducible. (See [Lo] §33 Def. 8 for the notation.)

See for instance [Lo] §33, Sections 1 and 2; but restrict to the case of K algebraically closed
and of characteristic 0 right away to simplify the discussion.
Give some examples: G abelian; G a symmetric group S, (at least for n = 3).

5. Tensor products and central simple algebras

Recall the notion of tensor product of two modules over a commutative ring R in terms of the
universal property. Show its existence and discuss its properties in the case that R is a field. Explain
that the tensor products of K-algebras (finite-dimensional or not) is a K-algebra. Give examples
(e.g., of a tensor product of two division algebra which is not a division algebra). Discuss the notion
of base change: If A is a K-algebra, and L/K a field extension, then A ®x L is an L-algebra. See
e.g., Lang, Algebra, Ch. XVI, §1, §2; Jantzen, Schwermer, Algebra VII.10, IX.2; Bosch, Algebra, 7.2.

Define the notion of central K-algebra and prove that the product of two central K-algebras is
central.

Prove that the product of a central simple K-algebra with a simple K-algebra is simple.

See [Mi] IV.2 up to and including Cor. 2.9.

6. The theorem of Skolem and Noether and the Brauer group of a field

State and prove the Theorem of Skolem and Noether, and its important Corollary: Every
K-algebra automorphism of a central simple K-algebra is of the form x — aza™! for some a € A*.

Define the Brauer group Br(K) of the field K, including the group structure. Define the notion
of splitting field. Show that the Brauer group of an algebraically closed field is trivial.

7*. Existence of splitting fields

Using the Theorem of Skolem and Noether, prove that every central simple K-algebra contains
a field L such that [L : K]*> = [A : K] (in particular, L is finite over K), and that such an L is a
splitting field of A. Also show that there always exists a splitting field which is separable over K.
([Mi], IV.3 up to and including Cor. 3.10.)

Give some examples: show that the Brauer group of R consists of 2 elements (see e.g. [Hu] IX,
Cor. 6.8). Show that the Brauer group of a finite field is trivial (this is usually called Wedderburn’s
Theorem, not to be confused with Wedderburn’s Theorem of Talk 3), see [Lo] §29 Theorem 21, or
[K, Satz 11.2]. Another interesting thing would be to see some explicit division algebras (together
with splitting fields) over a non-archimedean local field such as Q.

8*. Cohomological description of the Brauer group (recht selbsténdiger Vortrag)

Explain the standard approach via “Galois descent” to the classification of central simple al-
gebras: For a central simple K-algebra A with splitting field L, assumed to be Galois over K,



fixing an isomorphism h: A ® g L == M, (L) the action of G := Gal(L/K) on A ®k L (obtained
from the Galois action on L) gives rise to a “twisted” action of G on M, (L) which will usually be
different from the “standard” action given by the G-action on the individual entries of the matrices
in M, (L). With respect to this action, A = M, (L)%: A is the subalgebra of elements in M, (L)
fixed by all Galois automorphisms.

For o € G, write pgq(o) for the K-algebra automorphism M, (L) — M, (L) given by applying
o to all matrix entries, and write p4 (o) := h™1(id®o)h for the K-algebra automorphism M, (L) —
M, (L) obtained as described above.! Then ®, := pgq(c) 'pa(c) is an L-algebra automorphism,
i.e., an element ®, € Auty (M, (L)), and the collection of ®, satisfies the “l-cocycle condition”

Qyr = (I); P,

where for ® € Auty(M,(L)), 7 € G, we write ® 1= psq(7) ' ®psia(7). One can now go on and
show that every 1-cocycle (®,), comes from some K-algebra A, and nail down precisely when two
1-cocycles (@), and (¥, ), give rise to isomorphic K-algebras.

This leads to a description in terms of the “cohomology group H'(G, Auty, (M, (L)))” (you need
not introduce this group in the talk, but see [Se] VII Annexe and X.2; [Lo| §30 Appendix), and is
a very general formalism which applies to many analogous situations where one wants to classify
objects “over a field K” which attain a standard form after “base change” to some Galois extension
L of K. See [Se| Ch. X, in particular §2, §5. Cf. also Bosch, Algebra, 4.11.

Now using Skolem-Noether, Autr (M, (L)) = PGL,(L) := GL,(L)/L*. Given a l-cocycle
(®s)s, choose a representative P, € GL,(L) for each ®,. The cocycle condition implies that
®_1®Td, = 1, hence we obtain

Cor e 1O, € L7,

T

Although the index set is now G x G instead of G, the families (¢, ;) are much easier to handle, since
the ¢, . are just elements of L* rather than Autz (M, (L)); in particular, there is no dependence
on n anymore. The situation at hand is particularly favorable in the sense that the family (cy 7)o+
still determines the K-algebra A. Show that these families satisfy the 2-cocycle condition, and
prove that we obtain an isomorphism between the group Br(L/K) of central simple K-algebras
for which L (Galois /K with Galois group G) is a splitting field and the “cohomology group”
H?(L/K)(= H*(G, L)) (give an ad hoc definition of this group in terms of cocycles).

For the latter, you can follow [Lo] §30.1 (the end result is Theorem 2). Some translations have to
be done, since Lorenz works with the p4 (o) directly (p, in his notation) rather than with the ®,, and
applies Skolem-Noether to those elements (which lie in Autg (M, (L)), but not in Auty(My,(L))).
You could also follow [Se] X.5 (see Exercises 1, 2), but the end result should be stated using the
normalizations of [Lo]. See also [Mi] IV.3, second part (starting after Cor. 3.10, up to and including
Lemma 3.15).

9*. Br(L/K) for a cyclic extension L/K

Discuss compatibility with field extensions, [Lo] §30 F1 (= [Mi] IV Cor. 3.16). [Lo| §30 F2. Since
there is a lot of material to be covered in this talk, you probably have to be sketchy in this part.

Next prove that the Brauer group of a field is a torsion group, [Lo] §30 Theorem 3 (the statement
is a more precise version of [Mi] IV Cor. 3.17, but of course we cannot use Milne’s proof). Explain
how the proof goes, but do not spend too much time on the technical computations.

'Note that one can choose different normalizations at this point. Since [Lo] is the most comprehensive source for
the remainder of the seminar, here we follow the conventions of [Lo] §30. In particular, maps are applied on the right,

e.g., zPA) = ((xh_l)id®°)h and %7 = (:cpstd(a)_l)“(”). This is different from the normalization in [Se].



The most important part of the talk is a detailed study of the case of a cyclic extension L/K.
When the Galois group G is cyclic, show that there is a particularly simple description of H*(L/K):
[Lo] §30.4, in particular Theorem 4:

Br(L/K) = H*(L/K) = K* /N xL* for L/K cyclic.

We immediately obtain a new proof that the Brauer group of R consists of 2 elements. Further-
more, use it to give a new proof of the fact that the Brauer group of a finite field is trivial (Talk
7).

10*. The Brauer group of a local field 1

Out next task is to compute the Brauer group of a non-archimedean local field K (i.e., K is
a finite extension field of Q, for some prime p, or K = F4((t)), a Laurent series field over a finite
field). See [Lo] §31, cf. also [Mi] IV 4.

Discuss valuations on division algebras and use this occasion to also give a quick reminder on
the structure of local fields.

The crucial observation is that every central simple algebra over K has an unramified splitting
field, [Lo] §31.3.

Finally compute K> /Ny, g L* for an unramified extension L/K of local fields ([Lo] §31 Theorem
2/Theorem 2') which by the previous talk is isomorphic to Br(L/K).

11*. The Brauer group of a local field 2

Prove that by passing to the union running over all unramified extensions L/K, we obtain an
isomorphism

Br(K) = Q/Z for K a non-archimedean local field.

and discuss the more precise results in [Lo| §31.4.
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